
FINITENESS OF BOUNDARY CONDITIONS

OF SOME FUNDAMENTAL DOMAIN FOR P4/GL4(Z)
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Abstract. The general linear group over the integers Γn = GLn(Z) acts on the space Pn of
n × n positive-definite real symmetric matrices. In a previous work, the author constructed a
new family of fundamental domains for Pn/Γn. Although these domains are initially defined
by an infinite set of inequalities, a natural question arises as to whether a finite subset of these
inequalities is sufficient to determine this domain. In this paper, we give an affirmative answer
to this problem for the specific case n = 4.

Introduction

Let Mn,k(R) be the set of all n× k matrices with real entries and Pn be the set of all n× n
positive-definite real symmetric matrices. The group of invertible elements in the ring Mn(Z)
of n× n matrices with integer entries is denoted by Γn; that is, Γn = GLn(Z). For A ∈ Pn and
X ∈ Mn,k(R), we define

A[X] := tXAX ,

where tX denotes the transpose matrix of X. The group Γn acts on Pn from the right via the
map

Pn × Γn → Pn : (A,X) 7→ A[X] .

A closed subset Ω ⊂ Pn is called a fundamental domain for Pn/Γn if it satisfies the following
conditions:

• Pn =
⋃

X∈Γn

tXΩX;

• For A,B ∈ Ω, if B = A[X] for some X ∈ Γn with X 6= ±En, then A ∈ ∂Ω.

There are several fundamental domains for Pn/Γn. The most famous one is Minkowski’s fun-
damental domain. For each k ∈ {1, 2, . . . , n}, we define a subset Z(n,k) of Z

n by

Z(n,k) := {z = t(z1, . . . , zn) ∈ Zn | gcd(zk, . . . , zn) = 1} .

Then Minkowski’s fundamental domain Mn is defined as follows:

Mn :=

{
A = (aij) ∈ Pn

∣∣∣∣ (M1) A[z] ≥ akk (∀z ∈ Z(n,k), ∀k ∈ {1, 2, . . . , n})
(M2) ak,k+1 ≥ 0 (∀k ∈ {1, 2, . . . , n− 1})

}
.

Theorem (Minkowski). Mn is a fundamental domain for Pn/Γn. Furthermore, there exists a
finite subset Sn,k ⊂ Z(n,k) such that condition (M1) can be replaced by

A[z] ≥ akk (∀z ∈ Sn,k, ∀k ∈ {1, 2, . . . , n}) .
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The latter statement of this theorem is known as Minkowski’s second finiteness theorem ([1,
Lecture XIII, §1]). In the case n = 2, it becomes

M2 =

{(
a b
b d

)
∈ P2

∣∣ 0 ≤ 2b ≤ a ≤ d

}
.

In [3, Example 3], we constructed a new family of fundamental domains for Pn/Γn. Fix
k ∈ {1, . . . , n− 1}. When the j-th column of the identity matrix En is denoted by ej , we define

Γn,k := {XEn,k | X ∈ Γn} , En,k := (e1, . . . , ek) ∈ Mn,k(R) .

The group Γk = GLk(Z) acts naturally on Γn,k by right multiplication. Let ∆n,k be a complete
system of representatives of the coset space Γn,k/Γk, and assume En,k ∈ ∆n,k. Any A ∈ Pn can
be uniquely expressed by the Jacobi decomposition as

A =

(
Ek O
tu En−k

)(
v O
O w

)(
Ek u
O En−k

)
, u ∈ Mk,n−k(R), v ∈ Pk, w ∈ Pn−k .

In this case, we denote

u = uA, v = A[k], w = A[n−k] .

For a non-empty subset S ⊂ Γn,k, we define a closed subset R(S) of Pn by

R(S) := {A ∈ Pn | detA[k] ≤ det(A[X]) (∀X ∈ S)} .

In particular, we set Rn,k = R(∆n,k). We define a subset Mk,n−k(R)1/2 of Mk,n−k(R) by

Mk,n−k(R)1/2 := {(uij) ∈ Mk,n−k(R) | |uij | ≤ 1/2 (∀i, j), u11 ≥ 0} .

