Splitting theorems for weighted Finsler spacetimes
via the p-d’Alembertian: beyond the Berwald case
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Abstract

A timelike splitting theorem for Finsler spacetimes was previously established by the
third author, in collaboration with Lu and Minguzzi, under relatively strong hypotheses,
including the Berwald condition. This contrasts with the more general results known
for positive definite Finsler manifolds. In this article, we employ a recently developed
strategy for proving timelike splitting theorems using the elliptic p-d’Alembertian. This
approach, pioneered by Braun, Gigli, McCann, Sdmann, and the second author, allows
us to remove the restrictive assumptions of the earlier splitting theorem. For timelike
geodesically complete Finsler spacetimes, we establish a diffeomorphic splitting. In the
specific case of Berwald spacetimes, we show that the Busemann function generates a
group of isometries via translations. Furthermore, for Berwald spacetimes, we extend
these splitting theorems by replacing the assumption of timelike geodesic completeness
with global hyperbolicity. Our results encompass and generalize the timelike splitting
theorems for weighted Lorentzian manifolds previously obtained by Case and Woolgar—
Wrylie.
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1 Introduction

Splitting theorems are important rigidity results which appear in various fields of geometry.
They state that a complete geometric space of nonnegative curvature containing an infinitely
long, distance-realizing curve (i.e., a line) must split off that curve as an isometric factor of
the real line. The intuition is that nonnegative curvature promotes the formation of conjugate
points and thus curves should stop realizing the distance in finite time, however, the existence
of a line is an anomaly that is only possible in product geometries.

In both Riemannian and Lorentzian geometry, splitting theorems under the assumption
of nonnegative Ricci curvature are major milestones of their respective fields. In the Rieman-
nian case, Cheeger—Gromoll’s celebrated splitting theorem [20] and its generalizations [18, 30)]
are important building blocks for the theory of geometric structures of (possibly singular)
spaces [19, 52]. In the context of general relativity, the nonnegativity of the Ricci curvature
in timelike directions is regarded as the strong energy condition. The splitting of a timelike
geodesically complete spacetime under the strong energy condition was conjectured by Yau
[71] and established by Newman [54], after a counterpart in the (more natural) globally hyper-
bolic case by Galloway [28]. Consequently, a dichotomy arises between the product splitting
of a spacetime and the existence of singularities (see [3, 32]). These results are predated by
a splitting theorem under the stronger assumption of a timelike sectional curvature bound
due to Beem, Ehrlich, Markvorsen and Galloway [1, 5] (this latter result has recently been
generalized to the synthetic setting of Lorentzian length spaces [38]; see [7]).

Both the Riemannian and the Lorentzian splitting theorems under nonnegative Ricci cur-
vature bounds were generalized to the Finsler setting [57, 14], adopting appropriate weighted
formulations. In contrast to the results for Finsler manifolds in [57], the work on Finsler space-
times in [14] required stronger hypotheses. The aim of this article is to improve the splitting
theorem in [14, Theorem 1.2] by removing those technical assumptions. Precisely, although
the isometric splitting is clearly out of reach (see Remark 1.2), we can obtain a diffeomor-
phic, measure-preserving splitting and, under an additional assumption called the Berwald
condition, also obtain a one-parameter family of isometries as translations (a local Finslerian



isometric splitting can be obtained under significantly strong symmetry assumptions on L [16,
Theorem 4.8], that must also lack twice-differentiability along a timelike direction; see also
[13, Remark 7.5]). Notably, [11] generalized only Newman’s timelike geodesic completeness
version of the splitting theorem [54], not Galloway’s global hyperbolicity one [28]. We extend
the latter to the Berwald setting as well.

Such an improvement stems from a new strategy for Lorentzian manifolds developed in
[10], based on the p-d’Alembertian. This operator, originating in the non-smooth setting of
[6], is defined analogously to the p-Laplacian in the positive definite case, but with p < 1.
The ellipticity of the p-d’Alembertian in metric measure spacetimes was already observed in
[6], owing to its variational connection to a convex g-energy functional (where p~t+¢~! = 1).
This ellipticity was then used in [10] to simplify proofs of the Lorentzian splitting theorems.
For clarity, this streamlined argument initially considered only the classical, unweighted re-
sults of [22, 28, 54].* Unlike the standard (2-)d’Alembertian (the spacetime Laplacian), which
is hyperbolic and requires identifying a suitable spacelike hypersurface for maximum prin-
ciple arguments, the ellipticity of the p-d’Alembertian allows for a direct application of the
maximum principle, yielding a simpler, alternative proof of the timelike splitting theorem in
both timelike geodesically complete and globally hyperbolic spacetimes (see [10] for details).
This approach also extends to weighted Lorentzian manifolds with non-smooth metrics and
weights (see [11]).

We generalize the elliptic p-d’Alembertian strategy to (smooth) Finsler spacetimes. Let
us remark that the d’Alembertian is a priori nonlinear in the Finsler case; therefore, instead
of “trading linearity for ellipticity”, we simply gain the ellipticity in our setting.

A Finsler spacetime (M, L) is a time oriented Lorentz—Finsler manifold; see Definition 2.3.
Lorentz—Finsler structures and Finsler spacetimes have been considered both as a geometric
description of gravity beyond general relativity (see, e.g., [3, 37, 62]) and in the classical limit
of modified dispersion relations encompassing Lorentz violation in quantum gravity and in
the Standard Model Extension (see, e.g., [31, 67, 35, 36, 63, 21]). Remarkably, they provide a
counter-example to the Shiff conjecture [10] but they are compatible with a slight modification
of Ehlers—Pirani-Schild axioms for general relativity (see [39, &]).

We denote by 7 the time separation function on M (see (2.4)). Then, given a timelike
straight line n: R — M (i.e., 7(n(s),n(t)) =t — s for all s < t), the associated Busemann
function b, : M — R defined by

by () == lim {t = (z,n(t))}

plays a vital role to establish a splitting theorem along 7. Our first main theorem is the
following.

Theorem 1.1 (Splitting theorem). Let (M, L) be a connected Finsler spacetime equipped with
a measure m on M. Suppose the following:

(1) (M, L) is either timelike geodesically complete, or Berwald and globally hyperbolic;
(2) there is a complete timelike straight line n: R — M;

(3) (M, L,m) satisfies Ricy > 0 in timelike directions for some N € (—o0,0) U [n, 00|, where
n = dim M;

'The weighted generalizations of [17, 68] can be proven similarly using the methods of [10], mirroring the
approach of [22, 28, 54].



(4) in the case of N € (—00,0) U {0}, (M, L) satisfies the timelike e-completeness for some
€ in the range (2.14) associated with N.

Then, the Lorentzian manifold (M, QV(—bn)) isometrically splits in the sense that there exists
an (n — 1)-dimensional Riemannian manifold (3,h) such that (M, gy (_p,)) is isometric to
(R x ¥, —dt?2 + h). Moreover, (¥, h) is equipped with a measure n for which m coincides with
the product of the Lebesque measure dt on R and n.

The Lorentzian structure gy (_p,) is the second order approximation of L in the direction
V(—=by,) (see (2.2)). One can also see that, for every € ¥, the curve ((t) corresponding
to t — (t,z) is a timelike straight line bi-asymptotic to 7 and an integral curve of the
gradient vector field V(—b,). We remark that ¥ is given as the level surface b, *(0), and
then (X, L|ry) is spacelike if L is reversible and dim M > 3, though it is unclear whether
L|py is positive definite (strongly convex); see Corollary 6.1 for details.

The weighted Ricci curvature Ricy is a modification of the usual Ricci curvature taking
into account the behavior of the measure m, and timelike e-completeness can be regarded
as a weighted version of timelike geodesic completeness (see Definitions 2.9, 2.13). When
N € [n,00), we can take e = 1 and timelike 1-completeness always holds true.

The Berwald condition in (1) means that the covariant derivative is independent of a
reference vector (see Definition 2.4). It allows us to show that, in the globally hyperbolic
setting, nearby asymptotes to the straight line n are complete, and that the local splitting
around 7 can be globalized, along the lines of Galloway’s argument given in [28]. Since
such difficulties do not arise in the timelike geodesically complete setting, we do not need to
assume the Berwald condition there. Let us remark that, in [14, Theorem 1.2], only timelike
geodesically complete Berwald spacetimes which are Lorentzian-metrizable were considered
(see also Remark 2.5).

Remark 1.2. Theorem 1.1 implies the diffeomorphic and measure-preserving splitting of
(M, m), however, the metric L does not have any splitting structure. This is actually natural in
the Lorentz—Finsler framework, for one can modify L in spacelike directions without changing
it in timelike directions. Since the hypotheses are concerned only with (future-directed)
timelike directions, such a deformation in spacelike directions does not influence them. Hence,
in the situation of Theorem 1.1, we have no control of L in spacelike directions.

In the Berwald case, thanks to its more rigid structure, we have in fact a certain control of
L also in spacelike directions, in the same spirit as [57, Proposition 5.2] and [14, Corollary 1.3].

Theorem 1.3 (Isometric translations in Berwald spacetimes). Let (M, L,m) be a Berwald
spacetime satisfying the hypotheses in Theorem 1.1. Then, we have the following.

(i) In the product structure M = R x X, the translations
Py(s,z) :=(s+t,x), (s,2) ERxE, teR,
are isometric transformations of (M, L) and preserve the measure m.

(ii) The geodesic equation of M splits into those of R and X. Precisely, a curve in M is
geodesic if and only if its projections to R and X are geodesic.



As is explained in Remark 1.2, one cannot expect the isometry of translations in general
Finsler spacetimes. We also remark that, since we consider measured Finsler spacetimes
and there may be no canonical measure (like the volume measure in the Lorentzian case)
in the Lorentz—Finsler setting, Theorem 1.1 does not cover the unweighted case (assuming
Ric > 0 in place of Ricy > 0). One can define the p-d’Alembertian without using a measure
(Remark 3.5), however, what is missing is a linear divergence, which appears in a Bochner-
type identity (Proposition 5.3) used to obtain the smoothness of the Busemann function.

