INTEGRAL VARADHAN FORMULA FOR NON-LINEAR HEAT FLOW

SHIN-ICHI OHTA AND KOHEI SUZUKI

ABSTRACT. We prove the integral Varadhan short-time formula for non-linear heat flow
on measured Finsler manifolds. To the best of the authors’ knowledge, this is the first
result establishing a Varadhan-type formula for non-linear semigroups. We do not assume
the reversibility of the metric, thus the distance function can be asymmetric. Within this
generality, we reveal that the probabilistic interpretation is well-suited for our formula;
the probability that a particle starting from a set A can be found in another set B
describes the distance from A to B. One side of the estimates (the upper bound of the
probability) is also established in the nonsmooth setting of infinitesimally strictly convex

metric measure spaces.
1. INTRODUCTION

Aim. The main aim of this article is to draw more attention to (geometric) analysis of
non-linear heat flow. The linear theory had been developed intensively and extensively in
connection with two powerful theories: Dirichlet forms related to probability theory and
the I'-calculus a la Bakry et al related to differential geometry as well as geometric analysis.
A non-linear analogue to the I'-calculus has been investigated on Finsler manifolds (of
Ricci curvature bounded below in an appropriate way) by the first author and Sturm
[28, 29, 30, 31, 33]. Then it is natural to expect a more general theory of non-linear heat
semigroups as a non-linear counterpart to the theory of Dirichlet forms, however, there
is surprisingly no result in such a direction. In this article, to motivate further studies
of non-linear heat semigroups, we establish the integral Varadhan short-time formula for

non-linear heat flow on Finsler manifolds.

Background. On a complete Riemannian manifold (M, g) with the Riemannian distance
d, let p;(x,y) be the heat kernel density, i.e., the minimal fundamental solution to the heat
equation dyu = %Au. From the probabilistic viewpoint, p;(z,y) is the density function
of the transition probability of the Brownian motion in M. The Varadhan short-time
formula [36] states that the short-time behaviour of p(x,y) is governed by d(z,y) in the

following way:

1
1.1 lim¢1 = —d .
(1.1) i tlog py(w, y) = —5d(,y)

The formula (1.1), linking geometry, analysis, and probability, has been studied in various
settings including complete connected Riemannian manifolds [36], Lipschitz manifolds [26],

degenerate diffusions on Euclidean spaces [10], sub-Riemannian manifolds [7, 8, 9, 23, 24],
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and metric measure spaces satisfying the quasi Riemannian curvature-dimension condi-
tion [13].

For spaces not admitting the heat kernel density py(z,y), the formula (1.1) has been
generalised as

. 1-
(1.2) %tlog Py (4, B) = —dm(4, B)?
for A, B C M with 0 < m(A), m(B) < oo, where m is the reference measure on M,

Pt(A,B) Z:/ATtlem

with the L2-heat semigroup (T;);>0, and dm(A, B) is a suitably defined distance-like func-
tion. In the case of linear heat semigroups, (1.2) has been established in a general setting
of local Dirichlet spaces [6, 20, 21], where dm (A, B) is induced by a local Dirichlet form.
If a local Dirichlet space admits a distance function in the domain of the Dirichlet form
in a compatible way in the sense of the Rademacher-type property and the Sobolev-to-
Lipschitz property, the set function dm (4, B) is indeed identified with the distance between
A and Bj; see [11] for details. We refer the readers to the following articles for particular
spaces: the Wiener space and path/loop groups [1, 2, 15, 16, 21], the configuration space
[12, 39] and the Wasserstein space [38].

Main results. We shall generalise (1.2) to non-linear heat flow (T¢);>0 on a Finsler
manifold (M, F) equipped with a measure m. We do not assume the reversibility of F
(i.e., F(—v) # F(v) is allowed), thereby the distance function d can be asymmetric. In
this case, dm(A, B) is defined as

(1.3) dm(A, B) = sup{ess inf f(z) — esssup f(y)}
feL b z€A yEB

for measurable sets A, B C M with 0 < m(A), m(B) < oo, where
(1.4) L:={f € H..(M)NL>®M): F*(—df) <1ae.}.

We remark that dy(A, B) < co. The condition F*(—df) < 1 roughly means that —f is
1-Lipschitz, and one can regard that dm (A, B) represents the distance from A to B. We
refer to Subsection 2.1 for precise definitions and notations in Finsler geometry. We also
set

d(A,B) := xeilnieBd(x’y) .

Due to Lemma 3.4 proven later, for open sets A, B C M, we have

dm(A, B) = d(A, B) .

Theorem 1.1. Let (M, F) be a complete C*-Finsler manifold equipped with a C°-
measure m on M with m(M) < oco. Assume that the uniform convezity and smoothness
constants are finite. Then, for any measurable sets A, B C M with 0 < m(A),m(B) < oo,
we have

. 1 2
(1.5) l;ﬁ)ltlog P:(A,B) = —idm(A,B) .
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In particular, for any open sets A, B C M, we have
1
limtlog Py(A, B) = —=d(A, B)* .
i ¢ log t(4, B) = —5d(4, B)

To the best of our knowledge, Theorem 1.1 is the first result establishing the integral
Varadhan formula for non-linear semigroups. It is unclear whether the pointwise Varadhan
estimate (1.1) can be properly formulated in our setting, since there is no concept of heat
kernel density p;(x,y) for non-linear heat semigroups. The assumption m(M) < oo is used
only for the lower estimate of (1.5). Though this assumption does not seem essential,
we were not able to drop it due to the technicality of the linearised heat semigroup; see
Subsection 5.6 for more details. The finiteness of the uniform convexity and smoothness
constants is imposed also for a technical reason of constructing a linearised heat semigroup
(see Lemma 5.7), and is satisfied by, e.g., compact Finsler manifolds and Randers spaces
(M, F), F(v) = \/g(v,v) + B(v), such that g is a Riemannian metric and /3 is a one-form
on M with |f|, < ¢ < 1 for some ¢ < 1.

The asymmetry of the distance function d reveals the probabilistic nature of our Varad-
han formula, which is not apparent in the symmetric setting. From the analytic (PDE)
point of view, the semigroup T;1p in P,(A, B) = [ 4 Tt1pdm could be regarded as describ-
ing the heat propagation from B, thereby the appearance of the distance d(A, B) from A
to B may be counter-intuitive. From the probabilistic viewpoint (which is a dual perspec-
tive to the PDE one), however, d(A, B) is natural since T;15(z) represents the probability
that a Brownian motion starting from x lives in B at time ¢ (in the Riemannian setting,
to be precise; the existence of the Brownian motion is unknown in the Finsler case).

The above observation should be compared with the fact that heat flow is regarded as
the gradient flow of the relative entropy in the L?-Wasserstein space with respect to the
reverse Finsler structure F(v) = F(—v) (see Remark 2.2). Since d(4, B) coincides with
the distance from B to A with respect to F, the analytic point of view seems consistent
with F.

The upper estimate in Theorem 1.1 is more flexible than the lower estimate, and can be
generalised to the nonsmooth setting as follows, thanks to differential calculus developed
in [5, 18]. We remark that reversible Finsler manifolds (satisfying F(—v) = F(v)) also fall

into this framework.

