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Abstract

We prove the Hawking and Penrose singularity theorems for Lorentz–Finsler structures
of mixed horizontal/vertical regularity Cp1,2q in the C1 weighted case and Cp1,3q in the
unweighted case. At this regularity, geodesics need not be uniquely determined by their
initial conditions, and the (weighted) Ricci curvature must be interpreted distribution-
ally. Our approach relies on a two-stage approximation procedure: first, a homogeneity-
preserving convolution, which is of independent interest in the broader semi-Riemann–
Finsler setting, and second, a causality-adapted approximation à la Chruściel–Grant. In
the special case of C1 Lorentzian metrics, our results extend the C1 singularity theorems
of Graf to the C1 weighted case.
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1 Introduction

The study of nonsmooth spacetimes has garnered considerable interest in recent years. Central
questions about the nature of singularities in general relativity and extendibility of spacetimes
in the context of the landmark singularity theorems of Hawking and Penrose necessitate the
study of a wider range of geometries under reduced smoothness assumptions. Currently, the
class of C1 Lorentzian metrics is the one which is best understood in terms of singularity [15,
20, 41] and rigidity [21, 6] theorems, as well as recently emergent synthetic descriptions of
energy conditions based on optimal transport [4].

In the smooth case, Lorentz–Finsler geometry provides a physically meaningful extension
of Lorentzian geometry which incorporates an additional directional dependence of the metric
tensor and its derived curvature quantities. Finsler spacetimes have been considered both as
a geometric description of gravity beyond general relativity (see, e.g., [3, 19, 38]) and in the
classical limit of modified dispersion relations encompassing Lorentz violation in quantum
gravity and in the Standard Model Extension (see, e.g., [14, 45, 17, 18, 39, 12]). Remarkably,
they provide a counter-example to the Shiff conjecture [22], but they are compatible with a
slight modification of Ehlers–Pirani–Schild axioms for general relativity (see [23, 3]).

Previous work on smooth Finsler spacetimes covers singularity [30, 1, 24], rigidity [26,
8], and comparison [25] theorems, as well as optimal transport [7]. However, so far, there
is no comparison-geometric treatment of low regularity Lorentz–Finsler structures. Their
causality theory is well captured and understood within the framework of cone structures due
to the second author [32], but the effects of curvature bounds on their global geometry have
not yet been investigated. The aim of this article is to initiate this study with the goal of
establishing the Hawking and Penrose singularity theorems for this class of spacetimes. A
major difference from the purely Lorentzian setting is the additional directional dependence
of the curvature quantities. Moreover, in the low regularity formulation, one can incorporate
additional nonsmoothness in the vertical (tangent) directions.

Many of our results for nonsmooth Finsler structures, their curvatures, and approxima-
tions, are signature-independent; see Remark 3.2. Hence, they can also be used in the study
of Riemann–Finsler structures as well as more general semi-Riemann–Finsler structures of
low regularity. Moreover, we expect that relaxing the regularity assumptions can contribute
to the construction of interesting classes of both Riemann– and Lorentz–Finsler manifolds.

We now outline our program and present our main results.
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Definition 1.1 (Cpk,lq Lorentz–Finsler structures). Let M be a smooth manifold and k, l P

N Y t0,`8u with k ` l ě 2. A Lorentz–Finsler structure of regularity Cpk,lq is a map L :
TM Ñ R such that the following hold:

(i) For each fiberwise linear chart pxi, viq on TMz0, B
β
xBσ

vL exists and is continuous for all
multi-indices β, σ satisfying |β| ď k and |σ| ď k ` l ´ |β|;

(ii) Lpcvq “ c2Lpvq for all c ą 0 and v P TM ;

(iii) For all v P TMz0, the vertical Hessian gijpvq :“ BviBvjL has Lorentzian signature
p´,`, . . . ,`q.

General low regularity semi-Riemann–Finsler structures (in particular, positive definite
Riemann–Finsler ones) are defined in complete analogy, changing the signature in (iii) ac-
cordingly. The purpose of condition (i) above is to provide a coordinate-invariant way of
phrasing the condition “jointly Ck in x and C l in v” for a map on the tangent bundle TM ;
see the discussion in Subsection 2.1. The majority of our results will assume k “ 1 and
l “ 2; in particular, it covers the case of C1 Lorentzian metrics g, which naturally induce
Lorentz–Finsler structures

Lpvq :“
1

2
gpv, vq

of class Cp1,8q.
In the setting most relevant to us, namely L P Cp1,2q or L P Cp1,3q, many basic properties

of smooth Lorentz–Finsler geometry fail to hold. In particular, geodesics are, in general, no
longer uniquely determined by their initial conditions, and curvature quantities can only be
defined in a distributional sense, similar to the C1 Lorentzian case [15, 20, 41, 6].

To study the geometry and causality induced by a nonsmooth Lorentz–Finsler structure
L, we therefore argue by approximation. Adapting from the C1 Lorentzian case [15, 20], we
construct two types of smooth Lorentz–Finsler structures: the convolution-based approxima-
tion Lε, as well as the causality-adapted approximations qLε and pLε. We obtain Lε through a
homogeneity-preserving convolution in local charts (see Subsection 3.1) which works irrespec-
tive of the signature of L (see Remark 3.2) and is therefore of independent interest in the more
general framework of low regularity semi-Riemann–Finsler geometries. At this stage, how-
ever, we lose control of any causality relation between Lε and L. To remedy this deficiency,
we locally align the future cones of Lε and L (see Proposition 3.4) and further construct two
families of (inner and outer) approximations qLε and pLε in the spirit of Chruściel–Grant (cf.
[11]) that satisfy

qLε ă L ă pLε,

where ă indicates the nesting of the future cones (see Definition 3.3). These have the same
analytic approximation properties as Lε (in fact, qLε ´ Lε Ñ 0 in C8

locpTMz0q, same for pLε),
but their causality is closely tied to that of L, which is crucial for the proof of singularity
theorems.

The energy conditions for L, which are key assumptions in the singularity theorems, are
formulated in a distributional sense on TM . This is in sharp contrast to the purely Lorentzian
case, in which distributional curvature can still be evaluated along smooth vector fields (in
particular, in timelike directions) and which can therefore be pulled back to a distribution on
M . Just as in the Lorentzian case, however, our distributional energy conditions on TM imply
surrogate energy conditions for the approximations qLε, which can be treated in a standard
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way. In the case of the strong energy condition, with ΩT Ď TM denoting the set of future
timelike vectors, this takes the following form (see Subsections 2.4, 3.3):

Definition 1.2 (Distributional strong energy condition). We say that a Cp1,2q Finsler space-
time pM,Lq satisfies the distributional strong energy condition if Ric ě 0 on ΩT in the dis-
tributional sense, i.e., xRic, µy ě 0 for any nonnegative volume density µ on TM compactly
supported in ΩT . Similarly, we say that Ric ě K timelike distributionally for K P R if the
distribution Ric ` 2KL is nonnegative.

Proposition 1.3 (Approximation of strong energy condition). Let pM,Lq be a Cp1,3q Finsler
spacetime satisfying the distributional strong energy condition, and let K Ď ΩT be compact.
Then for any δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q and v P K with
2qLεpvq “ ´1, we have

RicrqLεspvq ě ´δ.

Interestingly, favorable cancellations of certain terms allow us to prove an analogous ap-
proximation result in the weighted case for the less regular Cp1,2q class (see Remark 2.23,
Proposition 3.10), which is the reason for the discrepancy in regularity in the unweighted and
weighted singularity theorems below.

Let us now present our main results, which are the two versions of the Hawking singularity
theorem as well as the Penrose singularity theorem, for L P Cp1,3q in the unweighted case and
for L P Cp1,2q in the case where the Finsler spacetime is equipped with a C1 reference measure.
We refer to Section 4 for notions that appear below and which we have not discussed so far.

Theorem 1.4 (Unweighted Cp1,3q Hawking singularity theorem, version 1). Let pM,Lq be
a globally hyperbolic Cp1,3q Finsler spacetime satisfying Ric ě K timelike distributionally for
some K P R. Suppose that Σ Ď M is a C2 spacelike Cauchy hypersurface that is β-contracting,
where β ą 0 and additionally β ą

a

pn´ 1q|K| if K ă 0. Then

sup
M

dΣ ď TK,β,

where

TK,β :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

n´ 1

β
, K “ 0,

c

n´ 1

K
arctan

˜

a

pn´ 1qK

β

¸

, K ą 0,

c

n´ 1

|K|
arctanh

˜

a

pn´ 1q|K|

β

¸

, K ă 0.

In particular, pM,Lq is future timelike geodesically incomplete.

Theorem 1.5 (Unweighted Cp1,3q Hawking singularity theorem, version 2). Let pM,Lq be a
Cp1,3q Finsler spacetime satisfying the distributional strong energy condition, Σ Ď M a C2

compact spacelike hypersurface that is contracting. Then pM,Lq is future timelike geodesically
incomplete.

Theorem 1.6 (Unweighted Cp1,3q Penrose singularity theorem). Let pM,Lq be a globally
hyperbolic Cp1,3q Finsler spacetime which satisfies the distributional null energy condition and
contains a C2 trapped surface S and a noncompact Cauchy hypersurface. Then there exists a
future null geodesic η emanating orthogonally from S that is future incomplete.
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Theorem 1.7 (C1 weighted Cp1,2q Hawking singularity theorem, version 1). Let pM,Lq be a
globally hyperbolic Cp1,2q Finsler spacetime, equipped with a C1 measure m, satisfying

RicNm ě K exp

ˆ

4pκ´ 1q

n´ 1
Ψ

˙

timelike distributionally for some K P R, N P p´8, 1s Y rn,8s and κ timelike admissible for
N . Suppose that Σ Ď M is a C2 spacelike Cauchy hypersurface with θκ ă ´β, where β ą 0
and, additionally, β ą

a

|K|{cN,κ when K ă 0. Then we have

sup
η

lim
tÒT

φηptq ď T
pN,κq

K,β ,

where η : r0, T q Ñ M runs over all future unit speed timelike geodesics maximizing the distance
from Σ and we set

T
pN,κq

K,β :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1

cN,κβ
, K “ 0,

1
a

cN,κK
arctan

˜

1

β

d

K

cN,κ

¸

, K ą 0,

c

1

cN,κ|K|
arctanh

˜

1

β

d

|K|

cN,κ

¸

, K ă 0.

In particular, every such η is future κ-incomplete and, when N P rn,8q and κ “ 1, we have

supM dΣ ď T
pN,1q

K,β and pM,Lq is future timelike geodesically incomplete.

Theorem 1.8 (C1 weighted Cp1,2q Hawking singularity theorem, version 2). Let pM,L,mq

be a Cp1,2q Finsler spacetime equipped with a C1 measure m satisfying RicNm ě 0 timelike
distributionally for some N P p´8, 1s Y rn,8s. Suppose that Σ Ď M is a compact C2

spacelike hypersurface such that θκ ă 0 for some κ which is timelike admissible for N .
Then there exists a future inextendible unit speed timelike geodesic η : r0, T q Ñ M , starting

orthogonally to Σ, that is future κ-incomplete. In particular, when N P rn,8q and κ “ 1,
this geodesic is future incomplete in the usual sense.

Theorem 1.9 (C1 weighted Cp1,2q Penrose singularity theorem). Let pM,L,mq be a globally
hyperbolic Cp1,2q Finsler spacetime of dimension n ě 3, equipped with a C1 measure m, sat-
isfying the distributional null N -energy condition for some N P p´8, 2s Y rn,8s. Suppose
that M contains a noncompact Cauchy hypersurface and a compact orientable C2 spacelike
submanifold S of codimension 2 satisfying θ˘

κ ă 0 for some κ which is null admissible for N .
Then there exists a future inextendible null geodesic η : r0, T q Ñ M , starting orthogonally

to S, which is future κ-incomplete. In particular, if N P rn,8q and κ “ 1, η is future
incomplete in the usual sense.

For all of the singularity theorems stated above, time reversal gives past distance bounds
or past incompleteness; see Corollary 4.5 and Remark 4.18 for details.

Let us remark that, in the case of C1 Lorentzian metrics, our unweighted singularity theo-
rems recover the ones established by Graf in [15], while the weighted theorems provide genuine
extensions of those even for Lorentzian manifolds. A common feature of both approaches is
that branching of geodesics is not excluded, while the synthetic singularity theorems using
optimal transport (see [10, 9]) require nonbranching. As for low regularity Finsler structures,
it is unclear if curvature bounds imply nonbranching (cf. [36, 27]), hence our theorems would
not be subsumed by their synthetic counterparts [10, 9].
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1.1 Notation and conventions

We set N0 :“ N Y t0u. All manifolds are assumed to be smooth, connected, paracompact,
Hausdorff, and without boundary. We denote by g̃ a fixed complete Riemannian background
metric on M . We denote by 0 Ď TM the zero section and by π : TM Ñ M the canonical
projection. Throughout, we will make use of the Einstein summation convention.

1.2 Outlook

Our work opens the possibility of further investigation of low regularity Finsler structures from
various angles. For Lorentz–Finsler structures, the Hawking–Penrose singularity theorem [20]
and the splitting theorem [6] in Cp1,3q regularity (or in Cp1,2q regularity with C1 weights)
are natural next goals. It would further be interesting to investigate the links between our
distributional energy conditions and corresponding bounds expressed via optimal transport
[4, 5]. Such bounds are likewise relevant in the setting of low regularity Riemann–Finsler
structures; cf. [33, 34] for the analogous results in the smooth case.

Furthermore, as already alluded to, relaxing the smoothness assumptions in the definition
of semi-Riemann–Finsler structures allows for more flexibility in constructing examples that
do not come from semi-Riemannian metrics, which is of great independent interest. In par-
ticular, our results show that such low regularity Lorentz–Finsler structures are still able to
make physically meaningful predictions about the formation of singularities.

2 The geometry of low regularity Finsler spacetimes

In this section, we describe our framework for Finsler spacetimes of low regularity. Here, in
contrast to the purely Lorentzian case, one allows for additional nonsmoothness in (vertical)
tangent directions. We refer to [30, 24] for the basics of Lorentz–Finsler geometry and Finsler
spacetimes, and to [2, 43, 37] for the positive definite setting of Finsler manifolds.

2.1 Mixed regularity of functions on the tangent bundle

Let M be an n-dimensional smooth manifold and denote by TM its tangent bundle. If
pU, pxiqq is a chart on M , then a chart on the open set TU Ď TM is obtained by mapping
v P TU to px1pπpvqq, . . . , xnpπpvqq, v1, . . . , vnq, where π : TM Ñ M is the canonical projection
and

v “ vi
B

Bxi

ˇ

ˇ

ˇ

ˇ

πpvq

.

