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Plan of this course -

(1) Tntroduction to hyperplane Orromgement s

— the characteristic polyhomicl and  paY

Orlik- Colomon olg. L

() Topology of Hyperp\aﬁe (l‘ﬂ‘av:geheuf‘sk )
— the wininality omd .

— Milnor +ibers. DAY 2
— 9- omalegue of Aomoto Cowmplexes

E—

(%) Greovhe‘wy behind enumerative (§uasi) polynom'alz.%S
— characterisfic guasi-poly nomials.

— Ehrharl guesi-poly. amd reciprocity
— Log concavity ( T.Huhes work)



1. Hyperplane Arrangements
V=K% . & L-dim affine space 7k,

A hyperplene arramdement s Q Finite collection

A':’{H\, M2, -, Mo l(
of affine hyperplames Hic V.
| M

E \
xample. /\/Ll-h
H.

L
Notation M(A):= IK“\;L:J‘Hc ,(W\Cu'n(y k=)

The characteristic polynomial X(At) € ZItT measures g kind
of *size" of the complement M(A).




1. Hyperplane Arrangements

For finite sets Ai.Ax X, everyone /,-/-—-X ~

knows ~—A-
xorordl=i-al-lirment | CO )

More 8enerally, for A, -, An SX. — /
IX-.OAil=- T )AL
=1 I¢&ln]

where, In1={1,2,~. "}, Ay = Q:Ai , with Ag =X.

Def. For an arr. of hyperplanes A=1H, ", Ha, the charocteristic

lynomial X(A.t) i :
polynomicl Xl S X(Ad4)=Z (__l)lll.to\ml'l:'

T Lemm
Hflsq»

where, dim Hy 1s the dim. of the attine space Hy=L)H:, He=V



1. Hyperplane Arrangements

Det. For an arr. of hyperplanes A=1H. -, Hal. the characteristic poly. X(At) is
KAL)= Z (=) 40

1 <ln]
He+e

where, dim Hy is the dim. of the atfine space Hy=[) Hi, He=v

Exawle | M3 (A £)=tro t-tote ettt

H:‘ l Ha M3 Hea Hls HL}

H = {*-3t+3

More 3zvxemlly, for o line arr. A={H, - Hnd
X(AL) = th-lAlt~ Z (1A1-)
where AP:.{H e A \ H>p % P:intersection
u = x(At)=t-bt+s

Exawple —#—




1. Hyperplane Arrangements

Det. For an arr. of hyperplanes A=1H. -, Hal. the characteristic poly. X(At) is
KAL)= Z (=) 40

Leln]
Hoed
where, dim Hy is the dim. of the atfine space Hy=[) Hi, He=v

. Are. defined on Mo
Basic pro

. - %
A={Hy, - HaY, A={H(,~ Hny = AN H] Q%= Hq 0 A
74/14 I

Hn ,
A A

Prop. M[A) = M(A) L M(A")
Hence , M(AY= MIAIN MIAY) This |eads us -

>



1. Hyperplane Arrangements

M IX{A,'E) Z ( |)|I| t“mHI'

1 <ln]
H *
B&Stc Pro% t\/_ ¢

A {Hl Hm]{ A'-'{H( H'r\q}} =A\{Hhi, A”":' H'h. n /«

/

A th’-s;t_k(, A': -Gt & A’ Tt
Prop. M{A )= M(A) U M(4"), Hence , M{AY= MY\ MIAY)

Thi. (Deletion- restriction formula.)

X(AL) = itd““v it A=¢
YA L) - XA ) ik Atd

/

Rowm. Tn KolVary), CMA)]=X(A,[AY).




1. Hyperplane Arrangements

[hm. (Dzlehow‘ restriction Formula )

YA€) = {t‘“‘“" it A=¢
VA L) -NAE) i AEe

Several well- khoww pesults 3 0w

i“'\ferSeCﬁov\

@ (Crapo-Reta) T K=y, [MW)|=A(A8) Ju
® (Zaslaysky) TE K=B, amd A is escenticl , tuan

*r‘faittr:{wlck(A)l = (ﬂ)l - K(4.-) i z
[bch(A)] =C0" ) = I
bdd chawmbers 2(A.t)=t’-5t+4

@ (Orlik-Solomon) K =C, then X(A~()=12, T(A (=2,
Poin(M(A) ’-t) — ("'L‘)'(- A(A.-L) Por(M.£)= 15+ ¢t



1. Hyperplane Arrangements

Seversd well- khoww results

® (Crapo-Reta) TH k=F,, M@= A(A.8)

® \Eqslavc\‘-y§ T K=], ond Ais zcceh’ciaﬂ,mu
lchl)| = 0 x(4.-0) A=k
Ibch (A =G0 ata. 0 = I

A(A.t)=t-5t+4
@ (Orlik-Solomon) K =€  then X(A=D)=12, T4 )=2,

Poin(MA) 1) = Ct)t (A -g) =
AMore recent well- knownm result:
Thw (T, Huh 2012, Conjectured by Read 1968 )

Let X(At)=12-G,tY" + Gt > +(~)%a,.

Then o
Ci Z Gi--Giv.

> >

C

9



1. Hyperplane Arrangements
Exawple (Braid(trenza!l)arr.) Hi={0t-2e) €t I 7(;=»>(j}
B(L)=1 My | 1sicjely.

5> =Y
v _'f'thra‘(.to'\ﬂ

MIA) =) €8 {chamberss MUBy () —M(Brle-1)
Lt § s, (e K (0, e
|MA) (= 4 (3-O(1-2+1) ‘(,k(BrUl))l =) €\ 0,7, Xed

= A(B. @) %) o lX(Br(Q)), — ) , Pofn( M(Br(2 )).'t)
N = (et (2t) (1 (2-0t)




1. Hyperplane Arrangements

A(A.t) is related tv many enumerative problems,
G= (V,E) e finite Ciwple gra{:\\ ,\/-_—_{l,z'---,ﬁ%.

e A U

P

Det A wep C:V—T€] is o #- oloring 1F
it caticfiee (e E=> cli)= ).
(L\d‘]&cev\t vertices should have didferent Colorc,)

DL{‘. 'X(('-r,‘g.) :-_i';('—{ c:v—1287 : ‘Q-Coloh'ma ot (:[}
Ertmple Y (o, ¢ )=R(8), A( L .8 )=R(&4) ()




1. Hyperplane Arrangements

(I-\d‘jacev\‘t vertices should have didferent mlarc.)

Dt %x(q,4):

{ c:V—1£7 ‘g-COlOHha ot C:(}

Det Let ce€. &\e is the deletion , G /e is the Contraction

> > -

G\e

Suﬂwse e ohneets U, omd v, eV

{€-colovingof Gr\ey={of G} L {of Ge}

[ : C ()= CW) ()= c(w)

&/e



1. Hyperplane Arrangements

{'&"Cbloﬂhgo" 6'\6}:-{0{“ G[} L {°‘€ Gl'/f}

S Sl ()= el
|

VL [} D_‘

G\e G Uy &/e

Prop Let @=(V.E), v=12). Then

g it E=¢
K, R)= {f‘
e®) X(a\e ,B)—%(Gle, %) ifE+¢

Cor. X(G&.RD is o ?o\yv\ow\ccﬂ iw % chromatic poly,)




1. Hyperplane Arrangements

Prop Let @=(V.E), V=121 Then

XAl(er,R) = {ﬁ‘ L Eeg
X(c\e ,8)—%A(Gre, %) iFE+4¢
The. o.bove 'Formu(q V{‘—y Muc,l'\ looks like

Thiw. ( Deletion- restriction for mula )

X(A£) = it"“‘“v it A=¢
YA L) -AAE) it AES
Ac{'ualls/ it is AT
Def For a gra_Pk Ec‘-‘-(V,E), V=[21 Lt
A&-.—--{Hfj | ¢j)eB}. Then ?((Aq,ﬁ)‘—'—?(((xﬁ).

T {x-»j=0}



1. Hyperplane Arrangements

COhOMo\ij ruxg_ e,aw ov adyebra.

Recatt WU (@), 2) "’/\E where E= @Z e,

Lot A={Hi - Hn) be am ave in €2
di: the dahn'wa ogustion of tt; =) di=0Yy .

(EQ. (‘*‘,“'zdw)a @‘V\
v 0
M(AB - - ((’.")K
'\h&uc_es om &lgﬂbl-a komow.orPhA‘.sw
H¥ (ML) «— H*((eM) T AE.
This ts QurJ-CC'tlve, omd Olik~ Solomon Crives - -




1. Hyperplane Arrangements

Cohomology ring | ot A={Her-Ha), W ={ di=o}, E=DTes

(Q. Hh"’/dm)e @'\r\

\ % e li¥ x \N)
M ) g induces N M. Z)e— H#((e") Y AE.
Def T CAE is am idead generated by

. QS= Qs'o\ egz A-e AeS{ '-For S-:{ S, 'Sﬂ} C [hj

with Hg=¢
o zl_( l)‘- eS;A Aes A- Aesg “:’OV‘ Scthl \AN"HQ
COJ\MHS < [Ql
M(OV %\c.—Qo OV\'\O\O\) (dapzhdw{ Qulbsdt>

H M(A) Z\ AE/IA, (NO‘ZQ ec@?.mr :EH'(M).)