Theorem 1.2. Let (X,d,m) be an infinitesimally strictly convex metric measure space.
Then, for any measurable sets A, B C X with 0 < m(A), m(B) < oo, we have

limsup tlog Py (A, B) < 1

£10 2

Note that sets A, B C X in Theorem 1.2 need not be open. If, in addition to the

infinitesimal strict convexity, the Sobolev space W12(X d, m) (that is not necessarily a

Hilbert space in this generality) is reflexive, then, for A, B C X with 0 < m(A4), m(B) < oo,

d(A,B)? .

1
limsup tlog P¢(A, B) < —=dm(A, B)? ,
t0 2

where dm (A, B) is defined in Subsection 4.2. If, furthermore, (X,d, m) possesses the local
Sobolev-to-Lipschitz property (see Subsection 4.2), then we have dy (A, B) = d(A4, B) for
open sets A, B C X.
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On the one hand, both the infinitesimal strict convexity and the reflexivity of the
Sobolev space hold, e.g., for RCD spaces. On the other hand, Theorem 1.2 (more precisely,
Proposition 4.1) can be applied to some spaces without infinitesimal strict convexity by
approximation; see Remark 4.4, where we discuss the space (R", || - ||,, m) with the £, norm
|| - |lp for 1 < p < oo and the Lebesgue measure m.

Compared to the existing literature, there are two difficulties that need to be addressed:
one arises from the fact that the energy form is not bilinear, due to the lack of the
Leibniz rule for the gradient operator; another difficulty arises due to the lack of symmetry:
fM u1Aus dm # fM ugAuy dm, which is relevant to the proof of the lower bound of (1.5).
To overcome especially the latter point, we employ a linearisation technique for the heat
semigroup in the Finsler case. This approach is, however, not applicable to the non-
smooth setting in Theorem 1.2 as we do not know if the linearised semigroup exists in
metric measure spaces.

The structure of the paper. After reviewing the basics of Finsler geometry in Section 2,
we study the behaviour of the function dm (A, B) in Section 3. Then, we prove the upper
bound estimate in Theorem 1.1 as well as Theorem 1.2 in Section 4, and Section 5 is
devoted to the proof of the lower bound estimate in Theorem 1.1.
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2. PRELIMINARIES

We first review the basics of Finsler geometry, and then introduce truncation functions
as in [21] playing an essential role in the lower estimate in Section 5.

2.1. Finsler manifolds. We refer the readers to [30] for a concise description of the
following contents, and also to [17, 32, 33] for the behaviour of heat flow on Finsler
manifolds.

Let M be a connected C'°°-manifold without boundary of dimension n > 2. Given local
coordinates (%)™ ; on an open set U C M, we will denote by (z, v’ )ijl the fibre-wise
linear coordinates of the tangent bundle TU given by

U_;Uj%j

We say that a nonnegative function F' : TM — [0, 00) is a C*°-Finsler structure on M if

e,M, =xzeU.
x

the following three conditions hold:

(1) (Regularity) F'is C* on TM\ {0};
(2) (Positive 1-homogeneity) F(cv) = cF(v) for every v € TM and ¢ > 0;
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(3) (Strong convexity) For every v € TM\ {0}, the following n x n matrix is positive-
definite:

271172 n
2 500 iso1= (3505,

We call a pair (M, F') a C*°-Finsler manifold. We stress that the 1-homogeneity is imposed
only in the positive direction, thereby F(—v) # F(v) is allowed. If F(v) = F(—wv) for all
v € TM, then we say that (M, F') is reversible. The matrix (g;j(v)) in (2.1) provides an
inner product g, of T,M by

n

- 0 0
9v (Zla’&n” ' 1bja$j> = Z aibjgij(v) .
= j=

3,j=1

We will also make use of their counterparts in the dual space T;M:

F*(a) = sup a(v) for a € TyM
vETM, F(v)=1
1 9%[(F)?] - :
gii(a) ==——(a) for a=)» «a;dz' € TyM\ {0},
J 2 80&580@‘ Zz;
(2.2) an <Z a; dxi,ij dmj> = Z aibjgi;(a) on TyM.
i=1 j=1 ij=1

We remark that, though a(v) < F*(a)F(v) holds by definition, a(v) > —F*(«)F(v) does
not hold in general due to the irreversibility of F' (for example, one cannot replace the
LHS of (4.4) with its absolute value).

For xz,y € M, we define

1

d(z,y) :== inf/ F(n(t))dt,
mJo

where the infimum is taken over all piecewise Cl-curves 7 : [0,1] — M with 7(0) = x and

n(1) = y. Then d provides an asymmetric distance function on M, namely the triangle

inequality
d(z,z) <d(x,y) +d(y,z) forall z,y,2€ M

holds but d(y,z) may be different from d(x,y). Note that d is symmetric if and only if F’
is reversible. We define the reversibility constant of (M, F') as
F(v) d(z,y)

2.3 Ap:= sup = sup .
( ) veTM\{0} F(*U) z,yeEM, z#y d(y, x)

Observe that Ap € [1,00] in general, and Ar = 1 holds only in the reversible case.

We say that (M, F) is forward complete if any closed, forward bounded set A C M
(i-e., supye 4 d(z,y) < oo for some or, equivalently, any x € M) is compact. The backward
completeness is defined as the forward completeness of (M, F'), where F' is the reverse
Finsler structure given by F(v) := F(—v). If Ap < oo, then the forward and backward
completenesses are mutually equivalent and we may simply call it the completeness.
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Uniform convexity and smoothness. We define the uniform convezity and smoothness
constants of (M, F') as
F(w)? :
(2.4) Cp := sup sup & , SF := sup sup M
zEM v,weT,M\{0} Jv (w, U)) zeEM v,weT, M\{0} F(w)
respectively. Since g, comes from the Hessian of F?, Cr (resp. Sr) actually measures the
convexity (resp. concavity) of F? in tangent spaces. We have Cr,Sr € [1,00] in general,
and Cr = 1 or Sp = 1 holds only in Riemannian manifolds (see [30, Proposition 1.6]).
On a compact Finsler manifold, Cr and Sg are finite thanks to the smoothness and the
strong convexity of F'. We also remark that their dual expressions are given by

(2.5) Cp=sup  sup 9a(5.5) Sp=sup  sup (B

ceMa,gersmy(o} F*(B)? zeM a,BeTM\{0} I (B: B)

We refer to [27], [30, §8.3.2] for more discussions on Cr and Sp. The reversibility constant
Ap in (2.3) can be bounded by Cr and Sg as (see [30, Lemma 8.18])

Arp < min{\/G ) \/5} .

Gradient vectors. For a differentiable function f : M — R, its gradient vector at x € M
is defined to be the Legendre transform of the derivative of f:

Vf(z):=L(df(z)) € TuM .

Here the Legendre transform L£* : ThM — TpM maps o € T;M to the unique element
v € TyM such that F(v) = F*(a) and a(v) = F*(a)?. We remark that (g;;(£*(«))) is the

inverse matrix of (g;;()), provided o # 0. In local coordinates, we can write down

viw = Y g(are) L w2

3,j=1

(when df(x) # 0; while Vf(x) =0 if df(z) = 0). We say that f is 1-Lipschitz if

fly) = f(z) <d(z,y) forall z,ye M,

which is equivalent to F(Vf) < 1 when f is differentiable. For example, given zy € M,
the functions = — d(zg,z) and = — —d(x, z() are 1-Lipschitz by the triangle inequality.

