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Plan of this course :

( いIntroductiontohyperplanearrangements
→ the charocteristicpolynomial

andortiks
( ) Topology of Hyperplanearrangements

← the minimality and π .
∞ Milnor fibers

.

2OAY

← q - onalogue of Aomoto complexes
.

( )Geometrybehind enumerativelquasilpolynomials^

← characteristic quasi - polynomials .

← Ehrhart quasi - poly .

and reciprocity
.

→ Log concavity ( J
.

Huh ' s work )



I
. Hyperplane Arrangements

v = ke : a l - dim affine space11k .

A hyperplane arrangement is a finite collection

A = { H 1 ,142
.

"

,Hn }
.

of affine hyperplanes HicV .

た xample H 3

Hz

Hi

Notation M ( A ) : = KetUl, mainyik = 4 )

The characteristic polynomial λ ( A
.

t ) ε IIt] measures a kind

of
"

size
"

of the complement M ( A )



I
. Hyperplane Arrangements

For finitesets A . A 2 EX , everyone
Knows

IX - A .
VA

2= I × - HA . 、 - HA 1 + 1 A .
^ A
: l

. と
Moregenerally , forA . , " .An ≤ X

.

I × -
:

A = E - ) '
エ
' lAl

, IE [ n ]

where
,

[n] = { 12. … .
n

}
.AIA :

,

with Ap = X .

Det
.

for an arr .ofhyperplanesθ= { H . " . Hn } .

the characteristic

poly nomial λ ( A. t ) is

X ( A
,
t ) :=Ʃ ( - 1

) エ ( tdimt エ
,

IE [ n ]

ト
H
: キΨ

where
,
dimHI is the dim ,oftheaffinespaceHz =τ Hi , H φ= L



I
. Hyperplane Arrangements

Det .foranarr .ofhyperplanesA= { H . , . Hn } .

the characteristic poly λ ( At )iss

X ( A
,
t ) : = Ʃ ( - 1

) I !
tdim ェ

,

IE [ n ]

HIキ ψ

where
,
dim HI is the dim .oftheaffinespaceHz =Hi . Ha = U

EXample H 3 X ( A . t ) =t . t - t - ttt '
t

' tt
Hz H Hz Hs His His H

23

Hu = t
2
- 3 t + 3

Moregenerally , for a linearr . A

=
{ H . , " , Hn }

.

X ( At ) = t -
1
A 1 t ← ercitiollAr 1 - 1 ) .

where Ap = { HEALHaP }

Fxample× (at 1 =E 5 t + 6



I
. Hyperplane Arrangements

Det .foranarr .ofhyperplanesA= { H . , . Hn } .

the characteristic poly λ ( At )iss

X ( A
,
t ) : = Ʃ ( - 1

) I !
tdim ェ

,

IE [ n ]

HIキ ψ

where
,
dim HI is the dim .oftheaffinespaceHz =Hi . Ha = U

Arr
.

defined on Hn
.

Basic property : ↓
A = { H , " . Hn

}

,
θ

' = { H , , Hn. } = AYHn} A: = HnÂ

章 ⑥

ト (
n

⑥

ト in

A θ
"

θ
"

Prop .

MLA) = MLA ) U M ( A
"

)

Hence
,

M( A ) = MLA ') TM ( θ " )
.

This leads us …



I
. Hyperplane Arrangements

Def
.

λ ( A
,
t ) :=Ʃ 1 - 1 )

' I ! tdimHI
,

IEEn]

Basic property :

トHI キΨ

A = { H , " Hn }
,

A
'

" = { H . , " ,Hn . } = AH} A:= HnnA
'

⑥章 ⑥

ト \
n

Hn
θ
"

A t
2
- 5 tt 6 θ t- 4tt t - 2

Prop .MLA) = M ( A ) U M ( a
"

) Hence .

M ( A ) = MLA) MIA
"

)

Thm . ( Oeletion -restriction formula
.

}

X (At ) = { tdimu if a = Ψ

X ( A ' t ) - x ( a
"

.
t ) it At .

Rem
.

In Ko (Varik )
.

[ M ( A ) ] = X ( A
,
CAi*] ) .



I
. Hyperplane Arrangements
Thm

.

( Deletion - restriction formula }

X ( At ) = tdimv if A =④{
X ( A ' t ) - x ( a

"

.
t ) it tt .

several well - known results る O - dim

intersection

① ( Crapo -Rota ) IfIk = 4 ε
, IM ( A ) = x (

A

. 8 ) aet

③ ( Easlavsky ) If Ik = B , and A is essential , then

the set of = (- 1) x ( d.
-

. ye / ch
(chambers .

= ( - 1) x ( a . )
9

/ bch ( θ ) 1
-

bad chambers x ( A ,
t ) = t- 5 tt 6

③ (Orlik - Solomon )K = 4
.

then x ( A
.

- 1 ) = 12
,

x ( S .

1 ) = 2
.

Roin ( M ( A ) , t )
= ( - t ) lx ( A . - 亡 )

Roin (Mit ) = 145 tt 6 t 2



I
. Hyperplane Arrangements
Several well - known results

① ( Crapo - Rota ) If Ik = 氏ε , ( M ( A ) = x ( A .

E )

③ ( Easlavsky ) If IK = R , and A is essential , then

= (- 1 ) x ( d . - )
/

/ chla ) 1 .
= ( - 1) * (a . )elbch( θ ) 1

x ( a .
t ) = E- 5 tt 6

③ (Orlik - Solomon )k = 4
.

then λ ( A. - 1 ) = 12 , x (
t 1 ) = 2

.

Roin ( M (A )
,
t ) = - t ) lx (A - 亡 )

.

FoinlM .

t 1 - = 1 e 5 tt 6 t

More recent well -knownt resulti

Thm ( 2
.

Huh 2012
,
conjectured by Read 1968 )

Let X (At ) = te - afe
'

tazte
+h
- jeae . ( aizo)

Then

Ai
2

2 Ai - iGit .



I
. Hyperplane Arrangements

Example ( Braid ( trenza ) arr . ) Hij = {( … ) ( e ) εlkelii=; }!

Br ( l ) = { Hij l icicjce } .

. ピ x
{ chambers }

a fibration
M ( A ) = { (x … x] εfqlle M ( Br ( e ) )→ M (Brle - i ) )

0 U

( ixy } Je
→

(x .… , te_ . ) φ

(

x ." . Le . i 'ne )

with fiber
IMla ) 1 = q ( E -1 ) … ( E - exy ich = l !( Brle )) 1 El {x, . " ,xe. }
= x ( Br (e )

,
8 ) = 1 x (Brie ) ). - D 1Poin ( M( Br( e )

)

t )
312
筐 H 23

32 1 12 ろ
= ( 1tt ) ( 1 + 2 t ) ∵ ( 1 t ( e - ) ト)

H12231213



I
. Hyperplane Arrangements

X ( A
.
t ) is related to many enumerative problems .

G = IV .
E ) : a finite simple graph .

V = { 1
.

2
.

…

,

e }
.

臼 o …

bef A map CiV
→ EEs is a b -coloringis

it satisfies ( ij ) ε E⇒ Cli ) 4 clj)

( Adjacent vertices should have difterent colors )
Oef

.

x (G
,

k ) = # { c : V→ [ k ] : K - coloring ofG }
Example xtak) = k (b -1 ) .

λ

( . β
)= k

( a -) (k -z )



I
. Hyperplane Arrangements
( Adjacent vertices should have difterent colors

. )
Oef

.

X (G
,

k ) = # { c : V→ [ k ] : K - coloringofG }
Oef let e ε E

.

Gle is the deletion
, Gle is the contraction

⑥⑩ @

e @
⑥ ⑥

⑥ ⑥

□
。

。

⑥

G Gle Gle

suppose e connects vi and v. EV
.

{ k - coloringot Gle } = { of G } U { of Gle }
⑥ vi ( ( ;̂ ) キ Clvi)

@
c ( v; ) = C ( vzl

:
θ

.

⑥ 0
Vi刁 e @

⑥ ⑥

⑥

Gle
Uz ⑥

vi
o

Gle



I
. Hyperplane Arrangements
{ k - coloringot Gle } = { of G } U { of Gle }

⑥ C ( ; ) キ C (vi)
c ( v; ) = C ( Vi )

□。
"

⑥

⑥ 0
Vi

@
⑥

e @

V
2 @o

Gle G
vz

∞

Gle

Prop Let G = ( V ,
ε )

,

V = [ e] Then

X (G
,
k ) = { he

if E =ψ

X (Gle , k ) - x( Gle , β ) if EF
.

Cor
.

x ( G
,

β ) is a polynomiad in f ( chromatic poly.



I
. Hyperplane Arrangements

Prop Let G = ( V ,
ε ) , V = [e 3

Then

x (G
,
β ) = { he

if E =Ψ

X (Gle ,
k ) - x (Gle

.
β ) ifEF .

The above formula very much looks like
Thm

.

( Oeletion - restriction formula
.

}

X ( A. t ) = { tdimv if A =Ψ

x ( A' . t ) - x ( a
"

.
t ) it At .

Actually it is
.

Oef for a graphG =U .

E )
.

V = [ e3
,
let

AG = { Hijl ( ij ) ε E }Then X ( AG
.

k ) =X (G
.

K )
と { っ( 0

- → '
j
= 0 }



I
. Hyperplane Arrangements

Cohomology ring
C
exterior algebra .

