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CHAPTER 1

Introduction

1.1. Notation, terminology and convention

Throughout the book, we fix a base field k. We denote by L a field extension
of k unless otherwise noted.

We assume that all schemes are separated.

By a k-variety, we mean an integral scheme of finite type over k.

By a ring, we mean a unital commutative ring unless otherwise noted.

For a ring R, we denote by R[t] (resp. R(t)) the ring of formal power series
(resp. Laurent power series) with coefficients in R. Note that for a domain R, R({)
is not generally the same as the fraction field of R[¢]; this is different from some
authors’ notation.

For a morphism f: Y — X of schemes and an ideal sheaf 7 C Ox, we denote
by f~!Z the pullback of Z as an ideal sheaf, which was denoted by f~'Z - Oy or
7 - Oy in [Har77, p. 163]. When X is an affine scheme Spec R, we often identify
f~'Z with the corresponding ideal of R.

For a k-scheme X, a k-algebra R and a subset C C X, we denote by C(R) the
subset of X (R) consisting of R-points Spec R — X with image contained in C.



CHAPTER 2

The Grothendieck ring of varieties and realization
maps

2.1. The Grothendieck ring of varieties

Motivic integration take values in the complete Grothendieck ring of varieties,
denoted by My, or a variant of it. Elements of this ring is considered as a toy
version of motives that Grothendieck devised in order to unify various cohomology
theories.

DEFINITION 2.1.1. We define the Grothendieck ring of k-varieties, denoted by
Ko(Vary), to be the quotient group of the free abelian group @ Z{X} generated
by isomorphism classes { X'} of k-schemes of finite type modulo the scissor relation:
if Y is a closed subscheme of X, then

{X}={v}+{x\Y}
Namely we take the quotient of @ Z{X} by the submodule generated by the ele-

ments of the form
{X} —{Y} - {X\V}

The multiplication on the additive group Ko(Vary) is given by
(X} (Y} = (X %, V]

By abuse of terminology, we call the class {X} of a k-scheme X in Ky(Vary) the
motive of X and denote it sometimes by M(X) (but more often keep using the
notation {X}).

REMARK 2.1.2. It is more common to denote the class of a scheme X in
Ko(Vary) by [X] rather than {X}. We reserve the brackets [-] to denote quotient
stacks.

It is easy to see that Kog(Vary) becomes a commutative ring. The identities for
addition and multiplication are respectively 0 = {0} and 1 = {Speck}.

The scissor relation in particular shows that the class {X} of a scheme X in
Ko(Vary) is independent of the scheme structure of X. Namely we have {X} =
{Xrea} with X4 the associated reduced scheme of X. Therefore, for a locally closed
subset C of a scheme X of finite type, the class {C'} € Ko(Vary) is well-defined.

LEMMA 2.1.3. If a scheme X of finite type is the disjoint union of locally closed
subsets C; C X, 1 <i<n, then {X} =" {C;}.

PRrROOF. The proof is by Noetherian induction on the pair
p(X) := (dim X, the number of irreducible components of X) € N?.

Here N? is given the lexicographic order. Thus we need to show the lemma for a
given X, assuming that the lemma holds for every scheme X’ with p(X’) < p(X).

7
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First consider the case where X is reducible. Let X; C X be an irreducible
component and Xy C X its complement. From the scissor relation, {X} = {X;} +
{X2}. Let C;; == C;NX; for 1 <i<nandj= 1,2, which are locally closed
subsets of X;. Since p(X;) < p(X), we have {X,} = > {C;;}. We also have
{Ci} ={Ci1} +{Ci2} from the scissor relation. Thus

(X} = (X1} + {X2} = S{Cis} = SHC}
%7 Q

Next consider the case where X is irreducible. Each C; is written as the in-
tersection Y N U of a closed subset Y and an open subset U. If C; contains the
generic point, then the closed subset Y is the whole variety X and C; = U. Thus
exactly one of C;’s, say C, is an open dense subset of X. From the scissor relation,
{X} ={C1} +{X \ C1}. Since p(X \ C1) < p(X), we have {X \ C1} = > I ,{C;}.
Thus

{(Xp={C} +{X\Ci} ={Ci} + Z{Ci} = Z{Ci}~
O

REMARK 2.1.4. Every k-scheme X of finite type is the disjoint union of finitely
many integral subschemes X; C X. It follows that Ko(Vary) is in fact generated
by the classes of k-varieties. Similarly we get the same ring if we use k-varieties in
Definition [2.1.1] instead of k-schemes of finite type.

DEFINITION 2.1.5. Let X be a k-scheme of finite type. For a locally closed
subset C' C X, we can define {C} € Ky(Vary) by giving any scheme structure
to C. A subset C C X is said to be constructible if there exists a decomposition
C = |, C; into finitely many locally closed subsets C;. For such a C, we define an
element {C'} € Ko(Vary) to be > .{C;}.

LEMMA 2.1.6. The class {C} € Ko(Vary) of a constructible subset C is well-
defined.

PROOF. Let C' = | |;C; and C = | |; C; be decompositions by finitely many
locally closed subsets. If we put C; ; := C;NC}, then C; = |_|j Cijand Cj = ||, Cy ;.
By Lemma [2.1.3] {Ci} = 37 {Ci;} and {C}} = ||,{Ci;}. Thus

Z{Cz'} = Z{Ci,j} = Z{Cy‘}-
O

DEFINITION 2.1.7. We denote the element {A}} € Ko(Vary) associated to an
affine line A} by L.
ExaMPLE 2.1.8. In Ko(Vary), we have
{Gp i}t =L-1,
{AR} =1L",
PPy =L"+L" 4. 4 1.
The first equality follows from the scissor relation. The second one follows from the

definition of multiplication. The third one follows from the scissor relation and the
decomposition P} = A} L Az_l U---USpeck.
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EXAMPLE 2.1.9. For a vector bundle V' — X of rank r, we have {V} = {X}L".
Indeed, there exists a stratification X = | | X; into locally closed subsets such that
for each 4, V|x, = X; x A}. Thus

(V=2 VIx} =3 (X < A} = D {7 = (XL

The following compactness property of constructible subsets is useful and will
be used without explicit mention.

LEMMA 2.1.10. Let X be a k-scheme of finite type and let C and C;, i € I be
constructible subsets of X. If C C |J;c; Ci, then there exists a finite subset I' C I
such that C C ;¢ Ci. In particular, if C = | |;c; C; is a stratification of C, then
1 is finite.

i€l

PROOF. The proof is by induction. If dim C < 0, then C has at most finitely
many points and the lemma holds. When dim C' > 0, then we take a finite set Iy C I
such that every point of C' of maximum dimension is contained in some Cj, ¢ € I
(there are only finitely many points of maximum dimension). Then C'\ U, Ci
has less dimension than C. By induction hypothesis, there exists a finite subset
Iy C I such that C'\ U,¢;, Ci C Ujep, Ci- We can take the desired finite set I” to
be IO ] Il. |

2.2. Realization maps

The ring Ko(Vary) is huge and it is convenient to have maps from it to simpler
rings such as polynomial rings or the ring of integers. We call such maps realization
maps or simply realizations. We can associate a realization map to each generalized
Euler characteristic.

DEFINITION 2.2.1. Let R be a ring and let Vary be the category of k-varieties.
A map x: Vary — R is called a generalized Euler characteristic if the following
conditions hold:
(1) Y is a closed subvariety of X, then x(X) = x(Y) +x(X \Y).
(2) For two varieties X and Y, we have x(X %, Y) = x(X)x(Y).

For a generalized Euler characteristic y, from the first condition and the def-
inition of Ko(Varg), we have a unique group homomorphism x’: Ko(Vary) — R
making the following diagram commutative.

Var;, M. Ko(Vary)

X lx'

R

The second condition then shows that x’ is a ring homomorphism. Namely the
natural map

M: Var;, — Ko(Varg), X — M(X) = {X}
is the universal generalized Euler characteristic. We will usually denote the induced
realization x’ by the same symbol as the original map Y.

REMARK 2.2.2. We can define x(C) for a constructible subset C' of a k-scheme
of finite type in the same way as defining {C'}.
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ExaMPLE 2.2.3. If k is a finite field, then the point counting map
f: Var, —» Z, X — X (k)

is a generalized Euler characteristic. Therefore we get the corresponding realization
map f: Ko(Vary) — Z. For each r € Z~(, we also have the generalized Euler
characteristic

f,: Vary — Z, X — §X(k,)

with &, /k the extension of degree r and get a realization f,: Ko(Vary) — Z.

EXAMPLE 2.2.4. For a C-variety X, the topological Euler characteristic eyop(X) €
Z is given by
erop(X) := Y (—1)" dimg H(X(C), Q),

where H (X (C),Q) are singular cohomology groups of X(C) (given with the an-
alytic topology) with compact support. For an arbitrary field k&, we can similarly
define eyop (X)), using I-adic cohomology groups H:(X @ k%P, Q;) instead. Here [ is
the prime number different from the characteristic of k. It is known that the defini-
tion using l-adic cohomology is independent of the choice of | |[Nic11, pp. 198-199|
and gives the same value as the one defined in terms of singular cohomology. If
X is smooth, then from the Poincaré duality, we may use the usual cohomology
H' rather than the one with compact support. The map etop: Vary — 7Zis a
generalized Euler characteristic.

EXAMPLE 2.2.5. The Poincaré polynomial of a smooth proper k-variety X is

defined to be
P(X) = P(X;t) := Y (~1)'b:(X)t" € Z[t],

where b;(X) denotes the i-th Betti number dimg, H (X @}, k*P, Q;) for l-adic coho-
mology, which is known to be independent of I. There exists a (necessarily unique)
generalized Euler characteristic P: Var, — Z[t] such that for smooth proper X,
P{X}) = P(X) (see [Nicll, Appendix]). When k is a finitely generated field,
we can express P(X) for a general (not necessarily smooth or proper) variety X in
terms of weight filtration on H (X ®j k%P, Q;).

EXAMPLE 2.2.6. If k£ is a subfield of C, we can also define the FE-polynomial
(also called the Hodge-Deligne polynomial), denoted by E(X) = E(X; u,v) € Z[u, v]
such that if X is smooth and proper, then

B(X5u,0) = 3 (~1)7HhP9(X (C))uPo,
D,qEZL
where h?'? are Hodge numbers. In the general case, E(X) can be expressed in terms

of the mixed Hodge structure on H.(X(C),Q). The map E: Var, — Z[u,v] is a
generalized Euler characteristic.

LEMMA 2.2.7 (Properties of P(X) and E(X)). Let X be a k-scheme of fi-
nite type. In the following assertions, those equalities and statements involving
E-polynomials are restricted to the case k C C.

(1) WehaveP(X;1) = eiop(X), E(X;t,t) = P(X;t) and E(X;1,1) = eyop(X).
(2) We have dim X = (degP(X))/2 and dim X = (degE(X))/2, with the
convention dim () = deg0 = —oo.
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(3) If X # 0, then the coefficient of T>4™X in P(X) is equal to the number
of irreducible components of X Qi k*°P of mazximal dimension dim X .

(4) If X # 0, then the coefficient of (uv) ™ X in E(X) is equal to the number
of irreducible components of X ®y, k*°P of dimension dim X and this term
is the only term of degree 2dim X.

(5) If X is smooth and proper, then P(X) and E(X) satisfy the Poincaré
duality, that is, the following functional equations hold;

P(X;tm X = P(X; 1),
E(X;u o ) (uww)? 9™ X = B(X;u,v).

SKETCH OF PROOF. (1) The first equality follows from the definitions of e
and P. The second one follows from the Hodge decomposition of cohomology
groups. The first two equalities imply the last.

(2), (3) and (4) We sketch the proof only when k has characteristic zero.
See |Niclll Prop. 8.7] for the general case. If X is smooth and proper, then
the assertions are clear. From the additivity of P(X), by compactification and
resolution, we can write

P(X)=PX')-P(Y)
where X’ is smooth and proper and Y is of dimension < dim X. The assertions for
P(X) follows by induction. Similarly for E(X).

(5) From the usual Poincaré duality, we have the following equalities of Betti

numbers and Hodge numbers

bi = byg_; and hP? = p37P4=9 (4 := dim X),
which show the assertion. O

EXAMPLE 2.2.8. We can construct a realization map from “nice” cohomology
functors with compact support

H.: Vary — A,

where A is some abelian category having tensor products. The Grothendieck ring
of A, denoted Ko(A), is the quotient of the free Z-module @ Z{M} generated by
isomorphism classes { M} of objects modulo the submodule generated by elements
{My} — {Ms} 4+ { M3} for all short exact sequences

0— My — My — Mz — 0.
The product on Ko(A) is given by {M}{N} = {M ® N}. Let us define
x: Var, — Ko(A)

by x(X) := S(=1)*{H.(X)}. For a k-variety X and a closed subvariety Y C X,
we have the long exact sequence,

s HY(X\Y) - HY(X) 5 HY(Y) - HPY(X\Y) = -

This and the Kiinneth formula show that x is a generalized Euler characteristic.
If k = C, we can put A = MHS, the category of mixed Hodge structures say
over Q and Hy(X) = H.(X(C),Q) and get a generalize Euler characteristic

XHodge: Varc — Ko(MHS).

For an arbitrary k, we denote by & the absolute Galois group of k. We may
take A = Rep,;(®y,), the category of continuous representations over Q; with [ a
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prime number different from the characteristic of k. Using the étale cohomology
groups H (X)) = H (X @ k°°P,Q;), we get a generalized Euler characteristic

xi: Var, — Ko(Rep;(Bg)).
If k is finite, we have the well-define map
or: Ko(Rep (&) = Q, {V}— Te(EF7V),

where F' is the geometric Frobenius action. From the Grothendieck-Lefschetz trace
formula |[Mil80} Th. 13.4], we have the commutative diagram.

Ko(Vary) —" > 7,

|

Ko(Rep, (&) ——Q

r

LEMMA 2.2.9. If k is a finite field, then for every positive integer r, the map
f,.: Vary — Z factors through ;.

ExAMPLE 2.2.10. When k has characteristic zero, there exists a realization
map Ko(Varg) — Ko(CHMy) to the Grothendieck ring of Chow motives, which
follows from results of [GS96L|GNAO02].

2.3. The localization M

DEFINITION 2.3.1. We define My, to be the localization Ko(Vary)[L™!] of
Ko(Vary) by L. An effective element of My, is an element of the form {X}L"
with X a k-scheme of finite type and n a (possibly negative) integer.

We will need effective elements with negative exponent n when defining the
motivic measure on an arc space. As a group, My, is generated by effective elements.

REMARK 2.3.2. If a realization map x: Ko(Vary) — R sends L to an invertible
element, then it uniquely extends to a map M — R, which we keep denoting by
the same symbol, say x in this case.

LEMMA 2.3.3. We have:
; —d | = 2d
(A, Q) ¢ 21220
0 (1 # 2d)
Similarly, when k = C, we have:
Q-d) (i = 2d)
0 (i # 2d)

PrOOF. From [MRO73| XV, Cor. 2.2 |, we have:

H;(C%, Q) = {

Q (=0
0 (i#£0)
When k& = C, similar isomorphisms for singular cohomology follow from the fact

that C? is contractible. The lemma follows from the Poincaré duality [Mil80, Cor.
11.2|, [PS0O8|, Th. 6.23 and Cor. B.25]. O

H! (Afep, Q) = HE(Spec k*°P, Q) = {
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ExaMPLE 2.3.4. The above lemma shows
etop(A,lg) =1, P(A,lc) =12, E(Aé) = uv,
xi(Ap) = {Qi(=1)}, XHodge = {Q(—1)}.

From Remark the topological Euler characteristic realization eqop: Ko(Vary) —
Z (Example [2.2.4)) uniquely extends to a map

€top: My = Z.
As for the Poincaré polynomial realization, we may extend the target ring Z[t] to
Z[tF] to get
P: M, — Z[t%].
Similarly, from the E-polynomial realization, we induce a map
E: Mc — Z[u*,v¥].
Realizations XHodge and xe send LL to an invertible element and induce
XHodge : Mc — Ko(MHS),
Xi: My — Ko(Rep;(8x))
respectively. When k is a finite field, then the maps f, extends to
fr: My — Q.

2.4. The completion /\//\lk

We will need to consider infinite sums of effective elements and discuss their
convergence. For this purpose, we define a completion of M}, and get a topological
ring.

DEFINITION 2.4.1. The dimension of an effective element {X }L" is defined by
dim{X}L" := dim X + n.

LEMMA 2.4.2. The dimension of an effective element is independent of the
choice of its expression as { X }L™.

PRrROOF. From Lemma for an effective element o = { X }L",
1 1
dima =dim X +n = B degP(X)+n= B deg P(a).
The last term is clearly independent of the choice of the expression. [

DEFINITION 2.4.3. For m € Z, we define F,, C M} to be the subgroup gen-
erated by effective elements of dimension < —m. We get a descending filtration
{Fmn}mez such that F,,F, C F,i, and a projective system of abelian groups
{My./Fn}mez. We define the complete Grothendieck ring of k-varieties to be the
projective limit

M\k = ILan/Fm

This becomes a complete topological ring as follows. We give the discrete
topologies to My /F,,, and the limit topology to M\k, which makes M, k @ complete
topological group. If we define ﬁm to be the projective limit of {F,,/Fy}n, then
{ﬁm}m is a fundamental system of open neighborhoods of 0. Since F,,, F,, C Fp,1p,
for two elements (ay,)mez and (Bp)mez of /\//Yk with ay,, B € My /Fy, products
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QB are well-defined as elements of My /F,,2. Thus the sequence (@ Bm)mez

defines an element of M\k. We define the product of (v, )mez and (Bm)mez to be
this element.

DEFINITION 2.4.4. The image of an effective element {X}L"™ € M, is again
called an effective element and denoted by { X }L™.

In ./\7 k, an effective element of dimension n belongs to ﬁ,n. Therefore a series
(otn)n>0 of effective elements with dim o, — —oo converges to 0 and the infinite

sum » oy, converges to some element in Mj. More generally:

DEFINITION 2.4.5. Let a; € M\k, i € I be effective elements indexed by a
countable set. We say that the sum ), ; a; converges if for every integer m, there
are at most finitely many «; of dimension > m. We call the element given by a
convergent sum »_,; o; a pseudo-effective element. We define its dimension to be
max{dim c;}. When the sum ), ; o; does not converge, we say that it diverges.
If it is the case, we formally put ), ; a; := oo.

Thus a countable sum Y _._; o, of effective elements always give an element of

i€l
My U{oo}. Then we can generalize all these to countable sums of pseudo-effective
elements as follows:

DEFINITION 2.4.6. Let «a; € M\k, i € I be pseudo-effective elements indexed
by a countable set. We say that the sum »,_; a; converges if for every integer m,
there are at most finitely many «;’s of dimension > m. If it is the case, we define
the element ), ;o € ./\//\lk in the obvious way. Otherwise we say that the sum
diverges and we put ), o 1= 00.

Divergent sums don’t give an element of M k- When an infinite sum of pseudo-
effective elements diverges, it is sometimes useful to classify them depending on
how “large” infinities they are.

DEFINITION 2.4.7. For a (not necessarily convergent) countable sum >, _; a;
of pseudo-effective elements, we define its dimension to be sup{dim «;} € ZU {o0}.
If the sum diverges and has dimension d, then we write
Z a; = 004,
i€l
We say that the sum is dimensionally bounded if it has finite dimension.

If we write {004} := {0og4 | d € ZU {oo}}, a countable sum } . _; a; of pseudo-
effective elements thus defines an element of

M, U {o0,},
which refines the one defined in M U {o0}.
The following lemma will be used to show that motivic integrals are well-defined
in My, U {oo.}.
LEMMA 2.4.8. Let I be an at most countable set. For eachi € I, let B;5, j € J;
be at most countably many pseudo-effective elements such that a; = ZjeJi Bij
converges (note that this is automatic if J; is finite). Then

Z%‘: Z Bij in My, U {00, }.

i€l iel,jed;
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In particular, one side converges (resp. dimensionally bounded) if and only if so
does the other side.

PROOF. Since dim a; = max{dim 3;; | j € J;}, we have that

sup dim a; = sup dim f3;;.
i @7
Therefore ) «; is dimensionally bounded if and only if so does ) 5;;.

Let m € Z. If there are at most finitely many 3;;’s of dimension > m, then
there are at most finitely many «a;’s of dimension > m. Conversely suppose that
I, :=={i €I |dima; > m} is a finite set. For ¢ € I'\ I,;,, we have dim j3;; < m. For
1 € I,,, since ZjeJi Bi; converges, J; ., = {j € J; | dimB;; > m} is a finite set.
Therefore

i€l
which is a finite set. In conclusion, there are at most finitely many (;;’s of dimension
> m if and only if there are at most finitely many «;’s of dimension > m. We have
proved that > «; converges if and only if so does ) f;;.

The equality sup, dima; = sup, ;dim f;; now shows the equality Yo =
Zi, j Bi; when these sums diverge. It remains to show that when they converge,
their limits are the same. This holds because the two sums reduce to the same
finite sum modulo F,, for every m € Z. O

2.5. Realization maps from M\k

We can extend some of realization maps discussed above further from My to

M\k by completing the target ring with respect to a filtration compatible the one
of ./\/lk.

ExXAMPLE 2.5.1. Consider the Poincaré polynomial realization P: Mj, — Z[t*]
(see Examples and [2.3.4]). The ring of Laurent power series

Z(t') = {Zaiti |a; € Z, a; =0 (i > 0)}
ieZ
is the completion of Z[t*] with respect to the descending filtration { F,, },ez, where
F,, := t7™Z[t"], the subgroup of Laurent polynomials of degree < —m. Since
P(F,,) C F_op, the above realization map induces the map between the comple-
tions,
P: My, — Z(t™Y).

Similarly, if ¥ = C, we can extend the E-polynomial realization (see Examples
and [2.3.4) to get
E: M, — Zu " 0.

EXAMPLE 2.5.2. We can extend Xmodge: Mc — Ko(MHS) as follows. For
m € Z, we define F,,, C Ko(MHS) to be the subgroup generated by mixed Hodge
structures of weight < —m. We then define the completion

—

Ko(MHS) := lim Ko(MHS) /F,.
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This has a natural ring structure of ring like M\C. Since XHodge(Fm) C Fam, the
above map XHodge induces

XHodge * ./T/l\(c — I/(B(MHS)

For a finitely generated field k, there exists a full abelian subcategory mRep, (&) C
Rep;(By) of mized representations, which are equipped with weight filtration. As
in the case of mixed Hodge structures, we can define the completion I/(B(mRepl (B))
of the Grothendieck ring Ko(mRep;(®;)) and extend the realization map x; to

Xi: M\k — If{B(mRePl(ﬁk))'

As was already noted, motivic integration take values in M k Or some variant
of it. As a special and important case, if we integral the constant function 1 on the
whole arc space of a smooth variety X, we get the value M(X) = {X} in M\k. It is
essential to know what information on X can be extracted from this value. Firstly
we can use realization maps P and E to extract some numerical data.

PROPOSITION 2.5.3. Let X and Y be k-varieties such that {X} = {Y} in M.

(1) We have P(X) = P(X) and eiop(X) = e4op(Y).

(2) If k =C, we also have E(X) = E(Y).

(3) If k is a finite field and if k. /k is the degree r extension, then §X (k) =
Y (k).

(4) If X andY are smooth and proper, then they have the same Betti numbers
(either for the l-adic cohomology or the singular cohomology in the case
k C C): for everyi € Z, b;(X) = b,(Y).

(5) If X andY are smooth and proper and if k = C, then they have the same
Hodge numbers: for every p,q € Z, h9(X) = h»1(Y).

PROOF. (1) The equality P(X) = P(Y) is obtained by sending {X} = {Y} by
the map P: My, — Z(t1). Note that since the completion map Z[t¥] — Z({t~1) is
injective, having P(X) = P(Y) in Z(t™!) is equivalent to having the same equality
in Z[t*]. The other equality follows by substituting 1 for t;

etop(X) = P(X7 1) = P(Yv 1) = etop(Y)'

(2) We can use the realization map E: My, — Z(u~!,v~1) to deduce this
assertion. .

(3) Since Ko(mRep;(8;)) — Ko(mRep,;(&y)) is injective [Yas06, p. 728|,
we get equalities xet(X) = xet(Y) in Ko(mRep;(®y)). From the commutative
diagram at the end of Example [2.2.8]

X (kr) = 8 ({X}) = 8- ({Y}) = 8V (ky).

(4) When X is smooth and proper, the Poincaré polynomial is just the gener-
ating function of Betti numbers. The assertion follows from P(X) = P(Y).

(5) Similarly, the E-polynomial is the generating function of Hodge numbers in
the smooth and proper case. The equality E(X) = E(Y) implies the assertion. O

PROPOSITION 2.5.4. Let X and Y be smooth and proper k-varieties such that
{X} ={Y} in M.
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(1) Ifk is finitely generated, then we have isomorphisms of &y -representations
HZ(X Rk k,sep’ Ql)ss o~ HZ(Y Rk ksep’ Ql)ss~

Here the superscript ss means the semi-simplification.
(2) If k = C, then we have isomorphisms of Hodge structures

H'(X(C),Q) = H'(Y(C),Q) (i€ Z).

SKETCH OF PROOF. Since the maps Ko(mRep;(6;)) — I/(\o(mRepl(Qﬁk)) and
Ko(MHS) — I/{\O(MHS) are injective [Yas06, p. 728|, we get equalities x;(X) =
X1(Y) and Xmodge(X) = XHodge(Y) respectively in the non-complete Grothendieck
ring. Since cohomology groups H' have pure weight 2i, we can deduce degree-
wise equalities {H'(X)} = {H'(Y)}. In general, the equality {M} = {N} in the
Grothendieck group of an abelian category implies an isomorphism M = N3 of
semi-simplifications. The first assertion now follows. For the second assertion, the
Hodge structure on H (X (C), Q) is polarizable and hence semi-simple [PS08, Cor.
2.12]. (The polarizability is well-known when X is projective. In the general case,
we can apply Chow’s lemma to embed cohomology groups into ones of a smooth
projective variety.) Thus the semi-simplification does not change Hodge structures
on cohomology groups. O

2.6. Piecewise trivial A"-bundles

DEFINITION 2.6.1. Let f: W — V be a morphism of k-schemes of finite type.
Let D ¢ W and C' C V be constructible subsets with f(D) C C. We say that
the induced map f|p: D — C is a piecewise trivial A"-bundle if there exists a
stratification C' = |_|§:1 C; by locally closed subsets C; C V such that for each ¢,
(flp)~1(C;) € W is a locally closed subset and C;-isomorphic to A2 = AL %3, C;
with the reduced structures on C; and (f|p)~1(C;).

LEMMA 2.6.2. With the above notation, if flp: D — C is a piecewise trivial
A™-bundle, then {D} = {C}L™.

PROOF. Let C' =| |, C; be as above. Then

Dy = 1)y = e = (u oi> L — (L.
O

The following lemma is useful to show that some map of constructible subsets
is a piecewise trivial A”-bundle.

LEMMA 2.6.3. We keep the above notation. Suppose that for every point c € C,
(fIp)~t(c) is a closed subset of the scheme-theoretic fiber f~1(c). Then there exists
a (necessarily finite) stratification C = | | C; into locally closed subsets C; C'V such
that (f|p)~1(C;) are locally closed subsets of W .

PROOF. Let n € C be a point of maximal dimension and let E be the Zariski
closure of (f|p)~1'(n) in W. The sets D and E coincide when restricted to f~(n).
Therefore there exists a locally closed subset C’ C V such that n € C' C C and
such that D and E coincide when restricted to (f|p)~1(C’). In particular, f=*(C")
is a locally closed subset of W. It is now easy to show the lemma by induction on
the dimension and the number of points of maximal dimension. (Il



CHAPTER 3

Jet schemes and arc schemes

The type of motivic integration that we discuss mainly in this book is integra-
tion over arc spaces of varieties. Arc spaces are constructed as limits of jet schemes.
To define measures on arc spaces, we need properties of truncation maps between
jet schemes. Throughout the chapter, X and Y denote k-schemes of finite type.

3.1. Notation of power series rings, formal disks, etc.

For a k-algebra R, we denote by R[t] the ring of formal power series with
coefficients in R and by R(t) the localization R[t]; by ¢, that is, the ring of Laurent
power series with coefficients in R. In particular, if L is a field, L(t) is also a
field. We define Dy := Spec R[[t] and call it the formal disk over R. If R is an
algebraically closed field, we call it also a geometric formal disk. For n € Z>q,
we put Dg,, := Spec R[t]/(t"™!) = Spec R[t]/(t"™!). Sometimes, following the
convention t*° = 0, we write Dgr = Dg .

3.2. Jets

DEFINITION 3.2.1. Let n € Z>o and let R be a k-algebra. An n-jet of X owver
R is a k-morphism Dgr,, — X. A geometric n-jet of X is an n-jet of X over an
algebraically closed field.

A geometric O-jet is just a geometric point and a geometric 1-jet is a Zariski
tangent vector (over some algebraically closed field).

REMARK 3.2.2. In the context of complex analytic spaces, if X = C%, then
a morphism (C,0) — X from the germ of C at the origin is given by a tuple
(h1,...,hq) of convergent power series h;. Considering an n-jet of X amounts to
looking only at the terms of h; of degree < n by ignoring the terms of degree > n.

DEFINITION 3.2.3. An n-th jet scheme of X, denoted by J, X, is (a k-scheme
representing) the functor:

(A, — Set
Spec R — Homgen, (Dg,n, X)

For a morphism f: Y — X of k-schemes, we denote the induced morphism J,, Y —
Jn X by fr.

Here we follow the usual convention of identifying a scheme with the associated
functor (Aff;)°? — Set (for instance, [EHOO0, VI|). As we will see shortly in
Proposition the functor J,, X is indeed representable by a scheme.

LEMMA 3.2.4. We have an isomorphism
Jn(Ad) = AZ(”H) = Speck‘[mz(»j) |1<i<d,0<j<n)]

18
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such that an R-point (TZQ)) € AZ(H-H)(R) corresponds to the n-jet:
Dp,n = Spec R[]/ (1" 1) — A}
rz(o) + rgl)t + .t rz(n)t" T
ProOF. We have the following one-to-one correspondences, which are functo-
rial in R:

(Jn AY)(Spec R) «» Homayg, (k[z1, ..., z4], R[t]/(t"T))
o (Blt]/ ()™

o R@d(nJrl)

~ AZ("H) (Spec R).

Therefore there is an isomorphism J,,(A{) AZ("H) which induces the correspon-
dence of the lemma between points of AZ("H) and n-jets. O

Let us write k[x@] = k[acgj) |1 <i<d,0<j<n|. Thelemma in particular
shows that the universal n-jet
u: (J, AY) x Speck[t]/(t"T1) — A
is given by:
Spec k[zT[t]/(£"+) — Af
2O a2

LEMMA 3.2.5. For a closed subscheme X = V(fi,...,f1) C A%, we define
FO ekl 1< <, 0<j<n) by

w(fr) = At (@), .. ut(wa) = FO + FOt 44 P,

where u is the universal n-jet. Then the isomorphism J,(A¢) = Az(nﬂ) of Lemma
[5:2]) induces the isomorphism of subschemes,

I X2V(FY [1<A<,0<j<n).

PROOF. Let v be an n-jet of A¢ over R and let (rl(j))m € AZ("H)(R) be the
corresponding point. We have
Y (f2)
= (" (@), -7 (za)

= fx(rgo) + T%l)t + 4 rgn)t", . ,réo) + r((il)t + et r((i")t”)

= FO@) + FO @)+ B ),
Therefore the following conditions are equivalent:
(1) The n-jet v gives an n-jet of X.
(2) For every A, v*(fx) = 0.
(3) For every A and j, F)(\j)(n(k*)) = 0.
(4) The point (r**)) lies in the subscheme defined by F)(\j)’s.

This shows that the isomorphism J,, (A{) = AZ("H) restricts to the isomorphism of
the lemma of subfunctors. O
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EXAMPLE 3.2.6. Consider the plane curve X = V(y* + 2®) C A?. Then
w*(f) :(y(o) + y(l)t et y(n)t")Q + (:C(O) 444 x(”)t")?’
—(y©)2 4 (2(@)3 (zy(my(l) 4 3(1;(0))21;(1)) "
n (2y<o>y<2> + (y )2 4 3(z()2@ 4 336(0)(33(1))2) 24
Thus J; X is the closed subscheme of A} with coordinates z(?), (1) y(©) (1) defined
by
(y(O))2 + (x(O))B = 2¢Oy 4 3(36(0))256(1) =0
and Jo X is the closed subscheme of Ag with coordinates z(?), 21, (2 y(0) 1) 4(2)
defined by
(y(o))2 + (x(o))s = 2¢Oy 4 3(:0(0))230(1)
=2y y@ 4 (y1)2 1 3(2(9)22@ 4 320 (V)2 = 0,
We have the morphism J, X — X such that for each k-algebra R, the map
(Jn X)(R) = X (R) sends an n-jet Dg ,, — X to the R-point
Spec R = Dgr, — X.

LEMMA 3.2.7. Let f: Y — X be an étale morphism (e.g. an open immersion,).
Then we have a natural isomorphism of functors (Affy)°P — Set,

LY =(J,X)xxY.

PRrROOF. Giving an R-point of the right side is equivalent to giving a commu-
tative diagram of solid arrows with the vertical arrows given:

SpecR ——=Y

1
s
- f
s
s

Dry —X

From the formal étaleness (for definition, see |[Gro67, Def. 17.1.1]) of f, this is in
turn equivalent to giving the dashed arrow, that is, an R-point of the left side of
the isomorphism. We have got the desired correspondence of points. O

PROPOSITION 3.2.8. The functor J,, X is a scheme of finite type which is affine
over X.

PRrROOF. The functor is the Weil restriction

Rk ent1y)n (X @k K[/ (")

and hence the proposition follows from a general result [BLR9O0, p. 195]. But we
give a more ad-hoc proof.

Let X = [JU; be an affine open covering and let U;; := U;NU;, which are again
affine (we assume that all schemes are separated). From Lemma Jn U; and
Jn Uy are affine finite type schemes. From Lemma morphisms J, U;; — J, U;
and J,, U;j; — J,, U; are open immersions. We can glue J,, U; along J,, U;; to get the
scheme J,, X. Since J,, X xx U; =2 J,, U; are affine and of finite type, the morphism
J, X — X is affine (in particular, separated) and of finite type. This shows the
proposition. [
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LEMMA 3.2.9. Ifv: Z — X is an immersion (resp. an open immersion, a closed
immersion), then so is the induced morphism tp: J, Z — J, X.

PrOOF. The assertion for open immersions follows from Lemma|[3.2.7] The one
for closed immersions follows from the local description of jet schemes in Lemma
The one for general immersions follows from these two cases. O

3.3. Truncation morphisms

For integers n' > n, we have the natural surjection R[t]/(t" T1) — R[t]/(t" 1),

which maps
ro+rit+ - Frpt" =g+ rit 4t
Namely this truncates polynomials by cutting off the terms of degree > n. The
map corresponds to the closed immersion Dg , < Dg .
DEFINITION 3.3.1. Let X be a k-scheme. We define the truncation morphism

71{5: Jp X —J, X

by mapping an n’-jet
Dpn - X

to the n-jet

DR,n — DR,n’ l} X.

EXAMPLE 3.3.2. When X = A{, through the isomorphism of Lemma
the truncation map 772/ s Jp Az —Jn Ag corresponds to the morphism Az(n RN
Ad(n+1) .

% mapping

DTXA, USR>S

The corresponding k-algebra homomorphism is the inclusion
Kz |1<i<d, 0<j<n] = kY |1<i<d 0<j<n]
LEMMA 3.3.3. Truncation morphisms WZ/: Jw X — Ju X are affine.
PROOF. Take an affine open covering X = (J; U;. This induces affine open

coverings J, X = J, Jn U; and J,» X = |J,; Jnr U;. The lemma holds, since J,,» U; is
the preimage of J,, U; by the map ﬂ'Z, s X = J, X O

The following proposition is essential when defining a measure on an arc space.

PROPOSITION 3.3.4. Let X be a smooth k-variety of dimension d. Then the
morphism 7'('2/ 2 Jo X — J, X is a Zariski locally trivial fibration with fiber Ai(n -,
Namely, there exists an open covering J, X = \JU; such that (x )~ (U;) is Us-

. . d(n'— . . . o
isomorphic to U; X3 Ak(n " In particular, truncation morphisms are surjective.

PROOF. There exists an open covering X = (JV; such that each V; has an
étale morphism to A¢ (given by a local coordinate system). From Lemma we
have the Cartesian diagram:

T Vj —— Jr AY

L

JnV; —=J, Ad
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Since J,, V; form a Zariski covering of J, X, it suffices to show the proposition in
the case X = A¢. This case follows from the explicit description in Example
(Note that the surjectivity of truncation morphisms follows also from the definition
of formal smoothness.) O

3.4. Arcs

DEFINITION 3.4.1. Let R be a k-algebra. An arc of X over R is a k-morphism
Dgr — X from the formal disk over R. When R is an algebraically closed field, we
call it a geometric arc of X.

DEFINITION 3.4.2. We define the arc scheme of X, denoted by Jo, X, to be
the projective limit of jet schemes,

Joo X 1= I.&HJnX.