In the Lorentzian case, the weighted version studied by Case [17, Theorem 1.2] (N €
[n, 00]) and Woolgar-Wylie [68, Theorem 1.5] (N € (—o0,1)U[n, o0]) includes the unweighted
one of Galloway [28] and Newman [51] by choosing the volume measure as m and letting N =
n. For a weighted Lorentzian manifold (M, g, m), since gy (_p,) coincides with g, Theorem 1.1
recovers the splitting theorems in [17, (8] as the special case of ¢ = 1 (resp. ¢ = 0) for
N € [n,00) (resp. N € (—00,0) U {oo}) (the case of N € [0,1) was excluded for a technical
reason; see Remark 5.7).

The article is organized as follows. After reviewing necessary notions and known results on
weighted Finsler spacetimes in Section 2, we introduce the p-d’Alembertian in Section 3. Then
we discuss the properties of Busemann functions in Section 4. Section 5 includes the main
ingredients: the p-harmonicity of the Busemann function based on the maximum principle
via the p-d’Alembertian, and the Bochner-type identity (for improving the regularity of the
Busemann function). In the latter step, in contrast with the Bochner-type identity for the
p-d’Alembertian in [10], we employ the identity in terms of the usual d’Alembertian, which
turns out to be sufficient for the splitting theorem. Finally, Section 6 is devoted to the proofs
of Theorems 1.1, 1.3.

2 Preliminaries for Finsler spacetimes

We briefly recall the necessary notions for Lorentz—Finsler manifolds along the lines of [12,
, 411] (we remark that dim M = n+1 there). We refer to [3, 60] for the basics of Lorentzian
geometry and to [34, 17, 50, 51, 61] for some generalizations including Lorentz—Finsler mani-
folds.
Throughout the article, let M be a connected C'*°-manifold without boundary of dimension
n > 2. Given a local coordinate system (z°)"_; on an open set U C M, we will use the fiber-
wise linear coordinates v = Y1 v¥(9/02%)|,, * € U, on the coordinate patch TU in the
tangent bundle T'M.

2.1 Finsler spacetimes

Definition 2.1 (Lorentz—Finsler structures). A Lorentz—Finsler structure on M is a function
L: TM — R satisfying the following conditions:

(1) L e C™(TM\{0});
(2) L(cv) = 2L(v) for all v € TM and ¢ > 0;
(3) For any v € TM \ {0}, the symmetric matrix

(9i5(v)); =y = (855(;”(@))” (2.1)

1,j=1



is non-degenerate with signature (—,+,...,4+).
Then we call (M, L) a (C°-)Lorentz—Finsler manifold.
For v € T, M \ {0}, we can define a Lorentzian metric g, on T, M by using (2.1) as

(Z“Z 4 Z::Jaxﬂ> ng (2.2)

2,7=1
Then we have ¢,(v,v) = 2L(v) by Euler’s homogeneous function theorem.

A tangent vector v € T'M is said to be timelike (resp. null) if L(v) < 0 (resp. L(v) = 0).
We say that v is lightlike if it is null and nonzero, and causal if it is timelike or lightlike.
Spacelike vectors are those for which L(v) > 0 or v = 0. Denote by Q! C T, M the set of
timelike vectors and put €' :=J, ¢, . For causal vectors v, we define

v) == V=2L(v) = v/~ gu(v, ). (2.3)

Note that Q, # 0, every connected component of 2/, is a convex cone (see [2], [12, Lemma 2.3]),
and that the closures of different components intersect only at 0 (see [17, Proposition 1}).

T

Remark 2.2. On the one hand, the number of connected components of Q). may be larger
than 2 in this generality (see [2], [12, Example 2.4]). On the other hand, if L is reversible (i.e.,
L(v) = L(—v) for any v € TM) and n > 3, then 2, has exactly two connected components
(see [17, Theorem 7]).

Definition 2.3 (Finsler spacetimes). If a Lorentz—Finsler manifold (M, L) admits a smooth
timelike vector field X, then (M, L) is said to be time oriented (by X). A time oriented
Lorentz—Finsler manifold will be called a Finsler spacetime.

In a Finsler spacetime time oriented by X, a causal vector v € T,, M is said to be future-
directed if it lies in the same connected component of 2%\ {0} as X (x). We denote by Q, C Q,
the set of future-directed timelike vectors, and define

= U Q. Q= U Q.
xeM zeM

A Cl-curve in (M, L) is said to be timelike (resp. causal) if its tangent vector is always
timelike (resp. causal). Henceforth, unless explicitly stated otherwise, all causal curves are
assumed to be future-directed.

Given z,y € M, we write x < y (resp. z < y) if there is a timelike (resp. causal) curve
from z to y, and z < y means that x = y or z < y. Then we define the chronological past
and future of x by

IT(x):={yeM|y<a}, I (x):={yeM|z<y},
and the causal past and future of x by
J(x)={yeMly<az}, J'(z):={yeM|z<y}

We also define the time separation (also called the Lorentz—Finsler distance) 7(x,y) for
x,y € M by

1
rlo) sl L= [ F(im)de (2.4
n 0



where 1: [0,1] — M runs over all causal curves from z to y. We set 7(z,y) := —oo if
x £ y. A curve n attaining the above supremum and having a constant speed (i.e., F(n)
is constant), which is then a causal geodesic, is said to be maximizing. In general, 74 :=
max{7,0} is only lower semi-continuous and can be infinite (see, e.g., [18, Proposition 6.7]).
In globally hyperbolic Finsler spacetimes (see Definition 6.4), 7 is finite and continuous, and
any pair of points x,y € M with < y admits a maximizing geodesic from z to y (see [18,
Propositions 6.8, 6.9]).
Next, we introduce the covariant derivative. Define

n

a0 = 5 30" 0] G+ G50 - P

=1

for i,5,k =1,...,n and v € TM \ {0}, where (¢%/(v)) is the inverse matrix of (g;;(v));

Y= 3 ik, Ni) = 128

—~ 2 OvJ
]7 =

for v € TM \ {0}, G*(0) = N]’f(O) := 0 by convention. (The above G*(v) is defined in the
same way as [58, 59] and corresponds to 2G*(v) in [11], in order to avoid confusion in the
calculations in Subsection 5.2.) For later use, note that the homogeneous function theorem
yields (cf. [58, Exercise 4.7])

n

() = YA = 5 3 g0 P ()6 ) (2.
k=1

k=1

Moreover, we set

i i 1 < 091k rm . 9951 vom OGjk xm
)=o)~y 30 ") GIRNT + G -GN ) o)

on TM \ {0}, and the covariant derivative of a vector field X = >"1 | X*(9/0x") is defined as

;0X 0
D;"X:ZZ{ 8?; +ZFZ w)v! XK ( )}Wx

ij=1

for v € T, M with a reference vector w € T, M \ {0}. We remark that the functions Fé.k in
(2.6) are the coefficients of the Chern(—Rund) connection.

In the Lorentzian case, g;; is constant in each tangent space (thus, F;k = 'y;k) and the
covariant derivative does not depend on the choice of a reference vector. In the Lorentz—
Finsler setting, the following class is worth considering.

Definition 2.4 (Berwald spacetimes). A Finsler spacetime (M, L) is said to be of Berwald
type (or called a Berwald spacetime) if ', is constant on the slit tangent space T M \ {0}
for any x in the domain of every local coordinate system.

By definition, the covariant derivative on a Berwald spacetime is defined independently of
the choice of a reference vector. An important property of a Berwald spacetime is that, for any



Cl-curve n: [0,1] — M whose velocity does not vanish, the parallel transport along 7 gives a
linear isometry from (7},)M, L) to (T,1)yM, L) (see, e.g., [>5, Proposition 6.5] for the positive
definite case). In particular, all tangent spaces are mutually linearly isometric. Examples of
Berwald spacetimes include Lorentzian manifolds and flat Lorentz—Finsler structures of R"
(every tangent space T,R™ is canonically isometric to ToR™ and I’;k = yjk = 0). We refer
to [15, 24, 25, 26, 27, 33] for some mathematical and physical investigations on Berwald
spacetimes, and to [!, Chapter 10], [58, §§6.3, 10.2] for the positive definite case.

Remark 2.5 (Metrizability). In the positive definite case, Szabé showed that a Finsler man-
ifold of Berwald type (M, F') admits a Riemannian metric h whose Levi-Civita connection
coincides with the Chern connection of F', i.e., the Christoffel symbols of A coincide with
I‘é.k of F (see [66] and [I, Exercise 10.1.4]). This is called the (Riemannian) metrizability
theorem. It is not known whether the metrizability can be generalized to Berwald spacetimes.
In [24], some counter-examples were constructed for Lorentz—Finsler structures defined only
on a subset of T'M. Their discussion is not applicable to Lorentz—Finsler structures defined
on all of TM as in Definition 2.1.

The geodesic equation is written as D?]ﬁ = 0. The exponential map is defined in the same
way as the Riemannian case, which is C* on a neighborhood of the zero section only in
Berwald spacetimes (see, e.g., [19], as well as [, Exercise 5.3.5] in the positive definite case).
For C'-vector fields X,Y along a causal geodesic 7, we have

%[gﬁ(x, V)| = gﬁ(DzX, Y) + g5(X, DZY) (2.7)

and, if X is nowhere vanishing,

Lo (X, V)] = gx(DFX,Y) 4 gx(X, DY) (28)

(see, e, [12, (3.1), (3.2)]).
A C*-vector field J along a geodesic n is called a Jacobi field if it satisfies the Jacobi

equation DZD;]J + R;(J) =0, where

Ry(w) := Z Rj(v)w? 5
1,7=1 r
for v,w € T, M and
R0 = G 0) = S { ot 0k = SE0IGH0) + M) |

k=1

is the curvature tensor. A Jacobi field is also characterized as the variational vector field of
a geodesic variation.

Note that R,(w) is linear in w, thus R, : T, M — T, M is an endomorphism for each v €
T, M. For v € Q, we define the Ricci curvature of v as the trace of R,: Ric(v) := trace(R,).
We remark that Ric(cv) = ¢ Ric(v) for ¢ > 0.