Recall H * ( *) ", a ) ≡Λ E .whereε= ずR .e

Let θ= { 4. .. .Hn }beanarrince .

di : the defining equation of Hi = { α i=0} .

ce→(
…;α^)

ε
n

U
U

MIA )4

induces an algebra homomorphism

H* (M ( A ) ← H* ( ( ε* )^ ) ≡Λ E)

This is surjective ,

and Orlik -Slomon gives …



I
. Hyperplane Arrangements

Cohomology ring ε=⑨aeiletθ= { t. .Hn }Hi = { αi=0
} .

ce→(
α,… , α u ) En

U
U induces H* (M ( A ) .

R )← H* ( ( ε* )^ ) ≡Λ E
MIAI4

Def IAE Λ E is an ideal generated by
。 es = esinesnnese , s = {si , . sk }c[for

with Hs = .

o Ʃ
E

' t - jiles . n " es
～

nness ,Scentor with
i = 1

codimHsalsl
Thm (Orlik - Solomou ) ( dependent subset )

H
'

( M ( Q ) , C ] ≡ΛIa . (Note e:→ε H ' ( µ ))



I
. Hyperplane Arrangements

Def IA ≤Λ E is an ideal generated by
。 es = esresinnese , s

= { s ., .Sk } c [ n ]with Hs=φfor

。 結
'

ij ' ' es . n " nes
.

nesa
.
Scenstor withcodimHsck

.

Thm (Orlik - Solomou )
H

( M ( S )
,

R ] ≡ΛELa . (Note e :→ε H ' ( µ ))
Example ε= aei ener.( HintH . =Ψ )

トい ⑩
14 5

トに ⑥

234 H * lM ( A ) ] ≡^ feiexr. eis - enite)H
3 H

4 H 5 e 1 s
- C

, ste 3 s

OAR ( A) = H ( MIA)RR:commringwaAplA )

( Ak ( A )
,

w ^ l is called the Aomoto complex .



2
. Topology of arrangements

Mainly ,
we consider complexified real arr , meaning

A = { H . " ,Hn } is defined
/
R,ConsiderM = Mi θ ) = celaHo 4 .

巫 っに U

M ( A ) = { ( x. y ) ε ε
2

1 x40
.

yto }
Y = 0 = ①× XC ×

^
S$ )

?
- ( Cor . π 、 ( M ) = H.(M ) =

ョ )
コしーY = 0

EX
.

は一 に O

MId )=¢ \ { x (x - yy ( y - リ:

ー y= 0
× 1 x_ y ) = 0 }

つ( =0 x- = O

By combining zaslausky '

s and Orlik . Slomon 's results
,

Prop Let A : arr .

inB .

Icn ( a) 1 = bilm ) x ( M ) =1 - ) l/ bin ( A ) 1



2
. Topology of arrangements

Prop Let A : arr .

in ke
.

Icn ( a) 1 = . bi ( m) × ( M )= 1 - )llban( A ) 1

Ex le = 1 ) ch ( a ) =M =MiA ) = ESa -an }
An

0 0
…

G .
Gr

@tbchlall = n -"
a

.
ar am
…

≈

bi =nbo=
1 . x = 1 . n

.

Prop Let X be a finite cw complex . Let h bethes
set of all f-cells .Then 1 b に bal × )S

prootl ) Xischain cp ×Cr =saRrsba =rkHr ( C .)
rk = 151



2
. Topology of arrangements

Prop Let X be a finite cW complex - Let h bethes

set of all b-cells .Then 1 l に bal × )S

Def .

Xis a minimal cwep × if Isl = ba( ×) .

Example ∞ 。 areminimalcomplexes .
～
…

∞ arenoto句

Prop let X be a minimal CWCPX ThenHr ( ×.□ ) ≡ ciss !

In particular .

HE ( X
.

R ) is torsion free
.

proof/ If the boundary map Ca+=sR'σ →Ca
does not vanish ,be drops .Hence a0 t must be /



2
. Topology of arrangements
Prop let X be a minimal CWCPX .

Then He (X
.

a ) : aiss !

In particular . H ( ×
.

2 ) is torsion free

Rem CW CPX X = Rstminimal
Because H , (BP : □ ] =□/

@CW - CPXX st . X
≡ 42

1
{ x ' = y 3 }M -minimal

because '

}←π
i µ l ≡ srirlririri = iriv ?

( 半正 )

← H . ( M . R ) ≡

Thm ( Dimca - Papadima ,
Randell 2002)

for any complex arrd in ce, aminimal

l - dim CW - CPX S
.
E . XFMIAX



2
. Topology of arrangements

Thm ( Oimca - Papadima ,
Randell 2002)

for any complex arrA in El
,

a
minimalCW - ip ×Xe- dim

S
.
t

. ×≈ M ( A )

sketch of proof ( Y
.

2007 ) for A 1 R

θ= { L "
, …
. Hn }

,

Hi = {α : = 0 }
.

Let F = { f = 0 } be a generic hyperplane .

C
3 Def.chalt ) = { CEch ( A ) ICF =Ψ }

C
2

chald ) = { c . a . ( s } Consider ( Note : ( cha (a ) 1 = be)
Ca

φ : MIA )→ R :0F = { f = 0} 儿

宄
Observation : φ le diverges nearac .

→11 .
for each Cecha ( A ) , JPECrit ( φ

l .



2
. Topology of arrangements
sketch of proof ( 4

.

2007 ) for AIR

A = { H .
,

…

.

Hn } .
Hi = {α : = 0 }

.

Let F = { f = 0 } be a generic hyperplane
C
3

C
2

Def
. chalt ) = { CEch ( A ) ICoF =Ψ }

chald ) = { C . C . Cs } Consider ( Note : kha (a ) l = be)
Ca

φ : MIA )→ R
:0F = { f = 0} 儿

→).Observation : φ lc diverges near 2 c .

for each CEcha (A ), aP . ECrit ( φ
1 .

Prop lafter little perturbation ) This gives
1 ) I. Icorresp .ch 下( a) →Critle)

い ' )PchasMorleindex

i) C is the stablemanifoldsofPe.



2
. Topology of arrangements

C
3

C
2

φ : MIA )→ R
20

chala ) = {C . C 2 . Cs }
儿 φ' 10 ) = FMMIA ]

Ca さ→1.
F = { f = 0}

Prop lafter liltle perturbation ) This gives
cEch - (A ) , aPcECrit [ φ

1 .
1 ) I. Icorresp .chF( a) →Critle)

n ) Pe has Morlseindex

i ) Cisthestablemanifoldsofp
^φ

l Retract

E C by

濁
…

……… ::
- grad φ

I→回
～y

(o ) = FrM



2
. Topology of arrangements

C
3

C
2

φ : M ( θ )→ R
20

C . chalt ] = { C . C 2 . [ 3} *→.
× φ^ 10 ) = FMMA ]

^φ
F = { f = 0}

Prop (after little perturbation ) This gives
I ) I . I corresp .ChF( A] →Critle)

1 Retract
い ' )PehasMorleindex

CC by
i) C is the stable manifolds of p.逆…

…

… …graae

ぐ θ
→七

o～

φ( 0 ) = FaM

The unstable cells ( orangecells ) describe the

attaching of l- cells to FoM ( d )
.

Since FoMla ) is a complement of AnF
,

we may

assume F Λ M (a ) is homotopic to an ( l . il dim minimal
CW - CpX . Then chala ) = be Mconcludesisminimaly1



2
. Topology of arrangements

Cu

φ : MIA )→ R
: 0

c ,

'

. hald = { c . a . ca } らい→1 .
ψ φ^ 10 ) = F Λ MIA ]

^φ
F = { f = 0}

Prop (after little perturbatiom ] This gives
1 ) I - I corresp .chF( t ) →Crit ( e)

1 Retract
い ' )PehasMorle index

止 C by
i) C isthestablemanifoldsofPe.皷…

…

… …graae

Oe→卍
o～

φ" ( 0 ) = FaM

The attaching maps lupto homotopy) are explicity
described by using A

'

Campo '

s divide type
description



2
. Topology of arrangements

The idea : Identify ce with the total space
of the tangent bundle of Fe

.

xtRYETBe :Be )→xtfiyec.
↑

Real part Imaginary part
tfly

( position) ( tangent vector}

Example ( l = 1 )
⑥

&

⑱

e 《
⑩

⑧ ゝ 詞

"

Turn the arrow 900
"

x

く

y

⑩ ⑥

,
7 R

↳

@

⑥ ⑩ c
⑩

⑥

⑩ ) 〉 3 7

違 l 〉 ⑩ ⑩

⑩ ⑥

剔 ⑩



2
. Topology of arrangements

xt RLYETBe ≡
Be) → xtfyacl.

↑ ↑
Real part Imaginary part

コtf1 Y
( position) ( tangent veltor}

Example ( l = 1 )
⑥

&

@

e G

0"

Turn the arrow 900
" ( さ

y

@ ⑥ Y B
↳

@

詞 ⑩ G
⑥

⑩

@ ≥ S≥ ⑩≥

C I > ⑩ ⑥

⑥ ⑩

Usingthis identification , ford = { H ." , Hn } 1 日

M ( a ) is described as

M ( A ) = { (. は εBe
)

Lif xEH ( HEA) , YAT. H }



2
. Topology of arrangements

Using this identification
,

ford = { H ." , Hn } 1 日

Mla ) is described as

M ( A ) = { ( x. Y εF. Re ) lif x ε H ( HEA )
, YAT. H }

7 If the real part is onl ,
⑩ ⑥

⑥ 7
The imaginary part must be
transversal to H

.