If pV, pyjqq is another chart onM , then the transition map for the bundle chart on TUXTV “

T pU X V q Ď TM is given by pxi, viq ÞÑ pyjpxq, viAj
i pxqq “ pyj , wjq, where Aj

i pxq :“ Byj

Bxi pxq.
The derivatives in the pxi, viq-coordinates can be expressed in the new coordinates as follows:

B

Bxi
“

Byj

Bxi
B

Byj
`

Bwj

Bxi
B

Bwj
“ Aj

i

B

Byj
` vk

BAj
k

Bxi
B

Bwj
,

B

Bvi
“

Bwj

Bvi
B

Bwj
“ Aj

i

B

Bwj
.
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Note that, in the (horizontal) x-directions, mixed derivatives appear after a coordinate change,
while in the (vertical) v-directions, no such derivatives appear. Given that both the transition
map and its derivatives Aj

i are smooth, the following definition is independent of the specific
choice of a chart.

Definition 2.1 (Cpk,lq,α-regular maps). Let M,N be smooth manifolds and let k, l P N0 Y

t`8u, α P r0, 1s, and U Ď TM be an open set. A map f : U Ñ N is said to be Cpk,lq,α-
regular if, in any bundle chart pxi, viq on U , for its coordinate representation fpx, vq the

partial derivatives B
β
xBσ

v f exist and are locally α-Hölder continuous for all multi-indices β, σ
with |β| ď k, |σ| ď k ` l´ |β|. We write Cpk,lq,αpUq for the space of Cpk,lq,α-regular functions
on U Ď TM .

In the above, B
β
xBσ

v is a placeholder for any derivative of the form

B
β1
xs1 ¨ ¨ ¨ B

βn
xsn B

σ1
vr1 ¨ ¨ ¨ B

σn
vrnf,

where β, σ P Nn
0 are multi-indices with |β| “

ř

i βi ď k, |σ| “
ř

i σi ď k ` l ´ |β|, and
ps1, . . . , snq, pr1, . . . , rnq are arbitrary permutations of p1, . . . , nq.

When α “ 0 (i.e., B
β
xBσ

v f is continuous), we omit it in the notation; namely Cpk,lq :“
Cpk,lq,0. Note that the usual regularity classes are obtained for l “ 0: CkpTMq “ Cpk,0qpTMq

and Ck,αpTMq “ Cpk,0q,αpTMq. By Schwarz’s theorem, as long as one takes up to k ` l
admissible derivatives in x and v, one can order the various partial derivatives in any way
without changing the result.

We remark that if f : U Ñ N is Cpk1,l1q,α1

-regular, then it is also Cpk,lq,α-regular provided
k ď k1, k` l ď k1 ` l1 and α ď α1. Moreover, note that Ck,α Ď Cpk1,l1q,α as long as k1 ` l1 ď k.

Remark 2.2 (Generalization to vector bundles). The fact that no mixed derivatives appear
in the expression for B{Bvi is a consequence of the vector bundle structure of TM . Thus, more
generally, it makes sense to consider maps from an open set U Ď V of an arbitrary smooth
vector bundle V over M to any other smooth manifold N that are of class Cpk,lq,α.

2.2 Low regularity Lorentz–Finsler structures and Finsler spacetimes

We now introduce low regularity Lorentz–Finsler manifolds and Finsler spacetimes, building
on the notion of Cpk,lq,α-regularity.

Definition 2.3 (Cpk,lq,α Lorentz–Finsler structures). Let M be a smooth manifold, k, l P

N0 Y t`8u with k ` l ě 2, and α P r0, 1s. A function L : TM Ñ R is called a Cpk,lq,α

Lorentz–Finsler structure on M if

(1) L P Cpk,lq,αpTMz0q, where 0 Ď TM denotes the zero section;

(2) Lpcvq “ c2Lpvq for all v P TM and c ą 0;

(3) For any v P TMz0, the symmetric pnˆ nq-matrix

gijpvq :“
B2L

BviBvj
pvq

is non-degenerate with signature p´,`, . . . ,`q.
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We call the pair pM,Lq a Cpk,lq,α Lorentz–Finsler manifold.

Observe that any Cpk,lq,α Lorentz–Finsler structure is continuous at the zero section 0 Ď

TM (with L “ 0 on 0) as a consequence of the positive 2-homogeneity asserted in condition
(2). We also remark that Lp´vq may not coincide with Lpvq since c ą 0 in (2). Moreover, by
condition (3), for each v P TxMz0, the matrix gijpvq (components of the fundamental tensor)
defines a Lorentzian metric gv on TxM via

gvpw1, w2q :“ gijpvqwi
1w

j
2 (2.1)

for w1, w2 P TxM .

Example 2.4 (Low regularity Lorentzian metrics). Let g be a Ck,α Lorentzian metric on
M for k P N0 Y t`8u and α P r0, 1s. Then it naturally induces a Cpk,8q,α Lorentz–Finsler
structure on M via

Lpvq :“
1

2
gpv, vq.

As is easily seen,
B2L

BviBvj
pvq “ g

ˆ

B

Bxi
,

B

Bxj

˙

for all v P TMz0, so in this case, the induced Lorentzian metric gv as in (2.1) is equal to g,
and thus independent of the direction v.

Example 2.5 (Low regularity Randers metrics). An example of a low regularity Riemann–
Finsler structure (whose definition is exactly the same as that of a Lorentz–Finsler structure
L, except that gijpvq is required to be positive definite for all v P TMz0) is given by Randers
structures of the form

Lpvq :“
1

2

`

a

gpv, vq ` βpvq
˘2
,

where g is a Ck,α Riemannian metric and β is a Ck,α 1-form such that |β|g ă 1. The resulting
Randers metric L is then of regularity Cpk,8q,α. Lorentzian Randers structures defined on all
of TM are difficult to describe; we refer to the discussion in [29].

Example 2.6 (An explicit warped product-type example). An explicit Lorentz–Finsler struc-
ture of regularity Cp1,3q, the class for which we establish our unweighted singularity the-
orems, can be constructed as follows. Let M “ R ˆ Rn, aptq :“ 1 ` |t|3{2 and define
L : TM “ pR ˆ Rnq ˆ pR ˆ Rnq Ñ R by

2L
`

pt, xq, pτ, vq
˘

:“ ´5τ2 ` aptq2
n
ÿ

i“1

pviq2 `

ˆ

|τ |9{2 ` aptq9{2
n
ÿ

i“1

|vi|9{2

˙4{9

.

An explicit computation shows that L is of regularity Cp1,3q, but not of regularity Cp1,4q, and
that its vertical Hessian has Lorentzian signature at every pτ, vq ‰ 0.

Similarly to the Lorentzian case, we call v P TM timelike if Lpvq ă 0, null if Lpvq “ 0 and
v R 0, and spacelike if Lpvq ą 0 or v P 0. Timelike and null vectors are collectively referred
to as causal. We write Ω

1T
x for the set of timelike vectors in TxM , and Ω

1T :“
Ť

xPM Ω
1T
x .

Similarly, we write Ω
1C
x and Ω

1C for the respective sets of causal vectors. Moreover, we set

F pvq :“
a

´2Lpvq

if v is causal. By Euler’s homogeneous function theorem, F pvq “
a

´gvpv, vq. It is a conse-

quence of [29, Lem. 1] that Ω
1T
x “ pΩ

1C
x q˝, BΩ

1T
x “ BΩ

1C
x and Ω1T

x “ Ω
1C
x Y t0u.
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Definition 2.7 (Cpk,lq,α Finsler spacetimes). Let pM,Lq be a Cpk,lq,α Lorentz–Finsler man-
ifold. If there is a continuous timelike vector field X on M , we call pM,Lq a Cpk,lq,α Finsler
spacetime that is time-oriented by X.

As in the smooth case, whenever there is a continuous timelike vector field X, there also
exists a smooth timelike vector field rX such that Xpxq and rXpxq are in the same connected
component of Ω

1T
x for every x P M . This follows from a simple partition of unity argument by

patching together smooth timelike vector fields obtained via local convolution in coordinates.
Given a Cpk,lq,α Finsler spacetime pM,Lq time-oriented by X, we say that a causal vector

v P Ω
1C
x is future(-directed) if it lies in the same connected component of Ω

1C
x as Xpxq. We

write ΩT
x Ď Ω

1T
x for the set of all future timelike vectors at x, similarly ΩC

x Ď Ω
1C
x , as well as

ΩT :“
ď

xPM

ΩT
x , ΩC :“

ď

xPM

ΩC
x .

For the future timelike cone ΩT
x , consider its polar cone

pΩT
x q˚ :“

␣

ω P T ˚
xM : ωpvq ă 0 for all v P ΩC

x

(

,

which is an open convex cone in T ˚
xM . For ω P pΩT

x q˚, define

L˚pωq :“ ´
1

2
inf

vPΩT
x XL´1p´1{2q

ωpvq2.

Setting F ˚pωq :“
a

´2L˚pωq for ω P pΩT
x q˚, for v P ΩC

x , we have the reverse Cauchy–Schwarz
inequality :

a

4LpvqL˚pωq “ F pvqF ˚pωq ď ´ωpvq.

By the concavity property of L in timelike directions, we obtain the Legendre transform
L˚ : pΩT

x q˚ Ñ ΩT
x , which sends ω to the unique element v such that Lpvq “ L˚pωq “ ωpvq{2

and is a Cpk,l´1q-diffeomorphism (assuming l ě 1). A coordinate expression for L˚ is

L˚pωq “
BL˚

Bωi
pωq

B

Bxi
,

where ω “ ωi dx
i, and the inverse map is given in the same way:

pL˚q´1pvq “
BL

Bvi
pvqdxi.

Thus, in particular, L˚ P Cpk,lq by the inverse function theorem. Setting

g˚
ijpωq :“

B2L˚

BωiBωj
pωq

for ω P pΩT
x q˚, we note that the matrix pg˚

ijpωqq also has the Lorentzian signature and satisfies
(if k ` l ě 3)

Bg˚
ij

Bωk
pωqωk “

Bg˚
ik

Bωj
pωqωk “ 0

due to Euler’s homogeneous function theorem, and that pg˚
ijpωqq is the inverse matrix of

pgijpL˚pωqqq.

9



A piecewise C1 curve η : I Ď R Ñ M in a Cpk,lq,α Finsler spacetime pM,Lq is called
timelike if for all t P I for which 9ηptq exists, 9ηptq is a timelike vector. If η is merely absolutely
continuous, we say that it is causal if for a.e. t P I, 9ηptq is a causal vector. Similarly, we
define what it means for timelike and causal curves to be future(-directed). We define the
chronological (or timelike) relation x ! y by the existence of a future timelike curve from x
to y, and the causal relation x ď y by either x “ y or the existence of a future causal curve
from x to y. Then we employ the usual notation:

I`pxq :“ ty P M : x ! yu, I´pxq :“ ty P M : y ! xu,

J`pxq :“ ty P M : x ď yu, J´pxq :“ ty P M : y ď xu.

Moreover, for A Ď M , we set I`pAq :“
Ť

xPA I
`pxq.

We define the Lorentz–Finsler arclength and Lorentz–Finsler distance (or time separation)
by

Lpηq :“

ż 1

0
F
`

9ηptq
˘

dt, dpx, yq :“ sup
η

Lpηq,

where the supremum runs over future causal curves η : r0, 1s Ñ M from x to y. Note that,
by convention, dpx, yq “ 0 if there is no such curve. Given any subset A Ď M , we define
dApyq :“ supxPA dpx, yq. For any y P J`pAq “

Ť

xPA J
`pxq, we say that a future causal

curve η : r0, 1s Ñ M with ηp0q P A and ηp1q “ y maximizes the distance from A to y if
Lpηq “ dApyq.

The following lemma will be useful in several places.

Lemma 2.8 (Proper cone structures). Let pM,Lq be a Cp1,3q Finsler spacetime. Then the
future causal cone distribution ΩC Ď TM is a locally Lipschitz proper cone structure in the
sense of [32].

Proof. This was already shown in [32, Thm. 2.52], noting that the C2 assumption in its
statement is not needed in the proof.

2.3 Covariant derivative and geodesics

Next, we introduce the covariant derivative under slightly better regularity.

Definition 2.9 (Chern connection). Let pM,Lq be a Cp1,3q,α Finsler spacetime. Define

γijkpvq :“
1

2
gilpvq

ˆ

Bglk
Bxj

`
Bgjl
Bxk

´
Bgjk
Bxl

˙

pvq (2.2)

for v P TMz0, where pgijpvqq denotes the inverse matrix of pgijpvqq. Further, set for v P TMz0

Gipvq :“ γijkpvqvjvk, N i
jpvq :“

1

2

BGi

Bvj
pvq.

By convention, we put Gip0q :“ 0 and N i
jp0q :“ 0. The coefficients of the Chern connection

of pM,Lq are now defined for v P TMz0 via

Γi
jkpvq :“ γijkpvq ´

1

2
gilpvq

ˆ

Bglk
Bvm

Nm
j `

Bgjl
Bvm

Nm
k ´

Bgjk
Bvm

Nm
l

˙

pvq.

10



Remark 2.10 (On regularities). Suppose that pM,Lq is a Cp1,2q Finsler spacetime. Invoking
Euler’s homogeneous function theorem, we see that the spray coefficients Gi satisfy

Gipvq “ gilpvq

ˆ

B2L

BxjBvl
pvqvj ´

BL

Bxl
pvq

˙

. (2.3)

This allows us to define the nonlinear connection coefficients N i
j even in this regularity, as

B
β
xBσ

vL is well-defined and continuous for all |β| ď 1, |σ| ď 3 ´ |β|. For the convenience of the
reader, we summarize the regularities of the various objects associated with L P Cp1,2q:

gij , g
ij P Cp1,0qpTMz0q,

Gi P Cp0,1qpTMz0q,

γijk, N
i
j , Γ

i
jk P Cp0,0qpTMz0q.

Definition 2.11 (Covariant derivative). Let pM,Lq be a Cpk,lq,α Finsler spacetime with k ě 1
and l ě 2. Let Y “ Y iBxi , V “ V iBxi and W “ W iBxi ‰ 0 be vector fields on M of regularity
Cm1,α1 , Cm2,α2 and Cm3,α3 , respectively, where m1 ě 1. Then the covariant derivative of Y
in the direction V with respect to reference direction W is defined as

DW
V Y :“

ˆ

V j BY i

Bxj
` Γi

jkpW qY jV k

˙

B

Bxi
.