1. Hyperplane Arrangements

Def T4 SAE is om idead generated by
Qs=?s~€; a-a@g, for S={s, -, Sp} c[n] with Hg=¢

Z( |)‘les A- "es A *eSg ‘F‘OV‘ SCth] \m‘H« COJ\MH$<ﬁ

=1

T (Orlik-Solomon) H' (MWL ZV¥ AT, (ke ien iz, S ehi(i)

Example 3
y | E= @ e e‘ (Heeta= )
Ho— | H*(M(A> /\E/(elz / eﬁ-'r 'ezg =€t €3¢
Hy n, Mg iz —€is ¥z

Dt R:comm, ring, Ag[A)=H'(MIA),R) weAR(A)
[AR(AD, WA) is called the Aomsto Complex.,



2. Topology of arrangements

Mainly, we consider complexified read crr, meening
A= Had s defined / B , Cowsider M= M(A)= C‘\UHQC.
Ex. e M(A) = {(x,u)é €* | xo, Yo}

4= = C*x C*
A (S')z ( Cb_f T(‘(M\zH\(M\r-Z"')

e,
- %; M(AY= €2\ { lx-0lsn)
‘ x (x-g):o}

By Combining Zas\avcky 's omd Orlik- Solomon's vesults

Peop Let A Grr in ®Y
EWNE 2 bi (Mm) | Ibch(A)\r-(-l)l-?t(M)




2. Topology of arrangements

Peop Let A G in ®Y
[ M= Z i) Iber(A)) = (-t x(m)

Ex £ﬂ= | )G A=t M WA= €\ el
_a.n_:’_.L LC‘&( A) l=V\_~\ Q. G- Com
e © «- © n w

bo=|, b(:.f)\, 'X= l'h.

f\ro_'g Let X be -r'im“[e CW complex. [et Sg be +he
set of all B-cell. Then [Sg| 2 be (%),

(P""‘[') X/\M»Cham Cpx Ce= )ZO‘M bg =rk H,g(C.,b)

0"5 ']
rk=]Se |




2. Topology of arrangements

Prp Let X be & finde CW cowplex. Let Sg be +he
set of ol\ g-cellc, Then ng ' z b& ()()

Det. X is a winimel CW cpx if 1Sal=bglx),

Example Q O's <’ are minimal complexes
O are not.

Bep Let X be a minimal CW cpx. Then Helx z)x2'™!
In particular, Ha [X.Z) is torsion free.

(Proof) 1f the boundary mayp Cos=@ E'T—;‘an

T €Sqn
does nst vanish, bg drops. Hence it must be 3=0. /




2. Topology of arrangements

Prop Let X be a minimal (W cpk. Then Helx z)xz'™!
Tn particular, Hg (X.Z) is torsion tree.

Rew + # minimal CW cpx st. X 2RP,
Because H.(]RP".Z)::. Zf
e Bminimal CW-cpx X st. X TM:= C* \{'x’-.-.-‘d?%

(¢ 2Z)

beth.S-e ~ TC\ (M) Q'; <XI,X2IK(K:X‘=’K}‘|K!> @ <
—H(MZ)2Z.

Thm (Di\mca“PaPao(imq, Reande 2003-)
For by cow\ptex orr. A in Cl, E-MEV\'(MJ
l~dim CW-cpx X st. X2 M(A).




2. Topology of arrangements
Thm (DIW\Co. Pa.Pao(tmq Rende | Zool)
For my complex arr. A in C‘ 3 minimod L~dim CW-cpx X
st. X2 M(A).
Sketch of Dr'oof ( N. 2007 )_-(:ov A/R
A 'il-l\ H‘r\ HL "{Olc —03
Let F= {‘y‘ O} be ¢ generic hyperplane .
| e Def chelA)=1Cech(A)| CoF =¢}
chel)=1C G 63 Considey- (No’ce’ I&;(A)Fb,)

F‘{‘F'—"-O} ()0 M(A)-_'% R>0

C

; ‘q _s_(z)h-vl !
Observation: @lc wverges hear JC. T dl;

For ¢auch Cechs (A), Pe eCri’c(‘P)c).



2. Topology of arrangements

Sketch of proof (. 2007) for A /[F

A= {l—l\

H'v\ HL —"{oh"'O‘S

Let F= {f O} be c generic hyperplane.

Cs

Def chelA)=1 Cech(A)| CaF =4}

C»
\ che@-1C6.6) Consider (Note: lch(4)|= b)
F____H::o.} Cf M(A)—% RW)
x M '?'(Z)h*,
Observation: Plc d/«verges hear JC. T d; (

For ¢ach Céech:(A ( ) 3. ECH’C(‘PIC).

Prop (after likle pertuvbation) This qive
() L-2 corvesp. ctheld)e= Crit(y)
() P has Morse ndex £ .
(8) C is the stable manifolods of f .



2. Topology of arrangements

N Cs ()0 M(A)——% R >0 -\
\ cheld)=§C0 6.0 )( '3'-(8)"""{ e)=FaM(A)
F={-F=o} Trd( )
Mk&he\f‘ little peri’u \r‘zuﬂm\\ Thuas 3{\[/;

() 1L-1 ctorvesp. cheld)e= Critly)

- N | i
CEC‘M(A); fe eCrt(Lﬂc). i) P has Morse inglex £ .

('F W) C is the stuble manifolols of ¢ .
A
Rettact
c . by
v PC.\/ E —3Y0~CL (e

\______,_\,/_...p._,:;\k? }X \
P lo)= FaM



2. Topology of arrangements

M(A)-% [F>
\ ’ So ° nel (y o) = F‘\M(A)
X cheld=1c6. 6 x \\,>l -?-(z) {
AQF / F:{.F:o} P_WE(aHCV‘ little ‘;er't'u\r\;uhm\\ Thus 3“[1(

) 1-1 ctorvesp. cheld)e= Crit(y)

M Rttt:ﬁ-bt (i) fe hes Morse index L.
c . b W) C is the stable monifolods of f .

K,\’_ X \
\??m FaMm

The unstable cells ( ) describe +he
attuching of £-cells o FaM(a).

Since FaMl4) is o Cowmple meut- ot A“F, We may
assume FaM(A) is homotopic to e (L-V) dim wminimal
CW-epx. Then 'd"F“')l =b1 concluces M is M(V\(W\&\/




2. Topology of arrangements

AY

—_—

N

Y

—_—

- —

(-4t o x \-/>| +(z)"*‘{

Cy
Cq CL\F

Refract
c . by

LPC\/
v

& M(A)-% B 2
§ o) =FaM(A)

F={f=
{5 0} M(a?ter litt\e peri’uv‘w\'iw\ This ‘3“”9

) 2L-1 corvesp. ctheld)e= Critly)
(i) B has Morse index £ .

gr & (i) C is the stable manifolds of ¢ .
—A4ro

\?‘P(o) F>M\ \

The attacking wape (up to homotopy) are explicity
described by using A'Campo’s divide type
dlescription.



2. Topology of arrangements

The idea :

*MMT&\/ CL with the total Space

-

of The ’tama{h‘c bundle of '[EQ

(e 'Pl, v eTe B 2L — ;;F-q_e <t

T

Reo part  Tmaginary part
»x L E (position) (tongent vector)
Examle (f=1) N
"Turn the &rrow 90°" _?:=(i. B
[ ? Q
S — ® ®




2. Topology of arrangements

(e B e Braps)— ;*F"E-c- a

RQQQ FQVt Ih\aaty\ayy f"-v't'

Y (position) (tomgent vector)
“Turn the arrow 907" Z—at 3
@
p C
REE— | . T

Ucing this identification, for A <{H, ", Hat /R,
M(4) i$ odescribed as

MIA) = { (x $e TR)|if x eH (Hed), Y4TH ]



2. Topology of arrangements

Ucing this identification, for A ={H, -, Ha} /R,
M(A) i$ oescribed as

M(A)={ (x, %e TR |if x eH (Hed), Y4TH

7 1 the wal part is onH,
¢ Tthe imagi

5 imaginary part must be
transversal o H.




2. Topology of arrangements

Ucing this identification, for A ={H., - K} /R,

M(A) 15 described

G.S

M(A) = { (x, e T |if x eb (Hed), Y4TH |

N

h
el
x

%'& W the veal part is onH,
The ilvnqaihary part must be

Quizl A={H].
(A)

(B)

transversal to H.

W hich is linking?



2. Topology of arrangements

Ucing this identification, for A ={H., - K} /R,

M(A) 15 described

G.S

M(A) = { (x, e T |if x eb (Hed), Y4TH |

N

h
el
x

%'& W the veal part is onH,
The ilvnqaihary part must be

Quizl A={H].

< NOT
(/.\ ) Linking @
A\
(B) & Lin \<EV\J h = D
H W M

transversal to H.