0 〉 ⑩

V

<
Y

,



2
. Topology of arrangements

Using this identification
,

ford = { H . " ,
Hn } 1 R

.

M ( a ) is described as

M ( A ) = { ( x
. YEFRe

)
/ if xEH ( HEA) , YAT.. H }

0 0 '
7 If the realpart isontl ,

@
>

くは
the imaginary part must be
transversal to H

.

QuizI θ= { H } .

Which is linking ?

@>

0

,

0%A( )

よ
.B( )

@ ,

@

7

H



2
. Topology of arrangements

Using this identification
,

ford = { H . " ,
Hn } 1 R

.

M ( a ) is described as

M ( A ) = { ( x
. YEFRe

)
/ if xEH ( HEA) , YAT.. H }

0 @

7

3 If the realpart isontl ,
@

>

くは
the imaginary part must be
transversal to H

.

a = { H } .

Which is linking ?QuizI
@← WOT ∞7 @ 7

@ '

.
、

0 ,
A()

'

8
>

っ
⑥ 7%Linking 8

)
,

@ ア

⑩ 3

@ 7
⑩ 3

x ～D
o^眞 眞 ^

@

hit ! ! 逌 ^^
@

→
⑩

B( ) @
o

.

00 Linking
@ ,

0
@
i

0
'

.

H H H



2
. Topology of arrangements

Quiz 2 : θ= { H , H . } .

Which is linking ? ( interpolate

A( )
トい トに

B( 1
トい Hz continuously )

070
77

ƩƩ-楽
. .

.

凸
ov @



2
. Topology of arrangements

Quiz 2 : θ= { H , H . } .

Which is linking ? ( interpolate

A( )
トい トに

B( 1
トい Hz continuously )

0ƩƩ'....
.

.

@
ov oc

@

{ し⑥ " ⑥⑥
」

o
Iremovee, 学
twice ! !θ oturningH.

惑 ( 0

.

@

"

⑩
トム

'
.

Q.: LINKING !

NOT LINKING !



2
. Topology of arrangements

Quiz 2 : θ= { H , H . } .

Which is linking ? ( interpolate

A( ) Bl 1 continuously )トい H ～ 1
. Hz

070
77

ƩƩ..
. .

.
r

@
52 ∞ r . G52 ①～ γ .

⑩
⑩

Take merideans ri ,γ
2

.Correspondingwords are
8 iriri
'

γ1 γ , 825 i γ z



2
. Topology of arrangements

Sugawara
-Y

. Top -
appl (2022

)

Using these techniques ,

we can describe attaching
maps ( Y . 07

)

→
It l = 2

, sugawara
-y

. gave

Pl description of the

attaching map ,

which

diagram for Ml θ ) . 1enables us to give kirby



2
. Topology ofarrangementsf

A presentation and remark on π ( M )

o Numbering accordiing to
ー

the order of intersections
with F

..1
*"

"
∴
'
'

Th
lin' nu - l
through right

o
～

; ～ left
.

s

トリH 2

π
/ M ( A ) ) : ( ri γeγ?

2341
= 12435 = 14235 = 13425

= 13452 =34512 = 45123

= 4 1235
〉

( Y
.

2012 )



2
. Topology ofarrangementsf

A presentation and remark on π ( M )

Generic perturbations
do not affect on

the existing relatious
.

ー

☆
脳

*
"

"I"",



2
. Topology ofarrangementsf

A presentation and remark on π ( M )

Generic perturbations
do not affect on

the existing relations
,

generate newrelationsbut
ー

to get free abelian

group ala !☆
脳

*
"

"I"",



2
. Topology of arrangements

Thm . (
Y

. ?
)

Let a = { H ' , "

, Hn }bean arr 1R
.

Let b = bz ( M ( S 1 )
.

Then
.

there exist relations

h
,

r2 . ,rb
, …
hin-

ske , ,

s.tof γ
i
,82
.

…

i

γ
n

π 、 ( M ( A 1 ) ≡ { ri
,

.

"
,InIh . . 〉

,

and

R^≡ { r .
,

.

" , rnlri . …rncn - )27
.



2
. Topology of arrangements
Thm

(

Y .
?

) Let a = { Hi , " , Hn }beanarr / .

Let b = b . ( M ( A ) )
.

Then
.

there exist relations

h
,

re
.
, rb

,
" .kinstofγ i , 82 .…, 8 n

π 、 ( M ( A 1 ) ≡ { r ,
"

,

8
nIr . ,% 〉

,

and

R
≡
{ , ." , γ nIre, rnin .)s 〉 .

Questions
( auggest to cadl

"

Abeliantxtendeble minimlpreentation')
() Howaboutgeneral complex arrd ?

"
"

) Let π IMI ≡ r . ' , "
.
rnlr ', "
. rs 〉 be another such

presentation
.

Are the corresponding 2- dimCw
complexes homotopy equivalent ? It ses

.
then

the group π . ( M ) determines the homotopy type
of M = MlS) for line arr .

d
.



2
. Topology of arrangements
Questions

( ) How about general complex arr .

d ?

" ) Let π IMI ≡ r ' , "
.

rnt r ' . . rs ) be another such

presentation
.

Are the corresponding 2- dimCw
complexes homotopy equivalent ? It Yes

,
then

the group π 、 (M ) determines the homotopy type
of M

= M ( S)for linearr. A .

Rem. Let A , Ar be line arr . in42Randell proved

π 、 ( M ( A . ) ) ≡π . ( M (A2 )) then bilM (ail = bi ( M( A2)
Guerville - Balle constructed examples st . M (a . ) M (A 2 )x

も
Are they always homotopy equivatent ? Non homeomorphic

i
.
e

. does π . ( MIA . ) ≡π 、 ( MIA ) ] ImpIyM (AI ≈ M 1d 2 )?
T
homotopy equiv .



2
. Topology of arrangements ( 2 nd day )

Let A = { 4 . "
,

Hn } be an arr . in v =ke
.

Def
.

LIA ] : = { Hz ±φ I ICEn] }

Hi
"

{ 2 .…n \

is the set of non - empty intersections .

Rem o Ha = V .

∞ ( Convention ) Ordered by reverse inclusiou
.

トいろ Hi 2 His H
23

( intercection poset )
ーー
…

⑧ \ partiallyorderedse
d

H
323 VN

0 Hiz
H 1 ,

HzH～
L 1a)

Hz
HHu v



2
. Topology of arrangements ( 2 nd day )

Def LIA ] : = { HIF φ IICEn] } is theset of non - empty intersections .

Rem o Ha = V .

@ ( Convention ) Orderedby reverse inclusion. lintersection poset )

トいろ トH 2 His H 23

d
⑥ H3、 1～

H . Hz H
3LlA)

Hz

∞ Hiz \ル
トい v

Major Problem
A L ( A )～→

What kind of properties :

of M (A ) is determined 気 凸
by L ( a ) ? M (S )



2
. Topology of arrangements

In general , posets potentially can encode lots of
subtle structures

.

Let ki , k 2 be fields , Vi be a fin -

dim
.

vector

space / lki
.

Def L (vil : = { weVil linear subspace }
.

L (Vil is o poset with inclusions
.

Prop L ( vi ) ≡ L (V2 ) as posets ⇒ dimik
.

Vi =dimk
.

、

proof) dimikiVi =max{ n 1 5 wo
.Wi . ; WntL ( vi )

( the length of maximal chain ) s
.

t
. WoeWiC … < Wn }

.
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.

Let ki , k 2 be fields , Vi be a fin -
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.
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space / lki
.

Def L (vil : = { weVil linear subspace }
.

L (Vil is o poset with inclusions
.

Prop L ( vi ) ≡ L (V2 ) as posets ⇒ dimik
.

Vi =dimk
.

、

proof) dimikiVi =max{ n 1 5 wo
.Wi . ; WntL ( vi )

( the length of maximal chain ) s
.

t
. WoeWiC … < Wn }
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2
. Topology of arrangements

In general , posets potentially can encode lots of
subtle structures

.

Let ki , k 2 be fields , Vi be a fin -

dim
.

vector

space / lki
.

Def L (vil : = { weVil linear subspace }
.

L (Vil is o poset with inclusions
.

Prop L ( vi ) ≡ L (V2 ) as posets ⇒ dimik
.

Vi =dimk
.

、

proof) dimikiVi =max{ n 1 5 wo
.Wi . ; WntL ( vi )

( the length of maximal chain ) s
.

t
. WoeWiC … < Wn }

.



2
. Topology of arrangements

Let ki , kz be fields ,

Vi be a findim. vector space / iki
.

Def Llvil : = { weVil linear subspace }
.

Prop L ( Ui ) ≡ L (V2 ) as posets ⇒ dimik
.

√ i =dimik
.
2

proof) dimikivi = max{nI 5 wo .
W

.
,
;
WntL (vi )st

.
WooWC.<Wn }

}

Prop Suppose dimV : 23
.

It L ( Vi ) ≡ L (V : l as posets ,

then IK≡ k 2 as fields
.

Idea of the proof k : a field
.