Evidently, it is a vector field of regularity Cminpk´1,l´2,m1´1,m2,m3q,minpα,α1,α2,α3q.

Let pM,Lq be a Cp1,2q Finsler spacetime and recall from Remark 2.10 that the coefficients
γijk are continuous in this case.

Definition 2.12 (Geodesics). A C2-curve η : I Ñ M with an interval I Ď R is called a
pregeodesic if

:ηi ` γijkp 9ηq 9ηj 9ηk “ λ 9ηi

on I for some continuous function λ : I Ñ R. It is called a geodesic if λ ” 0. We may
equivalently characterize (pre)geodesics via the Chern connection, i.e., D 9η

9η 9η “ λ 9η or D 9η
9η 9η “ 0.

Note that by Peano’s theorem, for any initial datum v P TM there exists a (not necessarily
unique) geodesic η : I Ñ M defined on its maximal domain I with 0 P I and 9ηp0q “ v. We
say that pM,Lq is (future/past timelike/null/causal) geodesically incomplete if there exists a
solution of the geodesic equation of the respective quality whose maximal domain is bounded
above (for future incompleteness) or below (for past incompleteness).

Along any geodesic η, Lp 9ηq is constant since

d

dt

“

Lp 9ηq
‰

“
1

2

d

dt

“

g 9ηp 9η, 9ηq
‰

“ g 9ηpD 9η
9η 9η, 9ηq “ 0

(see [24, Eq. (3.1)] for the second equality). As a consequence, we obtain the following.

Lemma 2.13 (Fixed causal character). Geodesics in a Cp1,2q Finsler spacetime have fixed
causal character, i.e., they are either timelike, null, or spacelike, on the entirety of their
domain.

The following is a consequence of the basic ODE theory.

11



Proposition 2.14 (Existence time estimate for geodesics). Let pM,Lq be a Cp1,2q Finsler

spacetime and pLεqεą0 be smooth Lorentz–Finsler structures converging in C
p1,2q

loc to L as
ε Ñ 0. Let K Ď TM be compact and suppose that all L-geodesics with initial data in K
are defined on r0,8q. Then for any T ą 0 there exists ε0 “ ε0pK, T q ą 0 such that for any
ε P p0, ε0q, all Lε-geodesics with initial data in K are defined at least on r0, T s.

Here, by the C
pk,lq,α
loc -convergence, we mean that for any pair of multi-indices β, σ with

|β| ď k and |σ| ď k ` l ´ |β|,
Bβ
xBσ

vLε Ñ Bβ
xBσ

vL (2.4)

locally in the Cα-norm on TMz0.

Proof. Suppose that the claim is false, so that there is some T ą 0 as well as a sequence
εi Ñ 0 and vi P K such that there are Lεi-geodesics ηi with 9ηip0q “ vi that are defined at
most on r0, T q. By compactness, we may assume vi Ñ v P K. Since the coefficients γjklrLεis

corresponding to Lεi converge locally uniformly to the coefficients γjklrLs of L, ηi converges
in C2

loc to a solution η of the L-geodesic equation with 9ηp0q “ v. Then, an estimate of
Hartman (see [20, Prop. 2.5]) asserts that η is defined at most on r0, T q, contradicting our
assumption.

An analog of the above result also holds if L-geodesics in K are defined on r0, T q; in this
case for any rT P p0, T q there exists ε0 ą 0 such that for any ε P p0, ε0q, all Lε-geodesics with
initial data in K are defined at least on r0, rT s.

We have the following compactness result as a consequence of these existence time esti-
mates.

Corollary 2.15 (Compactness for geodesics). Let pM,Lq be a Cp1,2q Finsler spacetime and

pLεqεą0 be smooth Lorentz–Finsler structures converging in C
p1,2q

loc to L as ε Ñ 0. Let K Ď TM
be compact and suppose that all L-geodesics with initial data in K are defined on r0, T q, with
T ď `8. Then for any rT P r0, T q there exists ε0 “ ε0pK, rT q ą 0 such that the set

FK, rT ,ε0
:“

␣

9ηptq : η is an Lε-geodesic, 9ηp0q P K, ε P r0, ε0s, t P r0, rT s
(

Ď TM

is compact, where we set L0 :“ L.

2.4 Distributional curvature and energy conditions

In the smooth case, the components of the curvature tensor R : TxM Ñ T ˚
xM b TxM are

defined as

Ri
jpvq :“

BGi

Bxj
pvq ´

BN i
j

Bxk
pvqvk `

BN i
j

Bvk
pvqGkpvq ´N i

kpvqNk
j pvq. (2.5)

In our setting, we must first give meaning to this expression, as it formally involves derivatives
of (merely) continuous functions; we assume L P Cp1,2q, so that Gi P Cp0,1q and N i

j P Cp0,0q,
as we saw in Remark 2.10.

As laid out in [15, Sec. 3.2], we can argue locally and consider (2.5) on some open subset
U ˆ V of Rn ˆ Rn. We then recast (2.5) by interpreting the expressions that appear as
(first-order) distributions. To do so, it suffices to define the action of each term on the dense
subspace C1

c pUq b C1
c pV q. For the first term in (2.5), we simply set

B

BGi

Bxj
, φb ψ

F

“ ´

B

Gi,

ˆ

Bφ

Bxj

˙

b ψ

F

“ ´

ż

UˆV
Gipx, vq

Bφ

Bxj
pxqψpvqdx dv

12



for φb ψ P C1
c pUq b C1

c pV q. We can similarly interpret the second term, while for the third,
the fact that Gk P Cp0,1q ensures Gkpx, ¨ q ¨ ψ P C1

c pV q for each x P U and ψ P C1
c pV q, so that

B

BN i
j

Bvk
Gk, φb ψ

F

“ ´

ż

UˆV
N i

jpx, vqφpxq
B

Bvk
“

Gkpx, vqψpvq
‰

dx dv

is well-defined. The last term in (2.5) merely involves the multiplication of two continuous
functions, which we can directly interpret as a regular distribution on U ˆ V .

The distributional Ricci curvature (or Ricci scalar) Ric of a Cp1,2q Finsler spacetime
pM,Lq is then defined locally as the distribution Ri

i. Since at most the first order derivatives
of continuous functions appear in the local expression for Ri

j , one sees that Ric P D1p1qpTMz0q,
i.e., the Ricci curvature is a distribution of first order (see [20] for details regarding tensor
distributions on smooth manifolds).

Definition 2.16 (Distributional strong energy condition). We say that a Cp1,2q Finsler space-
time pM,Lq satisfies the distributional strong energy condition if Ric ě 0 on ΩT in the dis-
tributional sense, i.e., xRic, µy ě 0 for any nonnegative volume density µ on TM compactly
supported in ΩT . Similarly, we say that Ric ě K timelike distributionally for K P R if the
distribution Ric ` 2KL is nonnegative.

Remark 2.17 (Compatibility with standard strong energy condition in sufficient regularity).
It is easily seen that this condition coincides with the usual strong energy condition in the
case where Ric : TMz0 Ñ R is continuous. Indeed, if Ricpvq ě 0 for all v P ΩT , then clearly
xRic, µy ě 0 for any µ compactly supported in ΩT . On the other hand, if Ricpvq ă 0 for some
v P ΩT , by continuity, this inequality continues to hold in a neighborhood U Ď TM of v and
by the openness of ΩT , we can assume that U Ď ΩT . Hence, xRic, µy ă 0 for any nonnegative,
nontrivial µ compactly supported in U . The same argument shows that the general bound
Ric ě K agrees with its continuous counterpart if Ric is continuous.

The null energy condition is more subtle since the set of null vectors is invisible from the
distributional viewpoint.

Definition 2.18 (Distributional null energy condition). We say that a Cp1,2q Finsler space-
time pM,Lq satisfies the distributional null energy condition if for any compact set K Ď TMz0,
we have

lim inf
δÑ0

inf
µPMδpKq

xRic, µy ě 0,

where MδpKq is the set of densities µ on TM such that µ ě 0, suppµ Ď t|L| ď δu X ΩC X K,
and

ş

TM µ “ 1. When MδpKq “ ∅, the infimum is set to `8.

Spelled out, this definition requires that for every ε ą 0 and any compact set K Ď TMz0,
we can find some δ0 ą 0 such that

xRic, µy ě ´ε for any µ P MδpKq, δ P p0, δ0s.

Note (in comparison with [20]) that we need to restrict MδpKq to future causal vectors due
to the irreversibility of L (i.e., Lp´vq ‰ Lpvq, and thus Ricp´vq ‰ Ricpvq).

Remark 2.19 (Compatibility with standard null energy condition in sufficient regularity).
Again, this is consistent with the usual definition in the smooth case. Suppose that the Ricci
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curvature Ric : TMz0 Ñ R is continuous and satisfies the pointwise null energy condition
Ricpvq ě 0 for all future null vectors v P TMz0. By continuity, for any ε ą 0, there exists an
open neighborhood U Ď TMz0 containing tL “ 0u XΩC such that Ricpvq ą ´ε for all v P U .
Now, for any compact set K Ď TMz0, there exists δ0 ą 0 such that

t|L| ď δu X ΩC X K Ď U for all δ P p0, δ0s.

In fact, otherwise, the family Fδ :“ pt|L| ď δu X ΩC X KqzU constitutes a family of closed,
nested, and nonempty sets, and hence, by the compactness of K, we would have

Ş

δą0Fδ ‰ ∅.
This, however, contradicts

Ş

δą0t|L| ď δu XΩC “ tL “ 0u XΩC Ď U . Therefore Ric ą ´ε on
the support of any µ P MδpKq, thereby

xRic, µy ą ´ε

ż

t|L|ďδuXΩCXK
µ “ ´ε for any µ P MδpKq, δ P p0, δ0s.

Next, suppose that there is some future null vector v0 P TMz0 such that Ricpv0q ă 0. Then
there exists some ε ą 0 and a compact neighborhood K Ď TMz0 of v0 such that Ricpvq ď ´ε
for all v P K. Hence, xRic, µy ď ´ε for any δ ą 0 and any µ P MδpKq.

2.5 Weighted Ricci curvature

On a Cp1,2q Finsler spacetime pM,Lq, we can study C1 measures and associated weighted
Ricci curvature. Let m be a C1 measure on M in the sense that it is locally represented as
m “ σpxq dx1 ¨ ¨ ¨ dxn with a positive C1 function σ. Consider the distortion

Ψpx, vq :“ ´ log σpxq `
1

2
log

ˇ

ˇdet
`

gijpx, vq
˘
ˇ

ˇ

for v P TMz0. Then we have Ψ P Cp1,0q and m “ e´ΨpV q
a

| detpgijpV qq|dx1 ¨ ¨ ¨ dxn for any
future timelike vector field V . Using the geodesic spray vector field

S :“ vi
B

Bxi
´Gipx, vq

B

Bvi

on TM (giving geodesics as the projection of its integral curves; see [42]), we define the
weighted Ricci curvature as the distribution

RicNm :“ Ric ` SpSΨq ´
pSΨq2

N ´ n

on TMz0, for N P R Y t`8uztnu, where the last term vanishes definitionally if N “ `8.
Note that SΨ P Cp0,0q. As in the case of Ric, since Gi P Cp0,1q, we see that SpSΨq is a
well-defined first order distribution on TMz0. We further define Ric8

m :“ Ric ` SpSΨq, as
well as Ricnm :“ Ric provided SΨ ” 0.

Remark 2.20 (Weighted Ricci curvature in higher regularity). If L P Cp2,2q and m is a C2-
measure, then the above definition of weighted Ricci curvature agrees with the following usual
one (see [24, 37]). Fix v P ΩT

x , let η : p´ε, εq Ñ M be the geodesic with 9ηp0q “ v, and put
ψηptq :“ Ψpηptq, 9ηptqq. Then, since Ψ P Cp2,0q and η P C3, we can define

RicNm pvq :“ Ricpvq ` ψ2
ηp0q ´

ψ1
ηp0q2

N ´ n
.
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Definition 2.21 (Weighted energy conditions). Let pM,L,mq be a Cp1,2q Finsler spacetime
pM,Lq equipped with a C1 measure m. Recall n “ dimM .

(1) Let N P p´8, 1s Y rn,8s. We say that pM,L,mq satisfies RicNm ě K timelike distri-
butionally for K P R (or the distributional strong N -energy condition when K “ 0) if
xRicNm ` 2KL,µy ě 0 for any nonnegative volume density µ compactly supported in ΩT .

(2) Let N P p´8, 2s Y rn,8s with n ě 3. We say that pM,L,mq satisfies the distributional
null N -energy condition if for any compact set K Ď TMz0 we have

lim inf
δÑ0

inf
µPMδpKq

xRicNm , µy ě 0,

where MδpKq is as in Definition 2.18.

Let us note that, in general, there may be no measure m on M such that SΨ ” 0 (see
[35], [37, §10.3.2] in the positive definite case), so an unweighted Ricci bound can, in general,
not be obtained as a special case of a weighted bound in the Finsler setting.

Remark 2.22 (From the distributional strong energy condition to the null energy condition).
Let pM,Lq be a Cp1,2q Finsler spacetime. If L satisfies Ric ě K timelike distributionally in
the sense of Definition 2.16 for some K P R, then it satisfies the distributional null energy con-
dition. Similarly, in the weighted case, if pM,L,mq is a C1 weighted Cp1,2q Finsler spacetime,
N P p´8, 1s Y rn,8s, K P R and RicNm ě K timelike distributionally, then pM,L,mq satisfies
the distributional N -null energy condition. This was unclear even in the C1 Lorentzian case
[15], however, we can establish it here due to our definition of (weighted) null energy con-
dition, which is implied by [15, Def. 5.1] for C1 Lorentzian metrics and is sufficient for the
purposes of establishing the Penrose singularity theorems (see Theorems 4.12 and 4.17).

Let us sketch the argument in the unweighted case withK “ 0, the (un)weighted case with
general K is analogous. Suppose that pM,Lq is Cp1,2q and satisfies the distributional strong
energy condition. Fix a compact set K Ď TMz0 and let µ P MδpKq, i.e., µ is supported
in t|L| ď δu X ΩC X K. Let X be the smooth time orientation vector field of pM,Lq and
s ą 0. Define the map Fs : TM Ñ TM via Fspvq :“ v ` sXpπpvqq. Then the push-forward
µs :“ pFsq˚µ is a nonnegative volume density with compact support such that supppµsq “

Fspsupppµqq Ď ΩT . Since µs Ñ µ in the sense of compactly supported volume densities, we
conclude that

xRic, µy “ lim
sÑ0

xRic, µsy ě 0.