W hich is linking?




2. T0P0|°€L}’ of arrangements

Quiz2 : A= {H., Hoj. Which i linking? (m’({rpolate

" Ha ' Conti nudus|
(A (8) o




2. ‘[‘oPoloay of arrangements

Quiz2 : A= {H., Hoj. Which i linking? (m’({rpolate
" Ha , Continudus|y)
A (8)
( 7
remove Ha
tu!rning M, %\
twice Il
H,
Libkivg!

NoT LiINKIkG !



2. 'l"opolog_y of arrangemev\ts

Quiz2 : A= {H., Hoj. Which i linking? (m’({rpolate
N H He (B)  Higte Continuously )
\(-2 £ Kl J

Toke wevideans Yi X2 . Covv-cspoho(iug \A)DTO(S are
-1 -
L (L S YR 1 ¥ X2 % ¥y



2. Topology of arrangements

sugﬁwarq ~N. Top. appl. (2022)

USihg_ these techwnigues,

f .
Wwe cam describe aﬂ*achiug ‘4} -
maps (V.07). {
I+ 2=2, S‘ugawam“‘(.ﬁw@ e
PL description of the |
attaching mep, whicth —_—
enahles us fo give Kir-by
d&agr‘am for MIA),

B




2. Topology of arrangements

A presentation omd rewcrle on TY;!M.\

§ 1235

* Number {hy OCCo rding to

the order of intersections
with

13452
4@ ¢ 1S ‘e lines PQ“':ua_
Yhrough right
> e
F — .
Hls Hq. H's Hg_ M

T (MA)) (Y Y, Vs ¥ X

=345 =345 (2 =45123

12345 = 12635 = 1423 s—=\3%z>
= 4 |23%

(Y. ?.o(z)



2. Topology of arrangements

A presentation omd rewcrle on TY;!M.\

Gre hevric ?zr{'urb a‘ccov\s

do not clfect on
Thwe Q.\C'\S'tihg_ velations




2. Topology of arrangements
A presentation omd rewcrle on TY,!M.\

Gre hevric ?zr{'urb a‘ccov\s

do not clfect on
Thwe Q.‘K-'\S't(hg_ v'-e\a‘(:(ovxg

but Jenerate new relations
34512y

~ to get free chelian

13452 ﬂ qroug 7 AL

12435,

I&

Hg He ' Ha Ho H:



2. Topology of arrangements

Thw. (1.2) Let A=tH., -, Ha} be an arr /R
Let b =b.(M(A)), Then there exist relatcons
LCVR E VAL [ (PP (R,
of Y, %, . ¥n st.
TG M(AY) %(Yl,‘",Yv\ \n,---,rb>, omd
VARCIQ (R TN L WS (PR




2. Topology of arrangements

Thw. (1.2) Let A=iH, -, Ha} be an are /R
Let b =b.(M(A)) Then, there exist relatcons
H, V"z, Tty rb P Y;\lh-\% 0'(: X[,Y;,“',Yn 9.t .

TMA) Z<Y, Y R 10, and
/A ’-.‘;(X'(,"', Yh\ h, - h‘“"‘)/z >

(Cvmect to call "Abeliam Extendable winiwmad )
Ouuestions eetarston

(i) How about general covplex ave. A?

W) Let m MY, ¥ | r.~.ri> be omother guch
presentation. Are the C.ortestv\(J\ihg 2-dier CW
Complexes homotspy eguivalent I T Yes, then

-H\e 3‘(‘0&? T(\(M) dz.’wrmihcs 'H\-Q hoh.\o'('o?y 'l:‘lP.Q
of M= M) dor line ave. A.




2. Topology of arrangements

Quuestions
(i) How aboeut general cowplex Gre. A?

W) Let T lm)x{X(, - ¥ ‘h',‘",rip> be emother guch
presentation. Are the C.orms?bv\o\ihg 2-die~ CW
Complexes homotopy eguivalent ? Tt Yes , then

The Qroup L (M) determines the homofoyy 'l:\[P-e
ot M= MWL) Yor line avv. A.

Rem. Lot A , As be line cvr. in €. Randell proved

(M) X T(MIAY) | then bilM(A)) = bi(M(A,)
Guerville-Balle  Constructed examples st M(A)%M(Az)
AY‘-C "\'\ﬂfy Q\wa\/g homo‘h)p\/ ?Zut\lqleh.t? Non homemmr?k\c.

(-2. does Tu[M(A)) T, (MIAY) imply M(A\) 2 M1A2)7

T homo Lopy €gwiv.



2. Topology of arrangements (and day)

Let A'—'{Hl.“‘,l“l'n)l be am arv. n V= It.e.
Def

L(A) ;:{ HIJFCP l]LCEt-J}

(\\\l—l; {l‘z,---‘»\i
(S the set of mmewu(ﬂ‘\/ intersetions.
Rew = He=V.

(COWV?V\hD"\\ Or dered 57 reverse inclusion.

Hea He He H (intercection poset)
E ‘>< Paf('l&ll/ ordered set
’3 L\A At o l'(‘;
)
Hy \/
H,

Hi



2. Topology of arrangements (and day)

Def: L(A) '-'-‘—{ He+¢ | ICD\j} iS the Set of 'nomem?f\/ inkerse ctions.
Fom * Hg=V.

* (Convention ) Ordered by veverse inclusion. (intercection poset)

Hig Ha Hiz Has
A T W ‘\-’&3 \><><'
* LI4) v Ha K3
H
" (2 \\/
Y H \4

0jor Problem
Whaet kind ot properties

of MIA) i¢ determined -S&f @
by LIA) M)

AN—> (A)



2. Topology of arrangements

In generol, posets potentially can encode (oTs of
Subtle structures

Let K K, be -(-iclclc, Vi be Q‘Fih.o\\m. ve(tor
Cpale /&L



2. Topology of arrangements

In generol, posets potentially can encode (oTs of
Subtle structures

Let K K, be -(-iclclc, Vi be Q‘Fih.o\\m. ve(tor
Cpale /&L

'D_éf L(V(’,\ 1"—"—{\M C.\/L‘ linear l,u\oqsac,e.}.
L(vi) is e Pose’( with inclusions

_&o'a L(Vls ~ LLV':_) 0.4 POSQtS = diW\ ylzdi“ﬂk’\{l



2. Topology of arrangements

In generol, posets potentially can encode (oTs of
Subtle structures

Let K K, be -(-iclclc, Vi be Q‘Fih.o\\m. ve(tor
Cpale /&L

'D_éf L(V(’,\ 1"—"—{\M C.\/L‘ linear ‘,u.\oqsac,e.}.
L(vi) is e Pose’( with inclusions
_&o'a L(Vls /-}.’LLV':.) 0.4 POSQtS = diW\ ylzdi“ﬂk’\{l

(Pmmc) diw g Vi= WK {’V\ | 2ws Wi, Wi LLV)
(ﬂf\e \e\r\a’“« of maximed chain ) .t WO <w‘<m<w" }



2. Topology of arrangements

Let K k. be fields, Vi be o Fin.dim. vector pate /i
D_ef‘ L(vi) 1:—{\” C.\/'Ll linear Lu\oq;ac,e.}.
Prop LVI) & LIV,) g pesels = dim ytf—d'\wu,_YL
(P”’"‘c) (\‘tw\m\/Lﬂ”\‘W{ n| 3w,w, - Weel (Vi) st wo<w‘<---<w,.}.

j'7_yop_ Suppose dimVi 23 4 L(v) % L(V,) a¢ posets,
then K 2, 68 fields.
Toea of the proof &: a field . One cam recover kK
from the incidene yelation of points and lines on kP>
@© Choose a line L ckPp? Let F==—{Pé|ﬂ>z\ PGL}. (ijecg‘{‘ﬁ)
@ Choose three points f, b P € (v Chavdt conttyactio

@ Detine "+, "x" on P \Ited, which is iSomorphic to &,




2. Topology of arrangements (and day)

Def: L(A) '-'-‘—{ He+¢ | ICEQ} iS the Set of 'nomewn?f\/ inkerse ctions.
Fom * Hg=V.

* (Convention ) Ordered by veverse inclusion. (intercection poset)

Hig " Hia Hiz Trg
AT W L&) \L><H><H3
H
" (2 \\/
Y H v

0jor Problew

Whaet kind ot properties
of MI(A) 1S deTermined 72& @
by 1L (4) % ('Combihafovially ) M(A)I/

determined

AN—> (A)



2. Topology of arrangements (and day)

Def: L(A) '-'-‘—{ He+¢ | ICD\j} iS the Set of mwem?h/ inkerse ctions.

w Hiz Ha
Maior Problem | TR ’
What kind ot properties A g H )y \L><H?<LL
of MIA) i¢ determined K * \\‘,/
b\/ L(A) ?_(“Combihafovially oletemmed“) | A > L(A)
Since thim M1 (S recovered Hvom _3{ @
L(A) (awel dinV) NIC 2
g lxt dim H M(A)
A(A)=2_ O t™
Tclw) is combinatovial.
Hy+¢
Co‘r. lCHA\\ y lb‘-“‘d)\ A/[F,
M4 Alg, , RinlMA)T) LYo

0re Combinatorial.