Then, by defining

Fn,k :=
{
A ∈ Pn | A[k] ∈ Mk, A[n−k] ∈ Mn−k, uA ∈ Mk,n−k(R)1/2

}
,

the following holds:

Theorem ([3, Example 3]). Rn,k ∩ Fn,k is a fundamental domain for Pn/Γn.

There are infinitely many inequalities defining Rn,k. The following problem corresponds to
Minkowski’s second finiteness theorem.

Problem. Does there exist a finite subset S ⊂ ∆n,k such that Rn,k ∩ Fn,k = R(S) ∩ Fn,k?

In this paper, we consider this problem in the case (n, k) = (4, 2), and prove the following
result:

Theorem. There exists a finite subset S ⊂ ∆4,2 such that R4,2 ∩ F4,2 = R(S) ∩ F4,2.

1. Inequalities in Minkowski’s Fundamental Domain

Let P−
n be the set of all n× n semi-positive definite symmetric matrices. For A,B ∈ P−

n , we
write A ≤ B or B ≥ A if B −A ∈ P−

n . We also write A < B or B > A if B −A ∈ Pn.

Lemma 1. Let A,B ∈ P−
n .

(1) If A ≤ B, then detA ≤ detB.
(2) If A ≤ B, then A[U ] ≤ B[U ] for any U ∈ Mn,k(R).
(3) For any V,W ∈ Mn,k(R), the inequality A[V +W ] ≤ 2A[V ] + 2A[W ] holds.
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Proof. (1) If B ∈ Pn, there exists P ∈ GLn(R) such that B = tPP . Since En−tP−1AP−1 ∈ P−
n ,

all eigenvalues of tP−1AP−1 are between 0 and 1 inclusive. Therefore, detA/ detB ≤ 1 holds.
If B 6∈ Pn, we can choose a sequence {Bm} ⊂ Pn such that A ≤ Bm and Bm → B as m → ∞.
Since detA ≤ detBm, taking the limit yields detA ≤ detB.

(2) For any x ∈ Rn, A[x] ≤ B[x] holds. For y ∈ Rk, setting x = Uy gives A[Uy] ≤ B[Uy].
Thus, A[U ][y] ≤ B[U ][y] holds for all y ∈ Rk, which implies A[U ] ≤ B[U ].

(3) follows from O ≤ A[V −W ] = 2A[V ] + 2A[W ]−A[V +W ]. □

Lemma 2. Let A = (aij) ∈ Mn.

(1) If we define the constant Kn by

Kn =

(
4

π

)n(3

2

)n(n−1) (
Γ
(n
2
+ 1

))2
,

then

a11a22 · · · ann ≤ Kn detA

holds. If n = 2, then a11a22 ≤ (4/3) detA holds.
(2) For all x = t(x1, . . . , xn) ∈ Rn\{0},

n1−n

Kn
≤ A[x]

a11x21 + a22x22 + · · ·+ annx2n
≤ n

holds.

For the proof, see [1, Lecture XI §4 (14), Lecture XIII §3 (9) and Lemma 1], or [2, Chapter
IV Proposition 1].

Lemma 3. If A =

(
a b
b d

)
∈ M2, then (a/2)E2 ≤ A holds.

Proof. Let λ be the smallest eigenvalue of A. Since 4b2 ≤ a2, we have

λ =
a+ d−

√
(a− d)2 + 4b2

2
≥ a+ d−

√
d2 − 2ad+ 2a2

2
.

Letting h(t) = a+ t−
√
t2 − 2at+ 2a2, we have

h′(t) = 1− t− a√
(t− a)2 + a2

,

which implies h′(t) > 0 for t > a. Therefore,

λ ≥ h(a)

2
=

a

2

holds. Since all eigenvalues of A− (a/2)E2 are non-negative, we obtain (a/2)E2 ≤ A. □
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2. Finiteness of Boundary Conditions

The Jacobi decomposition of A ∈ P4 is expressed as

(2.1) A =

(
E2 O
tU E2

)(
A1 O
O A2

)(
E2 U
O E2

)
, U ∈ M2(R) , A1, A2 ∈ P2 .

If we write X ∈ M4,2(Z) as

X = i(Y, Z) :=

(
Y
Z

)
, Y, Z ∈ M2(Z) ,

then
det(A[X]) = det(A1[Y + UZ] +A2[Z]) .