Taking the infimum over µ P MδpKq and then sending δ Ó 0, we conclude that the distribu-
tional null energy condition is satisfied.

Remark 2.23 (Rewriting of weighted Ricci curvature). For the convergence results of the
next section, it will be beneficial to rewrite the expression for RicNm ; cf. [44, Sec. 7], [37, Lem.
10.6]. To do so, decompose Ψ into

τpx, vq :“
1

2
log

ˇ

ˇdet
`

gijpx, vq
˘ˇ

ˇ, upxq :“ log σpxq,

and recall from (2.3) that

Gi “ gilAl, whereAl :“ vj
B2L

BxjBvl
´

BL

Bxl
.
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Using the symmetry of gil and Jacobi’s formula 2 Bτ
Bxj “ gil Bgil

Bxj , we get

gil
BAl

Bvi
“ gil

ˆ

B2L

BxiBvl
` vj

Bgil
Bxj

´
B2L

BviBxl

˙

“ gilvj
Bgil
Bxj

“ 2vj
Bτ

Bxj
.

Moreover, differentiating the inverse matrix Bvig
il “ ´gijpBvigjkqgkl and using the symmetry

of the vertical derivatives of L, we obtain

Bgil

Bvi
Al “ ´gij

Bgjk
Bvi

Gk “ ´gij
Bgij
Bvk

Gk “ ´2Gk Bτ

Bvk
.

Hence,

ν :“ N i
i “

1

2

BGi

Bvi
“ vj

Bτ

Bxj
´Gj Bτ

Bvj
“ Sτ.

Using this, we can rewrite the expression for RicNm as follows: Since Ψ “ τ ´ u, we have

SΨ “ ν ´ Su “ ν ´ vi
Bu

Bxi
, S2Ψ “ Sν ´ vivj

B2u

BxiBxj
`Gi Bu

Bxi
.

Taking the trace of Ri
j in (2.5), we find

Ric “
BGi

Bxi
´ Sν ´N i

kN
k
i .

Thus,

RicNm “
BGi

Bxi
´N i

jN
j
i ´ vivj

B2u

BxiBxj
`Gi Bu

Bxi
´

1

N ´ n

ˆ

N i
i ´ vi

Bu

Bxi

˙2

, (2.6)

where the last term is understood as 0 when N “ 8. Notice that, in this expression, the
term Sν in the definition of RicNm has canceled with the term S2τ “ Sν coming from the
distortion, and hence, no derivatives of N i

i appear in (2.6).

3 Smooth approximations

This section is devoted to the key technical tool for our discussion: smooth approximations
of low regularity Lorentz–Finsler structures. We construct them in two steps.

3.1 Construction of regularizations

Let pM,Lq be a Cpk,lq,α Finsler spacetime. We first introduce a regularization scheme (fol-
lowing [15, 20]) that produces a one-parameter family of C8 Lorentz–Finsler structures ap-
proximating L.

To this end, we pick an atlas tpUa, ψaquaPA of M with relatively compact Ua and choose
a subordinate partition of unity tζauaPA on M . Further, let tχauaPA be a locally finite family
of smooth, compactly supported functions on M such that χa ” 1 on a neighborhood of
supp ζa Ď Ua, 0 ď χa ď 1, and that suppχa Ď Ua. Finally, fix a Riemannian background
metric g̃ on M .
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Locally, in a chart pUa, ψaq, set ℓa :“ pψaq˚ppζa ˝ πqLq : T rψapUaqs Ñ R, and define for
(small) ε ą 0 and px, vq P T rψapUaqs “ ψapUaq ˆ Rn,

Hε,aLpx, vq :“

ż

RnˆRn

ℓa
`

x´ εy, v ´ εrapx, vqw
˘

ρpy, wqdy dw

“ rapx, vq2pℓa ‹ ρεq
`

x, v{rapx, vq
˘

(3.1)

(the latter expression is understood as 0 at v “ 0), where rapx, vq :“ }pdψ´1
a qxpvq}g̃, ρ is a

convolution kernel on R2n supported in B1p0q2, and ρε :“ ε´2nρp¨{εq (ℓapx´ εy, ¨q reads as 0
when x´ εy R ψapUaq). Then, Hε,aL is positively 2-homogeneous in v and smooth away from
the zero section. Globally, we now define

HεL :“
ÿ

aPA

pχa ˝ πqpψaq˚pHε,aLq. (3.2)

Since each Hε,aL is positively 2-homogeneous and smooth away from the zero section, so is
HεL.

We will also use the operator Hε to regularize RicrLs (the Ricci curvature of L) by locally
setting

Hε,apRicrLsq :“ rapx, vq2pRicrLsa ‹ ρεq
`

x, v{rapx, vq
˘

,

where RicrLsa :“ pψaq˚ppζa ˝ πqRicrLsq, and summing up these local pieces as in (3.2). To
define this regularization globally, some care is required regarding the supports of the convo-
lution kernels (in low regularity, RicrLs is only defined as a distribution on the slit tangent
bundle). Since our approximation results concern only compact subsets of TMz0, this issue
can be omitted, however.

We summarize the most important properties of HεL in the following proposition.

Proposition 3.1 (Properties of the regularization). Let pM,Lq be a Cpk,lq,α Finsler spacetime.

(i) We have HεL Ñ L in C
pk,lq
loc as ε Ñ 0, and when α ą 0, in C

pk,lq,α1

loc (in the sense of
(2.4)) for every α1 ă α. Moreover, provided α ą 0, for each compact set K Ď TMz0,
there exist εK, cK ą 0 such that

}Bβ
xBσ

vHεL´ Bβ
xBσ

vL}8,K ď cKε
α for all ε P p0, εKs

and |β| ď k, |σ| ď k ` l ´ |β|. In particular, if L P Cpk,lq with k ě 1, then

}Bβ
xBσ

vHεL´ Bβ
xBσ

vL}8,K ď cKε for all ε P p0, εKs

and |β| ď k ´ 1, |σ| ď k ` l ´ 1 ´ |β|.

(ii) There exists a smooth function pε, vq ÞÑ Lεpvq, p0, 1q ˆ pTMz0q Ñ R, such that

(a) each v ÞÑ Lεpvq is a smooth Lorentz–Finsler structure, time-orientable by the same
vector field as L;

(b) for each compact set K Ď TMz0, there exists εK ą 0 such that Lε|K “ HεL|K for
all ε P p0, εKs.
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Proof. (i) For ℓa ‹ ρε Ñ ℓa, these assertions follow from properties of the convolution, noting
that }f ´ f ‹ ρε}8 ď }f}C0,αεα provided that f : Rn ˆ Rn Ñ R is α-Hölder continuous; see
[15, Proposition 3.5] for details. Now, to pass from ℓa ‹ ρε to Hε,aL, we make use of the
homogeneity of ℓa to write

Bβ
xBσ

vHε,aLpx, vq ´ Bβ
xBσ

v ℓapx, vq

“ Bβ
xBσ

v

„

rapx, vq2
ˆ

pℓa ‹ ρεq

ˆ

x,
v

rapx, vq

˙

´ ℓa

ˆ

x,
v

rapx, vq

˙˙ȷ

,

and note that rapx, vq2 and v{rapx, vq are smooth on K Ď TMz0. Hence, by the product and
chain rules, the above estimates pass to HεL.

(ii) Let X be the timelike vector field determining the time orientation of L. For each
compact set B Ď M , the g̃-unit tangent bundle SB over B is compact. From the local uniform
convergence of HεL and its second v-derivatives to those of L established in (i), it follows
that there exists εB ą 0 such that, for every ε P p0, εBs, the symmetric matrix BviBvjHεL
has Lorentzian signature on SB, as well as HεLpXpxqq ă 0 for every x P B. Since HεL
is positively 2-homogeneous, its vertical Hessian is positively 0-homogeneous. Hence, the
signature assertion holds on all of π´1pBqz0.

Using the parameter construction in the proof of the globalization lemma [16, Lem. 4.3],
with a compact exhaustion of M , we can therefore choose a smooth function µ : p0, 1q ˆM Ñ

p0, 1q such that, for every pε, xq, the function Hµpε,xqL has these properties on TxMzt0u, and
such that µpε, xq “ ε on a neighborhood of each fixed compact subset of M for sufficiently
small ε ą 0. Set

Lεpvq :“ Hµpε,πpvqqLpvq.

This assignment is smooth away from the zero section and positively 2-homogeneous. More-
over, since µ depends only on the base point,

BviBvjLεpvq “ BviBvjHµpε,xqLpvq, x “ πpvq.

Thus, Lε has Lorentzian signature and is time-oriented by X, proving (a). For a compact
set K Ď TMz0, eventually µpε, ¨q “ ε on a neighborhood of πpKq, thus Lε “ HεL on a
neighborhood of K, proving (b).

Remark 3.2 (On low regularity Finsler structures of general signature). A majority of the
regularization results we have presented so far apply to any signature. One may define a
semi-Riemann–Finsler structure of regularity Cpk,lq,α for k ` l ě 2 and α P r0, 1s in the same
way as a Lorentz–Finsler structure in Definition 2.3, with the only difference being that the
signature of B2L{BviBvj can be of general semi-Riemannian type p´, . . . ,´,`, . . . ,`q with
s´ minuses and s` pluses, s´ ` s` “ n. The case s´ “ 1 corresponds to the Lorentz–Finsler
setting, s´ “ 0 to the Riemann–Finsler setting.

Given a Cpk,lq,α semi-Riemann–Finsler structure L, one can construct the approximations
HεL and Lε, which have the properties described in Proposition 3.1, upon replacing all
instances of “Lorentz” with “semi-Riemann”. Concerning the (weighted) Ricci curvature, the
convergence is as good as in the Lorentzian case, namely

RicrLεs ´ HεRicrLs Ñ 0

locally uniformly on TMz0 if L P Cp1,3q, which is proven along the same lines used in the
proof of Proposition 3.6 below.
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3.2 Inner and outer approximations

While the smooth one-parameter family of regularizations pLεqεą0 as in Proposition 3.1(ii)
approximates L well analytically, it does not incorporate any considerations concerning causal-
ity. To remedy this deficiency, we now introduce two further approximation schemes qLε and
pLε (in the spirit of [11, 15]), whose causality is strongly tied to that of L.

Definition 3.3 (The “wider lightcone” relation ă). We write L1 ă L2, for two (not neces-
sarily smooth) Lorentz–Finsler structures with time-orientation, if any future causal vector
for L1 is future timelike for L2, i.e., if the future light cone of L2 is “wider” than that of L1.

Proposition 3.4 (Chruściel–Grant approximations). Let pM,Lq be a Cp1,2q Finsler space-
time. Then there exist smooth Lorentz–Finsler structures qLε and pLε on M , for ε ą 0, time-
oriented by the same vector field as L, such that

(i) qLε ă L ă pLε;

(ii) qLε ´ Lε Ñ 0 and pLε ´ Lε Ñ 0 in C8
locpTMz0q as ε Ñ 0;

(iii) for any compact set K Ď TMz0, there exist cK ą 0 and ε0pKq ą 0 such that, for all
ε P p0, ε0pKqq, the fundamental tensors of qLε and Lε satisfy

}ǧε ´ gε}8,K ď cKε, }ǧ´1
ε ´ g´1

ε }8,K ď cKε, (3.3)

and we have
} qGi

ε ´Gi
ε}8,K ď cKε, }p qNεqij ´ pNεqij}8,K ď cKε (3.4)

for the spray coefficients and the nonlinear connection coefficients.

Proof. We will only construct qLε; the construction of pLε is analogous. Let X be a smooth
timelike vector field determining the time orientation of pM,Lq. We cover M by a locally
finite family of charts tpUa, ψaquaPA with relatively compact domains, and let tξauaPA denote
a respective partition of unity.

Now, fix a chart pUa, ψaq and assume that Xn ‰ 0 in Ua. We set

νia :“ dxi ´
Xi

Xn
dxn

for 1 ď i ď n´ 1. Then, tν1a , . . . , ν
n´1
a , dxnu is a smooth coframe on Ua such that νiapXq “ 0

for all i, and νapwq :“
řn´1

i“1 ν
i
apwq2, w P TUa, is 2-homogeneous with νapwq “ 0 precisely

when w is proportional to X. By the relative compactness of Ua, the function νa attains the
minimum value κa on the compact set

Va :“ tw P TUa X pΩCzΩT q : |w|g̃ “ 1u,

where g̃ is again an arbitrary Riemannian background metric. This constant κa is positive,
as νapwq “ 0 for some w P ΩC

x zΩT
x implies that w “ cXpxq for some c ą 0 (both are

future-directed), but then Lpwq “ c2LpXpxqq ă 0, a contradiction.
Moreover, by Proposition 3.1, there exist constants ca, εa ą 0 such that |Lεpwq ´Lpwq| ď

caε for any w P Va and ε P p0, εas. Choosing a constant Ca ą ca{κa, we now set

rLε :“ Lε ` ε
ÿ

aPA

Caξapπqνa.
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We claim that rLε ă L on TUa for ε P p0, εas. To this end, let w P TUa X pΩCzΩT q and
suppose, without loss of generality, that |w|g̃ “ 1 (i.e., w P Va). Since

Lεpwq “
ÿ

aPA

ξa
`

πpwq
˘`

Lεpwq ´ Lpwq
˘

ě ´ε
ÿ

aPA

ξa
`

πpwq
˘

ca

for ε P p0, εas, we have

rLεpwq “ Lεpwq ` ε
ÿ

aPA

Caξa
`

πpwq
˘

νapwq ě ε
ÿ

aPA

ξa
`

πpwq
˘`

Caνapwq ´ ca
˘

ą 0,

implying that, indeed, rLε ă L on TUa for ε P p0, εas.
Furthermore, setting Q :“

ř

aPACaξapπqνa, for any compact set K Ď TMz0 and any
l P N, there exist cK,l, εK,l ą 0 such that

}rLε ´ Lε}ClpKq “ ε}Q}ClpKq ď cK,lε (3.5)

for all ε P p0, εK,ls. Hence, rLε ´ Lε Ñ 0 in C8
locpTMz0q. Then we also immediately see that

pg̃εqij “ pgεqij ` εqij , where qij :“ BviBvjQ, satisfies

}g̃ε ´ gε}8,K ď cKε (3.6)

on any compact set K Ď TMz0, for some cK, εK ą 0, and for all ε P p0, εKs. This shows that
g̃ε has the same signature as gε on K for sufficiently small ε ą 0.