For a morphism f: Y — X of k-schemes, we denote the induced morphism Jo, Y —
Joo X by foo.

Note that since truncation morphisms J,,+1 X — J,, X are affine, the projective
limit exists |[Gro66} Prop. 8.2.3|.

REMARK 3.4.3. If X has positive dimension, then J,, X is neither of finite type
nor Noetherian.

LEMMA 3.4.4 ( [Bhal6|). The scheme Joo X represents the following functor:

Joo X: (Aff)°? — Set
Spec R — Homgen, (Dg, X)

ProOOF. When X is an affine scheme Spec S, then

(Joo X)(R) = lim Homang, (5. R[1]/ ("))
= Homag, (5, R[t])
= HOmsChk (DR, X)

We refer the reader to [Bhal6| for the general case. O

REMARK 3.4.5. In general, the underlying set of a k-scheme X is identified
with the set of equivalence classes of geometric points Spec L — X; two geometric
points Spec L1 — X and Spec Ly — X are equivalent if there exist an algebraically
closed field L3 and morphisms Spec Ly — Spec L;, i = 1,2, such that the following
diagram is commutative.

Spec L3 — Spec L

L

Spec Lo X

Applying this to Jo X (resp. J, X), we can identify the underlying set of Jo, X with
the set of equivalence classes of geometric arcs Dy — X. Two arcs Dy, — X and
D1, — X are equivalent if there exist an algebraically closed field L3 and morphisms
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Spec L3 — Spec L;, © = 1,2, such that the following diagram is commutative.

DL3 *)DLl

L

Dy, — =X

DEFINITION 3.4.6. For each n € Z>¢, the natural map Jo, X — J, X is denoted
by m, and again called a truncation morphism.

By the identification R[t]/(t"*') = R[t]/(t"™!), we can regard Dp ,, as a closed
subscheme of Dg. The morphism 7, sends an arc v: D — X to the induced n-jet
Dgrn < Dr 5 X.

LEMMA 3.4.7. Let f: Y — X be an étale morphism (e.g. an open immersion).
Then we have a natural isomorphism of functors (Affy)°P — Set,

JooV = (Joo X) xx V.
PROOF. From Lemma [3.2.7]
JooY =limJ, Y 2 Jim ((J, X) xx Y).

Recall that a projective limit and a fiber product interchange |[Gro66, Lem. 8.2.6],

or more generally, two limits in a category interchange [Riel7, Th. 3.8.1]. Thus

the last limit is isomorphic to

(yLanX) xxY = (Joo X) xx Y.

O

LEMMA 3.4.8. Ifv: Z — X is an immersion (resp. an open immersion, a closed
immersion), then so is the induced morphism too: Joo Z — Joo X.

PROOF. The assertion for open immersions follows from Lemma As for
closed immersions, we may assume that X is affine. Then J, X are affine, say
Spec A,,. From Lemma we can write J, Z = Spec A, /I, for some ideal
I, C A,. Then Jo X = SpecligAn and Joo Z = Speclig(An/In). Since the
direct limit is an exact functor, the natural map lim A,, — @(An /I,) is surjective.
The assertion for closed immersions follows and so does the assertion for general
immersions. ([l

REMARK 3.4.9. Since every geometric arc Spec L[t] — X factors through the
associated reduced scheme X,eq, the morphism Jo, X;cq — Joo X is bijective and
we may identify these spaces set-theoretically.

3.5. Order functions

DEFINITION 3.5.1. Let Z C X be a proper closed subscheme defined by an
ideal sheaf Z C Ox. We define a function

ordz = ordz: Jeo X — Z>o U {o0}

as follows: if a point v € Jo X is represented by a geometric arc v: D — X
(see Remark [3.4.5) and if v='Z = (t™), then ordz(y) := m. Here we follow the
convention that (t°) = (1) and (¢t>°) = (0).

LEMMA 3.5.2.
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(1) We have ordz(v) = oo if and only if ¥ € Joo Z. Namely Jo, Z = ord," (c0).
(2) Forn € Z>g, ordz(y) > n+1 if and only if m,(y) € J, Z.

PROOF. For the first assertion, having ordz () = oo is by definition equivalent
to y71Z = (0). In turn, the last equality is equivalent to that v: Dy — X factors
through 7, that is, v € Jo, Z. For the second assertion, we can show in turn that
the following conditions are equivalent:

e ordz(v) >n+ 1.
’y*lI C (tn+1).

o v, 17 =0 with 7, := m, (7).
e v,: D, = X factors through Z.
o v, €J, Z.

We can also define order functions on jet schemes as follows:

DEFINITION 3.5.3. Keeping the notation, we define
ordz = ordz: J, X — {0,1,...,n,00}

as follows: if y71Z = (#™), then ordz(v) := m again with the convention (t) = (1)
and (t*°) = (0).

3.6. Jacobian ideals of varieties

The Jacobian criterion characterizes smooth points of an affine variety X =
Speck[z1,...,xn)/(f1,..., fi) in terms of the Jacobian matrix (0f;/0x;); ;. The
Jacobian ideal Jacx C I'(X,Ox) is generated by c-minors of the Jacobian matrix
with ¢ the codimension of X in A}. This gives a natural scheme structure to the
singular locus Xging. The Jacobian ideal plays an important role in the study of jet
schemes as well as motivic integration.

For later use, it is convenient to define the Jacobian ideal in a more intrinsic
way using Fitting ideals. Let M be a finitely generated module over a Noetherian
ring R and let

Fr—>Fy—>M-—=0
be a free presentation of it. For each j € Z>¢, the map A\’ F; — A’ Fy induces the

map \’ F1 ® N’ F} — R, where F denotes the dual R-module of Fy. In fact, the
image of the last map is independent of the choice of the free presentation.

DEFINITION 3.6.1. For i € Zxg, the i-th Fitting ideal of M, denoted by
Fitt; (M), is defined to be the image of A"~ Fy @ A\~ Fr - R.

If we fix bases of F, and Fj, then the map I, — Fjy corresponds to a matrix
A with entries in R. The ideal Fitt;(M) is then generated by the minors of A of
size rank Fy — . If M is the coherent sheaf on Spec R corresponding to M, then
i-th Fitting ideal sheaf Fitt;(M) C Ox is the one corresponding to Fitt;(M). For
a coherent sheaf M on a general Noetherian scheme X, i-th Fitting ideal sheaves
defined on affine open subschemes glue together to give the global i-th Fitting ideal
sheaf Fitt;(M) C Ox. If there exists a presentation F; — Fo — M such that Fy
and JF; are locally free of constant rank, then Fitt;(M) coincides with the image
of NPT~ F @ AP0 e Ok, Basic properties of Fitting ideals are as
follows:
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LEMMA 3.6.2 (see |[Eis95, Section 20.2]). Let X be a Noetherian scheme and
let M be a coherent sheaf on X.
(1) For xz € X, we have x € V(Fitt,(M)) if and only if the stalk M, cannot
be generated by r elements as an Ox ,-module.
(2) For a morphism f:Y — X of Noetherian schemes, we have

L Fitt,. (M) = Fitt,.(f*M).

DEFINITION 3.6.3. Let X be a k-scheme of finite type of pure dimension d.
We define the Jacobian ideal sheaf Jacx C Ox to be Fitty(Q2x/x). We denote the
associated order function ordj.c, by jx.

For an affine variety X = Spec R with R = k[z1,...,z,])/(f1,--., f1), we have
the free presentation

R (0f5/0xi)i,;
See [Mat89| p. 195] or [Eis95| p. 390]. Using this, we see that the last definition
of the Jacobian ideal coincides with the one given by the Jacobian matrix.

A version of the Jacobian criterion says that X is k-smooth at a point z if and
only if the stalk Qx ;. is a free Ox ;-module of rank d |Gro67, Prop. 17.15.5].
From a property of Fitting ideals, the closed subset defined by Jacx is exactly the
non-smooth locus of X.

R" — QR/k — 0.

3.7. Hensel’s lemma and lifting of jets

Hensel’s lemma is intimately related to the geometry of jet schemes and arc
schemes. We first recall the following simple version:

ProPOSITION 3.7.1 (cf. |Eis95, Theorem 7.3]). Let f(x) € k[t][z] and let
a € (t) C k[t]. Let e:= ord(df /dx)(a). If

f(a) =0 (mod t*T1h),
then there exists b € k[t] such that
f(b)=0andb=a (modttt).

This is generalized to a system of multivariate power series, which is a slightly
weaker form of [CLNS18, Lemma 1.3.3] (cf. |Bou85, chap. III, §4, p. 271, Cor.

3]):

PROPOSITION 3.7.2 (Hensel’s lemma). Let f1,...,fi € k[t][x1,...,zq] with
1<d. Let a = (ay,...,aq) € k[t]¢ with orda; > 0 and let e be the order of

of;
det (8:;2 (a)) 1<ij<i & i

Let n be an integer > e. If we have

fila) == fila) =0 (mod ¢"1),
then there exists b= (by,...,bq) € k[t]¢ such that
fi)=---=fi(b)=0andb=a (mod ™).

To recover Proposition 3.7.1] we put | = d = 1 and n = e. We can interpret
Hensel’s lemma in terms of jets and arcs from a more geometric viewpoint:
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COROLLARY 3.7.3 (a geometric version of Hensel’s lemma). Let X be a k-
scheme of finite type which is a local complete intersection. Let o: D, — X be an
n-jet with e :==jx(a) < n. If a lifts to an (n+e€)-jet D pnye — X, then o lifts to an
arc Dy, — X. In particular, if we define a closed subscheme Z := V(Jacx) C X,
then

72" (Jon X)\ 0 Z C mp(Joo X).

PROOF. By base change, we may suppose that L = k. We may also assume that
X is a complete intersection V(fi,..., f;) in an affine space A¢ with coordinates
T1,...,74 and that the image of « is the origin of A{. For a suitable order of
coordinates, a* det(8f;/0z;)1<i j<i has order e. Then any tuple a € k[t]? giving
o satisfies the condition in Proposition Then there exists b = (by,...,bq) €
E[[t]¢ such that

fik)=-=fib)=0andb=a (mod t"*).

The arc corresponding to b is a lift of a. (|

As an application of Hensel’s lemma, we obtain the following result of Greenberg
|Gre66|. It looks similar to Hensel’s lemma, but has no condition on Jacobian
order.

PROPOSITION 3.7.4 (Greenberg lifting theorem). Let X be a finite type k-
scheme. There exist integers a > 1 and b > 0 such that for every n € Zxq, if
an n-jet a.: Dy, — X lifts to an (an + b)-jet Dy gnys — X, then a lifts to an arc
Dy — X. In particular, m,(Joo X) = 73"+ (Junip X).

SKETCH OF PROOF. We prove this only when k is a perfect infinite field and
X has pure dimension. For the general case, we refer the reader to the original
paper of Greenberg cited above. The proof uses reduction to the case where X is
reduced, reduction to the case where X is a complete intersection and induction on
dimension.

Reduction to the reduced case: If Z C Ox is the nilradical, then for some
m >0, Z™ = 0. If a is a geometric (mn +m — 1)-jet of X, then (a~1Z)™ = 0 and
hence a=1Z C (t"*1). Therefore the n-jet 7™+ ~1(q) is a jet of Xyeq. If a’n + ¥’
is a function as in the proposition for X,.q, then we can take a function for X as
m(a’'n+b)+m—1. Indeed, if an n-jet 8 of X lifts to an (m(a’n+b") +m —1)-jet
B, then it induces an (a’n + b')-jet Ba/n+b/ of X,eq which is a lift of 5. Thus the
assertion for X follows from the one for X,..q. This also shows the proposition in
the case dim X = 0.

Reduction to complete intersections: We can locally embed X into a reduced
complete intersection Y of the same dimension and write Y = X UW with W the
union of extra irreducible components. Suppose that the proposition holds for Y.
Let Z denote the scheme-theoretic intersection X NW. Let an + b and a'n + b’ be
functions for Y and Z as in the proposition respectively. Suppose that a geometric
n-jet B of X lifts an (a’'n + b')-jet B'. If B’ is a jet of Z, then § lifts to an arc of
Z, which is also an arc of X. Otherwise, if 3’ lifts to a a(a’n 4+ V') + b-jet, then it
lifts to an arc B of Y. Since 8 is a jet of X but not one of Z, it is not a jet of W.
Therefore E is an arc of X.

Complete intersections: If X is a reduced scheme of pure dimension d > 0
which is a complete intersection, then we can take a closed subscheme Y C X of
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pure dimension d — 1 which contains V(Jacx). Let an + b be a function for YV
as in the proposition, which exists by the assumption of induction. Moreover we
can choose one such that a > 2. Suppose that a geometric n-jet 5 of X lifts an
(an+b)-jet B'. If 5" is a jet of Y, then § lifts to an arc of Y, which is also an arc of
X. Otherwise, if 8’ lifts to a 2(an + b)-jet, then from the geometric Hensel lemma,
B’ lifts to an arc of X. O

COROLLARY 3.7.5. Let X be a finite type k-scheme. For every n, m,(Jo X) is
a constructible subset of J,, X.

PROOF. From the Greenberg lifting theorem, m,, (Joo X) = 77 (J, X)) for some
n’ > n. The right side is a constructible subset from Chevalley’s theorem below. [

PROPOSITION 3.7.6 (Chevalley’s theorem (see [Har77|, Ch. II, Exercise 3.19])).
Let W,V be k-schemes of finite type, let f: W — V be a morphism and let C C W
be a constructible subset. Then f(C) is a constructible subset of V.

3.8. Cylinders

DEFINITION 3.8.1. Let X be a k-scheme of finite type and let n € Z>o. A
subset C C Jo X is called a cylinder of level n if there exists a constructible subset
C' C J, X such that m;1(C") = C. A subset C C Jo, X is called a cylinder if it is
a cylinder of some level.

Below are basic properties of cylinders.

LEMMA 3.8.2. (1) If C is a cylinder of level n, then it is a cylinder of
level n' for every n’ > n.
(2) If C is a cylinder of level n, then C = 7, 1 (7, (C)).
(3) If C is a cylinder, then m,(C) is constructible for every n.
(4) Cylinders in Joo X form a finitely additive class, that is, they are closed
under taking finite unions and complements.

ProoOF. (1), (2) Obvious.

(3) Let C" C J,, X be a constructible subset such that m > n and C' = 7,1 (C").
Then 7, (C) = 77(C") N7y (Joo X). From Corollary [3.7.5| and Chevalley’s theorem,
this is constructible.

(4) This easily follows from the fact that constructible subsets of a finite type
scheme form a finitely additive class. ([

LEMMA 3.8.3. Let A and C;, i € I be cylinders in Joo X. If A CU,.; Ci, then
A C e, Ci for some finite subset J C I.

icl

PROOF. We first claim that the same statement holds for constructible subsets
A and Cj, 1 € I of a finite type scheme. Indeed we can find a finite subset I’ such
that A\ |U,.; C; has less dimension than A does. Induction on dimension shows
the claim.

Now we switch to the situation of the lemma. To prove the lemma by contra-
diction, we suppose that there is no such finite subset J. Let m be a level of A and
let n;, i € I be levels of C; respectively. For n € Z>q, we set I, :={i € I | n; <n}
so that for i € I,,, C; is a cylinder of level n. For n > m, let

B, =7, (A)\ U T (Cy) = mp (A\ U Ci> .

ic€l, i€l,

iel’



3.8. CYLINDERS 28

Every B,, is nonempty. (Indeed, if it was not the case, then the above claim would
show that m, (A) is covered by a finite subcollection of 7,(C;), ¢ € I,, and that A
is covered by a finite subcollection of C;, i € I,, a contradiction.) For n’ > n > m,
since I,, C I,, we have

/

m (Bu) =m, [ A\ | Ci C7rn<A\UCi>:Bn.

iGIn/ i€l,
From the lemma below, /s, 7 (By/) # 0. Therefore there exists a sequence of

k-points b,, € B,,(k), n > m such that for n’ > n > m, ﬂﬁl(bn/) =b,,. This defines
the limit point bs, € A(k). This point is contained some of C;’s, say C;,. For
n > max{m,n;, }, the point b, = m,(bs) lies in m,(C;,). At the same time, since
by, lies in B,,, it does not lie in C;,. This is a contradiction and we have proved the

lemma. O

LEMMA 3.8.4. Let X be a scheme of finite type over k and let C1 D Co D ---
be a descending chain of nonempty constructible subsets of X. Then (\;=, C; # 0.

PROOF. On the contrary, suppose that ﬂfil C; = (. Then, for j > i, every
generic point of C; is not contained in C; and hence dim C; < dim C;. This shows
that for i > 0, C; is empty, which contradicts the assumption. O



CHAPTER 4

Motivic integration over smooth varieties

In this chapter, we discuss motivic integration over smooth varieties. Restric-
tion to the smooth case allows us to grasp the essence of the theory quickly. Note
however that most results in these sections will be eventually generalized in later
chapters to the singular case with suitable modification.

Throughout the chapter, X and Y denote smooth k-varieties of dimension d.

4.1. Motivic measures
DEFINITION 4.1.1. We define the motivic measure on Jo, X to be the map
pux: {cylinders in Joo X} — M\k
defined as follows: for a cylinder C' C Jo, X of level n,
px (C) = {ma (C)}L™".
We call pux(C) the measure or volume of C.
Note that py (C) is always an effective element (see Definition [2.3.1)).
LEMMA 4.1.2. The measure ux (C) is independent of the choice of the level n.

PRrROOF. Let n’ > n be two levels of C. From Lemma there exists a
stratification 7, (C) = | |, B; into locally closed subsets B; such that for every i,

() (By) = By AT,

in particular, {(x7)~1(B;)} = {B;}L"' =" in M. Since 7, (C) = | |

we have
{m (CNL™" = Z{ By)jL~ "
= Z{Bi JLAC =)= dn
= XZ:{Bi}Ld”
= {;n(C)}L*d”.
O

DEFINITION 4.1.3. Let A C Jo X be a subset. A function h: A — Z is said
to be cylindrical if there exists countably many cylinders A;, ¢ € I such that
A= |_|i€[ A; and h is constant on each A;.

29
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EXAMPLE 4.1.4. Let W C X be a proper closed subscheme. The function
OI'dW ‘JOOX\JOQW: JOOX\J(X)W — 7

is cylindrical. To see this, we observe that for v € Jo, X and forn € Z~q, ordw () >
n if and only if 7,_1(y) € J,,—1 W. Namely, for n > 0, we have

ordy! (> n) := ordyy (Zsy U {oo}) = w2 (T W).

These as well as ord;y! (> 0) = Jo, X are cylinders. Therefore ordy,; (n) = ordy, (>
n)\ordy, (> n+1) are cylinders. The stratification Jo, X \Joo W = Lnen ordy! (n)
is a desired one.

DEFINITION 4.1.5. For a cylindrical function h: A — Z, we define the integral
of L™ to be
/ L"duy = ZMX(Ai)Lh(Ai) e My U {0k}
A iel

Note that each term in the above sum is an effective elemeng\ of /\//Tk. From
Definition the sum converges and defines an element of My if for every
m € 7Z, there are only finitely many terms with dim px (h=1(n))L"™ < m. Otherwise
it diverge and defined to be oco.

LEMMA 4.1.6. The definition of the integral above is independent of the choice
of the stratification A = | |;c; A;.

PROOF. Let A =|];.; B; be another such stratification. We have
Ai = |_|AlﬁB] and Bj = UAZQB]
jeJ iel
From [3.8.3] these are finite stratifications. Therefore
iel iel jeJ
> a0 ByLAE
JEJ i€l
= S (B
=
O

ExAMPLE 4.1.7. The whole arc scheme J,, X is a cylinder of level 0. Therefore
MX(JOOX) = {X}

By taking the constant function h = 0 on Jo, X, we get the following integral
expression of the motive M(X) = {X}:

/ 1dp,X Z:/ LOdIJX:,uX(JooX):{X}'
Joo X Joo X

Note that these are not true for singular varieties. But, when X has only mild sin-
gularities (in precise, Q-Gorenstein singularities), we can define the stringy motive
Mgt (X) (Definitions ?? and as an integral over Jo, X which coincides with
M(X) if X is smooth.
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For a proper closed subscheme Z C X, Jo Z is not generally a cylinder as a
subset of J, X, but a negligible subset (see Deﬁnition. Namely it has measure
zero in a sense which will be justified later. We can ignore such a subset, as far as
measures and integrals are concerned. In particular, we have the following lemma:

LEMMA 4.1.8. Let Z C X be a proper closed subscheme and let h: A — 7Z be a
cylindrical function with A C Joo X. Then the restriction of h to A\ Joo Z is also

cylindrical and
/]Lhdp,X:/ ]Lhd,ux.
A Ao Z

We don’t prove this lemma now, but will prove a more general statement later
(Lemma [5.7.2)). This enables us to slightly generalize motivic integrals as follows.

4.2. Almost bijectivity

The most important theorem in motivic integration is the change of variables
formula (Theorem . It describes how a motivic integral is transformed under
a birational transform of the given variety. In the first place, this formula is based
on the following result.

PROPOSITION 4.2.1 (Almost bijectivity). Let f: Y — X be a birational (resp.
proper birational) morphism. Let W CY and V C X be proper closed subvarieties
such that f induces the isomorphism Y \ W — X \ V. For every extension L/k,
the map

(Joo Y\ Joc W)(L) = (Joo X \ Jos V))(L)
is injective (resp. bijective).

PROOF. Let v € (Joo Y \ Joo W)(L). Since Y is separated over k, from the
valuative criterion for separatedness, the - is determined by the induced morphism
Spec L{t) — X \V =Y \ W. This shows the injectivity of (Joo Y \ Joo W)(L) —
Joo X\ Jc V)(L). Let B € (Joo X \ Juo V)(L). If f is proper, then from the
valuative criterion for properness, we have a unique lift v € (Joo Y \ Joo W)(L) of
B as indicated in the following diagram.

Spec L{t) ——=Y

Spec L[t] — X

This shows the bijectivity of (Joo Y\ Jooc W)(L) = (Joo X \ Joo V')(L) in the proper
case. g

REMARK 4.2.2. In the situation of Proposition also the map Jo Y \
Joo W = Joo X\J oo V (of underlying topological spaces) is injective (resp. bijective).
This follows from the proposition and the description of the point set of a scheme
in terms of its geometric points in Remark [3.:4.5]
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4.3. Jacobian ideals of morphisms

DEFINITION 4.3.1. Let Y, X be smooth k-varieties of the same dimension d
and let f: Y — X be a generically étale morphism (that is, étale on an open dense
subset of V). Let wy := Qdy/k be the canonical sheaf of ¥ and similarly for wx.
By the natural injective map, we regard f*wx as a subsheaf of wy. We define the
Jacobian ideal sheaf Jacy C Oy by the equality

f*wX = Jacf Wy .
We denote the associate order function ordjac, by jy-

Since f*wx and wy are invertible sheaves, such an ideal uniquely exists and is
locally principal. In terms of local coordinates, if f is locally given by a tuple

(fl(y17"'7yd)7"'7fd(y1a"'7yd))

of d functions, then Jacy is locally generated by the Jacobian determinant,
det (afl/ay])w .
The closed subset defined by Jac; is the locus where f is not étale.

DEFINITION 4.3.2. We call the effective divisor on Y defined by Jacy the relative
canonical divisor for f: Y — X and denote it by Ky, x.

REMARK 4.3.3. It is customary to write Ky, x = Ky — f* K x somehow ambigu-
ously (sometimes symbols “=" or “~q" are used instead of “="), as canonical divisors
are determined only up to linear equivalence. But we can justify it using the canon-
ical map between canonical sheaves as in the above definition (see [Kol13, Notation
2.6]).

4.4. The change of variables formula

In this subsection, we prove the change of variables formula for a proper bi-
rational morphism f:Y — X of smooth varieties. As in Proposition the
map foo: Joo Y — Joo X is almost bijective (bijective outside negligible subsets).
Thanks to this, we may expect to be able to transform motivic integrals on Jo, Y
to ones on J,, X and vice versa. To realize it, we need to understand how mea-
sures of subsets change under the almost bijection. It turns out that the change is
controlled by the Jacobian of f, as in the case of the change of variables formula
for integrals in multivariate calculus.

We begin with proving auxiliary results. The following lemma roughly says
that for two arcs v,v' of Y, if foo () and foo(7') are close to each other (t-adically),
then so are v and .

LEMMA 4.4.1 (Fiber inclusion lemma). Let f: Y — X be a proper birational
morphism. Let v,7" € (Joo Y)(L) with L/k an extension. Let n € Z>o and suppose
that frmn(Y) = famn(y'). Suppose thatjr(y) =: e < n/2 for the functionjy given in
Definition[§.3.1 Then m,—c(y) = mp—c(v'). Namely, the fiber of fn: J Y — J, X
over fnmn () is contained in the fiber of m_.: J, Y — Jo_ Y over m,_ (7).

PROOF. We claim that there exists § € (Jo Y)(L) such that foo(0) = foo(7)
and mp_e(0) = mh—e(y'). If Z = V(Jacy) C Y is the exceptional locus of f,
then assumption j(y) < oo in particular shows that v ¢ Jo Z. From the almost
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bijectivity (Proposition , we have § = . Thus the lemma follows from the
above claim.

To show the claim, we may suppose that L = k by base change. Let y :=
mo(y) € Y and z := f(y). Choosing local coordinates, we express f by a tuple

f:(fla"'afd) (f1€5}?y:kﬂylv7ydﬂ)

and v by a tuple

7= (r}/h R 77d) € k[[t]]d
Namely f*: (5); — 63: is given by x; — f; and v*: 6;2 — k[t] is given by
yi — ;. Similarly for «’. The system of equations

) =1@)
has the approximate solution y = v modulo t"*1. From the Hensel lemma (Propo-

sition [3.7.2)), there exists a genuine solution y = § such that § = v (mod "~ “*1).
The corresponding arc 6 € (Jo Y)(k) satisfies the claim. O

LEMMA 4.4.2 (The A®fibration lemma). With the notation as in Lemmal{.4.1]
the fiber of J, Y — Jp, X over fom,(7) is isomorphic to AS over L. Moreover, if
H,, . denotes the locus in J, Y with j; = e, then

fn|Hn,e: Hn,e — fn(Hn,e)

is a piecewise trivial A°-bundle.

PROOF. Let F' denote this fiber. This is included in the fiber of 7f,__: J, Y —
Jn—e Y over m,_¢(7), which is isomorphic to A%, where d = dimY. The L-points
of F correspond to solutions ¢ € (L[t]/(t¢))" of the system of equations expressed
with the multi-index notation,

fy+8" ) = f(7)  (mod ¢"t1).

Let J := (0f;/0ti(v)) € M,(L[t]) be the Jacobian matrix of f evaluated at ~.
Since 2(n — e + 1) > n + 1, by Taylor expansion, this is equivalent to

F)+t"HIE = f(7)  (mod "H)

and hence to the L[t]-linear equation
(") 6=0 (mod t"*!).

For some invertible matrices P,Q € GL,(L[t]), we have

P71JQ = diag(t®, ..., t%)
with > e; = e (see |Bou81, VIIL. 21]). Thus, if we put € :== Q71§ € (L[[tﬂ/(te))d,
then we are reduced to solving the equation

tneteitle, =0 (mod t"T) (1 <i<d).

Thus the solution space is

{e|orde; > e—e;} 2 L°,
which is an L-linear subspace of (L[t]/(¢°))* & L%. Thus we have identification
F(L) = A5 (L). To get an isomorphism F' 2 A§ of L-schemes, consider an arbitrary
L-algebra R. By the same argument, the R-points of F' also correspond to the

solutions in (R[t]/(t¢))* of any of the above systems of equations. Therefore the
solution set is identified with R€, functorially in R. As a consequence, we get an
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isomorphism F' = A¢ of functors (Aff;,)°® — Set. The first assertion of the lemma
follows.

For the second assertion, we first note that from the fiber inclusion lemma,
I 1 fo(Hpe) = Hye. It suffices to show that for any irreducible locally closed

subvariety V C J,, X, the morphism W := f, (V) — V is a piecewise trivial

n
A°-fibration. For a generic point n € V, we have an isomorphism A‘;(n) = W,
where x(n) denotes the residue field of n and W,, denotes the fiber of W — V over
7. By spreading out (see Lemma below), we get an isomorphism morphism
¢: A — Wy over some open neighborhood n € U C W. The second assertion

follows by induction. O

LEMMA 4.4.3 (Spreading out an affine space). Let V' be a k-variety with the
generic point n and let f: W — V be a morphism of finite type such that the generic
fiber f=Y(n) is isomorphic to A} over n (with identifying n with Specx(n)). Then
there exists an open dense subvariety U C V such that f~1(U) is isomorphic to A7
over U.

PrOOF. The isomorphism f~'(n) — A}, extends to a morphism f~'(U) —
A7 for some open subvariety U C V. Its non-étale locus is a closed subset which
does not dominate U. Shrinking U, we may suppose that f~1(U) — A¥ is étale.

Its image is an open subset of A}, containing A:(n)' Therefore, shrinking U further,

we may suppose that f~1(U) — A7, is also surjective. Now it is étale surjective
morphism of degree one, hence an isomorphism. (Indeed, since the morphism is
étale of degree one, from the lower semi-continuity of the cardinality of a fiber
|Gro66, Prop. 15.5.1], every geometric fiber has at most one point, that is, the
morphism is universally injective (also called radiciel) [Gro60, Chap. I, (3.5.4) and
(3.5.5)]. From |Gro67, Th. 17.9.1], a universally injective and étale morphism is
an open immersion. A surjective open immersion is an isomorphism.) ([l

COROLLARY 4.4.4. Let f: Y — X be a proper birational morphism and let

C C J X be a cylinder such that j; takes a constant value e < oo on f'(C).
Then

py (fH(C)) = Lux (C).

PROOF. Suppose that C is a cylinder of level n with n > 2e and let D :=
mn(C) C J, X. Then the map

(S (C)) = £ (D) > D
is a piecewise trivial A®-bundle from Lemma [£.4.2] Thus
py (fH(C)) = {ma(fH(O))IL"
= {D}LL"?
=L ux(C).
(Il

COROLLARY 4.4.5. Let f: Y — X be a proper birational morphism and let
C CJY be a cylinder such that C'N ]]71(00) =0. Then foo(C) is a cylinder.

PRrROOF. Note that for every e € Z>, j;l(g e) is a cylinder. From there
exists ep such that j¢[c < eg. Similarly we may assume that ords-17[c < eg for
the defining ideal sheaf 7 of the closed subset f(V(Jacs)). Suppose that C is a
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cylinder of level n — eq for an integer n > e¢g. We claim that f,(C) is a cylinder of
level n. Indeed, m,(foo(C)) = frn(mn(C)) is a constructible subset from and
Chevalley’s theorem. Let 8 € (Jo Y)(L) be a geometric arc of Y lying on C and let
a € (Joo X)(L) be a geometric arc with m,(a) = frm,(8). It suffices to show that
a lies on foo(C). We have ordz(a) < ep < o0, in particular, a ¢ Joo(V(Z)). From
the almost bijectivity (Proposition , we have the corresponding geometric arc
a of Y. From the fiber inclusion lemma, we have m,_¢, (&) = Tp—e, (8). Since C' is
a cylinder of level n — eg, a lies on C' and « lies on f(C). O

THEOREM 4.4.6 (The change of variables formula). Let f: Y — X be a proper
birational morphism of smooth k-varieties. Let B C Jo Y be a subset and let
h: foo(B) = Z be a cylindrical function. Then

/ LM dpx = / L'f=is dpy  in My, U {00}
foo(B) B

PrOOF. Replacing B with B \j;l(oo), we may assume that js|p takes only
finite values. Let foo(B) = | | A; be a stratification into countably many cylinders
such that h|a, are constant. Let B; := f!'(4;) and let B;. := B; N j;l(e) for
e € Z>o. From Corollary Aj e = foo(DBi,e) are also cylinders. From Corollary

fid

py (Bie) = px (Aie)LC.
‘We have

L» dux = MX(Ai,e)Lh(Ai,e)
Jr e =X

= ny (B LA

i,e

:/ Lhefeo—is dpy.
B

4.5. Strong K-equivalence

The first application of the change of variables formula is a theorem of Batyrev
and Kontsevich, the invariance of Hodge numbers of smooth and proper complex
varieties by K-equivalence. First, Batyrev proved the invariance of Betti numbers
in the case of Calabi-Yau varieties by using mod p reduction, the Weil conjecture
and p-adic integration. Then Kontsevich invented motivic integration as an analog
of p-adic integration and used it to prove the invariance of Hodge numbers in a
more natural way so that one can avoid the use of mod p reduction and the Weil
conjecture.

Later it was found another proof in terms of the weak factorization theorem.
However the proof by motivic integration is still meaningful, because it can be
generalized to positive and mixed characteristics and to Deligne-Mumford stacks.

DEFINITION 4.5.1. Smooth k-varieties X and Y are said to be strongly K-

equivalent if there exist a smooth k-variety Z and proper birational morphisms
f:Z— X and g: Z — Y such that Kz/x = Kz)y.
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REMARK 4.5.2. We will introduce the more general notion of K-equivalence
by loosening the assumption that Z is smooth. The two notions coincide in the
situation where resolution of singularities is available, in particular, in characteristic
Zero.

EXAMPLE 4.5.3. Let k be a field of characteristic zero. We say that a smooth
proper k-variety X is a Calabi- Yau variety if wx = Ox. A more general notion
is that of minimal models; a smooth proper k-variety X is a minimal model if
Kx is nef, that is, for any curve C' C X, we have Kx - C > 0. If X and Y are
two minimal models birational to each other, then they are strongly K-equivalent
(see [KM98| Prop. 3.51)).

THEOREM 4.5.4. Let X and Y be smooth k-varieties which are strongly K-
equivalent. Then {X} ={Y} in M.

PROOF. Let f: Z — X and g: Z — Y be proper birational morphisms as in
Definition The equality K,/ x = Ky shows that Jac; = Jac, and j; = j,.
Let V C Z be the common exceptional locus of f and ¢ and let W C X be its
image. Then

{X} = / L° dux (Example {4.1.7))
Joo X
= / LO dux (Lemma [£.T.8))
Joo X\Joo W

:/ L7 duy. (Theorem [.4.6))
Joe Y\Joo V

Similarly {Y} is also equal to the last integral. a

COROLLARY 4.5.5. Let X and Y be smooth k-varieties which are strongly K-
equivalent.
(1) We have P(X) =P(Y) and eop(X) = epop(Y).
(2) If k C C, then E(X) = E(Y).
(3) If k is a finite field, then for every finite extension k' [k, X (k') = Y (k).
Moreover, if X and Y are proper, then:
(1) We have b;(X) =b;(Y), i € Z.
(2) If k is a finitely generated field, then we have isomorphisms of & -representations
H' (X ®p k%P, Q) = H'(Y ® k5P, Q;)%°, i € Z. Here the superscript ss
means semisimplification.
(3) If k Cc C, we have h?1(X) = h»1(Y), p,q € Z.

(4) If k C C, we have isomorphisms of Hodge structures H'(X(C),Q) =
H'(Y(C),Q), i € Z.
PROOF. These follow from Theorem and Proposition 2.5.3] (I

REMARK 4.5.6. The assumption of strong K-equivalence in Theorem and
Corollary can be weakened to the one of K-equivalence (Corollary [6.4.8]).

4.6. Fractional powers of L

We will consider Q-divisors (that is, divisors with rational coefficients). The
order functions associated to them take values in Q. This gives rise to functions of
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the form L" for a Q-valued function h. Thus we first need to add fractional powers
of L to the Grothendieck ring of varieties. For the sake of simplicity, we just add
the power LY/" for some sufficiently factorial 7 rather than adding all the powers
L*, a € Q; we choose r so that all the relevant rational numbers lie in %Z. ‘We then
modify the ring further by localization and completion as before. The notions of
effective elements and their dimensions generalize to this setting in a natural way.

DEFINITION 4.6.1. For r € Z~(, we define
Ko(Varyg), := Ko(Varg)[z]/(z" — L)

and denote the class of z in this ring by L'/". We define My, » to be the localization
of Ko(Vary), by L (or equivalently by L'/"). Elements of the form {X}L?, a € 1Z
are called effective. The dimension of {X}L® is defined to be dim X + a. For
m € %Z, we define F},, to be the subgroup of M generated by effective elements of
dimension < —m. We define the completion

./T/l\]mn = @Mk,r/Fm-

For every r, there exists a natural map M\k — /\//Ykm. Using this, we may
redefine the motivic measure px for a smooth variety X to take values in /(/l\;”.
We denote it again by px. We can define %Z—Valued cylindrical functions in the
same way as Z-valued ones as in Definition [£.1.3] For a smooth variety X, a subset
A C Jo X and a cylindrical function h: A — %Z, we similarly define the integral

/ L' dux € /(/l\k,r U {o0x}.
A

Here
(0.} = {ul e 12U} }.

The change of variables formula (Theorem D holds also for a %Z—valued cylin-
drical function h. .