2.2 Legendre transforms and differential operators

In order to introduce the d’Alembertian, we consider the dual structure to L and the Legendre
transform (see [17], [50, §3.1], [13, §4.4] for further discussions, and [58, §3.2] for the positive
definite case). Define the polar cone to Q, C T, M by

Qi ={weT;M|w()<0forallve,\{0}}.
This is an open convex cone in T M. For w € Q, we define

L*<w>:=—§< sup w<v>)2:—1 inf | (w(v)’,

vEQLNF-1(1) 2 veQ.NF-1(1)
in other words, setting F™*(w V —2L*(w) for w € QF,

F*(w)y=— sup  w(v).
vEQLNF-1(1)

Then we have the reverse Cauchy—Schwarz inequality
AL*(w)L(v) = F*(w)F (v) < —w(v) (2.9)
for any v € Q, and w € Q.

Definition 2.6 (Legendre transform). Define the Legendre transform L£*: QF — Q, as the
map sending w € QF to the unique element v € Q, satisfying L(v) = L*(w) = w(v)/2.

We can continuously extend to £*: Qf — Q, (then £*(0) = 0), and equality holds in
(2.9) if and only if v and £*(w) are proportional (see [17, Theorem 3]).
A coordinate expression of the Legendre transform is given by

£ =3 G g =5 DA 2 (2.10)

where w = Y"1 | w; dz’. We set
d’L*
9ij(w) = 5———(w)
J awiawj

and note that, by the homogeneous function theorem,

0 " dg*
Z g” w)wy = Z %(w)wk =0 (2.11)

ka

for all i,j = 1,...,n. We also remark that £*: Q — €, is a bijection and (g;;(w)) is the
inverse matrix of (g;;(£L*(w))) (see [17, Corollary 4]).

A continuous function f: M — Ris called a time function if f(z) < f(y) for all z,y € M
with < y. A C'-function f: M — R is said to be temporal if —df(z) € Q0 for all z € M.
Note that a temporal function is a time function.

For a temporal function f: M — R, define the gradient vector of —f at © € M by

VD) = e (af@) = 3 gy (@) S Lea e
ij=1

9



Observe from (2.2) and (2.10) that gy(_s)(V(=f)(7),v) = —df(v) holds for any v € T, M.
For a C2-temporal function f: M — R and = € M, its Hessian V?(—f): ToM — T, M is
defined by

VA(=f)(v) == DY [V(=f)].

This spacetime Hessian has the following symmetry (see, e.g., [13, Lemma 4.12]):

99 (1) (V2(=H) ), w) = gy p (v, V(= f)(w)) (2.13)

for all v,w € T, M. Then we define the d’Alembertian (or the spacetime Laplacian) as the
trace of the Hessian:

O(—f) := trace [V2(—f)].
We remark that the d’Alembertian [1 is not elliptic but hyperbolic, and is nonlinear in our
Finsler setting (since the Legendre transform is nonlinear).

Remark 2.7. For v € T, M and the geodesic n: (—e,e) — M with 7(0) = v, the second
order derivative (—fon)”(0) does not coincide with gy (_ sy (V?(—f)(v),v) in general. They co-
incide in Berwald spacetimes thanks to the fiber-wise constancy of the connection coefficients
I‘;k (see [58, §12.1] for the positive definite case).

2.3 Weighted Finsler spacetimes

There are two ways of putting a weight on a Finsler spacetime (M, L). The first one, rea-
sonable from the point of view of geometric analysis, is to choose a positive C°°-measure m
on M. The other possibility is to employ a C'*°-function ¥: M — R. They are mutually
equivalent in the Lorentzian case via the relation m = e~V voly, where voly is the volume
measure induced from the Lorentzian metric g. In the Lorentz—Finsler setting, however, we
do not have a canonical measure like vol, (see [55, 58] for the positive definite case). In this
article, we consider the first way because we will make use of the linear divergence operator
induced by a measure.

Remark 2.8. One way to unify the above two cases is to consider a general 0-homogeneous
function ¢: Q\{0} — R asin [12, 13]. However, even a weighted Laplacian on a Riemannian
manifold corresponding to such a general function 1) is yet to be developed (see the end of

[13, §3.3]).

Define a function 1, : Q\ {0} — R associated with a positive C*°-measure m on M (i.e.,
its density function is positive and C*° in each local chart) by

m(dz) = e V™7, /— det [(9:5(m)] dzt .- dz"

along causal geodesics 7. In other words, given a causal vector field V' on an open set U C M

such that every integral curve of V is a geodesic, we have m = e~ ¥m°V volg,, on U.

Definition 2.9 (Weighted Ricci curvature). Given v € Q\ {0}, let n: (—¢,€) — M be the
causal geodesic with 7(0) = v. Then we define the weighted Ricci curvature by

(Ym 0 1)'(0)*
N —n

for N € R\ {n}. We also define Rico(v) := Ric(v) + (¢m 01)"(0), Ric, (v) := limpy, Ricy (v),
and Ricy(0) := 0.

Ricy (v) := Ric(v) + (¢hm 0 1)"(0) —

10



We remark that, in the positive definite case, (¢m o 7)'(0) is called the S-curvature at v
associated with m (see [58, (4]).

We will say that Ricy > K holds in timelike directions for some K € R if we have
Ricy(v) > KF?(v) = —2K L(v) for all v € Q (recall (2.3) for F). By definition, we have the
monotonicity

Ric,(v) < Ricy(v) < Ricoo(v) < Ricyr (v)

for N € (n,00) and N’ € (—oo,n). The following notion was introduced in [12].

Definition 2.10 (e-range). Given N € (—oo, 1] U [n, 0], we consider € € R in the following
e-range:

N -1
e=0 for N =1, |6|<”N7 for N #1,n, e € R for N =n. (2.14)
-n

The associated constant ¢ = ¢(N, €) is defined as

9N —n
N -1

(N, ¢) = 1 <1—e

n

) S0 for N£1,  o(1,0):= % (2.15)
Note that ¢ = 1 is admissible only for N € [n,00), while € = 0 is always admissible. By
the e-range, we can unify results for constant and variable curvature bounds into a single
framework. See [12] for singularity theorems and [13] for comparison theorems.
A d’Alembertian comparison theorem with e-range was established in [13] as follows. For
a temporal function f: M — R and z € M, we define the weighted d’Alembertian associated
with m by

O (—f)(2) :=0(=f)(x) = (¢m ©1)"(0), (2.16)
where 7: (—e,e) — M is the timelike geodesic with 7(0) = V(—f)(z). One can alterna-

tively define On(—f) as divn(V(—f)); the divergence divy with respect to the measure m
(independent of L) is given in coordinates by

, “(ovi . 0d
diveg V i= { eyl aﬁ} (2.17)
=1

for differentiable vector fields V', where m = e® dz! - - - dz". For test functions ¢ € C°(M) of
compact support, we have the integration by parts formula:

/ ¢-Dm(—f)dm:—/ do(V(—f)) dm.
M M

The equivalence of these two definitions of Oy (— f) can be seen, for example, in the same way
as the positive definite case (see [58, Lemma 12.4]).

The d’Alembertian (Laplacian) comparison theorem ([13, Theorem 5.8], [14, Theorem 3.5])
for nonnegatively curved spacetimes asserts the following.

Theorem 2.11 (d’Alembertian comparison theorem). Let (M, L,m) be a weighted Finsler
spacetime of dimension n > 2, N € (—oo, 1] U [n, 00|, and € € R belong to the e-range (2.14).
Suppose that Ricy > 0 holds in timelike directions. Then, for any z € M, the time separation
function f(x) = 7(z,z) satisfies

(i) ([ ) g
Ow(=f)(n(t)) < e n=t ot C/ et ds (2.18)
0

11



for any mazimizing timelike geodesic n: [0,T) — M of unit speed (i.e., F(n) = 1) emanating
from z and any t € (0,T), where ¢ = ¢(N,€) as in (2.15).

In fact, in [13], a general 0-homogeneous function was considered as a weight (recall
Remark 2.8). (Recall also that dim M = n + 1 in [13, 44].) We refer to [17, (8] for the
weighted Lorentzian case.

We will also need the reverse version of Theorem 2.11. The reverse Lorentz—Finsler struc-
<tﬁre of L is defined as L (v) := L(—v), and we put an arrow < on a quantity a:sociated with
L. The Lorentz—Finsler manifold (M, L) is time oriented by —X, so that Q = —Q. The
corresponding weighted d’Alembertian satisfies O f = —On(—f) for temporal functions f
(since Y m(v) = Pm(—v)). We also remark that ﬁ:N(v) = Ricy(—v) for v € Q, and hence
the timelike curvature bound Ricy > 0 is equivalent to Ricy > 0.

Corollary 2.12 (Reverse version). Let (M, L,m), N and € be as in Theorem 2.11. Then, for
any z € M, the function f(x) = 7(z,2) satisfies

2(e—1 . 0 2(e—1 . -1
Gn(=F)(n(=1) = —Dnf(n(—t)) < e n1 ¥nlil-0) < / e 21>wm<n<s>>ds> (2.19)
—t

for any mazximizing timelike geodesic n: (—=T,0] — M of unit speed with n(0) = z and any
t e (0,7).

Note that the reverse curve 7(t) := n(—t) is a maximizing timelike geodesic of unit speed
with respect to L. In the application of the d’Alembertian comparison theorem to splitting
theorems, we need to require that the right-hand side of (2.18) (and (2.19)) tends to 0. To
be precise, we will assume the following completeness condition introduced in [12], adapted
to our usage in splitting theorems.

Definition 2.13 (e-completeness). A weighted Finsler spacetime (M, L, m) is said to be future
timelike e-complete if, given any future complete maximizing timelike geodesic 7: [0,00) —
M, there is a neighborhood U of n(0) such that, for any sequence t; — oo admitting maxi-
mizing geodesics (i : [0, 7(x,n(tx))] — M from x € U to n(ty) of unit speed, we have

T(@n(t))  oe— -
lim T 6251_11)1%(@(5)) ds = oo.
k—o0 0

<_
The past timelike e-completeness will mean the future timelike e-completeness of (M, L, m).
We say that (M, L, m) is timelike e-complete if it is both future and past timelike e-complete.