We now use the same base-dependent globalization as in the proof of Proposition 3.1(ii).
For each compact B Ď M , apply the preceding estimates on the g̃-unit tangent bundle SB. By
homogeneity, for all sufficiently small ε ą 0, the vertical Hessian of rLε has Lorentzian signature
on π´1pBqz0, and rLε ă L over B. Moreover, X is rLε-timelike since QpXq “ 0. The parameter
construction in [16, Lem. 4.3] therefore gives a smooth function µ : p0, 1q ˆ M Ñ p0, 1q such
that

qLεpvq :“ rLµpε,πpvqqpvq

is a smooth Lorentz–Finsler structure time-oriented by X, with qLε ă L everywhere. As in
Proposition 3.1(ii), qLε is positively 2-homogeneous, and the vertical Hessian is obtained by
evaluating that of rLµpε,xq with x “ πpvq. Furthermore, for every compact K Ď TMz0, we have
qLε “ rLε on a neighborhood of K for sufficiently small ε ą 0. This completes the construction
in (i), and the convergence claim in (ii) now directly follows from (3.5).

For the estimates in (iii), notice that (3.6) immediately gives the first estimate in (3.3).
Moreover, since gε Ñ g locally uniformly and g is non-degenerate, both gε and ǧε are uniformly
non-degenerate on K for all ε P p0, εKs. In particular, their inverses are uniformly bounded
on K. Using

ǧ´1
ε ´ g´1

ε “ ǧ´1
ε pgε ´ ǧεqg´1

ε , (3.7)

we thus obtain
}ǧ´1

ε ´ g´1
ε }8,K ď cKε. (3.8)

For the estimate of the spray coefficients, by (2.3), this amounts to analyzing the difference

qGi
ε ´Gi

ε “ pǧilε ´ gilε qp qAεql ` gilε
`

p qAεql ´ pAεql
˘

, (3.9)
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where pAεql :“ vjBxjBvlLε´BxlLε and correspondingly for p qAεql. The first term is Opεq thanks

to (3.8) and qLε Ñ L in C
p1,2q

loc pTMz0q, while the second term is Opεq by (3.5) and the local
uniform boundedness of pgεq´1.

Finally, to prove the same estimate for the nonlinear connection coefficients, we first claim
that

}Bvpǧ´1
ε ´ g´1

ε q}8,K ď cKε.

For this, we use the identity

ǧ´1
ε ´ g´1

ε “ ´εǧ´1
ε qg´1

ε , q “ pqijq,

following from qLε ´ Lε “ εQ, to get

Bvpǧ´1
ε ´ g´1

ε q “ ´εpBv ǧ
´1
ε qqg´1

ε ´ εǧ´1
ε pBvqqg´1

ε ´ εǧ´1
ε qpBvg

´1
ε q.

Now, all the terms appearing in this expression are uniformly bounded on K; the inverse
metrics are uniformly bounded by the argument above, q and Bvq are smooth, and Bvg

´1
ε ,

Bv ǧ
´1
ε are uniformly bounded by the C

p1,2q

loc pTMz0q-convergence of Lε and qLε to L.

Moreover, from (3.5), we get that p qAε ´ Aεq and Bvp qAε ´ Aεq are Opεq on K, while both
qAε and Bv qAε are uniformly bounded on K as qLε Ñ L in C

p1,2q

loc pTMz0q. Differentiating the

expression (3.9) for qGε ´Gε, we obtain

Bvj
`

qGi
ε ´Gi

ε

˘

“ Bvj pǧilε ´ gilε qp qAεql ` pǧilε ´ gilε qBvj p qAεql

` Bvjg
il
ε

`

p qAεql ´ pAεql
˘

` gilε Bvj
`

p qAεql ´ pAεql
˘

.
(3.10)

The above arguments imply that each of these terms is Opεq on K, and hence, as desired,

}p qNεqij ´ pNεqij}8,K ď cKε.

3.3 Convergence of Ricci curvature

We next analyze the behavior of the Ricci curvature for approximating Lorentz–Finsler struc-
tures Lε and qLε, denoted by RicrLεs and RicrqLεs, as ε Ñ 0. Recall that Lε was obtained
from HεL in Proposition 3.1, and qLε from rLε in the proof of Proposition 3.4, both via the
globalization lemma. Thus, on each compact set K Ď TMz0, we have Lε “ HεL and qLε “ rLε

for sufficiently small ε ą 0.

Lemma 3.5 (Uniform convergence of Ric). Let pM,Lq be a Cp1,2q Finsler spacetime. Then,
on any compact set K Ď TMz0, we have RicrqLεs ´ RicrLεs Ñ 0 uniformly as ε Ñ 0.

Proof. In view of (2.5), we shall estimate the difference

RicrqLεs ´ RicrLεs “ Bxip qGi
ε ´Gi

εq ´ Bxk

`

p qNεqii ´ pNεqii

˘

vk

` Bvk
`

p qNεqii ´ pNεqii

˘

qGk
ε ` BvkpNεqii

`

qGk
ε ´Gk

ε

˘

´
`

p qNεqikp qNεqki ´ pNεqikpNεqki

˘

.

Our assumptions on the regularity of L imply that Gi P Cp0,1q and N i
k P Cp0,0q; recall Remark

2.10. We first note that the last term

p qNεqikp qNεqki ´ pNεqikpNεqki “
`

p qNεqik ´ pNεqik

˘

p qNεqki ` pNεqik

`

p qNεqki ´ pNεqki

˘
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tends to 0 uniformly. This is because Nε, qNε are locally uniformly bounded and

}p qNεqik ´ pNεqik}8,K ď cKε

by the estimate (3.4).
Next, we establish the convergence of the first three terms by showing

}Bxp qGε ´Gεq}8,K ` }Bxp qNε ´Nεq}8,K ` }Bvp qNε ´Nεq}8,K Ñ 0. (3.11)

For the first term Bxip qGi
ε ´Gi

εq, we can essentially follow the same argument we gave for the
proof of the estimate on the nonlinear connection coefficients in (3.10) with the important
exception that now Bxip qAεql, where

p qAεql “ vjBxjBvl
qLε ´ Bxl

qLε

as in the above proof, is not locally bounded since BxjBvlL P Cp0,1q. However, we will show
that

ε}Bxip qAεql}8,K Ñ 0 as ε Ñ 0, (3.12)

which is sufficient to conclude the convergence }Bxip qGi
ε ´Gi

εq}8,K Ñ 0 by virtue of (3.3). We

reduce the situation to a standard mollifier estimate on R2n as follows. First, as qLε “ Lε `εQ
on K (for small ε), with smooth Q as in the proof of Proposition 3.4, it is sufficient to prove
the claim for Lε. Furthermore, in local coordinates, we can disregard cut-off and transition
functions appearing in the convolution formula (3.1), as they do not spoil the convergence (the
terms arising from differentiating the smooth cut-off and transition functions contain at most
first derivatives of the regularized coefficients and are therefore locally uniformly bounded).
Hence, it suffices to study

Bxipf ‹ ρεq, (3.13)

where f is a continuous function on R2n (representing either BxjBvlL or BxlL). To prove this,
using the integration by parts and c ‹ Bxiρε “ 0 for any constant c, we write

Bxipf ‹ ρεqpzq “

ż

R2n

Bxifpz ´ yqρεpyq dy “

ż

R2n

fpz ´ yqBxiρεpyqdy

“

ż

R2n

`

fpz ´ yq ´ fpzq
˘

Bxiρεpyqdy.

Letting ωK denote the modulus of continuity of f on a compact set K Ď R2n and recalling
ρεpyq “ ε´2nρpy{εq, we have

|εBxipf ‹ ρεqpzq| ď ε

ż

R2n

ωKp|y|q|Bxiρεpyq|dy “ ε´2n

ż

R2n

ωKp|y|q|Bxiρpy{εq|dy

“

ż

R2n

ωKpε|y|q|Bxiρpyq|dy.

Now, the right-hand side of this expression tends to 0 by the dominated convergence theorem.
Hence,

ε}Bxipf ‹ ρεq}8,K Ñ 0, (3.14)

giving the claim (3.12).
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For the latter two terms in (3.11), we can apply a similar argument. Indeed, to control
Bxkpp qNεqii ´ pNεqiiq, the potentially problematic terms are (recall (3.10))

Bvipǧ
il
ε ´ gilε qBxkp qAεql, pǧilε ´ gilε qBxkBvip

qAεql, BxkBvi ǧ
il
ε

`

p qAεql ´ pAεql
˘

.

All of these are controlled exactly as in the estimate for Bxip qGi
ε ´ Gi

εq. Indeed, we have
already seen that the respective factors involving the differences of qLε- and Lε-quantities are
Opεq, while the other factors can be reduced to a problem of the form (3.13) again. For
Bvkpp qNεqii ´ pNεqiiq, the only two potentially problematic terms are

pǧilε ´ gilε qBvkBvip
qAεql, BvkBvig

il
ε

`

p qAεql ´ pAεql
˘

which can again be handled as above.
Repeating the same argument one last time to get ε}BvkpNεqii}8,K Ñ 0, we have thus

proven that RicrqLεs ´ RicrLεs Ñ 0 uniformly on K, as claimed.

To compare the Ricci curvature of qLε with that of L, we will need to improve the regularity
from Cp1,2q to Cp1,3q (or Cp1,2q,α with α ą 1{2; see Remark 3.7 below). Note that, even under
L P Cp1,3qpTMz0q, the Ricci curvature is defined only in the distributional sense (in horizontal
directions) since it involves terms like BxiGi but Gi P Cp0,2q.

Proposition 3.6 (Approximation of strong energy condition). Let pM,Lq be a Cp1,3q Finsler
spacetime satisfying the distributional strong energy condition, and let K Ď ΩT be compact.
Then for any δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q and v P K with
2qLεpvq “ ´1, we have

RicrqLεspvq ě ´δ.

Proof. We show that RicrqLεs ´ HεRicrLs tends to 0 locally uniformly. Then, as RicrLs ě 0
on ΩT in the distributional sense, we have HεRicrLs ě 0 on K Ď ΩT for all sufficiently small
ε ą 0, giving the claim. To prove this convergence, we split the difference into two pieces:

RicrqLεs ´ HεRicrLs “ pRicrqLεs ´ RicrLεsq ` pRicrLεs ´ HεRicrLsq.

By Lemma 3.5, we know that RicrqLεs´RicrLεs Ñ 0 locally uniformly, and thus the first piece
tends to zero. We shall show that the second piece also converges to zero.

For this, by homogeneity, it suffices to establish convergence on rK :“ tv{}v}g̃ : v P Ku. On
a neighborhood of this set, for sufficiently small ε ą 0, we have Lε “ HεL. By compactness, we
can restrict to a fixed chart pUa, ψaq. We now estimate the terms arising from homogenization.
Recalling (3.1), for px, vq P dψaprKq we have

Hε,aLpx, vq ´ pℓa ‹ ρεqpx, vq

“

ż

RnˆRn

␣

ℓa
`

x´ εy, v ´ εrapx, vqw
˘

´ ℓapx´ εy, v ´ εwq
(

ρpy, wq dy dw.

Hence, since rapx, vq “ 1,

Bxi

`

Hε,aLpx, vq ´ pℓa ‹ ρεqpx, vq
˘

“ ´εBxirapx, vq

ż

RnˆRn

wjBvjℓapx´ εy, v ´ εwqρpy, wqdy dw.
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As ℓa P Cp1,3q, it follows that BxiHε,aL ´ Bxipℓa ‹ ρεq is Opεq. We can argue analogously for

mixed derivatives B
β
xBσ

v , provided |β| ď 1 and |β| ` |σ| ď 4. The case of two x-derivatives
(|β| “ 2, |σ| ď 2) is handled as in the proof of Lemma 3.5 using (3.14). Hence, we may
replace Hε,aL by the pure convolution term ℓa ‹ ρε, up to an error converging to zero locally
uniformly.

Now, recall that the coordinate expression for RicrLs is given by

BGi

Bxi
´

BN i
i

Bxk
vk `

BN i
i

Bvk
Gk ´N i

kN
k
i .

After expanding this, we see that the only terms containing second-order horizontal derivatives
of L are

gilBxiAl ´
1

2
vk
`

pBvig
ilqBxkAl ` gilBxkBviAl

˘

,

where we have used that Gi “ gilAl with g
il P Cp1,1q and Al :“ vjBxjBvlL ´ BxlL P Cp0,2q, as

well as N i
i “ 1

2ppBvig
ilqAl ` gilBviAlq P Cp0,1q. All the other terms contain at most first-order

x-derivatives with total order at most 4, hence the difference of these terms computed from
Lε and L converges locally uniformly to zero by Proposition 3.1(i).

For the terms containing second order x-derivatives, the key ingredient is the following
Friedrichs-type commutator estimate; cf. [15, Lemma 4.9]:

Let aε P C1pR2nq, for ε ě 0, and suppose that aε Ñ a0 in C
1
loc as ε Ñ 0 with }aε´a0}8,K ď

cKε on any compact set K Ď R2n with some cK ą 0. Then, for any f P CpR2nq, we have

Bσ
z

`

aεpf ‹ ρεq
˘

´ Bσ
z

`

pa0fq ‹ ρε
˘

Ñ 0 (3.15)

locally uniformly, where z “ px, vq, |σ| ď 1. By the product rule and using Bσ
z aε Ñ Bσ

z a0, this
takes the more suggestive form

aεBσ
z pf ‹ ρεq ´ pa0Bσ

z fq ‹ ρε Ñ 0,

where Bσ
z f is interpreted distributionally.

We can apply this to our setting by noticing that gilε Ñ gil and Bvig
il
ε Ñ Bvig

il in C1
loc (for

the latter we need L P Cp1,3q) with the norm of their difference being Opεq on any compact
set, again by Proposition 3.1 (and the formula for matrix inversion; cf. (3.7)).

Hence,
RicrLεs ´

ÿ

aPA

pχa ˝ πqpψaq˚
`

pψaq˚

`

pζa ˝ πqRicrLs
˘

‹ ρε
˘

Ñ 0

locally uniformly on rK. On this set, the latter term agrees withHεRicrLs and by homogeneity,
the convergence holds on all of K, completing the proof.