2. Topology of arrangements

Plro?. A={H(, -~ Hal 1 avr./C . Then the cohowology
ring of the cowplement HYU(MIA).Z) is combin,

(proot) He(m(a),z2) & AE, e
z) A /e,-_::ea.---e.:,,*" i{uH«.ﬁ ;m\
Orlik- Solomon %/’ i(,‘f‘\e. e %IICM
(S Combinetoriad . \"' v e

On the other hawd, there are ceverdd
“hon Combinatorial” properties.



2. Topology of arrangements
Let L=Lula,La}, L={L], -, Un) be

lihe avr. o @Pz.
Det & amd €7 heve Same embedded type if

3 Q. CP*— CP homeomor phisu, 5t O(Li)=Le.

v P

D

Ded (£.84) is o Farick paic if they are of
tifferent embedded type.



2. Topology of arrangements

Rem.
1998 Rybnikov Constructed Zarisk pair (L4 £x)

v e\ L) ¢ (e \veL,),
2003: E.Artel , J. (armona , J. 1. Cogo“uo(b, M.Maveo

Confirmed Rybnikov's Construction amd
provided hew (Smaller) Zavidli peive of Il Vneg

~ . B. G’uerville'gqu&, \/ ’Flore,M, J. \/c'.u. 305
2010: Nazir ~V. ) F.Ye $ Zaviski Up Yo 9 lthes,

OF@V\. PVDl)LGw Eiw '$C Zovs k( FQIV‘S Df ,o |l°hes,
\ef. M. Awram, M. Tetder, F.Ye * reul: \af«'.qu)



2. Topology of arrangements
A Romonle on Amoduli cpace

Concider ={Li - L.y c (€PN

M'-:"{'L \ £ has the Pﬁzswibe,d i\r\(,imcz%
is called the realization cpace (mosludi space)
93 ling awvangements with prescribed incidemce.

Fack

T L. LeM we onthe Same (ownectal
tomponeut, thew L ordd \ave Cawe
2w badded tyre-

e ¥ (P e )y (&%, 20)




2. Topology of arrangements

Combi nodorial, Not Combinatoricl
(MY AR Ewmb.tyre (CFR, L)
(M), 2) A/ T (M4Y) Womskopy type
ot- M(4)
UnKnhown

* romk of QOCJ C\/df{,m (Co)koholojy H‘(M[A) i')
* Betti #'s of Cover(ha Spaces X"’M(A>,
e Betti#t’s of Milnor L£iber.




2. Topology of arrangements

Double Cover ng_

Let X be o« (W epn. Let P:(X)— & bea
%ra\,? wal.“t("{' /mvxiucrcaﬁ Coverivy
A2 'XV/ ker — Xis a G- (overing,

double c,oueviua Px—=w S W "T(t()() — th:%z
S hH(k2)Y—2,
&~ wel(x,z,)

For oy Lo C‘H'(K.Zz) (b*°>, we denote the
associaled dsuble cover P :X*—X.




2. Topology of arrangements

double Covevivg Pix—wW &SW T x) — Zg_':%’zz
& iH(k2Yy— 2,
= welx,z,)
For my W e H'(X.2.), ossociated deuble cover P:X*—X.
Tl (. 2020) Let A={Hi Hu} be gn arr. in €L
Let we Az (A)=H(M(A), 7). Then, H(nZ)

Mg Aowmoto oRx.
romk 5, HEIMIAY, Z2) = bg (M)+ vomk H"(Av,m w+),
Combin. T Combin,

In pav{'icu\av‘, the mod 2 Vetti & o"’ the doub\z cover
(¢ Combinatorial.

M Swuciw 3ev\erq\11eck Yo QW watQ\e'ses,



2. Topology of arrangements

Combi nodorial, Not Combinatoricl
(MY AR Ewmb.tyre (CFR, L)
e (MA),2) A/ T MLAY) howstopy type
romk 5 (M(A)®, 2,) ot M(4)

(we H'iM.2y).
Unkhown
* romk 6+ QOCJ C\/df{,m (Co)koholojy H‘(M[A) i')
© Betti #’s of Covering cpaces X—M(A),
« Bettifs of Milnor £iber.
¢ be (MIAY") (weRm, z)
¢ Cohowology ring H' (MW, T2




2. Topology of arrangements

Combi nodorial, Not Combinatoricl
(MY AR Ewmb.tyre (CFR, L)
e (MA),2) A/ T MLAY) howstopy type
romk 5 (M(A)®, 2,) ot M(4)

(we H'iM.2y).
Unkhown
* romk 6+ QOCJ C\/df{,m (Co)koholojy H‘(M[A) i')
© Betti #’s of Covering cpaces X—M(A),
o Bettig’s of Milnovr £iber.
¢ be (MIAY") (weRm, z)
¢ Cohowology ring H' (MW, T2




2. Topology of arrangements

Milhovr ":tb-ZV' Sef‘tu\g A {H\’ ,H.\l) Q CehtTlLQ v,
H\“"'{dc 0(1 di: |inear fovrwn. TViiso,

Q, T('ol (konogeheous)

Aer. ow ‘?2’ Milnov £iber
A Q((°) U Hb % ' Q (L) 9 \"‘Onoolrou./

action
2-\ -
Ul\ @P vzﬁ\\ Covev(-xe /)
(P(L't Hu Q.'t' lk‘(t(mt‘{) P&"\\ L:J _i.
6ffine avy. woe

At Hun) o € MIA) = C\ D

=



2. Topology of arrangements

Milnor fiber Setting: A={H,~ Hab a Centrad aw
Hi={di=0], di: linear fore.. Yo

Q-.: :E._(:d" ( }\ouogehe OUS)

Aer. on B¢ * IIN Milhor £iber

K= Qo) = U M > FAlr-Q:‘Ll) 9 V"‘°V\oolroh./

actiown

wept o
u\§/ llv Covey(. &%)

(Pu‘t R. at ?w(iu:f.y) PIL-'\\ (L:J.Ri

aftine avy. o
Ab{H(,"'/Hk-—(\ ('S @L( H(A): «: ) \g‘Hi

Question 1P (F, €) =2

Basic strutegy : Movodiromy gigen SPace dzcowfosiJciam.
H (RO v @ WP, = (D) @ H(F),,

le |

- Ligen spgce o

~
7 THM)  t@ HE(ML)



2. Topology of arrangements

Milhor fiber Setting - A=1H,,~ Hal o central aw.
H\."’{ di=0(( , DL ‘lM&(f -‘orh ¥H: >0

Q = TC ol (kohoseheOUS)

L=

Question HE(F €) =2

Arr (:\,\ ‘P‘L- M\ \'V\OV ‘G'\‘oer BCLQ‘L gf‘.mt.egy
A QL) = U He F =QC') 9 V:t;\oirou./ Hg[F,@) ~ © Hﬁ(F);‘
U'\ @PQ"\ [\ " J_/) e
\]/Zh COVev_ = Hg(F)IG') H&(F)*(
(Put R. oct vl in f:\() PN\ U H; tH(M) @ HY(M.L))
0ffine ayy. o = i

AstHe - Haed o €8 M) =€\ D

Today, we fowns on
+ =3, F— € "\UHi, W(r.€)=?
- When W(F) appears ?
* Is  diwm \"\(&F’))\ [ N~e) Cw\i'\hq{:ov(al?



2. Topology of arrangements

Milnor fiber Sef‘tivxg'- A:-—{H\,"-,H\g a Cenfral arv. @Question \_\J‘ (F, C) =7
f— - YHi>0
Hi={di=0, di: linear foru, Basic strategy
Q, :l:_l"'ol ( kohoaehQOUS) HE(RC) o x“@l HA(F),

Avr. ow ‘Pa’ Milhovr £iber = H‘(F).GD H&e),,
A=QU) = UK >i< Fa=Qs') 9 onodrony TH(M)  t@ HE (ML)
" @PQ-\ [\ QW‘/; Nz

_['oolou,, we Foius on
(Put . a’c tfnity) PN\ L_JHc ' 2=3, F— @\UH:, RH(F0)=?
affine ayy. 2-\‘\ * When W(F), appears ?
A {H( /H"“"\ "N @l - H[A) Q \‘“) Hi * Is dim H\F')x (N1 Cw\:ihc&ovial?

Clessically known fact
15 R is genevic (novwmal crossitg) thaw W (F),,=0

Phylosophy @ line aev. with H'(Fle ¥0 is rare
(amd interesting).



2‘[‘00!0

E‘mep\eg

%
L

of arrangements

of H! ‘F> O

B

u Bl\ :
Hoo A' 3 > C,
— Ch
(w= € f’*/s) oo o

U—Exaw»?(eg of dmHE), =1 \s

(/)

J%&V

7

N

i

- &N/%

)

e
AR

Wi

L
AN

A

<

\

Fact (Libgober2002) T H'(P)yonng 0, then VHi €A has ot kst one

(A-/C> Pom‘t Wi
Foct (1.203) T m<)X] >6, amol H(Pymne#0 , then VR e A hes at

th %u%‘PltL\‘l:y

Aivisible by €.