Thus, for A ∈ P4,

A ∈ R4,2 ⇐⇒ detA1 ≤ det(A1[Y + UZ] +A2[Z]) , ∀i(Y, Z) ∈ Γ4,2 .

We choose X0 = i(Y0, Z0) ∈ Γ4,2 as

Y0 =

(
0 1
0 0

)
, Z0 =

(
1 0
0 0

)
.

Proposition 1. If A ∈ R({X0}) ∩ F4,2, then

A1[U ] ≤ 64

9
A2 and A1 ≤

64

9
A2

hold.

Proof. Let A1, A2 ∈ M2 and U ∈ M2(R)1/2 be

A1 =

(
a1 b1
b1 d1

)
, A2 =

(
a2 b2
b2 d2

)
, U =

(
u1 u2
u3 u4

)
.

In this case,
det(A[X0]) = u23 detA1 + a1a2 .

From |u3| ≤ 1/2, we have

detA1 ≤ det(A[X0]) ≤
1

4
detA1 + a1a2 .

Since 3a1d1/4 ≤ detA1 by Lemma 2(1), this gives

(2.2) d1 ≤
16

9
a2 .

It follows from Lemma 3 that

(2.3)
a2
2
||y||2 ≤ A2[y]

for any y ∈ R2. Since U ∈ M2(R)1/2, the operator norm of U satisfies

max
y ̸=0

||Uy||
||y||

≤ (u21 + u22 + u23 + u24)
1/2 ≤ 1 .

By Lemma 2(2) and (2.2), (2.3),

A1[U ][y] = A1[Uy] ≤ 2d1||Uy||2 ≤ 2d1||y||2 ≤
32

9
a2||y||2 ≤

64

9
A2[y]

holds for any y ∈ R2. Similarly,

A1[y] ≤ 2d1||y||2 ≤
32

9
a2||y||2 ≤

64

9
A2[y]



FINITENESS OF BOUNDARY CONDITIONS 5

holds for any y ∈ R2. □

When the Jacobi decomposition of A ∈ P4 is given by (2.1), we define

A◦ :=

(
A1 O
O A2

)
.

Proposition 2. Let A ∈ R({X0}) ∩ F4,2. Setting µ = 137/9, we have

µ−1A◦ ≤ A ≤ µA◦ .

In particular, this implies that

µ−2 detA◦[X] ≤ detA[X] ≤ µ2 detA◦[X]

for all X ∈ M4,2(R).

Proof. If we write x ∈ R4 as

x =

(
y
z

)
, y, z ∈ R2 ,

then

A[x] = A1[y + Uz] +A2[z] , A◦[x] = A1[y] +A2[z] .

Here, from Lemma 1(3) and Proposition 1,

A1[y + Uz] ≤ 2A1[y] + 2A1[Uz] ≤ 2A1[y] +
128

9
A2[z] .

Thus,

A[x] ≤ 2A1[y] +
128

9
A2[z] +A2[z] ≤ 2A1[y] +

137

9
A2[z] ≤

137

9
A◦[x]

holds for any x ∈ R4, and hence

A ≤ 137

9
A◦ .

From Lemma 1 (1) and (2),

detA[X] ≤
(
137

9

)2

detA◦[X]

holds for any X ∈ M4,2(R). Also, from Lemma 1(3),

A1[y] = A1[(y + Uz)− Uz] ≤ 2A1[y + Uz] + 2A1[Uz] .

Combining this with Proposition 1 gives

A◦[x] = A1[y] +A2[z] ≤ 2A1[y + Uz] + 2A1[Uz] +A2[z]

≤ 2A1[y + Uz] +
137

9
A2[z]

≤ 137

9
A[x]

for any x ∈ R4, which implies

A◦ ≤ 137

9
A .

□
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Letting µ = 137/9 and ν = 64/9, we define

ρ := µ
√

1 + ν + ν2 =
959

√
97

81
= 116.606 · · · .

We consider the standard inner product with respect to the basis {ei ∧ ej | 1 ≤ i < j ≤ 4} of∧2R4. Let Bρ be the ball of radius ρ centered at the origin in
∧2R4. If we define a subset S0

of ∆4,2 by

S0 := {X ∈ ∆4,2 | there exists A ∈ R({X0}) ∩ F4,2 such that detA[X] < detA1} ,

then the following holds:

Proposition 3. For X = (x1,x2) ∈ Γ4,2, let wX = x1∧x2 ∈
∧2 Z4. If X ∈ S0, then wX ∈ Bρ.