Remark 3.7 (Case of L P Cp1,2q,α with α ą 1{2). (a) One can alternatively prove Proposi-
tion 3.6 for L P Cp1,2q,α with α ą 1{2. In this case gij P Cp1,0q,α, Al P Cp0,1q,α. Hence, the
first term in

2N i
i “ pBvig

ilqAl ` gilBviAl

is merely the product of two locally α-Hölder continuous functions. Locally on R2n, the
corresponding terms in the difference RicrLεs´RicrLs‹ρε hence reduce to a differentiated
commutator of the form

Bσ
z

`

aεpf ‹ ρεq ´ pa0fq ‹ ρε
˘
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where z “ px, vq, |σ| ď 1 and aε, f P C0,α
loc pR2nq. Here, the commutator estimate gives

›

›Bσ
z

`

aεpf ‹ ρεq ´ pa0fq ‹ ρε
˘
›

›

8,K
ď cKε

2α´1

for any compact set K Ď R2n. In particular, this applies to the commutator

Bxk

´

`

pBvig
ilq ‹ ρε

˘

pAl ‹ ρεq ´
`

pBvig
ilqAl

˘

‹ ρε

¯

in the second term of the Ricci curvature. The commutators arising from the third term
are treated in the same way after rewriting

pBvkN
i
i qGk “ BvkpN i

iG
kq ´N i

i BvkG
k,

where N i
i is α-Hölder continuous. As 2α ´ 1 ą 0, all of these terms converge to zero as

ε Ñ 0. The remaining terms are handled exactly as in the proof of Proposition 3.6.

(b) The condition L P Cp1,2q,α implies gij P Cp1,0q,α “ C1,α. Hence, for purely Lorentzian
metrics g, this condition is stronger than g P C1; even though, for general L, it reduces
the demands on vertical regularity. In this sense, these two conditions are independent.

Similarly to Proposition 3.6, one obtains the following approximation result for timelike
lower Ricci curvature bounds with general K P R.

Corollary 3.8 (Approximation of timelike Ricci curvature bounds). Let pM,Lq be a Cp1,3q

Finsler spacetime such that Ric ě K timelike distributionally, where K P R. Then for any
compact set K Ď ΩT and δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q and
v P K with 2qLεpvq “ ´1, we have

RicrqLεspvq ě K ´ δ.

Proof. By assumption RicrLs ` 2KL ě 0 timelike distributionally, thus

HεRicrLs ` 2KHεL ě 0

pointwise on K for ε ą 0 small enough, since the kernels defining Hε are nonnegative and
supported in ΩT . In the proof of Proposition 3.6, we have already established that

RicrqLεs ´ HεRicrLs Ñ 0

locally uniformly. Since also qLε ´ HεL Ñ 0 locally uniformly by Proposition 3.1, the claim
follows.

Next, we consider the null case.

Proposition 3.9 (Approximation of null energy condition). Let pM,Lq be a Cp1,3q Finsler
spacetime satisfying the distributional null energy condition. Then for any compact set K Ď

TMz0 and δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q and v P KXΩCrqLεs

with qLεpvq “ 0, we have
RicrqLεspvq ě ´δ.
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Proof. By positive 2-homogeneity, it suffices to consider the case where K is contained in the
g̃-unit tangent bundle over one of the relatively compact base neighborhoods, denoted by U ,
used in the construction of the approximation. For each small ε ą 0 and v P K, denote by
µε,v the nonnegative smooth test density on ΩC for which

HεRicrLspvq “ xRicrLs, µε,vy.

Its total mass

aε,v :“

ż

TM
µε,v

converges uniformly to 1 on K due to the partition of unity construction. Let K1 Ď TMz0
be a compact set containing all these supports for sufficiently small ε. We claim that there
exists c ą 0 such that

µε,v
aε,v

P McεpK1q for all v P K X ΩCrqLεs X qL´1
ε p0q.

Indeed, Proposition 3.1 and the local Lipschitz continuity of L give constants A,B ą 0 such
that

|Lεpvq ´ Lpvq| ď Aε, |Lpwq ´ Lpvq| ď Bε for w P suppµε,v.

The functions νa used in the proof of Proposition 3.4 are strictly positive on g̃-unit future
L-null vectors in their respective charts. Possibly choosing larger constants Ca in the con-
struction of Q (cf. again the proof of Proposition 3.4), we can ensure that

Qpvq ě A`B ` 1

on a neighborhood of future g̃-unit null vectors with basepoints in U . Since qLε Ñ L, the
g̃-unit future qLε-null vectors are contained in that neighborhood for sufficiently small ε ą 0.
For such a vector v, using qLε “ Lε ` εQ, we obtain

Lpvq ď Lεpvq `Aε “ ´ε
`

Qpvq ´A
˘

.

Consequently, for every w P suppµε,v with qLε-null v as above,

´ε
`

Qpvq `A`B
˘

“ Lεpvq ´ εpA`Bq ď Lpwq ď ´ε
`

Qpvq ´A´B
˘

ď ´ε.

Since Q is bounded on K, it follows that

suppµε,v Ď t|L| ď cεu X ΩC X K1

for some c ą 0, proving the claim.
By the distributional null energy condition, the uniform boundedness of aε,v together with

the first part of the proof implies

lim inf
εÑ0

inf
vPKXΩC rqLεsXqL´1

ε p0q

HεRicrLspvq ě 0.

Together with the locally uniform convergence RicrqLεs ´ HεRicrLs Ñ 0 established in the
proof of Proposition 3.6, we obtain the claimed estimate.
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3.4 Convergence of weighted Ricci curvature

In the weighted case, a regularization of the measure is needed, for which we proceed as in
the construction of Hε; see Subsection 3.1 for the notation. Consider a convolution kernel as
in (3.1) of the form

ρpy, wq “ ρxpyqρvpwq,

where ρx, ρv are nonnegative smooth kernels on Rn of unit integral, supported in B1p0q, and
ρx is positive on a neighborhood of 0. Given a C1 measure m on M , write

pψaq˚pm|Uaq “ σapxqdx1 ¨ ¨ ¨ dxn, pa :“ pζa ˝ ψ´1
a qσa,

where pa is extended by 0 outside ψapUaq. Define

mε :“
ÿ

aPA

χa ψ
˚
a

“

ppa ‹ ρxεq dx1 ¨ ¨ ¨ dxn
‰

, ρxε :“ ε´nρxp ¨ {εq.

This is a smooth positive measure onM . The usual convolution estimates and local finiteness
imply

mε Ñ m in C1
loc.

More precisely, if σε,a denotes the coordinate density of the full measure mε in the chart ψa,
then

σε,a Ñ σa in C1
loc, }σε,a ´ σa}8,B “ Opεq

on every compact B Ď ψapUaq.
Note that in the following approximation we need only the Cp1,2q regularity, while the

unweighted case required Cp1,3q (recall Propositions 3.6, 3.9 and Corollary 3.8).

Proposition 3.10 (Approximation of weighted energy conditions). Let pM,L,mq be a Cp1,2q

Finsler spacetime pM,Lq equipped with a C1 measure m, and let N P p´8, 1s Y pn,8s in (i)
and N P p´8, 2s Y pn,8s with n ě 3 in (ii).

(i) If pM,L,mq satisfies RicNm ě K timelike distributionally for K P R, then for every
compact set K Ď ΩT and δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q

and v P K with 2qLεpvq “ ´1, we have

RicNmε
rqLεspvq ě K ´ δ. (3.16)

(ii) If pM,L,mq satisfies the distributional null N -energy condition, then for every compact
set K Ď TMz0 and δ ą 0, there exists ε0 “ ε0pK, δq ą 0 such that for all ε P p0, ε0q and
v P K X ΩCrqLεs with qLεpvq “ 0, we have

RicNmε
rqLεspvq ě ´δ.

Proof. For simplicity of the argument, we assume M “ Rn and mε “ m‹ρxε. The general case
follows easily from the arguments we give here.

(i) As in the proof of Proposition 3.6, we show that

}RicNmε
rqLεs ´ HεpRicNm rLsq}8,K Ñ 0 (3.17)
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on any compact K Ď TMz0; cf. also the proof of Corollary 3.8. By 2-homogeneity, it
suffices to restrict our attention to v P K having unit g̃-norm.

To this end, we first compare RicNmε
rLεs ´ pRicNm rLsq ‹ ρε term by term using the formula

RicNm rLs “
BGi

Bxi
´N i

kN
k
i ´ vivj

B2u

BxiBxj
`Gi Bu

Bxi
´

1

N ´ n

ˆ

N i
i ´ vj

Bu

Bxj

˙2

,

where u “ log σ, established in Remark 2.23.

The first term can be handled exactly as in Proposition 3.6, using Gi “ gilAl and the

fact that gil P Cp1,0q and Al P Cp0,1q. Moreover, C
p1,2q

loc -convergence of Lε to L gives

Gi
ε Ñ Gi, pNεqij Ñ N i

j

locally uniformly. Thus, using uε :“ log σε Ñ u “ log σ in C1
loc, we see that the second,

fourth, and fifth terms in the difference converge to 0 locally uniformly.

Finally, setting

aε :“ σ´1
ε , a :“ σ´1, fj :“

Bσ

Bxj
,

we have
aε Ñ a in C1

loc, }aε ´ a}8,K “ Opεq

and we can write
Buε
Bxj

“ aεpfj ‹ ρxεq,
Bu

Bxj
“ afj .

Hence, applying the Friedrichs estimate (3.15), we get

B2uε
BxiBxj

´
B

Bxi

ˆ

Bu

Bxj
‹ ρxε

˙

“
B

Bxi
`

aεpfj ‹ ρxεq
˘

´
B

Bxi
`

pafjq ‹ ρxε
˘

Ñ 0

locally uniformly. Now, convolving with respect to ρvε and reintroducing the coefficients
vivj locally produces an error term of the form

ˆ

vivj ´

ż

pvi ´ wiqpvj ´ wjqρvεpwq dw

˙

Bxipfj ‹ ρxεq.

As |w| is Opεq on the support of ρvε and fj is continuous, we can appeal to (3.14) to
conclude vivjBxiBxjuε´pvivjBxiBxjuq‹ρε Ñ 0 locally uniformly, proving that RicNmε

rLεs´

pRicNm rLsq ‹ ρε converges to 0.

To finally get (3.17), we use (2.6) to see RicNmε
rqLεs ´ RicNmε

rLεs Ñ 0. The Hessian terms

cancel (since uε is common), while Bxip qGi
ε ´ Gi

εq tends to 0 locally uniformly by (3.11).
The difference of the terms N i

kN
k
i tends to 0 locally uniformly by (3.4) and the local

uniform boundedness of the connection coefficients. It therefore suffices to argue that
both

p qGi
ε ´Gi

εq
Buε
Bxi

and

ˆ

p qNεqii ´ vj
Buε
Bxj

˙2

´

ˆ

pNεqii ´ vj
Buε
Bxj

˙2

converge to 0 locally uniformly, where the last term is omitted in the case N “ 8. This,
in turn, follows easily from the local uniform boundedness of Bxiuε and (3.4). From
(3.17), we simply repeat the argument given in the proof of Corollary 3.8 to get (3.16).

(ii) By (3.17), this is entirely analogous to the proof of Proposition 3.9.
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3.5 Global hyperbolicity

In this subsection, we introduce and discuss the concept of global hyperbolicity for low regular-
ity Finsler spacetimes, following the Lorentzian work of Sämann [40] (see also [13] concerning
continuous cone structures), to which we refer for more details, as many of the proofs are
analogous to the Lorentzian case presented there. Our main goal is to prove the existence of
L-maximizers that can be obtained as C2-limits of Lε-maximizers, where Lε is any suitable
smooth Lorentz–Finsler approximation of L.

Let pM,Lq be a Cp0,2q Finsler spacetime. We fix a complete Riemannian metric g̃ on M
and denote its distance function by dg̃.

Definition 3.11 (Non-total imprisonment). We say that pM,Lq is non-totally imprisoning
if no inextendible future causal curve is contained in a compact set.

The following is a consequence of a simple limit curve argument.

Lemma 3.12 (Boundedness of g̃-lengths). If pM,Lq is non-totally imprisoning, then for
every compact set K Ď M , there is a constant C ą 0 that bounds the g̃-lengths of all future
causal curves contained in K.

Definition 3.13 (Global hyperbolicity). We say that pM,Lq is globally hyperbolic if it is
non-totally imprisoning and the causal diamond Jpx, yq :“ J`pxq X J´pyq is compact for
every x, y P M .

For the following two results only, we need a stronger notion of order between two Cp0,2q

Lorentz–Finsler structures L1, L2: We write L1 Ÿ L2 (resp. L1 Ĳ L2) if, for every v P TMz0,
the difference of the fundamental tensors g2v ´ g1v is negative definite (resp. negative semidef-
inite). From gvpv, vq “ 2Lpvq, we infer that L1 ŸL2 implies L1pvq ą L2pvq for v ‰ 0, thereby
L1 ă L2 (recall Definition 3.3).

Proposition 3.14 (Existence of smooth wider non-totally imprisoning structures). Let pM,Lq

be a globally hyperbolic Cp0,2q Finsler spacetime. Then there exists a smooth time-oriented
Lorentz–Finsler structure L1 on M such that LŸ L1 and pM,L1q is non-totally imprisoning.

Proof. We can follow the lines of the proof of [40, Thm. 4.3]. We sketch the most important
points. Let π : TM Ñ M be the canonical projection.

First, we show that for every relatively compact open set B Ď M , there exists a Cp0,2q

Lorentz–Finsler structure rL such that rL Ź L on B, rL “ L on MzB, and that pM, rLq is non-
totally imprisoning. To this end, fix an arbitrary smooth function βB on M such that βB ą 0
on B and βB “ 0 on MzB, and set for s ą 0 and v P TM

Lspvq :“ Lpvq ´
s

2
βB

`

πpvq
˘

g̃pv, vq.

Since L is Cp0,2q and B is relatively compact, for some s1 ą 0 and any s P p0, s1q, Ls is a
Lorentz–Finsler structure time-oriented by the same vector field as L. By construction, clearly
LŸLs on B and L “ Ls onMzB. Now, we can show that there exists s2 P p0, s1q such that Ls

is non-totally imprisoning for every s P p0, s2q. This is argued by contradiction. Suppose that
there is a sequence psmqmPN such that sm Ñ 0 and pM,Lsmq is totally imprisoning. As in [40,
Thm. 4.3], this leads to a contradiction to the global hyperbolicity of pM,Lq. Thus, choosing
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rL “ Ls for small s ą 0 shows the claim. Moreover, rL itself is in fact globally hyperbolic again
as in the proof of [40, Thm. 4.3].