(A:/ B) Jeast theree Pom‘b with ’hu(‘(‘(PhLdy tltvisible \07 %.



2. Topology of arrangements

Exw»(s\ec of H'(F), <0

A" VAR
3 Ve
o ?
7-T.F«/3 CC3 C % c
) 7 Cg ) Cy §

= Erawles of dimH ), I\> 4

M §VV% %
7 NN S

Fact (X.2083) T4 M)A >6, amol H(Pymae 0, then ¥R e A has at

F

7

(A: /%)  fgast Three points with Multiplitity tivisible %7 %.

GLuestion Does the cbove vesult hold fov ahy
line avv /@ N




2. Topology of arrangements

Let d =€ Popudivae, omd Suciv discovered
thet HI(B, (s c,\ose\Y ve\cted to EB— Aomoto CpX .

I bM! Eo_Ya_A,(,W\Q_' gu(,(u?.b\rl> Le-t A= ("‘l\,")“\a-—(s th @1
iy T+ all multiplicities of intersectiont are i
{2345 %095 0.~} (delete 3Z,,) , than
o\‘um& H‘(P).,\:—ol‘wQ H‘(F’)o\:. = o\imﬂ:3 H'(A;F;(A)l w)'
where o=e<ee- +€u_
() T all mefiplicities are ik {'1.?},‘1']4.2_1«\ c\tk\QH‘(\:\
is Combinatorially datermined.




2. Topology of arrangements

Tkm(?a?ao\ima‘ gubiu?ﬁn) Let Sk= {H\,“",\-\u-t(l th @1 d= e“":‘/B,
Gy T all multiplicities of wntersectiont are ju {23.4.5.X7. 8.5 ©. - § then
thim, H'(F); = dim, H(F)a = dimg, H(AL(A), ),
Where o=e«e,¢- +€u_,
(D TE all mediplicities are in 12.3%, then din H'(F) is Combin.

Co nJec ture (Papadima ~Suciu 2011
@ )\:_e'nr-(/e, \'JH'\\ ﬁzg _:') H‘(F))\':O ot O

©) \ =@ ™ V3 = &""c H((F)x': OU-MCH‘(C))& = diw\‘: H%Aé(,&)/[tp)
®  dim HF) = dim (Ao = dimg H(AL4), wa)

AnQﬂ\érl&)V‘g-Sf@'\d}kJ)QuQSme\ L HL(F‘Z> '(‘DV‘SfDV\—'fV-eQ_?



2. Topology of arrangements

Co njecture (Popadims ~Suctu 20\1)
® )\.___._e'l"l'ﬁ«/ﬁ NE’H\ -azg- :__> H‘(FS)\"‘D eﬁ“.*euﬂ

@ \= eV = d:““c H'(9), = OUP«,SH((C))& = (L'Lw\F H%AE(A)/&A)

®  dim HF) = dim H (P, ‘—EM“ H (AL (4), wa)

Ano*l‘kgr[bv\g—stm\dﬂg}g?uesﬁm s To H(F.Z) Poxson—fre?

— H(Fa,) has -torcion.

. % E
16 }é % 0
i
5 gf \ p dimHE )= diwe H(R)g g =0< 1= di WAL L)Y




2. Topology of arrangements

owg s The icosidodecehedwd orr s enlized ging
edges and  ciagonels ef the

4
9
AN\ ‘
; | cosidodecuhediron,

150 ‘Y /
=
| AN

Cruciod property s 3bi-coloring st. gach intersection is either
Mmono Color ov  even Yed omd even blue

Rew D Munkacsi (Kannover) s Computer seerch: Such awa,nsfmed‘
Only 3 (up to Baq 2 ) are known: i$ rare

e Hessiamn arv. (12 lines /@)
¢ Leosidodecahedral aw. (16 lines / QE))

* Munkacsi’s arr. (16 lines / B )




2. Topology of arrangements

Milnor fiber omd $— deformed Aomoto cowplex

Def. r mMeZ = = %!%* ? av 4 _hs

4)(5#1‘:;‘7 . ["ﬂ [-71.]1 7 ._zw%:z’r-ﬁ-zz-&....*-Zf (2_;,,\4(43{‘_5)
D=t N
[2]1=92+9 *
[3]=¢+1+3"

el =9+ o §ha §h
(51=4*+%+| 'k-?;‘ +3
(67= 3%+ 3% + §% + 7% < 7%
Mu) lim [n]), =N
ad! ¢
(2) L+ [ +[2, [233'(2"13*[‘”1.

However, there are weny IR Toviulas,
eg. [21y1¥)= Wl (3], (7 LA S=(§aef ™) (el = z”*+2z">+zi‘”—+§’j



2. Topology of arrangements

b-detormation of o chain Complex

2\
Cl.\.l\ (:\\ _l))

7 ) 13 S _ﬂ_l A ‘z—d_Q*FothCO'M 'S hot 4

\

\

(ta)3) (34 )

-\ —2

Cholices s-‘y‘ baS'aS w\at‘tﬂ-.

i

\‘23 322

¢ hatn Cowpley

(B3~ 100 o)

A 9—deformation 35 also
QL C.c)O\»P lex )



2. Topology of arrangements

Se't‘tingl @:{ﬂ‘/n.,nﬁ% lines in @Pl’ (U Hi z—.{Q’[l"q,,"i?,):o)'.
A={H, «, o) lines in C%=CF*\
F=Q70) Ztoe N=MA)= C\UH:,

¥ A
AZUSA‘): H‘{‘(M‘Z) n /\<€"w’€“”>7—/)5~ideaﬂ
W=€ + @)+ wet Sy

Congider the 9—deformation of the Aowmoto cowmplex:
v AL (8) S ATA) — -

Ownce we fix o begis m‘:f ‘)
we hewe o matric precevkation. Define The §- daformation

[bot\_]% V= ([aeﬂ%a‘} - AC®Z(ZVI)—> AE+(®ZZ(3“‘) ,

To the 2- doformation (Az (A 3®Z(Z"‘), [ A]g) agCun G cowplmx?



2. Topology of arrangements

Setting: RA={H,-..,Hnl lines in TP%  (UHi ={QIT1%, As)=0]
A={H,« K} Jines in C*=CF\ R
F=Q*') = M=M(A)= C* \ UH:,

Znr~Cover

* A
AZU(;A): He(M.z2) 2 /\<e‘,~-~,eu>z/35_mﬂ
UJ:€L+€>_+~~~+ Sn

Congider the g—deformation of the Aomoto cowmplex:

‘._BA;(A) sa Atz\(A-)'—)
(afj i
Once we fix & besis, we haye & matric presevtation. Define the §- doformation

Tlod], == ([aeﬂ,,)w. CA®TER) — ANST(EY)
Ts the §-deformotion (Aq (AYOZ(E%), [w],) againc complex?
Thw (. 2072)  Suppste & (s detined over
Then Jbasis oF Az(4) st
() (A8, Losl,) IS @ Cochain Complex.

(it) Specialization at NT Compubes Mmomodromy eigenspace of Milnor fiber-
H' (A (a),Twd), ) T H'(F), , for reQ, =1, A#L



2. Topology of arrangements

Thw (. 2072)  Suppete A is defined over ® . Then 3basis o AplA)
st
(i) (AQea), Twslg) is a Cochain Complex.

lit) Specialization at NT Computes Mmomodromy eigenspace of Milnor fiber
H'( Az (a),Twd), ) T H'(F), , for AeC, X=l, AL

HO\A) 'L’O LMOUSQ‘ ba,gig'z.

C hombers determie cloted Q-dinm ¢ubumanifolds
Co O'f‘ W= M(A)

A TCle We' (M) & |, Z)

Fact (X)) Let F be a generic line .
Thew  {C: chawber | CalF =47

Forms G besis o HE* (Mz) = H:(M.z),

Q Wse " chamber basis™



2. Topology of arrangements

How &-amaloswe cppearst

Example A=f000103 cReC , R<tncos, oz AT
O Q‘} Q. tc\-] = €,~€.

SC C, Cs ECJ,’]ZQ-{'{3

L) =Cr

L= e\-ee,_-(—-e3 = (Qw—ez)*(:"l(ez'ﬂfz) + 363

=Lc+ 2.y +3 1)
On the dther hand,

w5

'i* am.‘ogue

~

3 . \ -
Cz) J«_% v C? (),_7.' \(L).tg']z.