The Poincaré polynomial realization P: My, — Z(t~!) in Example uniquely
extends to

P: My, — Z({t ")
by sending L'/" to t?/". Similarly, if k = C, we have the E-polynomial realization
E: ./(/l\c,r — Z(u~ YT 07T,
We can also extend the realizastion Xmodge t0
Xttodge: Me,r = Ko(MHS'"),

where MHS'/" denotes the category of %Z—indexed Hodge structures [Yas06, Sec-
tion 3.8]. As for the l-adic realization x;, if we replace k with a finite extension
of it, then we can construct fractional Tate twists Q;(a), a € %Z as Galois repre-
sentations with fractional weight filtration [Ito04] Section 5.3|. This enables us to

extend y; to /\//Yk’r after a finite extension of k.
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4.7. Explicit formula

In this subsection, we show an explicit formula for the motivic integral associ-
ated to a Q-divisor with simple normal crossing support

Let X be a smooth k-variety and let D = ", _; a;D; (a; € Q) be a Q-divisor,
where [ is a finite set and D;, i € I are prime d1v1sors such that |J,.; D; is simple
normal crossing.

iel

DEFINITION 4.7.1. We define the order function

ordp: JOOX\UJooDi—”@

ordp( Z a; ordp,

i€l

This is a cylindrical function.

DEFINITION 4.7.2. For a subset J C I, we define
3 = n Dj \ U Dz
jeJ iel\J

Namely DS consists of points that are contained in D;, j € J but not in D;, ¢ ¢ J.
By convention, we put Dj = X \ J,;c; D;

We have the stratification

X =|]|D5.

JCI

LEMMA 4.7.3. For m = (m;) € (Z>0)!, we have

X <n ordE(mQ) {Dsupp(m)}( )ﬁSupp(m)L Siermi
iel

Here Supp(m) := {i € I | m; > 0}. More generally, for a constructible subset
C Cc X, we have

ux (ﬂ OrdZ)} (ml) N 77(; ( )) - {DSupp (m) N C}( )ﬁSupp(m)L Lier .
i€l

PrROOF. We first consider the case where X = Aﬁ with coordinates x4, ..., x4,
I'={1,...,¢} C{1,...,d} and D; = V(2;). Then the k-points of (,; ordz,j(mi)
is identified with

{l € k[[tﬂ ‘ Vi e {17 s 70}7 Ord(’)/z) = mz}
For n > max{m,}, the image of this set in J,, X is

{y € k[t]/("*1) | Vie {1,... ¢}, ord(y) = m;}
= (k%) x fZize(mmmi) 5 plise(ndD)
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Similarly for R-points for any k-algebra R. Thus we see

— d(n+1)—c—=>", . mi
T <ﬂ ordD}(mi)> =Gy, X Ay =
iel

m,k

o (GC—ﬁSupp(m) % Ai—c) % ngszpp(m) x AZH—E m;

= Dgupp(m) X ngs)zpp(m) X Azn_zml

This shows the lemma in this case.

For the general case, from the additivity of both sides, we may assume that
X admits a system of coordinates z1,...,zq € I'(X,Ox), that I is a subset of
{1,...,d}, say {1,...,c}, and that D; = V(z;). In other words, we have an étale
morphism X — A% and each D; is the pullback of some coordinate hyperplane.
Since jet schemes are compatible with étale morphisms (Lemma , from the
above case of affine space, we have

T (ﬂ ord ! (mi)> > DY x GEIWPPU) o AT
i€l
For a constructible subset C' C X, we also have
T (ﬂ ordgf(mi) N 7r0_1(C’)> ~ (D5NC) x Giﬁ‘;pp(m) X Azn_zmi.
iel

The lemma follows. O

The following proposition allows us to compute stringy motive explicitly. Note
that for b € %Z>0, we have

1 L-°

_ _ 1 -b —2b oA
o1 -1 L FLTA in My,

PROPOSITION 4.7.4 (Explicit formula). Let C C X be a constructible subset.
Consider the following integral

S ::/ LoD dpy .
75 N (CN\U,er Joo Di

This integral converges (resp. is dimensionally bounded) if and only if for every
i € I with CND; #0, we have a; < 1 (resp. <1). When it converges, we have

5= Y (05 mC}H% € My

JCI icJ
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PROOF. We have

S = Z 15 (ﬂ ordB:(mi) mﬂo—l(c)> LY aims

me(Zxo)! icl
JCI Supp(m)=J il

=> > ADINCHL - LI

JCI Supp(m)=J
(4.7.1) =Y {D5nCHL -1 [ D Llemvm,

Jci ieJ m>0
Therefore the integral converges if and only if the geometric series ), - o L(a:=1)m
converges for every J C I with D5 N C # () and every i € J. Using D; = | |, ; D5,
the last condition is equivalent to that the geometric series > L(ai=Dm con-

verges for every ¢ € J with D; N C # (). Similarly for the dimensional boundedness.
If the integral converges, then the formula of the proposition follows from

L—D D Llevm = W}:i -

i€J m>0 ieJ
U

For future application to singularities, we also give a formula for the dimension
of the integral S which applies also to the dimensionally bounded case.

PROPOSITION 4.7.5. We keep the notation of Proposition [J.7.4% We assume

that S is dimensionally bounded. Then
JC1 } .
Moreover, if C = J;cx Di for some subset K C I, then
dimS =max{d—1+a;|ic K}.

PRrROOF. From Proposition if DS NC # 0, then for every ¢ € J, we have
a; — 1 < 0. Therefore, for every J C I, we have

dim{D5 N CHL— ¥ J[ Y. L Y™ = dim{D5NC} + 47+ (a; — 1)

i€J m>0 iceJ
=dim{D5NC}+ > a;.
icJ

Note that if DS N C = 0, then the both sides are —oo. The first assertion now

follows from formula (4.7.1]).

Suppose that C' = | J;cx D; for some K C I. We need to show

dim S = max {dim(Df} ne)+ Z a;

ieJ

(47.2)  max {dim(Df} NC)+ > a

ieJ

JCI}:max{d—l—i—aiiEK}.

We have
D% 0= {Dg;é@ (Dﬁéqand JNK #0)
) (otherwise).
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In particular, for i € K,
dim(Df{)i} N C) +a;, =d—1+a;.

This shows the inequality > in .
To show the opposite inequality, we need to show the inequality
dim(D5 N C) +Zai <max{d—1+4+a;|i€ K}
i€J
for every J C I be such that Dy # () and J N K # (). If J is a singleton, then this
is obvious. Suppose that J has at least two elements and let j € J N K. For any
i€ J\ {i}, we have
@#D(]CDiij cD;,nC.
From the assumption of dimensional boundedness and Proposition , we have
a; — 1 < 0. Therefore

dim(D5NC)+> a;=d—4J+ > a;
icJ icJ
=d+)» (a;—1)
i€J
S d + aj; — 1.
Thus the inequality < in (4.7.2)) holds. O



CHAPTER 5

Motivic integration over singular varieties

Throughout this chapter, X denotes a geometrically reduced k-schemes of finite
type which have pure dimension d.

5.1. Jacobian orders in terms of modules of differentials
To reduce notational complexity, we introduce the following notation.

DEFINITION 5.1.1. For a ring R, we denote the ideal (t) of R[t] or R[t]/(t"*1)
by t. We also write t7, := tm/tm, for m’ > m. When we need to specify the ring

m
R, we also write them as tg and t7, ; respectively.

LEMMA 5.1.2. Let a € (Joo X)(L) be an arc over a field L. We have that
jx () < oo if and only if rankyy a*Qx/y, = d. Moreover, if it is the case, then
jx (o) = dimp (@ Qx /1) tors-
Here (—)tors means the torsion part.

Proor. We first note that if n denotes the generic point of Dy and if x =
a(n) € X, then

rankp o) oy /g = dimp ) (aly) " Qe = dimy ) Qx/x Qo K(x) = d.

Here the last inequality follows from the upper semicontinuity [Har77, Ch. 2, Ex.
5.8] and the fact that Qx/, has rank d. Recall that jx is the order of the ideal
a~!'Jacy and that Jacy is the d-th Fitting ideal of Qx/k- By a property of Fit-
ting ideals (Proposition , we have o 'Jacx = Fittg(a*Qx/x). Let us write
a*Qxp = @;:1 L[t]/t~ @ L[t]®" with e; € Z~o. Then we have the free presenta-
tion

LIt® — LI — a*Qx/p — 0
given by the matrix

M = (t0sj)1<i<i4r, 1<j<t-

Here 0;; denotes the Kronecker delta. The ideal Fitty(a*$2x /) is generated by
(I +r — d)-minors of M. Thus

2o ('r = d)
Fitt *Q =
ittq (o X/k) {O (r > d)
and
. _ e (r=4d)
Ix(a) = {oo (r > d).
This shows the lemma. O

42
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5.2. The derivation induced by two jets

In defining motivic measure or in proving the change of variables formula, it
is the key to show that some maps of spaces of the form 7, (J X), spaces of jets
liftable to arcs, have fibers isomorphic to affine spaces of expected dimension. We
will show such a result by realizing those fibers as a linear subspace of a larger
subset of J,, X also isomorphic to an affine space. To do so, we relate jets with
derivation and with the module of differentials.

Suppose that X is an affine scheme SpecS. Let n € Zx>(, let R be a k-
algebra and let o, 8 € (Jap4+1 X)(R) be two (2n + 1)-jets of X over R such that
w2t (a) = 72ntH(8) € (J,, X)(R). Then the map

B* —a*: S — R[t]/*" 2
has image included in t"*1.

PROPOSITION 5.2.1. Let us regard R[t]/t>"+2 as an S-module by the map o*: S —
R[t]/2"*2. Then the map

B —a*: S — tgij
is a k-derwation. Similarly for the induced map S — tZ;;ll forn <m <2n+1.
PROOF. For u,v € 9, since (8*—a*)(v) € " and a*(u) = 8*(u) (mod t"*1),
we have, modulo (1),
a*(u) (8" — a®)(v) + o (v)(
“(w)(8" = a®)(v) + o™ (v) (8" — a®)(u)
(u)B"(v) — a™(u)a™(v)
= (8" —a")(uv).

Thus 8* — a* is a derivation, which is clearly k-linear. It is easy to see that the

induced maps S — t%ill, n<m<2n+1 are also k-derivations. O

B
/8*

The converse is also true:

PROPOSITION 5.2.2. Let m € Z be such thatn < m < 2n+1 and let §: S —
tn+1

tﬁ;fl be a k-derivation, where we again regard t" as an S-module by o*. Then
there exists a unique m-jet 8 such that 6 = p* — o* and 7*(5) = ' ().
PrOOF. We claim that the map
B*:=6+a: S — R[]/t
is a k-algebra homomorphism. Indeed this is clearly k-linear. For u,v € S, since §
is a derivation,
B*(uv) = §(uv) + o™ (uv)
=a" (u)d(v) + ™ (v)d(u) + o™ (u)a™ (v).
Since §(u)d(v) = 0 modulo t2"*2 as well as modulo ™!, we can continue the above
equalities as

(0(u) + " (u))(6(v) + a*(v))
B (u) 5" (v).
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Thus 8* is a k-algebra homomorphism and corresponds to an m-jet 8. The unique-
ness is obvious. ([

From this proposition, the map * — a* corresponds to an S-linear map
Qe = Grils.
In turn, it corresponds to an R[¢]-module homomorphism
a*Qxp = h s
When «a lifts to an arc & over R, then we also get the R[t]-module homomorphism
&*QX/I@ —» OZ*QX/k; — tg;i?'

DEFINITION 5.2.3. For m € Z with n < m < 2n + 1, we denote the induced

maps o*Qx/p, — tﬁ;jrll and &*Qx/p — t:ﬁ;;ll by 04(8)m and d5(8),, respectively.

Fixing a or &, we often abbreviate them as 6(8),,.

Propositions [5.2.1] and [5.2.2] show:

COROLLARY 5.2.4. Let o € (Jan41 X)(R), let m € Z be such that n < m <
2n+1 and let

F = (™) Ymp(a)) = (Jm X) x5, x Spec R,

where the fiber product is taken for the truncation w)': J,, X — J, X and the
morphism 72" *1(a): Spec R — J,, X. Then, for R-algebras Q, we have functorial
bijections:
F(Q) — Homppey (o™ Qx/p, thY )
B = 0a(B)m

PROPOSITION 5.2.5. We keep the assumption of Corollary[5.2.4} In addition,
we suppose that a*(Qxy, is of the form @izl R[t]/te, 0 < e; < 2n+ 2 (this is
automatic if R is a field).

(1) Let wy,...,w; be the corresponding generators of a*Qx . Then we have
functorial bijections:

l

Hompy (0" e, 5 ) = P Q% = @
i=1

0 (0(wr)y...,0(w))

Here s; := min{e;,m —n} and s = s;.
(2) We have an isomorphism F = (7)~! (7, (a)) = A% over R.

PROOF. (1) The identifications

1 l
Hom ] (EB R[] /tei,t;trll@) — €D Hompyy (R[[t]] /e, tgj;w)
i=1 =1

l l
_ m—s;+1 __ s
=P =de
i=1 i=1

show this assertion.
(2) This follows from (1) and Corollary O
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REMARK 5.2.6. In the situation of the last proposition, if a lifts to a €
(Joo X)(R), then we have

HOHIR[M] (Oé*Qx/k, ’L:lntrll’@) = HOI’IIR[[t]] (&*QX/k» th;lLQ)'

5.3. Bundle structure of truncation maps

DEFINITION 5.3.1. For 0 < e < n < oo, we define a subset Jgf) X cJ,X tobe
j%'(e) and a subset J(=9) X to be ix (Z<e).
LEMMA 5.3.2. Let e,n € Z>¢ with e < n.

(1) J(=9) X is a closed subset of J,, X.
(2) € X is a locally closed subset of J, X.
(3) T (JE9 X) and 7,(3 X) are constructible subsets of J,, X.

PRrROOF. (1) Consider the universal n-jet
u: (Jn X) Xk Dn,k — X.

Since the source of this morphism shares the underlying topological space with
Jn X, we may think of its structure sheaf as the coherent sheaf of Oj, x-algebras
and denote it by A. We denote by 7 the ideal sheaf generated by ¢ in A and let
T := u~'Jacx. The subset J5® X is the locus where Z properly contains 7+,
which is expressed as the support of the coherent sheaf (Z+7¢*+1)/7¢*!. Therefore
it is closed.

(2) This is because J(® X = J(=¢) x\ J(=e=D x|

(3) This follows from Corollary and the first two assertions. O

DEFINITION 5.3.3. Let a: Dy, — X be an arc over a field L. We define the flat
pullback abQX/k to be the free L{t]-module a*Qx /1 /(a*Qx/k)tors-

PROPOSITION 5.3.4. Let m > n be non-negative integers such that m < 2n +
1—e (e.g.m=mn+1 such that n > e).

(1) Let L be a field and let a € (J9 X)(L). Let F and F” be the fibers of
Jm X — J,, X and
T (Joo X) = T (Joo X)
over 7, («) respectively. Then we have
F’(L) = Homp (o Qx/m, i 1)

under the identification given in Proposition and Remark
Moreover, F” is a d(m — n)-dimensional L-linear subspace (in particu-
lar, a closed subscheme) of F' = Aj.

(2) The map

Tm(JE9 X) = m,(IE9 X)

is a piecewise trivial A4™=") hundle.

PROOF. The problem is local in X. We may assume that X is an affine scheme
so that we can apply results of Section [5.2]
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(1) We first consider the case where X is a complete intersection V(fy,..., fi) C
AY with [ =n —d. If § € F(L) lifts to an arc, in particular, lifts to a (2n + 1)-jet,
then the corresponding map

d: " Qxyp — t;':_lLL
is induced from a map N

6: " Qx/p — tg:—iZ,L'
Since the torsion part of a*Qx/ is killed by ¢¢ and since (2n +2) — (m + 1) > e,
the map 0 kills the torsion and factors through abQX/k.

Conversely, if a map J: a*Qx/, — tz;lLL kills the torsion, then it lifts to a

map 5 a*Qxp — tg;ju, which means that the m-jet § € F(L) corresponding to
§ lifts to a (2n+1)-jet B. Since n > e, from the geometric Hensel lemma (Corollary
3.7.3)), B lifts to an arc. As a consequence, the subset

Homp (O‘bQX/kv tztrll,L)

corresponds to F”(L), the set of jets liftable to arcs. Since a”Qy/y, is a free L[t]-
module of rank d, F*(L) is a d(m — n)-dimensional L-linear subspace of F(L).

For an algebraic closure L of L, the same argument shows that F°(L) C F(L)
is a d(m — n)-dimensional L-linear subspace. It follows that F”> C F is a d(m — n)-
dimensional L-linear subspace, in particular, isomorphic to AdL(mfn). We have
proved assertion (1) when X is a complete intersection.

Next we consider the case where X is a general affine variety V(fi,..., fm) C
A7 . Since the Jacobian ideal Jacx is generated by minors of the Jacobian matrix
(0fi/0x;) of size | = n — d, reordering f1,..., fm and z1,...,z, if necessary, we
may suppose that

(" det(@f;/ O hi<ijr) = 17 (€' =ix(a) <e).

Let Y = V(f1,..., fi). This contains X and is a local complete intersection of
dimension d around the image of « such that jy (o) = jx(a) = €’. Moreover the
natural map a*(Qy/, — a*Qx/; is an isomorphism, because it is surjective and the
two modules have the same rank and the torsion parts of the same length. Thus we
get an isomorphism abe/k — abQX/k and can identify Homp ] (abQX/k,tszL)
with Homp (abﬂy/k,tﬁ:}LL). It suffices to show the claim that the fibers of
Tm(Joo Y) = mh(Joo Y) and 7 (Joo X) — mp(Joo X) over m,(a) are identical. In
turn, it suffices to show that the fiber H of Joo Y — J,, Y over 7w, () is contained
in Joo X. From the Hensel lemma and assertion (1) for complete intersections, for
n' > n, every fiber of T, 11(JI59Y) — 7,,(J59Y) is isomorphic to an affine
space of dimension d. It follows that the fiber H of Jo Y — J, Y over m,(«)
is irreducible. Let us write Y = X U W with W a k-scheme of the same pure
dimension. Then JoY = Joo X UJ, W and H is contained in either J., X or
Joo W. Since jy(a) < oo, a does not factor through the singular locus of Y. In
particular, a does not factor through X NW. Therefore « is not an arc of W. Thus
W cannot be contained in J,o W. We conclude that H is contained in J,, X. We
have completed the proof of assertion (1).

(2) From assertion (1) and Lemma there exists a stratification 7, (J (Oge) X)=
| | C; into finitely many locally closed subsets such that

D = (7™)"HCy) N T (oo X)

n
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are locally closed in J,,, X. From Lemma [4.4.3] (spreading out), it suffices to show
that for every point ¢ € C;(L) with L a field, the fiber F® of D; — C; over ¢ is
isomorphic to A%(mfn) over L. To show this, we first claim that there exists a finite
Galois extension M/L such that the induced M-point cp; € C;(M) lifts to an arc
a. Let us take a finite Galois extension M/L such that cps lifts to an an + b-jet
for a and b as in Proposition [3.7.4] Greenberg lifting theorem. Then c); also lifts
to an arc, thus the above claim holds. Then, from assertion (1), the fiber FR/[
over ¢y is isomorphic to A;i\/([mfn). We see that F}, has a natural structure of a
Gal(M/L)-equivariant vector bundle over Spec M because the Galois action on F73,
is induced from the one on the M [t]-module a”Qy ;. By the Galois descent (see
Corollary , we see that the fiber F? is a vector bundle over Spec L, that is,

d(m—
Adlm=m), O

5.4. Boundedness of fiber dimensions
LEMMA 5.4.1. Every fiber of mp41(Joo X) = mn(Joo X) has dimension < d.

PROOF. By the standard base change argument, we may assume that k is
algebraically closed and it is enough to show that the fiber over every k-point of
7Tn(Joo X) has dimension < d. We may also assume X is affine, say V(f1,..., fi) C
A}, Let @ € (J X)(k) be an arc given by a tuple a € k[t]". The fiber of
Tnt1(Joo X) (k) = 7 (Joo X) (k) over m, () is identified with

F:={(Bmodt) € k" | B € k[t]" and f(a + Bt"*) = 0}.
Let
X = Speck[t][z]/(fi(a +zt"), .., fila + zt"*1))

and let 0,7 € Speck[t] be the closed and generic points respectively. The generic
fiber X, of X is isomorphic to X ®y, k(t)), in particular, has dimension d. Indeed,
X, C AZ(]tD is sent to X ®y, k(t) by the coordinate change z — « + xt" 1. Let A’
be the Zariski closure of &, in X, which is a flat k[t]-scheme of relative dimension
d. The above set F' consists of the points s(0) with s ranging over all sections

Speck[t] — X and thus is a subset of X/(k) with X the special fiber of X”. Since
X has dimension < d, so does F. O

The following is a direct consequence of this lemma.

COROLLARY 5.4.2. We have
dim m,(Jeo X) < (n+ 1)d.

5.5. Ordinary cylinders

DEFINITION 5.5.1. We say that a geometric arc a: Dy — X is ordinary if the
generic point of Dy, maps into the smooth locus Xy, equivalently, if the corre-
sponding L-point of J., X lies on J((;w) X = Joo X \ Joo(Xsing). We say that a
cylinder C' C Jo X is ordinary if every point of C' corresponds to an ordinary arc,
that is, C is included in J(S°) X

LEMMA 5.5.2. Every ordinary cylinder C C Jo X is included in Jge) X for
e> 0.

ProOF. This follows from Lemma [B3.8.3 O
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LEMMA 5.5.3. Let C' C Joo X be an ordinary cylinder. Then, for n > 0, the
map mp41(C) — 7, (C) is a piecewise trivial A%-bundle.

PROOF. This follows from the last lemma and Proposition [5.3.4] O

DEFINITION 5.5.4. Let C C Jo X be an ordinary cylinder. We define the
measure of C to be

px(C) := {m,(C)}L™™% (n>>0).
This is well-defined thanks to Lemma [5.5.3]

5.6. Negligible subsets

DEFINITION 5.6.1. A subset N C J, X is said to be negligible if it is included
in the arc space Jo Z of some closed subscheme Z C X of positive codimension.

LEMMA 5.6.2. Let e € Z>¢ and N C Jge) X be a negligible subset. For every
m € Z, there exists an ordinary cylinder C' such that dim px (C) < m and N C C.

PROOF. For n > e, let
Cp =7, H(mn(N)),
which are ordinary cylinders with N C C),. From [5.4:2] we have

dim{m, (N)} < (n+ 1)(d — 1)

and
dim px (Cy,) = dim{m, (N)} — nd
<(n+1)(d—1)—nd
=-n+d-1
For n > 0, C,, becomes a desired ordinary cylinder. O

LEMMA 5.6.3. Let I be a set which is at most countable. Let S and T;, i € I
be ordinary cylinders of Joo X and let N be a negligible subset of Joo X. Suppose
that S = | |;c; Ts WN. Then the sum ), ; ux(T;) converges to jix(S).

PRrOOF. Let e € Z>q be such that S C Jge) X. Let m be any integer. From
Lemma there exists an ordinary cylinder C' such that dim pux(C) < m and
N c C. Then

s\c=||m\o).
icl
From Lemma [3:8:3] this is a finite disjoint union. It shows that 7; C C and

dim px (T;) < m for all but finitely many i. We conclude that the sum » _,_; ux (7;)
converges and

nx(8) = px(T)  (mod Flp).
i€l

Since the equality holds for any m, we have ux(S) = >_,;c; ux(T3)- O
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5.7. Admissible functions and motivic integrals

DEFINITION 5.7.1. Let A C Joo X be a subset, let r € Z~p and let f: A —
17U{c0}. We say that f is admissible if there exists a stratification A = | |,.; A;UN
into countably many ordinary cylinders A;, ¢ € I and a negligible subset N such
that for every i, the restriction f|4, is constant with value different from co. (Thus
the value oo is taken only on N.) For such f, we define the integral of ' to be

/ LY dux := ZMX(Ai)]Lf(Ai) € ./T/l\;w. U {o0}.
A i€l

It is clear that a Q-linear combination of finitely many admissible functions is
again admissible.

LEMMA 5.7.2. The integral of L./ is independent of the stratification A =
Llie[ AiUN.

PROOF. Let A = | |
we have

;es Bj U O be another such stratification. For each ¢ € I,

A= | |(4nB)u(A;nO).
jeJ
From Lemma [5.6.3] we have
px(Ai) = Z px (A N By).
jeJ
From Lemma m (or its obvious generalization to M k,r), we have

ZMX(Ai)Lf(Ai) — Z pix (A; () B)LI AiNBs)
el (i,§)€IxJ

Similarly
S ux(BILP) = 3 (A0 BLI0R),
JjeJ (i,5)EIXJ

O

LEMMA 5.7.3. Let Z C X be a closed subscheme of positive codimension with
the defining ideal sheaf T C Ox. The order function ordr = ordyz as well as its
restriction to any cylinder is admissible.

PrOOF. Let C C Jo X be a cylinder. For e,n € Zx(, we define ordinary
cylinders C,,, := C N (ordz)"'(n) Njx'(e) and a negligible subset N := C N
((ordz) ™ (00) Ujx* (00)). We have

C=|]CenuN.

e,n

Since ordyz take the constant value n on each C. ,, the function ordz |¢ is admis-
sible. [
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5.8. Jacobian orders for morphisms

Let Y be another geometrically reduced k-schemes of finite type which have
pure dimension d and let f: Y — X be a generically étale morphism. Throughout
the rest of the present chapter, we will keep this setting.

DEFINITION 5.8.1. We say that an arc a: Dy, — Y is f-ordinary if Y is smooth
at a(n) and f is étale at «(n), where 7 is the generic point of Dy. A subset
C C Jx Y is said to be f-ordinary if every point of C' is f-ordinary.

Clearly, being f-ordinary implies being ordinary. Note also that for an f-
ordinary arc «, X is smooth at f o a(n). If Z C Y is the union of the non-smooth
locus of Y and the non-étale locus of f, then « is f-ordinary if and only if @ ¢ J, Z.

For an f-ordinary arc «, the flat pullbacks abﬁgl//k and (fo a)bQ‘;(/k (see Defi-

nition [5.3.3)) are free L[t]-modules of rank 1 and the map
(fo a)mgl(/k - O‘ng’/k
is injective. We regard (f o a)bﬁgf/k as a submodule of a"Qg,/k by this injection.

DEFINITION 5.8.2. We define the Jacobian order of f at an f-ordinary arc «
to be
abQSf//k

(foa)Q

jf(Oé) = dimL a .
X/k

Putting j¢(«) := oo for ones not f-ordinary, we get the Jacobian order function of

I
jfl JOOY*)ZZ()U{OO}.

DEFINITION 5.8.3. Suppose that Y is smooth. Then we define the Jacobian
ideal sheaf Jacy C Ox of f to be the 0-th Fitting ideal sheaf of Qy, x.

LEMMA 5.8.4. If Y is smooth, then j; = ordjac, -

PROOF. If o is not f-ordinary, then j(a) = ordjac,(a) = oo. Suppose that o
is f-ordinary. We have the exact sequence of L[t]-modules

(f o a)*QX/k — oz*Qy/k — Oz*Qy/X — 0.

Since a*Qyy, is free, the left map kills the torsion part of (f o @)*Qx/; and we get
the exact sequence

(f o Oz)bQX/k — Oz*Qy/k — Q*Qy/x — 0.

Choosing bases of (f o a)bﬂx/k and o*{y/j, the map (f o a)bQX/k — a*Qyyy, is
given by a square matrix A € My(L[t]). We see that both j;(a) and ordjac, (o) are
the order of det(A) € Lt]. O

5.9. Fiber inclusion lemma

LEMMA 5.9.1. Let n € Z> and let 8 € (Joo Y)(L) and o € (Joo X)(L) be

such that fo,m,(8) = m,(a). Let e :=j;(B), ex = jix(foo(B)) and ey = jy(B).
Suppose that n > max{2e + ey,ex}. Then there exists v € (Joo Y)(L) such that

7Tn—e(7) = Tn—e(ﬁ) and foo(’)’) = .
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PROOF. From n > ex and Proposition |5.3.4, we can identify the fiber F°(L)
of the map

(Tn41(Joo X)) (L) = (mn(Joo X)) (L)
over T, foo () with
Homp,[4((f o B)bQX/katZié,L)'
By assumption, the (n 4 1)-jet 7,4 1(c) belongs to F°(L) and corresponds to the
map
0fe(8)(@ntr: (f Oﬂ)be/k — tZié,D
according to the notation of Definition For some bases, the map

(foB)" Qx/i — B"Qy i

is represented by a diagonal matrix diag(t°,...,t¢) with > e; = e, in particular,
e; < e for every i. Therefore the map ds_(g)()n+1 is induced from a map

The assumption n > 2e + ey is equivalent to
n+1<2(n—e)+1—ey.

Again from Proposition m the map § is of the form 03 (Y1), 41 for some v(V) €
(Joo Y)(L). By construction, we have

7"'7L—e('>/(1)) = 7"'n—e(ﬁ) and 7Tn+1foo (’Y(l)) = 7Tn+1(a)'

Note that j;(vV) = j;(8) and jx(foo (7)) = jx(fx(B)). Applying the same
argument to v, a,n + 1 in place of 3, o, n, we see that there exists some v(?)

(Joo Y)(L), which satisfies

7Tn+1fe('7(2)) = 7Tn+1fe('7(1)) and 7Tn+2foo(7(2)) = Tny2(a).
Repeating this, we get a sequence ¥ € (Joo Y)(L), i € Z~( such that

7Tn+iflfe(7(i)) = 7Tn+iflfe(7(i71)) and 7,1 foo (V(l)) = 7Tn+i(a)'
The limit v € (Joo Y)(L) of 4(9’s has the desired property. O

DEFINITION 5.9.2. Let C C J Y be a subset. We say that fo|c is geo-
metrically injective if for every field L, the induced map C(L) — fo(C(L)) is
injective, equivalently, if for every algebraically closed field L, the induced map
C(L) = f(C(L)) is injective.

LEMMA 5.9.3 (Fiber inclusion lemma; the singular case). Let L be a field,
let 8,8 € (JY)(L). Let n € Z>o and suppose that f,m,(8) = fnmn(B’). Let
e:=jr(B), ex :=ix(fc(B)) and ey :=jy(8). Suppose that n > max{2e+ey,ex}.
Suppose also that 8,8 € C(L) for a cylinder C of level n — e and that fool|c is
geometrically injective. Then mp_o(8) = Tn—e(f').

PROOF. For o := foo(f'), let v € (Joo Y)(L) as in Lemma [5.9.1] Since C is a
cylinder of level n — e and 7,_.(8) = T—_e(7), we see that v € C(L). From the
geometric injectivity, the equality foo(7) = foo (8’) implies v = 3’, which shows the
lemma. (]
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5.10. Preservation of cylinders under f.,

LEMMA 5.10.1. Let C C JoY be a cylinder of level n — e. Suppose that
the inequalities jy < e, ix o foo < ex and jy < ey hold on C' and that n >
max{2e + ey,ex}. Then foo(C) is a cylinder of level n.

PROOF. We first note that m,(fs(C)) = fn(m,(C)) is a constructible subset
of J, X. Let 8 € C(L) be a geometric point and let o € (Jo X)(L) be such
that f,m,(8) = m,(a). From Lemma there exists 7 € (Joo Y')(L) such that
Tn—e(Y) = Tn—e(B) and foo () = a. Since C'is a cylinder of n—e, we have v € C(L).
Therefore foo(7) = @ € (foo(C)) (L). This shows that fo.(C) is a cylinder of level
n. |

COROLLARY 5.10.2. Let C C Joo Y be an f-ordinary cylinder. Then foo(C) is
an ordinary cylinder.

PROOF. From Lemma [3.8.3] the functions j; and jx o fo are bounded on C.
The corollary follows from Lemma[5.10.1] O

5.11. The A°¢-fibration lemma

LEMMA 5.11.1 (The A°¢-fibration lemma; the singular case). Let n,e,ex,ey €
Z>o be such that n > max{2e + ey,ex}. Let C C JY be a cylinder of level
n —e such that jrlc < e, (ix o fxo)lc < ex and jy|c < ey. Suppose that fx|c is
geometrically injective. Then

In T (C) " T (C) = fu(mn(C))
is a piecewise trivial A°-bundle. In particular,
py (C) = px (foo (C))LE.

PROOF. From Lemma [5.10.1} fo(C) is a cylinder of level n. Consider an L-
point

an € (fu(mn(C))) (L).
For an extension M/L, let a;, ar denotes the induced M-point. For a suitable finite
Galois extension M /L, there exists 8 € C(M) such that f,,(m,(5)) = an a. Indeed
we can lift a, to a point of m,(C) after a finite extension of L. In turn, from
Proposition this point lifts to C' without further extension of the field. By
enlarging M if necessary, we may take M/L to be Galois.

Let Hyy be the fiber of m,(C) — fn(m,(C)) over ay. s = fu(m,(B)) and let 3,
be the fiber of m,(C) — m,_(C) over m,_.(8). From the fiber inclusion lemma,
we have Hy; C F?,. Since n < 2(n —e) + 1 — ey, we can apply Proposition m
so that for any extension N/M, we may identify

FR/[(N) = HOHlMﬂt]] (Bbgy/k, tz;ij\})
We see that Hp(N) is then identified with the kernel of
Homprgeg (8" Qy i, thyTiv) = Homarg ((f 0 8) Qxm, G551)-
For some bases, the map

M[H® = (f 0 B)*Qxx — B*Qy s = M[t]®?
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is represented by a diagonal matrix diag(¢¢,...,t%) with >_ e; = e. Therefore the
above map of Hom modules is identified with the map

®d @®d
—e+1 —e+1
(tz-‘riN) - ("ZJ,N)
represented by the same matrix. It has the kernel

n—e;+1 ~ De
@tn—Fl:N =N

K2

This shows that Hj is an e-dimensional M-linear subspace of F3, and a closed
subset of (J,, Y) ®y M. Moreover, Hy; is a Gal(M/L)-equivariant vector subbundle

of F%, over Spec M. By the Galois descent (Corollary [A.2.5)), the fiber H of

Tn(C) = fn(mn(C)) over ay, is isomorphic to AS. From Lemma[2.6.3|and spreading
out (Lemma [4.4.3), the map m,(C) — fn(7,(C)) is a piecewise trivial A®-bundle.
This shows

py (C) = {ma (C) L7
= {fa(ma(C)) L7+

= x (foo (C))LE.
O
5.12. Preservation of admissible functions
PROPOSITION 5.12.1. (1) Let A C Joo X be a subset and let h: A — 17U
{oo} be an admissible function. Then ho fo: fH(A) — 1Z U {oo} is

admissible.

(2) Let B C JoY be a subset such that foo|p is geometrically injective. Let
h: B — 17U {oc} be an admissible function. Then the function induced
from h,

1 1
W fo(B) Y= g hy ~ZU {oo},
18 admissible.

PROOF. (1) Let Z C Y be the non-étale locus of f and let W be the Zariski
closure of f(Z) U Xging. There exists a stratification A =| |, A; UN into countably
many ordinary cylinders A; and a negligible subset N such that each restriction
h|a, is constant. Replacing N with NU(fa(B)Nordy, (00)) and A; with countably
many cylinders A; N ord;[,1 (j), we may take A; to be disjoint from ord;[,l(oo). Then
B; := f1(A;) are ordinary cylinders and f_!(N) is negligible. Therefore ho f. is
admissible.

(2) Let B = | |B; U N be a stratification as in the definition of admissible
functions. By a similar argument as above, we may suppose that B; are f-ordinary.
From Corollary foo(B;) are ordinary cylinders. It is easy to see that foo (V)
is negligible. We conclude that h’: foo(B) — 1Z U {oo} is admissible. O

PROPOSITION 5.12.2. The Jacobian order function of f, jf: Joo¥ — Z>o U
{0}, is admissible. The same is true for the restriction j¢|c to any cylinder C.

PROOF. There exists a proper birational morphism g: Z — Y such that the
torsion-free pullbacks gbﬂgl,/k = g*Qg,/k/(g*le//k)mrS and (f o g)bﬂj‘l(/k = (fo
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g)*le(/k/((f Og)*le(/k)tors are locally free (for instances, see [0Z91,/VUO06|). Let
T C Oz be the ideal sheaf given by

(fo g)ngl(/k =1 nggl’/k'
Then the equality j; o goo = ordz holds for g-ordinary arcs -y such that geo(7y) is
f-ordinary. In particular, the equality holds outside a negligible subset. Since ordz
is admissible by Lemma 80 i8 jf © goo- It follows that jr o geol; YAir (s0)
is also admissible. From Proposition [5.12.1} j; is admissible outside goo(j; " (c0)).

Since goo (j; ' (00)) is negligible, the whole function j; is also admissible. The second
assertion is now obvious. O

5.13. The change of variables formula

DEFINITION 5.13.1. Let C C J Y be a subset. We say that fo|c is almost
geometrically injective if there exists a negligible subset N such that fo|c\n is
geometrically injective (Definition [5.9.2]).