Remark 2.1 (Non-linearity of V). As the differential d stems only from the differentiable
structure of M, it is a linear operator and enjoys the chain and Leibniz rules. However,
the Legendre transform £* is non-linear (L*(a + 8) # L*(a) + L£*(8)) and irreversible
(L*(—a) # L*(a)). Therefore, the gradient operator V does not satisfy the Leibniz rule,
and the chain rule holds only for non-decreasing functions:

Vipof)=L (G of-df)=¢ of-Vf if¢ >0,

while we have V(g o f) = —¢' o f-V(—=f) if ¢’ <0. In the reversible case, the chain rule
holds regardless of the sign of ¢'.
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Heat semigroup. Now, we fix a positive C°°-measure m on M (in the sense that, in
each local chart, m = pdx!-.-da™ for a positive C*°-function p). Then the divergence of
a differentiable vector field V' on M with respect to m is defined in local coordinates as

oV iaqp)

+V

div,V = 2 < B pI

where V =31 | V¥(9/02%) and we wrote m = ¥ da! - --da™ in the coordinates. It can be
generalised to measurable vector fields V' in the distributional sense (against C*°-functions
of compact support) as

/ o diveV dm = _/ do(V)dm  for all g€ C2(M).
M M

Then we define the distributional Laplacian A := divy, o V, i.e.,

/McpAudm = /Mdgo(Vu) dm for all p € C°(M) .

This Laplacian is again non-linear by the non-linearity of V. Moreover,

(2.6) /ulAUQdm#/ UQAuldm
M M

in general (in other words, du;(Vus) # dua(Vuy)).

Define the energy functional £ on H} (M) as

loc

1

() = ;/MF(VU)Qdm _ 2/MF*(du)2c1m

(HL.(M) is defined solely by the differentiable structure of M via local charts). The
Sobolev space H'(M) is defined as the set of functions u € L*(M) N H] (M) such that
E(u) + E(—u) < oo. Denote by H}(M) the closure of C2°(M) with respect to the norm

lullzn := /22 + Eu) + E(-u) .

Note that (H(M), || -||z1) is not a Hilbert space but a reflexive Banach space. If Ap < oo
and (M, F) is complete, then we have Hi(M) = H'(M) (see [30, Lemma 11.4]).
The L?-heat semigroup u; = T¢f is defined as the solution to the Cauchy problem:

1
Oup = iAUt , ug = [ .

One can construct (uz)¢>o as gradient flow of the energy & in L2(M), provided Ap < oo.
Precisely, we first construct T;f for f € HE(M) and then extend it to a contraction
semigroup acting on L?(M) (see, e.g., [4], [30, §13.2]). Thanks to the regularizing effect
as in [4, Theorem 4.0.4], [5, (4.26)], we have T,L*(M) C H}(M) for ¢t > 0. We stress that
the heat semigroup (T¢)¢>0 is non-linear. Indeed, T+(f1 + f2) = T¢f1 + Trf2 does not hold,
and T;(cf) = ¢T¢f holds only when ¢ > 0 due to the irreversibility. Moreover, T;f is not
smooth at points where d[T;f] vanishes.

Remark 2.2. Besides the above interpretation of heat flow as gradient flow of the energy,
one can also regard heat flow as gradient flow of the relative entropy in the L?-Wasserstein
space. Precisely, in the Finsler case, we need to consider the Wasserstein space for the
reverse Finsler structure F(v) = F(—v) (we refer to [32, 34] for details). This fact could
be compared with the appearance of d(A, B), rather than d(B, A), in our results.
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Linearised heat semigroups. In the last step of the lower estimate in Section 5, we
will employ a linearisation of the heat semigroup to overcome a difficulty due to the
asymmetry (2.6). See (5.10) in Lemma 5.7 below for the precise equation, here we recall
a related result from [30, §13.5].

Let (ut)r>0 be a solution to the heat equation, and take a measurable one-parameter
family (V4)¢>0 of nowhere vanishing vector fields such that Vi(x) = Vu(z) for all z with
dui(z) # 0. Given f € H} (M), there exists a (weak) solution (fi)i>0 C Hi(M) to the

linearised heat equation

1
(2.7) oufe= 58", fo=1
where AV% := divy, o VV% is the linearised Laplacian defined with
& oh 0
2. Vuep .= (L)t —_—.
(2.8) v ;1 g5 (£ (VD)) 55 7

Note that we suppressed the dependence on the choice of V; for simplicity. We also remark
that AV%u; = Au,. Linearised heat semigroups play an essential role in geometric analysis
on Finsler manifolds, including gradient estimates [33] as well as functional and geometric
inequalities [29, 31].

2.2. Truncation functions. We shall introduce some useful functions as in [21, §2.1].

Let ¢ : [0,00) — [0,00) be a bounded concave C3-function satisfying:

(1) ¢{(t) =t fort €[0,1] and 0 < ¢'(¢) <1 for all t > 0;
(2) There is a positive constant C' such that 0 < —¢"(t) < C¢'(¢) for all t > 0.

For instance, any C*°-function ¢ such that ¢(0) = 0 and ¢’ is non-increasing with

satisfies the required properties. By these conditions, the monotone limit lim;_, o, {(t) = L
exists. Define ¢ () := K((t/K) for K > 0. For notational simplicity, we do not write K
explicitly when no confusion could occur. We also set

o(t) ;:/0 ¢'(5)*ds , U(t) :=td/ ()% .

Then we immediately have the following estimates:

C
K
0<U(t) <P(t) < /0 ¢ (s)ds=¢(t) < KL .

(2.9) 0<¢(t)<1, 0<—-¢"t)<=¢(t), @@)=T¥(t)=t on[0,K],

3. MAXIMAL FUNCTIONS

In this section, we assume Ap < oo and the completeness of (M, F'). To begin the proof
of Theorem 1.1, fix xg € M and let (B, (x0))ren and (Xxx)ren be sequences of open forward
balls (i.e., By(z) := {y € M : d(z,y) < r}) and functions such that limg_,o,rp = 00,
0<xx <1, xxg =1on By (x9), xx =0 on M\ B;, . (x0), and —xy, is 1-Lipschitz. Note
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that, in particular, x is compactly supported. Throughout this article, for simplicity, we
omit an arbitrarily fixed centre xo and write By := By, (z0).

We next introduce a distance-like function dp for a measurable set B € M. We will
always assume 0 < m(A), m(B) < oco. For R > 0, define

(3.1) Lpr:={felL:f=0aeonBand0< f<Rae.}.
Recall the definitions (1.3), (1.4) of dm(A, B) and L given in the introduction. We also set

dm(A, B) := essinf inf d(z,y) .
(A B) = eyt ey

Proposition 3.1. For any measurable set B C M, there exists a unique [0, co]-valued
measurable function dp such that, for every R > 0, the function dg A R is the mazimal
element of Lp r. Precisely, dg AR € Lpr and f < dg A R holds a.e. for any f € Lp r.
Furthermore, for any measurable set A C M, we have

dm(A, B) = eSmseljllde($) .