Proof. Let X ∈ S0. By definition, there exists some A ∈ R({X0}) ∩ F4,2 such that

detA[X] < detA1 .

From Proposition 2,

(2.4) µ−2 detA◦[X] < detA1

holds. Assuming A has the Jacobi decomposition (2.1), we use the same notation as in the proof
of Proposition 1. Writing X = i(Y, Z), we have

A◦[X] = A1[Y ] +A2[Z] .

Since A2[Z] ≤ A◦[X], Lemma 1(1) implies

detA2 · (detZ)2 = detA2[Z] ≤ detA◦[X] .

By (2.4),

detA2 · (detZ)2 < µ2 detA1 .

Since detA1 ≤ ν2 detA2 by Proposition 1, we have

detA2 · (detZ)2 < µ2ν2 detA2 .

Thus,

(2.5) (detZ)2 < µ2ν2

holds. Similarly, since A1[Y ] ≤ A◦[X], Lemma 1(1) yields

detA1 · (detY )2 = detA1[Y ] ≤ detA◦[X] < µ2 detA1 .

Hence,

(2.6) (detY )2 < µ2

holds. From Lemma 3, we have A1 ≥ (a1/2)E2 and A2 ≥ (a2/2)E2, so

A◦[X] = A1[Y ] +A2[Z] ≥ a1
2

tY Y +
a2
2

tZZ .

Taking the determinants of both sides, Lemma 1(1) yields

detA◦[X] ≥ det
(a1
2

tY Y +
a2
2

tZZ
)
.



FINITENESS OF BOUNDARY CONDITIONS 7

Here, if we write Y = (y1,y2) = (yij) and Z = (z1, z2) = (zij), then

det
(a1
2

tY Y +
a2
2

tZZ
)

=
(a1
2
||y1||2 +

a2
2
||z1||2

)(a1
2
||y2||2 +

a2
2
||z2||2

)
−
(a1
2
y1 · y2 +

a2
2
z1 · z2

)2

=
a21
4

(
||y1||2||y2||2 − (y1 · y2)

2
)
+

a22
4

(
||z1||2||z2||2 − (z1 · z2)

2
)

+
a1a2
4

(
||y1||2||z2||2 + ||y2||2||z1||2 − 2(y1 · y2)(z1 · z2)

)
=

a21
4
(detY )2 +

a22
4
(detZ)2 +

a1a2
4

2∑
i,j=1

(yi1zj2 − yi2zj1)
2 .

On the other hand, using (2.2), (2.4), and detA1 ≤ a1d1 from A1 ∈ M2, we have

detA◦[X] < µ2 detA1 ≤ µ2a1d1 ≤
16

9
µ2a1a2 .

Therefore,

a21
4
(detY )2 +

a22
4
(detZ)2 +

a1a2
4

2∑
i,j=1

(yi1zj2 − yi2zj1)
2 <

16

9
µ2a1a2 .

From this, we obtain

(2.7)

2∑
i,j=1

(yi1zj2 − yi2zj1)
2 <

64

9
µ2 = µ2ν .

Since the wedge product corresponding to X = (x1,x2) is

wX = x1 ∧ x2 =

(
y1

z1

)
∧
(
y2

z2

)
∈

2∧
Z4 ,

we have from (2.5), (2.6), and (2.7) that

||wX ||2 = (detY )2 + (detZ)2 +
2∑

i,j=1

(yi1zj2 − yi2zj1)
2 < µ2 + µ2ν2 + µ2ν .

This shows that wX ∈ Bρ when X ∈ S0. □

We prove the main theorem. Since
∧2 Z4 is a lattice in

∧2R4, the intersection
∧2 Z4 ∩Bρ is

a finite set. Since the map

Γ4,2/Γ2 −→
2∧
Z4/{±1} : XΓ2 7→ ±wX

is injective, the set

{X ∈ ∆4,2 | wX ∈ Bρ}

is finite. Thus, S0 is a finite set. If we set S = S0 ∪ {X0}, then R4,2 ∩ F4,2 = R(S) ∩ F4,2 holds.
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