THEOREM 5.13.2 (The change of variables formula for singular varieties). Let
B C JoY be a subset such that fo|p is almost geometrically injective. Let
h: foo(B) = 1Z U {o0} be an admissible function. Then

/ Lhd,ux = / Lhefoeis duy -
foo(B) B

PROOF. Removing a negligible subset from B, we may assume that B is f-
ordinary, fu|p is geometrically injective and there exists a stratification fo(B) =
LJ; A; into countably many ordinary cylinders such that h|4, are constant. Then
B; := f'(A;) are f-ordinary cylinders. If we put B; . := B; Nj;'(e), e € Zsg, we
have B; = [_|620 Bi.and A; = |_|620 foo(Bie). From Lemma we have

px (foo(Bie)) = py (Bie)L™°.

Therefore
L" dpux = MX(Ai)]Lh(Ai)
frm =%
= ZMX(fOO(Bi’e))h(foo(Bi,j))

=y (Byo)UeBue)) s (Bie)

:/ Lhele=Is dyiy .
B

5.14. Group actions

We now consider the situation where a finite group G acts on our k-variety
X. For simplicity, we suppose that every G-orbit in X is contained in an affine
open subset. This implies that the quotient X/G is a scheme. Then every G-
orbit in J, X, n € Z>o U {oo}, is also contained in an affine open subset and the
quotients (J, X)/G exist as schemes. We define the motivic measure on the set
Joe X1/G = |(JocX)/G.



CHAPTER 6

Stringy motives

In section we saw that the motive M(X) = {X} of a smooth variety X is
invariant under strong K-equivalences. To generalize this fact to varieties having
mild singularities, we introduce in this chapter the notion of stringy motives, a
variant of motives incorporating information of singularities.

We work over a perfect field k in this chapter except the last section This
assumption in particular implies that a k-variety is geometrically reduced and a
normal k-variety is smooth in codimension one.

6.1. Singularities in the minimal model program

To develop the minimal model program in dimension > 3, it was essential to
allow varieties to have mild singularities. Among others, four important classes of
singularities are terminal singularities, canonical singularities, klt singularities and
log canonical singularities in the order of mildness. We briefly recall these notions.
We refer the reader to [Kol13, Section 2.1] for details.

Let X be a normal k-variety of dimension d. We begin with fixing our termi-
nology on divisors as follows:

DEFINITION 6.1.1. A divisor (resp. Q-divisor) on X means a Weil divisor,
that is, a Z-linear combination (resp. Q-linear combination) of prime divisors. We
identify a Cartier divisor on X with the (Weil) divisor associated to it in the obvious
way. Thus Cartier divisors form a subclass of divisors. For a positive integer r,
a divisor D on X is said to be r-Cartier if rD is Cartier. A divisor is said to be
Q-Cartier if it is r-Cartier for some r > 0. A Q-divisor D is said to be Q-Cartier
if for some positive integer r, rD has coefficients in Z and is Cartier.

For a Q-Cartier Q-divisor D and for a dominant morphism of normal varieties
/Y — X, we can define the pull-back f*D to be the Q-divisor %f*(rD) for a
positive integer as above.

DEFINITION 6.1.2. The canonical sheaf of X, denoted by wy, is defined to be
the double dual (de/k)vv of Q4 . that is, the unique reflexive sheaf F such that
Flx.., = Q;l(sm /i (see Remark for reflexive sheaves). A canonical divisor of X,

denoted by Kx, is a Weil divisor D on X such that Ox (D) = wx. This is unique
modulo linear equivalence and we may call this divisor the canonical divisor.

REMARK 6.1.3 (Reflexive sheaves [Har80|). Let X be a normal variety. A
coherent sheaf F on X is said to be reflexive if the natural map F — FVV to the
double dual is an isomorphism. This is equivalent to that there exists an open
subset U C X with the inclusion map ¢: U < X such that the complement U®
has codimension > 2, F|y is locally free and the natural map F — 1. Fly is an
isomorphism. The dual FV := Homo, (F,Ox) of a coherent sheaf F is always

55
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reflexive and so is the double dual FVY = (FV)V. The double dual FVV is also call
the reflerive hull of F. If F is locally free in codimension one, then FVV is the
unique reflexive sheaf which coincide with F in codimension one.

The coherent sheaf Ox (D) associated to a divisor D is defined as a subsheaf
of the constant sheaf K(X) in terms of orders of poles and zeroes along prime
divisors appearing in D, just like in the case of a smooth variety. This sheaf
Ox (D) is reflexive and sending D to Ox (D) gives a one-to-one correspondence of
divisors and reflexive subsheaves of K(X). A divisor D is Cartier if and only if
Ox (D) is invertible. Moreover, two divisors are linearly equivalent if and only if
the corresponding sheaves are isomorphic.

DEFINITION 6.1.4. Let r € Z~o. We say that X is r-Gorenstein if rKx is a
Cartier divisor, equivalently if the r-th reflexive power w[;] = (wg)VV is invertible.
We say that X is Q-Gorenstein if it is r-Gorenstein for some r, that is, Kx is Q-
Cartier.

Let f: Y — X be a generically étale morphism of normal varieties. Suppose
that X is r-Gorenstein. By the natural map, we may regard f *w[;] as an invertible
subsheaf of wy ® K(Y).

DEFINITION 6.1.5. With the above notation, we define the relative canonical
divisor Ky,x to be the Q-divisor on Y given by

Ky,)x = Ky — [*Kx.

In precise, this means that for » > 0 as above, we have f*wgz] ®@Oy(rKy,x) = wy

as subsheaves of wgf] ® K(Y).

DEFINITION 6.1.6. For a prime divisor E on Y, the discrepancy a(E;X) €
Q of E over X is defined to be the multiplicity of E in Ky,x so that we can
write Ky, x = Y pa(£;X)E with E running over prime divisors on Y. The log
discrepancy aiog(E; X) is then defined to be a(E; X) + 1.

DEFINITION 6.1.7. Let X be a k-variety. A modification of X is a proper
birational morphism Y — X or a variety Y given with such a morphism. We say
that a modification Y — X is normal if Y is normal. A divisor over a variety X
means a prime divisor on some normal modification Y of X. The center of a divisor
E over X, denoted by centerx (E), is the image of E on X, which is an irreducible
closed subset of X. We say that a divisor E over X is exceptional if centerx (E)
has codimension > 2. Two divisors E, E’ over X, say lying on normal modifications
Y, Y’ respectively, are said to be equivalent if they correspond to each other by the
natural birational map between Y and Y.

A divisor over a variety X gives a discrete valuation K (X)* — Z on the function
field K (X), associating to a rational function its vanishing order or minus the order
of pole along the divisor. Two divisors over X are equivalent if and only if they give
the same valuation. We usually identify equivalent divisors over the given variety.
Two equivalent divisors over X share the discrepancy as well as the center.

DEFINITION 6.1.8. Let X be a normal Q-Gorenstein variety with the singu-
lar locus Xgng and let W C X be a closed subset. We define the minimal log
discrepancy of X along W to be

mld(W; X) := inf a0 (E; X),

centerx (E)CW
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where F runs over divisors over X with centerx (E) C W.

It is known that we have either mld(W; X) > 0 or mld(W; X) = —oo [KM98|
Cor. 2.31].

DEFINITION 6.1.9. Let X be a normal Q-Gorenstein variety. We say that X is
terminal (mld(Xging; X) > 1)

canonical (mld(Xging; X) > 1)
kit (mld(Xging; X) > 0)
log canonical (mld(Xging; X) > 0).

We also say that X has only terminal (resp. canonical, klt, log canonical) singular-
ties.

6.2. Log pairs

It is also customary in birational geometry to consider not only singular varieties
but also pairs of singular varieties and Q-divisors.

DEFINITION 6.2.1. A log pair X means the pair (X, D) of a normal k-variety
and a Q-divisor on X such that Kx + D is Q-Cartier. The divisor D is called the
boundary or boundary divisor of the log pair.

REMARK 6.2.2. Although boundary divisors are often supposed to be effective
in the literature, we don’t impose this restriction in this book.

REMARK 6.2.3. We think of log pairs as generalization of Q-Gorenstein vari-
eties, identifying a Q-Gorenstein variety X with the pair (X, 0). The divisor Kx+D
is then regarded as the canonical divisor of the pair (X, D) and sometimes called a
log canonical divisor.

DEFINITION 6.2.4. Let (X, D) be a log pair and let f: Y — X be a normal
modification. We define a Q-divisor Ky,(x py on Y by

Ky = f*(Kx + D)+ KY/(X,D)-

The multiplicity of a prime divisor E in Ky,(x, p) is denoted by a(E; X, D) and
called the discrepancy of E with respect to (X, D). The log discrepancy aiog(E; X, D)
is then defined to be a(E; X, D) + 1. For a nonempty closed subset W C X, we
define the minimal log discrepancy of (X, D) along W to be

mld(W; X, D)= inf  awg(E; X, D)
centerx (E)CW

with E running over divisors over X with centerx(E) C W.

REMARK 6.2.5. There seem to be two slightly different definitions of the min-
imal log discrepancy in the literature. Our definition above coincides, for example,
with the one in [EMO6|, but not with the one in [Kol13|. In the latter reference,
the infimum is taken over E with centerx (E) = W.

DEFINITION 6.2.6. We say that a log pair (X, D) is

kit (mld(X; X, D) > 0)
log canonical (mld(X;X, D) > 0).
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If we define the singular locus (X, D)sing of (X, D) to be Xging USupp(D), then
the above inequalities are equivalent to
mld ((X, D)ging; X, D) >0 (resp. > 0).
Therefore this definition is compatible with the one of a normal Q-Gorenstein va-
riety; X is klt (resp. log canonical) if and only if the pair (X,0) is so.
REMARK 6.2.7. For a prime divisor £ on X, if E has multiplicity e in D, then
aog(E; X, D) = —e + 1.

Therefore, for a log pair being klt (resp. log canonical), all the coefficients of the
boundary must be < 1 (resp. < 1).

A priori, it would be necessary to look at all the modifications of the given
variety in order to compute the minimal log discrepancy. The following propositions
enable us to compute it with a single resolution.

PROPOSITION 6.2.8 ( [Koll3, Cor. 2.12]). Let X be a Q-Gorenstein variety
and let f: Y — X be a resolution. Then X is terminal (resp. canonical) if and
only if for every exceptional prime divisor E on'Y, aiog(E; X) > 1 (resp. > 1).

DEFINITION 6.2.9. Let (X, D) be a log pair, let W C X be a closed subset and
let f: Y — X be a resolution. We say that f is a log resolution of (X, D) if f~'D,
Exc(f) and f~'D U Exc(f) are all simple normal crossing divisors. We say that
f is a log resolution of the triple (X, D, W) if W = X and f is a log resolution
of (X,D) orif f=1D, f='W, Exc(f) and f~'*D U f~'W U Exc(f) are all simple
normal crossing divisors.

PRrROPOSITION 6.2.10 (cf. [Kol13, Cor. 2.13]). Let (X,D) be a log pair, let
W C X be a closed subset and let f: Y — X be a log resolution of (X, D).

|Kol13|, Cor. 2.13| Then (X, D) is kit (resp. lc) if and only if aog(E; X, D) >0 (resp. > 0).
(1) Let W C X be a closed subset. Suppose that f is also a log resolution of the

triple (X, D, W) and that (X, D) is log canonical in a open neighborhood
of W. Then

mld(W; X, D) = Ec?iifl(vv) aog(E; X, D),

where E runs over prime divisors on'Y contained in f~1(W).

The second assertion follows from Propositions [.7.5], [6.4.6] and [6.6.1]

6.3. Stringy motives

DEFINITION 6.3.1. Suppose that X is r-Gorenstein. Let Zx, C Ox be the
ideal sheaf given by

Im ((Qg(/k)@” — w@) =1Ix, ~w£?],

For a constructible subset C' C X, we then define the stringy motive of X along C
to be the integral

Mst(X)C = / 1 }L%OTdT.X’T dux € 'A//\lkﬂ“ U {OO*}
o (C)

When C = X, we just call it the stringy motive of X and often omit the subscript
C.
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REMARK 6.3.2. Note that for n > 0, we have Zx ,, = (Zx,)". Thus the
function %ordzxﬂ‘ is independent of the choice of r. It follows that Mg (X)¢ is
essentially independent of r. More precisely, if M, € M\k,r U {oo«} and M, €
./T/l\;w/ U {oo.} are the ones defined for r and 7/, then they have the same image
in /T/l\k,mn/ U {o0.} via the canonical maps. In practice, we will fix a sufficiently

factorial r so that all Q-Gorenstein varieties under consideration be r-Gorenstein
and all Q-divisors have coefficients in %Z.

Roughly speaking, the function %ordz measures the difference between Qg( /k
and the canonical divisor Kx; the former is directly related to the change of vari-
ables formula, while the latter is more important in the birational geometry.

To generalize stringy motives to log pairs, we need to consider fractional ideal
sheaves.

DEFINITION 6.3.3. A coherent fractional ideal sheaf on X is a nonzero coherent
Ox-submodule Z of the constant function field sheaf K(X).

For a coherent fractional ideal sheaf Z on X, there exists an open dense subset
U C X such that Z|y = Op as subsheaves of K(X). Indeed, if Z is generated
by rational functions f1,..., f; € K(X) on an open subset V' C X, then we only
need to remove their poles to get such an open subset U. Moreover there exists the
largest open subset with this property; for the sake of uniqueness, we choose it as
U. Let @: Dy, — X be an arc such that a(n) € U. The equality Z|y = Op induces
the injection

o’T < o*T @pp Lt) = (al,)*Ov = L(t).

Thus the flat pullback o’Z is regarded as a fractional ideal of L[t]; we denote this
fractional ideal as o= !Z.

DEFINITION 6.3.4. For an arc a: Dy, — X with a(n) € U, we define ordz(«)
to be an integer n such that a=1Z = t"- L[t]. If a(n) ¢ U, we define ordz(a) := oc.
We get a function

ordz: Joo X — Z U {o0}.

LEMMA 6.3.5. For a coherent fractional ideal I, the function ordz is admissible.

PROOF. By means of an affine open covering, the problem is reduced to the
case where X is affine. Then 7 is generated by rational functions f1/g1,..., fi/gi,
where f; and g; are regular functions on X. Let D be the effective Cartier divisor
defined by ¢g1g2---g1 = 0. Then Z C Ox(—D). Thus there exists an ideal sheaf J
with Z = JOx (—D). We see that

OI‘dI = OI‘dj — OI"dD

outside the negligible subset Jo, Z with Z = DU V(J). Since ords and ordp are
admissible, ordz is also admissible. O

DEFINITION 6.3.6. Let (X, D) be a log pair such that r(Kx + D) is Cartier.
We regard Ox (rKx) and Ox (r(Kx + D)) as submodules of the constant sheaf

Ox(rKx)® K(X) = (%)% ® K(X).
We define a coherent fractional ideal sheaf Zx p, C K(X) by
I ((Q%,)%" = Ox(rKx)) = Ix,p, - Ox (r(Kx + D)).
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For a constructible subset C' C X, we then define the stringy motive of (X, D)
along C' to be the integral

Mst(Xv D)C = / L% OrdIX’D’T d/~LX € -A//Yk,r U {OO}
™ '(C)
REMARK 6.3.7. If X is smooth, then Zx p, is the defining ideal sheaf of the

divisor rD. In particular,

1
—ordz, ,, =ordp.
r D,

When D has simple normal crossing support, we have explicit formulas for Mg (X, D)
and its dimension (Propositions and [.7.5). In particular, we have a criterion
for whether or not Mg (X, D)¢ converges and one for whether or not it is dimen-
sionally bounded.

6.4. Basic properties of stringy motives
PROPOSITION 6.4.1. If X is smooth, then Mg (X))o = Mg (X,0)c = {C}.

PROOF. In this case, the function X ordz, , = L ordz, ,, is constant zero. Thus
r ,T r ,0,7

MaX)e =Ma(X.0c = [ dux = mx(m3 (€)= (€}

O

DEFINITION 6.4.2. A morphism f: (Y, E) — (X, D) of log pairs means just a
morphism f: Y — X of underlying varieties. We say that a morphism f: (Y, E) —
(X, D) is generically étale (resp. proper, birational, being a modification) if it is so
as a morphism of varieties.

DEFINITION 6.4.3. We say that a generically étale morphism f: (Y, E) —
(X, D) of log pairs is crepant if Ky + E = f*(Kx + D). (Note that this no-
tion depends on not only underlying varieties but also boundary divisors.) We say
that two log pairs (Y, E) and (X, D) are K-equivalent if there exist crepant mod-
ifications (Z,F) — (Y, FE) and (Z,F) — (X, D) from a third log pair (Z,F). (In
other words, (X, D) and (Y, F) are K-equivalent if there are normal modifications
Z — X and Z — Y such that KZ/(X,D) = KZ/(Y7E)')

Unlike the case of strong K-equivalence (Definition [4.5.1), we don’t assume
the above Z to be smooth. Thus K-equivalence is a weaker condition than strong
K-equivalence.

EXAMPLE 6.4.4. Two crepant resolutions of the same normal Q-Gorenstein vari-
eties are clearly K-equivalent. Two birational Calabi-Yau varieties are K-equivalent.
Here a Calabi-Yau variety means a smooth proper variety X with wx = Ox. More
generally, two minimal models of the same log pair are K-equivalent [Kol13| Prop.
1.21].

LEMMA 6.4.5. Let (Y, E) — (X, D) be a crepant morphism of log pairs. Then

. 1
- ordzy . 9foc —Jf = - ordz, -
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PROOF. Let a be a geometric arc of Y and let

1 1
= ordzy . 0 foo(a), b:= - ordz, , . (a) and e :=jr(a).

Suppose that all these values are finite. It holds for o’s outside a negligible subset.
We have

£ (05,0 = (f 0 @) (/)"
=t"" (foa)"Ox(r(Kx + D))
=", OL*Oy(T(Ky + E))
— tra—rb . Oéb(ng/k)@T.

Thus e = a — b and the claim holds. O

PROPOSITION 6.4.6. Let (Y, E) — (X, D) be a crepant modification of log pairs
and let C C X be a constructible subset. Then

M (Y, E) 1) = Mt (X, D)e.

PrOOF. This follows from Lemma and the change of variables formula.
O

The following corollary is a direct consequence of this proposition:
COROLLARY 6.4.7. Let (Y, E) and (X, D) be K-equivalent log pairs. Then
Mg (Y, E) = Mg (X, D).

More generally, if g: Z — Y and f: X — Y are normal modifications with
Kz/x,p) = Kz/v,py and if C C Y and B C X are constructible subsets with
97 1(C) = f~1(B), then

Mst(}/a E)C = Mst(X7D)B~

The following corollary strengthens Theorem [£.5.4] by weakening the strong
K-equivalence condition to K-equivalence condition.

COROLLARY 6.4.8. Let X andY be K-equivalent smooth varieties. Then {X} =
ProOF. From Corollary [6.4.7} we have

in /T/l\kyr for some r > 0. We show that we can take r to be 1. There exists a log
pair (Z, D) and crepant modifications f: (Z,D) — X and g*: (Z,D) — Y. Since
Kx, Ky and Kz + D = f*Kx are all Cartier, we can take r to be 1 when we define
Mgt (X), Mgt (Y) and Mg (Z, D) and prove that they are equal. O

COROLLARY 6.4.9. Corollary holds with strong K-equivalence replaced
with K-equivalence.

PRrOOF. This follows from Proposition 2.5.3] O
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6.5. Special local uniformization

To apply stringy motives to minimal log discrepancy in arbitrary characteristic,
we show a version of local uniformization, which plays a role of log resolution in
characteristic zero.

Let C' C Js X be an irreducible ordinary cylinder, let ¢ € C' be its generic
point with the corresponding arc a: Dy — X with L the residue field of ¢. This
arc sends the generic point of Dy, to the generic point of X. For, if it was sent to
a point z € X of dimension < d — 1, then C' would be contained in the negligible
subset Jo, {x}, where {2} is the Zariski closure. This is impossible. Therefore, for
every modification Y — X, there exists a unique lift

ﬁ:DL—>Y
of a.

LEMMA 6.5.1. Suppose that the arc o sends the closed point to a point of X
of codimension > 2. Then there exists a coherent ideal sheaf T C Ox such that, if
f:Y =Blz(X) — X is the associated blowup and 8 is the lift of o to Y, then we
have j;(5) > 0.

ProOOF. Let £ € X be the image of the closed point Dy and let a > 2 be its
codimension. Let k(z) and m, denote the residue field and the maximal ideal of
the local ring Ox , respectively. Since our base field k is perfect, the extension
k(x)/k is separable [Eis95, Cor. A1.7] and has transcendental degree d — a . The
k(z)-vector space () has dimension d — a |[Eis95, Th. 16.14]. Consider the
conormal exact sequence

m, /m2 = k(z) Qoy ., oy, /k = Y@k = 0

There are elements 1, ..., 2q4—q € Ox ; and wy, wa, ..., w, € my such that dz,...,dzq_,
map to a basis of Q) and dzy,...,dxg—o,dws,...,dw, map to a basis of

k(x) ®ox.. Qox../k- By Nakayama’s lemma, dz1,...,dx4—q,dws,. .., dw, generate

Qoy ,/k- By reordering z1,...,24-q and wi,...,wyp if necessary, we may assume

that abﬂgl( Jd is generated by the element

o*(dwy A=+ Ndwy ANdxy A=+ ANdxg—;)

for some [ > a such that wy,...,w;, x1,...,2x4—; are algebraically independent over
k; the last condition ensures that the above d-form is not a torsion. Let Z C Ox
be an ideal sheaf such that Z, = (w;,ws) and let f: Y — X be the blowup
along Z. We identify K(Y) with K(X) so that the maps o*: K(X) — L(t) and
B*: K(Y) — L(t) become identical. Let y € Y be the image of the closed point by
B. Either wy /wy or wy/wy is a regular function on an open neighborhood U of y;
say v := wy /wa is so. Then

dwy Adwo A -+ Ndwy ANdxy N - Ndrg_;
:d(uwg)/\dwg/\-~-/\dwl/\dac1/\--~/\dxd,l

= (vdwsg + wadv) Adwa A -+ Adwy Adxy A+ ANdxg—y
=wodv Ndway A -+~ Ndwy ANdxy N -+ Ndxg_y.
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It follows that

O‘ngf/k

={(a"(dwy A---ANdwg Adzy A+ Ndxg_p))

= (8" (wadv Adwg A -+~ ANdwyp Adxy A+ ANdxg—p))

C ,B*wQ : BbQi'/k;'
From the definition of x, we have

Brwy = a*wy € o tm, C (t) C Lt).
We conclude that
if(8) = dimg 895 ), /0" Q% ) > 0.
O

PROPOSITION 6.5.2 (cf. |Reg09} Prop. 3.7 (vii)]). Suppose that o sends the
closed point to a point of positive codimension. Then there exists a normal projective
modification f:Y — X such that the lift 8: D, — Y of a sends the closed point of
Dy to a point of codimension 1.

PROOF. Let © € X be the image of the closed point by «. If this is a point
of codimension 1, we are done. Otherwise, consider the projective modification
f+ X7 = Blz(X) — X as in the last lemma and let a;: D;, — X; be the lift of
a. Let m := ordz(a) and let e := js(a1). Removing the loci with ordz > m and
jf > e, we get irreducible cylinders C' C C and Cy := f;*(C”) such that jf|c, has
constant value e. From Lemma [5.11.1]

dim px, (C1) > dim px (C") = dim pux (C).

Note that from Proposition [£.2.1] the generic point of C; corresponds to oy, in
particular, it has the same residue field L as the residue field of the generic point
c of C. If a7 sends the closed point to a point z; € X; of codimension > 1, then
we apply the same procedure as above to a; and get a projective modification
g: X9 — Xi, the lift as of a7 and an irreducible cylinder Cy C Jo, X2 such that
the generic point of Cy corresponds to as and

dim,uX2 (02) > dimqu (Cl)

We repeat this procedure until we get a point z,, € X, of codimension 1. From
Corollary for m > 0, we have

dim px, (C;) < dimmp,(Joo X) — dm = d.

Therefore the procedure stops after finitely many steps and indeed get a point
T, € X, of codimension 1. It remans to take the normalization of X,,. [l

REMARK 6.5.3. A version of local uniformization says that for a variety X
and a valuation v on K(X), there exists a modification ¥ — X such that YV is
regular at the center of v. This can be regarded as a weak version of resolution
of singularities. In positive characteristic, it is still an open problem whether local
uniformization in this sense is always possible or not. The above proposition says
that local uniformization is valid for the discrete valuation

K(X)* 25 L) 25 7

associated to an arc « as above.
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COROLLARY 6.5.4. For an irreducible ordinary cylinder C' C Joo X, there ex-
ists a normal modification f:Y — X and a prime divisor D C Y such that
foo (Wal(Dsm N Ysm)) contains the generic point of C.

PrROOF. Let a: Dy — X be the arc corresponding to the generic point of C.
We take a normal modification f: Y — X as in the last proposition and let 3 to be
the lift of @ to Y. Then the image y € Y of the closed point by 8 has codimension
one. We see that the prime divisor D := @ has the desired property. [

6.6. The minimal log discrepancy via stringy motives

PROPOSITION 6.6.1. Let (X, D) be a log pair and let C C X be a non-empty

closed subset. Then
mld(C; X, D) =d — dim M (X, D)c € QU {—o0}.
Here we follow the convention dimoog = s.

PROOF. Let f: Y — X be a normal modification such that f~(C) of pure
dimension d — 1. Any normal modification Y’ — X is dominated by such a normal
modification. Let Y° C Y be the largest open subset such that Y° is smooth and
the subvarieties of Y,

FHC)NY*° and
(f71(C) USupp Ky, (x,py) NY°,
are both smooth. Then Y \ Y° has codimension > 2. Let us write
JS7HC) USupp Ky (x,p) = U E;
iel
with F; distinct prime divisors on Y°, and write
Ky/x,p)lye = ZaiEi7
iel
where a; are (possibly zero) rational numbers. Note that a;+1 is the log discrepancy
of E; with respect to (X, D). The restrictions F;|y+ are mutually disjoint from the
smoothness condition. From Proposition [£.7.4] we have
dim Mst(X, D)C = dim 1\/131;(}/7 _KY/(X,D))ffl(C)
2 dim Mst(yo, 7KY/(X,D) |Y°)f—1(C)ﬂY°~
If mld(C; X, D) = —o0, then for some f and i, we have a; < —1. For such f, from
Proposition [{.7.4]
dim Mst(Y°7 _KY/(X7D)|Y0)f—1(C)ﬂYO = OQ.
Thus, in this case, we have dim Mg (X, D)¢ = oo and the equality of the proposition
holds.

We suppose that mld(C; X, D) > 0. Then, for f as above, a; > —1 and from
Proposition M (Y, =Ky (x,p)|lye) f-1(c)nye is dimensionally bounded. From
Proposition we have

dimMSt(Yo, *KY/(X,D)|Y°)f*1(C)r‘|Y° = sup {d —1—a; | i€ K},
where K is the subset of I such that f~!(C) = {J,cx D;. Since the inequality
(6.6.1) dim My (X,D)c >sup{d—1—a; |i€ K}
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holds for an arbitrary normal modification ¥ — X, we conclude
dim Mg (X, D) > d —mld(C; X, D).

We will show the opposite inequality. Let us write

M (X, D) = Z/ Loz gy
el VA

where Z = Zx p,, (see Definition and A; are irreducible ordinary cylinders

with ordz |4, constant. From Corollary for each ¢, there exists a normal

modification f: Y — X and an f-ordinary cylinder B C Jo, Y° such that fo(B) is

contained in A; and contains the generic point of A;. Here Y° is similarly defined

as above. Then

dim / L+ "7 gy = dim L+ gy
A, fo(B)

= dim / L~ %y x.0) dpy
B

< dim L™ Y%y x.0) dpy
Joo YO
= dim Mg (Y°, = Ky/(x,p)lve) -1 (0)nye
—d—inf{l+a|ieK)}
< d—mld(C; X, D).

This shows
dim Mg (X, D)c = sup dim/ L+ erdz dux
A;

<d-mld(C; X, D).

PROPOSITION 6.6.2. Let (X, D) be a log pair.

(1) If Mgt (X, D) converges, then (X, D) is klt. The coverse is also true if
(X, D) is K-equivalent to a log pair (Y, E) such that Y is smooth and
Supp(F) is simple normal crossing, in particular, if (X, D) has a log res-
olution.

(2) The following are equivalent:

(a) Mg (X, D) is dimensionally bounded.
(b) dim Mg (X, D) < dim X .
(¢) (X, D) is log canonical.

PRrROOF. (1) First suppose that Mg (X, D) converges. Let f: Y — X be an
arbitrary normal modification and let E := f*(Kx + D) — Ky so that (Y, E) —
(X, D) is crepant. Thus My (Y, E) = Mg (X, D), where E = f*(Kx + D) — Ky.
Let U C Y be the largest open subset such that U is smooth and E|y has simple
normal crossing support. Note that ¥ \ U has codimension > 2 in Y and every
prime divisor on Y meets U. Since M (Y, E) converges, so does Mg (U, E|y). From
Proposition [£.7.4] all the coefficients of E are < 1. This is equivalent to that every
prime divisor on Y has log discrepancy > 0 with respect to (X, D). Since this is
true for every normal modification of X, we conclude that (X, D) is klt.
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Next suppose that (X, D) is klt and that (X, D) is K-equivalent to (Y, E) such
that Y is smooth and Supp(E) is simple normal crossing. Then (Y, F) is also klt
and all the coefficients of E are < 1. Again from Proposition Mg (X, D) =
Mg (Y, E) converges.

(2) Obviously (b) implies (a). A similar argument as above shows (a) im-
plies (¢). It remains to show (c) implies (b). Suppose on the contrary that
dim Mg (X, D) > dim X. Then there exists an irreducible ordinary cylinder C' C
Joo X such that ordz, , . is constant on C' and

dim / L7 %% 0. dpy > dim X.
C

For such C, we take a normal modification f: Y — X and a prime divisor FF C Y
as in Corollary[6.5.4] Let U C Ys, be a sufficiently small open neighborhood of the
generic point of F' so that (U, (1—a)F') — (X, D) is crepant, where a := a(F; X, D).
Since foo (75 (F NU)) contains the generic point of C, we have

dim Mg, (U, (1 — a)F|y) = dim L7750 dpuy
foo(mg H(FNU))

1 .
> dim/ L7 °97xp.r > dim X.
c

From Proposition a < 0. Thus (X, D) is not log canonical. O

COROLLARY 6.6.3. Let (X, D) be a log pair and let C C X be a constructible
subset such that (X, D) is klt in a neighborhood of C. Suppose that that there exists
a resolution f:Y — X such that Ky(x,py = Ky — f*(Kx + D) has simple normal

crossing support and is written as 22:1 a; E; with E; prime divisors and a; # 0.

Then L—1
Mit(X, D)e = Y ADFNCH [ fria—7-

Jcr ieJ
6.7. Imperfect fields and non-normal varieties

In this section, we do not suppose that the base field k is perfect or that X is
normal.

DEFINITION 6.7.1. A weak log pair is the pair (X, L) of a k-variety X which
is generically smooth over k and an invertible subsheaf of (Q% / W) ET ®oy K(X) for
some 7 € Zsg. We call r the index of (X,L). A morphism (Y,L') — (X, L) of
weak log pairs is just a morphism Y — X of k-varieties. We say that a dominant
morphism (Y, L) — (X, L) is crepant if (£/)®" = L™ in (Qg(/k)@’rl ®oy K(X),
where 7’ and r are the indices of (Y, £’) and (X, £) respectively.

The sheaf £ plays the role of Ox (r(Kx + D)) in the case of log pairs.

DEFINITION 6.7.2. Let (X, £) be a weak log pair. We define a fractional ideal
sheaf Tx ¢, by

Im (%)% = (% 0)®" @0y K(X)) =Txcr - L.
We then define

Mst(Xa K)C = / 1 Liordzx,c,r d'u’X € M\k”" U {OO}
w5 (C)
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REMARK 6.7.3. If X is normal and k-smooth in codimension one, then a log pair
(X, D) (over a possibly imperfect field k) gives a weak log pair (X, Ox (r(Kx+D))).
Clearly they have the same stringy motive along any constructible subset. If X is
smooth and D has simple normal crossing support, then Mg (X, D)¢ is computed

in Propositions and (even if k is imperfect).

ProPOSITION 6.7.4. Let f: (Y, L) — (X,L) be a crepant proper birational
morphism of weak log pairs. Let C C X be a constructible subset. Then

Mst (X, L)C - Mst (K l:/)f—l (C) .
PROOF. Similar to the proof of Proposition [6.4.6] O



CHAPTER 7

Working over a formal disk

In this chapter, we generalize the theory in earlier chapters to Dg-schemes.
Most arguments are parallel to ones in the case of k-schemes. Except a few places
where a little caution is required, we omit repeating proofs and just refer to the
corresponding results for k-schemes.

7.1. Jet schemes and arc schemes
DEFINITION 7.1.1. A good Dj-scheme means a Dy-scheme X satisfying the
following conditions:

(1) X — Dy, is flat, of finite type and of pure relative dimension,
(2) there exists an open dense subscheme U C X which is smooth over Dy,.

In what follows, X and Y denote good Dg-schemes of relative dimension d. A good
Dy-scheme has an open dense subscheme which is smooth over Dg. Note that for
a Dy-scheme, there are two different notions of Dg-smooth and regular; the former
implies the latter, but the converse doesn’t hold.

DEFINITION 7.1.2 (cf. Definition [3.2.3). We define the n-th jet scheme of a
Dg-scheme X, denoted by J,,(X/Dg), to be the Weil restriction

Rp, ./ spec k(X XD, Di.n)-

(In later chapters, we sometimes abbreviate J,,(X/Dy) as J, X, if there does not
occur any confusion.)

This is by definition a k-scheme (rather than a Dg-scheme) such that for a
k-algebra R, we have

(Jn(X/Dy))(R) = Homp, ,(Dr,n, X XD Di;n)
== HOHle(DR’n,X).

In particular, k-points of J,,(X/Dy,) correspond to sections Dy, — X of the struc-
ture morphism X — Dy, on the closed subscheme Dy, ,, C Dy,.

X

|

Dy n,“—— Dy

From |[BLR90, Ch. 7, Prop. 5|, J,(X/Dy) is of finite type over k. The 0-th jet
scheme is the special fiber;
Jo(X/Dk) = XO =X XDy Spec k.

By base change, we can associate the Dg-scheme W xj Dy to each k-scheme
W. But not all Dg-schemes are constructed in this way. In this sense, we can

68
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think of Dg-schemes as generalization of k-schemes. That being said, jet schemes
of Dy-schemes defined above are generalization of jet schemes of k-schemes. More
precisely:

LEMMA 7.1.3. For a scheme W of finite type over k, the n-th jet scheme J,, W
is canonically isomorphic to J,(W X Dy /Dy).

PRrROOF. For a k-algebra R, the R-point sets of J,, W and J,,(W x Dy /Dy) are
both Homp, (Dg,,, X). Thus the two schemes are identical as functors Aff" —
Set. (]

We can prove basic properties of jet schemes of Dy-schemes in the same way as
proving the ones of jet schemes of k-schemes. For instance, we have J,, (Ade /Dy) =

AZ("H) (cf. Lemma . For a closed subscheme X = V(fi,..., fi) C Af, , we
have an explicit description of J,(X/Dy) as in Lemma For n’ > n, we have
the truncation morphism

7 Ju(X/Dy) — Ju(X/Dy).
They are affine morphisms (cf. Lemma [3.3.3).

DEFINITION 7.1.4 (cf. Definitions and [3.4.2). For a k-algebra R, an arc
of X over R means a Dg-morphism Dy — X. A geometric arc of X means an arc
of X over an algebraically closed field. We define the arc scheme of X to be

Joo(X/Dy) 2 lim J,,(X/Dy,).

We denote the morphism Jo.(X/Dy) — J,(X/Dg) by 7, and call it again by a
truncation morphism.

In particular, an arc over k is just a section of the structure morphism X — Dy,.
For a k-algebra R, R-points of Joo(X/Dy,) are identified with arcs D — X over R
(cf. Lemma .

Two key results, a geometric version of Hensel’s lemma (Corollary and
the Greenberg lifting theorem (Proposition hold also for good Dj-schemes.

7.2. Motivic integration

For a good Dy-scheme X, we can develop motivic integration on Jo(X/Dy) in
the same way as we did for k-schemes. But note that we use the sheaf of differentials
Qx/p, over Dy rather than Qy ;. This sheaf is locally free of rank d on an open
dense subset, since X is generically Dg-smooth.

For example, we define the Jacobian ideal sheaf of X, denoted by Jacx/p,, to
be the d-th Fitting ideal Fittq(Qx/p,) of Qx/p, (cf. Definition W) and denote
its order function by jx. For a generically étale morphism f: Y — X, we define
the Jacobian order of f at an f-ordinary arc a to be

bOd
o Qy/Dk

(foa)Q

jf(a) :=dimp 7
X/Dy

(cf. Definition [5.8.2)).

Cylinders and negligible subsets are defined in the same way as in Definitions
and respectively. For an ordinary cylinder C' C Jo(X/Dy,), we define its
measure by px(C) to be

px (C) == {mn(C)IL € My, (n>> 0).
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Then we can define admissible functions
1
h: Jo(X/Dg) D A — ;ZU {0}

as well as the associted integrals

/ LM duy € M\kw U {oo.}
A
exactly as in Definition [5.7.]]