One can recoverlk

from the incidence relation of points and lines onikp ?
( projective① Choose a line LcIKp ? Let P . : = EPGIKBYPEL }

}

plane)

② choose three points Po
,

P. PoEP . ( von Staudt constructioul

③ Befine "

t

"

. "
x

"on P 3 po 3
,

which is isomorphic tolk



2
. Topology of arrangements ( 2 nd day )

Def LIA ] : = { HIF φ IICEn] } is theset of non - empty intersections .

Rem o Ha = V .

@ ( Convention ) Orderedby reverse inclusion. lintersection poset )

トいろ トH 2 His H 23

d
⑥ H3、 1～

H . Hz H
3LlA)

Hz

∞ Hiz \ル
トい v

Major Problem
d L ( θ )～>

What kind of properties :

of M (A ) is determined 気 凸
by L ( a ) ? (

"

Combinatorially
determined

M (A )
" )



2
. Topology of arrangements ( 2 nd day )

Def LIA ] : = { HIF φ IICEn] } is theset of non - empty intersections .

トい 3 ト12 His H 23

Major Problem
d

⑥ H
33 1～X

What kind of properties Lla] H . Hz H
3

of M ( A ) is determined Hz

o Hiz

vN
by L ( A ) ? (

"

Combinatorially determined
" ) h

since dimHz is recovered from 影べ
L ( A ) ( and dimv )

, M (A )

λ ( At) = Ʃ ( - 1
) I '

tdimH ェ

IC [ U] is combinatorial
.

HI キ Ψ

Cor . Ichla ) l( = 1 x (a . -1
)

1 ) , Ibch ( a) I ( = I ( a . ) ) AIR

IM ( Al ( =x ( A . 8 ) ) A / Fε
,

Poin ( M ( A )
,

t ) = ( - t )
^
x (A- t )) A 1¢

are Combinatorial
.



2
. Topology of arrangements

Prop .

A = { H . , " . Hnh: arr ./ 4

.Thenthecohomology
H
* ( M ( A )

.

λ )isringof the complement combin
.

proof( ) d
ε= 星 Zei

H* / M ( A)
□

) ≡ Λ fei: = ei . " eir
.
tor I = { i ;; ip ? cen ?

1 P

S
.

t
. Hi =ψ ]→Orlik - Solomon alg .

Ʃ (-
.

) ' ei . …is… Cip , for Icln}is combinatovial
.

S = 1

s
.

t
. codimHz < IIl

/

on the other hand
,
there are several

"

non combinatorial
"

properties .



2
. Topology of arrangements

Let L = { L . L 2
.
" , Ln

}

.
L

=

{ Li .
"

, in } be

line arr .onCB
?

oet L andS have same embedded type if

子
φ : C,

4

p 2 homeomorphismst . φ ( Li ) = Li.

C2

* 感 "
Def ( L,

L
') is a Zariski pair if they are of

different embedded type .



2
. Topology of arrangements

Rem
.

1998 : Rybnikou constructedZariskipair ( L.. L 2 )
sit

.

π 、 (GB 2 US
.
) 生 π 、

( 《p1 US 2 ] .

2003 : E
.

Artal
.

J
. Carmona

,

JI
. Cogolludo , MMarco

confirmed Rybnikou '

s construction and

provide new ( smaller ) Zaviskipairs ofillines
～ : B

.
Guerville -Balle

,

U
. florens

.

J.VinSos …

2010 : Nazir -y , F

.re☆ Eaviski up to 9 lines
.

Open Problen 7 orB Eariski pairs of 10 lines
.

I ( f
.

MAmram ,
M

. Teicher .
f

. re: realizationsp.)



2
. Topology of arrangements

Remark on moduli space

Consider L = {u . " , Ln } c (4
p

2) *

µ : = { s I L has the prescribed incidene }
is called the realization space (modelispace)
of line arrangements with prescribed incidence

.

Fact
If L

.

L
'

tM are on the same connected

componeut , then LandS
'

have same

embedded tyre .

i
.e
. 子 ( 6p : Ʃ) → (4

p

2
, 5

)



2
. Topology of arrangements

Combinatorial Not combinatorial

Ich ( a) l A/
Q

Emb
. type ( CB

2

,

L )

H* ( M ( a )
,
a ) A /¢ π 、 ( M ( A ) )

.

homotopy type
of M (d )

Unkhown

o rank of local system ( co ) homology Hi ( µ (d) , L )

。 Belti # '

s of covering spaces X→ M (A )
,

o Betti # '

s of Milnorfiber
.



2
. Topology of arrangements

Double covering

Let X be a (WCpx
.

Let φ : π
, (XI→ G bea

group surjective . d
universal covering

EMM→ /ker φ ' Xis a G - covering
.

double covering P . X→ W E⇒ :π ( × ) ,
Ʃ

z :=w

⇒ : H . ( ×
.

c )→ a ,w

WEH '
( ×. R 2

)

for any waH
'

( X
.
R 2 ) ( ω to )

,

we denote the

associaled double cover Pw : X→ X
.



2
. Topology of arrangements
double covering P . X→ W ⇒: π . ( × ) ) □ z

:=w

⇒ : 1 ti
(

× .x )→ω

⇒ WEH " ( X
,

R
2
)

for any watl
'

( X
.
C 2 )

.

associated double cover Pw : Xu→ X
.

Thm (Y. 20201 Letθ={ Hi , " , Hn } be an arr . inc
.

Let W ε A '

a
.
( θ ) = H

'

( M ( A )
,
R 2 )

.

Then
,

H (M
.

R 2 ]
I Aomoto cpy

.

ranka
.

HK (M (A ), F 2 ) = br (MId 1 ) t rankHh (Aald ) , w ) ～
m

.

～
～～～L

combin
. combin

.

In particulav , the mod 2 Betti # of doublecoverthe

is combinatorial
.

Rem
.

Sucin generalized to CW complexes
.



2
. Topology of arrangements

Combinatorial Not combinatorial

Ich ( a) l A/
Q

Emb
. type ( CB

2

,

L )

H* ( M ( a )
,
a ) A /¢ π 、 ( M ( A ) )

.

homotopy type

rankaz ( M ( A )W , F ) of M (d )

(ω EHYMC ) )

Unkhown

o rank of local system ( co ) homology Hi ( µ (d) , L )

。 Belti # '

s of covering spaces X→ M (A )
,

o Betti # '

s of Milnorfiber
.

o bb ( M (A )
)

( ω EH( M
.

C π ) )

o Cohomology ring H
*
( M (A ) ω

,
Rz)

.
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. Topology of arrangements

Combinatorial Not combinatorial

Ich ( a) l A/
Q

Emb
. type ( CB

2

,

L )

H* ( M ( a )
,
a ) A /¢ π 、 ( M ( A ) )

.

homotopy type

rankaz ( M ( A )W , F ) of M (d )

(ω EHYMC ) )

Unkhown

o rank of local system ( co ) homology Hi ( µ (d) , L )

。 Belti # '

s of covering spaces X→ M (A )
,

o Betti # '

s of Milnorfiber
.

o bb ( M (A )
)

( ω EH( M
.

C π ) )

o Cohomology ring H
*
( M (A ) ω

,
Rz)

.



2
. Topology of arrangements
Milnor fiber setting : A = { Hi , " ,Hnl acentralar
Hi = { α i = 0 {

,
ti : linear form

.

VHia 0
.

α: = α i ( homogeneous )
{ 気

Arr
.

on pe
- 1

し Milnor fiber

A = Q'(o ) = UHE ) Fa := R( ) O monodrony
in Cpe

-

.
ヘ action

{
( × e ^*^a )↓ Rn - cover

(Put Hnat infinity ) pe- :
"

Hi
-

affine arr .

い

A = {Hi . ", lu - 1in
fe . MlA ) =Ce :

"

Hi



2
. Topology of arrangements

Milnor fiber Setting : A = { H , " ,Hnb a centralarm
Hi = { α i = o {

,
ti : linear form FHi ョ 0

.

α : = α : ( homogeneous )
已 気

Arr
.

on pe
- .

し Milnor fiber

A = は(o ) = UHE 〉 a
:

= Q() ⑤ monodrony
in Cpe

-

.
ヘ action

{
( * e^ *^ *)

(

↓ R - cover

(put Ha at infinity ) pe- " Hi
affine arr .

い

A = { H ,",Hu - . lin
Ce . MlA ) =ce :

"

Hi

Question H ( F , c ) = ?
h

Basic strategy : monodromy eigenspace decomposition
local sys .

OnM

HE ( f . ε ) ≡ 期 ,HlF) , 、
=

H 9 (
5
) .

*Hh
( ～ー ↓

THi

x ミ HK ( M ) ① HS( M .L . )
× 入

入1λ - eigen space 入り = 1



2
. Topology of arrangements
Milnorfiber Setting : A = { H , . ,Hn } a centralarm
Hi = { α i = 0 {

,
ti : linear form

.

UHi 70
.

2: = 2 : ( homogeneous )
{ そ Question H ( f , 4 ) = ?

k

Arr
.

on pe
- .

し Milnor fiber Basic strategy
θ= Q(o ) = UHE 〉 Fa : = R

(

) θ monodrony HK ( f . ε ) ≡ ,
% ( F )

λ

ヘ action

in Cpe
-

. ( xeara )
{ ↓ Rn - cover

(Put Heat infinity ) pe -
.