Proof. We can follow the lines of [6, Proposition 3.11] by replacing Ej, D, D4 as and Dy
there by By, Hi(M) = HY(M), Lp g and L. [ |

Remark 3.2. The requirement F*(—df) < 1 in (1.4) means that dp is regarded as the
distance “to” the set B rather than the distance “from” B. We need to distinguish them
in the present situation where the distance function d is asymmetric.

Set dp(x) := infyepd(z,y) for x € M. Note that —dp is 1-Lipschitz by the triangle
inequality, and F*(—ddpg) < 1 a.e. We compare dg with dp obtained in Proposition 3.1.

Lemma 3.3. For any measurable set B C M, we have dg < dp a.e. In particular, for
any measurable sets A, B C M, we have

dm(A, B) <dm(4,B) .

Proof. Since dp AR € Lp g for every R > 0, we have dp A R < dp A R by the maximality
of dg A R in Lp.r. Letting R — oo, we obtain dp < dp a.e. The latter assertion then
follows from the definition of dm, (A4, B) and Proposition 3.1 as
dm(A, B) = essinfd < essinfd =dm(4,B) .
m(4, B) = essinfdp(z) < essinf dp(z) = dm(4, B)
|

For open sets, these distance-like functions actually coincide with the usual distance
d(A, B) = infyen,yepd(z,y) = infreadp(x).

Lemma 3.4. For any open set B C M, we have dg = dp a.e. In particular, for any open
sets A, B C M, we have

dm(A, B) = dm(A, B) =d(A, B) .
Proof. Since dg A R € Lp r and B is open, from the proposition below, its continuous
version f satisfies f =0 on B, and — f is 1-Lipschitz. Hence, for all y € B and a.e. z € M,

we have

dp(z) AR = f(z) = f(z) — fy) <d(z,y) .
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Letting R — oo and taking the infimum in y € B, we conclude dg < dp a.e. Combin-
ing this with Lemma 3.3, we deduce the former assertion. Then dm(A, B) = dm(A, B)
follows from the definition of d(A, B) and Proposition 3.1, while d (A4, B) = d(A, B) is
immediate since A is open and dp is continuous. |

Though the next proposition (called the local Sobolev-to-Lipschitz property) should be
a known fact, we give a short proof for completeness.

Proposition 3.5. For any f € 1L, there exists a bounded 1-Lipschitz function —f such
that f: f a.e.

Proof. By multiplying with a smooth cut-off function in each local chart, one can reduce
the existence of a (locally) Lipschitz function f such that f = f a.e. to the Euclidean case.
The Euclidean case can be seen, e.g., in [14, Theorem 4.5]. Then F*(—df) = F*(—df) < 1
a.e. yields that — f is 1-Lipschitz. |

4. UPPER ESTIMATE

For measurable sets A, B C M, recall that we define
Pt(A,B) = / Tt]-B dm .
A

In this section, we establish the upper estimate of (1.5). Our proof is essentially along the
lines of [6, Theorem 4.1] or [21, Theorem 2.8], where the former is a generalisation of the
latter to admit infinite total mass. The upper estimate is less demanding than the lower
estimate. In fact, after establishing the upper estimate in the Finsler setting, we will see

that it also holds true in metric measure spaces under mild assumptions in Subsection 4.2.

4.1. Finsler case. Let (M, F,m) be a complete measured Finsler manifold such that
Ap < 00 equipped with a measure m.

Proposition 4.1. For any measurable sets A,B C M with 0 < m(A),m(B) < oo and
t > 0, we have

1 2
P4, B) < V() m(B)exp( -5 EL )

2t
In particular,

dm (4, B)?
limsup tlog P¢(A, B) < _dm(4, B)7 )
an 2
Proof. Given R > 0, take f € Lp g and set fx := fxx € Hi(M) for k € N, with x; chosen
in Section 3. We also set u; := Ty1p € HE(M) and uyy := urxx € Hi(M). Note that
0 <wu <1 a.e. (see, e.g., [30, Lemma 13.13]). For a > 0 (chosen later), we consider the

function
&) = / (e u)? dm .
M

By the heat equation and the integration by parts, we have

(4.1) g(t) = / My Augdm = lim [ ey, ) Ay dm
M

k—oo Jm

=— lim [ d(e**u;)(Vug)dm .

k—o00 M
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Let us now see that

(4.2) lim d(e%‘f’cut,k)(Vut) dm = lim d(eQaf’“uM)(Vut’k) dm .
k—oo Jm k—oo Jm
Note first that

/d(e2°‘f’“ut7k)(Vut)dm—/ d(ezaf’“ut’k.)(Vut’k)dm
M M

< AF/ F* (d(er‘f’“uak))F(vut — Vg ) dm
M

< Apy/2E(e2Fruy ) - || F(Vu — Vg )|l 2 -
We find from u; € H} (M),
F*(—=dfy) < F*(—fdxg) + F*(—xxdf) < R+1 ae.
and Agp < oo that &£ (ezo‘fkutyk) is bounded above uniformly in k. Moreover, since du; =

du; on By, we observe

| E(Vu, — Vut,k)\|%2 < /\ (F(Vut) +AFF(vut7k))2 dm
M\ By,

g/ (F(Vut)—l—AF(utF*(ka)+XkF*(dut)))2dm
M\ By,

k—o0

< / (AZus + (Ap + l)F(Vut))2 dm —— 0.
M\ By
Therefore, (4.2) has been shown and the RHS of (4.1) can be expanded as

(4.3) — lim [ d(e**rug ) (Vg ) dm

k—00 JM

= — lim et (dut’k(Vut,k) + 2auy g, dfk(Vut,k)) dm .

k—o00 M
On By, it follows from x, =1 and f € Lp g that F*(—df;) = F*(—df) < 1, thereby,
(4.4) —dfk(Vut,k) S F*(—dfk)F(Vut’k) S F(Vut,k) .
Combining (4.1)—(4.4), we obtain

¢(t) = — lim e2fk (dutyk(Vut,k) + 20 ), dfk(VuM)) dm

k—oo Jm

< — lim [ &2k (F(Vut,k)2 — 2auy j, F (Vg ) dm

k—o00 M

< lim [ 2% (quy;)? dm
k—oo JMm ’

= a2/ >y dm = o2¢(t) |
M
which yields
2
£(t) < €(0)e™" .

Now, we take f = dg A dm(A, B) € LB,am(A,B)- Since dg = 0 a.e. on B and dg >
dm(A, B) a.e. on A by Proposition 3.1, we have

Pi(A,B) = / uladm < [ ug]| p2lle 1 al| 12 < V/E(0)e®*/2/m(A)e=dn(AB)
M
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~ VB ep( % - adn(4.3))

Choosing the optimal value o = d (4, B)/t, we conclude

d 2
Pi(A, B) < V/m(4)/m(B) eXp<_dm<AvB>> |

2t
|

Set ®; := &(—tlog T;1p) for t > 0 and ¢ as in Subsection 2.2. Since ® is bounded, for
any finite measure v mutually absolutely continuous with m, (®;);~¢ is uniformly bounded
and hence weakly relatively compact in L?(v). The following corollary will play a role in

the lower estimate.

Corollary 4.2. For any measurable set B C M with 0 < m(B) < oo and any weak
L2(v)-limit ®q of (®;);>0 ast — 0, we have

42
Py > <I><2B> a.e.

Proof. We can follow the lines of [21, Lemma 2.9] thanks to Propositions 3.1, 4.1. |

4.2. Nonsmooth case. In this subsection, we briefly explain that the upper estimate
(Proposition 4.1) can be generalised to the nonsmooth setting of metric measure spaces
by utilising the differential calculus developed in [5, 18].