REMARK 7.2.1. Since jet schemes are k-schemes, measures and integrals above
take values in the ring My, constructed from k-schemes rather than the one con-
structed from k[t]-schemes.

For a generically étale morphism f: Y — X of good Dg-schemes, we can prove
the change of variables formula in the same way as in the case of k-schemes. Al-
though it is exactly the same as before, we restate it here:

THEOREM 7.2.2 (The change of variables formula; cf. Theorem . Let
f:Y = X be a generically étale morphism of good Dy -schemes. Let B C Joo(Y/Dg)
be a subset such that fs|p is almost geometrically injective. Let h: foo(B) —
17U {o0} be an admissible function. Then

/ Lh d,U,X = / Lhof&_jf d,uy
foo(B) B

7.3. Stringy motives

It is also straightforward to generalize the definition of weak log pairs (X, L)
(Definition to the context of Dg-schemes. For a weak log pair (X, £) and for
a constructible subset C' of the special fiber Xy, we can define the stringy motive
along C' as

M (X, L) = / LrMEes duy € My, U{oo}.
w5 - (C)

Here the fractional ideal sheaf Tx . is given by

Im ((QdX )% = () B0y K(X)) = Txr,- L.

When X is normal and Dg-smooth in codimension one, then a weak log pair
corresponds to a log pair (X, D), where D is a Q-divisor such that Kx,p, + D is
Q-Cartier. In this case, we write Mg (X, £)¢ also as Mg (X, D)¢. In particular, if

L I (Qd. YWV

XDy QX/Dk is invertible for some

Kx/p, is Q-Cartier, or equivalently if w
positive integer r, then

Mae(X)e = Ma(X,0)c = Myt (X, 0y e

REMARK 7.3.1. The above definition generalizes stringy motives of weak log
pairs over k. To a weak log pair (W, L) over k, we can associate a weak log
pair (W Xy Dy, 7*L) over Dy, where 7 is the projection W x; D — W. For
a constructible subset C' C W = (W xj D)o, we have Mg (W, L) = Mg (W X
Dk, W*ﬁ)c.

LEMMA 7.3.2. Suppose that X is regular. Let v: D — X be an arc for a
separable field extension L/k. Then X is Dg-smooth along the image of .
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PROOF. Since L/k is separable, X := X ®;, L is also regular |[Gro65| Prop.
6.7.4]. Let z € X be the image of the closed point of D; by the morphism
Dy — X, induced by 4. The map v*: Ox, , — L[t] induces a surjection

LT = mg /m} — ()/(t?) = L.

Let z1,...,24-1 € m, be generators of the kernel of this map. Then ¢,z1,..., x4
are a regular system of parameters. Therefore Ox, , = L[t,x1,...,zq] as L[t]-

algebras, which shows that X is Dp-smooth at z. Since being Dy-smooth is an
open condition, X, is Dy-smooth also at the image of the generic point of Dy,. The
lemma follows again from [Gro65|, Prop. 6.7.4]. |

PROPOSITION 7.3.3. Let C C Xq be a constructible subset.
(1) If X is Dg-smooth, then Mg (X)c = {C}.
(2) Suppose that X is reqular and that k is perfect. Let Xgm C X be the Dy-
smooth locus. Then we have Joo(X/Dg) = Joo (Xsm/Di) and Mg (X))o =
{C'N X}

PROOF. (1) The function % ordz, , . in the definition of Mg (X)c = Mt (X,0)c

is constantly zero. Therefore
Ma(X)e = [ dux = px( (€).
™5 1 (C)

Truncation maps 7 : J,,/ (X/Dg) — J,,(X/Dy) are Zariski locally trivial A%bundles.
Therefore pux (7, ' (C)) = {C}.

(2) Lemma shows that Joo (X/Dy) = Joo(Xsm/Dg), which implies

Mst(X)C = Mst(Xsm)CﬂXsm = {O N Xsm}~
(I

The most important property of stringy motives, invariance under crepant
proper birational morphisms, is still valid in the present generalized situation:

PROPOSITION 7.3.4 (cf. Proposition [6.4.6). Suppose that f: (Y,L") — (X, L)
is a crepant, proper and birational morphism of weak log pairs over Dy. Then

Mst (X, L)C - MSt (K [_‘,/)f—l (C) .
7.4. Explicit formula

Recall that for a smooth k-variety W and a Q-divisor D on W with simple
normal crossing support, the stringy motive Mst(I/V, D) = fﬂ_o—l ©) Lordp duw is
described by the explicit formula, Proposition (see also Remark . We
now generalize it to Dg-schemes. To do so, we have to be careful about a distinction
between regularity and smoothness and one between vertical prime divisors and
horizontal prime divisors; a prime divisor on a Dg-scheme is called vertical if it is
contained in the special fiber, otherwise called horizontal.

ExXAMPLE 7.4.1. The special fiber X is defined, as a closed subscheme of X,
by the ideal sheaf Ox -t C Ox, where ¢ is the given parameter of Dy = Spec k[t].
Therefore the order function ordx,: Joo(X/Dy) = Z>o U {oo} is constantly 1. If
X is Dg-smooth, then for each a € Q, we have

M (X,aD)o = / L*dux = px(my H(C))L* = {C}L.
™ 1 (O)
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Consider a good Dg-scheme X which is regular, a Q-divisor D on X and a
constructible subset C' C X,. Let Xgn C X be the Dg-smooth locus. From
Lemma, we have Joo (X/Dy) = Joo (Xsm/Dyg) and

Mst(X7 D)C = Mst(Xsma D

Xam ) CON X

Let us write

D|x.,. = Z apAp + Z b; B,

heH i€l

where ap and b; are rational numbrers, A, are vertical prime divsors of X, and
B; are horizontal prime divisors of Xgp,. Suppose that (Xo N Xem) U U,;c; Bi is
a simple normal crossing divisor. Namely, each B; is Dg-smooth and for each
geometric point z € X (L) and for some local coordinates t,x1,...,2q4 € Ox, 4,
this divisor is defined by txy...x; =0, [ < d in a neighborhood of z.

PROPOSITION 7.4.2. With the above notation, if b; < 1 for every j, then we
have

L-1
Mst(XvD)C = Z Le» Z{Bf; mAh OC} H Li-b; —1°
heH JcI jeJ '

PROOF. By a similar argument, Lemma [£.7.3] is generalied as follows: For
m = (m;) € (Z>0)" and for any constructible subset C’ C X,

px (ﬂ ordg! (m;) N 770_1(0’)> = {BSupp(m) NC'HIL — 1)#Supp(m)], = 3liermi
1€l

The same computation as in the proof of Proposition [£.7.4] shows that for each
heH,

. L—1
i€l ApNC JcI jedJ

Note that since Ay, h € H are vertical prime divisors of Xg,, they are mutually
disjoint. Moreover each A}, is defined by ¢ = 0 in a neighborhood of it. Thus ord 4,
is constantly 1 on m;*(Ay), which implies

Mg <X, anAp + Z biBi> = L% Mg (X, Z b,-BZ) )
el ApNC el ApnC
It follows that

MSt(X7 D)C = MSt(Xsm? Dlem)Cmem

- Z L Mg, (X,ZbiBl)
ApnC

heHd iel
o o4 L—1
=> L > {B5n ,JWC}IIﬁﬁjaij.
heH Jci jeJ
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7.5. Mixed characteristics
7.6. p-adic measures

Let K be a non-archimedian local field, that is, a finite extension of F,[¢] or
Zp, and let Ok be its integer/valuation ring. If X is a smooth Og-scheme of pure
relative dimension d, then the Og-point set X (Ok) has a structure of K-analytic
manifold. A local generator w of Q;l( /Oy O1 an open scheme U C X defines a

measure v, on U(Ok) by

Vo (V) ;:/V|w| (V € U(Ox)).

Local measures defined in this way glue together to give a global measure vx on
the total space X (Of). This measure v, is called a p-adic or t-adic measure. It
satisfies
vx(X(Ok)) = tX(k)/q",

where k is the residue field of K and q is its cardinality. We can regard this as an
analogue of the fact that px (Joo(X/Ok)) = {Xo}. Indeed, if the motivic measure
x (Joo(X/Ok)) was defined in My, rather than in its completion M, then the
p-adic (or t-adic) measure vx (X (Ok)) is the image of the motivic measure by the
point-counting realization #: M, — Q followed by multiplication with ¢.

Unfortunately the realization map f does not extend to a map from the complec-
tion M, x and we cannot get p-adic measures directly from motivic measures, see dis-
cussion in [R11]. However, we can define the point-counting version of stringy mo-
tives by parallel arguments in the context of p-adic measures instead of motivic mea-

QXr
sures as follows. Let us (X, £) be a weak log pair with £ C (Qg(/ol) ®ox K(X).

We can define a measure vz on X (Og)° := X (Or) N Xem (K) as follows: for a local
generator w of L, we define a local measure v, by

vV = [ ol

and define v, by gluing local measures v,,.

REMARK 7.6.1. Cluckers and Loeser |CL15,/CL10,/CLO8| have developped
a new model-theoretic framework of motivic integration in charactertic zero and
mixed characteristic, which avoids the completion of the Grothendieck ring and
thus specializes to p-adic integration. However, in the present book, we stick to the
traditional framework, that is, the so-called geometric motivic integration, since
positive characterics are one of our main interests and since it appears very laborious
to combine the model-theoretic approach with the theory of algebraic stacks.

DEFINITION 7.6.2. Let (X, L) be a weak log pair. For a constructible subset
C C Xy, let X(Ok )3 C X(Ok)° be the subset of Ox-points which sends the closed
point Spec Ok into C. We define the stringy point count of (X, L) along C' to be

ﬁst(X, ,C)C = qd . I/L;(X(OK)OC) S RZO U {OO}

Morally the stringy point count # (X, L) would be interpreted as the point
counting realization of the stringy motive Mg (X, £)¢, which is not rigorously jus-
tified because of the completion problem mentioned above.
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PROPOSITION 7.6.3. (1) If X is regular, then $(X)o = §(Xsm N O) (k).

(2) If (Y, L") — (X, L) is crepant, then fst(X, L) = st (Y, L) p-1(¢)-
(3) If a log pair (X, D) satisfies the situation of Propotz'sion then

a o qfl
f(X, D)o = > q™ > _#(ByNnA,nC)(k) ] P
heH  Jcl jer 4

REMARK 7.6.4. If a weak log pair (X, L) is K-equivalent to a log pair (Y, E)
satisfying the situation of Propotision then Mg (X, £) = Mg (Y, E) lies in
1 1 —
R:=Im | My, 7|6€ ~Z| = M. |.
T Le -1 r ’
The point counting realization f: My — Q extends to a map f: R — Q and get
f(Mst (X, £)c) = (X, L)
However, to construct such a log pair (Y, E), we would need resolution of singular-
ities for schemes over O, which has not been obtained yet.



CHAPTER 8

The McKay correspondence: the tame case

We follow the following convenion on group actions: groups act on schemes from
left and on rings and modules from right, unless otherwise noted. When a group G
acts on an affine scheme Spec R, the G-action on R is given by r-g := g*(r), where g*
is the pull-back map R — R associated to the automorphism g: Spec R — Spec R.

In this section, G always denotes a finite group. We assume that the base field
k contains the [-th roots of unity with [ the exponent of G.

8.1. The original McKay correspondence

Consider a finite subgroup 1 # G C SL2(C). It acts on A2 = Spec C|z, y] say
through the action on the linear part C[z,y]; = Cax @ Cy = C? of C[x,y] by right
multiplication of matrices. Note that since it has finite order, each element g € G

can be diagonalized say to
¢ 0
0 ¢/

Since (¢’ = 1, if g # 1, then neither ¢ or ¢’ is eqaul to 1. This shows that the
G-action on A% /G is free and the quotient variety X := A2 /G = Spec C[z, y]“ has
an isolated singularity at the image of the origin. Singularities appearing by this
construction are known by many different names; rational double points, Du Val
singularities, Kleinian singularities, ADE singularities, and so on.

The exceptional locus of the minimal resolution Y — X is a union of projective
lines which are normal crossing (for example, see [Ish18, Theorem 7.5.1] ). The
associated dual graph has vertices corresponding to these projective lines and edges
corresponding to intersection of two projective lines. It is known that the resulting
dual graph is one of Dynkin diagrams of types A, (n > 1), D, (n > 4) and E,

(n=16,7,8) (see Figure|8.1.1)).

An *—o oo
Dn oo 4—<
E6 H—I—o—o

Br  eelees
T S

FiGURE 8.1.1. Dynkin diagrams

McKay [McK80]| observed that the same graph is obtained in a purely represen-
tation theoretic way. Let W be the two-dimensional G-representation induced from

75
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the inclusion G C SL2(C) and let Vi,..., V] be the irreducible G-representations.
Here representations are defined over C. For each i € {1,...,l}, we can write

l
Vie W =@v,om.

Jj=1

In our situation, we have that n;; = nj; and n;; € {0,1}. The McKay graph
associated to the represetation W has vertices vy, . . ., v; corresponding to irreducible
representations Vi, ...,V respectively. We connect two vertices v; and v; by an edge
when n;; = nj; = 1. The resulting graph is the one of extended Dynkin diagrams
(Figure that corresponds to the Dykin diagram constructed above in terms
of the minimal resolution of A%Z/G. The extra vertex, the circle “o” in the figure,
corresponds to the trivial irreducible representation of dimension one.

A, e
B e
By oeedees

FIGURE 8.1.2. Extended Dynkin diagrams

Let us now recall the following result from representation theory.

LEMMA 8.1.1 ( |CRO6, (27.22)]). Let G be a finite group and let k be an
algebraically closed field such that char(k) f §G. Then the number of irreducible
G-representations over k is equal to § Conj(G), where Conj(G) denotes the set of
conjugacy classes of G.

As an easy consequence of the above observation, we obtain the following propo-
sition, which will be generalized to higher dimensions later:

PROPOSITION 8.1.2. With notation as above, eiop(Y) =  Conj(G).

PROOF. Let E C Y be the exceptional locus of f. Since A%\ {o} — X \ {0} is
an étale finite cover of degree §G, we have
etop(Y \ E) = etop(X \ {5})
= (tG)"- etOP(A(% \ {o})

(ﬁG)il (etop(A%) - etop({o}))
0.

Let n be the number of irreducible representations of G. From Lemma
this is also the number of conjugacy classes in G. From McKay’s observation above,
E has (n—1)-irreducible components. Moreover it has (n—2) nodes, corresponding
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to edges of the Dynkin diagram. Therefore
etop(E) = (n — 1) - egop(P) — (n — 2)
=2(n—1)—(n—2)
=n.
Thus
etop(Y) = etop(Y"\ E) + etop(E) = n.

8.2. Pseudo-A"-bundles

For the rest of this chapter, we work over a field k. Later we will add extra
conditions on k£ when necessary.

For a piecewise trivial A”-bundle Y — X, we have {Y} = {X}L"™ in Ko(Varyg)
and in /\//Yk. In application to situations involving finite group actions such as
the McKay correspondenced, we need to have the same equality for more general
bundles, that is, pseudo-A"-bundles.

DEFINITION 8.2.1. A morphism f: Y — X of schemes is called a universal
homeomorphism if for every morphism X’ — X of schemes, the induced morphism
Y xx X’ — X' gives a homeomorphism of underlying topological spaces.

DEFINITION 8.2.2. Let f: Y — X be a morphism of k-varieties. We say that
f is a pseudo-A™-bundle if for every geometric point x: Spec L — X, there exists
a universal homeomorphism A% /H — f~1(z) over L, where AT /H is the quotient
variety for some finite group action H ~ A}. More generally, consider a morphism
f: W — V of k-varieties and let D C W and C' C V be constructible subsets
with f(D) ¢ C. The map f|p: D — C is a pseudo-A™-bundle if there exists a
stratification C' = |_|é:1 C; by locally closed subsets C; C V such that for each
i, the preimage (f|p)~*(C;) C W is a locally closed subset and the morphism
(flp)~*(Ci) — C; is a pseudo-A"-bundle.

DEFINITION 8.2.3. We denote by ./T/l\ﬁM the quotient ring of M\k,T modulo the
following relation: if a morphism Y — X of k-varieties is a pseudo-A"-bundle, then
{Y'} = {X}L". When r = 1, we usually omit the subscript  and simply write M.

Since every universal homeomorphism Y — X of k-varieties is a pseudo-A°-
bundle, we have {Y} = {X} in /T/l\;g The following proposition shows that the new
relation imposed in this definition is reasonable.

In what follows, we denote by X the base change X ®;, k%P of X to a separable
closure k°°P of k.

LEMMA 8.2.4. Let G be a finite group acting on Ag and let X := Az/G. Then,
for every i € Z, we have isomorphisms of &y-representations:

g —d) (i=2d
(% g = [ @D =20
0 (i # 2d)
If k = C, we also have isomorphisms of mized Hodge structures:

Q(=d) (i =2d)

Ho(X, Q) = {0 (i # 2d)
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PROOF. First consider the case k = C. As is well-known, we have
HZ(Xv Q= HE(X, (W*ch)G) = Hi(A%’ Q)G

Indeed, this follows from [Gro57, p. 202] and the isomorphism of sheaves Qx =
(7.Qca)¥. From Lemma El and the fact that the G-action on on H24(A%, Q)
is trivial, we get that H'(X,Q) = 0 for i # 2d and H??(X,Q) is one-dimensional.
Since H?d(X ,Q) — H?d((Cd,Q) is an isomorphism of mixed Hodge structures, we
conclude H24(X, Q) = Q(—d).

Next consider the case of a general field k. From |[Mil80, Prop. 11. 8], we have

H2Y(X, Q) = H2 (Afeer, Q1) = Qy(—d).

We also have
HU(X, fof* Qi x) 2 HUX, £.Qag, ) = He(Afn, Q).

ksep

Here the right isomorphism follows from the fact that R’ NhQ = R' f,Q; = 0 for
i # 0 and the spectral sequence Ey” = H.(X,R’ £Q;) = H. " (Al.,, Q). Let m
be the degree of f. From [MRO73, XVII, 6.2.5 and 6.2.6], the composite map

% Tr
Qx—- Q% —5 Q=
of Q;-sheaves on X is multiplication by m. We get maps
Hf: (Y7 Ql) — Hf: (AZSGIH Ql) — Hi (Yv Ql)

whose composition is multiplication by m. This shows that the map Hé (Aﬁsep, Q) —
H! (X, Q) is surjective. It follows that H.(X,Q;) = 0 for i # 2d. O

LEMMA 8.2.5. Let f: Y — X be a universal homeomorphism of k-varieties.
Then
H (Y, Qi) = H(X, Qu).
If k = C, we also have
H (Y, Q) = H™" (X, Q).

PROOF. The second assertion is clear, as f is a homeomorphism in the ananlytic
topology. For the first assertion, R' fiQ, - = 0 for i # 0 and from [MR073, XVII,
6.2.5], we have a map

fI@L? — QZ,Y'
It is easy to see that the last map is an isomorphism. The desired isomorphism
follows from the spectral sequence Ey”’ = H.(X, R’ £,Q;) = H:H (Y, Q). O

LEMMA 8.2.6. Let f: Y — X be a flat morphism of k-varieties which is a
pseudo-A"-bundle. Then

Hy (Y, Qi) = HP2(X, Q) @ Qi(—n).
Similarly, if k = C and if the smooth locus of f in'Y surjects onto X, then
H (Y, Q) = H"(X, Q) @ Q(—n).
ProoF. From [MRO73| XVIII, Th. 2.9], we have the trace map
(8.2.1) Try: R*™ AQ, 3 — Qi(—n)x.
For each geometric point 2 of X, this induces the trace map of f~1(x),

Hgn(fil(x)v Ql) - @l(fn)v
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which is an isomorphism from [Mil80, Lem. 11.3]. It follows that (8.2.1) is an
isomorphism. From Lemmas and R* fg(@ly = 0 for i # 2n. From the

spectral sequence
Ey! = H (X, R’ fiQ,3) = H (Y, Qu),
we get
HC(V, Q) = HP (X R £Q,p) = HP(X, Q) @ Qi(—n).

The proof of the second assertion is parallel except that there seems no reference
for the trace map corresponding to in the same generality; we only have a
reference in the case of smooth morphisms |Bil17, Prop. 4.1.5.4]. We show that
the trace map exists in our situation by reducing to the smooth case. Let U C Y
be the smooth locus of f. From the result mentioned above, we have the trace map
R?" fiQu — Q(—n)x of mixed Hodge modules. We also have the exact sequence

0=R*"""fiQy\v = R* fiQu — R*" £iQy — R*" fiQy\v = 0.

Here the two equalities hold, because every fiber of Y\ U — X has dimension
< n. Thus we have R*™ fiQy = R*™ fiQy and get the desired trace morphism
R*™ iQy — Q(—n)x. The second assertion is then proved by parallel arguments
using mixed Hodge modules. O

PROPOSITION 8.2.7. Let f: Y — X be a pseudo-A™-bundle of either k-varieties
or constructible subsets. Then

xi(Y) = xi(X xx A) in Ko(Rep,(&y)).
If k = C, we also have
XHodge(Y) = XHodge(X Xk AZ) m Ko(MHS)

PrOOF. We first consider the first assertion. From the additivity of xq, it
suffices to consider the case where f is a morphism of k-varieties. From the generic
flatness, we may also assume that f is flat. In this situation, the assertion follows
from Lemma For the second assertion, let U C Y be the smooth locus of f.
Then f(U) is an open dense subset of X. From Lemma we have

XHodge(U) = XHodge(f(U) Xk AZ)
We can show the desired equality by induction. ([l

COROLLARY 8.2.8. Consider realization maps P, E, X#odge and Xxi from /\//\lk
n Section uniquely factor through M.

PrOOF. The uniqueness follows from the fact that /(/l\;c is a quotient of M k. If
x denote any of these realization maps, then we claim that for a pseudo-A™-bundle
Y = X, x({Y}) = x({X}L"), which proves the corollary.

For Xmodge and x;, the claim follows from the last proposition. For E, the
claim follows from the one for xmodge- For P, if k is finitely generated, the claim
follows from the one for x;. For a general field k, every pseudo-A"-bundle Y — X
is the base change of a morphism Y’ — X’ of k’-varieties such that k' is a finitely
generated subfield of k. The morphism Y’ — X' is again a pseudo-A"-bundle and
P{Y’}) = P({X'}L™). Since the Poincaré polynomial is stable under the bsae
change [Nic11, Lem. 8.9], we get the equality for Y — X. a
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8.3. The motivic McKay correspondence: the tame case

In this section, we generalize Proposition [8:1.2] to higher dimensions under the
tameness assumption. Let k be a field of characteristic p > 0 and let G C GL4(k)
be a finite subgroup. The G-action on the affine space Ag = Specklxy,...,24) is
then defined in the same way as in Section Let X denote the quotient variety
Ad/G.

DEFINITION 8.3.1. An element g € GL4(k) of finite order is called tame if its
order is not divisible by p; we follow the convention that 0 does not divide any
positive integer so that everything is tame in characteristic zero. We say that a
subgroup G C GLg4(k) and its action on A¢ are tame if all the elements of G are
tame, or equivalently, if §G is not divisible by p.

DEFINITION 8.3.2. An element g € G is called a pseudo-reflection if the fixed
point locus (A¢)9 has codimension one. We say that G C GL4(k) is a small subgroup
if G has no pseudo-reflection.

LEMMA 8.3.3. The following are equivalent:

(1) G is a small subgroup.
(2) The quotient morphism AY — X is étale in codimension one.
(3) The relative canonical divisor KAg/X 18 zero.

PRrROOF. The equivalence (1)< (2) follows from the fact that the ramification
locus of 7 is exactly Ugec\{l}(Ag)g7 the locus of points which are fixed by some
nontrivial group element. Since K Ad/X is supported in the ramification locus, we
have (2)=(3). To show (3)=-(2), it suffices to show that, outside a closed subset of
codimension > 2, K AT/X coincides with the ramification locus of 7 . Let V' C A{
be the preimage of the smooth locus Xg,. Note that X \ Xgn and A¢ \ V has
codimension > 2 in X and A{ respectively. Indeed, when k is algebraically closed,
this follows from the normality of X. For a general field k, we only need to take the
base change to an algebraically closure k. Now K V/Xom = K A/ x|v is the effective
divisor defined by the Jacobian ideal Jac,, which is the 0-th Fitting ideal of Qv x_ .
In particular, the support of Ky, x_ is identical to that of Qy/x_ . The latter is
exactly the ramification locus of V' — Xq,. ([

REMARK 8.3.4. If G is tame and contained in SL4(k), then it is small. For,
if ¢ € G was a pseudo-reflection, then its diagonalization would be of the form
diag(¢,1,...,1), ¢ # 1, which is not an element of SLg(k). But, there are wild
subgroups of SLg(k) which are not small. For example, if k¥ has characteristic
p > 0, then the elements of the subgroup

7)pT = <((1) D> C SL(k)

are pseudo-reflections except the identity matrix.

Let [ be the exponent of our finite group G, which is by definition the least
common multiple of orders of elements g € G. We suppose that k contains [-th
roots of unity and fix a primitive [-th root (; € k.

DEFINITION 8.3.5. Let g € G C GL4(k). We can diagonalize it over k, say into
a diagonal matrix diag(¢", ..., (/") with 0 < a; <. Then we define the age of g
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to be

o~ =

d
age(g) := Zai.
i=1

Note that the age of g is determined by eigenvalues of g. Thus it is preserved
under conjugation in GLg(k).

REMARK 8.3.6 (A canonical definition of ages). The age of an element of G
depends on the choice of the primitive I-th root ;. If { = ¢;* is another primitive
I-th root of unity (a is a poitive integer coprime to I) and if age’: G — Q is the age
function defined by using ¢/, then we have age oo = age’, where « is the bijection
G — G, g — ¢g*. The map « induces a bijection Conj(G) — Conj(G) also denoted
by a and the equality ageoa = age’ hold also on Conj(G). To define ages more
canonically, we can associate the age to an embedding ¢: p,, — G C GLg4(k) for a
divisor m of [; if V,, denotes the 1-dimensional ,,,-representation given by (-v = (%v
for ( € pm, and v € V,, and if the d-dimensional p.,-representation induced by ¢ is
isomorphic to @?:1 Va,, then we define

age(t) :=

o~ =

d
Zai.
i=1
l/m

A choice of a primitive I-th root (; gives the primitive m-th root ¢, := (', a
generator of u,,. We have the one-to-one correspondence:

{embeddings p,, = G} + G
v 1(Gm)

We easily see that this correspondence preserves ages.

LEMMA 8.3.7. We have that age(g) € Z if and only if g € SLq(k).

ProoF. With the above notaion, we have det(g) = IZL”. Thus det(g) = 1 if
and only if Y a; is divisible by [. The latter is equivalent to that age(g) € Z. O

THEOREM 8.3.8 (The motivic McKay correspondence: the tame case). Let k
be a field and let G C GL4(k) be a tame finite subgroup with exponent l. Let A
be the unique Q-divisor on X such that v*(Kx + A) = KAg; where 1 denotes the

morphism AZ — X. Suppose that k contains the I-th roots of unity. Then

(8.3.1) Mg (X, A) = Z [ d—age(9) mﬂ/l\ﬁw
[g]€Conj(G)

Here 1 is a positive integer such that age(g) € %Z for every g € G.

The proof of this theorem will be given in Section[8.7] Note that if G is a small
subgroup, then A = 0 and we have My (X, A) = Mg (X). Note also that although
the age of each g € G depends on the choice of the primitive I-th root (;, the right
hand side of on this page is independent of the choice. The assumpion on roots
of unity is, on one hand, related to the Kummer theory. On the other hand, it is
related to the fact that over such a field k, g € G is diagonalizable. Actually, k is
a splitting field for G:
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REMARK 8.3.9 (Splitting fields). A G-representation V over a field k is called
absolutely irreducible if for every extension L/k, the scalar extension V ®j L is
irreducible. A field k is a splitting field for G if every irreducible G-representation
over k is absolutely irreducible. It is known that & is a splitting field for G if
and only if every irreducible k-representation is realizable over k |CRO06, (70.3)].
From [Bra45|, if k contains the [-th roots of 1 with { the exponent of G, then k is
a splitting field for G. If G is moreover abelian and tame, then every irreducible
G-representation over k is of dimension one.

For a finite subgroup G C SLy(C), the minimal resolution of A%/G is crepant
(see [Ish18, Th. 7.5.1]). In higher dimensions, we use crepant resolutions in place
of minimal resolutions. Note that in general, a quotient variety Ag /G may not
have a crepant resolution or may have multiple crepant resolutions. The following
theorem generalizes Proposition

THEOREM 8.3.10 ( [Bat99]). Let G C SL4q(C) be a finite subgroup and let
X :=A%/G. Suppose that there exists a crepant resolution Y — X. Then eyop(Y) =
£ Conj(G).

PROOF. We apply Theorem to the case where k = C and G C SLy4(C). If
Y — X is a crepant resolution, we obtain

(832) {Y} = Mbt(X) — Z Ld—age(g)-
[g]€Conj(G)
Taking the E-polynomial realization, we have
E(Y; U, ”U) = Z (uv)dfage(g)
[g]€Conj(G)

and

erop(Y) = B(Y;1,1) = £ Conj(G).

Theorem [8.3.10l is refined as follows.

THEOREM 8.3.11 ( [IR96,Bat99,Yas06|). In the situation of Theorem|8.3.10
the cohomology groups H* (Y, Q) of odd degree vanish and

H (Y, Q) = Q(—1)*™,
where
n; == f{[g] € Conj(G) | age(g) = i}.

SKETCH OF THE PROOF. This basically follows from equality and the
fact that H'(Y,Q) have pure Hodge structures of weight i. To show the last fact,
we first show that the G,,-action on X lifts to Y. Then, using this action, we
get a stratification Y = | |Y; where each Y; has structure of a vector bundle over
a smooth proper variety. We see that cohomology groups of Y; are pure, which
implies the desired fact. O



8.4. TWISTED ARCS 83

8.4. Twisted arcs

The McKay correspondence can be regarded as the problem of describing in-
variants of a quotient variety X = A?/G in terms of the G-action on A{ (without
passing to the quotient). The stringy motive Mg (X, A) (with notation of Theorem
is by definition a motivic integral on the arc space Jo, X. To describe it in
terms of the G-action on the affine space, we would like to lift arcs of X to Ag.
However we cannot do it in the naive way; an arc Dy — X does not generally lift
to an arc Dy, — Ag.

DL —X

Moreover those arcs which are not liftable to X form a subset of J.o X of nonzero
measure. Namely the map Jo Ai — Joo X is not almost surjective. For this reason,
it would be hopeless to express Mg (X, A) by means of the arc space Jo, A{ with
the G-action. This is in contrast with the case of proper birational morphisms. If
f: Z — X is a proper birational morphism, then Jo, Z — J,, X is almost bijective
and a motivic integral on J,, X is transformed to one on J, Z using the change of
variables formula. To settle the issue of non-liftability, we introduce the notion of
twisted arcs.

DEFINITION 8.4.1. Suppose that k contains the I-th roots of unity; let u; C k
be the group consisting of them. For a k-algebra R, let D%, := Spec R[[tl/l]].

We have a natural p;-action on DZR. The quotient DlR/ul is identified with Dg.
Let G be a finite group and let V be a k-variety with a G-action.

DEFINITION 8.4.2. For an embedding (an injective homomorphism) ¢: y; — G,
an t-twisted arc of V over R is an t-equivariant k-morphism DY — V; we call it
geometric when R is an algebraically closed field. We define the scheme of t-twisted
arcs of V' to be the functor (Aff})°P — Set mapping Spec R to the set of t-twisted
arcs of V over R; we denote it by J._ V.

It will turn out in Section [R5 that this functor is indeed a scheme.

Let X := V/G and let m: V. — X be the quotient morphism. Given an ¢-
twisted arc D5, — V, we can take its p-quotient induces Dg = Db/ — V/i(w).
Composing it with V/u(u;) — X, we get an arc Dg — X. This induces a morphism
JLV—=JoX.

For g € G, let ¢, denote the conjugation map G — G, h — ghg~'. For
an (-twisted arc : DlR — V and for ¢ € G, we have the following commutative
diagram:

D, V2>V

\L( lL(() lcgw((j)

1
DR?V?V
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Thus govy: D — V is a ¢ or-twisted arc. Let Emb (s, G) be the set of embeddings
w — G. We define a G-action on
I v

t€Emb(u;,G)

by g -7 := g o~ and by mapping J:, V onto J&£° V.

Let Conj(u;, G) = Emb(u;, G)/G be the set of G-conjugacy classes of em-
beddings p; < G. The stabilzier subgroup of ¢« € Emb(u;, G) is the centralizer
Ca (1) :== Cg(e(m)). Therefore, for each field L, we can identify

[ wwa)/ie= JI GWVL)/Ce.

teEmb(u;,G) [t]€Conj(p1,G)

We see that the map

(8.4.1) I II Jv-JeX

[>0€Emb(u;,G)

is G-invariant and hence induces

[ I GeVL)/Cal) = (U X)(L).

>0 [1JeConj(p1,G)

The last map is almost bijective. More precisely, let Ram C Vp and Bra C Xp
be the ramification and branch loci of Vp — Xp respectively and let J0 Vp =
Jo Vb \ Jo Ram and Joy Xp = Joo Xp \ Joo Bra. They parametrizes (i-twisted)
arcs mapping the generic point of D! or D into the étale locus of Vp — Xp in Vp
or Xp respectively.

PROPOSITION 8.4.3. Let L be an algebraically closed field. Then the map

[T I 0vm/Ce) — (2 X))
[>0 []eConj(u;,G)

1s bijective.

PrROOF. Let v: D — X be an arc defining a point of (Jo, X)(L). Let E be
the normalization of Dy, X x V. The projection £ — Dy, is a G-cover. Let By C E
be a connected component and let H C G be its stabilizer, that is, H = {g € G |
g(Ep) = Ep}. The field extension F/L(t) corresponding to Ey — Dy, is a Galois
extension with Galois group H. If [ := #$H, then there is an L(t)-isomorphism
F = L(t''), which induces an isomorphism H 2 y;. The induced morphism
DlL = Ey — V is an -twisted arc, where ¢ is the composition p; — H < G. We
see that this -twisted arc maps to v by the map of the proposition. Thus the map
of the proposition is surjective.

Next we show the injectivity. Let «: DlL — V be an (-twisted arc defining
a point of (JF V)(L) and let v: D — X be the induced arc. Let C be the
normalization of D} xx V. The projection C — D! restricts a G-torsor over
Spec L(t'/!), which has a section. Thus this is a trivial G-torsor and C is the
disjoint union of G copies of D} . This shows that there are exactly $G' morphisms
D! — V that induces v and they are transitively permuted by the G-action on V.
Therefore the G-orbit G - « is exactly the fiber of map over v, which shows
the proposition. [
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This proposition gives, up to a negligible subset, a decomposition of the arc
space Jo X into finitely many subsets indexed by the finite set ][, , Conj(u, G).
We will compute the contribution of each stratum to M (X, A). The proposition is
also regarded as an analogue of Proposition for proper birational morphisms.

8.5. Untwisting

We reduce the study of (-twisted arcs to the one of usual arcs. But, to do so,
we need to swtich over from k-varieties to Dy-schemes as discussed in Chapter [7]
From now on, we write Dy simply as D. Recall that we can identify J,, V and
Joo X respectively with Joo (Vp/D) and Joo(Xp/D). We abbreviate the latters as
Joo Vb and Joo Xp. We also have My (Xp) = Mg (X). We define twisted arcs on
Vp as follows.

DEFINITION 8.5.1. For an embedding ¢: p; < G, an t-twisted arc of Vp over
R is an t-equivariant D-morphism DlR — Vp; we call it geometric when R is an
algebraically closed field. We define the scheme of i-twisted arcs as the functor
(Aff)°P — Set sending Spec R to the set of t-twisted arc of Vp over R; we denote
it by J., Vp.

Clearly J, V' = J._ Vp. Corresponding to the bijection in Propostion for
an algebraically closed field L, we get a bijection

(8.5.1) IT II 0Lw)/Cal) = (% Xp)(L),

[>0 []eConj(u;,G)
where the superscript o again means restrction to (twisted) arcs sending the generic
point to the étale locus of Vp — Xp.

Let us now come back to the situation where V is an affine space A¢ and G acts
on it linearly. We fix an embedding ¢: p; < G. By a suitable coordinate transform,
we suppose that the induced p;-action on V' = Speck[zq,...,z4] is diagonal and
write

(€)= diag(¢™,...,¢") (0<a; <1, € m).

DEFINITION 8.5.2. Let V]‘DL| be another copy of A% = Spec k[t][z1,...,zq] and
let

VD<L> = Vrl)b| xp D! = Spec k[tY!][x1,. .., x4

be its base change to D! with the canonical morphism r: Vi — Vil We call )/
the untwisting scheme (of V or Vi) with respect to ¢ and that it is given morphisms

below relating it with Vp, V]:§L>’ and Xp.

We define a D-morphism w: VS‘> — Vb to be the one corresponding to the
following k[t]-algebra homomorphism:

uw: k[t][z, .., xa) = k[ ]2, - .. 4]
T; = tai’/lwi

We let Cg (1) act on Vp, V]‘DL‘ and VSL> by scalar extension of the original k-linear
action on V.