"Hi

= He ( f) 、 ☆He(

←µ M1 M
.

s
. )

affine arr .

い

A = {Hi
,.
", tlu - i } inAe .Mld ) =ceq

"

Hi

Today ,
we focus on

@ l = 3
,
F→ CLLUHi

,

H
' (F

.

E ) = ?

WhenH' ( F ) e . appears ?

8 Fs dim H' ( F
) λ ( λ

* 1 ) combinctorial ?



2
. Topology of arrangements
Milnorfiber Setting : A = { H , . ,Hn } a centralarm Question H ( F , c ) = ?

k

Hi = { α i = 0 {
,
ti : linear form

.

UHi 70
.

Basic strategy
2: = 2 : ( homogeneous )
{ そ

HK ( f . ε ) ≡ , HE ( 5 )
.

Arr
.

on pe
- .

し Milnor fiber

θ= Q(o ) = UHE 〉 Fa : = R
(

) θ monodrony

= t 19 (f ) 、 ☆He(
#

M) 無 HeM .si )

ヘ action

in Cpe
-

. ( xeara )
{ ↓ En - cover

Today ,
we focus on

(Put Heat infinity ) pe -
.

"Hi @ l =3 ,F →ElUIti
,

H(F
.

C ) = ?

affine arr .

い WhenH ' ( F ) t . appears ?

A = {Hi
,.
", tlu - i } inAe .Mld ) =ceq

"

Hi @ Is dim HLF '
λ ( λ4 ) combinctorial ?

Classically known fact

If A is genevic ( norma crossing) , then H
' ( F )

a ,

= 0
.

Phylosophy : ine arr
.

with H
'

( F )
± .
F 0 israrel

( and interesting)



2
. Topology of arrangements

Examples of H
' ( G )

F ,

F 0 :

∞

=*As"( W = C2π-ys )

→
Examples of dimt 'tfw →

↴

Fact ( Libgober 2002 ) If H ' (F
)
e π'ktO

.

then VHIEA has at least one
( AYC )

point with multiplicitydivisibleby k

Fact (Y .

2013 ) If n = 1 AT ' 6
,
and H ' (F

)erst
0
,
then VHIEA has at

leastthreepointswithmultiplicitydivisiblebyA: 1R )



2
. Topology of arrangements
Examples of H

' LG )
F ,

t 0 :

∞

=* A"(ω= e2π-ys )

→
Examples of dimH'tf) w =1 →

↴

Fact (Y .

2013 ] If n = 1 AT × 6
,
and H ' (

f
)eπ
kt

0

,thenHiEA has at

least three points with multiplicity divisible byk( A : IR )

uestiontheaboveresulDoeshold for any

line arr / 4 ?



2
. Topology of arrangements

Let α= e
π=y3
. Papadima and Sucin discovered

that H' lFla is closelyvelated toFs - Aomotocp × .

Thm ( Papadima - Suciu 20 (7 ) let A = { H . , tun - is in c ?

i , It all multiplicities of intersections are in

{ 2 .

3
.

4
.

5
.

6
.
7

.

8
.

9
.

10
.

… }× *× ( delete 3 . 2
:2
)
,
then

dima H' ( a ) α=dima H
(
E
) α s = dims . H( A( A

)

,ω
)

where w = eitezt … ten-

"
"

( ) If all mutiplicities are in { 2 .
3 }

,

then dimat
' (F )

is combinatorially determined .



2
. Topology of arrangements

α= e
2π=/thm( Papadima -Suciu 2 on )Let A= { , ,トw. S in E ?

, Itallmultiplicitiesof intersections arein { 2 . 3

.
4

.
5

.
6

. 7.
8

.
9

. t.… 3× x
,

then××

dima H "(a ) α=dima H(F)
α = dimas H '( A( A

)

, ω
)

where w = eitezt … ten -
"" , If all mutiplicities are in { 2 .

3 }
,

then dimay '( F ) is combin

Conjecture (Papadima - suciu 2017 )

① λ= E
2π="k with k25 ⇒ H ' ( F ) λ= 0 eit … ten

- .

②λ= e 2
π=ys ⇒ dimaH ' ( f) , = dimaH' (f )マ = dimesH' ( AI (A ), w . )

"

③ dim H '(F ) . =dimH (F ) ±
f .=dima. H (

A

( A )
.

ω^ )

Another ( long - standing ) Question . Is H . ( F
.
C ) torsion -free ?



2
. Topology of arrangements

Conjecture (Papadima - Suciu 2017 )

① λ= e
2π='k with k 25 ⇒ H

'

( F ) λ = 0 et… + eu
- .

② λ= e
π fY3⇒ dima

H
' ( F) . = dimaH' (F ) = dimasH ( AI (A ), ω . )

"

③ dim H '(F ) 、= dim H'
( 5

) ±. = dima . H (
A

( A )
,

ω^ )

Another llong - standing ) Question . Is H . ( F
.
C ) torsion -free ?&Recently ( Y 2020 )icosidodecahedralarr

.Aio=1.…Hi
16

s breaks a part of 3

diml(f ).、 =dimH ' ( F ) ±

f . = o<=dima.H( AE( A
!

ω )

Ʃ H . (FAI 0 )has2-torsion



2
. Topology of arrangements

The icosidodecahedral arr is realized using
edges and diagonals of the

icosidodecchedron
ヒ

16

Crucial property : bi - coloringst .
each intersection is either

monocolor or even red and even blue
.

O .Munkacsi (Hannover) '
s computer search . such arrangement

Only 3 lupto 824 ,
? ) are known : is rare

.

o Hessian arr .

( 12 lines
.
/R (=3 ) )

@ Icosidodecahedral arr . ( 16 lines /R5 ) )
@ Munkacsi '

s arr . ( 16 lines / 5
n
}



2
. Topology of arrangements
Milnor fiber and q - deformed Aomoto complex

Oef
. for nta

.
[n7 = [n]=ε-i =εE + …+ε (q - integers )

Excumple
[ 1 ] = 1

[ ∞ ] = %
t
q ±

[ 5 ] = qi 1 tf
- 1

[ 4 ] = q 312 × q と ← q
"
"
± q

- 312

[ 5 ] = 92 × 8 × 1 tq
'
± 8

と

[ 6 ] = q 512 ±
q31 % ± q と± q と

± q3
% ±

q 5k

Facts
,lEo,

[n]
ε
= n

R) [ 1 Dq + [ 1 ]ε± [2] ε , [ 2] ε [ 2] ε± [4 ] ε .

However
,

there are many nice formules ,

e . g

.[2 ] : [3 ]
q =[47gt(2 ] ε ( " s = 1 qhq" ε ) (6 +1+ε " ) = Et

2
ε " 2
+
2E⑪

彡



2
. Topology of arrangements

q - deformation of a chain complex :

(いい )

マ→ □
3
→

: :
)ms
E - detormationis not a

chain complex

1 " ↑(} (∵ [ 2] ～ [ ] _ [ 、] t0)

正→ □
3
→ □

2
→ q - deformation is also

( 1
,

2
. 3 ), (警) complexa

Choices of bases matter .



2
. Topology of arrangements

Setting : A = Hisy .,ttn} lines incp ? UHi = { Q1 x.(= .xs ) =0 }
.

A = { H ' , " ツ, Hn } lines in ①

2

=¢
p

\ Hn'

F =∞( )藥cover M = M ( A ) = C、 UHi
.

A
*

(
A ) = H *( M .

2

) ≈Ke . , ., ev 'a/os -ideal
心

w = eite 2tt en-

Consider the q - deformation of the Aomoto complex :

。 . Ad( a) → A芦 ( A ) → …

ω^

Once we fix a basis
.

( aij) ij
we have a matrix presentation .

Oefine the q - deformation

[ω ilq : = ( [ aj}q ): j :
A *

2

( E 'と ) →Ait
'
* □ ( ε " ) .

Is the q -deformation tA ( aagaina complex ?(ε " "} ,.w ^l ε )



2
. Topology of arrangements

Setting : θ= t 'y. ,tm}lines in EP2 . WHi ={ 2121
,

72.
7

x3 ] = 0 } .
ka { H , . , Hn } lines in ①

2
: GB

2

\ Hn

F =∞" L)
*
-

cover
M = M ( A ] = ¢~Λ UHi

.

A炎 [ A ) = H* ( M .

R ) ≈
Λ

Ke. , . , en 'a/os - idcal
心

w = eitert . + en

consider the q - deformation of the Aomoto complex :

… A
"

a
(A )→ A

^

" 1 A ) → …

) i ;
Once we fix a basis

,
we have a matrix presentation .

Oefine the q - deformation

[ω^}
ε
: = [ [ag }q )

: j
:

Ax(ε ' )→ Ait * ( ε " ).

Is the q -deformation tA ( aagaina complex ? c(ε " ) ,Fw^} q )

Thm (Y
.

20 ? ? ) Adetined overSupposeis

Then Jbasis ofA ( A] s .t .

) ( A (
A

).L ω .]
q
) is a cochaincomplex"

) Specializationat 'rTcomputesmonodromyeigenspaceofMilnor fiber .
H ( A : ( A )

,
[ω^]

ε=λ
) ≡ H ' LF

) x

.for Λ E
4

,
λ

" =
1

,λ *



2
. Topology of arrangements
Thm (4 .20 ? 2 A detined oversupposeis Then abasis ofA ( t )
St

.

