FINITENESS OF BOUNDARY CONDITIONS
OF SOME FUNDAMENTAL DOMAIN FOR P,/GL4(Z)

TAKAO WATANABE

ABSTRACT. The general linear group over the integers I', = GL,(Z) acts on the space P, of
n X n positive-definite real symmetric matrices. In a previous work, the author constructed a
new family of fundamental domains for P, /T',. Although these domains are initially defined
by an infinite set of inequalities, a natural question arises as to whether a finite subset of these
inequalities is sufficient to determine this domain. In this paper, we give an affirmative answer
to this problem for the specific case n = 4.

INTRODUCTION

Let M,, x(R) be the set of all n x k matrices with real entries and P,, be the set of all n x n
positive-definite real symmetric matrices. The group of invertible elements in the ring M, (Z)
of n X n matrices with integer entries is denoted by I'y,; that is, '), = GL,(Z). For A € P,, and
X € M, x(R), we define

AlX] ='XAX,
where X denotes the transpose matrix of X. The group I',, acts on P,, from the right via the
map
P, xT,—-P,: (4 X)— A[X].
A closed subset Q C P, is called a fundamental domain for P, /'), if it satisfies the following
conditions:

o P, = |J xax;
Xeln
e For A, B € Q, if B = A[X] for some X € I';, with X # £FE,,, then A € 9Q.

There are several fundamental domains for P, /I";,. The most famous one is Minkowski’s fun-
damental domain. For each k € {1,2,...,n}, we define a subset Z, ) of Z" by

Zingy ={z="21,-..,2n) € Z" | ged(2p, ..., 2n) = 1} .
Then Minkowski’s fundamental domain M,, is defined as follows:

(Ml) A[Z] > apk (VZ S Z(n,k)v Vk € {1,2, R ,n}) } '

M, := {A:(%‘)GP" (M2) appsr >0 (Vke{1,2,....n—1})

Theorem (Minkowski). M, is a fundamental domain for P, /T',,. Furthermore, there exists a
finite subset Sy C Zy, iy such that condition (M1) can be replaced by

A[Z] > ape (V2 € Sn,k> Vk € {1,2, - ,n})

2020 Mathematics Subject Classification. Primary 11H55.
Key words and phrases. Reduction Theory.
1



FINITENESS OF BOUNDARY CONDITIONS 2

The latter statement of this theorem is known as Minkowski’s second finiteness theorem (1,
Lecture XIII, §1]). In the case n = 2, it becomes

MQ:{<Z Z>6P2|O<2b<a<d}.

In [3, Example 3|, we constructed a new family of fundamental domains for P, /I';,. Fix
ke {1,...,n—1}. When the j-th column of the identity matrix E,, is denoted by e;, we define

ka = {XEn,k ‘ X e Fn}, En,k = (61, e ek) S Mn,k(R> .

The group I'y, = GLj(Z) acts naturally on I'y, 5, by right multiplication. Let A,, ; be a complete
system of representatives of the coset space I';, /T'y, and assume E,, , € A, . Any A € P,, can
be uniquely expressed by the Jacobi decomposition as

E @) v O E U
A= <t’: Enk> (O u)) <()k Enk) ’ u € Mk,n—k(R), vePr, weP, .

In this case, we denote
U= Ug, v = A w= Ap_p -
For a non-empty subset S C Iy, 1, we define a closed subset R(S) of P,, by
R(S) :={A e P, | det A < det(A[X]) (VX € 9)}.

In particular, we set R, ;, = R(Ap k). We define a subset My, 1 (R)1/2 of My, (R) by

Mign—k(R)1/2 = {(uij) € Mpp—i(R) [ uiz| <1/2 (Vi,7), wi =0},
Then, by defining

Fppi= {A €P, | AM e My, Ay €M,y ua € M,m_k(R)m} ,
the following holds:
Theorem ([3, Example 3]). R, x NF,, 1 is a fundamental domain for P, /T',.

There are infinitely many inequalities defining R,, ;. The following problem corresponds to
Minkowski’s second finiteness theorem.

Problem. Does there ezist a finite subset S C A, 1 such that R, NFp = R(S)NF, 1 ?

In this paper, we consider this problem in the case (n,k) = (4,2), and prove the following
result:

Theorem. There exists a finite subset S C Ay such that Ryo NF42 =R(S)NFy42.

1. INEQUALITIES IN MINKOWSKI'S FUNDAMENTAL DOMAIN

Let P, be the set of all n x n semi-positive definite symmetric matrices. For A, B € P,;, we
write A< BorB>Aif B—-AeP,. Wealso write A< BorB>Aif B-AcP,.