LEMMA 8.5.3. The morphism u is Cg(1)-equivariant.
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PROOF. We regard each g € G as a matrix (g;;) in the obvious way. Then

UQ)g = (¢ gi;) and gu(C) = (¢ gij)-
Thus, for a primitive I-th root ¢ of unity, ¢(¢) and g are commutative if and only
if g;; = 0 for every (i, ) with a; # a;. By a similar reasoning, the last condition is
equivalent to that T := diag(t“l/l, . ,tad/l) and g are commutative. We conclude
that if g € Cg(¢), then T and g are commutative. The linear part w: @, k[t]z; —
P, E[t'/"]z; of u* is given by the right multiplication with 7. The commutativity
of g and T for g € Cg(:) means that w is Cg(t)-equivariant. Hence u is also
C¢(1)-equivariant. O

PROPOSITION 8.5.4. With the above notation, there exist a unique D-morphism
Pl V]IDL| — Xp which makes the following diagram commutative:

(8.5.2) AR Vil

l lw

VDTXD

ProoOF. We claim that
u* (k[t][z1, ..., 24)¢) C k[t][z1,. .., zd).

Once this is proved, then 9!* is defined to be the morphism corresponding to this
inclusion. Then we easily see that this satisfies the desired property. To show the
claim, it suffices to show

u (k[[t}][xl,...,a:dyw) c k[, .- ., zd)-

The invariant subring k[t][zy,...,xq4)"") is generated as a k[t]-module by those
monimials z{' - - - ! with )", e;a; divisible by I. For such a monomial, we have

wt (2§ aht) = t(Ziemi)/lxil 28t € k[t][z).
This shows the latter inclusion above, which in turn shows the claim. ([l

REMARK 8.5.5. The morphism VSL> Rper/1] (') — Vb @k k(') induced
by u is an isomorphism. Therefore we have an isomorphism Vp @y k(]tl/ l[) =
Vll)b‘ ®k[1] E(t'/!), which is compatible to maps to Xp Ok[¢] E(t'/!). In this sense,

Yl is a twisted form of 1) and they share the same branch locus in Xp.

The following result will be necessary in the proof of the motivic McKay cor-
respondence, Theorem [8:3.8]

PROPOSITION 8.5.6. Following the notation of Theorem [8.3.8, we let A be the
Q-divisor on X such that V. — (X, A) is crepant and let Ap be its pull-back to
Xp. Let Vi denote V = Ag regarded as a prime divisor of Vp. Then the relative
canonical divisor KV]\DL\/(XDAD) is age(t)Vo, where age(r) denotes the age of the

embedding v given in Remark [8.3.6

PROOF. By definition, the map Vp — (Xp,Ap) is crepant. From Remark
the map Vll)b‘ — (Xp, Ap) is also crepant on generic fibers (that is, fibers
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over the generic point 7 € D). Therefore K Vel is of the form eV, for some
D

e e Q.
By base changing three schemes in (8.5.2)), we get the following diagram.

/(Xp,AD)

(8.5.3) Vi — vl xp D!
Vo Xp

Let Vj C VSL> be the special fiber of V£<)L> — D! regarded as a prime divisor. The

relative canonical divisor K is equal to the pull-back of K

VS /(X p1Apr) Vi /(Xp,Ap)

and hence

K = leV].

V9 /(X pisApt)

On the other hand, since Vi — (Xpi, Apt) is crepant, we have

K K

VS (X, Apy) VS Ve

Since the morphism Af, = VSL> — Vi 2 A2, is given by z; — t%/!z;, the d-form
dxy A --- ANdxg on Vpy is pulled back to 22 9i/ldpy A+ Adxg on Vé”. Therefore

Ky py = (D ai)Vg-

3

We get le =), a;. O

PROPOSITION 8.5.7. For each k-algebra R, there exists a one-to-one correspon-
dence

(8.5.4) (5 Vb)(R) © (Joo VED)(R)
which is functorial in R, Cq(t)-equivariant and compatible with the maps
Yoo: (Joo VD)(R) = (Joo XD)(R) and
Yl (Joo VE(R) = (oo X)(R).

Moreover, if we put Jo V]‘DL‘ = Joo Vrl)L| \ Joo Z where Z is the non-étale locus of
Vlljb‘ — Xp, then the above correspondence restricts to

(8.5.5) (T Vo) (R)°  (Joo VB (R)°.

PROOF. Let v: D5, — Vp be a D-morphism. The v is an (-twisted arc if and
only if v*(x;) € t%/! - R[t]. If this is the case, there exsists a unique D!-morphism
7: DY — VD<L> such that v = u o 7, which is given by *(z;) = t~%/'y*(x;) € R[t].
The composition 7 o 4 factors as

’
l Y g
DR%DR—)VD s
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where 7/ is the arc given by (v')*(z;) = 7*(x;). We define correspondence ({8.5.4))
by v <> 7'. Construction gives the following commutative diagram:

(8.5.6) DL, — > Dp

1T

N Véb) r V]|DL|

l lw

VDTXD

Both % (y) and wloﬂ (7') are identical to the unique morphism D% — Xp given by
this diagram, which shows that correspondence (8.5.4)) is compatible with 1, and

14 Since (J22 Vp)(R) and (J2, Vll;‘)(R) are both the preimages of (J2, Xp)(R),
correspondence (8.5.5)) holds.

Since u ard r are Cg(1)-equivariant, a simple diagram chasing shows that the
correspondence obtained above is C(t)-equivariant. O

COROLLARY 8.5.8. The functor J. Vp: (Aff})° — Set is a scheme.

PrOOF. The correspondence in the last proposition gives a natural isomor-

phism of functors J. Vp & Jo V]‘DLI. Since the right hand side is a scheme, so is the
left hand side. O

As a conclusion of this section, for an algebraically closed field L, we obtain
the bijection

(8.5.7) I I oevh@w/ce — (1% Xp)(L)

1>0 []eConj(u1,G)

which corresponds to . In this map, only ordinary/untwisted arcs are in-
volved. Thus this is very close to the setting of the change of variables formula
for D-schemes (Theorem (7.2.2)), except that we take quotients by Cg(:). In the
next section, we slightly generalized the change of variables formula incorporating
so that we can incorporate these C¢(t)-actions.

8.6. Equivariant motivic integration for untwisted arcs

We now consider an arbitrary good D-scheme X (see Definition [7.1.1)) which
has an action of a finite group G over D.

DEFINITION 8.6.1. We say that a subset A C Jo, Xp is G-invariant if for every
g € G, g(A) = A. We say that a function h: A — 1ZU{cc} on a subset A C Joc Xp
is G-invariant if A is G-invariant and for every g, h = ho g.

For a G-invariant ordinary cylinder C, from Lemma its image 7, (C) by
a truncation map is a G-invariant constructible subset. The quotient 7, (C)/G is
then defined to be the image of 7, (C) in the quotient scheme (J,, Xp)/G, which is
a constructible subset.

REMARK 8.6.2. If m,(C) is a locally closed subset say with reduced structure,
then there exists a universal homeomorphism from the quotient scheme m,(C)/G
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to its image in (J, Xp)/G, but it may not be an isomorphism. As we will work in
%., the difference by a universal homeomorphism does not matter.

DEFINITION 8.6.3. For a G-invariant ordinary cylinder C' C | Jo, Xp|, we define
fix.c(C) = {m(C) /G € M}, (n>>0).
Here d denotes the relative dimension of X over D.

From Lemma for n > 0, the map m,4+1(C) — 7, (C) is a piecewise trivial
Ad-bundle. It follows that the map 7, 1(C)/G — m,(C)/G is a pseudo-A?-bundle,
which in turn shows that px ¢(C) is well-defined.

LEMMA 8.6.4. Let
1
h: Jo(X/D) D A— —ZU {0}
T

be an admissible function which is G-invariant. Then there exists a stratification
A = |;e; Ai U N into countably many ordinary G-invariant cylinders A;, i € 1
and a G-invariant negligible subset N such that for every i, the restriction f|a, is
constant with value different from oco.

PROOF. From the definition of admissible functions (Definition [5.7.1)), there
exists a stratification A = | |,y A; U N satisfying the above conditions except the
one that A; and N be G-invariant. We modify A;’s inductively into G-invariant
ones. First we replace Ag with UgeGg(Ao), then replace A;, i # 0, with A4; \
Ap. This operation makes Ag to be G-invariant, keeping A;’s disjoint and their
union unchanged. Applying the same operation inductively, we can make all the
Aj; to be G-invariant. Lastly we replace N with N \ [J;cy Ai to get the desired
stratification. O

DEFINITION 8.6.5. With the notation of the above lemma, we can define the
motivic integral associated to h with respect to pux ¢ as follows:

/ Lh d,uxg = ZMX,G(AZ‘)]L}L(A” S ./(/l\;c’r @] {OO*}
A i

We can show that the above integral is independent of the choice of stratification
A=|];c; A UN in the same way as in the non-equivariant case.

REMARK 8.6.6. We may write the above integral also as

(o)

Here we define fA L" dux in the G-equivariant version G—/T/l\k,,« of /(/l\;w, lifting the
one defined in /T/l\;w. The quotient above is obtained by sending it by the “taking
quotients” map

o/G: G-My, — M, {X} — {X/G}.

To prove the change of variables formula in the equivariant setting, we first
show the following slight generalization of Lemma [5.9.3

LEMMA 8.6.7 (Fiber inclusion lemma; the equivariant case). Let Y and X be
good D-schemes with G-actions and let f:' Y — X be a generically étale and G-
equivariant D-morphism. Let L be a field and let 5,5 € (Joo Y)(L). Let n € Z>q
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and suppose that f,m,(8) and f,m,(8') are in the same G-orbit. Writing e :=j;(5),
ex = ix(feo(B)) and ey :=jy(B), we suppose that n > max{2e+ey,ex}. Suppose
also that 8,8 € C(L) for a G-invariant cylinder C' of level n — e and that the map

C(L)/G = [x(C(L))/G
induced by foo is injective. Then mp—c(B) and m,—(8') are in the same G-orbit.

PROOF. Replacing # with an element in the same G-orbit, we may suppose

that f,m,(8) = fumn(B'). For a = foo(B'), let v € (Joo Y)(L) as in Lemma
Since C is a cylinder of level n — e and 7,,_(8) = Tph—c(7), we see that v € C(L).

Since C(L)/G — foo(C(L))/G is injective, the equality foo(7) = foo(B') implies
that v and 8’ are in the same G-orbit, which shows the lemma. (]

LEMMA 8.6.8 (The A°-fibration lemma; the equivariant case). Let f: Y —
X be a generically étale and G-equivariant morphism of good D-schemes. Let
n,e,ex,ey € Zxqo be such that n > max{2e + ey,ex}. Let C C JoY be a G-
invariant cylinder of level n—e such thatjf|lc < e, (ixofwx)lc < ex andjy|c < ey.
Suppose that the map C/G — f5o(C)/G is geometrically injective. Then the map

™ (C)/G = fu(mn(C))/G
is a pseudo-A°-bundle. In particular,
py,c(C) = px,c(fe (C))LE.

PROOF. From Lemmal5.10.1] f(C) is a cylinder of level n. Since only geomet-
ric fibers are concerned, by the usual base change argument, we may assume that k
is algebraically closed and it suffices to consider fibers over k-points. Let 8 € C(k)
and let « € fo(C)(k) be its image. Let H be the fiber of 7,(C) — f,.(m,(C))
over a,, = 7, (a) and let F” be the fiber of 7,,(C) — m,_.(C) over m,_.(8). From
Lemma@ we have H C Ugecg(Fb). Let H' := HNF”. By the same argument
as one in the proof of we can identify F”(k) with Homy [y (Bbe/k[[t]] , tZﬁ*l)
and H'(k) C F”(k) with the following linear subspace

Ker (Homk[[t]] (B°Qy e s ) = Homy e ((f 0 B)’ Qi ipeg fZIff)) = e

This shows that H’ is an e-dimensional linear subspace of F” = Aze. Since H =
Ugeq 9(H"), if G' C G denotes the stablizer of H', then we have an injection

©/G'2H'/G — 7, (C)/G

onto H/G (as asubset of 7, (C')/G; cf. Remark|8.6.2)). We conclude that 7, (C)/G —
fu(mn(C))/G is a pseudo-A®-bundle. It follows

py,c(C) = {m(C)/GIL™™
= {fu(ma(C))/GILT
= px,c(foo(C))LE.
O

Now, by using Lemma [8.6.8] the change of variables formula in the present
equivariant situation is proved in the same way as was Theorem [5.13.2]
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THEOREM 8.6.9 (The change of variables formula; the equivariant case). Let
G be a finite group and let Y and X be good D-schemes with G-actions. Let
Y — X be a generically étale and G-equivariant D-morphism. Let B C Jo Y
be a G-invariant subset such that the map B/G — f-(B)/G is almost geoetri-
cally injective; namely, there exists G-invariant negligible subsets N C Joo Y and
M C Joo X such that (B\ N)/G = (foo(B)\ M)/G is geometrically bijective. Let
h: foo(B) = 1Z U {o0} be a G-invariant admissible function. Then

/ Lhdux.q = / Lref~11 dpy.¢ € My, U {00, }.
foo(B) B

REMARK 8.6.10. As a morphism f: Y — X in the above theorem, we are
mainly interested in one such that the G-action on X is trivial. In this case, ux,¢

is the same as px except that it takes values in /(/l\;“ rather than /T/l\k,r. Thus we
may denote px ¢ also by px and write the change of variables formula as

/ Lh d,LLX :/ ]Lhofoo—jf d,uY,G — (/ ]Lhofoo_jf d,“/Y) /G
foo(B) B B

For the right equality, see Remark [8.6.6]

8.7. Proof of the tame motivic McKay correspondence

In this section, we prove T heorem We write V = Ag, which is given with
the G-action. By definition, X = V/G. From Remark we have Mg (X, 4) =
Mgt (Xp, Ap), where Ap is the pull-back of A by the projection Xp — X. Thus we
can write

(8.7.1) Mg (X, A) = / L7 o7 dpy
Joo XD

where Z denotes the ideal sheaf Zx 4, (see Section .
By untwisting, we get geometric bijection [8:5.7]

[T v /Ca(e) — 32, X,
[0

where [i] runs over G-conjugacy classes of embeddings p; — G (without [ be-
ing fixed). Let K, := VI X Applying Lemma to the crepant map

Yl (VM —K,) = (X, Ap), we get
L : 1
- ordzy 4 . owlool = Jypll = - ordzvg,‘, = —ordg, .

—K,,r

From the change of variables formula, we have

%ordz _ —ordg,
(8.7.2) /Joo o L dpxy, ; /Joo vl L dMV]‘DLl,CG(L)'



8.7. PROOF OF THE TAME MOTIVIC MCKAY CORRESPONDENCE 92

From Proposition K, is the special fiber multiplied with age(t). Therefore its
order function is constant age(:) (see Example [7.4.1]). It follows that

—ordg, _ [Nt — age(r)
/J " L K dMV]‘DL‘,CG(L) = MV]‘D“,Cg(b)(JOO b )L
oo Vp

(8.7.3) = {(Jo Vi) /G~ 25
= (AL/GIL~ 5
_ ]Ldfage(L) )

Note that the last equality follows from the definition of ./(/t\ﬁw Combining 1}
(8.7.2) and (8.7.3)) gives

M (X, 4) = 3L,
[«]

Theorem (8.3.8)) is now obtained by rewriting the right hand side as a sum over
conjugacy claases in G acording to Remark [8:3.6



CHAPTER 9

The McKay correspondence: the wild case

In this chapter, we discuss generalization of the McKay correspondence to the
wild case. We postpone the rigorous proofs of main results until 7?. Instead, we
focus on understanding key ideas on why these results should be expected.

We keep denoting the characteristic of our field k by p.

9.1. G-covers of the formal disk

DEFINITION 9.1.1. Let G be a finite group. A G-cover of D}, = Spec k(t) means
an (étale) G-torsor E* over D}. A G-cover of Dy, means the integral closure of Dy,
in some G-cover E* of Dj. Equivalently, a G-cover of D} is a regular scheme E
given with a G-action and a flat, finite, and G-invariant morphism E — Dy that
induces an isomorphism E/G = Dy,.

There is an obvious one-to-one correspondence betweeen G-covers of D} and
G-covers of Dg. Regarding the McKay correspondence in the tame case, p;-covers,

D! = Spec k[t'/!] — Dy = Spec k[t],

for positive integer | with p t [ played important roles. It is because, if k is alge-
braically closed and if G is a tame finite group, then every G-cover of Dy, is induced
from the p;-cover ch — Dy for some [ via an injection p; < G. In particular,
there are only finitely many G-covers, which are in one-to-one correspondence with
elements of ]_[p“ Conj(u, G). If we drop the tameness condition, this is no longer
true, as the following example shows.

EXAMPLE 9.1.2 (Artin-Schreier extensions of k(t)). The Artin-Schreier theory
says that Z/pZ-covers of Dy are parametrized by the quotient set k(t)/p(k(t)).
Here g is the selfmap of k(t) given by f — fP — f. If k is algebraically closed, then
the composite map

P k-t k(t) - k() / ok ()

1>0, pii

is bijective. It follows that there are infinitely many Z/pZ-covers of Dy, which are
parametrized by the infinite dimensional affine space @l>0,pﬂ k-t=t. Since the
trivial cover Dy I+ - - IIDy, — Dy, is the only non-connected Z/pZ-cover of Dy, there
are infinitely many connected Z/pZ-covers.

DEFINITION 9.1.3 (Working definition of G-Cov(D)). A P-moduli space of G-
covers of the formal disk, denoted by G-Cov(D), is a k-scheme X = ], ; X; that
is the disjoint union of countably many affine k-schemes X; = Spec R;, ¢ € I, that
is given, for each i € I, a finite-type affine k-scheme Y; = SpecS;, a G-torsor

93
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& — D%, = Spec S;(t) and a surjective morphism f;: Y; — X;, and such that for
every algebraically closed field F'/k, the induced map

HYZ(F) — {G-torsors over D} }
iel

uniquely factors as

HY;(F) ELCON X(F) LN {G-torsors over D} }.
iel
Roughly, the above definition says that geometric points of G-Cov(D) parametrizes

G-torsors over D7, and there exists a versal family [[ & — [[ Dy, of G-torsors over
D*. Note that a P-moduli space G-Cov(D) (according to the working definition) is
not unique. Indeed, stratifying one component X; as X; =[] ;Xij by finitely many
subschemes X;; gives a new P-moduli space. If X; — Xi(p ) denotes the relative
Frobenius, then replacing X; with X i(p ) also gives a new P-moduli space. However,
for two P-moduli spaces, say G-Cov(D); and G-Cov(D)s, there exists a unique

P-isomorphism G-Cov(D); — G-Cov (D), that preserves correspondences between
geometric points and G-torsors.

THEOREM 9.1.4. For any finite group G, a P-moduli space G-Cov(D) exists.
ExaMPLE 9.1.5. For G = Z/pZ, we can put
G-Cov(D) = [[ G x AL 7U/P.
J>0, ptj

Li/p]

The j-component G, ;, x Ai_l_ corresponds to the set

fe @ k-t ord(f) =—j

>0, ptl

9.2. P-moduli space

DEFINITION 9.2.1. A morphism of k-schemes Y — X is a sur covering if it is
locally of finite presentation and surjective.

We denote by GPj the category of geometric poits Spec F — Speck of of
Spec k, which is a full subcategory of Aff;. In what follows, we often identify a
k-scheme X with the associated (contravariant) functor Aff; — Set. For a functor
F: Aff);, — Set, we denote by F|gp, its restriction to GPj.

DEFINITION 9.2.2. For k-schemes X and Y, a P-morphism f:Y — X is a
morphism f: Y|gp, — X|gp, of functors GP; — Set such that there exist a
k-scheme Z, a sur covering g: Z — X and a morphism h: Z — Y that make the
following diagram commutative:

Z|GPk

Ylap, 7 X|ap,
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We denote by Homy, (Y, X) the set of P-morphisms Y — X. A P-morphism f: Y —
X is a P-isomorphism if there exists a P-morphism g: X — Y such that fog =
iXmcpk, and go f = ilecpk .

We easily see that the composition of P-morphisms is again a P-morphism.

PROPOSITION 9.2.3. Let X and Y be k-schemes locally of finite type. A P-
morphism f:Y — X is a P-isomorphism if and only if there exist universally
bijective finite-type morphisms Z — Y and Z — X of k-schemes such that the
diagram in the last definition is commutative.

PROOF. 777 O

DEFINITION 9.2.4. We denote by P-Schy the category whose objects are k-
schemes and morphisms are P-morphisms. We mean by a P-scheme a k-scheme
regarded as an object of P-Schy.

DEFINITION 9.2.5. For a k-scheme X, we define a functor X¥: Aff;, — Set by
XP(Y) := Homy (Y, X).

Note that for k-schemes X and Y, the set Hom(Y?, X*) of morphisms Y* —
XP of functors is canonically identified with Hom}, (Y, X).

DEFINITION 9.2.6. Let F: Aff; — Set be a contravariant functor. A P-moduli
space of F is a k-scheme X given with a morphism f: F — X of functors such
that

(1) for every algebraically closed field F/k, f(F): F(F) — X (F) is bijective,
(2) for any morphism g: F — Y¥ with Y a k-scheme, there exists a unique
morphism h: X¥ — Y of functors such that g = ho f.

It is clear that a P-moduli space is unique up to unique P-isomorphism.
THEOREM 9.2.7. The functor
Ca: Affy, — Set, Spec R — {G-torsors over Spec R(t)}/ =

has a P-moduli space that is the disjoint union of countably many affine k-schemes
of finite type.

DEFINITION 9.2.8. We denote a P-moduli space of the last theorem by G-Cov(D).

9.3. Twisted arcs

Let V be a good D-scheme (see Definition given with an action of a finite
group G. We suppose that there exists a G-invariant open dense subscheme U C V'
on which G acts freely. Let X := V/G be the associated quotient scheme and let
m: V — X be the quotient morphism.

DEFINITION 9.3.1. For a G-cover E — D, an E-twisted arc of V is a G-
equivariant D-morphism E — V. Let (J¥ V)(k) be the set of E-twisted arcs of
V.

REMARK 9.3.2 (Relation to t-twisted arc). Suppose that G is tame and k
is algebraically close. A connected component FEj of every G-cover E — D is
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isomorphic to D! = Spec k[t'/!] as a cover of D. Choosing an isomorphism Ey = D!
defines an injection ¢: pu; < G. For an E-twisted arc E — V, the composition

D! Ey—wE—V

is an -twisted arc. Thus, in the tame case, (-twisted arc anre F-twisted arc are
essentially the same notion. However, simplicty of the group p; and its action on
D! is an advantage of considering t-twisted arcs.

For an E-twisted arc v: £ — V, the induced morphism
To(7):D=FE/G—=V/G=X

is an arc of X. Thus we get a map

oot [JOEV)(E) = (Joo X)(k), v 7o (7),
E

where E runs over all G-covers of D (modulo isomorphisms). If a: E — E is an
automorphism of F as a G-cover of D (that is, a G-equivariant D-isomorphism),
then 7o () = Moo (v © @). Thus 7, factors through a map

(9.3.1) H JE V() Aut(E) = (Joo X)(K),

E—D

where £ — D runs over the G-covers of D.

Conversely, suppose that we are given an arc f: D — X is an arc sending
the generic point 7np into the étale locus of w. If E denotes the normalization
of D xg x » V, then the narual morphism £ — D is a G-cover and the natural
morphism v: F — V is an E-twisted arc such that 7 (y) = 8.

ol

/\
E——sDxxV—=V

L

D——=X

B=mco(7)

Moreover, the induced twisted arc -y is unique modulo automorphisms of . Roughly
speaking, the above arguments show the claim that map is “almost bijec-
tive.” To make this claim precise, we need to consider geometric points rather than
k-points and G-covers of Dp for algebraically closed fields F', and define a motivic
measure on the space of twisted arcs. This will be treated in a later section in a
more general context by using stacks.

9.4. Hom schemes

We keep the notation of the last section. We construct the untwisting scheme
VIEl that plays the same role as VI* considered in Chapter Construction is more
intrinsic than the one in the tame case and uses the Hom scheme.

DEFINITION 9.4.1. Let S be a scheme and let X and Y be S-scheme. Suppose
that X is flat and proper over S and that Y is finitely presented over S. The Hom
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scheme Homg(X,Y) is defined to be an S-scheme representating the following
functor:
Schg — Set
T+ Homy(X xsT,Y x5 T)
Note that Homp (X xsT,Y x gT) is identified with Homg (X x¢7,Y). When X and

Y have G-actions, we can also define the G-equivariant Hom scheme Homg(X7 Y)
representing the functor:

Schg — Set
T — Hom%(X xgT,Y xgT)

It is known that the Hom scheme exists and is locally of finite presentation over
S . When X and Y have G-actions, we can define the G-action on Hom¢(X,Y") by
g-f:=gofog ! The G-equivariant Hom scheme mg(X, Y) is the fixed locus
of this action, which is a closed subscheme of Homg(X,Y).

REMARK 9.4.2. Note that, for an S-scheme W with an automorphism g: W —
W, the fixed point locus WY fits into the cartesian diagram:

W!JC—> 1%

|

W— W xg W
(id, )

This shows that W9 is a closed subscheme of W. (Recall that every scheme is,
by assumption, separated and the diagonal morphism is a closed immersion.) The
G-fixed locus W for an action of a finite group G is given as the intersection

ﬂgEG W9,

LEMMA 9.4.3. If X is finite over S, then Homg¢(X,Y) is of finite presentation
over S.

PRrROOF. We prove this only when Y is quasi-projective over S. For the general
case, we refer the reader to [Yas19|. The problem is local on S. So we may suppose
that S'is connected. Then X — S has constant rank say . We choose an immersion
X xY — P§. Sending a morphism f: X xgT — Y xgT to the graph

I'fC (X xsT)xp (Y xsT)=(XxgY)xT
defines an immersion
Homg(X,Y) — Hilb,(P%/5).
Here the subscript 7 means that this is the Hilbert scheme associated to the constant

polynomial 7. Since Hilb, (P%/S) is of finite presentation over S, so is Homg(X,Y).
([l

PROPOSITION 9.4.4. Suppose that X and Y have G-actions and that X — S is
a G-torsor.

(1) There is a natural isomorphism
Hom§ (X,Y) = (X x5Y)/G,
where G acts on X xXg 'Y diagonally.
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(2) If S = SpecF for a field F, thﬂl HomgpecF(;X, Y) is a twisted formiof Y.
Namely, HomgpecF(X, Y)®p F and Y @ F are isomorphic over F.

PROOF. (1) A G-equivariant morphism f: X — Y induces the G-equivariant
morphism

x S0 x wgy,

which, in turn, induces
S=X/G— (X xgY)/G.
Thus, we get a map of sets of S-points,
(9.4.1) Hom§ (X, Y)(S) — (X x5Y)/G)(S).
Conversely, for a morphism S — (X xgY)/G, let
X':= 8 X(xxsvyc (X xgY).

Since X xgY — (X xgY)/G is a G-torsor, so is X’ — S. The natural morphisms
X' — X and X’ — Y are G-equivariant S-morphisms. In particular, X' — X
is a G-equivariant morphism of G-torsors, and hence an isomorphism. We get a
G-equivariant morphism

X5 X —Y.

This construction gives the inverse of map (9.4.1). We get a one-to-one correspon-
dence

Hom§ (X, Y)(S) & (X x5 Y)/G)(S).

Moreover, this correspondence is functorial; for each S-scheme T', we can construct
a one-to-one correspondence of T-points. Thus, Hom$ (X,Y) and (X x5Y)/G are
naturally isomorphic functors, and hence isomorphic as S-schemes.

(2) We have

Homg,.. (X, Y) ®p F = Homg  +(X7, Yp) = (X5 x5 Yp) /G-

Since X ®p F is a trivial G-torsor over X, we have (X7 x# Y5)/G = Y. O

LEMMA 9.4.5. Suppose that G transitively acts on the connected components of
X. Let Xy be a connected component of X and let H C G be its stabilizer. Then
we have a canonical isomorphism Hom$ (X,Y) 2 Hom% (X,,Y).

PRrROOF. We choose a subset {go = 1,¢1,...,9m} such that X = [T, g:(Xo).
For an S-scheme T and a G-equivariant morphism X xg T — Y, the restriction
XoxgT — Y is H-equivariant. Conversely, an H-equivariant morphism Xox¢T —
Y uniquely extends to a G-equivariant morphism vy: X xg T — Y; we define it so
that its restriction to g;(Xo) xg T is g; oy o gi_l. It is straightforward to check
that the constructed morphism is indepedent of the choice of {go,...,gm} and
G-equivariant. These constructions give a natural isomorphism of two functors

Hom§ (X,Y), Hom¥ (X,,Y): Schg — Set.
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9.5. Untwisting revisited
We follow the notation of Section

DEFINITION 9.5.1. For a G-cover E — D, we define the untwisting scheme VP!
of V with respect to E to be the closure of Hom$(E, V) xp D* in Hom§ (E, V)
given with the reduced structure.

REMARK 9.5.2. From Lemma [0.4.5 if Ey C E is a connected componet with
stabilizer H and if we define the untwisting scheme V%ol with respect to the induced
H-action on V, then VIl = VIPol Tt is sometimes helpful to reduce to the case
where E is connected by using this fact.

LEMMA 9.5.3. The untwisting scheme is a good D-scheme.

PrROOF. From Lemma 9.4.3|, VIEl is a finite type D-scheme. From Proposi-
tion [9.4.4] the generic fiber (V!Fl), is of pure dimension and has an open dense
subscheme that is smooth over D*. From construction, VIZ! is of pure relative

dimension and flat over D, and contains an open dense subscheme that is smooth
over D. (]

The universal morphism Hom$ (E, V) xp E — V, which is defined over D and
G-equivariant, restricts to u: VIEl xp E — V. Since VIl — D is flat, we have
(VIEl xp E)/G = VIEI. Therefore, we get the natural morphiosm

Pl vIEl = (VIEl xy B) /G - V/G = X.
This is Aut(E)-invariant with respect to the natural Aut(E)-action on VIZl. These

morphisms form the following commutative diagram:

(9.5.1) VIEl xp EZE > VIE|

Ve—r—->X
Here 7z denotes the projection. The restrcition of 7!l to generic fibers,
(W‘E‘)M (VlEl)n = Hom§. (E*, V) = X,
can be expressed as a natural transform of funtors as follows:
Howg. (E*,V,)(T) — X,(T)
(E* xp+T = V)= (T =(E*" xp-T)/G =V, /G =X,))
This expression implies that (7!Fl), is a twisted form 7, (cf. Proposition . In

particular, (7!¥ ‘),7 is a generically étale finite morphism whose branch locus is the
same as the one of m,. In summary, diagram (9.5.1)) has the following properties:

PROPOSITION 9.5.4. Morphisms rg and 7 are finite. Morphisms (rg),, (7r|E|)n,
(ug)n, and m, are all finite and generically étale. Morphisms (7r‘E‘)77 and T, are
twisted forms of each other.

REMARK 9.5.5. In the tame case, we can similarly define a morphism Homg (B, V) —
X as the natural transform that sends a G-equivariant D-morphism E xp T — V
to the induced morphism

T=(ExpT)/G—-V/G=X.
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In the wild case, the equality T = (E xp T)/G holds only when T' — D is flat.
Therefore, the above construction of the morphism Homg(E7 V) — X is not valid,
and taking the flat variant V1Z! of Hom$ (E, V) is necessary.

PROPOSITION 9.5.6. There exists a natural one-to-one correspondence
EV)(k) ¢ GVIEN (k)

that is compatible with the map wao: (JE V) (k) = (Joo X)(k) defined in Section
and the map (7171 o0 : (JVIEN(E) = (Joo X)(k) derived from ©!Fl. Moreover, the
correspondence is compatible with the Aut(E)-action on both sides.

PROOF. By construction, we have the natural one-to-one correspondences:
(J¥V)(k) ¢ Homf (B, V)(D)  (JVI#!)(k)
Let a: E — V be a twisted arc and let 3: D — VIZl be the corresponding arc. The
arc Moo () is the morphism
D=E/G—->V/G=X

induced by a. Let us consider the restriction of 3 to D*, 3,: D* — (V'E‘)n, which
corresponds to o, : E* — V,,. From the description of (nlEl ) as a natural transform
of functors, the morphism (W'E‘)n o f,: D* = X is the morphism

D* = E*/G - V,/G = X,,

induced by a,. This shows that the arcs 7. (a) and (71¥1),(8) coincide when
restricted to D*. Since X is separated, they coincide without restriction. It is
straightforward to check that the correspondence with the Aut(FE)-actions. O

REMARK 9.5.7. The correspondence of the propostioin induces a map
11 (JVIEN(K) ) Aut(E) — (J X) (k).
EecG-Cov(D)(k)
If k£ is algebraically closed or if we consider all geometric points, then this map

becomes almost bijective in a justifiable sense.

The following lemma is useful to reduce problems to the case where F is con-
nected.

LEMMA 9.5.8. Let Ey be a connected component of E and let H C G be its
stabilizer. We have a canonical isomorphism

VIEl o 11 B0l

Proor. We have O

9.6. A rough sketch of the wild McKay correspondence

Suppose now that V' is normal and given a Q-divisor B with Kx + B being
Q-Cartier and that B is stable under the G-action. Then X has a unique Q-divisor
A such that Kx + A is Q-Cartier and (V,B) — (X, A) is crepant. Indeed, if
Ky /x is the relative canonical divisor (that is, the ramification divisor), then A is
determined by the equality

A=A + KV/X-
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See |Kol13, pages 64-65|. For a G-cover E — D, let VIZl denote the normalization
of VIEI. Tt has a unique Q-divisor BIP! such that Ky e, + A is Q-Cartier and
(VIELv BIEI) — (X, A) is crepant.

We now mimic the proof of the tame McKay correspondence in Section [B7]
From Lemma we have

1 ‘ 1
El,v i —
- Orde,A,T o(m oo = InlElw = , OrdIV\ELu’B\E\’T :

Here 7Zl denotes the morphism VIZl¥ — X. From Theorem [8.6.9)

/ L7 s dux = / L7 %A djix au ()
(7l ELv) s (Joo VIELY) Jo VIE]

= My (VIELY BIEl ) Aut(E).

From the “almost bijection” in Remark we see that M (V¥ BIEl) / Aut(E)
is the contribution of E to the stringy motive Mg (X, A). Similarly, if C C Xj is
a constructible subset of Xo @[y k, then the contribution of E to Mg (X, A)c is
Mg (VIELY, B'E‘)(ﬂw\,y)fl(c). Therefore, we can expect:

THE WILD MCKAY CORRESPONDENCE (A NAIVE FORMULATION). We have:
M (X, A)e =« / M (VIE BIEY) im10y 100y Aut(E) 7
G-Cov(D)
In particulaf, for C = Xy, we have:
Mg (X, A) = “ / Mg (VIEY BIEN / Aut(E) 7
G-Cov(D)
REMARK 9.6.1. We do not know whether the map

G-Cov(D)(k) — M;w, E — My (VP BIF) 5010/ Aut(E)

extends to a locally constructible function on G-Cov(D). Therefore, we need some
effort to define the above integrals over G-Cov(D) rigorously.

REMARK 9.6.2. If we use weak log pairs rather than usual log pairs, we can
treat the case where X is non-normal and avoid taking the normalization of VIZ!.
If (X, L) is a weak log pair, then for each G-cover E — D, we can define a natural
structure of weak log pair (V‘E|,E|E|) on the untwisting scheme V!Zl. Then, the
wild McKay correspondence is then naively formulated as:

M (X, L) = / Mt (VIEL L1ED ey o1y / Aut(E)
G-Cov(D)

9.7. Linear actions: tuning modules and v-functions

We now focus on the case where V = A% and G acts on it linearly. We can write
V = Spec(Sym(M)), where M is a free k[t]-module of rank d with a G-action and
Sym(M) is the associated symmetric algebra having the induced G-action, which
is identified with k[t][x1, ..., z4] if we fix a basis z1,...,z4 of M.

DEFINITION 9.7.1. Let F = Spec O — D be a G-cover. We define the tuning
module of E to be
Ep = HomkG[[tH(M, Og),

the module of G-equivariant k[t]-module homomorphisms M — Og.
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LEMMA 9.7.2. The module Zg is a saturated k[t]-submodule of Homyp (M, Op).
(Here the term “saturated” means that Homypy (M, OFp)/ZE is a torsion-free k[t]-
module.)