) ( A (
A

).lw ^]
a
} is a cochaincomplexacq" "

)Specializationat^
TcomputesmonodromyeigenspaceofMilnor fiber .

H( A : ( A 1 ,
[
ω^ ]ε=λ ) ≡ H ' LFIn

.

for λE ¢ ,
λ

" = 1
,

λ * 1
.

How to chouse basis ?

Chambers determine closed 2 - dim submanitolds

of M= Midl{
Cu

Ca
～CCJEHIBML-CJM ≡ HR (

M

- C

Cz
Cz

Eait (と ) Let f be a generic line .
Ca

Then { C : chamberlCnf = 4 } ¥
forms cabasisofB

µ ( M . a ) ≡ H ' ( M . a

) . ー

use" chamberbasis "



2
. Topology of arrangements

How q - analogue appears ?
ン dz
っErample a = { a. a . as }CBCE , Ci =πr. z-aracas ,

A
,

Ar A 3

C
.

E ] = evez

C
. Cr Cs [ C

2 ] = ez - e 3

[ C 3 ] = E3

w = eiteztes = ei -er ) t 2 (ez- e 3) t 3 e 3

= [ c
(] t 2 . [ c 2] t 3 [ C 3 ]:

On the other hand
,

q
Ʃ
. qi

=

( E "
L
- εr ) . [ ]

.
"

q - anorogue

q
りス

急∞品 7 (wihen qF1)
C

q
-

q "
=

( q '
"
" .
q

"12 ) [ 2]
q

% q
"

z
. q
"

"
= ( qx - q" ε ) . [ijg

q な

Twisted cochain nap : [ Po ] → ( q- q%) . { {Dq [ ci ) +[ 2 )qEC] + ( 3] i [csj }



2
. Topology of arrangements

Summary land Remarks )
。 Hi ( F

.
4 ) = R

=

H
. ( F ) "

=

H .
1
F ) . PH . 1 G)、

。 Hi ( F
α

L α= e
π: 13) is relatedtos - Aomoto complex .

0 ( Aila )
,

w ^ ) : Aomoto complex

q - deform{ ( with chamber basis )

( Aacq"7 ( A ) , [
w .]

q
}

q - deformed Aomoto complex computes H
. ( f ) λ

.

.

"

q - deformed Aomoto complex
" canbe defined for

real hyperplanearr . ( beyond linearr . ) .

However ,

we need co tricky deform .

e. q ,

6 ms [ 3] ε× [ 3] ε ( NoT [ 6 }
q
)

.

。 ( ' ) Clebsch - CGordan rule for Uq ( se 2 } ( ? )



3 Geometry behind Enumerative poly .

Characteristic quasi polynomial of arr .

Def . g : R ( or 2 , o)→ E is a quasi - polynomial
: ⇒F β= 0 , 7

f , , f 2
.

"

, fot 4 [t }
S

.

t
.

f
.
( n ) if n ≡ 1 modp

g (n ) = { :

faln ) if n ≡ 2 mods

folnl if n ≡ e mod .

Rem
. The number β is called the period ,

and

The polyhomials filt ) , " , fo( t )arecalled

constituents of g .



3 Geometry behind Enumerative poly .

Def . g : R (or 4 o)→¢ is a quasi - polynomial
if n ≡ 1 mod β: ⇒F β 20 ( period ) , 子

f . , f 2
.

"

,FrtE [ε} st .
yin ) = { if n = 2 vodr

:

folnl if n ≡ p mod .

Example 」 = 1 if n≡ 1 mod lo

唱 if h ≡ 2 mod lo{ :

if n ≡ 9modlo

o it n ≡ 10 mot 1 o



3 Geometry behind Enumerative poly .

Let A= { tH
,
. .eus be an arr .

1 π i
.

e
.

Hi = { (x. " . xe ) l aiix. t
… taiexe = bi }

with aij .

bit を
.めalEc

Hi÷ { ( ゝ.
,
" ;) ( u ) ε (alEa

) elaiixt… aiexe ≡ bi modq }

Then 91→ # [ ( c /qa )el U] is a quasipoly.
More precisely

,

…



3 Geometry behind Enumerative poly .

Let θ= { u.
.

Hus be an arr.la i . e
.

Hi = { (x. . " … . xe ) Iaixit … taiexe = bi } with aos .

bit さ
.

{め RLEC
H÷} ( )", ") xu ) ε( □/ E λ

) e ( Ai )x 、 t
… taiexe ≡ bimodq }

Thm ( Kamiya - Takemura - Terao 2007 )

( ) IP 20
.

af
,
…

.

fo ε π [t] st .

# [ ( C /qa ]
e

( 皆×

H } = f
.
l9 ) if ε≡ . modp

Xquaci ( A .

q 1 : = { :

fp ( q ) if q ≡ P modP
.

R ) (Gco - property ) ged ( β
,

i ) = ged / e . s ) ⇒ filt ) = fjlt )

B ) f . lt ) = X ( A
.

t )
.
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H÷} ( っい.
…
. )xu ) ε (clEa ]

e ( Giix 、 t
…← aiexe ≡ bo nodq }

Thm ( Kamiya - Takemura - Tera 0 2007 ) Xquasilt .
q 1 : =

1 ) ∂β 20
.

a 5
, .

"
.
fe επ[ t]st . # [ [ C / qc ) e、

A* }

{
if ε≡ 1 mod β

R ) (Gco - property ) gcd ( β ,
i

) = gedle . 5 ) ⇒ filt) = f ;lt) .

=

it aiPmod .
) f . lt ) = x ( A . t )

.

Example Hi = { y = 0 } ,
Hz = 1 y = 2 x }

,

Hs = { y= 3 x 4
.

Then

H 3

Hz q
2
- 3 q + 2 . Eq ≡ 1 or 5 mod 6

.

トい Xquasilt . q )
q
2
-3 q + 3 . q ≡ 20 r 4

=

{ q: 3 q + 4
.

q ≡ 3

q
'
- 3 E ± 5 6 ≡ 6

.
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Hi{ (∵ ) xu ) ε (clEa } el aiix 、 t …Giexe : bi modq }

Thm ( Kamira - Takemura - Tera 0 2007 ) Xquasi ( A .
9 ) : =

( ) ∂β 70
.

af
, .

"
.
fo επ[ t]st . # [ (C / qa ) e、

HI

{
if ε≡ 1 mod P

R ) (Gco - property ) ged ( β, i ) = ged ( e . 5 ) ⇒filt ) =f ;lt

=

)
it l = p nwd .

3 ) f . (t ) = x ( t. t )
.

Q
.

What are other constituents ?
ロ

Theyarerelated to * x
( forification ? )

H = { ( x. … )xe ) l axit… aexe = 0 }

{め Ex
☆

H = { It. . . te) ε
)

eIt . ' t : te = 1 }
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Thm ( Kamiya - Tukemura - Tera 0 2007 ) Xqunsilt .
q 1 : =

① ) ∂β 20
.

Z 5
, .

"
.
fo εR[ t} st . # [[ C 1 qc ]e 4 ] = f

.
( 6 ) if ε≡ 1 mod β

R ) (Gco - property ) gid ( β
,

i ) = ged / ? . 5 ) ⇒filt ) =5 ; ( t
)

{ fln if q =β modP
.

$ ) f . lt ) = xLa. t )
.

Q
.

What are other constituents ?
←

Theyarerelated to ⑤ x( forification ? )

H = { ( x . …) xe ) lait … taexe = 0 }

めEt
H = { It." . te )ε E jeltia "

t :
o . tae = 1 }

Thm ( Ye liu
,

Tan Nhat Tran
,

M
.
4

,

2021 )

fo (t ) is the char . poly ,oftorusarr . {HIHEA } onE* lL
furthemore

,

the Poincare poly of the complement is

be ( ( 《ye、 U )th = ftle fo
(
- ε) .
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What is -R
"

for a poset a ?

a 6 Ans . Q ×R with lex
.

order

S
.

Schanuel
"

Negative sets
" ( 1990 )

{ finite sets } > ③

# 記
220 ∞ □
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Combinatorial reciprocity [ n ]= { 1 .
2

.. nl

Exumple ① { [ n ) : = # { (x . ) (
2

. x 3 ] 1 x 《 ε [n
]

, xsxxxs }
h (n _ 1 ) ( n _ 2 )= ( 今 )=ー

θ 彡 [n ] : =# { ( 4.(x . xs ) 1 xit[
n

] , xixxxxs}

= ( ^; ) =)
( nt上

Os
:
( n ) = () 303 ( - n )

"

reciprocity
"
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O 彡 [ n ) : = # { (sx. sx . x 3 )1 c ε [ a]
,

xicsiucxs }

θ 彡 in ) : = # { (い ( x
.
xs ) ( x : c [ n3

, xicsicxs}

stanley '

s generalization
F

.

Q : Posets

Hom≤ ( f
.

2 ) = { f : I→ QLL. ∠
2
x.

⇒f .) ≤α fiss ) }
U

Hom
< ( 2 ,

Q ) = { f : I→ QIx .
∠
2
x
2 ⇒ f. ) ∠α fisx . ) }

Example
θ

s

(n ) = # Hon ( [ 3]
.

[ n] )

¥→ ( f ( 1 ) cf (rxf 13)》

θ
s

≤
( n ) = # Hom

≤ ( [ 33
.

[ u3 )



3 Geometry behind Enumerative poly .

Hom≤ ( F . Q ) = { f :I → QLL ∠
2
x2 ⇒f .