Setting. Let (X,d) be a complete separable metric space (with a usual symmetric
distance function), and m be a fully supported Borel measure on X such that m(B) < oo
for every bounded m-measurable set B C X. A Borel probability measure 7 on the set
C([0,1],X) of continuous curves v : [0,1] — X is called a test plan if there is a constant
C > 0 such that (e;)gm < Cm for all ¢ € [0,1] and

1
/ / Ht]2dt7r(d7) < oo,
C([0,1],X) JO

where e;(y) := 7 is the evaluation map, (e;)xm denotes the push-forward of 7 by e;, and
|9¢| := limg—¢ d(s,7¢)/|s — t| is the metric speed.

The Sobolev class S*(X) consists of measurable functions f such that there is a nonneg-
ative function g € L?(X) satisfying

1
/ Fn) = F0)| m(dy) < / / 9(v0) el de ()
C([0,1],X) c([0,1],X) Jo

for all test plans w. The minimal function g is called the minimal weak upper gradient and
denoted by |Df|. We define the Sobolev space W12(X) := S%(X) N L?(X) equipped with

the norm

1l == /112, + DA -

(Denoting the Sobolev space by W12(X) follows the notation in [5, 18], while in the Finsler
setting we use H'(M), H}(M) as in [30].) We remark that W12(X) is not necessarily
separable, reflexive, nor a Hilbert space in this generality (see [3], [18, Theorem 2.1.5]).
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Heat semigroup. The Cheeger energy Ch : L2(X) — [0, o0] is defined as
1
Ch(f)i= [ IDf?dm
X

for f € WH2(X), and Ch(f) := oo otherwise. Note that Ch is convex, lower semi-
continuous and the domain W12(X) is dense in L?*(X). For f € W12(X) such that the
sub-differential 9~Ch(f) C L?*(X) is nonempty, Af € L?(X) is defined as Af := —h,
where h is the element of minimal L*norm in 9~ Ch(f). Note that this Laplacian is not
necessarily linear.

Thanks to the theory of gradient flows for convex functions on Hilbert spaces (we refer
to [4]), we have the heat semigroup (T¢)i>0 of continuous operators from L?(X) to itself
such that, for every f € L3(X), t = T;f € L?(X) is continuous on [0,c), absolutely
continuous on (0, c0) and

d 1
&th = §Ath ae. t>0.

Differentials and gradients. According to [18, Definition 2.2.1], there exists a dual pair
of Banach spaces called the tangent module and the cotangent module:

(LQ(TX)v ” ' HLQ(TX)) ) (LQ(T*X)7 H ’ HL2(T*X)) .
These spaces are endowed with maps | - | : L2(TX) — L?(X), | - |« : L*(T*X) — L*(X) such
that
lolll 2 = ol 2z for o€ ZATX) [l e = lollzzresy for w € LA(T*X) .

There exist a linear operator d : S?(X) — L?(T*X) and a (not necessarily linear) multi-
valued operator Grad : S%(X) — L%(TX) satisfying

df(v) = [v]*> = |df|? = IDf|? forve Gradf , fe S*X).

We say that (X, d, m) is infinitesimally strictly convex if Grad(f) consists of exactly one
).

element, which is denoted by V f (see, e.g., [18, Definition 2.3.9]). In this case, we have

Ch(f) = 5 [ AF(THAm.  feWH(X).

The differential operator d enjoys the locality as well as the Leibniz and chain rules in an
appropriate sense. On the other hand, the gradient operator V satisfies the locality and
the chain rule, whereas the Leibniz rule does not hold.

Upper estimate. Define Wlicz(X) as the set of functions f admitting (fx)ren C W12(X)
such that f = fx on By (with By as in Section 3; VVI(I)CQ(X) does not depend on the choice
of By,). Then we define dy(4, B) as in (1.3) with

L:={feW(X)NL®X): Df| <1ae},

and the local Sobolev-to-Lipschitz property means the property described in Proposi-
tion 3.5: for any f € L, there exists a bounded 1-Lipschitz function f such that f = f

m-a.e.
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Now, Theorem 1.2 is proved in the same way as Proposition 4.1 with dg and d (A4, B)
replaced by dp and d(A, B), respectively, to obtain the upper bound

(4.5) \/7\/76xp( (4,B)° ) .

2t

The infinitesimal strict convexity is used to have the integration by parts formula in the
third equality in (4.1) in the generality of metric measure spaces. We remark that W12(X)
is not necessarily a Hilbert space, therefore, the reflexivity is not automatic. If W12(X)
is reflexive, then the proof of Proposition 3.1 works verbatim to construct dm(A, B) based
on L defined above in metric measure spaces, and we have

\ﬁ\ﬁeXp< (;B)> :

If, furthermore, the local Sobolev-to-Lipschitz property holds, the same proof of Lemma 3.4
applies to obtain dm(A4, B) = d(A, B) for any open sets A, B C X.

Concerning the lower estimate in the next section, our argument is applicable up to
Subsection 5.3, whereas the use of a linearised heat semigroup in Lemma 5.7 prevents us

from applying the same proof to the non-smooth case.

Remark 4.3. The nonsmooth calculus in this subsection is not yet generalised to the
asymmetric setting. We refer to [22] for a related study of the curvature-dimension con-

dition in asymmetric metric measure spaces.

Remark 4.4 (The case without the infinitesimal strict convexity). The upper bound (4.5)
can be extended to some spaces without the infinitesimal strict convexity by using the
stability under a perturbation of metric measure spaces. For instance, take X = R"™, m as
the Lebesgue measure, and dc(z,y)? := ||z — y[|2 + ellz — y||3, where ||lz||} := Y7 |z;[P
when 1 < p < 00, and ||z]|x = maxi<i<p |zi|. As (R",d.) is a normed space for every
e > 0, the metric measure space X; := (R",d.,m) is a CD(0,n) space for every ¢ > 0
(see Theorem in [37, p. 908]). Furthermore, (R",d.) is infinitesimally strictly convex for
every € > 0. It is easy to see that X. converges to X = (R",d,m) as ¢ — 0 in the sense
of the pointed measured Gromov-Hausdorff convergence, where d is induced from || - [|,.
Thus, by [19, (1.5)], the corresponding heat semigroup T f converges to T;f strongly in
L?(R™, m) for every f € L?(R", m) and t > 0. Noting that

. o . _ 2 _ 2:
limd(A.B) =il il /o~ yl3+ el —yl3 = d(A.B).

we obtain

Pt(A,B):/ 14- TtIBdm—hrr(l) 14-T;1pdm
n RTZ

< lim /m(A)y/m(B) exp ( (A’B)Q)

2t
_ ﬁﬁexp( ) ) .

This proves the upper bound in Theorem 1.2 for (R™,d,m) (1 < p < o0), although
the infinitesimal strict convexity fails for p = 1,00. For general metric measure spaces,

however, it is open whether we can remove the infinitesimal strict convexity in Theorem 1.2.
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5. LOWER ESTIMATE

This last section is devoted to the lower estimate of (1.5):

am(Aa B)2

(5.1) li%énftlog P:(A,B) > — 5

for measurable sets A, B C M with 0 < m(A),m(B) < co. Let (M, F,m) be a complete
Finsler manifold with Ap < oo with a measure m. We will need the additional assumptions

Cr,SF < o0 and m(M) < oo only in a later step in Subsections 5.4, 5.5.