Using this auxiliary result, one may proceed as follows. Fix x P M and let Bm :“ B
dg̃
m pxq

be the open ball of center x and radiusm with respect to g̃. Then there is a globally hyperbolic
Lorentz–Finsler structure L2 such that L2 İ L, L2ŹL on B2, and L2 “ L onMzB3. Similarly,
we find a globally hyperbolic Lorentz–Finsler structure L3 such that L3 İ L2, L3 Ź L2 on
B3zB2, and L3 “ L2 on MzpB4zB1q. Continuing this construction inductively, one obtains
a sequence pLmqmě3 such that Lm İ Lm´1, Lm Ź Lm´1 on BmzBm´1, and Lm “ Lm´1

on MzpBm`1zBm´2q. By construction, all Lm’s with m ě k ` 1 (ě 2) agree on Bk. This
allows one to define a global structure L8 by setting it to be Lm on Bm´1. Then we have
L8 İ Lm İ L for allm. Moreover, L8ŹL by construction, and L8 is non-totally imprisoning
since so is Lm and L8 “ Lm on Bm´1.

Finally, let L2 :“ pL`L8q{2 and note that LŸL2ŸL8. Using the regularization and base-
dependent parameter construction of Proposition 3.1(ii) with the parameter chosen to preserve
these strict inequalities between the vertical Hessians, we obtain a smooth Lorentz–Finsler
structure L1 satisfying LŸ L1 Ÿ L8. Since L8 is non-totally imprisoning, so is L1.

Theorem 3.15 (Existence of smooth wider globally hyperbolic structures). Let pM,Lq be
a globally hyperbolic Cp0,2q Finsler spacetime. Then there exists a smooth Lorentz–Finsler
structure L1, time-oriented by the same vector field as L, such that L ă L1 and pM,L1q is
globally hyperbolic.

Proof. Using the non-total imprisonment result above, this is entirely analogous to [40, Thm.
4.5]. We remark that ă in the proof of [40, Thm. 4.5] is necessarily replaced with Ÿ; then
for L1 Ÿ L2 and any continuous function f : M Ñ r0, 1s, the continuous convex combination
p1 ´ fqL1 ` fL2 is again a Lorentz–Finsler metric, time-orientable by the same vector field
as L1 (cf. [40, Lem. 4.1]).

We note that, as a consequence, every globally hyperbolic Cp0,2q Finsler spacetime has a
smooth Cauchy hypersurface, since any Cauchy hypersurface for L1 is also one for L. Here,
by a Cauchy hypersurface we mean a subset that is met exactly once by every inextendible
future causal curve.

Theorem 3.16 (L-maximizers as limits of qLε-maximizers). Let pM,Lq be a globally hyperbolic
Cp1,2q Finsler spacetime. Then for any x ă y, there exists a maximizing L-geodesic from x to
y. Moreover, such a geodesic η can be obtained as the C2-limit of a sequence of qLεm-geodesics
ηm as εm Ñ 0.

Proof. We first consider the case of x ! y. Fix a smooth globally hyperbolic Lorentz–
Finsler structure L1 such that L ă L1 given by Theorem 3.15. We can find a sequence
Lmpvq :“ pLµpεm,πpvqq satisfying L ă Lm ă L1, where µ is a smooth parameter chosen to
globalize the lightcone relation using [16, Lem. 4.3] (compare with the proofs of Propositions
3.1 and 3.4). Since Lm is also globally hyperbolic and x ! y with respect to Lm, we find a
timelike maximizing Lm-geodesic ηm : r0, 1s Ñ M from x to y. Note that there is a compact
set K Ď TMz0 such that 9ηmptq P K for all t P r0, 1s and m P N; otherwise one would find an
inextendible L-causal curve (as a subsequential limit of ηm) in the compact causal diamond
JL1px, yq with respect to L1. Therefore, up to going to a subsequence, ηm converges to a causal
L-geodesic η : r0, 1s Ñ M from x to y in C2 (since :ηim “ ´ pGi

mp 9ηmq Ñ ´Gip 9ηq “ :ηi).
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It remains to show that η is L-maximizing. To this end, let c : r0, 1s Ñ M be any Lipschitz
L-causal curve from x to y parametrized proportionally to g̃-arclength; then it is contained
in the compact diamond K :“ JL1px, yq. Set C :“ suptPr0,1s | 9cptq|2g̃ (which is finite; cf. [40,
Lemma 2.7]),

δm :“ sup
vPTKz0

|Lpvq ´ Lmpvq|

|v|2g̃
,

and note that δm Ñ 0. It follows that

Lpcq “

ż 1

0

a

´2Lp 9cqdt ď

ż 1

0

a

´2Lmp 9cq ` 2Cδm dt ď Lmpcq `
a

2Cδm

ď dmpx, yq `
a

2Cδm,

where Lm and dm are the Lorentz–Finsler arclength and distance function for Lm, respectively.
Letting m Ñ 8 and using the arbitrariness of c, we get dpx, yq ď lim infmÑ8 dmpx, yq. On
the other hand, the C2-convergence ηm Ñ η implies dmpx, yq “ Lmpηmq Ñ Lpηq ď dpx, yq, so
in fact limmÑ8 dmpx, yq “ Lpηq “ dpx, yq, thus η is L-maximizing and timelike.

Now, if we consider qLε, then x ! y for L implies x ! y for qLε provided ε is sufficiently
small. Thus, one may proceed as above, since every qLε is globally hyperbolic (by qLε ă L
and the global hyperbolicity of L), and find a sequence of qLεm-geodesics converging to a
maximizing L-geodesic.

The case of x ă y is argued analogously. We refer to [15, Prop. 2.13] for more details.

Simple analogs of the above result (corresponding to the situations in Hawking’s and
Penrose’s theorems, respectively) are the following.

Corollary 3.17 (L-maximizers as limits of qLε-maximizers for Cauchy hypersurfaces). Let
pM,Lq be a globally hyperbolic Cp1,2q Finsler spacetime. Suppose that Σ Ď M is a C2 spacelike
Cauchy hypersurface. Then for each y P I`pΣq, there exists a timelike maximizing geodesic
from Σ to y, that can be obtained as the C2-limit of qLεm-geodesics from Σ to y as εm Ñ 0.

Corollary 3.18 (L-maximizers as limits of qLε-maxmizers for codimension-2 surfaces). Let
pM,Lq be a globally hyperbolic Cp1,2q Finsler spacetime. Suppose that S Ď M is a C2 compact
spacelike submanifold of codimension 2. Then for any y P J`pSqzpI`pSq Y Sq, there exists a
maximizing null geodesic from S to y, which can be obtained as the C2-limit of qLεm-geodesics
from S to ym as εm Ñ 0, where ym Ñ y.

Here we say that Σ (or S) is spacelike if TxΣ X ΩT
x “ t0u for every x P Σ. For a future

null geodesic, being maximizing means that no two points in it are connected by a timelike
curve (i.e., its image is achronal).

4 Singularity theorems

With the approximation and convergence results from the previous section at our disposal,
we can now prove the Hawking and Penrose singularity theorems. We begin with the un-
weighted case in regularity Cp1,3q and then proceed to the weighted case, where our results
hold for L P Cp1,2q and m P C1. Although we focus on future incompleteness, the standard
reversing argument gives past incompleteness for all the corresponding singularity theorems
(see Corollary 4.5, Remark 4.18).
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4.1 The Hawking singularity theorems

To begin with, we suppose that the Lorentz–Finsler structure L is smooth and introduce some
necessary notions (see [29, 30] for more details). Let Σ Ď M be a C2 spacelike hypersurface
(that is, TxΣ X ΩT

x “ t0u for all x P Σ). Then there exists a C1 future timelike vector field V
on a neighborhood of Σ satisfying

DV
V V ” 0, LpV q ” ´

1

2
, ker gV pV, ¨q|TxM “ TxΣ for all x P Σ.

By the latter two conditions, V |Σ can be regarded as the future unit normal vector field on
Σ, and we extend it with the geodesic condition DV

V V ” 0 (i.e., integral curves of V are
geodesics). We also remark that, for every w P TxΣ,

gV pV,wq “
BL

Bvi
pV qwi.

Thus, V pxq ` TxΣ is tangent to L´1p´1{2q in TxM ; this property determines V pxq.
Given x P Σ, let η : I Ñ M be the future timelike geodesic given as the integral curve of

V with ηp0q “ x. For t P I, we set Nηptq :“ ker g 9ηp 9ηptq, ¨q, which is an pn ´ 1q-dimensional
subspace of TηptqM . Then we consider the endomorphism Bt : Nηptq Ñ Nηptq defined by

Btpwq :“ D 9η
wV . It follows from gV pV, V q ” ´1 and V pηptqq “ 9ηptq that, for all w P Nηptq,

wrgV pV, V qs “ 2g 9η

`

Btpwq, 9ηptq
˘

“ 0,

which indeed ensures Btpwq P Nηptq. We define the expansion and shear (of V ) at ηptq by

θptq :“ tracepBtq, σptq :“ trace

˜

ˆ

Bt ´
θptq

n´ 1
INηptq

˙2
¸

, (4.1)

where INηptq is the identity of Nηptq. If L is merely Cp1,3q, then the expansion is directly

defined as a function on Σ via θ :“ tracepw ÞÑ DV
wV q, w P TΣ.

With these notations, we introduce the following property, which will play a key role.

Definition 4.1 (β-contracting). We say that Σ is β-contracting for β ą 0 if θp0q ă ´β for
every x P Σ. In the case of β “ 0 (i.e., θp0q ă 0), we simply say that Σ is contracting.

When L is smooth, we have the Finsler analog to the fundamental Raychaudhuri equation
(see [30, Eq. (25)] where dimM “ n` 1):

θ1ptq “ ´Ric
`

9ηptq
˘

´ σptq ´
θptq2

n´ 1
. (4.2)

Proposition 4.2 (Timelike quantitative focusing). Let pM,Lq be a smooth Finsler spacetime,
Σ Ď M be a C2 spacelike hypersurface and η : r0, bs Ñ M with x :“ ηp0q P Σ be a future unit
speed timelike geodesic that maximizes the distance from Σ, i.e., Lpη|r0,tsq “ supyPΣ dpy, ηptqq

for all t P r0, bs. Then 9ηp0q K TxΣ in the sense that TxΣ “ ker g 9ηp0qp 9ηp0q, ¨q. Furthermore, if

θp0q ă ´β ă 0 and Ricp 9ηq ě ´δ with 0 ă δ ď
3β
b p1 ´ rq for some 0 ă r ă 1, then b ď n´1

rβ
necessarily holds.
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The proof given below does not use the notion of mean curvature vector field, nor a second
variation formula (compare with [15, Lem. 4.10]), as these notions are less investigated in the
Finslerian framework (see, e.g., [43]). It only uses the Raychaudhuri equation.

Proof. First, we prove the orthogonality. Suppose not and let z “ ηpεq, ε ą 0, with ε so
small that z is included in a convex open neighborhood U of x “ ηp0q. In U we consider the
locus dp¨, zq “ ε including x. This is a local regular hypersurface tangent to ker g 9ηp 9ηp0q, ¨q; see
[28, Eq. (13)]. If TxΣ “ ker gV pV pxq, ¨q does not coincide with ker g 9ηp 9ηp0q, ¨q, then Σ enters
the region dp¨, zq ą ε, thus it is possible to connect Σ to z with a segment of longer length
violating the maximality of η. Hence, 9ηp0q K TxΣ holds. In particular, 9ηp0q “ V pxq.

Next we prove the inequality b ď n´1
rβ . Put c :“ 1{pn´1q for brevity and later convenience.

From the Raychaudhuri equation (4.2) and the hypothesis Ricp 9ηq ě ´δ, we get the inequality

θ1ptq ď δ ´ cθptq2. (4.3)

The solution ϕptq to the equality case with initial condition ϕp0q “ ´β, θp0q ă ϕp0q, is
obtained by integrating and using partial fraction decomposition:

1

2c
a

δ{c
log

ˇ

ˇ

ˇ

ˇ

ˇ

a

δ{c` ϕptq
a

δ{c´ ϕptq

ˇ

ˇ

ˇ

ˇ

ˇ

“ t` C.

Solving the logarithmic form for ϕ gives the explicit solution

ϕptq “
a

δ{c ¨
Ae2t

?
cδ ´ 1

Ae2t
?
cδ ` 1

,

where A is a constant determined by the initial conditions. Note that

0 ą ´β
a

c{δ “ ϕp0q
a

c{δ “
A´ 1

A` 1
,

thus |A| ă 1 (it will be useful to invert it as A “
1´β

?
c{δ

1`β
?

c{δ
). Note that we have blow up if

´1 ă A ă 0 which occurs if and only if β
a

c{δ ą 1 (blow up is at time t̂ “ ´ 1
2

?
cδ
log |A|).

Since the numerator of the expression for ϕptq is negative, the blow up is to ´8. This
behavior can be qualitatively understood from the inequality θ1 ď cpp

a

δ{cq2 ´ θ2q above,
because θ ă ´

a

δ{c makes θ keep getting smaller.

Suppose the claim is false, so b ą 1
crβ , then, using the hypothesis δ ď

3β
b p1 ´ rq and

r P p0, 1q,

δ ď
3β

b
p1 ´ rq ă 3cβ2rp1 ´ rq ă cβ2 ñ

a

δ{c ă β,

so we are in the blow-up case. A comparison argument with the solution ϕptq shows that
θptq ď ϕptq, and so θ blows up to ´8 as well at a finite time T ą 0 satisfying

T ď t̂ “
1

2
?
cδ

log

ˇ

ˇ

ˇ

ˇ

ˇ

1 ` β
a

c{δ

1 ´ β
a

c{δ

ˇ

ˇ

ˇ

ˇ

ˇ

ă
br

2

β
a

δ{c
log

1 `
a

δ{c{β

1 ´
a

δ{c{β

“
br

2
f

˜

a

δ{c

β

¸

,
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where fpsq :“ 1
s log

1`s
1´s for s P p0, 1q and we used b ą 1

crβ again.

Set s “
a

δ{c{β. Then the hypotheses δ ď
3β
b p1 ´ rq and b ą 1

crβ imply

s ď

d

3p1 ´ rq

cβb
ď
a

3rp1 ´ rq

and since f is increasing on r0, 1q (see Remark 4.3(i) below)

T ă b

„

r

2
f
`

a

3rp1 ´ rq
˘

ȷ

.

We claim that the term in square brackets provides an increasing function in r and is bounded
by 1 over p0, 1s, and argue this in Remark 4.3(ii) below. We conclude that T ă b which implies
that a focal point exists before ηpbq, contradicting the maximality of η in r0, bs (see [30, Prop.
5.1]). Hence, b ď 1

crβ “ n´1
rβ .

The proof of the previous result can be complemented by the following observation.

Remark 4.3. Let us address some of the claims concerning monotonicity that appear in the
proof of Proposition 4.2 in more detail.