)
≤ f1 ) }

U

Hom
< ( R ,

Q ) = { f : I→ QLL∠ 2
x
⇒

5
s .) ∠ atss ) }

Thm ( R
. Stanley 1970 )

± : finite poset Then

① a O( t) , Ʃ( ) ε Q [ t] st .

# Hom'(
I

,] ) = O: ( h )

# Hom
≤
(2 , [n 7 ) =① ( n )

②( reciprocity )θƩ ( t ) = (- )
Iに ! OL
'

( . t )
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≤ ≤

Hom
< ( 2 ,

Q ) = { f : R→ 2 Ll. <2 x.⇒ fp . )∠ats ) }
Thm ( R

. Stanley 1970 )

I : finite poset .

Then

① 2 OE ( t )
, Ʃ (5 ) ε R [ t] st . # Hon' (2

.

N7 ) = O: tn
' ≤

② ( reciprocity ) θƩ ( t ) = (- )
L∂ ! O:
'

( . t )

Example E : 増s(
1

ゝ 2 ,
(

73 ).

# Hon≤ ( 2
,

[ uコ ) = # { (x .xx.xs ) { xic [ u] xizxx })し 、 こ x 3

= =⑪ (ht) (2nt )
Inx- n

# Hon < (
I

. [u ] =
臨

(E- )=匹 ) n
2 - y1
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≤ ≤

Hom
< ( 2 ,

Q ) = { f : R→ 2 Ll. <2 x.⇒ fp . )∠ats ) }
Thm ( R

. Stanley 1970 )

I : finite poset .

Then

① 2 OE ( t )
, Ʃ (5 ) ε R [ t] st . # Hon' (2

.

N7 ) = O: tn
' ≤

② ( reciprocity ) θƩ ( t ) = (- )
L∂ ! O:
'

( . t )

The reciprocity looks like
い

#Hom ≤
( 2 .

[

n 7) = ← . )
#I Ho' ( E

,

E. n} )
"

We want to define -②
"

to justify
"

# Hom
≤
( 2

.
Q) = ( - )

# I
. # HE( I . - Q) "
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Hint

σa
: = { (x., ". s ( d ) ε B φ 10≤ xi ≤ … ≤ xd ≤ }"

U U
clos d d -simplexc

5d
:
= { (x, ", xa ) εBa l ocxic … cxd ≤}!ミ

open d - sim plexBorel- Moore / cptsupport Euler char .

e t σ al =. esm ( σa) = ( -i
)

.

epm ( σa ) = (-
1

) epu ( ta ) reciprocity ?

s use semialgebraic sets and
semialge braic Euler char .
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Def f is a semialgebraic poset

⇒ F has a semialgebraic structure
del

sit .

{ ()L . y )ε R ×I Ixcy }
is also semialgebraic .

( saposet )

Example ① finite posets are secialgebraic

② Bh with lexicographic order is saposet .

③ R" with product order is semiclg .

( っい
,
xu ) ≤ ( は , ". y . )

⇒ filli ≤yi )

④ Any semialg . subset of these are saposets
.
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Rem for any semialy set X .

ヨ finite partition

X = L X
Λ

( X
^

; senilyebraic )
λ E Λ

s . t

.
X λ≈d

,

for some d
× 20

.

Ex "
= 0感。ー

.氷

elx )fud . =
u

(- )
ax

is well detined

( semialgebraic
Euler char)
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X = WXx s . t
. X ≈a torsomed ×

: 0 .
e

( x ) : =Ʃ ( -i )
d ^

λ E Λ
λε へ

Basic propenty
classical Euler

char

の If X is compait e ( × ) = etop (x
)

t

② It X is locally cpt e (x) = eBm (× )
③ X ≈ Y ⇒ el × ) = e ( y )

④ X : finite set ⇒ e ( × ) = 1 × 1

⑤ e ( xuy ) = e ( × ) te ( Y )

⑥ e ( ×× y ) = e ( x ) × e ( と )

D CLB ) = - 1
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X = L ×
入

s
.

t
. Xx ≈d

,

for some d
λ 20

.

e ( × ) : = Ʃ (- )
d ^

λ E Λ
λε へ

Basic property ① If Xis compait e ( × ) = etor (×)

② It X is locally cpt e (x) = eBm (× )
③ ×≈ Y ⇒ elx ) = e ( y )

④ X : finite set ⇒ e ( × ) = 1 × 1

⑤ elxuy ) = e ( x ) te ( r )

⑥ e ( ×× y ) = e ( × ) × e ( c )

D CLB ) = - 1

Def
.

for a semialge braic poset 2 ,
detine

- 2 : = R × R

with lex
,

order
← ( 8 ,t . ) < ( E2 t 2)⇐ ) 8

< E , or{q 1
= 82

,
t 、
< tz

Rem - (- 2 ) キ R
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Def
.

for a semialge braic poset 2 ,
detine

8 < 82 or{- Q : = 2 × R with le(ε
,

t . 、< ( ε . t .)⇐)8 , = 82 , tict :

Thw ( Hasebe
, Miyatuni , 4 .

2017 )

f : finite poset
,
2 : saposet .

Then

の e ( Hom< ( F
,

Q ) ) = (_ ) #
Ie
( Hon≤( I . - Q ) )

e ( HomE ( I
.

Q ) ) = (- ) # ICLHon' CI - Q)②

If Q is totallyordered,the
e ( Hou( ≤ '

( I , Q ) ) =:
(≤ '
( e (Q ))
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Def
.

for a semialge braic poset 2 ,
detine

8 < 82 or{- Q : = 2 × R with le(ε
,

t . 、< ( ε . t .)⇐)8 , = 82 , tict :

Thm ( Hasebe
, Miyatuni , 42017 ) f : finite poset

,
Q : saposet .

Ther

の e ( Hom< ( 2
.

Q ) ) = ( _
)#
Ie ( Hon≤ ( I - α ) )

e ( Hom< ( 2
.

Q ) ) = (_ )# 型 e ( Hon
'

( 2 - Q)
②
If Qis totally ordered

,

then e ( Ho( 'LI , Q ) ) = L≤
'Le (Q )③

② is recently retined

Thm . (、Yoshida, Y .

2022 )

≈Hom
≤
( F

.

Q ) × ROL Hm( F , - Q )
'

homeo

Example I = Q = [2] ー

Q= [ 2 ] × ( 0 . 1 )

Hom
≤ LF , 2 )= } Hrm<( 2 . α)=

い
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Log concavity
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x (At ) = teaitetarter
…Lylae .

Thm ( Huh
.

etal. )

Ai
2
zGi

- iQitl
.

Timeline :

橤 2012 Huh
,
for θ / 4

) 2012 Huh - katz
,

for A / ik any field
.

() 2018Adiprasito- Huh- katz
, any matroid .

The proof is reduced to …
( ) log-concavityofmixedmultiplicity (byTessier

) Khovanski - Tessier ' s inequality .

", ) extension of Hodge - Riemann rel . to matroids
.
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λ (At ) = te - aite ' tate
:…
( -ylae

.

Thm ( Huh
.

et
.

al
.

)

Aiz ≥ Gi - iaie .

Timelive :

il 2012 Huh
,
for A / 4応 2012 Huh - katz

,

for A / lk any field
.

ッ
(

) 2018Adiprasito. - Huh - katz
, any matroid .

The proof is reduced to …
( ) log- concavity of mixed multiplicity ( by Tessier)

") Khovanski - Tessier ' s inequality .

) extensionofHodge - Riemann rel . to matroids
.

Plan of today ' .Proofof ) along the idea ofi )
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Let X be a smooth projective variety of dima = d/ ¢
.

A
@

( × ) : the Chow ring = A
*

A '* … ① Ad
( an algebra generated by algebraic cyles

with intersection prodect)
Intersection product: Z . , Z . cX smooth subvariet と ,

ZibEtssume. Ther [E .] . [ EL] = [ Z . ～ Z ].

Today we only looked at X such that

A ( X )今Haselx ,
and H*

R
)

.

au

Example The following satisties theassumptionx
X = pd

,

Grassmann variety
, flag variety .

smooth projective toric variety
,

etcc



3 Geometry behind Enumerative poly .

Let X be a smooth projective variety of dima = d/ ¢
.

A
@

( × ) : the Chow ring = A* A*
… SAd

Today we only looked at X such that

A ( X )HK
ch (

x , andH ( ×1 = 0R),
odd

Basic hotions

o The integration determines S : H
(

× ) →B .

We also callthismapdegAd ( ×1 →R

o (Poincure duality ) Ah ( × ) × Ad. b ( ×) →Ad ( ×) 堝

is a non degenerate pairing .

o A hypersurface ScX determines [ S ] EA'( × )
.

and a curve Ccy determines [ C ] EAa ' (X )



3 Geometry behind Enumerative poly .

Basic notions

o The integration determines S : Ra ( x )→ B
.

We also call this map degA
(
X )*R

。 (Poincare duality ) Ah ( × ) × Ad
- s
( × )→ Ad ( × )→degp

is a non degenerate pairing .

o A hypersurface ScX determines [ S ] EA '

( × )
.

and a curve Ccy determines [ C ] EAa ' (X )
.

f : x →c f *
:

A ' ( Y )→ Alx)Fo wehave
1

。 Let HEpd be a hyperplare Then A
'

( pd )

is generated by α= [ H] EA
'

( p 9 )
.