5.1. Outline of the proof. Let us first remark that it is sufficient to show (5.1) in the
case of Py(A, B) < 1. This is seen by replacing m with em for ¢ > 0 such that em(A) < 1.
Indeed, (M, F,cm) has the same heat flow as (M, F, m), thereby P{™(A, B) = ¢P"(A, B),
and clearly dem(A, B) = dm(A, B). Thus, we have P{™(A, B) < em(A) < 1, and (5.1) for
cm implies that for m.

Given ¢ > 0, we set

D.:={xc A:dp(x) <dm(A, B)+¢},

and observe m(D;) > 0 by Proposition 3.1. Then, recalling ®, = ®(—tlogT;15) and
noting log P,(A, B) < 0, we have

(5.2) limsup @ (—tlog P+(4, B)) < limsup ®(—tlog P:(D., B))
t10 )

1
= limsup ®( —tlo / T:1 dm])
10 P ( g[m(De) . o

< limsup / P(—tlog T;1p)dm
t}0 m(Ds) e ( ' )

1
= lim sup / ®;dm
o m(De) Jp. !

where the latter inequality is derived from Jensen’s inequality since the function s +—
®(—tlogs) is convex on [0, 1] for sufficiently small ¢ > 0 (see [21, Lemma 2.1]). Now,
suppose that the following inequality holds:

a2
(5.3) limsup/ ®;dm S/ <I><B> dm .
tlo JD. -\ 2

Then, we can continue the estimation in (5.2) as, with the help of (2.9) to see ®(t) < t,

1 d2 1 d? (dm(A, B) + ¢€)?
< o L2 < B < MV )
_m(DE)/E <2>dm_m(D6)/Da2dm_ 2

Since ¢ > 0 was arbitrary, ® is non-decreasing and ®(t) = ®X(t) — ¢t as K — oo, we
conclude (5.1).

The purpose of the rest of the section is to show (5.3), which completes the proof
of (5.1). In fact, at the end of the section, we will prove that equality holds (see (5.11)).
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5.2. Uniform bounds. For § € (0,1) and ¢ > 0, we put
u = —tlog((1— 8T +96), el == —tlogd .

Note that uf > 0 since 0 < T;1p < 1. In addition, for ¢, ® and ¥ in Subsection 2.2, we
will abbreviate as ¢ := ¢(uf), ®? := ®(uf) and VI := U(uf).

We will denote by (-, )2 both the L?-inner product and the paring between a one-form
and a vector field with respect to m. We also introduce the following notation: For a

nonnegative function p, define

1

Sl =5 [ FP@pdm . (i = [ Afapdm.

Lemma 5.1. For anyt > 0, we have u) —e{ € HY(M) and, for every bounded nonnegative

function p € HY(M)N LY(M),

1 1 1
Or(p, @) 2 = g(ﬁv U)) 2 + 3 (d(gf)’(U?)Zp),V(—uf))LQ - E5¢’(ug)2p(_u?) :

Proof. We put f := (1 — §)1p for brevity. Observe that u) — e? = J(T;f), where J(s) :=
—tlog((s+6)/d) is a Lipschitz function on [0, 0o) with 9(0) = 0. Thus, since T;f € H} (M),
we have u{ — ¢! € H}(M). We deduce from the chain rule for d that
t 5 t
- dT V(-ug) =
Tef+0 ot (i) Tef +0

We remark that, to derive the latter equation, we needed ¢/(T.f + d) > 0 because of the
irreversibility of F'. Combining this with the Leibniz rule for d, we have

p - dp _ thf
(d[ww}’vw >L2 - <th+6’Vth )Lz ((th+5)2’Vth )Lz(p)

1 1
- {(dp, V(‘“?))LQ - ﬁ(du?’v(_u?))ﬂ(p) )

duffs =

VT.f .

Hence, we obtain

sy 1 st AT.f
(p; Oruy) 2 = t(/%ut)m AGE L2
1 5 t p
- “(a T
Hoad)in 5 ()5 F5] T
1 5 1 5 1 5
= ;(P»W)LQ + i(dpvv(_ut))[g - ggp(_ut) .

Since Oy (p, ®¢) 12 = (p, 9 ®Y) 12 = (¢ (uf)?p, 8tu?)L2, replacing p with ¢/ (u?)2p in the above
calculation completes the proof. |

For a function f : (0,00) x M — R (such as (t,z) — ¢J(z)), we will denote its time

average by

() ::1/0 fu(z)ds |

where fs(x) := f(s,2). The next lemma is a standard fact of the (H}(M)-valued) Bochner
integral (cf. [21, Lemma 2.5]).
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Lemma 5.2. Let f: (0,T] x M — R be a bounded jointly measurable function such that
ft € HYX(M) for all t € (0,T] and fOT | fell%: dt < co. Then, we have fr € Hj(M) and

_ 1 [T
& <3 [ &l
0
for any bounded nonnegative function p € LL _(M).

Proof. By hypothesis, t — f, € H}(M) is Bochner integrable and we have fr € H}(M).
Then, the claimed inequality is a consequence of the linearity of d and Jensen’s inequality
for the convex function (F*)?%:

_ 1 T 2 1 T
2€p(fT)=/MF*<T/O dﬁdt) pdm < T/M/o F*(df;)?pdtdm

9 [T
:T/o Ep(fi)dt .

The next proposition is the goal of this subsection.

Proposition 5.3. For sufficiently small Ty > 0, the families {¢$ Xk }o<t<Ty,0<5<1 and
{@ka}0<t<T07g<5<1 are bounded in H}(M) for every k € N.

Proof. Since ¢ and ® are bounded, it is straightforward that both families are bounded in
L?(M). Thus, we discuss only the bound for the energy. Put

Uf = 25(—¢25Xk) ) a: = A%“ ) m(Bk‘—i-l) )
for Ap in (2.3). Then, by (2.9) and the choice of xj as in Section 3, we have
* * 2
(5.4) U7 < [|F (=0 (uf)e dusy) + F* (= de)|[ 2
* * 2
= || (ud)xxF™ (—dug) + 6y F* (—dxi) | 2
Letting p = x% in Lemma 5.1, we find
‘/;(5 = 28¢/(uf)2xi(—uf)
= _2tat((1)g’ Xi)LQ + 2(@?7 Xi)LQ + t<d(¢/(u?)2xz) ) V(—’U/?))LQ .

Note that, in the RHS, (¥, x?);> < KLm(By11) by (2.9) and the choice of y;. For the
third term, we deduce from the Leibniz rule for d and (2.9) that

(A(¢'()xd). V(=u)))
= 2(d V(1)) gy + 29" (00) 4, V(=) 12 gy )

< 2(F* (i), F((—f =

1)
D) ity T I ()

Since d(¢9xx) = ¢/ (u)xr dul 4+ ¢9 dxi by the chain rule for d, we also have

¢ (ud)xi.F (V(—ul)) < F(V(—=¢dxk)) + 62 F (Vi) -
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Combining these inequalities with 2€(xx) < 2A%E(—xx) < a yields that

2Ct
VP < —210,(88,x}) 2 + 2K Lo+ — 1}

+2t(F(d). F(V(=6{xa) ) oy TR0 FOVXED) Lo
2Ct
< —2t0(®0, x3) 12 + 2K La + 7‘/} + 4t\/5 (Xk)E(=ddxk) + 4K LtE(xx)

2C't
< —28,(D), x?) 12 + 2K La + 71/;5 + 2t\/aU? 4+ 2K Lat .