Note that 7(z,n(tx)) — oo by the reverse triangle inequality, and thus the timelike 1-
completeness always holds. Timelike O-completeness recovers the 1¥y,-completeness introduced

in [70] in the Riemannian case (see [68] for the Lorentzian case). A typical situation is that
€ < 1 and ¢ is bounded above (see [17], where N = 00).
In the timelike geodesically complete case (see Definition 4.1), for our purpose, it is in

fact sufficient to assume

/ 7 ) gy = oo (2:20)
0

for every future complete timelike geodesic n: [0,00) — M.
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3 The p-d’Alembert operator

This section is devoted to a key new ingredient, the p-d’Alembertian, which is a modification
of the d’Alembertian (2.16) in a similar manner to the p-Laplacian in the positive definite

case (for p > 1), but with p < 1. We refer to [0, 9, 10] (see also [16, 53]) for the (possibly
singular) Lorentzian setting.
We first introduce the g-Lagrangian Lq as in [12, 16] with ¢ € (0,1) (see also [65] for the

case ¢ = 1). Define L,: TM — (—00,0] U {o0} as

1 _
——(=2L())"* ifveq,
Ly(v) == q

00 otherwise.

Observe that L,(v) = —F(v)?/q for v € Q. We remark that the original Lagrangian L (= L)
is not convex in the radial direction, and taking the (¢/2)-th power makes L, strictly convex
as follows (see [12, Lemma 3.1]).

Lemma 3.1. For any q € (0,1) and x € M, the Lagrangian L is convex on T, M and strictly
convex on .

The convex dual H,: T*M — [0, 00] of Ly, called the p-Hamiltonian, is given by

Hy(w) := vz%%(w(v) — Lq(v)),

where ¢=! + p~! =1 and w(v) is the canonical pairing. Note that p < 0 and we have

1 /2.
—Z(=2L*(w))* if w e QF,
Hy(w) = p( ) (3.1)
00 otherwise.

Remark 3.2 (Ranges of ¢,p). One can equally well consider ¢ < 0 or even ¢ = p = 0 (with
Lo(v) = —log(y/—2L(v))). The convexity properties of the Lagrangian and the corresponding
Hamiltonian, and the ellipticity of the p-d’Alembertian remain unchanged; see [10] for details.
Nonetheless, since it is sufficient for splitting theorems, we will only work with ¢ € (0,1) and
(hence) p < 0.

Define the p-energy functional for a temporal function f, associated to the measure m, by
1 . 2 1 “
E(=1) :—/ Hpy(—df)dm = —/ (—2L*(—df))””* dm = —/ F*(—df)? dm.
M PJm PJm

Then, &, is convex in the cone consisting of temporal functions. Thus, the corresponding
p-d’Alembertian (or the spacetime p-Laplacian) defined by

Onp(—f) i= dive (F*(=df)P 2 - V(= f))

= F*(_df)p72 . Dm(_f) 4 d[F*(_df)p72] (V(—f)) (32)
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is elliptic. Indeed, for any smooth function ¢ € C2°(M) of compact support, f+t¢ is temporal
provided that |¢| is sufficiently small, and we deduce from (2.10) that

ey S0 — 1) — &= f):_;/ (—2L*(—df)) "/ . 20(V (1)) dm
M

t—0 t

— /M do(F*(—df)P~2- V(- f)) dm
— /M ¢ - dive (F*(=df)?~2 - V(= f)) dm.

Hence,

(=1 ~16) = (=) =t | (=) Duyl=f) dm+o(t),
which means that Oy, is the generator of the gradient flow for &, in L?(m).
Remark 3.3. In the right-hand side of (3.2), we observe from (2.7) or (2.8) that

Al (a2 (v(- 1) = ] (~gvn (V0. 9-0) ] (9 5)
= —(p = DF*(~df) g9 (DI P[], V(=)
= —(p = 2QF (=) g9 (VAN (V(-1), V(1))
(a similar calculation in the positive definite case can be found in [59, §3.1]). Hence,
Owp(=f) _ V(=) \ V(&
W =On(—f)—(p— 2)9V(ff) (VQ(_f) <F*(—df)>’ F*(—df)> (3.3)

In a suitable local chart (x )” , around x € M such that (9/0z%)" ; is orthonormal with
respect to gy (_f) with 8/9z' = V(—f)/F*(—df) at z, recalling the coordinate expression of
V(—f) in (2.12), we can write down the second order part of (33) at x as

(=f) , N\~ (=1) 0*(—f)
_ ) (p_9 =
(921)2 +z; (0272 (p—2) (9a1)2 (1- +Z &Bz
Therefore, Uy, is elliptic exactly when p < 1. We also remark that, in the positive definite
case, the p-Laplacian A, f := div(F*(df)P~2 - Vf) is usually considered for p € (1, 00).

When we replace Oy, with Oy, , in Theorem 2.11 as well as Corollary 2.12, since F*(—d f) =
1 and F*(df) = 1, we immediately obtain the following.

Lemma 3.4 (p-d’Alembertian comparison estimates). Let (M, L,m), N and € be as in The-
orem 2.11. Then, for any z € M, the function f(x) := 7(z,x) satisfies

t —1
DmVp(_f) (n(t)) S 2(5 1)’9[1m(7](t)) <C/ ezgf ll)djm(n(:i)) dS) (34)
0

,T) — M of unit speed with n(0) = z and any
T(z, 2) satisfies

for any mazximizing timelike geodesic n: [0
€ (0,T). Moreover, the function f(x) :=

e—1 . 0 e—1 -1
Emvp(_f)(n(_t)) = Oy f(n(=t)) < o2 g (1) <C / L 1)¢m(77(s))d8> (3.5)
—t

for any mazximizing timelike geodesic n: (—=T,0] — M of unit speed with n(0) = z and any
€(0,7).
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Remark 3.5 (Unweighted setting). For completeness, we also discuss the p-d’Alembertian
in the unweighted situation. Let us set

" OH 9
Vp(=f) = an(_df)axi =

i=1

F*(=df)P=2 - V(= f).

Then, it is natural to define
O,(—f) := trace [Dv(_f) [Vp(—f)]]
= F*(=df)P72 - O(=f) + d[F*(=df P2} (V(=1))-
Note that Va(—f) = V(—f) and Oa(—f) = O(—f).

4 Busemann functions

In this section, we summarize some properties of the Busemann function associated with a
timelike straight line established in [44], under the assumption of timelike geodesic complete-
ness, along the lines of [29] (see also [3, Chapter 14]). The globally hyperbolic case will be
discussed later in Subsection 6.3.

4.1 Rays and generalized co-rays

Definition 4.1 (Timelike geodesic completeness). A Finsler spacetime (M, L) is said to be
future timelike geodesically complete if any timelike geodesic n: [0,1] — M can be extended
to a geodesic 77: [0,00) — M. We say that (M, L) is timelike geodesically complete if both
(M, L) and (M, L) are future timelike geodesically complete (in other words, the above 7 is
extended to a geodesic 77: R — M).

A future inextendible causal geodesic n: [0,7) — M (with 0 < T < o0) is called a ray
if each of its segments is maximizing, i.e., L(n|jqy) = 7(n(a),n(b)) for all 0 < a < b < T
When 7 is future complete (i.e., T'= oo, which is always the case if (M, L) is future timelike
geodesically complete), we define

I“()=JI (n®),  I(n):=TI"(n0)nI (n). (4.1)

t>0

Then I(n) is an open set including 7((0,00)), and 7(z,y) < oo for all x,y € I(n) with x < y.

In the rest of this section, we suppose that (M, L) is future timelike geodesically complete.
Let n: [0,00) — M be a timelike ray. Rays asymptotic to a given ray, called co-rays, play an
important role in splitting theorems. In the non-globally hyperbolic case, due to the possible
absence of maximizing curves, we need to consider also generalized co-rays (see [1, 5, 23]).

We recall that a sequence (j: [0, ar] — M of causal curves is said to be limit maximizing
if L(Cx) > 7(Ck(0), ¢k (ax))—ey for some positive sequence e — 0 (see, e.g., [23, p. 210]). Then,
as a consequence of a limit curve argument, if a limit maximizing sequence (. : [0, ax] — M of
causal curves satisfies (;(0) — = and 7((x(0), (x(ar)) — oo, then there exists a subsequence of
(Ck) with suitable reparametrizations converging uniformly on compact intervals (with respect
to any auxiliary Riemannian metric on M) to a ray (: [0,00) — M emanating from z (see
[14, Lemma 4.4], [29, Lemma 2.4]).
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Definition 4.2 (Generalized co-rays). Let x € I(n). If a limit maximizing sequence of
causal curves (i: [0,ar] — M satisfies (;(0) — = and (x(ar) = n(t;) for some ¢, > 0 with
ty — oo, then its limit curve (: [0,00) — M is called a generalized co-ray of n. If each (i
is maximizing, then we call ¢ a co-ray of . A co-ray ¢ with (;(0) = z for all k is called an
asymptote of 7.

The limit curve ( is indeed a ray as we mentioned above. To avoid convergence to a
lightlike ray, we introduce the following condition.

Definition 4.3 (Generalized timelike co-ray condition (GTCC)). Let x € I(n). We say that
the generalized timelike co-ray condition (GTCC for short) for n holds at z if any generalized
co-ray of 1 emanating from x is timelike.

The GTCC implies the following fine properties (see [14, Lemmas 4.8, 4.9], [29, Lem-
mas 3.3, 3.4]).

Lemma 4.4 (Existence of maximizing geodesics). Suppose that the GTCC for n holds at
some x € I(n). Then, there exist a neighborhood U of x and T > 0 such that, for any z € U
and t > T, there exists a mazximizing timelike geodesic from z to n(t). Moreover, every z € U
admits a timelike asymptote of n emanating from z.

The GTCC holds on a neighborhood of n as follows (see [14, Proposition 4.10], [29,
Proposition 5.1, Corollary 5.2]).

Proposition 4.5 (GTCC near rays). Any generalized co-ray emanating from n(a) with a >
0 necessarily coincides with n. In particular, the GTCC holds on an open set including

1((0, 00)).

4.2 Busemann functions for rays

We continue to assume future timelike geodesic completeness, and let n: [0,00) — M be a
timelike ray of unit speed (F'(17) = 1). We introduce a central ingredient of the proof of the
splitting theorem.

Definition 4.6 (Busemann functions). Define the Busemann function b, : M — [—o00, 0]
associated with n by

b, (z) := tlirgo b, (x), where by (z) =t — 7(z,n(t)).