Ve " 3 . . ‘ (W‘\P_n Z‘#l)
\f%b ﬁ‘,' ” o 8 o % -7 : = (,2/’% cz" /:) .[2’]%
Q_%/-I/L %/2‘ 2*"; — ( %‘Iz_cl;"l/}) . [l]g

Tuisted cochain map + (pe] = (§A-T%) {0, [c.]+ [2)Tca)+ 3L 1G]]



2. Topology of arrangements

Summary (omd Reark 3

o HI(F )= © RH(F), = Hin@HId,,
M= |

o Hi(F)y (d=e™"3) (s pelated to H~Aomoto Ccompler.
(AL (A), we) t Adweto Cowplen

i 5 dofovim
(with chowbar beasis)

(A 'ﬂ-ti."]LA\ \:wﬂs
%~0(e-FOV'weol Aow@ﬁo prlese Cow[)utes H\(F)}«..

o 9= deformed Aowoto Complex™ Com be defined for
read hyperplane ave. (Leyohd lthe arv.). However
we need a tricky deforw. eg 6w [3,+[3) (noT [67;)

o (7.5 C\ebsgk' C—rorddl/\ rule -S"OY' ’U\t[A»Qz\ (.’).)



_ 3 Geometry behind Enumerative poly.

C\!\QVOLCt-CV‘ﬁ’(\C. %‘LQS( ﬂywwal ot avy.
M g: Z(br Z»)"‘_) C i< a C}uQSR-pble\owta,Q

R '157>o p '_C\ f’) 'F].\C‘q:ftz
k.

)=

Y ns ked p
Y{_("\\ it ns 0 modp

\ '(:p(“\ ot TEC wudP
Rew. The humber P is oxlled the period , and

~H\€ ?olyhohiak ‘Hﬂ, " 'f‘e("') Gre ca.l(ed
econstituents of &



_ 3 Geometry behind Enumerative poly.

&& & Z(M‘ Z»)"_) C ica ?uQS‘i-,)blw(v\owta,Q

{‘\(7\) \ =
= H?>o (_PZTEOJ), 3'§|/ €)-M,-F]~\6¢ftz §,&. %(“\:_ g ‘e n \MdP

'("7-(;‘\\ £ n=n mod P

4

[ fp™ o m=p wedp

Exa«_ne(e _
= |2 i = wed

(D [0

% i =y wed o

V\\q ¢

(O

= 5 N=o wed



_ 3 Geometry behind Enumerative poly.

Let A=1{Hi,~ Hal] be an aw. /7 ie.
M z{ (e, X)) \ i X - Cuzlf'oe%
)j with 0. bhee 7L
v ®24p
F;,':{ (%) € (22) | Bt~ Gaane s be mdﬁ’(

Then 3> [(.?Zl‘i,zz)ﬂ\ &e)ftx s «a Bua&i-.po\y,

More preusely, -



_ 3 Geometry behind Enumerative poly.

Let 94"—"{'41,"' ,st be, on Chv. /l i.2.
jf M :.{ e~ xg) ‘ kX - Qiz'l-1=bg$ withh Cuyy . bee L .
%

® 24

r\-@": { (.x\,"',lu) € (2/%2)2 { Cl('.lX\‘l""""c'(Liy.Xlg b(, Wdﬁl(

Thw( Kamiya = Take mura~ Terao 200
(V) P20, FE,, - S €T st

#[(ziz)"\L H]= (FR) i 3=1 wmedp
uace A, = .
/X%“( d L) if 1=P wodf
(2) (&CD-proper A S _
) (&cD-property)  qed (P, i) = ged(p.d) = £l6)~ 4 k)
G) f.lt)=X(At).




_ 3 Geometry behind Enumerative poly.

S

HL":g (=X € (2/37_31( Qe ~+QiaXxeshe h»odi,'l(
:r‘\_"\( KQMEY&"Take muka™  (erad ?,oo'?) ’X%W(A.g) =
(V) 3P>0. F4, - S eZY st #[(zAg2)'\ U R1= i%.gz) it 321 wod P

(‘2)(&CD-9vo?erty) 3CJ(P, ()= 8cd(€3) => fF-‘['t)t'fJ[*()_ ﬁ;{i,) it 1=P mod P
G) f.lt)=%(A.t).
Exawple Hi={Y=0f, Hy={Y=2x, Hs={%=3x}. Then
H3
~ g2 -
H, 1°-3¢+2, = | 5'\»\46,
H (xtu.ac: (7&' %\ = 2 z ’ N o
( 4 ?)—32*'3, 0= 20 ¢
b-31+%.  £=3
CV-33+5,  9=6




_ 3 Geometry behind Enumerative poly.

S—

He {(x L% )(_('e/w_) | Gexie—+Giaxesbe wgl(

'—W\M( Kamiya~ Take mura= Terao 2.00"() g (A, §):=
(\) 3f>0 24, - fe €ZTE) st #[(z/52) \&{AH] i’ﬂi) it 321 wodp

29 (&cD- proyerty) 3(:1 (p, ()= gcd ((’3) = ’Fa('t)‘ifjl“t). 'f",iﬁ) if 3=P modPf
G F.lt) =%(A.t)

_Q_, Whet ore other Comstituents ¢
A. They cre reloted o ® C (toritication?)
H={ (- xp) | aduee -+ Q%o =01

i@(&i"

M={ thta) €(C)F) £ toty=1]




_ 3 Geometry behind Enumerative poly.

m( KQM'I\{&"Take wmukea™ Terad 200'7) (Xgum:(A-ﬁ) =
(V) 3P0, T, ST st #[(z42) '\ H]= rg&) if 321 wmod p

(2) (&CD-Qvoyerf.y) g(.d (p, )= acd ((33) = ’F'L('f:)'i {J (f)
G| filt) =xA(At)

Q_ What ore other Constituents ?
_A_ ey Gre reloted o ® C* (‘(‘bv'\%icdctovx?)

'f'y(f;) if 1=P mod f

M={ (-t ) € (C)?) tito-ty'=1)
Thie( Ye Liw, Tan Nhat Tron, MX. ?,b‘l\)

Fott) is the char. poly. of torus ave. {Ift'l HéA} ov\((")q.
Furthewore , the Yoincare ?o\x/. of the (,ov«plameut S

2 b (N UR) = (o) 5,1~ 1)




_ 3 Geometry behind Enumerative poly.

Whet ic —Q  4or o poset Q7
cew Ay\s’ Q‘CR \»i‘\'\\ QQX.M-CMA'

S. Schanuel * Negative cete =" (14%0)

{finte cets] > (D)

v




_ 3 Geometry behind Enumerative poly.
Combinatoridd reuprodty Tha={i2 4]

Sxonple

O3 (m) ==+

-

F{ (x )(-;_013\ ( ¢ th'l_ <Ny (Xg}

N _ b=y [n-2)
z) = )

(05 (n)s=61 Duoas) [ xe el gt exs)

- (V\-t—2> < (eDlhen

s 6

O3 (V)= CF 05 (1)~ veuprouity’



_ 3 Geometry behind Enumerative poly.

OF (n) == 61 Do) [ e el xen cxy)

OF (n) =6 B [ e el nghagxy]

Stanley’s generaltzation

Y & : pPosels
How (.@) =1 §: 2= Q 1<, 2 =5 $60) <, $0)f
v

Hom® (_E, Q) ::{ L:P—Q l'il <, X, = $(x,) <°_‘f-(x,)}
Exomple (95 (n) = # Hel (021 _Cuy)

;CPH (£ <+("-)<'H?))
(93 (n) = # M5 (033 _Luy)




_ 3 Geometry behind Enumerative poly.

How® (B.0) ={4: 2= Q |2 <, 2, =5 $6x) ¢ $6,)]
V

Hot (B,@) =1 4: 2= Q |3 <, % =5 #0) < )]

The (R, S'f‘awl-ey %"10)
P finite pocet . Then
© 30Vst), OEE) ERQLET st

¥ Mol (&, n7) = (95 (n)
% Mows (8, 0w1) =095 (n)
@ (retiprouty) (95 )= =05 05 (1)




3 Greomefl'z behind Enumerative poly.

How (2,0)={$:B—Q |2i<, =5 ) < o Fia)
Thw (R, g'('uv\l-éy l“"lO)
P €finte potet . Then
O 30st), Oik) eQLET st :tth (b C«n,])~(9 (n)
& (reciprotity) 5 It)= 0O 0O (-1

Exomple B - 2/\3 (152, 1>3).

FMow < (B, Cwy) =% ‘gbﬁ\ X2 43) | Xee Ty X2 i"-é
M2 3

- 2.&_ ~ "nlhi-l)(_zi\-(.{)
€= 5 ')ne-a-n
3 MHow" (R, [V\E) i (.g__() (I~ h (2n~1)




3 Greomeh—z behind Enumerative poly.

Ho? (B,@Q)={4:2—0Q |~ <, x,,=>+k=no< oFo)f

Thw (R, g“fuv»l-éy l°"1°)

P €finte potet . Then
© 300, OF¢) ERQLET st ¢ Hm (2.M])= (9 (n)
& (reciprotity) 5 It)= 0O 0O (-1

The Y{c\ procity Qooks like
" HowS (2 [r3) = R WS (B [-n1)
We womk to define — @, To Jug'h'-f\(

s (2, 8) = 0 Hal(2 Q)




_ 3 Geometry behind Enumerative poly.