Lemma 1. Let A, B P,.

(1) If A < B, then det A < det B.
(2) If A < B, then A[U] < B[U] for any U € M,, x(R).
(3) For any V,\W € M,, x(R), the inequality A[V + W] < 2A[V] + 2A[W] holds.
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Proof. (1) If B € P,,, there exists P € GL,,(R) such that B = 'PP. Since E,, —'P~*AP~! € P,
all eigenvalues of P~1AP~! are between 0 and 1 inclusive. Therefore, det A/ det B < 1 holds.
If B ¢ P, we can choose a sequence {B,,} C P, such that A < B,,, and B,, = B as m — oc.
Since det A < det B,,, taking the limit yields det A < det B.

(2) For any « € R", A[z] < B[] holds. For y € R¥, setting = Uy gives A[Uy] < B[Uy].
Thus, A[U][y] < B[U][y] holds for all y € R, which implies A[U] < B[U].

(3) follows from O < A[V — W] = 2A[V] + 2A[W] — A[V + W]. O

Lemma 2. Let A = (a;;) € M,,.
(1) If we define the constant K, by

g () ()" (@)

a11a22 - - - App < K det A

then

holds. If n =2, then ajjae < (4/3) det A holds.
(2) For all x = Yx1,...,7,) € R"\{0},

ni=n < Alz]

K, ~ anzi+axsd+- - +amz

holds.

For the proof, see [1, Lecture XI §4 (14), Lecture XIII §3 (9) and Lemma 1], or [2, Chapter
IV Proposition 1].

a b

Lemma 3. [f A= <b d

> € My, then (a/2)FEy < A holds.

Proof. Let A be the smallest eigenvalue of A. Since 4b% < a2, we have

a+d—+/(a—d)?+ 4b? S a+d—+d?—2ad+ 2a?
2 - 2 ’

A\ =

Letting h(t) = a +t — Vt? — 2at + 2a?, we have

W)y =1-——1-9
(t —a)?+a?
which implies h/(t) > 0 for t > a. Therefore,
h(a) a
> Z
Az 2 2

holds. Since all eigenvalues of A — (a/2)E> are non-negative, we obtain (a/2)E; < A. O



FINITENESS OF BOUNDARY CONDITIONS

2. FINITENESS OF BOUNDARY CONDITIONS

The Jacobi decomposition of A € Py is expressed as

_(Ey O\ (A O\ (B, U
(2.1) A= <tU EQ) (O A2> <O EQ) , U e MQ(R), Al,AQ ePs.

If we write X € Myo(Z) as

Y

X =i(Y,Z) = (Z

> ) Y,ZEMQ(Z),

then
det(A[X]) = det(A1[Y + UZ] + Aq[Z)) .
Thus, for A € Py,
A€ Ryy <= det Ay <det(A[Y +UZ|+ As[Z]), Vi(Y,Z)€eT4s.
We choose Xy = i(Yp, Zy) € I'42 as

01 10
n=(o0) w=00),
Proposition 1. If A € R({Xo}) NFaz2, then
64 64
Al[U] S 5142 and Al S 5142

hold.
Proof. Let A1, Az € My and U € Ma(R)/, be

(o bt ) bo _ (U1 U2
w=la) wGra) o-(i)

det(A[Xo)) = uddet Ay + ajas .

In this case,

From |ug| < 1/2, we have
1
det A < det(A[Xo]) < Z det A1 + aqas .

Since 3a1d;/4 < det A1 by Lemma 2(1), this gives
16

(2.2) di < 9 %2
It follows from Lemma 3 that

a
(23) 7 lyl* < Aoy

for any y € R?. Since U € My(R); 2, the operator norm of U satisfies

Uyl 2 2 2 2\1/2
max < (uj +us+us+u <1.
y£0 Hy” ( 1 2 3 4)
By Lemma 2(2) and (2.2), (2.3),
32 64
A[Ully] = A[Uy] < 20Uy < 2dr]Jyl]* < “Faolly|* < - Aoly]

holds for any y € R?. Similarly,
32 64
Aily] < 2d[[y|* < ol ly|* < 5 Az(y]
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holds for any y € R2.
When the Jacobi decomposition of A € Py is given by (2.1), we define
A° = <1é1 Z) .
Proposition 2. Let A € R({Xo}) NFy2. Setting p = 137/9, we have
ptA < A< pAC.
In particular, this implies that
p2det A°[X] < det A[X] < p? det A°[X]
for all X € My2(R).

Proof. If we write € R? as

_ (Y 2
a:—<z>, y,z € R*,

Alz] = A1ly + Uz] + As[z], Alz] = Arly] + Asz[z].