The limit above always exists in RU{+o00}. Precisely, if x ¢ I~ (), then 7(x,n(t)) = —oc0
for all t and hence b, (z) = co. If x € I (n), then the reverse triangle inequality implies that,
for large s < t,

by(x) <t —{7(z,1(s)) +7(n(s),n(t)) } = bys(x).
Hence, b, ;(x) is non-increasing in ¢ and converges to b, (z) € RU {—oo}. One can also see
b, (z) € R for z € I(n) since

by (x) >t +7(n(0),z) —7(n(0),n(t)) = 7(n(0),z).

It follows from the reverse triangle inequality that b,(y) > b,(z) + 7(x,y) for < y.
Moreover, since 7, = max{r,0} is lower semi-continuous, b, is upper semi-continuous in
I~ (n). We summarize some further fundamental properties of b,, along timelike asymptotes.
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Lemma 4.7 (Properties of b, along asymptotes). Let (: [0,00) — M be a timelike asymp-
tote of n of unit speed with x := ((0) € I(n).

(i) For eacht >0,
p(z) == by(z) +bei(2) =by(x) +t — T(Z, C(t))

is an upper support function for b, at z in the sense that p > by, on I'T(n(0))NI~(¢(t))
and p(x) = by(z).

ii) We have b,(((t)) = by(x) + 1t for allt > 0. In particular, I({) C I(n) holds.
" n

(iii) If by, is differentiable at x, then we have ((t) = exp,(tV(—by)(z)), and ¢ is a unique
timelike asymptote of n of unit speed emanating from x. In particular, F(V(=by)(z)) =
1 holds.

(iv) For each t > 0, by, is differentiable at C(t) with V(—by,)(¢(t)) = {(1).

Proof. We refer to [14, Lemma 5.2] (and [22, §2.2], [29, Lemma 2.5, Proposition 2.6]) for (i)
and (ii). Then, (iii) is a direct consequence of (ii). Indeed, if db,(v) = db,(w) = 1 for distinct
timelike vectors v, w € Q, N F~1(1), then we have db,((v +w)/2) = 1 and F((v+w)/2) > 1.
However, this is a contradiction since by(y) > by (z) + 7(z,y) for x < y. Finally, (iv) is seen
as in [22, §2.2], by noticing that b, ({(T")) — 7(-,¢{(T")) and b, (x) + 7(x, -) are upper and lower
support functions for b, at ((t) for T > t. O

Under GTCC, by, is in fact differentiable almost everywhere near 7 (see [14, Theorem 5.3],
[29, Theorem 3.7]).

Theorem 4.8 (Regularity of by)). Assume that the GTCC for n holds at x € I(n). Then, by,
is Lipschitz continuous, and hence differentiable almost everywhere, on a neighborhood of x.

We remark that the Lipschitz continuity is understood with respect to an auxiliary Rie-
mannian metric.

With the help of the semiconvexity of the time separation function in [12, Proposition 3.9]
(along the lines of [16, Proposition 3.4]), we have a uniform estimate on the semiconcavity of
b, ; (cf. [10, Proposition 5]).

Lemma 4.9 (Equi-semiconcavity of b, ;). Fiz a smooth Riemannian metric h of M, and let
W C I(n) be an open set including 1n((0,00)) as in Proposition 4.5. Then, for each xo € W,
there exist a neighborhood U of xo, T > 0 and a constant C = C(x9,T) € R such that

lim sup 224(CXPa(Z70)) + b (expla(rv)) = 2by ()

<C
r—0 Tzh(U,U) B

forallx e U, veT,M\ {0} and t > 2T.

Proof. Given xg € W, take a neighborhood U of xg and T' > 0 as in Lemma 4.4. We fix x € U
and t > 27, and give a modification of Lemma 4.7(i) to obtain an upper support function of
b, ;. Let ¢: [0,7(x,n(t))] — M be a maximizing geodesic from x to n(t). Note that

(z,n(t) > (z,0(T)) +7(0(T),n(t)) 2t =T >T
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by the reverse triangle inequality. Then, we infer that, for z close to x,

by (2) = by(x) = 7(z,n(t) — 7(2,n(t))
< 7(z,n(t) —7(2,¢(T)) = 7(¢(T),n(t))
= T(m, C(T)) — T(z, C(T))
Thus,
p(z) :==by(z)+T — 7'(2, (T))
is an upper support function of b, ; at z.

Hence, for v(r) := exp?(rv) with v € T, M such that h(v,v) = 1, we have

b, (v(=7)) + byt (v(r)) — 2bye(x) _ p(y(=7)) + p(y(r)) — 2p(x)
T2 7‘2
7(y(=7),¢(T)) + 7(v(r),{(T)) — 27(x, {(T))

r2 ’

<

provided that r > 0 is sufficiently small. The right-hand side is bounded from above as
follows. Let P be the vector field along the reparametrized geodesic s — ((sT), s € [0, 1],

such that P(0) = v and DgP = 0. We also consider
V(s):=(L=s)P(s),  V*(s):=V(s)+ gs(V(s), ((sT))((T).
Observe that gé(VJ-(s),C(sT)) =0 and, by (2.7) or (2.8),

DEVE(s) = = P(s) + g¢ (—P(s), {(sT))E(sT) = — P (s).

Then, it follows from the calculation in [12, Proposition 3.9] that
it TOCTLET) + 70().(T)) — 2r(a, (7))
r—0 r

> —T/O {gé(ngL,ngl) —gé(Ré(VL),VL)}d8+g¢(D§7(0)7é(0))
_ —T/O Lae(P PY) = (1= 8)2g: (Re(P), P1Y L ds + ¢ (D§3(0), E(0)).

Since the right-hand side depends only on smooth quantities on (([0,77), and all such initial
vectors ((0) belong to a compact set in QN F~1(1) (see [29, Lemma 3.4]), it is thus bounded
from below by some constant —C'(xo,T"). This yields the desired semiconcavity of b, ;. [

4.3 Busemann functions for straight lines

In splitting theorems, we assume the existence of a timelike straight line n: R — M, i.e.,
7(n(s),n(t)) = t—sholds for all s < t. We will denote by b,, the Busemann function associated
with the ray 7[j o). Moreover, the curve 7(t) := n(—t), t € [0,00), is a timelike ray of unit

speed with respect to the reverse structure L (v) = L(—wv) (recall Subsection 2.3). Hence, we
can introduce the corresponding Busemann function as

b, (z) = tliglo {t —r(n(—t),z)}
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(7 is with respect to L). It follows from the reverse triangle inequality that

by () + by () > lim {2t — 7 (n(~t),n(t))} =0, (4.2)
and equality holds on 7.
For straight lines we modify I(n) in (4.1) into

I(n) == <UI+(77(—75))> N (UI(n(t))>-

t>0 t>0

Note that I(n) = U,-o I(1s,00)), therefore, the previous results considered for rays continue
to hold on I(n) for timelike straight lines . We infer from Lemma 4.7(ii) the following (see
[14, Lemma 5.5], [22, Lemma 4.1]).

Lemma 4.10. Assume that z € I(n) satisfies b, (z)+b,(x) = 0, and let (T and (™ be timelike
asymptotes of n and 7 of unit speed emanating from x, respectively. Then, the concatenation
¢ of ¢ and (™ is a timelike straight line.

<_
Precisely, (~ is an asymptote of 77 of unit speed with respect to L, and the concatenation
¢ is given by ((t) := (T (t) for t > 0 and ¢(t) := ¢~ (—t) for t < 0. We say that such a straight
line ( is bi-asymptotic to 7.

5 p-harmonicity and smoothness of Busemann functions

With the basic properties of the Busemann function b, in the previous section in hand, we
proceed to the analysis of b, using the p-d’Alembertian [y, ;,. We begin with the wider range
N € (—00,1] U [n,o0], and restrict ourselves to N € (—00,0) U [n,00] at the last step (see
Remark 5.7).

5.1 Maximum principle and p-harmonicity

We first show that, in a rather standard way, b,, is superharmonic with respect to Em,p (cf.
[10, Corollary 8]).

Lemma 5.1 (p-superharmonicity). Let (M, L, m) be a timelike geodesically complete, weighted
Finsler spacetime as in Theorem 1.1, but with N € (—o0,1] U [n,00]. Then, the Busemann

functions by, b, satisfy Emmbn < 0 and Oy pby, < 0 in the weak sense on a neighborhood of
n(R).

Precisely, we assume timelike e-completeness for € as in (2.14) also when N € [0, 1].

Proof. 1t is sufficient to find a neighborhood of 7(0) on which the claim holds. Lemma 4.4
and Proposition 4.5 provide a neighborhood U of 7(0) such that, for sufficiently large k € N,
there is a maximizing timelike geodesic from each x € U to n(k). Moreover, such a sequence
of maximizing geodesics (x: [0, 7(x,n(k))] — M converges uniformly (up to subsequences
and with respect to any complete auxiliary Riemannian metric on M) to a timelike asymptote
¢ of n. Arguing as in [29, Lemma 3.4], up to passing to another subsequence, also the initial
vectors ((0) converge to ¢(0), by smooth dependence of geodesics by initial data.
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Put 74 (x) := —7(x,n(k)). Then, 73 is differentiable almost everywhere in U and, thanks
to Lemma 4.7(iii), V(—7%)(z) = V(=b,)(x) as k — oo, provided that 75, and b,, are differ-
entiable at x (recall Theorem 4.8 as well). Thus, for an arbitrary nonnegative test function
¢ € C(U) of compact support, we deduce from the dominated convergence theorem and

b, = —V(—b,) that
lim /U dg (V) dm = /U dg(Vby) dm.

Now, given z € U, it follows from the reverse form of the p-d’Alembertian comparison
estimate (3.5) that

. s _ : -1
(@) < o e (Gr(0)) <C / ’“;EEE)wm(ws))dS) : (5.1)
0

where ry, := 7(z,n(k)) and ¢ = ¢(N,€) > 0 as in (2.15). We claim that

lim sup Emyka(m) <0. (5.2)
k—o0
This is indeed immediate from (5.1) and the future timelike e-completeness (recall Defini-
tion 2.13). Here, for completeness, we also give a proof under (2.20). If (5.2) does not hold
true, then we deduce from (5.1) that there is a subsequence of (74), again denoted by (7x)
for brevity, such that

2Dy (G(0)) (c / " AR (G (o)) ds) >0
0

for some constant C' > 0. By passing to the limit as k — oo (up to a subsequence), we find
an asymptote (: [0,00) — M of n with {(0) = x, which satisfies

o) . -1
(=), (¢ (e=1)
2Dy (E(0)) (C / (D) d8> )
0

This contradicts (2.20), thus we obtain (5.2). We remark that, in the case of N € [n,o0), we
can take ¢ = 1 and timelike 1-completeness always holds.