More

recisely,A ( a] = RE α] /αµ
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Basic notions
f : X →と f *

:
A ' ( Y )→ Al× )Fo wehave

1

。 Let HE Bd be a hyperplane .

Then A
'

CBa )

is generated by α= [ H] EA
'

( pa )
.

More

Precisely
,
A'Ld }= R [α 3/xtt )

a

。 xGA
'

( × ) is called ample ,

if

子 f : XSPN st . x= f
*

α
.

o The cone geherated by ample elements is

called the ample cone Camp .

o Kleiman ' scrierion :

Camp = {xcA' ( × ) ldeg ( C . xo , forany cax }urve



3 Geometry behind Enumerative poly .

Basic hotions o xEA
'

( × ) is called ample ,

if

子 f : XSPN s
.

t - x= f
*

α
.

o The cone geherated by ample elements is

called the cample cone Camp .

o Kleiman '
s crievion :

Camp = {xcA' ( × )deg (c .o forane Cax }curve
"

o Cnef : = camr= { x ε A' ( × ) /deg ( cx ) 20 for
下 FcurveC ≤ x }numerically effective

o Let α ε Camp .

Detine the Hodge - Riemann

bilinear torn R : A( × ) × A
'

(× )→Rby
'

. y )→ deg (xy 2 )
d

.2
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Basic hotions
o The cone generated by ample elements is

called the ample cone Camp .

o Kleiman '
s crierioni

Camp = {xtA' Y × ) fdeg ( c .ofor any cax }curver

o Cnef : = cawr
=

{ xcA '( x ' ldeg ( cx ) 20 for tcurvec ≤ x}

o Let αε Cawp .

Detine the Houge - Riemann

bilinear torm R : A( X ) × A
'

(× )→ R

'. y )→ deg (xya )
a

-z

。 ( Hodge -Riemann velation : HR)
Q is postive detiniteou 〈 α=Rα

* *1 I is negative detinitonα=
{
x εA '( ×) 1 Q ( α 1) = 0 }
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Let St
,

"

.

SEcX behypersurfacesprop( keel )

s
.

t. Si :Smooth

。 Z = S, ^ nSe is smooth ,dimz =d-

and H
2 *
(Z ) = A* ( Z

Then
( and Hodd ( × 1 =0 )

A
(

BlzX ) ≡ 凸
(
s .] ) … (T - Ese 7) ,Hars )T

.

where ker [ E] = { x ε A ( x ) 1 x [z] = 0 }
Su

X
←

然Istui ' t
tractoows
do hot intersect .

( [ s . ] - T ) [ [ s 2] -T) = 0



3 Geometry behind Enumerative poly .

Let St
,
. SECX behypersurfacesProp( Keel )

S
.

t
. - Si :Smooth

。 Z = S, nnSa is smooth
, dimz = d - E

,

and H
2 * [Z ) = A* (Z )*

Ther
A

" (BlzX )≡
A ' s) … ( T- Ese3 ).ka「 7》

「

where ker [ z] = { x ε A
(

× ) I x . [z] = 0 }

Example Blpp. PEp
2

is expressed as

P =HinHz ,HiEprline ) .

Since [Hi] =α
,

[ p3 = 22
,

und Ker [ p] = ( α )
.

A
'

( Bepp
2 ] = ALPY [D/ ( (+ -2T ) ⑪総い

R [ α3/α) ≡

/ (α3. αT
.

i±α )R [α .

T]

Note : deg (τ
2 ) = - deg ( α

2

) = - !
"

( - ) - curve
"

.
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Setting a = 3 Hi
,

- Hn { : arr. in c .
x ( A .
t) = te - ate - t actet - yeae

.

A
:

= { Hi, Hz,
"

, tHh
,

Hs } : projective closure
い
ー

Hnti ( arr
.

in Epe )
.

Assume A is essential
,

i
.
e
.

30 - dim intersectious
.

Def La is the set of all E- dim intersections
.

Def ( De Concini -Procesi ' s Wonderful compactification }

Pe← BlL
.

e
←

Bli
. (
Blt
. pe
) ←Bei: ( -) ……Ya

p
Strict transform

of - dim intersections

Ya = Blte- ( Blie
.

s ( …Bl
.

pe ) … .
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Setting a = 3 H , - ten } :arr in c .

x ( At)= te -ate- ' tarte …tt - ylae
.

A
:

= { Hs, Hz, " ,tt ,tsy : projective clos tarr - in cpe
,

ure

ー

“

Hnti

Assume Ais essential
,

ice
.

30 - dim intersections
.

Def Le is the set of allb -dim intersections

Def ( De Concini -Procesi '
s Wonderful compactification }

Pe← Bli
.

pe← Bla
.

(Bli
.

Be ) ←Beiz( -) ……Ys
Ptricttramsform

of - dim intersections

Ya = Bltez ( Blie
. s

し … Blope
) … ) .

A①A*⑮
a
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Assume A is essential, ive. a 0 - dim intersectious
.

Def Le is the set of all β- dim intersections
.

Def ( Oe Concini -Procesi '
s Wonderful compactification }

pe← Blt
.

pe← Blr
.

(Bet .pej. Bli: (- ) … ←Ya
Ptricttrunsform

of - dim intersections

Ya = Blre( Blie
. s

( … Bl
.

pe ) . .

①^^A*⑮
"

"

Each intersection FEL ( A ) = LowLiw … Le, has

corresponding hy persurface ( strict transform ) xf
.
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Def ( Wonderful compactification ) Ca = Bltez( Blie
. s

( … Bl
.

pe ) . .

pe

* *⑮"
.

Each intersection FEL ( A
)

= LowLiw " wLe -.
has Corresponding

hy persurface ( strict tramsform ) xf
.

for each hyperplane Hi , let α i :=Ʃ x .
F EHi

20 is a total transform of Hi
.

we have

α
,
=α 2 = … = 2

n← 、 (=α )
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A *⑮.
Each intersection FEL ( A ) = LouLiv . wLe. hus Corresponding
hy persurface ( strict transtorm ) xf

.

α i : = ε
.

α 、 =α z = …=α n
*、 (= 2 )

Thm ( feichtner -Yuzvinsky )

A' ( Ya ) ≡☆ (Cxf 1 [ ε L ( A)/
(
"ti ^ε で :

F . 事 5 )よ i - α ;
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A *⑮.
Each intersection FEL ( A ) = LouLiv . wLe. hus Corresponding
hy persurface ( strict transtorm ) xf

.

α i : = ε
.

α 、 =α z = …=α n
*、 (= 2 )

Bi " = Ʃ x 5
.

( β=β i ==β n = : β )
F 手 Hi

Thn A ( Ya ) ≡ RCx . 1 [ ε L ( A ) }/( 'xfi : f 、 事 . )α : - 25 : tkicj ≤ n

Coefficients of x (At ) can be expressed as intersection

Thm ( Adiprasito - tluk - katz Prop 9 . 5 )
# S

.

Ai = deg( α e
- : . β

i )
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Thm ( Adiprasito - luh - katz Prop 9 . 5 ) ai = deg ( α
e - : β

i )

Thu ( Huh ) Gi22 Git . E : -.

Proof) Thecaseie -if ae -i : ce- zae) is enough .

( other casesare recduced to this case by Le 5 schetz

hyperplane section type argument↓

Claim degl )
a

degl )degaBea 'Be- ( Be ) * )

Prop
α , β ECnet

Camp = {xcA' ( × ) ldeg ( c .po,foranycax}urveKleiman:

Cnef : = Camr
=

{ xtA '( × ) ldeg ( cx ) 20 for tcurved ≤ x}

By kleiman ' s criterion , α . β are limit of sequences
Ai

,
Bi ( A . .Bit Canp

)
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claimdegl a deg ) -degasea' Be
-

( Be ) * )

d = lim Ai
.

β= lim Bi
.

Ai
,

Bit Camp
.

Recall
Q : A( X ) × A

'

(X )→ R
4o Let αε Camp ,

Oefine the Hodge - Riemann bilinear form
(7 . y) →degxy 2 )

a
. .

。 ( Hodge -Riemann velation : HR)
2 is postive definite* ou 〈α 7 = R α

* *' Q is hegative detiniteon α= {x εA
' (×) / Q ( α x ) = 0 }

use Bo to define R ( x . y ) = deg ( x . y . Bi
- r )e

I is pos .

detinite on 〈 Bir
,

and

neg . definite on [Bi ' ) ^ A .Bi
)

～
～→ 2 is indetinite on 〈 A : .

Bi >
.
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claimdegl a deg ) -degasea' Be
-

( Be ) * )

α= lim Ao
,

β= lim Bi
,

Ai
,

Bi ε Camp
.

use Bo tu define R ( x . z ) = deg ( x. y . Bi
- 2 J

.

e

I is pos .

definite on ( Bi >
,

and

neg .definite on { B . T ^ABisL
- dim

.

～～ →
2

is indetinite on { A : .
Bi >

.

Hence
Q ( Ai

.

Ai ) Q ( Ai
.

B : ) AIBi A : Bi
det ( ) = aet (

l - 2 e

り ≤ oQ ( A : . B . ) Q ( Bi
,

Bi )
AiBil

- .
Bil

Take the limit i→ us , AeGe - ae- ≤ 0

(α
.

E
.

0
. )