Hint
A Tai= 100, xa) e RY | 0 ex g exye(]

V. U closed d~Siwplex
O
:.\.\,-a G}t:. {(L\/...’)Ld)e$d l D‘ﬁ‘.\(""l,‘_‘_(;

EOP‘J"MOovz/CFﬁ'SQPPovT Eu(er CLAV- OPel\ d- §i“"‘P('e’(
e\;‘?\‘j(q\d \ =0, QBM\(G‘L&S = (~ )d'.
d °
QBM (oo )= (D)7, QBM (G‘d) e c,i?voci"v\{?

> Use Sewiolsedbraic sets omel
Semi ol ge Bruic Euler cher.



_ 3 Geometry behind Enumerative poly.

Def B is a Sewmiddgebroic posed

ﬁ; P has o tew. &%brwc ¢Pructure

t .
{(m.g) cPxpP \ N < %}
1S oo cewn g bresc . [Seposet )

E’“‘”‘?k_{ O Finite posets ave sewidqebralc
G B™ with foxtogrephic ovdar is saposel.
@ B™ with Prothuct ovder 14 C.&\mc&g

(>, Xl )< Y- y) S (ek)
@ Any semialy. subset of these are guposets.



_ 3 Geometry behind Enumerative poly.
Rer. For 0y Q-&w\iaﬂac,& X .
g‘F’iv\.i‘k bartition
X= 11 X, [Xyx Ceu-iaQ,,Lmec)

LEA
St X\ v 0;, 4o Some d, 20
2 e
— 0 ® 6———0
A
R e(x)= > (~OM s We \\ datined
ANEA

( sewialgobrrad
o 3)QE\J\\C-e(r dmr)



3 Geometry behind Enumerative poly.

X:’ ){Z\AX,\ st X;\% 6; fov Sowme el.)\'>0 Q(X> = 2_(*@
AEA

?Q,th P“P"J"Z class: caﬂ@uﬁf{w
D TL X is C.D\MP&J Q(X) Z'*.OP(K)

D TE X s Locally cpt e(x)= (X)),
3 XY = elx) =e(y)

& X:finite ¢k = e(x) = \x|
® e(xuY) =e(x)<e(Y)

&> e(xx¥)=e(x)xel\)
@) e(®) =~




_ 3 Geometry behind Enumerative poly.

— s;%.
X = )):-z‘AX,\ X a2 6;)\-905' Some o, 20 Q(X>‘-= ) C*(Yb\
AEA

Bastc pripety D T4 X i compedt, @(x) =y (x)

D 1§ X i .Q_oc.a.lly cpt e(x) = QBM(k)
® XY = el =e(y)

® X:Linite ¢t = e(x) = \x|
® e(xuY) =e(x)<e(Y)

®& e(xx¥)=e(x)-el¥)
@) e(®)=

Def. For & Se.mtc&y braic PeSz’t L, dafine
—L=Qk
Wit &QK' M-M{_ (L ty<(Lth)& g‘& R82 oy
&Q& ~ Q)= L 2=%. , %<t




_ 3 Geometry behind Enumerative poly.
Def. For o Sewicly braic poset &, detine -
~_QV = Qx @ with &QK. 0?&{_&%\,’5\)<L%1ix>@> 2’%\’:—67,,&\4 t>

Thaw (Hasebe , Miyatuni, Y. 2017)

P: finite Posetl, Q.- stposel . Then
O e(Hal (2.0 =(-1)*. o( 1ol (2 ~o)

@ ¢(Had(2.00)=(1)* o Hat (2 ~a)

&I+ Qs

“LLof&“y D\rcla_lred, “hew

€ (Re"®'"(2,R)) = 05 (e (@)



_ 3 Geometry behind Enumerative poly.

Def. For o Semialybraic posct @, dafira s o
= QxR with Qe ordey  (4t)<(ht)& {%\\zﬁlf"‘tz
Thw (Hasebe, Miyatuni, Y. 2017) B : Finite poset, Q.: stposet. Than
O ¢(Hal (.00 =(-1)*. (ot (2 ~q)
@ ¢(Hof(2.00)=(1)* o( 1ot (e ~a)
GD1f Qs totally ovdared, then € (Has® (p @)= s (e (@)

® is receut ly redined
Th (Noshide, Y. 2022)

Hok (2.@)x R 2 R (R, - Q).

Exowple P=Q=[2) —Q=DIxn)
Hon- (B, Q) = {:.)( Hem (B.~Q)= | ¥




_ 3 Geometry behind Enumerative poly.

B‘A Cm\Ca.vi’lT\/




_ 3 Geometry behind Enumerative poly.

A £) =t at® + Gt ()t ae.
Thu (Huh, et.ol)

Q5 = Gioy Qie,
Timeline *
() 2002 Hdw, for A/c
iy 2012 Huk-katz , for A/ K auy field.
(WY 20 (8 Adiprasito- Huk- kala, any matroid.
The Proo'f is reducee to ---
(i) fog~concavity of mixed multiplcity (by Tessier)

() Khovanski- Tessier /s inagua lity-
(ﬁi) Qx’cehﬁov\ Ay Hodj.e‘Rizm«hv\ \er. +o \m,a'('koid\g




_ 3 Geometry behind Enumerative poly.

2(A.t) =t att '+ Ct* - (c)tag .
Tha (Huh, et.ol)

A = Gioy Qi
Timeline -
() 2000 Huk, for A /C
(i) 2012 Huk-katz, for A/ K awy field.
(i) 20k Adiprasito- Huk- kals, any matroid.
The proof is reduced to ---
(i) fog~concavity of mixed multiplicity (by Tessier)
(i) Khovanski- Tessier s inagua lity.
(i) extension of Hoderiemw\ rel. + matroids

Plam of 'borl&\[ . Proof of (1) alvhg the idea ot(iit)



_ 3 Geometry behind Enumerative poly.

Let X be & Gmosth pv-o&ecﬁue variety/¢ of d‘tm&':d

A (X) : ‘H\( Chow Nvﬁ' = A°®A'ED...@A4

( - “Q%Lfa W&f@d ‘3\/ aﬂj,ﬁbkw&c U.aanS
with {ker techion Pwdb.&)

Tntercection P\rvcluc’t P 2., 8¢ X Swmooth Subvariety,
Assune Zicb Zr . Thew (7] -C2D=[B(AR]

—\'vdm/ we 0n|-/ Looked at X such tHat
'y . 2L odd _
A* (X )ﬁt\—k (X.[&], omd H (K)=0.

e ——————

Exw,-& The '['0\\0\»(!\3 X satisfies the Q%MWP{TOV\-
X= IP“‘, Grrassmahn \/cdriech, 'Haa ariety.
Smooth. pro jective toric \m\rie‘(:y, ete




_ 3 Geometry behind Enumerative poly.

Let X be & Gmooth projectwe vaviety/¢,of d’lwc?-d
A (%) the Chow ring = A’@AD-@A!
Today we only fookad at X such “that

AR(X ), A (x.B), omd H
Basic notiong

o The intagretion deberminas J:H ()5 @
we also coll this mep AN R
o (Poincare duelity) AB(x)x A**(x)— AK) Z2sp
S ¢ non degenerate pairing .

* A hypersurface SeX determines £S5 €A (x)
and 6 curve C <X determines [C]éAd"()(),




_ 3 Geometry behind Enumerative poly.

Basic notiong
o The ikilam'l:ian determineg [: H 2 (x)2 B
e dso coll Huis mep oy AN B
o (Poincars duality) AB(x)x A% (x)—AK) Zsp
S ¢ non degenerate pairing .
o A \N\(P-erCur'fa.ce SeX determines ES} EA‘ (&)
apd 6 curve C <X determines [CTe A% (x).
o For £:X—Y we haue §F: A ()= A [x)

o Let HCB? be o l—\s[PerP\cw(."ﬂ\n_u A(Pe)
\$ generated by d=[H] A (P1), More
PT&QZS{,I\(, AUP‘*\:. \-,2[43/(*0\-(-\) '




_ 3 Geometry behind Enumerative poly.

Basic notiong
o For ‘F‘-X%Y , We have -Fs‘. A(\(\~—> A(K)
o Let HCB? be o )«TPerP\m.Tl«a.u A(Pe)
16 sonerated by d=[H]EcA (P1), More
Precisely, AUP‘*\Z @[4-3/“&-(-() .

J ?LQ-A‘(K) 1$ called aprlz if
Fh X PN b = g
° The (owe Jenaruted by omple elements i
called the omple come C,., .
o Kleiman's Crievion:

C amp= {2 AT |deg (CX)70 for ang curve Cex}




_ 3 Geometry behind Enumerative poly.

Basic notiong o A (x) is called awple . if
FL X PN sk = 7y

° The (one gehuruted by omple elements is
called tha omple one C,., .

° Kleiman's Crievion:

Cau.p" {"L&*A((KB ldua(c"‘)m, for Ahy CUYVe CQX}
o Cg‘_—_ Ewp? —:_{')LE,-A:()() l d‘g(Cl)E_b J;-OV‘

\\V\umwim”y effective \+ Curve Q &KX %
° Let O(GCm..P. Detine the Hoo(«ie‘R{thh
bilinear form by  @: A'(X)x A'(x)— R
¢ $ 5
(x.9) — Mg(“ddd )




_ 3 Geometry behind Enumerative poly.