Under a uniform bound Oy, 7 < C on U guaranteed by (5.1) and the smoothness of ¢y,
Fatou’s lemma and ¢ > 0 imply

lim / ¢ - Ompredm < / & - limsup 7 dm < 0,
U U

k—o0 k—o0

Therefore, recalling that F*(—db,) = F*(—dr;) = 1 m-a.e. on U (cf. Lemma 4.7(iii)), we

obtain
/¢-Em7pbndm:/ ¢-Embndm:—/ d6(Vb,) dm
U U U
= — lim [ d¢(Vr)dm = lim / ¢ O dm
U k—o0 U

k—o0

— lim / ¢ O predm <0,
U

k—o0

which completes the proof of Emmbn < 0. The other inequality Dm,pgn < 0 is shown in the
same way by using (3.4) and past timelike e-completeness. O
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The next proposition, along the lines of [10, Proposition 9], is the key step where the
ellipticity of the p-d’Alembertian enables us to apply the maximum principle.

Proposition 5.2 (p-harmonicity). In the same situation as Lemma 5.1, there exists a neigh-
borhood W of n(R) on which we have b,+b,, = 0 pointwise as well as Oy p(—by) = O pby =0
in the weak sense. In particular, b, and Bn are C’llo’c1 on W.

Proof. Set u := b, + b, and recall from (4.2) that u > 0. Let us consider
hi :== —b, + tu = (1 — t)(—b,) + tb,,

Note that hg = —b,, h1 = Bm and that —h; is a time function. Thus, we observe from

Lemma 5.1 that Uy ph1 < 0 and Uy pho = —Em,pbn > 0 in the weak sense on some neigh-
borhood W of n(R).

Now, we fix a local coordinate system (z?)?_; on a (small) open set U in W and take a
nonnegative test function ¢ € C2°(U) of compact support. Then, we have

0> / ¢ (T pht — O pho) dm
U

=— / dg(F*(dhy)P~2 - Vhy — F*(dho)?"? - Vhg) dm
U

_/U/lc‘ft[p*(dht)%?dgﬁ(vm)} dt dm.
0

It follows from (2.10), (2.12) and (2.11) that the right-hand side can be calculated as
1
—/ / {(2 — p)F*(dhg)P~*du(Vhy) - dd(Vhy)
uJo

ou 0
* 2
+ F*(dhy)P™ d¢<§ g5y (dhe) W)}dtdm

i,5=1
foler 8u
/ / Z 0zt Oz Fr(dhe)™
Oh

oh;
{F* dhy)? Z gix(dhy) O ,igjl(dht)a 7 +9U(dht>}dtdm.
k=1

Therefore, by writing m = odz!---dz™ on U, u is a supersolution to a linear second order

differential operator, namely
i o[ oul
oxt | W oxi | —

2,j=1

in the weak sense on U with

Lo _ oh; oh
Qi ::O'/O F (dht)p Q{F* dh 5 Z gzk dht a ]zgjl(dh’t)a ;—i—gw(dht)}dt

In the Fermi(~Walker) coordinates along 7 such that (9/9z%)", is 9v(~b,)-orthonormal
and 9/0x' =1 on n, (a;;) is the diagonal matrix o -diag(1—p,1,...,1) on n, which is positive
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definite. Hence, taking a smaller neighborhood W of n(R) if necessary, u is a supersolution
to an elliptic equation on W. Combining this with v > 0 and © = 0 on 7, we can apply the
maximum principle, yielding © = 0 on W. Then, we deduce from b, = —57, and Lemmas 4.9,
5.1 that b, is both semiconcave and semiconvex (hence C’llo’i) and satisfies O p(—by) =
Ompby = 0 in the weak sense (see [10, Proposition 9] for more details). O

5.2 Bochner-type identity and smoothness

In order to obtain the smoothness of the Busemann function b,, we generalize the Bochner

identity to our setting. Different from the strategy in [10, 53] directly working on H, in
(3.1) (cf. related works [11, 56] on Hamiltonian systems), we shall closely follow the lines of
thought in the Finsler case [58, 59]. In fact, we can apply the same calculation regardless of

the signature of the metric; the only difference is that the quantity (5.5) corresponding to the
Hilbert—Schmidt norm is not necessarily nonnegative in the Lorentzian setting. Due to the
close analogy with the positive definite setting, we only give an outline here and refer to [59,
§3.1] and [58, §12.2] for more details.

Let U C M be an open set and take h € C3(U) such that —h is temporal. For y € U and
small £ > 0, define a map T; and a vector field V; by

Te(y) == exp, (tVR(y)),  Vi(Ti(y)) = = [Ti(v)].

Fix z € U and put ((t) := T;(z). Since ( is a timelike geodesic and {(t) = V;(((t)), we have

"IV} G,
; 8tt (C(t)) oz’

Let (e;)!_; be an orthonormal basis of (T,M, gys) such that e; = Vh(z)/F(Vh(z)), and
consider vector fields along ¢ given by

o DYVi(¢(1) = 0. (5.3)

By the latter expression, E; is a Jacobi field with E;(0) = e;. Since (E;(t))i, is a basis of
TeyM (for small t > 0), we can introduce an n x n matrix B(t) = (b;;(t)) by DEEZ-(t) =

> j=1 bij(t)Ej(t). Then, we have the following Riccati equation:

s:O'

[trace B],(t) + trace[B(t)?] + Ric(ﬁ(t)) = 0. (5.4)

Observe that B(t) represents the covariant derivative of V; in the sense that
» n
D Ve = Dby () By 8).
j=1

In particular, since Vo = Vh, we have b;;(0) = gvn(VZ h,¢;j)gvn(e;, e;) and infer from the
symmetry (2.13) that

trace [B(O)Q] = Z QVh(Vgih, ej)QQVh(ei, ei)th(ej, ej) =: HSV}L(VQ}L), (55)
4,7=1
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which corresponds to the square of the Hilbert-Schmidt norm of V2h with respect to gyy, in
the positive definite case, but is not necessarily nonnegative in the current setting.
Concerning the first term in (5.4), we find

trace[B()] = divm Vi(C(1)) + (4m 0 O)' (1),
and then (5.3) (together with the linearity of divy, (2.17)) implies

d

" [divm Vt(C(t))} = d(dive V3) ({(1)) — divm(Dy Vi) (¢ (1))

Now, at t = 0, we observe divy, Vi = Ouh and, since

0
ozt

0 1
g% (D%’,z [w],) = gvn (Do [Vh],Vh) = 5 == | gwn(Vh, V)]

oxt
it follows that
~ i 0\ 0 F(Vh)?
DEIVH] = Y- o (Thigen (DEAIV] o ) o = 97 [FET].

< ozt ) dxi 2
i,j=1

where we define

I ou 0
Vh - ij Rl
AVASKTE: ijzzlg (Vh) 57 D

(we do not impose any causality condition on u). Plugging those into (5.4) at ¢t = 0, we arrive
at the following.

Proposition 5.3 (Bochner-type identity). Let (M, L,m) be a weighted Finsler spacetime.
For h € C3(U) on an open set U C M such that —h is temporal, we have

divey, (vVh F(Zh)z] > + d(Owh)(Vh) + Riceo (VR) + HSyr(V2h) = 0 (5.6)

pointwise on U.

We remark that, if we replace F(Vh)? with —gy,(Vh, Vh), then (5.6) is exactly the same
form as the Bochner identity in the positive definite case in [58, 59].

Remark 5.4 (Comparison with Raychaudhuri equation). The Raychaudhuri equation can be
shown by a similar argument (see, e.g., [12]), however, in that we deal with an endomorphism
on the (n—1)-dimensional subspace N¢(t) C T¢(;)M which is g¢-orthogonal to ¢. In the above

discussion, the corresponding endomorphism v — Dg(t)Vt on T¢) M does not necessarily
satisfy this condition. A typical example where one can apply the Raychaudhuri equation is
the time separation function from a point, and then the d’Alembertian comparison theorem
follows (see [13]).

Since (5.6) is concerned with Rice, for a weaker bound Ricy > 0 with N < 0, we need a
variant along the lines of [70, Lemma 3.1].
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Lemma 5.5 (Ricg > 0 case). Let (M, L,m) be a weighted Finsler spacetime with Ricog > 0 in
timelike directions. Then, for h € C3(U) as in Proposition 5.3, we have

2 2 n 2
w divem (VW F(Zh)]) + d(wOwh)(VA) + w(D“;Lh) <37 éw ;(d [F(Vh)?] (ea)>
. (5.7)
at any x € U, where w(C(t)) := 2¥wCE/ for ((t) := exp,(tVh(z)) and (e;)}, is an
orthonormal basis of (TyM, gvn) such that ey = Vh(x)/F(Vh(x)). Moreover, in the case
where F(Vh) is constant, equality holds if and only if Rico(Vh(x)) = 0 and V2h = cv for
some c € R and allv e T, M.

Proof. We first observe
d(wTnh)(Vh) = w - d(Cnh)(VA) + 2w(¢‘“"n§)'(0> Clh.

It follows from (5.5), the Cauchy—Schwarz inequality and (2.8) that, at x,

HSvn(V2h) 2> gun(Veh,e)® =2 gon(V2 her)?

i=1 a=2
n 2 n
1 2 2 2 2 2
> = h hoe)| — —— h,Vh
(Oh)°

1 " 2
=~ aEeRy Z(d[F(wf] (ea)) .
a=2
Moreover, we have
(Oh)* = (Owh + (W 0 €)(0)” = (Oh)* +2(tm © O)'(0)Tmh + (Ym0 )/ (0)*.
Comparing these with (5.6), we obtain

2 w n
ATl (70) + 0= > (4P e))

< w - d(Owh)(Vh) +wHSwp(V2h) — w(wmog)’(U)Q

= —w divy, <vVh [F(ZWD — wRica (Vh) — Um0

= —wdivm (VW [F(ZW] ) — wRico(Vh).

Since Ricp > 0 by assumption, this completes the proof of (5.7).