PRrROOF. The tuning module =g is the kernel of the k[t]-linear map
(9.7.1) Homy (M, Og) — Homyp,p (M, Op)®¢, a— (aog—go a)gea-

Therefore it is a k[t]-submodule of Homyp(M,Og). To show the saturatedness,
we need to show that for a € Homypj(M,Op) and 0 # f € k[t], if fa € Epg,
then o € =g. Indeed, if fa € ZEg, then for every m € M and g € GG, we have the
following equalities of elements of k[t]:

f(a(mg)) = (fa)(mg) (definition of fo)

= ((fa)(m))g (foa € Ep)

= (f(a(m)))g (definition of fo)

= f((a(m))g) (g is k[t]-linear)
Since k[t] is an integral domain, we have that a(mg) = (a(m))g. This means that
« is G-equivariant, and hence o € Zg. O

LEMMA 9.7.3. For a flat k[t]-algebra R, we have natural isomorphism:
Zp Qg R =2 Homf (M @y R, Op ®pp R) = Homp (M, Op @y R)

ProOF. The right isomorphism is obvious. Applying — ®j[;) R to the exact
seqeunce

0—Z2g— HomkM (M, OE) Homk[[t]] (M, OE)EBG,
we get the exact sequence
0—ZEg Rk[t] R — Homkm (M,0Op) — Homkm (M,OF k[ R)GBG.
This shows the desired isomorphism. ([l
LEMMA 9.7.4. The tuning module g is a free k[t]-module of rank d.

ProOOF. Since Homypj(M, Og) is a torsion-free k[t]-module, so is Zg. Since
E[t] is a princial ideal domain, Z is a free k[t]-module. It remains to compute the
rank. We take a field extension L/k({t) trivializing the G-torsor E* — D*. Namely,
Op ®yg[y L is isomorphic to L®C as a k[t]-algebra and G acts on it by permutation.
Since L is a flat k[t]-algebra, we see

Ep @k L = Hom§ (M ®ypy L, Op @k L) = Hom§ (M @y L, L¥C).
The last module is explicitly presented as
{(p0g)gec: M @y L — LY | ¢ € Homp (M ®ypy L, L)},
and hence isomorphic to Homp (M @y L, L) = L®%. Thus

ranky Ep = ranky (Eg Qppyg L) = d.

PRrROPOSITION 9.7.5. We have natural isomorphisms:
VIl 2 Spec(Sym(E%)) = Ap,
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PRrROOF. We first observe that for a flat k[t]-algebra R, we have functorial
one-to-one correspondences:
Hom((E, V)(R) < Homgj, (M, Op ®p R)
< Hom{j (M, Og) @i R
< Ep @R
4 (Spec(Sym(2))(R)
Letting R vary over k(t)-algebras, we see
Hom§(E, V), = Spec(Sym(Zg)) .
The canonical Sym(EY,)-point of Spec(Sym(ZY,)) corresponds to a morphism
Spec(Sym(})) — Homf (B, V),

which is the unique extension of the isomorphism of generic fibers. The image
of the last morphism is contained in VIFI. We construct the inverse VIl —
Spec(Sym(ZY)) as follows. We take an affine open covering VIZl = |JSpec S;.
The above correspondences give morphisms

Spec S; — Spec(Sym(ZY;)),
which glue together to define VI#| — Spec(Sym(Z},)). O
In particular, V!#! is normal and VIZl» = V1P,

DEFINITION 9.7.6. For a G-cover E — D, we define

1 Homk[[t]](M, OE) 1
==L —Z
G ( OsZp ) HGT

G
where £, denotes the length of a k[t]-module.

v,(E) :

LEMMA 9.7.7. Let k'/k be a field extension and let E — D be a G-cover. Let
pi be the G-representation over k'[t] induced by p and let Eyr — Dy be the induced
G-cover. Then

V,(E) = v, (Ep).

ProOOF. We see that
Homy, (M @y k'[t], Op @i K'[t])  Homypy (M, Op)
Og,, - g, Or-Zg

®k[[t]] k/ [[t]]

Therefore, the k'[t]-length of the left module is equal to the k[t]-length of
Homk[[t]] (M, OE)/OEEE
(]

PROPOSITION 9.7.8. Suppose that V' has the zero boundary divisor B = 0. Then
the induced divisor BIFI on VIE! is v ,(E)-(VIEl)y, where (VIE)y is the special fiber
of VIE and regarded as a prime divisor.

PROOF. From Lemma [9.7.7, we may assume that k is algebraically closed.

From Remark [0.5.2] we may suppose that E is connected. It suffices to show that
VIl xp E =V and VIZl xp E — (VIPI v(E) - (VIFl)g) have the same relative
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canonical divisor. The different 8 C Op of the extension Og/k[t] is, by definition,
the annihilator ideal of Q¢ k7. We have

Kyieiypmv = Kvisix,g/vxpe + div(d),

where div(d) denotes the effective divisor on VIZ| xp E defined by 9. The E-
morphism VIEl xp E = V xp E corresponds to the natural Og-module homo-
mophism

a: M k[ O — Homk[[t]] (HomkGM (M,0g),OR)

between two free Og-modules of rank d. The divisor Ky 5| 5/v«,, g 1S the effective
divisor defined by the determinant of this map. Thus

Kyiei gy = div(det(a)) + div(d).
On the other hand, we have
Ky 121y 2/(VIElv(B)-(VIEN) = Kviei g, myvier + v(E)div(t).
= div(0) + v(E)div(t).
It remains to show the equality
div(det(a)) = v(E)div(t)
of divisors on VIE!I xp E. The Og-dual of « is identical to the natural injection
Hom(M, Op) ®0, O — Homy (M, Op),
which has the same determinant as « does. Therefore,
V(E) = ly(Or/(det(a))) /4G
Let u € Og be a uniformizer. Since tOp = (u*“),
v(E)div(t) = Ly (Op/(det(a))) - div(u) = div(det(a)).

([
In particular, the proposition shows that v,(E) # co. We can define a function
1
(972) Vp! G—COV(D) — EZZO

as follows. For a point b € G-Cov(D), we take a geometric point b': Spec F' —
G-Cov(D) mapping to b. If E — Dp is the G-cover associated to ', then we define

Vp(b) := vy (E).
From Lemma [0.7.7} this is indepedent of the choice of the geometric point.

DEFINITION 9.7.9. We call function (9.7.2) the v-function associated to the
representation p.

The following result is useful to compute the v-function.

REMARK 9.7.10. Choosing a basis of M, let us identify Homy, (M, O) with
O%d. There exist two G-actions on Homyp,j(M, Op) = O%d. One is induced by the
action on M and the other is the diagonal action O%? derived from the G-action
on Og. The tuning module =g consists of those elements on which the two actions
coincide:

EE:{aeHomk[[t]](MvoE) \VgEG,a~g:a*g},
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where - and * denote these two actions. This presentation of tuning module is closer
to the ones in [Yas17,[WY15|.

PrOPOSITION 9.7.11. The v-function is locally constructible. (Postpone the
proof)

From the proposition, there is a stratification G-Cov(D) = | |,.; C; by at most

countably many constructible sets C; such that for each i, v,|¢, is constant. The
integral fg_COV(D) L4=Vs is then defined as the (possibly diviergent) sum

S (LA,
i€l
THEOREM 9.7.12. Let p: G ~ V = AL be a representation over k[t], let

X = V/G and let A be the boundary divisor on X such that V. — (X, A) is
crepant. Then

Mg (X, A) = / L4Ve.
G-Cov(D)

DEFINITION 9.7.13. Let o € V(k) be the origin in the special fiber and let
0 € X (k) be its image. We define
d,(E) := dim(ug) (o) = dim(7'F1)~1(3).
Note that the right equality follows from Proposition [9.5.4} Like v,,, the above
definition gives a function
d,: G-Cov(D) — {0,1,...,d} C Z.
It will turn out that this is locally constructible (?77).

THEOREM 9.7.14. We keep the above notation. Then

MuX,A)p= [ L
G-Cov(D)
REMARK 9.7.15. If V' — X is étale in codimension one, then A = 0 and we
have
Mg (X) = / L4Ve and Mg (X)s = / Ldr—ve.
G-Cov(D) G-Cov(D)
If moreover there exists a proper birational morphism f: Y — X with Y regular,
then we have Mg (X) = {Yo N Yan} and Mg (X)5 = {f71(0) N Yam}, where Y,
denotes the D-smooth locus of Y. See Proposition [7.3.3]

9.8. The tame case revisited

In general, we have the one-to-one correspondence:
{G-covers of D} <+ {continuous homomorphisms I'yy — G}/G

Here the G-action on the set of continuous homomorphisms is the one induced from
the conjugation action of G on itself. If G is tame, then the right side is unchanged
by replacing Iy, with its maximal tame quotient F};q " If k is algebraically closed,
then only finite tame Galois extensions of k(t) are of the form k(t*/")/k(t), p { n.
Therefore,
Dby = Gal(k(t'/") /k(t)) = him Z/nZ = [ 2,
pin l#p
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where n runs over positive integers coprime to p and [ runs over prime numbers
different from p. The right isomorphism is canonical. Let us fix the left one, which
amounts to choosing a compatible system of primitive n-th roots (,, € k of unity.
Then, FZM has a topological generator v corresponding to 1 € Z C &iinpjm Z/nZ.

Therefore, we get the following one-to-one correspondence:

{continuous homomorphisms I'ys) — G}/G <+ Conj(G)

[4] = [¢(7)]

Concretely, if g € G is an element of order n, then a conjugacy class [g] € Conj(G)
corresponds to a G-cover E — D having a connected component Ey = Spec k[t'/"]
on which the subgroup (g) C G acts by t'/"g = ¢, t*/".

Let n be the exponent of G, the least positive integer such that for every g € G,
g" = 1. Suppose that k contains all the n-th roots of unity. For each I | n, we
choose a primitive I-th root of unity, {; € k, such that, if { | ', then (Q)l/l/ = (.
As a pseudo-moduli space G-Cov(D), we can take

G-Cov(D) = H Speck.
[9]1€Conj(G)

Let g € G be an element of order . The component associated to its conjugacy
class [g] corresponds to the G-cover E — D that has a connected component Ey =
Spec k[t'/!'] with the action of (g) C G given by t'/lg = ¢t/

9.9. The point-counting version and mass formulae
9.10. The case G =Z/pZ
9.11. The case G =Z/p"Z
9.12. More examples
9.13. Non-linear actions

9.14. Duality



CHAPTER 10

Deligne-Mumford stacks

In this chapter, we give a brief introduction to Deligne-Mumford stacks (DM
stacks for short) as well as prepare general results on DM stacks for later use.

Throughout the chapter, k£ denotes a fixed base ring. Symbols in bold type
such as Set and Schy, usually mean categories. When C is a category, the notation
c € C means that c is an object of C. When we describe a functor from a category
to another, we usually describe only the correspondence of objects and write the
functor, for example, as

C—D,c—d,

like a map of sets. For the correspondence of morphisms is often obvious.

10.1. Motivation

Deligne-Mumford stacks (DM stacks for short) are generalization of schemes.
This notion originates in a study of moduli of curves by Deligne and Mumford
[IDM69|. In a general moduli problem, one seeks for a moduli space/scheme M
parametrizing objects in question. In algebraic geometry, we sometimes has even a
fine moduli scheme, that is, a scheme X whose associated functor

hxt (Schk)Op — Set, Y — Homschk_ (K X)
is isomorphic to the moduli functor
(Schy)°? — Set, Y — {family of objects over Y}/ = .

The Hilbert scheme parametrizing closed subscheme of a given projective variety is
a typical example of fine moduli scheme.

However, when objects have non-trivial automorphisms, a fine moduli scheme
usually does not exit. For automorphisms often give rise to two distinct families
over the same scheme Y which are fiberwise isomorphic. If there was a fine moduli
scheme M, then the two families induce two maps ¥ = M and lead to the con-
tradiction that the two maps are both distinct and identical. The problem is that
in the moduli functor, we discard information of isomorphisms by considering sets
of objects modulo isomorphisms. In the theory of stacks, we consider instead cate-
gories of objects. Accordingly, each point of stack has an automorphism group. In
case of DM stacks, it is a finite group. Very rouhghly, one may imagine a DM stack
as something like a scheme each point of which is equipped with a finite group.

Besides the moduli problem, the study of varieties with quotient singularities
motivates the study of DM stacks. For such a variety X, there exists a smooth
DM stack X and a morphism X — X which is a bijection on geometric points.
Thus X is a smooth analogue of X and often has nicer behavior than X. Therefore
one can first study X and then extract information of X from it. The McKay
correspondence, one of the main themes of this book, may be viewed as relation

107
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between the geometry of the variety X and the geometry of the DM stack & mixed
with algebraic aspects of finite group actions.

10.2. Categories fibered in groupoids

From the Yoneda lemma below, the category of k-schemes is embeded into the
category of functors (Schy)°? — Set. According to this fact, we often identify a
scheme X with the associated functor

hx: (Schy)°P — Set, S+ Homsen, (S, X) = X(9).

THEOREM 10.2.1 (The Yoneda lemma). Let C be a category and let Fun(C°P, Set)
be the category of functors C°P — Set. Then the functor

C — Fun(C°P,Set), ¢ — h,

is a fully faithful embedding. Here h. denotes the functor C°? — Set, d —
Home(d, ¢).

Roughly speaking, the theory of stacks replaces the category of sets which
appeared above with the larger category of groupoids.

DEFINITION 10.2.2. A groupoid is a category whose morphisms are all isomor-
phisms.

EXAMPLE 10.2.3 (A set as a groupoid). Every set S is regarded as a groupoid;
objects of this groupoid are elements of S, the identity morphism is attached to
each object and they are the only morphisms of this groupoid.

EXAMPLE 10.2.4 (A group as a groupoid). Every group is regarded as a groupoid;
it has a unique object and the automorphism group of this object is G.

Stacks can be regarded as functors (Schy)°? — Groupoid; the target is the
“category” of groupoids. But, groupoids form a 2-category rather than a genuine
category and functors (Schy)°® — Groupoid should be, in fact, pseudo-functors.
The standard definition of stacks uses categories fibered in groupoids, a notion
essentially equivalent to pseudo-functors (see [Vis05]).

We now fix a category S.

DEFINITION 10.2.5. A category fibered in groupoids over S is a category X
endowed with a functor 7: X — S which satisfies the following conditions:
(1) For every morphism f: T'— S in S and an object z € X with 7(z) = S,
there exists a morphism ¢: y — x in X with 7(¢) = f.
(2) Let ¢: y — x and x: z — & be morphisms in X and let 1: 7(2) — 7(y) be
a morphism in S such that 7(¢) o ¢ = 7(x). Then there exists a unique
morphism ¢: z — y in X such that ¢ o9 = x and 7(¢0) = ¥ (see the
following diagram).

X

m

7 ]
() —= () =P (z)
)

S
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Condition (2) shows that if ¢’: y — x is another morphism as in Condition (1),
then there exists a unique isomorphism 3y’ — y mapping to the identity morphism
of T. We call y as in Condition (1) the pullback of X by f and denote it by f*x or

xIT.

DEFINITION 10.2.6. Let X and Y be categories fibered in groupoids over S and
let 7y and my be their functors to S respectively. A morphism from Y to X is a
functor F: Y — X with mx o F = 7y (this is the strict equality rather than an
isomorphism of functors). We say that a morphism Y — X is an isomorphism if it
is an equivalence.

Note that categories fibered in groupoids over S and their morphisms form a
2-category. It means that there are morphisms between morphisms. Morphisms
betwen objects are called 1-morphisms and morphisms between 1-morphisms are
called 2-morphisms. Morphisms defined above of categories fibered in groupoids are
1-morphisms, while 2-morphisms between them are natural transforms of functors.

DEFINITION 10.2.7. Let X be a category fibered in groupoids over S and let
S € S. The fiber of X over S, denoted by X (S), is the subcategory of X consisting
of objects and morphisms that map to S and idg respectively.

LEMMA 10.2.8. Every fiber X(S) is a groupoid.

PROOF. Let ¢: y — z be a morphism in X'(S) and let x := idy and ¢ := idg.
Condition (2) of Definition shows that there exists a morphism ¢ such that
¢pot =idyx and 7(¢p) = ids. Namely ¢ has a right inverse ¢ in X'(.S). Similarly, ¢
has a right inverse ¢’. Since v has both a left inverse ¢ and a right inverse ¢’, we
have that ¢ = ¢’ and that v and ¢ are inverses to each other. O

REMARK 10.2.9. For a category X fibered in groupoids over S, the assignment
S +— X(S) gives a pseudo-functor from S to the 2-category of groupoids (see [Vis05),
Section 3.1.2]).

REMARK 10.2.10 (Fiberwise description of categories fibered in groupoids).
In a concrete example of categories fibered in groupoids, we often have caonical
pullback functors X(S) — X(T),  — xp. Then morphisms y — = over T — S
bijectively correspond to morphisms y — zp in the fiber X'(7T") to the canonical
pullback zp. In that case, we describe only fibers X(S) to define the category
fibered in groupoids X.

ExAMPLE 10.2.11 (Functors as categories fibered in groupoids). We can asso-
ciate a category A} fibered in groupoids to a functor h: S°? — Set be a functor.
The fiber X} (S) over S € S°P is the set h(S) regarded as a groupoid. For two
functors h,h': S°? — Set, there is a one-to-one correspondence between natural
transforms h’ — h and morphisms X}, — Xj. In other words, the functor h — X,
is fully faithful. (Strictly speaking, morphisms X, — X} form a category, but it
is a groupoid associated to a set and has only identity morphisms as morphisms.
Thus we can safely regard it as a set.) Thanks to this fact, we often identify h with
X.

EXAMPLE 10.2.12 (Schemes as categories fibered in groupoids). In the last
example, let S = Schy, and let h be the functor hx associated to a k-scheme X.
Namely h(S) = Hom(S, X). Then the associated category X}, fibered in groupoids
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is nothing but the category Schx of X-schemes endowed with the natural functor
Schx — Schy. In summary, a k-scheme X is identified with the category Schx
fibered in groupoids over Schy.

ExaMPLE 10.2.13 (Moduli stack of curves). Let g be a non-negative integer.
The moduli stack M, of cuvers of genus ¢ is defined to be a category fibered in
groupoids over Schy, as follows. An object of M,4(.S) is a smooth projective curve
C over S of genus g and a morphism in Mg(S) is an isomorphism over S.

10.3. Grothendieck topologies and sites

The functor associated to a scheme is not a mere functor but a sheaf for sev-
eral Grothendieck topogologies. Similarly, a stack is not a mere category fibered in
groupoids but satisfy some “sheaf conditions.” We first recall Grothendieck topolo-
gies.

DEFINITION 10.3.1. A Grothendieck topology on a category S is a datum of
associating to each object S € S a collection of families (U; — S);cr of morphisms,
called coverings of X, satisfying the following conditions:

(1) For every isomorphism 7" — S, (T' — S) is a covering of X.

(2) If (U; — S)ier is a covering, then for any morphism 7' — S, the fiber
products U; xg T exist and the induced family (U; xg T — T);er is a
covering.

(3) If (U; — S)ier is a covering and if (V;; — U;)jey,, @ € I are coverings,
then the induced family (Vj; — S)ier,jer; is a covering.

A category endowed with a Grothendieck topology is called a site.

ExaMPLE 10.3.2. Let X be a topological space and let X be the category in
which objects are open subsets of X and morphisms are inclusion maps. Associating
to each open subset U C X the set of inclusion maps (U; < U);cr with U =
U,er Us, we obtain a Grothendieck topology on X'

EXAMPLE 10.3.3. For a scheme S, the Zariski topology on Schg associates to
an S-scheme X the set of open immersions (U; — X);c; whose images over X.
This is a Grothendieck topology on Schg.

EXAMPLE 10.3.4. For a scheme S, the étale topology on Schg associates to a
k-scheme X the set of étale morphisms (U; — X);c; whose images cover X. This
is also a Grothendieck topology of Schg and our canonical choice.

DEFINITION 10.3.5. Let S be a site. A functor F': S°®» — Set is said to be a
sheaf if for every covering (U; — S);er, the diagram

*

F(S) - [Lic; F(U) H(i,j)eﬁ F(U; x5 Uj)

il
D3

is an equalizer diagram; namely ¢ is injective and

Im(q) = {w e[IF@) | pi(e) = pé(w)} :
iel
When S is the site associated to a topological space (Example|10.3.2)), the above

definition coincides with the one of sheaves on topological spaces. The injectivity
of ¢ says that a section of F' on S is determined by its “restrictions” to U;’s and the
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other condition says that sections on U/s can be glued to one on S if and only if
the sections on U; and U; “restricts” to the same section on U; x g U; (a counterpart
of the intersection U; N U; of two open subsets in the Grothendieck topology).

10.4. Stacks

In what follows, for any scheme S, we regard Schg as a site by giving it the
étale topology (Example [10.3.4). Let X be a category fibered in groupoids over
SChk.

DEFINITION 10.4.1. For S € S and z,y € X(S), we define a functor
IS—OS(xv y) (SChS)Op - Seta T — ISOX(T) (xTa yT)a

where 27 and yr are respectively the pullbacks of x and y to T and Isox (1) (27, yr)
is the set of isomorphisms z7 — yr in the groupoid X (T).

DEFINITION 10.4.2. Let (U; — S);er be a covering in Schy. A descent datum
in X with respect to this covering consists of objects z; € X(U;), i € I and iso-
morphisms ¢;;: piz; — pir; in X(U; xg U;) for (i,5) € I? satisfying the cocycle
condition

Git = Gjk © ¢i; in X(U; x5 U; x5 Uy)
for (i, j,k) € I3, where qrﬁ; is the pullback of ¢, by the projection U; x sU; x s Uy, —
U; xg Uy and similarly for ¢;; and ¢;;.

ExAaMPLE 10.4.3 (A descent datum induced by an object). Each object x €
X (S) induces a descent datum in X with respect to any covering (U; — S);er given
by pullbacks zy, and canonical isomorphisms ¢;;: pizy, — p3zu,.

DEFINITION 10.4.4. We say that a descent datum (x;,¢;;) in X with respect
to (U; — S)ier is effective if there exists an object x € X(S) such that (x;, ¢;;) is
isomorphic to the descent datum (zy,,%;;) induced from z as in Example
that is, there exist isomorphisms x; — xy, compatible with ¢;; and ;.

In the analogy to the classical topology, a descent datum corresponds to a
gluing datum of objects over U; relative to some open covering S = | J, U; and its
effectivity means that we can indeed glue these objects to get an object on S.

DEFINITION 10.4.5. We keep the notation. We say that X is a stack over k or
k-stack if the following conditions hold:

(1) For S € Schy, and z,y € X(S), the functor Isog(z,y): (Schg)°? — Set
is a sheaf on the site Schg.

(2) For every covering (U; — S);es in Schy, every descent datum in X with
respect to (U; = S);er is effective.

A morphism between k-stacks is defined to be a morphism as categories fibered in
groupoids over Schy. We often abbreviate a k-stack to a stack, when there is no
confusion.

REMARK 10.4.6. The two conditions in the above definition are equivalent to
the following single condition: for each covering (U; — S);er, the functor X(S) —
X((U; = S)ier), where X((U; — S)icr) denotes the category of descent data with
respect to this covering.
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ExAMPLE 10.4.7. Let X be a k-scheme. The category Schx fibered in groupoids

over Schy, (Example [10.2.12) is a stack.

REMARK 10.4.8 (Working over Aff;). We defined stacks as categories fibered
in groupoids over Schy satisfying some condition. However it is sometimes more
convenient to use the category Aff; of affine schemes instead, of which we will
take advantage in later chapters. Since every scheme S admits an étale covering
(S; — 5); with S; affine, the fiber X'(S) of a stack X over a scheme S is recovered
from the fibers X'(.S;) and functors among them. Thus we do not lose anything by
restricting the base category to Affy.

10.5. Fiber products and schematic morphisms

As schemes are Zariski locally affine schemes, DM stacks are étale locally
schemes. Namely every DM stack X admits an étale surjective morphism U — X
from a scheme U. But what does it mean that a morphism U — X from a scheme
to a stack is étale and surjective? To make this precise, we need the notions of fiber
products and schematic morphisms.

First recall that the fiber product Y x x Z of schemes is defined as a functor by

(Y xx Z)(5) = Y(S) xx(s5) Z(5) :={(y, 2) € Y(5) x Z(5) | f(y) = 9(2)}-

DEFINITION 10.5.1. Let f: Y — & and ¢g: 2 — & be functors of groupoids.
The fiber product Y xx Z2 =Y Xt x4 Z is a category defined as follows. An object
is a triple (y,z,«) where y and z are objects of )V and Z respectively and « is
an isomorphism f(y) — ¢g(z) in X. A morphism (y', 2, o) — (y, 2, @) is the pair
(¢,9) of morphisms ¢: y' — y and @: 2z’ — z such that the following diagram is
commutative.

9(2") 9(z)

—_—
9(¥)

DEFINITION 10.5.2. Let f: Y — X and ¢g: Z — X be morphisms of categories
fibered in groupoids over Schy. We define the fiber product (also called the 2-fiber
product) Y xx Z =Y Xy x,4 Z to be a category fibered in groupoids over Schy
given by (¥ xx Z)(5) := Y(5) xx(s) Z(5).

A fiber product of stacks is again a stack. When X = Schy = Speck, we
denote ) Xy Z simply by YV X Z or )V x Z. In this case, the third entry « of a
triple (y, z, &) as above is always the identity map. Thus () x; £)(5) is identified
with the product category V(S) x Z(S).

We have the forgetting functors (or projections)

py: Y xx Z—=Yandpz: Yxx Z—Z.

Moreover there exists a canonical isomorphism 6: fopy — gopz of functors given
by

0(Y,Z,a) = a: f(Y) = g(Z).
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Thus we get the 2-commutative diagram:

Vxy 222z

"

y——/——4&

The fiber product has the desired universal propery. Let 7 be another k-stack
and let a: 7 — Y and b: T — Z be morphisms and let v: foa = gob be an
isomorphism of functors. Then there exists the canonical morphism ¢: T — Y xx Z
sending T' € T to (a(T),b(T),~(T)).

DEFINITION 10.5.3. Let f: Y — X be a morphism of stacks. We say that f is
schematic if for every morphism 7" — X from a scheme T, the fiber product T'x » YV
is (isomorphic to) a scheme. Let P be a property of morphisms of schemes which
is stable under base change and of local nature on the target for the étale topology
(e.g. unramified, étale, smooth, finite, affine, surjective, being a closed immersion,
proper). We say that a schematic morphism f: Y — X has the property P if for
every morphism 7' — X from a k-scheme, the base change fr: T xy Y — T has
the property P.

10.6. DM stacks and algebraic spaces

For a stack X, the diagonal morphism
A=Ay: X > X x X
is given by sending an object X to the pair (X, X).
LEMMA 10.6.1. Let X be a stack such that Ay is schematic. Then any mor-
phism V. — X from a scheme V is schematic.

PROOF. We need to show that for any morphism S — X from a scheme, the
fiber product S xx V is a scheme. This follows from

SXXVg (SX V) XXXX,AX
and the assumption that A is schematic. O

DEFINITION 10.6.2. A k-stack X is called a DM stack (over k) if the following
conditions hold:
(1) The diagonal morphism Ay: X — X X X is schematic and finite.
(2) There exists a morphism V — X from a scheme which is étale and sur-

jective. (Such a scheme V or a morphism V — X is called an atlas of
X.)

Note that from the first condition and Lemma [10.6.1] the second condition

makes sense.

REMARK 10.6.3. Our definition of DM stacks is equivalent to the one of sepa-
rated DM stacks for the usual terminalogy. According to the usual definition, the
diagonal morphism A x of a DM stack is only supposed to be representable, a weaker
condition than schematic. Then a DM stack is separated if the diagonal morphism
is also proper. As mentioned above, One can show that the diagonal morphism of a
DM stack is formally unramified [Ols16, Th. 8.3.3]. Being representable, formally
unramified and proper implies being schematic and finite.
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DEFINITION 10.6.4. An algebraic space is defined to be a DM stack X such that
every fiber X(5) is equivalent to a set, or equivalently such that X is isomorphic
to the category fibered in groupoid associated to a functor (Schy)°? — Set.

It is clear from definition that every scheme is an algebraic space and every
algebraic space is a DM stack.

REMARK 10.6.5. For an algebraic space X, there exists an algebraic space
X’ isomorphic to X such that every fiber X’(S) is a genuine set rather than a
groupoid equivalent to a set. Indeed, we can define X’ by puttin X’(S) to be the
set of isomorphism classes in X'(S). Therefore, when talking about an algebraic
space X, we basically suppose that fibers X(S) are sets.

The following notion is a slight generalization of representable morphisms.

DEFINITION 10.6.6. A morphism f: ) — X of categories fibered in groupoids
is called representable (by algebraic spaces) if for every morphism 7' — X from an
algebraic space, the fiber product T x x ) is an algebraic space.

Definitions of properties of schematic morphisms (Definition [10.5.3]) are gener-
alized to representable morphisms.

REMARK 10.6.7. Usually one defines algebraic spaces and representable mor-
phisms before defining DM stacks and assumes the diagonal morphism of a DM
stak only to be representable by algebraic spaces (for instance, see [Ols16]). Since
we restricted ourselves to separated DM stacks (see Remark @ , we were able
to avoid the use of representable morphisms in the definition of DM stacks.

We now define various properties of DM stacks and one of their morphisms.
We first define local properties of DM stacks.

DEFINITION 10.6.8. Let P be a property of schemes which is local in the étale
topology (e.g. locally of finite type, locally smooth, normal, regular, local complete
intersection, klt). We say that a DM stack X has property P if some (equivalently
every) atlas V' of X has property P.

Since algebraic spaces are by definition DM stacks, the above definition is valid
also for algebraic spaces.

DEFINITION 10.6.9. Let P be a property of morphisms of schemes which is
stable under base change and of local nature on the target for the étale topology
(e.g. unramified, étale, smooth, finite, affine, surjective, being a closed immersion,
proper). We say that a representable morphism f: Y — X has the property P if
for every morphism 7" — X from a k-scheme, the base change fr: T xxy Y — T
has the property P.

DEFINITION 10.6.10. We say that a DM stack X is quasi-compact if there exists
an atlas V' — X such that V is a quasi-compact scheme. We say that X is of finite
type (resp. of finite presentation, Noetherian) if it is locally of finite type (resp.
locally of finite presentation, locally Noetherian) and quasi-compact.

Finally we define immersions and substacks.

DEFINITION 10.6.11. A morphism ¢: Y — X of DM stacks is called an open
(resp. closed, locally closed) immersion if it is schematic (or equivalently repre-
sentable) and an open (resp. closed, locally closed) immersion in the sense of
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Definition An open (resp. closed, locally closed) substack of a DM stack
X is an equivalence class of open (resp. closed, locally closed) immersions to X.
Here two immersions ¢/: )/ — X and t: Y — X are equivalent if there exists an
isomorphism f: )’ — Y with 1o f = //. By abuse of terminology and notation, we
say that given an immersion ) — X, we say that ) is a (open, closed or locally
closed) substack of X and write Y C X.

10.7. Points and their automorphism groups

Recall that for schemes S and X, an S-point of X just means a morphism
S — X. On the other hand, when we regard X as a functor (Schy)°? — Set, an
S-point of X is an element of the set X (5).

DEFINITION 10.7.1. For a scheme S and a DM stack X', an S-point of X means
a morphism S — X. When S = SpecR for a ring R, S-points are also called
R-points. A geometric point of X is a K-point for some algebraically closed field
K.

As in the case of schemes, giving an S-point is equivalent to giving an object
of the groupoid X(S). Indeed, to a morphism

¢: S =Schg — X,

we associate the object ¢(S M, S). Conversely, to an object x € X(5), we define a
morphism:
SChS — X
(f:T— 98— fx

Tautologically, S-points form the groupoid X'(S) rather than a set and each
S-point x comes with the automorphism group

Aut(z) := Auty(s)(z) = Autg(2)(5),
which is also called the stabilizer.

ProroSITION 10.7.2. Let X be a DM stack X, let S € Schy and let x,y €
X(S). Then the sheaf Isog(x,y) on the site Schg is a finite and unramified S-
scheme. In particular, the automorphism group scheme Autg(x) is a finite and
unramified group scheme over S.

PROOF. From the definition of fiber products,

15703(.%‘72]) = X(z,y),XXpX,A X.

Therefore the first condition in Definition is equivalent to saying that the
sheaf Isog(x,y) on the site Schg is a finite S-scheme. From |Ols16, Th. 8.3.3], Ay
is unramified, and so is Isog(z,y). Thus the first assertion of the proposition holds.
The second assertion follows from the first. O

DEFINITION 10.7.3. The point set of a DM stack X, denoted by |X], is the
set of equivalence classes of geometric points of X. Here two geometric points
Spec K1 — X and Spec Ky — X are equivalent if and only if there exist a third
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geometric point Spec K3 — X and morphisms Spec K3 — Spec K; (i = 1,2) fitting
into the following commutative diagram:

Spec K3 —— Spec Ko

|

Spec K ———= X
The point set of a DM stack is equipped with a topology as follows:

DEFINITION 10.7.4. For a DM stack, we can define a topology on |X/|, called
the Zariski topology, as follows: an open subset of |X| is the point set |U| of an
open substack U C X. We call

If two geometric points z; and xo of X defines the same point of |X|, then
we have Aut(z1) = Aut(zs). Threfore we can talk about the automorphism group
Aut(z) of a point & € |X|. We can characterize algebraic spaces among DM stacks
by looking only at geometric points:

ProposITION 10.7.5 ( [ConO07, Th. 2.2.5]). Let X be a DM stack. The X
is an algebraic space if and only if every gemetric point x of X has the trivial
automorphism group.

The following is the relative version of the above proposition:

PropPOSITION 10.7.6. A morphism of DM stacks f: Y — X is representable if
and only if for every geometric point y of YV, the induced map Aut(y) — Aut(f(y))
18 injective.

PRrROOF. The if part: Consider a fiber product S xy ) with S an algebraic
space. For an algebraically closed field K, the automorphism group of (s,y,«) €
(S xx V)(K) consists of pairs (¢,1) € Aut(s) x Aut(y) comaptible with . But,
since Aut(s) = 1, if Aut(y) — Aut(f(y)) is injective, then ¢ should be the identity.
Thus (s, y, o) has the trivial automorphism group. From Proposition Sxx)Y
is an algebraic space and hence f is representable.

The only if part: If Aut(y) — Aut(f(y)) is not injective for some y € Y(K),
then the induced K-point of Spec K x x ) has the non-trivial group Ker(Aut(y) —
Aut(f(y))) as its automorphism group. Again from Proposition Spec K x Y
is not an algebraic space. Thus f is not representable. O

10.8. Inertia stacks

Since points of a DM stack have automorphisms, it is natural to consider a
stack parametrizing pairs of points and there automorphisms.

DEFINITION 10.8.1. The inertia stack 1 X of a DM stack X is a category fibered
in groupoids over Schy, defined as follows. An object of (IX)(S) is the pair (z, @)
of x € X(S) and a € Auty(g)(r). A morphism (y,5) — (v,a) in (IX)(S) is a
morphism ¢: y — x in X(S) with a0 ¢ = ¢ o S.

We have the forgetting morphism IX — X, (z,«) — = and the section X' —
I1X, z — (z,id,). Note that the fiber of the map |IX| — |X| of point sets over z €
|| is not the automorphism group Aut(z) but the set Conj(Aut(x)) of conjugacy
classes in Aut(z). For pairs (z,«a) and (z, 8) are isomorphic if and only if o and
are conjugate in Aut(x).
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LEMMA 10.8.2. There exists also an isomorphism
X XAX X X,A X=EIX

which is compatible with the first projection X XA xx,x,A X and the morphism
X — X.

PROOF. An object of the left side is the triple (x, 2, (a1, a2)) where ay and «s
are isomorphisms x — z’. The isomorphism of the lemma is given by sending this
triple to the pair (z, a5 o aq). O

From the lemma, we have:

COROLLARY 10.8.3. The inertia stack 1 X of a DM stack X is a DM stack.

10.9. Coarse moduli spaces

For a DM stack X, there always exists the algebraic space that approximates
X the best in a certain sense. This algebraic space is the coarse moduli space of
X. Its precise definition is as follows:

DEFINITION 10.9.1. Let X be a DM stack. A coarse moduli space of X is an
algebraic space X given with a morphism f: X — X such that

(1) for every algebraically closed field K, the map X' (K)/= — X(K) of K-
point sets is bijective, and

(2) for every morphism g: X — Z to an algebraic space, there exists a unique
morphism h: X — Z with fog=h.

Clearly a coarse moduli space is unique up to unique isomorphism and always
exists:

THEOREM 10.9.2 ( [KM97,|Con|Ryd13|). Let X be a DM stack. Then there
exists a corase moduli space m: X — X. Moreover, if Y — X is a flat morphism
of algebraic spaces, then Y is a coarse moduli space of Y x x X.

10.10. Quotient stacks

Quotient stacks are the most basic examples of DM stacks as well as the most
important for our purpose. Suppose that a finite group G acts on an algebraic space
V. The quotient V/G always exists as an algebraic space. Its main properites are:

(1) The canonical morphism V' — V/G is the universal G-invariant morphism
from V in the category of algebraic spaces.
(2) For each algebraically closed field, the induced map V(K)/G — (V/G)(K)
is bijective.
If V is a scheme and every G-orbit is contained in an affine open subset, then the
quotient V/G is a scheme. The morphism V — V/G factors as

V- I[V/Gl=V/G

through the quotient stack [V/G]. The quotient stack is a hybrid of the G-space V'
and the quotient space V/Gj its local structure is close to the G-space V' and its
global structure is close to V/G. We give the precise definition of quotient stacks
below, slightly generalizing to the case where G is an étale finite group scheme. We
first need to define G-torsors.
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DEFINITION 10.10.1. Let G be an étale finite group scheme. A G-torsor (also
called a principal G-bundle) is a morphism 7' — S of schemes given with a G-action
on T which satisfies the following conditions:

(1) The morphism T' — S is G-invariant.
(2) There exists an ¢étale covering (S; — S); such that for each i, we have a
G-equivariant S;-isomorphism T, :=T xgS; — G x S;.