Ba&ic hthtwg ° The (one gﬁhm'(:e& (o( Ow~p(€_ <lemants s
called tha omple e C., .

° Kleiman's Crievion:

Cau.p" {"“‘A((KB ldua(C"‘-)m, for Ahy CUVVL C&x}
© Cree 1= Ewe ={x(—.-(5:(x)|ol43(c.1)_>_b Lor ¥ Curve & &)%

° Let O{éCq...P, De('ine. ‘l'lne Hoo(eie‘ﬂieh«ahh
bilinear form  Q: A (X)x A'(x)— B

(%) — ol:g(‘ 4"

° (Hodge'-RLe wma ha vz\c:\“iov\ ; (-\Q)
) Q is postive dafinite onlay=R o
(*€) Qi heg bive definz on ol = {x éA'(K)\Q{d.x)m;



_ 3 Geometry behind Enumerative poly.

Prop ( kecl) LeT Si,.S¢cX be hyp-et-m‘"(:ac-es
(. =S¢ Smocth

— Z=S,0--08g |5 Swmocth, diwz=d ~€
omd N (2) =K (@),
('E,Q X) N ¥A (x>t (amet H*(x)=0)
((T Ce(T-Cs¢1) T tzxle)
w\r~e,v<_ ker L2 ={ xe A (x)| =C&-= o}

T et Avomrforias
/ do ot interted
(ts3-1) (Ts.1-T) =0

Thew




_ 3 Geometry behind Enumerative poly.

brop ( keel) Let Si,-.S¢cX be hypersurfaces
(€. =S¢ Smecth

— Z=35in-082 s Swmooth, finz=d-& omd N*(2)=A(2),

Thew A (B2.X ) = A'(XT T
((T=ce> (v=s¢1), T-keslsd)
where ker T21={x €A ()| *Tz1=0}

Exouwple BR®*. Pe P ic exphessed as
P=tken o (Hz. <P line ) . Since (uil=d,
Cpl= J\l tmd  Kew [P = (o()

A(BQ? PH) = A(? [ﬂ/(h_ L o4T)

RO R4 (3, o7 T% £3)
Note @ deg (t>) = — deg (K*) = =1 . “(~0)=Curve”,




_ 3 Geometry behind Enumerative poly.
Sebting  A=fu, -, Hm(( C ove. in €8
YX(A D)= th-at ' @t s -- « (Y,
L= (R, B, e, ol ¢ projective. closure
Hoe (evr. in €B*).
Accume A is essentic, l.e. F0-dim htertectione
Def- Lg is the cet of all B— din thtersections,

et (DQ Contini—Procesi’s Wonder-ful CD\'\Facﬁﬁc a‘(‘fon)
H?le- BQL(,@-Q,&- BQ/E‘(B,Q“%‘Q) «—PBl ™ (~ ) e_\fA

Stei € 'f'l'-cw.fFDVM

6F |-diw. intertectiong

Na=Bag, (Beo o B BH-)

Le-y




_ 3 Geometry behind Enumerative poly.

Se

.

Cliny A=l -, Hml( L ove. i @F
AX(AD)= t'-att ' g1t - < (v,
A =1{H, , l:-;, o, |:\:o(( - projective clesure (ave. iw CeL).
Pl
Ascume A is essential, l.e. F0-dim hhertections
Def- Lg is the et of all 8— din intersections,
et (De Concini—Procesits Wonderful ComPaLﬁ{-(ccd'abn>
Pl By, Bfe—Be- (B BY) «—BLp (=) e 4

Stvict trawstorm 7

6+ I-diw intertectiong \<A — Bﬂ EL-“K Bl -




_ 3 Geometry behind Enumerative poly.

Ascume A is essentiad, i.e. F0-din intertections
Def- Lg is the et of all f— din intersections,
Det (De Concini—Procesi’s Wonder-ful ComFatﬁ{-(ccd'fon>

Ple—By, BB CszLO@ﬂ) —BLr, (~)~--<-\f
Strict tramsform ]

6F I-diw inbersection _B/Q~ \\31- Bl\_e?r)"').

& =@

Each infersection Fel(d)=Loulik—ul o has
Corv.eépov\climg \I\\[ PerSurface (stvict tvramstorm ) Xe




__ 3 Geometry behind Enumerawo(y.

et (Wonder-ful ComFaL’(‘{-\cqhon>\( =B~ \ \31 e Bl\_o?lB -)

() =

@

Each intersection Fel(d)=Loul bl gy has Corresponding

\'\\[ pevrSurtfaca (G’w(c‘t freamss

For ) Xg .

For each k‘{?fwP\m Hi, Je€ o= Z— Xe

FCH:

di¢ s & totel Tromsforn of M. We heve

°{l=0\7_=

=0‘\~u L= 0()



_ 3 Geometry behind Enumerative poly.

Each intersection Fel(d)=Louliu-ul oy has Corresponding
\f\‘{ pevrSurfate (G’tvic’( tromstorw ) Ke .
d\{"-: Z 1;.. 0{\:‘0\7_1"':0(\«-&-\ (=°()

e

The (Feicht V\er"\(uZVihS\Cy)
AlY) 2RO | Fel(d)]

LXF\'sz: F\% Fa
ke —dy = L& icjén

MG('::FZQ-H(‘XF' ( (3(=(3‘1=“=(3\,\::@)



_ 3 Geometry behind Enumerative poly.

Each intersection Fel(d)=Louliu-ul oy has Corresponding
\f\‘{ pevrSurfate (G’tvic’( tromstorw ) Ke .
d\{"-: Z 1;.. 0{\:‘0\7_1"':0(\«-&-\ (=°()

e

The (Feicht V\er"\(uZVihS\Cy)
AlY) 2RO | Fel(d)]

LXF\'sz: F\% Fa
ke —dy = L& icjén

MG('::FZQ-H(‘XF' ( (3(=(3‘1=“=(3\,\::@)



_ 3 Geometry behind Enumerative poly.

Each intersection Fel(d)=Louliu-ul oy has Corresponding
\f\‘{ PevrSurfate (G’tvic’( tremstorm) Kt
di= ) Xg di=de= = due (= o).
e BC::Z Ll ( Bt=@1=“=(3»\=:@)

FeW

The A‘[YA) = [EI:'XF, \ F &L(I)V(XF;XF’_: F\%F,_ )
h

O(C - o{j' 14 (:<j$

Coctiients of ALt ) can be expressed as inhersection
Thw (Adiprasite~Huh-kata Prepds) #s
O = Mg(o(‘“. RE)




_ 3 Geometry behind Enumerative poly.
Thwm lA(‘AtP"“t*"“H“‘\ katz ?ro'p"( 9) O = (ivé(D(b Rt )
The (Huh) (72 Giw Gixg
(Pkoof) The case (=2~ ( Qe 2 Goa&, ) is enough

(Other cases ore vreduwwd to this case by Lefiiuta
hy perplome Section bree Grg winevt)

Clasiun  dog (AB*Y 2 doy (A™34) Jdeg (R4) 9

Pop d,.Be C et
Kleiman : Ca..u‘,“ {7“ A l(’«bg(c'*)m,fov Gy CUrVe C&X}

Cret = Clane = {XEA(x)|deg (C-2) 20 $or ¥ curve ¢ &1
By Kleimans (ritevion, 4.8 are limit of Seguentes

Ai, Bt (A, BieCarp).




_ 3 Geometry behind Enumerative poly.

C\QAVA Mg'( o\.BR‘I)’- > MLdt%l-l) A‘-&(‘gl) bl:)
d=limA; B=lwBi, A, Bie Comp.
Recol
°o let O(EC%I,. Detine the Hoo(qz‘Rievmuh bilineay form

U (Hodge-RLe mann velation: (—\Q)
) Q is postive dlﬁw'fe on(d)=R-d
) Q 1 hegetive define on ot = fx €A'(k) | alax)=0}

hse Bi to define QUx. 4)= dog (- B ).
Q (5 Peos. defineL ow (‘3{), Ca~dl
neg - defile o (REY NALBD
|~ din

NN (A i in definile m(Aa,BC>,

Q:A(X)x A (K}——)]:.lf
(xtp;]) — Ma("‘ddd-v




_ 3 Geometry behind Enumerative poly.
Cloiwn  dog (A BY 2 dag (A™B4™) dag (R1) )
d=limAc. B=lwBi, A Bie Coump.
use Bi fo define QL% 1)< dag (xg- BT ™).
Q (s Pes. definet on (\3{}, Cndl
ney- Aot e (BEY Ay
= diw

S (s mdetintte on (AL B

Hewce P At pl-Y 0t
M(Q(Ae.Ac) Q(Aa.&))v Lok AUBD T AR
QA8 @lBi,B)/ T | g2 R: 4

TQ\CQ \t\’\l liVACt iﬁm/ Q,l_lq'QNQ'Q.);\S O_
(Q£.0.)

<06

-