When F(Vh) is constant, the right-hand side of (5.7) vanishes. Then, by the above proof,
equality holds if and only if Rico(Vh(z)) = 0 and gvn(VZh,e;5) = ¢ - gunlei, e;) for some
c € R, which means V2h = cv. O

With (5.6) and (5.7) in hand, we can show the smoothness of b,. We remark that the
N € [0,1] case is excluded here.
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Corollary 5.6 (Smoothness). Let (M, L,m) be a timelike geodesically complete, weighted
Finsler spacetime as in Theorem 1.1. Then, the Busemann function by, is C°° and satisfies

V3 (~by,) =0 (5.8)
on a neighborhood W of n(R).

Proof. We put h := —b,, for brevity. Recall from Lemma 4.7 and Proposition 5.2 that h is
Cllo’i, F(Vh)=1on W, and Oy ,h = Oynh = 0 almost everywhere on W.

First, suppose that h is C3. When N € [n, 00|, we deduce from (5.6) and the hypothesis
Ricy > 0 that

HSv,(V?h) = — Riceo(Vh) < — Ricy(Vh) < 0.
Thanks to F(Vh) =1, in (5.5), for « = 2,...,n, we observe

1
th(Vzlh, eq) = th(vgam e1) = —id[F(Vh)ﬂ (ea) = 0.

This yields th(Vgih, e;) = 0 for all 4, j, and hence (5.8) holds and h is C°.

If N < 0, then Ricg > Ricy > 0 and we can apply Lemma 5.5. Since equality holds in
(5.7) with F(Vh) = 1, we have Ricg(Vh) = 0 and V2h = cv for some ¢ € R. Now, combining
Rico(Vh) = 0 with the hypothesis Ricy > 0, we find that

Ricy (Vh(z)) = Rico(Vh(z)) — (:L + 1_ n) (Ym0 €)' (0)?
_ N ° NS 2
BT (Ym0 €)'(0)

is nonnegative, where ¢ is the geodesic with ¢ (0) = Vh(x). Since N < 0, this implies

(¢m o C)/(O) = 0, thereby ‘
Oh = Owh + (1m0 ¢)'(0) = 0.

Therefore, we obtain ¢ = 0 and the proof is completed.

For general b, € C’llo’cl, we approximate it with C°°-functions, and obtain (5.8) almost
everywhere by the above argument. This yields that (5.8) holds everywhere and b,, is C*°.
We refer to [10, Corollary 14] for further details of the approximation procedure, via the

integrated form of (5.6):

/M{d¢ <VWL [F(zh)z] > + Oph - divm(¢Vh)} dm = /M ¢{Ricoo(VR) + HSys(V2h)} dm

for (nonnegative) test functions ¢ € C°(M) of compact support. O

Remark 5.7 (N € [0,1] case). Wylie’s [70, Lemma 3.1] is in fact more general and con-
cerned with the situation that V?h has at most k non-zero eigenvalues under the assumption
Ric,_x > 0. Applying this with & = n — 1 for a Busemann function, whose second order
derivative vanishes along asymptotes, we could extend the splitting theorem to N < 1 ([70,
Corollary 1.3], [68, Theorem 1.5(i)]), and we can even obtain a warped product splitting for
N =1 ([70, Theorem 1.2], [68, Theorem 1.5(ii)]). In the above proof, however, C*°-functions
approximating b, may have m non-zero eigenvalues; this is the reason why we restricted
ourselves to N < 0.
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6 Splitting theorems

We are in a position to complete the proofs of the splitting theorems. We first consider the
timelike geodesically complete (TGC) case, and the globally hyperbolic (GH) case is deferred
to Subsection 6.3.

6.1 Diffeomorphic splitting

Proof of Theorem 1.1 (TGC case). We deduce from Lemmas 4.7, 4.10 together with Corol-
lary 5.6 that, for every point x € W, the unique straight line bi-asymptotic to n passing
through « is given by the integral curve of V(—b,). In other words, every integral curve of
V(—b,) is a straight line bi-asymptotic to n. This enables us to apply standard arguments in
splitting theorems in Lorentzian manifolds (one can alternatively apply Wu’s de Rham-type
decomposition theorem [69]). Precisely, since V(—b,) = 0, on a neighborhood W of n(R),
also holds for gy (_p,,) by [12, Proposition 3.2], we deduce that V(—b,) is a parallel (and thus
a complete timelike Killing) vector field for gy (_p,). Hence, taking into account that V(—b,)
is also the gradient of —b,, with respect to gv(_p,), we set Y= b;l(O) N W and

O:RxY — M, O(t,z) == ((t), (6.1)

where (, is the integral curve of V(—b,) with (;(0) = . The map © is then an isometry
from (R x X', —dt* 4 gy (_p,)|rs) onto its image in (M, gy (_p,))-

Moreover, we deduce from (¢ o (x)’ = 0 shown in the proof of Corollary 5.6 that the
measure m is also decomposed into the product d¢ xn. Finally, we can show the global splitting
by the standard open-and-closed argument (see, e.g., [11, Theorem 7.3]). This completes the
proof of Theorem 1.1. ]

We remark that ¥ is given as the level surface b, 1(0) equipped with the Riemannian
metric gy (_p,)|rs. As for L|ry, one can say the following.

Corollary 6.1 (Causal character of X). In the situation of Theorem 1.1, the level surface
Y= b;l(O) 18 transversal to future-directed causal vectors in T M. Moreover, if L is reversible
and dim M > 3, then L(v) > 0 for any v € TX \ {0}.

Proof. If v € T, \ {0} is future-directed causal, then we deduce from the reverse Cauchy—
Schwarz inequality (2.9) that

0 = db, (1) > \/4L* (~dby(x))L(v) > 0.

Recalling the equality condition in (2.9), we find that L(V(—by,)(z)) = L(v) = 0, which
contradicts F(V(=b,)) = 1.

In the case where L is reversible and dim M > 3, the set Q) C T, M of timelike vectors has
exactly two connected components, corresponding to the future and past directions (recall
Remark 2.2). In this case, since —v € T, X is not future-directed causal as well, every v €

T,% \ {0} satisfies L(v) > 0. O

We remark that, even when L > 0 on 7,,% \ {0}, we do not know if L|7, 5 is strongly
convex (in the sense that the Hessian of L|r, 5\ o} is positive definite).
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6.2 Isometric translations in Berwald spacetimes

Next, we prove Theorem 1.3 concerning Berwald spacetimes. The proof is common to the
TGC and GH cases (once the splitting as in Theorem 1.1 is established). Since the covariant
derivative is independent of a reference vector by the very definition of Berwald spacetimes
(recall Definition 2.4), we may omit it in the following.

Lemma 6.2 (Busemann function is affine). Let (M, L,m) be a weighted Berwald spacetime as
" _—

in Theorem 1.3. Then, for any geodesic &: [0,1] — M, we have (b, 0&)"” = 0. In particular,
for each t € R, by, L(t) is a totally geodesic hypersurface with respect to L.

Proof. This is straightforward from (2.8) and (5.8):

(by0&)" = [=gv(—b,) (V(=by)(&), 3l
= —gv(=b,) (De(V(=bp)), €) = gv(—b,) (V(=by)(£), D) = 0.

Precisely, the first term vanishes in general thanks to (5.8), while the second term vanishes
only in the Berwald case (since DZ(_b")f # 0 in general). O

To show Theorem 1.3, we can follow the lines of [57, Proposition 5.2].

Proof of Theorem 1.3. (i) Take v € T, M \ {0} and put V(¢t) := d®;(v). It follows from
Theorem 1.1 that V' is a parallel vector field with respect to gy(_p,) along the straight line
((t) := ®¢(x). Hence, we have

d 1d

gLV =5 lgv(V.V)] = gv(D:V, V) =0,

thereby ®; is isometric. More precisely, we observe from (2.8) that

d
gl (V)] =200 (DEV,V),
and the Berwald condition and [12, Proposition 3.2] imply DZV = DgV = DZV<7b")V =0,
where DIV(=Pn) denotes the covariant derivative with respect to 99 (~by)-

(ii) We shall split the geodesic equation Déé = 0 on M into those on R and X. Given

a local coordinate system (zo‘)z;} on an open set U C X, we consider a coordinate system

()", on R x U C M given by ' =b,, and z* = 2*~! for i > 2. Then, we have

09ij .
9l (V(—bn)) =0 fori,j=1,...,n
by Theorem 1.1, and
g1 .
axij (V(=by)) =0 fori=1,...,n

by F*(—db,) =1 for j =1, and by gv(_bn)(V(—bn),TE) = 0 for j > 2. Therefore, we find
'y;-k(V(—bn)) = 0 unless 7, j, k > 2.

Moreover, by the expression (2.5):
Ni(v) —i i (v)vk’—1 i i“(v)aga (v)7 (v)vFo!
7 - . ’ij 2 g v Ykl )
=1

Elab=1
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we deduce that N. i(V(—bn)) = 0 for all 4,j = 1,...,n. This implies that, by recalling the
definition (2.6) of F;k, F;k( (=by)) = 0 holds unless i,7,k > 2. Therefore, the geodesic
equation in M is written as

; 0
_a ‘+Z{§+Zr }Wg

7,k=2

This completes the proof. O

Remark 6.3 (When L|7y foy is positive). Although ¥ = b;l(O) may not be spacelike in L in
general, we notice that, by the fact that parallel transports preserve L and the decomposition
of F;k in the proof of Theorem 1.3(ii), if there exists some z € b;l(O) such that T, is
spacelike (i.e., L(v) > 0 for all v € T, X \ {0}) and g,|7,x is positive semi-definite for all
v € T, X\ {0}, then (X, L|pry) is a (non-strongly convex) Finsler manifold of Berwald type.
In this case, one can also give a Lorentzian metrization of (M, L) (recall Remark 2.5). In
fact, by [15, Remark(A), p. 2157], which extends Szabd’s metrization result of Berwald spaces
[66] to non-strongly convex (and also non-smooth) Berwald metrics, we obtain a Riemannian
metric h on X such that the Levi-Civita connection of h coincides with the Chern connection
of L|py. Then, the Levi-Civita connection of the Lorentzian metric —dt? + h coincides with
the Chern connection of L. We also remark that, by [17, Proposition 2, Lemma 2], if n > 3
and L|TE\{0} > 0, then, for all x € M, Q. has either one or two connected components.