Here, from Lemma 1(3) and Proposition 1,

then

128
Al[y + UZ] S 2A1[y] + 2A1[UZ] S 2A1[y] + ?AQ [Z] .

Thus,

Alz] < 241[y] + o> Aole] + Arle] < 21 [y] + oL Agle] < o A

holds for any = € R*, and hence
A< —A°.

From Lemma 1 (1) and (2),

det A[X] < (1g7>2det A°[X]

holds for any X € My 2(R). Also, from Lemma 1(3),

Ayl = Ai[(y +Uz) —Uz] < 24, [y + Uz] + 24, [Uz].
Combining this with Proposition 1 gives

A°lx] = A1]y] + A2[z] < 2A1[y + Uz] +2A4:1[Uz] + As[z]

137
<21y + Uz] + " Aol2]

9

for any & € R*, which implies
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Letting ¢ = 137/9 and v = 64/9, we define

NC

p=pV1+v+v?=

We consider the standard inner product with respect to the basis {e; Ae; | 1 < i < j < 4} of

A2 RY Let B, be the ball of radius p centered at the origin in A’ RY. If we define a subset Sp
of Aya by

So = {X € Ay | there exists A € R({Xo}) NFy42 such that det A[X]| < det A},
then the following holds:
Proposition 3. For X = (z1,x2) € 49, let wx =x1 ANx2 € /\2 Z*. If X € Sy, then wx € B,.
Proof. Let X € Sp. By definition, there exists some A € R({X¢}) NF42 such that
det A[X] < det A; .
From Proposition 2,
(2.4) 12 det A°[X] < det Ay

holds. Assuming A has the Jacobi decomposition (2.1), we use the same notation as in the proof
of Proposition 1. Writing X = i(Y, Z), we have

A°[X] = A[Y] + A Z].
Since A2[Z] < A°[X], Lemma 1(1) implies
det Ay - (det Z)? = det A3[Z] < det A°[X].
By (2.4),
det Ay - (det Z)? < p®det Ay .
Since det A; < v?det Ay by Proposition 1, we have
det As - (det Z2)? < p?v? det Ay .
Thus,
(2.5) (det 2)* < p?v/?
holds. Similarly, since A;[Y] < A°[X], Lemma 1(1) yields
det Ay - (det Y)? = det A1[Y] < det A°[X] < p®det A; .
Hence,
(2.6) (detY)? < p?
holds. From Lemma 3, we have A; > (a1/2)E2 and Az > (az/2)E2, so

Rty7
2

A°[X] = A1 [Y] + As[Z] > %tyy +
Taking the determinants of both sides, Lemma 1(1) yields

det A°[X] > det (%tyy n %tzz) :
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Here, if we write Y = (yq,y5) = (vi5) and Z = (21, 22) = (%;5), then

det ( Wiyy 4 22 tZZ)

a a aj 2
= (Gl + =) (Gl + Fllzl?) = (Gv1- w2+ Sz - 22)

S
[l V)

2
a
7 (llPllyall® = (- 92)%) + 2 (12 Pllzal” = (210 22)%)

a1a2
+ (g1 Plz2l® + [lyal Pllz1117 = 2(yy - y2) (21 - 22))
a 2 ala 2
142
:Zl(detY) —Q(detZ) + 1 Z(yilzjg—yigzjl)Z.
ij=1

On the other hand, using (2.2), (2.4), and det A; < a;d; from A; € My, we have
16
det A°[X] < p2det Ay < plard; < 5/1,2@1@2.

Therefore,

ai 3 2, 4142 & 2 16 5
—(det Y) (det Z) + 1 Z (yilzjg — yigzjl) < E,u, aias .
ij=1

From this, we obtain

2 64

(2.7) Z (yi1zj2 — Yizzj1)? < gH = = piv.
ij=1

Since the wedge product corresponding to X = (1, x2) is

2
wx =21 N\ Xy = <Zi> AN <ZZ> E/\Z4,

we have from (2.5), (2.6), and (2.7) that

2
lwx|* = (det Y)? + (det 2)* + Z (yirzj2 — yizzjn)® <y + p?v* + p’v.
ij=1

This shows that wy € B, when X € Sp. O

We prove the main theorem. Since A\?Z* is a lattice in A R, the intersection A Z* N B,, is
a finite set. Since the map
2
F4,2/P2 — /\Z4/{:|:1} : X'y — fwyx
is injective, the set
{X c A472 | Wwx € Bp}
is finite. Thus, Sy is a finite set. If we set S = Sp U {Xo}, then Ry2 NFy2 = R(S) NF42 holds.
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