Hence, we obtain

2Ct up 5
(5.5) 1— e VO < —2t0,(®, x3) 12 + = T 8at” + 2K La(t + 1) .

Now, put Ty := K/(4C) and observe that V9/2 < (1 — (2Ct)/K)Vy for t € (0,Tp).
Thus, for ¢ € (0,Tp], we find from (5.4) and (5.5) that

(5.6) Uy <2VP +2K%L%a

U§
< —8t0 (DY, x2) 2 + é + 32017 + 8K La(Ty + 1) + 2K2L%a
This implies
Up < —16t0,(Df, Xx3) 2 + ¢
where c is a constant independent of ¢ € (0,7p] and § € (0,1). Hence, for 0 < e < t < Ty,

t t t
/ 25(—¢g><k)ds:/ Udds < —16/ 505(®2, x2) 2 ds + c(t — )

3 3 3

t t
= —16[s(2xB)se] 16 [ (@) 4 elt <)
13

€

Letting € — 0 yields, since 0 < ® < KL,
t
/ E(—¢2xr) ds < 16K Lat + ct .
0

Therefore, we conclude

_ 1 [t
2E(—d)xk) < t/ E(—¢’xp)ds < 16K La+c ,

where the first inequality follows from Lemma 5.2. This completes the proof of the bound-

edness of {¢th}0<t<To,0<6<1 in HO(M).
By a similar calculation to (5.4), we find

28 (~Bixs) < |6 (6P F* (—dud) + DI (—de) |2 < 2V +2(K L)%

Thus, we deduce from (5.6) that, for ¢ € (0, Tp],
6

¢

U
28(— 09 xk) < —8tO (Y, X7) 12 + - tg=s —16t0,(®?, x3) 12 + ¢,

N o

which yields
¢
(5.7) / 2E(—®°x1) ds < 16K Lat + ct
0

and the boundedness of {@ka}o<t<TO7g<5<1 in H}(M) by the same reasoning as above. B
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5.3. Limit functions. Thanks to Proposition 5.3 and the reflexivity of H}(M) = H*(M),
up to extracting a (non-relabelled) subsequence, we have
e 2% 35, weakly in HI(M) .
Since ¢ = ¢y on By, for k < [, there exists a bounded nonnegative function ¢ € H} (M)
such that ¢g = ¢, on By, for every k € N. By the boundedness of ® and ¥, we may take
a further (non-relabelled) subsequence such that, by passing § — 0 and then ¢ — 0,
(I)? 6—0,t—0

=5 0—0,t—=0 — 5 0—0,t—0
o)~ Ty

3(1)0 s H(i)o 5 EI\TIO

for some nonnegative functions ®g, ®g, ¥g € L>*(M), both in the weak L?(v) sense for
any finite measure v mutually absolutely continuous with m and in the weak-star L°°(m)
sense.

Then the goal of this subsection is to prove the next proposition.

_ d2
by = @(;) a.e.

In particular, ®q is uniquely determined and is the weak limit of ®; ast — 0.

Proposition 5.4. We have

Recall Proposition 3.1 for dg. To this end, we first observe the following.

Lemma 5.5. We have -
= . d
(I)() < ¢0 TB a.e.

Proof. We will use the same symbols as in Proposition 5.3. The former inequality ®o < ¢
follows from ® < ¢. To show the latter inequality, take a bounded nonnegative function
p € H}(M) with supp p C By. Then, it follows from yj = 1 on By and Lemma 5.1 that

25p(_¢th:) = 2g¢’(u?)2p(_u?)
= —200,(®}, p) 2 +¢(A(¢/ (1)), V(=) | +2(¥, p)y2
By the Leibniz rule for d and (2.9), the second term can be bounded as
(a(¢'d)?p). V(~ud)

= (gb,(uf)g dp7 V(_u?))LQ + 2(¢”(u?) du?a v(_u?))L2(¢’(uf)p)
4C

< (dp, V(=) 12 + 2= Eupyzo(—ut)
5 40 5
= (dp7 v<_¢)th))L2 + fgp(_(bt) .

Combining this with the above calculation and observing &,(—¢?) = &,(—¢)xx), we find

K
This implies, with the help of Fubini’s theorem,
(5.8)

2(1—20T> /8 —¢)x) d

20t
2(1 - )8p<—¢?xk> < 2408, )12 + t(dp, V(= Bx1)) 1o + 2088, p) o
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21 a0 T2 T e 5 7
<= [t((bt’p)LQ} + 5 | (@ p)2dt+ = [ t(dp, V(=®Exk)) 2 dt + 2(97, p) 2
T 0 T 0 T 0
5 ) LT 5 50
—2(®7, p) 2 + 2(27, p) 2 + T/ t(dp, V(=B xk)) 12 At + 2(U5, p) 12
Using the integration by parts, we can estimate the third term of the RHS as

1 T
0

t/Ot(dp,V( DIx1)) Lo ] —/ / dp, V(—®x1)) - dsdt
<[ Do e ds + & /0 [ 2emece asar

6—0,T—0
e

T

0,

where the convergence in the last line follows from the boundedness (5.7).
By the lower semi-continuity of &,, taking the limit of (5.8) as 6 — 0, 7' — 0 along the
subsequence taken in the beginning of Subsection 5.3 yields

25/)(_@?)0) < (_2(1)0 + 2(i)() + 2@07 P)Lz < (4Q§07 P)L2 ’

where we used p > 0 and 0 < ¥ < & < ¢ in (2.9) in the latter inequality. This implies
that, for any ¢ > 0,

= 1
25p<—m) = 5Ep/(Go+e) (—P0) < <¢0,¢ +5>L2 <ol -

2

Letting € — 0 and noting that p was arbitrary, we find that fo := /¢ € HL_(M) with
F*(—dfo) <1 a.e. Moreover, a similar proof to [6, Lemma 4.4] shows that ¢y = 0 a.e. on
B. Thus, we have fo € Ly 77, and then it follows from Proposition 3.1 that

70 < 82 a.e.
B

Finally, one can improve ¢p < d% to ¢p < d%/2 by the same argument as in [6, Lemma 4.5
(see also [21, Lemma 2.12]) thanks to Proposition 4.1. [ ]

We can also show a partial converse inequality as follows.

_ d2
Py > <I><2B> a.e.

Proof. We can follow the same lines as in [21, Lemma 2.13] by using Corollary 4.2. |

Lemma 5.6. We have

Now, we are ready to prove Proposition 5.4.

Proof of Proposition 5.4. Thanks to Lemmas 5.5, 5.6, we can apply the argument in [21,
Lemma 2.14] by replacing m with an equivalent finite measure v. |
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5.4. Tauberian argument. By a Tauberian argument, we shall get rid of the time aver-
age from Proposition 5.4. Here we need additional assumptions to make use of linearised

heat semigroups. Note that, for the linearised gradient operator as in (2.8), we have

(5.9) an(vr) = 3 giy@n ST —apwin).