6.3 Globally hyperbolic case
We conclude with the proof of the globally hyperbolic case.

Definition 6.4 (Global hyperbolicity). We say that a Finsler spacetime (M, L) is globally hy-
perbolic if it is causal (there is no closed future-directed causal curve) and all causal diamonds
JT(x)NnJ (y), z <y, are compact.

We remark that, since the cone structure €2 is proper in the sense of [50, Definition 2.3],
according to [50, Corollary 2.4], the above definition is equivalent to requiring the strong
causality and the compactness of causal diamonds (compare also with [14, Appendix B)).

Proof of Theorem 1.1 (GH case). Let (M, L,m) be a globally hyperbolic weighted Berwald
spacetime satisfying the hypotheses in Theorem 1.1. In this case, 7 = max{7,0} is finite
and continuous and, for any x,y € M with z < y, there is a maximizing geodesic from z to
y (see [18, Propositions 6.8, 6.9]).

In the globally hyperbolic case, an asymptote (: [0,b) — M constructed as in Defini-
tion 4.2 may not be future complete, namely ( may be future inextendible with b < oo.
Nonetheless, concerning the behavior of Busemann functions, Lemma 4.7 holds for ¢ € (0,b),

and it is shown along the lines of [22, Lemma 3.3] (see also [10, Theorem 2]) that by, is locally
Lipschitz on a neighborhood of n(R) (as in Theorem 4.8).
Furthermore, following the lines of [10, §6], we can apply the calculations as in Section 5

(In this case, due to the possibility of b < oo as above, we need the timelike e-completeness
as in Definition 2.13 rather than (2.20).) Eventually, on a neighborhood W of n(R), we have
b, +b, =0, b, € C®(W), and V2(—b,) = 0. Therefore, we obtain a local splitting of W as
in Theorems 1.1, 1.3.
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Now, the difficulty in the globally hyperbolic case is that W may not be represented
simply as the product R x (b, L(0) "W). To show the completeness of asymptotes, we follow
the argument in [10, 28]; at this step we need the Berwald condition. As in (6.1), we define
O(t,z) := (4(t) for z € b;l(O) NW and t € (ag,by), namely (;: (agz,by) — M is the future
and past inextendible timelike asymptote of n with a, < 0 < b,. We shall show that a, = —oc0
(i.e., ¢z is past complete).

Let ¥ := exp,,)(B) for a small ball B C T,y0)M N (dby)~1(0). Precisely, B is an open ball
with respect to the restriction of gy (_p, ) to (db,)~1(0), which is a Riemannian metric, and
the exponential map is for L. By the decomposition of geodesics as in Theorem 1.3(ii), ¥’ is
included in b, 1(0). We may assume that, by taking smaller B if necessary, 7(0)+v € Q)0 for
any v € B. Fix v € B, put o(s) := exp,q)(sv) for s € [0, 1], and consider (,(5)(t) = O(t, o (s)).
To show a,(s) = —oo for all s € [0, 1], we claim that, for any fixed T' > 0,

Ug(s) < —-T+s (6.2)

holds. To this end, denote by I the set of R € [0, 1] such that (6.2) holds for all s € [0, R].
Then, clearly 0 € I7 since a,g) = —oo, and Ir is open in [0, 1].

We prove that R :=sup Ir € Ir. If not, then we have a,5) < =T + 5 < =T + R < a,(p)
for all s € [0, R). Hence, (,(4(t) is well-defined for all s € [0, R) and t € (ag(p),0]. Now, we

consider a timelike geodesic

£(s) := expy(_1) (3(7'7(—T) + v)) = @(—T + s, a(s)),

where v € T, _p)yM is identified with v € B above and 7(—T) + v € Q,_r) by the isome-
try of the translation as in Theorem 1.3(i), and equality is seen from Theorem 1.3(ii). By
construction, for all s € [0, R) and t € (a,(r),0], we find

n(=T) < &(s) = O(=T +5,0(s)) < O(asp),0(s)) < O(t o(s)).

Letting s — R, we deduce from the closedness of causal diamonds (by the global hyperbolic-
ity) that ©(t,o(R)) € J*(n(=T))NJ~(c(R)) for all t € (ay(r),0]. This, however, contradicts
the non-total imprisonment, which follows from the global hyperbolicity (see, e.g., [50, Defi-
nition 2.20]). Therefore, we obtain R € Ir and It = [0, 1], which implies a, (s = —oo for all
s € [0,1] since T > 0 was arbitrary in (6.2). This completes the proof of the past complete-
ness of asymptotes, and the future completeness can be shown in the same way as the past
completeness for the reverse structure T

This concludes the proof of the fact that the local splitting neighborhood W can indeed
be represented as a cylindrical product of the form R x (b, '(0) "W). In the globalization of
the local splitting, one needs to extend the splitting of W to its boundary, where one must
ensure that also the boundary asymptote is complete in the globally hyperbolic case. Using
the Berwald condition, the argument is entirely analogous to the completeness of asymptotes

in the local case given above, and will be omitted. We refer to [10, 28] for details in the
Lorentzian globally hyperbolic case as well as to [11] for the globalization argument in the
Lorentz—Finsler case. O
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Appendix: Detailed proof of the Bochner identity

For convenience, here we present a detailed proof of Proposition 5.3. In fact, the Lorentzian
signature of L has no influence and we can apply the same calculation as [58, 59].

Let U C M be an open set and h € C3(U) such that —h is temporal. For y € U and small
t > 0, define a map 7; and a vector field V; by

Te(y) :==exp, (tVRh(y)),  Vi(Ti(w)) = — [Ti(v)]-

Fix 2 € U and put ¢(t) := T;(x). Since  is a timelike geodesic and {(t) = V;(¢(t)), we have
¥ 1 “k
R R }W
oV}
-3

=1 7. k=1

dt

avt” o)

Wi, }(ani.

This implies (5.3):

NN o)
> (C0) g3y + DVVE(CD) =0,
=1

Let (e;)!"; be an orthonormal basis of (T, M, gyp) such that e; = Vh(x)/F(Vh(z)). Then
we consider vector fields along ¢ given by

Fi(t) = (@T)aled) = 5 [To(expa(se:)

By the latter expression, E; is a Jacobi field with E;(0) = e;. Since (E;(t)) '
TeyM (for small t > 0), we can introduce an n x n matrix B(t) = (b;;(t)) by DgEi(t) =
S bii(0)E;(t). We also introduce A(t) = (ai;(t)) with a;j(t) := 9¢:(Ei(t), E;(t)). Then we

1 is a basis of

Jj=1 _
have, by denoting Dg by ’,

aj; = 9:(Ef, Ey) + g¢(Ei, Bj) = (BA+ ABT);;,

where T denotes the transpose. Moreover, since F; is a Jacobi field, we infer from [12,
Proposition 3.4(ii)] that

[(BA—ABT)]" = g:(E!, Bj) = 9¢(Ei, EY) = —g¢ (Re(Ei), Ej) + 9¢ (Ei, Re(Ej)) = 0.
Thus,
BA— ABT = B(0)A(0) — A(0)B(0)T,  A’=2BA— B(0)A(0) + A(0)B(0)"
(note that A(0) = I,, in the positive definite case). From the latter equation, we find
A" =2B'A+2BA' = 2B'A +2B*A + 2BAB".
On the other hand, it follows from the Jacobi equation that

A" = —2R+2BABT,  ri(t) == g:(Ri(Ei), Bj) = g; (R (Ej), Ei).
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Comparing these expressions of A” yields B’ + B2 + RA~! = 0 and, taking the trace, we
obtain the Riccati equation (5.4):

[trace B],(t) + trace [B(t)2] + Ric(é(t)) =0.
Indeed, writing R (E;) = Z?:l Ric;; E;, we observe

trace(RA™1 Z Ric;j ajy, - Z Ricy; = Ric( )
i,j,k=1

Moreover, plugging

Ei(t) = Y BF (055 = - | Ti(expa(ser)|
k=1
into . .
B0 = Y B O+ 30 ThEO)TOBH )5,
k=1 3.kl=1
we find
/ AT, 9 (U kopy 0
() = Y - [V (Tilexpa(sen) )| _ 70+ D Th(CO)W (CO)EE D5
k=1 3k l=1
= Dy Vi.

Thus, we obtain
40}
Dy Ve Z bij (1)

In particular, since Vy = Vh,

> _bij(0)e; = DIMI[Vh] = Vb,

j=1
and hence b;;(0) = gvi(VZ,h, €;)gvn(ej, e;). It follows from the symmetry (2.13) that
n
trace[B(0)*] = > gun(VZ h,¢;) gun(ei, ei)gvnle;, ¢;) =: HSyn(V>h).
ij=1

As for the first term in (5.4), since

ovE & 0
Vi t
Dojoui Vi = k§ :{ (Vv }W,

we have

trace[ B(t)] = trace[DY*V;] (¢(t)) = Z{ g‘; if } (t)).



Observe from _
m= e*"/*'moC — det(gw(C)) dat---daz"
along (¢ that

iva h(©) = Y2 580+ 5 10w (- de(30)) - (om0 Y
=1
Note that
d . d . . dlg;; ;
dt log( det@z’j(C))) = (m(;m& det (g5(¢)) :trace[(gij(o) 1.< [gét@}”
- ij a : 89]1 ke
= O3 77 (O + =5(0)¢

Since ( is a geodesic, we obtain

o denla@) = 3 PO{GEOF - FHOMO) =2 O

i,3,k=1 ,j=1

Therefore, we arrive at

trace[B(t)] = divm Vi (¢(2)) + (¢m © ¢ (b).

Next, (5.3) (together with the linearity of divy, (2.17)) implies

< [diva Vi(c(0)] = d(aivn V) (1) — div(DYV0) (¢(1).

Now, at t = 0, we observe divy, Vo = Unh and, since

0 10
QVh<DVh[Vh] BI% ) 9%( @V/haxi[Vh],Vh) 2950 [th(Vh Vh)]

it follows that

DYF[Vh] = En: gij(Vh)th< " [Vh], 0 ) 0 _ gon [—F(VW],

2,j=1

where we define

. ou 0
" Z 97 >('3:L‘J oxt
1,j=1
(we do not need any causality condition on u). Plugging those into (5.4) at t = 0, we complete
the proof of Proposition 5.3.
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