We may rephrase the definition as follows: a G-torsor is an G-equivariant mor-
phism T" — S which looks like the trivial torsor G x S — S étale locally on the
base scheme S.

DEFINITION 10.10.2. Let V' be an algebraic space endowed with an action of
an étale finite group scheme G. The quotient stack [V/G] is a category fibered in
groupoids over Schy, defined as follows. An object of the fiber groupoid [V/G](S)
is the pair (T' — S,T — V) of a G-torsor T' — S and a G-equivariant morphism
T — V. A morphism (T" —» S, 7" - V) - (T —- S,T — V) in [V/G](S) is a
G-equivariant S-isomorphism 7" — T compatible with to V.

/\
T -T2V

L

S——5

The quotient stack is a DM stack |Ols16, Section 8.4.1]. The canonical mor-
phism V' — [V/G] sends an S-point S — V of V' to the induced pair

(GxS—>8GxS5—=V)

of the trivial torsor G x S — S and the unique equivariant morphism G x S — V'
extending the given morphism S = {1} x S — V. The morphism V — [V/G] is an
atlas of [V/G]. The morphism [V/G] — V/G sends the pair (T — S,T — V) to
the induced S-point S = T/G — V/G. By this morphism, V/G is a coarse moduli
space of [V/G].

For an algebraically closed field K, any G-torsor over Spec K is trivial. There-
fore a geometric point Spec K — [V/G] corresponds to a G-equivariant morphism
Spec K x G — V. This implies that isomorphism classes of K-points of [V/G]
correspond to G-orbits in V(K).

LEMMA 10.10.3. Letz: Spec K — [V/G] be a geometric point and letv: Spec K —
V be any lift of x with the stabilizer subgroup Stab(v) C G. Then Aut(z) = Stab(v).

PROOF. The automorphism group of the trivial G-torsor G x Spec K — Spec K
is identified with G. Indeed, if the neutral component {1} x Spec K maps to {g} x
Spec K by an G-equivariant automorphism, then a component {h} x Spec K maps
to {hg} x Spec K. Thus this automorphism is given by the right multiplication with
g. Let w: G x Spec K — V be the G-equivariant morphism extending v: Spec K =
{1} xSpec K — V. The automorphism of the trivial G-torsor G x Spec K’ — Spec K
corresponding to g is compatible with w if and only if g € Stab(v). This proves the
lemma. O

The lemma shows that [V/G] is an algebraic space if and only if the G-action
on V is free. If this is the case, we have [V/G] = V/G.
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10.11. Etale groupoid schemes

Since a stack is a category fibered in groupoid, it contains infinite data. To
express a stack by “finite data,” we can use a groupoid scheme. It is a tuple
(M, 0, s,t,¢,i,m) satisfying several compatibility conditions. Here M and O are
schemes and the other entries are morphisms as follows:

source: s: M — O

target: t: M — O

identity: ¢: O - M

inverse: i: M — M

composition: m: M x,0: M — M
An example of compatibilty conditions is the associativity saying that the two
compositions

M %404 M X404 M %d M xy00 M "> M
axXm
are the same. For the other conditions, we refer the reader to [LMBOO, 2.4.3] or
[O1s16, Section 3.4.4]. We usually denote a groupoid scheme as M = O, omitting
morphisms €,7,m. We call a groupoid scheme étale if the morphisms s and t are
étale.

To an étale groupoid scheme M = O, we can construct a DM stack denoted by
[M = O] or [O/M]. First we define a category fibered in groupoids [O/M]’ such
that the fiber [O/M]'(S) over a scheme S has O(S) as the set of objects and M (S)
has the set of morphisms whose sources and targets are specified by s and ¢. This
becomes a so-called prestack. The DM stack [O/M] is obtained by stackifying this
(a similar operation to the sheafification of a presheaf).

For a scheme V with an action of an étale group scheme G, we can define
an étale groupoid scheme G x V' = V in which the morphisms s and ¢ are the
projection and the G-action. The associated stack [G x V = V] is isomorphic to
the quotient stack [V/G] defined in the last section [LMBO0O, (3.4.3)].

For a DM stack & with an atlas V', we have the associated étale groupoid
scheme V xy V == V, where the two projections are the source and target. We
have X 2 [V xx V = V] [LMBO0O, (3.8) and (4.3)].

10.12. Quasi-coherent sheaves
Let & be a DM stack.

DEFINITION 10.12.1. The small étale site of X', denoted by X4, has atlases
V — X as its objects. A morphism from b: V — X to a: U — X is the pair
(f,a) of a morphism f: V — U and an isomorphism a: b = a o f. Namely this
is a morphism b — a in X with a and b regarded as objects of X. A collection
of morphisms, ((V; = X) = (U — X));, is a covering if the induced collection of
scheme morphisms (V; — U); is an étale covering.

We define define quasi-coherent sheaves on X as sheaves on the site Xg. We
firs define the structure sheaf:

DEFINITION 10.12.2. The structure sheaf Oy is the sheaf on Xz such that
Ox(V = X) = Oy (V) and the map Oy (U) — Oy (V) associated to a pair (f, )
as above is the usual pullback map f*.
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If V — X is an atlas, then restriction of Oy to Vg coincides with the structure
sheaf Oy of V.

DEFINITION 10.12.3. A quasi-coherent sheaf on X is a sheaf F of Oy-modules
on X such that for each atlas V' — &, the induced sheaf Fy,, on Vg is a quasi-
coherent Oy -module.

ExaMPLE 10.12.4. For a morphism ) — X of DM stacks, we can define a quasi-
coherent sheaf Qy/x on Y, called the sheaf of differentials. For an étale morphism
V — Y from a scheme, if V' — Y — X factors through an étale morphism U — X,
then we have (Qy,x)v,, = Qv u. The restriction (Qy/x)w,, for a general étale
morphism W — X is determined by descent along an étale morphism V' — W such
that the composition V' — W — X satisfies the above condition.

To a quasi-coherent O y-algebra A, we can define the relative spectrum Spec X A
as in the case of schemes. The canonical morphism Spec X A — X is representable
and affine. This construction gives an equivalence between the category of quasi-
coherent O y-algebras and the category of DM stacks representable and affine over
X |Ols16, Th. 10.2.4].

10.13. Local structure of DM stacks
The following result says that every DM stack is locally a quotient stack.

ProposITION 10.13.1 ( [AV02, Lem. 2.2.3|, |Ols16, Th. 11.3.1]). Let X be
a DM stack and let X be its coarse moduli space. There exists an étale covering
(X; = X); such that for every i, the fiber product X; X x X is isomorphic to the
quotient stack [U;/G;] associated to an action of a finite group G; on a scheme U;.

Of course, we may also say that every DM stack is locally a scheme because
of the existence of an atlas. But an atlas V — X does not preserve automor-
phism groups of geometric points, unless X is an algebraic space. The morphism
[L;[Ui/G;] — X obtained from the above proposition is not only representable,
étale and surjective, but also stabilizer-preserving:

DEFINITION 10.13.2. A morphism f: Y — X of DM stacks is stabilizer-preserving
if for every geometric point y of Y, the map Aut(y) — Aut(f(y)) is bijective.

The morphism [],[U;/G;] — X is stabilizer-preserving, because stabilizer-
preserving morphisms are stable under the base change and the morphism [[, X; —
X is obviously stabilizer-preserving. The above proposition follows from the fol-
lowing similar lemma:

10.14. Hom stacks

A Hom stack parametrizes morphisms between two stacks. This notion will
play an important role later in developing motivic integration over DM stacks.

DEFINITION 10.14.1. Let S be a DM stack and let Y, X be DM stacks over S
(that is, given with a morphism to §). We define a category fibered in groupoids
over S, denoted by Homg (Y, X) (resp. Homs” (Y, X)) as follows. Let S be a k-
scheme and let o € S(S) be an object corresponding to a morphism o: S — S.
The fiber Homg (Y, X)(0) (resp. Hom's? (Y, X)(0)) over o is the groupoid

Homs(y XS,o S, X XS,o S)
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consisting of S-morphisms (resp.representable S-morphisms) from Y Xs, S to
X Xs,, S, that is, it has S-morphisms (functors) V xs, S — X Xg, S as ob-
jects and natural transforms between them (which are necessarily invertible) as
morphisms.

In general, if Y — T and 7 — S are both categories fibered in groupoids, then
the composition 4 — S is also a category fibered in groupoids [Sta20, tag 09WW].
This shows that Hom stacks are categories fibered in groupoids over Schy.

ProposITION 10.14.2 ( |Ols07}/01s06}Yas19|). Let S be a DM stack of finite
type and let Y, X be DM stack of finite type over S. Suppose that there exists a
finite, €tale and surjective morphism U — Y such that the compositionUd — Y — S
is representable, flat and finite. Then Homg (Y, X) and Homg" (Y, X) are DM
stacks of finite type.



CHAPTER 11

Untwisted arcs

In this chapter, we generalize further motivic integration over Dg-schemes into
two directions. First we allow the target to be a DM stack. Second we replace
the base field & with a DM stack, considering a family of DM stacks over Dy
parameterized by a DM stack.

the We generalize the motivic integration to DM stacks in two steps. Firstly
we develop the theory for untwisted arcs; the only target space is generalized to
DM stacks, but the source of an arc remains to be the scheme Dg = Spec R][t].
Secondly we develop the theory for twisted arcs, here the source also becomes a
DM stack. The first step is rather straightforward, which we demonstrate in this
chapter.

From this chapter on, we use the category of affine schemes Aff; as the base
category of stacks. Throughout this chapter, we denote by X and ) good Dy-stacks
of relative dimension d, which are defined as follows.

DEFINITION 11.0.1. A good Dg-stack means a reduced DM stack X over Dy
satisfying the following conditions:

(1) X — Dy is flat, of finite type and of pure relative dimension,
(2) the generic fiber &), is geometrically reduced.

We denote by f a generically étale Dg-morphism Y — X.

11.1. Untwisted jets and arcs

DEFINITION 11.1.1. We define an untwisted n-jet of X over R to be a Dy-
morphism Dgr, — X. We define the stack of untwisted n-jets of X, denoted
by J.(X/Dg), to be the fibered category over Affj such that (J,(X/Dg))(R) =
Homp, (Dg,pn, X).

LEMMA 11.1.2. The fibered category J,,(X /Dy) is a DM stack of finite type over
k.

Proor. Let &, := X xp, Dg,. Giving an untwisted n-jet of X over R is
equivalent to giving an R-morphism Dg , — X, ®; R such that the composition

Dryn — &, @ R — DRy
is the identity morphism. This shows that we have an isomorphism
Jn(X/Dy) = Homy (Dg ny Xn) XHom, (Dy.,.Dy..) SPECK.
The lemma follows from Proposition [10.14.2] O
For n = 0, we have J,,(X/Dy) = X, the special fiber of X — Dy,.
LEMMA 11.1.3. If f: Y — X is a representable étale morphism, then
Jn(V/Dy) = J, (X /D) X x, Vo
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PRrROOF. Giving an object of the right side over Spec R is equivalent to giving
a 2-commutative diagram consisting of Dp-morphisms and a 2-isomorphism of the
form:
SpecR ——=)

yd

Dy ——> X

Such a digram determines a morphism Spec R — Dy, r Xx V. Since D, g Xx Y —
D, r is an étale morphism of schemes, the morphism Spec R — D,, g x x J extends
to a section D,, g = D, r Xxx Y. Composing it with the projection D,, p X x V,
we get a Dp-morphism D, p — ), that is, an object of (J,(Y/Dy))(R). This
construction defines a morphism J,, (X /D) X x, Yo = Jn(Y/Dy).

Conversely, given a Di-morphism D,, g — ), we get a 2-commutative diagram
of the above form. This gives a quasi-converse J,,(}/Dy) — Jn(X/Dg) X x, Yo to
the above functor. O

For each n > 0, we have a truncation morphism
7 T, (X/Dy) = J,.(X/Dy)

which sends an (n + 1)-jet D,,+1,r — X to the composition D,, g < Dyy1.r — X.
This morphism is unique up to unique 2-isomorphism, but not strictly unique as
we have room to choose pullback functors X(Dy41.r) = X(Dy r). We fix one for
each n. For two integers n’ > n > 0, we define 7 : J,/(X/Dy) — J,(X/Dy)
as the composition 77T o .- o 772,/:5 on” . Thus we obtain the inverse system

(Jn(X/Dy), 7" ) of DM stacks.

COROLLARY 11.1.4. Forintegersn’ > n > 0, the natural morphism J,.(X /Dg) —
Jn (X /Dy) is schematic and affine.

PrROOF. Let V' — X be an atlas. From Lemma [11.1.3] we have the following
2-commutative diagram:

Jn’(V/Dk) —Ju (X/Dk)

|

Jn<V/DIc) - Jn(X/Dk)

Moreover the horizontal arrows are étale and surjective. Since the left vertical arrow
is an affine morphism of schemes, the right one is representable and affine. Hence
it is schematic as well. (|

DEFINITION 11.1.5. The limit stack Joo (X /Dy) = MJn(X/Dk) is defined as
follows. An object of the fiber (Joo(X/Dy))(Spec R) is the sequence (ay,)n>0 of
objects a,, € (J,(X/Dy))(Spec R) with 7" (ap11) = v, A morphism (3,,)n>0 —
(an)n>0 in (Joo (X /Dy))(Spec R) is the sequence (¢,)n>0 of morphisms ¢,,: 3, —
ay, with 77 (¢, 41) = ¢, We call Joo (X /Dy) the stack of untwisted arcs of X.
We define an untwisted arc of X over R to be a Dg-morphism D — X. When R
is an algebraically closed field, we call it a geometric untwisted arc.

We can see that this is indeed a stack over Aff,.

LEMMA 11.1.6. The stack Joo (X /Dy) is a DM stack.
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PRrROOF. For an atlas V' — X, we have Joo (V/Dy) & Joo (X /Dy) X x, Vo, which
is a scheme. Thus Joo(X/Dy) — AXp is representable and Joo(X/Dy) is a DM
stack. g

LEMMA 11.1.7. For an algebraically closed field K, the fiber (Joo (X /Dy))(K)
is identified with the category of untwisted arcs D — X.

Proor. Let Cy x denote the category of untwisted arcs Dg — X. We have
a functor Cy g — (Joo(X/Dy))(K) sending an arc a: Dg — X to the sequence
of indued jets o, : D, x — &X. We show that this is fully faithful and essentially
surjective, which implies the lemma.

Fully faithful: Isomorphisms from an arc 8 to another « in the category Cx g
correspond to sections of Isop, (3, @) — Dg. On the other hand, the isomorphisms
from (B,) to (ay) in (Joo (X /Dy))(K) correspond to compatible sequences of sec-
tions of IsioDnYK(ﬁn, an) — Dy k. These two sets of isomorphisms correspond to
each other from the universal property of the completion of a ring. Thus the above
functor is fully faithful.

Essentially surjective: Let V' — X be an atlas. The functor (Jo(V/Dy))(K) —
(Joo (X /Dg))(K) is essentially surjective. The functor Cy g — (Joo(V/Dg))(K) is
also essentially injective. This shows the desired essential surjectivity. ]

The following corollary is a direct consequence of this lemma:

COROLLARY 11.1.8. The point set |Joo (X /Dy)| is identified with the set of
equivalence classes of geometric untwisted arcs of X. Here we define two geometric
untwisted arcs a;: D, — X, i € {1,2} to be equivalent if there exists a third one
as: Dk, = X fitting into a 2-commutative diagram of Dy-morphisms of the form:

DK3 *>DK2



CHAPTER 12

Twisted formal disks

12.1. Twisted formal disks

DEFINITION 12.1.1. Let K be an algebraically closed field. A twisted formal
disk over K is a DM stack £ endowed with a morphism £ — D such that
(1) & is regular,
(2) the morphism & — Dy is a coarse moduli space and birational (that is,
€ xpg D} — D3, is an isomorphism).

DEFINITION 12.1.2. A Galois cover of D means an integral regular D g-scheme
E such that E* := E xp, D}, = D% is a finite étale Galois cover.

For a Galois cover E, if E* = Spec L, then L/K (t)) is a finite Galois extension.
Conversely, given a finite Galois extension L/K (t), we can construct a Galois cover
of Dk as the integral closure of Dg in L.

For a Galois cover E — Dg with the Galois group G, the quotient stack [E/G]
is a twisted formal disk. Conversely any twisted formal disk is of this form:

LEMMA 12.1.3. Let E — & be an atlas and let Eg be a connected component
such that the closed point of |E| is in the image of |Eo|. Then the composition
Ey — & — Dg is a Galois cover and if G denotes its Galois group, then € = [Ey/G].
Moreover this Galois cover is uniquely determined from € up to isomorphism.

PROOF. We redefine E to be Ey. Then F is an integral regular scheme. Since
the first projection ¥ x¢ E — FE is étale and finite, there exists an isomorphism
E xg E 2 E x G with G a finite set which is compatible with the first projections.
The groupoid scheme structure of £ x¢ EF = FE gives GG a structure of a group and
makes the second projection £ x G = E xg E — E a group action. Thus

EX[Exg E E|2[E/G].

Let E* := E xp, D}. The morphism E* — D3 is étale and E*/G = D%.. Thus
E — Dy is a Galois cover. If B/ — & is another integral atlas, then every connected
component of F xg E’ maps isomorphically onto both E and E’. Thus we get an
isomorphism E = E’ compatible with the morphisms to Dg. U

These results are summarized in the following proposition.

PROPOSITION 12.1.4. For each algebraically closed field K, the above construc-
tion gives the following one-to-one correspondences:

{finite Galois extensions of K (t)}/=
< {Galois covers of Dg }/=
< {twisted formal disks over K} /=
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12.2. A pseudo-universal family of twisted formal disks

DEFINITION 12.2.1. A finite affine atlas of a DM stack just means an atlas
V — X such that V is an affine scheme and V' — X is a finite morphism.

Let @ be a DM stack with a finite affine atlas V' = Spec R — X. Then V xy V'
is also an affine scheme, say Spec.S. We get the groupoid scheme Spec .S = Spec R.
This induces the groupoid scheme Spec S[[t] = Spec R[]

DEFINITION 12.2.2. With the above notation, we define the formal disk over
®, denoted by Dg, to be the stack [Spec S[t] = Spec R[¢]] associated to the above
groupoid scheme. Similarly we define the punctured formal disk over ®, denoted by
D}, to be Dg xp, D}. We also define Dy, ¢ := Do Xp, Dy i. (Equivalently we may
define D} and D,, ¢ as the stacks assocated to the groupoid schemes Spec S(t) =
Spec R(t) and Spec S[t]/(t"T1) = Spec R[t]/(t"*!).) More generally, if ®;, i € T
are countably many DM stacks with finite affine atlases and ® = [[._; ®;, then we
define Dg :=[[,.; Do, and similarly for D} and D,, .

iel
iel
THEOREM 12.2.3. There exist countably many DM stacks ®;, i € I of finite type
with finite affine atlases and a morphism £ — Do of DM stacks with ® := [],.; ®;
such that:
(1) For each geometric point ¢: Spec K — @, £y := € Xp, Dk is a twisted
formal disk over K.
(2) For each algebraically closed field K, the map

O(K) /= — {twisted formal disks over K}/
¢ &y
is bijective.
The rest of this chapter is devoted to the proof of this theorem.

DEFINITION 12.2.4. We call £ — Dg as above a pseudo-universal family of
twisted formal disks.

12.3. Galoisian group schemes

In order to prove Theorem [12:2:3] we first construct the moduli stack of all
possible Galois groups.

DEFINITION 12.3.1. A finite group G is called Galoisian if there exists a finite
Galois extension L/K (t) such that K is an algebraically closed field and the Galois
group Gal(L/K (t)) is isomorphic to G.

It is known that if p > 0, every Galoisian group is isomorphic to the semidirect
product H x C of a p-group and a tame cyclic group C [Ser79, pp. 67-68]. If
p = 0, Galoisian groups are exactly finite cylic groups. Quotients and subgroups of
a Galoisian group is again Galoisian.

DEFINITION 12.3.2. A finite étale group scheme G over a scheme S is called
Galoisian if for every geometric point s: Spec K — S, the fiber Gy = G x g Spec K
is a Galoisian finite group. For a Galoisian finite group G, a finite étale group
scheme H — S is called G-Galoisian if every geometric fiber H, is isomorphic to

G.
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DEFINITION 12.3.3. We define the moduli stack of Galoisian group schemes,
denoted by A, as follows. An object of a fiber A(S) is a Galoisian group scheme
G — S. A morphism from H — S to G — S in A(S) is an isomorphism H — G
of group schemes over S. We call A the moduli stack of Galoisian group schemes.
For the isomorphism class [G] of a Galoisian finite group G, we define Ajg) to be
its full subcategory consisting of G-Galoisian group schemes.

It is straightforward to show that A is a stack. Let us denote by GalGps a
representative set of isomorphism classes of Galoisian finite groups. We have

A= J] Aa-

GeGalGps

If we fix a Galoisian group and an algebraically closed field K, then all G-Galoisian
group scheme over K are isomorphic one another and have Aut(G) as their au-
tomorphism groups. Thus we may guess that the stack Ajg would be B(Aut G).
This is indeed true:

LEMMA 12.3.4. For a Galoisian finite group G, we have an isomorphism
A[G’] = B(Aut G)

such that the constant group scheme G over k corresponds to the standard morphism
Speck — B(Aut G).

Proor. In [Yasl19|, we proved this by explicit construction of funtors which
are pseudo-inverses to each others. We give a different and shorter proof here. Con-
sider the fiber product Speck X 4., Speck given by the morphism Speck — Ajq
associated to the constant group scheme G over k. We claim that this stack
Speck X 4., Speck is isomorphic to the constant group scheme Aut G over k. In-
deed, an object of this fiber product over an affine scheme S is the triple (S —
Speck, S — Speck,a: Gg — Gg), where the first two entries are the structure mor-
phism and the last one is an isomorphism of group schemes over S by the definition
of fiber products. Thus the fiber (Spec kX 4., Spec k)(S) is canonically equivalent to
(Aut G)(S). Thus Ajg is is isomorphic to the stack associated the groupoid scheme
Aut G = Speck, that is, the classifying stack B(Aut G) = [Spec k/ Aut G]. O

The moduli stack A has the universal family
G— A

of Galoisian group schemes. An object of G(.5) is the pair (G — S, o) of a Galoisian
group scheme G — S and a section o € G(S). A morphism (G’ — S,0') — (G —
S,0) in G(S) is a morphism G’ — G of group schemes over S compatible with
o' — o. For a Galoisian group scheme G — S corresponding to S — A, we have

gxA85=G.

In particular, G — A is schematic, étale and finite.

12.4. The Artin-Schreier theory

For each k-algebra R, we have the Artin-Schreier exact sequence

0—Z/pZ — Gy 25 Gy — 0
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of sheaves on the small étale site of Spec R [Mil80, p. 67]. Here g is the Artin-
Schreier map which maps a section s to s — s. This induces an exact sequence of
cohomology groups

HY, (Spec R, G,) 2 HY, (Spec R, G, ) — HL, (Spec R, Z/pZ) — HL, (Spec R, G,).

The group Hét(Spec R,7Z/pZ) parametrizes isomorphism classes Z/pZ-torsors over
Spec R We also have

R (i=0)

0 (i#0).

Here the higher cohomology groups vanish, since Spec R is affine [Gro61, Th. 1.3.1]
(cf. [Har77, III, Th. 3.5]). Thus we have a one-to-one correspondence:

(12.4.1) R/p(R) <> {Z/pZ-torsors over Spec R}/

This maps the class of f € R to the torsor Spec R[X]/(X? — X — f). The (right)
action of Z/pZ is given by the (left) action

a-X=X+a (a€Z/pZ).

Hét(Spec R,G,) = Hi(Spec R,Ospecr) = {

To categorify this correspondence, we define a cagegory B as follows.

DEFINITION 12.4.1. An object of Bp is an element r € R. A morphism 7/ — r
is an element b € R such that b — b = v’ — r. For morphisms c: " — r’ and
b: r" — r, the composition bo c: r’" — r is the sum b + c.

Indeed, since
(b+c)— b+l = (b—b") + (=) =1" 1,

the sum b + ¢ is a morphism r”” — r. In the category Bg, an element r € R is
isomorphic to its p-th power P by the isomorphism r: r = rP.
For a morphism b: ' — r, we have the isomorphism

ap: Spec R[X]/(X? — X —1') — Spec R X]/(X? — X — )
of torsors given by of(X) = X + 0.
LEMMA 12.4.2. The map

R[X] R[X]
/
Homg,, (r',r) — Isor (Spec XX 7T/,Spec Xr X% 7

b— ayp
is bijective.

PROOF. The map extends to the map

R[X] R[X]

P_ X — (v —

Spec R[X|/(XP = X — (r' —r)) — Isop (SpeCXP—X—r”SpeCXP—X—T

of functors Affp — Set so that the original map is the one evaluated at Spec R.
Moreover these schemes are Z /pZ-torsors over Spec R and the map is Z/pZ-equivariant.
Since every equivariant morphism of torsors is an isomorphism, the above map of
functors is an isomorphism. It follows that the map of the lemma is bijective. [

The lemma shows the following proposition, which categorifies the correspon-
dence (|12.4.1)):
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PrROPOSITION 12.4.3. The functor
Br — Br(Z/pZ) = {Z/pZ-torsors over Spec R}

that sends an object r to Spec R[X]/(XP — X —r) and a morphism b: v’ — r to ay
is an equivalence.

DEFINITION 12.4.4. For a finite étale group scheme G over k, we denote by Ag
the stack of G-torsors over D*. More precisely, we define this stack so that the fiber
Ag(SpecR) is (BG)(D%), the groupoid of G-torsors over D}, = Spec R(t).

Thanks to Proposition [12.4.3] we may identify (B(Z/pZ))(Spec R) with Br and
Ac(Spec R) with Bry. We give an explicit description of Az/pz. Let N := {n €
Zso | ptn} and let AN be the functor Aff;? — Set given by

APY(Spec R) := R®N = {(rp)nen € RN | r, = 0 for all but finitely many n}.
This is isomorphic to the inductive limit hﬂ&? of affine spaces A}", m > 0 with
respect to standard embedings A7 — A7""! as transition maps. An object of
AZ‘BN x B(Z/pZ) over Spec R is a pair ((rn)nen, 7o) with r, € R; we denote it also
as (rn)nenu{oy or simply (r,). For two objects (r,) and (s,) over R, if r, = s,
for every n > 0, then an R-isomorphism (r,) — (s,) is an element ug € R such
that up — uf) = r,, — s,. If 7, # s, for some n > 0, then (r,) and (s,) are not
isomorphic.

DEFINITION 12.4.5. For each m € Zx(, we define a morphism ,,: A,?N X
B(Z/pZ) — Az, py as follows; for an object (74)nenuqo} of AZ‘BN x BG,

wm((rn)) = Z Tntinpma
neNU{0}
and for a morphism ug: (r,) = (),
Ym(uo) = uo-
Let F: APN xB(Z/pZ) — APN x B(Z/pZ) be the Frobenius morphism sending
(rp,) to (rP). Then we have functorial isomorphisms
Ui ((rn)) + ¥m ((rn)) = g1 0 F ((ra))

which gives an isomorphism ,, — ¥,4+1 © F. We get a morphism
Voo: (APN x B(Z/pZ))"" = Agypa,

where (—)'P°" denotes the inductive perfection . Note that since B(Z/pZ) is perfect,
we have ) .
(AP x B(Z/pZ))"™" = (AFY)P" x B(Z/pT).

THEOREM 12.4.6. The above morphism s, is an isomorphism.

PRrROOF. It suffices to show that this functor 1., is essentially surjective and
fully faithful.

Essential surjectivity: Let us take an arbitrary k-algebra R and an arbitrary
f = X fit" € R(t), which is an object of Az/z(SpecR) = Bpryy). We write

fr = Yiso fith and fo =37, fit' so that f = f, + f_. From Lemma [12.4.7

there exists a unique g € t- R[[t] with p(g) = f,. This g is an isomorphism f_ = f
in Br(y. Therefore we may and will suppose that f = f_, that is, f has no term of
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positive degree. We claim that replacing terms of f, we get an isomorphic Laurent
polynomial h = )., hit* whose nozero terms all have degrees with the same p-
adic (additive) valuation, say m, except the zeroth term hg. This is equivalent to
saying that h is in the image of v.,,,. Thus the claim implies that 1, is essentially
surjective. The claim follows from the fact that if f = a + b, then f = a? + b and
we can replace a term with its p-th power without changing the isomorphism class.

Faithfullness: Let (r,), (sn) be two objects of AYYN x B(Z/pZ) over Spec R
such that r, = s, for n > 0 and let ug, vy € R be two isomorphisms 79 — s¢ in
(B(Z/pZ))(Spec R). These elements ug,vg also give R-isomorphisms (r,) = (s,)
in APN x B(Z/pZ). Suppose that ¢,,(uo) = 1 (vo) for some m. By definition,
ul' = vi* in R. Therefore F™(ug) = F™(vg) in B(Z/pZ). Since BG is perfect,
ug = vg. This shows the faithfullness of 9.

Fullness: Let (s,) and (r,,) be two objects of AYYN x B(Z/pZ) over Spec R. Let
m € Zxo and let b: ¢y, ((5,)) = ¥ ((r,)) be an isomorphism in Az,,7(Spec R) for
some m. Namely b is an element of R(t) such that

b—b = Z (S — )t
neNU{0}
We will show the claim that for e > 0, b*° € R. From Lemma b has the
trivial positive-degree part. Let e > 0 such that every nonzero coefficient of ¢ := b
is not nilpotent (nilpotent coefficiets are killed by being raised to the p®-th power).
We get the equality

(12.4.2) c—cP = Z(S” - rn)pct_”pm+ﬁ.

n
Writing ¢ = >~ ¢;t?, we define the set,

M. :={vp(i) | i <0 and ¢; # 0} C Z>o.

Here v, is the additive normalized p-adic valuation. If the claim is false, then this
set is not empty. Then M. _.» contains at least two distinct numbers max M. and
max M. + 1. But the corresponding set for the right side of (12.4.2)) contains at
most one number m + e. This is a contradiction. We have proved the claim.

The claim shows that for e > 0, b*" gives an isomorphism F¢((s,)) — F°((ry))
as well as an isomorphism

e

Ymte((sn)) = wm((sn))pc = Y ((rn))’ = Ymie((n))-
This shows that 1., is full. (I

LEMMA 12.4.7. For each f € t- R[t], there exists a unique g € ¢ - R[[t] with
wlg) = /.
PROOF. For power series f = >_ fit' and g = > g;t' in t - R[t], the equality
p(g) = f is equivalent to the system of countable equaltities
gf/p —9i=fi (i€Zso).
Here we follow the convention that if i/p is not an integer, then g;,, = 0 . Given
f, the unque solution is inductively given by g; := g7 ' — fi- O

LEMMA 12.4.8. Let f = >, .o fat™™" € R(t). Suppose that every nozero
coefficient f,, of f is non-nilpotent. Suppose also that f,, # 0 for somen > 0. Then
there is no b € R(t) such that b— b’ = f.
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PROOF. On the contrary, suppose that there exists b € R(t) such that b— b =
f- Raising b and f to the p™-th power for n > 0, we may suppose that every
nonzero coefficient of b is not nilpotent. Then

ordb? = pordb=ord f =: [,

here the order of a Laurent polynomial is defined to be the least degree of nonzero
terms. Then ord ]

LEMMA 12.4.9. Let R be a ring. The natual maps
{open and closed subsets of Spec R}
— {open and closed subsets of Spec R[t]}
— {open and closed subsets of Spec R(t)}

are bijective.

PROOF. Open and closed subsets of Spec R correspond to idempotents of R. It
suffices to show that every idempotent of R[t] belongs to R and every idempotent
of R(t) belongs to R.

The first map: On the contrary, suppose that there exists an idempotent r in
R[t] \ R. For n > 0, its image 7 in R[t]/(t") is still an idempotent which does
not belong to R. But, since Spec R — Spec R[t]/(t") is a homeomorphism, this is
impossible, a contradiction.

The second map: Suppose that the map is not bijective for some ring R. We
choose a pair (R, f) of a ring R and an idempotent f € R(t) \ R[t] such that ord f
attains the maximum, which is a negative integer. If ¢ € R is the coefficient of t°*4 f
in f, then ¢2 = 0. The image f of f in (R/c)(t) is an idempotent of order > ord f.
Therefore f belongs to (R/(c))[t]. Since the map R[t] — R/(c)[t] = R[t]/(c)
induces a bijection of idempotents, f belongs to R[t], a contradiction. O

COROLLARY 12.4.10. Let B be a finite set and let B be the associated sheaf on
Aff,. Namely B(Spec R) is the set of locally constant maps Spec R — B. Then
the maps

B(Spec R) — B(Spec R[t]) — B(Spec R({))
are bijective.
PRrOOF. The set B(Spec R) correspond to a finite stratification Spec R = | |, 5 U

by open and closed subsets U, indexed by B. Thus the corollary is a direct conse-
quence of the above lemma. O



APPENDIX A

This is an appendix

A.1. Quotients of schemes by finite group actions
A.2. Descent

Consider an fpqc (that is, faithfully flat and quasi-compact) morphism p: S* —
S of schemes. We put S” := 5" xg S  and 8" := 5" xg5" xg 8. Let p;: 8" — 5’
be the i-th projection and let p;;: S”” — S” be the projection to the i-th and j-th
entries.

DEFINITION A.2.1 (Descent data). Let F' be a quasi-coherent sheaf on S’
A descent datum on F' (with respect to p) is an isomorphism ¢: pjF — piF’
satisfying the cocycle condition

Pi3P = P339 © Piad-

Similarly, let X’ be an S’-scheme. A descent datum on X' is an S”-isomorphism
¢: pi X' — p5 X’ satisfying the cocycle condition

Pi3® = Pa3® © pia¢.
Here p; means the base change by p-.

For a quasi-coherent sheaf F on S, the pull-back p*F has the natural descent
datum. Similarly for p* X of an S-scheme X.

REMARK A.2.2 (The case of Galois covering). Suppose that p is a finite étale
Galois cover of integral schemes with Gal(S’/S) = G. Then we can identify S” with
G x S’ so that p; corresponds to the projection G x 8" — S’ and p, corresponds
to the G-action G x 8" — §’. Now giving an isomorphism ¢: piF' — piF’ is
equivalent to giving an isomorphism ¢,: F' — ¢*F’ for each g € G. The cocycle
condition means that

Prg = 9" (Pn) © dg.
Thus giving a quasi-coherent sheaf on S’ with a descent datum is equivalent to giv-
ing a G-equivariant quasi-coherent sheaf on S’. Similarly, giving an S’-scheme with

a descent datum is equivalent to giving a G-equivariant S’-scheme. See |[BLR90)
pp. 139-141] for details.

PROPOSITION A.2.3 (fpqc descent; [BLR90, Section 6.1, Theorems 4 and 6], [Gro65, Propositions 2.5.2]).
The functor F — p*F gives an equivalence from the category of quasi-
coherent sheaves on S to the category of quasi-coherent sheaves on S’ with
descent data. Moreover, F is locally free if and only if so is p* F.
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(2) Suppose that S and S" are affine. Then the functor X — p*X gives an
equivalence from the category of affine S-schemes to the category of affine
S’-schemes with descent data.

From Remark [A22:2] we get the following corollary in the case of Galois covers:

COROLLARY A.2.4 (Galois descent). Suppose that p is a finite étale Galois
cover of integral schemes with Gal(S’/S) = G.

(1) The functor F — p*F gives an equivalence from the category of quasi-
coherent sheaves on S to the category of G-equivariant quasi-coherent
sheaves on S’.

(2) The functor X — p*X gives an equivalence from the category of S-schemes
to the category of G-equivariant S’'-schemes.

COROLLARY A.2.5 (Galois descent for vector bundles). Let X be an S-scheme.
Suppose that p is a finite étale Galois cover of integral schemes with Gal(S’/S) = G.
Suppose also that the pull-back p* X has a structure of a G-equivariant vector bundle
with respect to the natural G-action. Then X has a structure of a vector bundle.
In particular, if p is the morphism Spec L — Spec K associated to a finite Galois
extension of fields, then X is isomorphic to an affine space A%, .

PROOF. The vector bundle p* X with the descent datum corresponds to a lo-
cally free sheaf 7’ with a descent datum. From Proposition and Corollary
there exists a locally free sheaf F which induces 7’ with the descent datum
via p*. It is straightforward to see that the vector bundle Y associated to F induces
p* X toghether with the given descent datum. Again from Corollary X is
S-isomorphic to Y. We have proved the first assertion. In the situation of the
second assertion, since S = Spec K is a point, the locally free sheaf F is in fact free
and the associated vector bundle Y is trivial. O
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