3,j=1

Recall also that we set uy = T;1p and ®;, = ®(—tlog T;15) in Section 4.

Lemma 5.7. Assume Cp,Sp < 0o and m(M) < co. Then, for every T > 0 and measurable
set D C M with m(D) > 0, we have

lim (1, 17%,) 2 = (0,177 12

where (h;’a)te[oﬂ is the solution to the linearised heat equation
1
(5.10) oh] 7 = §Avuf—th["’ , hy? =Tolp .

Remark 5.8. In (5.10), to be precise, we choose a measurable one-parameter family
(Vi)t>0 of nowhere vanishing vector fields with Vi(x) = Vus(z) when dus(x) # 0, and
replace Vur ¢ with V;_;. The unique existence of a solution (h{"”)c(o - is guaranteed in
the same manner as that for (2.7) (see [30, Proposition 13.20]) by virtue of the hypothesis
Cp,Sp < 0o. We remark that t — h;” is L?-continuous on [0, 7], and [y, by dm = m(D)
holds for all ¢ (since constant functions belong to L2(M)).

We also remark that choosing T,1p as the initial point is unessential; we may take any
nonnegative function in Hg (M) converging to 1p (see the very last step in Subsection 5.5).

Proof. We follow the argument in [21, Lemma 2.15] (see also [6, Lemma 4.6]), however, a
modification is needed because of the asymmetry (2.6).

Since 7,0 > 0 are fixed, we will denote h;"” by h; for brevity. For ¢t € (0,7), put
H(t) :== (®¢, hr—¢)r2. For applying the Tauberian-type theorem in [35, Lemma 3.11]
which implies the claim limy o H(t) = (®g, hr) 2, it suffices to see the following:

(a) T~ [ H(t)dt — (®g, hr )2 as T — 0;
(b) There exist M,ty > 0 such that H(t) — H(s) < M(t —s)/s for all 0 < s < t < to.

The condition (a) follows from

T
< ;/0 [H(t) — (hr, ®0) 2| At + |(r, B — B0) 2]

KL
< -
- T
T—0
E—

‘; /OT H(t)dt — (hr, ®o) 2

T
/ Vet — Billps d 4+ |(hry B — B0) 2]
0
0.

To see (b), we observe from Lemma 5.1 and (5.10) that
r=t

t t
[(hT_r,Qi)LQ} - / (hr—y, 8, %) 2 dr + / (Ophr—y, ®0) 12 dr

r=s

_ /: % (hyy, W) o dr + / t %(d(qﬁ'(uf)th—r), v(—ui))L2 dr
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t 1 t 1
s T s
=h+L—-I3—1.

Note first that I; can be estimated as

3 _
I g/ K Lm(D)dr < KLm(D)' =2 .
s T S
Next, since
t(1 = 5)
d¢5:/52d5:_l52 - du,
= ) du = /()

implies g;;(du,) = g;‘j(—d@f), we deduce from (5.9) that

: ¢
21y = / (d(—2), VYV hr_y) , dr = / (dhr—p, V(= @7)) > dr
s S

t
1)
_ / (dhr—r, V(=12)) 2 aty2) 7

(we remark that the integrands in the above calculation vanish on the set {du, = 0}).
Then, using the Leibniz rule for d and (2.9), we find
t

t
IQ:/ 3 (dhrr V(= “5))L2<¢'<u6>>dr+/(¢( D) dup. V=) g ugpn, ) &

s

<I4+/5¢’u52h7-7 )d

Setting t < to := K/(2C), we have Iy < Iy + I3. Therefore, we obtain

[(hT,T,cbi)Lz} < < KLm(D)'=

r=s S

forall0<s<t<ty.
Letting § — 0 completes the proof. |
5.5. Proof of (5.3). We are now in a position to prove (5.3). We shall in fact show that
d2
(5.11) lim [ ®;dm = / <I>< ) dm
tl0 Jp D 2

for every measurable set D C M with m(D) > 0, namely ®(d%/2) is the weak L?-limit of
®;. For ¢ > 0 and 7 >t > 0, we decompose as

/ Dydm = (@4, h% )2 + (P4, 1p — h%) 2
D

Taking the limit as ¢ — 0, we find from Lemma 5.7, Proposition 5.4 and 0 < ® < KL that

d2
b [ wvam — (o) 1)
tl0 Jp 2 12

We next consider the limit as 7 — 0. Put w; := T;1p and observe that, for ¢t € (0, 7),

d T,0
T {Hwa+t —hy H%Q]

N /l\/l(wa+t — h{?) (Awgry — AV7*h]7) dm

(5.12) < KL|1p— 27| .

== | Alwrsi =) (T =TT h7 )
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= —28(wa+t) — ngqut (hz',a) + / {dh;’o’(vw5+t) + dwa+t (vVquth?O')} dm
M
< =28 (wyig) — 26V (A]7) + / F*(dwog) { F*(dhy7) + F(VY*~thy7) bdm |
M
where we defined (recall (2.2) for g3, )
Vu 1 * 1 Vu
EVYh):== [ ga,(dh,dh)dm = - [ dh(VV"h)dm
2 Jm 2 J/m
Now, it follows from (2.5) that
F*(dh{’)* < S - gau, ,(dh{”,dh]7) |
and similarly, by (2.4),
F(T7h7%)? < Cp- goar o (T7 07, TV0-h77) = Cp- ga, (], dA7) |

Therefore,

d T,0
d*[Hwoth hy’ \\%2]
< =28 (wyig) — 26V (R])

/( Sk +V/Cr) F*(dwotd) - \ /5, (dh]7 dh]7) dm
< 28 (wgy) — 267 ()

+ [ L (VBr 4 VER) P (@ugsa + g, (@17, 1)
_ <(\/ F+VCr)?

2

— 2) 5(U)a-+t) .
Since h)? = w,, integrating the above inequality in ¢ € (0,7) yields

T e ) [ gtwea

Plugging

d
E[HU’UHH%Z’} = /MwathAwngt dm = *25(wa+t)

into the RHS, we obtain

lewosr — W22 lwslze = lwosrllze)

o (WGP ),

Hence, h7’ — w, in L? as 7 — 0, and then (5.12) shows

82
lim/ ®,dm — ((I) <B>,w0>
ti0 Jp 2 L2

Finally, as o — 0, we have ||1p — we||;1 — 0 since w, — 1p in L? and m(M) < oco. This

S KLH]_D _waHLl .

completes the proof of (5.11) and hence the lower estimate (5.1).
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5.6. Further problems. We conclude with some further problems.

First of all, in Theorem 1.1, we used the assumption m(M) < oo only for deducing the
L'-convergence from the L2-convergence. We expect that a finer analysis of (non-linear
and linearised) heat semigroups could remove it. Such an analysis will be helpful also
for the further study of geometric analysis on noncompact Finsler manifolds, where some
results are known only under seemingly artificial assumptions; we refer to [31] for gradient
estimates and an isoperimetric inequality, and to [25] for a rigidity problem of the spectral
gap.

In the non-smooth setting in Theorem 1.2, the lower bound estimate is an intriguing
open problem. The main issue is whether we can avoid using a linearised heat semigroup

in Lemma 5.7.
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