(i) We want to show that f 1psq ą 0 for s P p0, 1q, where

f 1psq “

2s´ p1 ´ s2q log
´

1`s
1´s

¯

s2p1 ´ s2q
. (4.4)

The denominator s2p1 ´ s2q ą 0 on p0, 1q, so the sign of f 1psq is determined by the
numerator:

Npsq “ 2s´ p1 ´ s2q log

ˆ

1 ` s

1 ´ s

˙

.

Using the series expansion for log
´

1`s
1´s

¯

“ 2
ř8

n“0
s2n`1

2n`1 , we compute:

Npsq “ 2s´ p1 ´ s2q ¨ 2
8
ÿ

n“0

s2n`1

2n` 1

“ 2s´ 2

˜

s´ 2
8
ÿ

n“1

s2n`1

p2n` 1qp2n´ 1q

¸

“ 4
8
ÿ

n“1

s2n`1

p2n` 1qp2n´ 1q
.

For s P p0, 1q, every term in the series is positive. Thus, Npsq ą 0 for 0 ă s ă 1, and
Np0q “ 0. Therefore, f 1psq ą 0 on p0, 1q, meaning that fpsq is increasing.

(ii) We want to argue that r ÞÑ pr{2qfp
a

3rp1 ´ rqq is monotonically increasing and bounded
above on p0, 1s. To this end, we set s “ sprq :“

a

3rp1 ´ rq and gprq :“ pr{2qfpsprqq.
Direct differentiation gives, with the help of (4.4),

g1prq “
p1 ´ s2qfpsq ´ 2p2r ´ 1q

4p1 ´ rqp1 ´ s2q
.
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For 0 ă r ď 1{2, this is positive. For 1{2 ă r ă 1, since 2r´ 1 “

b

1 ´ 4
3s

2, it suffices to
prove

p1 ´ s2qfpsq ą 2

c

1 ´
4

3
s2, 0 ă s ă

?
3

2
.

Define

Hpsq :“
s2fpsq2

4
´
s2p3 ´ 4s2q

3p1 ´ s2q2
.

Then

Hp0q “ H 1p0q “ 0,
d

ds

`

p1 ´ s2qH 1psq
˘

“
16s4

3p1 ´ s2q3
ą 0.

Consequently, Hpsq ą 0, which yields the required inequality. Thus g1prq ą 0 on p0, 1q.
Since limrÒ1 gprq “ 1, we conclude that

r

2
f
´

a

3rp1 ´ rq

¯

ă 1 for all 0 ă r ă 1.

We are in a position to prove the first version of the Hawking singularity theorem. Given a
spacelike hypersurface Σ Ď M , we set dΣpyq :“ supxPΣ dpx, yq for y P M (note that dΣpyq ą 0
if and only if y P I`pΣq “

Ť

xPΣ I
`pxq).

Theorem 4.4 (Cp1,3q Hawking singularity theorem, version 1). Let pM,Lq be a globally
hyperbolic Cp1,3q Finsler spacetime satisfying the distributional strong energy condition with
a C2 spacelike Cauchy hypersurface Σ Ď M that is β-contracting with β ą 0. Then we have
supM dΣ ď pn´ 1q{β. In particular, pM,Lq is future timelike geodesically incomplete.

Proof. Suppose by contradiction that dΣpyq ą pn´ 1q{β for some y P I`pΣq. It follows from
Corollary 3.17 that we can find a maximizing L-geodesic η : r0, ls Ñ M from Σ to y which is
the C2 limit of qLεm-maximizers ηm : r0, lms Ñ M from Σ to y, where l :“ Lpηq “ dΣpyq and we
put lm :“ Lεmpηmq for their qLεm-Lorentz–Finsler arclength. The set K :“

Ť

m imp 9ηmqY imp 9ηq

is compact in TM .
Denote by θm the expansion of Σ with respect to qLεm (evaluated at t “ 0 along the geodesic

orthogonal to Σ, to be precise). Then θm converges to the expansion θ of L locally uniformly
on Σ. Hence, on a neighborhood of ηp0q in Σ, we have θm ă ´β ă 0 for large m. Take
0 ă r ă 1 such that dΣpyq ą pn´1q{rβ, and set δm :“ 3β

lm
p1´rq. By δm Ñ δ :“ 3β

l p1´rq and

Proposition 3.6, for sufficiently large m (depending only on K, r), all qLεm-unit future timelike
vectors v in K satisfy RicrqLεmspvq ě ´δm, so that RicrqLεmsp 9ηmq ě ´δm. Hence we deduce
from Proposition 4.2 that lm ď n´1

rβ . Letting m Ñ 8 and then r Ñ 1 shows l ď pn ´ 1q{β,
contradicting the assumption.

The Cp1,3q Hawking theorem given above admits a natural version for past incompleteness,
which we discuss now. In complete analogy, the remaining unweighted and weighted theorems
all admit such versions as well, we describe this briefly in Remark 4.18 further below.

Corollary 4.5 (Past version of the Cp1,3q Hawking singularity theorem, version 1). Let pM,Lq

be a globally hyperbolic Cp1,3q Finsler spacetime satisfying the distributional strong energy
condition. Suppose that there exists a C2 spacelike Cauchy hypersurface Σ Ď M satisfying
θ ą β ą 0. Then

sup
yPΣ

dp¨, yq ď
n´ 1

β
.

In particular, pM,Lq is past timelike geodesically incomplete.

35



Proof. The proof follows by applying Theorem 4.4 to the reverse Lorentz–Finsler structure
ÐÝ
L pvq :“ Lp´vq. Precisely, we choose the time orientation such that v is

ÐÝ
L -future timelike if

and only if ´v is L-future timelike, and then the
ÐÝ
L -Ricci curvature

ÐÝ
Ric satisfies

ÐÝ
Ric “ ι˚pRicq

in D1p1qpTMz0q, where ι : TMz0 Ñ TMz0 is the fiber reflection ιpvq :“ ´v and ι˚ denotes
the pullback under ι. Due to this, it is easily concluded that

ÐÝ
L continues to satisfy the

distributional strong energy condition and Σ is β-contracting with respect to
ÐÝ
L , yielding

sup
xPΣ

ÐÝ
d px, ¨q “ sup

yPΣ
dp¨, yq ď

n´ 1

β
,

where
ÐÝ
d px, yq p“ dpy, xqq denotes the Lorentz–Finsler distance with respect to

ÐÝ
L .

The second version deals with the case of β “ 0, upon replacing the Cauchy hypersurface
with a compact spacelike hypersurface.

Theorem 4.6 (Cp1,3q Hawking singularity theorem, version 2). Let pM,Lq be a Cp1,3q Finsler
spacetime satisfying the distributional strong energy condition, Σ Ď M a C2 compact spacelike
hypersurface that is contracting. Then pM,Lq is future timelike geodesically incomplete.

Proof. The proof is similar in spirit to the first version; we give a sketch for completeness.
Assume by contradiction that pM,Lq is future timelike geodesically complete. As in the proof
of the first version, we denote by θ and θε the expansions of Σ with respect to L and qLε,
respectively, as functions on Σ. We remark that Σ is also qLε-spacelike since qLε has narrower
future timelike cones than L. By the compactness of Σ, we find β :“ ´maxΣ θ{2 ą 0, so that
θε ă ´β ă 0 on Σ for sufficiently small ε ą 0.

Let

K :“
ď

0ďεď1

tv P TM : πpvq P Σ, v P ΩT rqLεs, v K TΣ for qLε, 2qLεpvq “ ´1u.

This is compact in TM . Hence there exists ε0 ą 0 such that the set FK,b,ε0 Ď TM (as
in Corollary 2.15) is (well-defined and) compact, where we set b :“ 4pn ´ 1q{β, thanks to
the assumed geodesic completeness and Proposition 2.14. Let 0 ă δ ă 3β{2b, then there
is ε1 P p0, ε0q such that for every ε P p0, ε1q and v P FK,b,ε0 with 2qLεpvq “ ´1, we have

RicrqLεspvq ě ´δ. Therefore, it follows from Proposition 4.2 (with r “ 1{2) that every qLε-
geodesic starting qLε-orthogonally to Σ will stop maximizing the qLε-distance before proper
time 2pn´ 1q{β.

At this point, we may proceed as in the smooth proof [24, Thm. 8.13] (cf. [31, Thm. 6.49]).
Up to going to a covering, we may assume that Σ is acausal and a partial Cauchy hypersurface
for qLε with ε P p0, ε1q. The above argument shows that Σ is future causally araying with
respect to qLε, a contradiction to [24, Thm. 8.11] (see [31, Thm. 6.48] for a proof).

In order to obtain sharp versions of the Hawking theorems for general timelike Ricci
bounds Ric ě K for K P R, we require the following refined version of the estimate given in
Proposition 4.2.

Proposition 4.7 (Timelike quantitative focusing for general bounds). Let pM,Lq be a smooth
Finsler spacetime, Σ Ď M a C2 spacelike hypersurface, and η : r0, bs Ñ M a future unit
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speed timelike geodesic which maximizes the distance from Σ. Let K P R and β ą 0, with
β ą

a

pn´ 1q|K| when K ă 0. If θp0q ă ´β and Ricp 9ηq ě K ´ δ, where

0 ă δ ď p1 ´ rq

ˆ

K `
β2

n´ 1

˙

for some 0 ă r ă 1,

then we have

b ď
TK,β

r
, where TK,β :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

n´ 1

β
, K “ 0,

c

n´ 1

K
arctan

˜

a

pn´ 1qK

β

¸

, K ą 0,

c

n´ 1

|K|
arctanh

˜

a

pn´ 1q|K|

β

¸

, K ă 0.

Proof. Orthogonality follows as in Proposition 4.2. Let c :“ 1{pn´1q. Since η maximizes the
distance from Σ, there is no focal point to Σ along η in p0, bq. Thus the expansion is defined
on r0, bq, where the Raychaudhuri equation (4.2) and the assumed Ricci curvature bound give

θ1 ď ´K ` δ ´ cθ2.

Setting z :“ ´θ, we obtain

z1 ě K ´ δ ` cz2, zp0q ą β. (4.5)

Our assumptions on K and β ensure that K ` cβ2 ą 0. Moreover, for every u ě β, the
hypothesis δ ď p1 ´ rqpK ` cβ2q implies

K ´ δ ` cu2 ě K ` cu2 ´ p1 ´ rqpK ` cβ2q

ě K ` cu2 ´ p1 ´ rqpK ` cu2q

“ rpK ` cu2q ě rpK ` cβ2q ą 0.

In particular, z cannot decrease to β, thereby z1ptq ą 0 and zptq ą β throughout r0, bq.
Dividing the differential inequality (4.5) by its positive right-hand side and integrating,

we find, for every 0 ă t ă b,

t ď

ż t

0

z1psq

K ´ δ ` czpsq2
ds “

ż zptq

zp0q

du

K ´ δ ` cu2
ď

ż 8

β

du

K ´ δ ` cu2

ď
1

r

ż 8

β

du

K ` cu2
.

The last inequality follows from K´δ`cu2 ě rpK`cu2q ą 0 for u ě β, which was established
before. The remaining integral is finite and equals

ż 8

β

du

K ` cu2
“

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

1

cβ
, K “ 0,

1
?
cK

ˆ

π

2
´ arctan

ˆ

β

c

c

K

˙˙

, K ą 0,

1

2
a

c|K|
log

˜

β
?
c`

a

|K|

β
?
c´

a

|K|

¸

, K ă 0.

For c “ 1{pn´1q, these are precisely the displayed expressions for TK,β. Letting t Ò b therefore
yields b ď TK,β{r as claimed.
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Remark 4.8 (On the discrepancy between Propositions 4.2 and 4.7 for K “ 0). For K “ 0,
the hypothesis on δ in Proposition 4.7 becomes

0 ă δ ď p1 ´ rq
β2

n´ 1
,

whereas Proposition 4.2 assumes

0 ă δ ď p1 ´ rq
3β

b
.

These are different sufficient conditions for the same conclusion b ď pn´1q{prβq, thus Propo-
sition 4.2 does not follow from Proposition 4.7 with K “ 0. The difference arises because the
proof of Proposition 4.7 uses the comparison

K ´ δ ` cu2 ě rpK ` cu2q pu ě βq

with subsequent integral estimates, whereas Proposition 4.2 uses an estimate involving the
interval length b. We expect that a version of Proposition 4.2 for general bounds K can also
be established. This discrepancy highlights that both results are independently of interest
and it has no bearing on their applications in the Hawking singularity theorems (Theorems
4.4, 4.6, 4.9): The curvature error in the regularization can be made sufficiently small to
satisfy either condition in Propositions 4.2 and 4.7 for K “ 0.

Theorem 4.9 (Cp1,3q Hawking singularity theorem, version 1, general K). Let pM,Lq be
a globally hyperbolic Cp1,3q Finsler spacetime satisfying Ric ě K timelike distributionally for
some K P R. Suppose that Σ Ď M is a C2 spacelike Cauchy hypersurface that is β-contracting,
where β ą 0 and additionally β ą

a

pn´ 1q|K| if K ă 0. Then supM dΣ ď TK,β, where TK,β

is as in Proposition 4.7. In particular, pM,Lq is future timelike geodesically incomplete.

Proof. We follow the proof of Theorem 4.4. Suppose that dΣpyq ą TK,β for some y P I`pΣq,
and choose r P p0, 1q sufficiently close to 1 such that dΣpyq ą TK,β{r. By Corollary 3.17, we

can find qLεm-unit speed maximizing geodesics from Σ to y converging to an L-maximizer,
with their proper-time lengths lm Ñ dΣpyq. As in the proof of Theorem 4.4, their tangents
lie in a compact subset of ΩT , and their initial expansions satisfy θmp0q ă ´β for sufficiently
large m. Fix

0 ă δ ă p1 ´ rq

ˆ

K `
β2

n´ 1

˙

.

By Corollary 3.8, we get RicrqLεmsp 9ηmq ě K´ δ for large m. Proposition 4.7 therefore implies
lm ď TK,β{r. Letting m Ñ 8 (equivalently, εm Ñ 0q shows dΣpyq ď TK,β{r, contradicting
our choice of r.

4.2 The Penrose singularity theorem

We first recall the notion of trapped surfaces (see [30, §4], [24, §8.1]). Throughout this
subsection, let n “ dimM ě 3. Let S be a codimension 2, orientable, C2 spacelike sub-
manifold (without boundary) in a Cp1,3q Finsler spacetime pM,Lq. Then, for each x P S,
since TxS X ΩT

x “ t0u, there are exactly two hypersurfaces H˘
x Ď TxM containing TxS and

tangent to BΩT
x . By the orientability of S, we can take C1 vector fields V ˘ on S such that

V ˘pxq P pH˘
x X BΩT

x qzt0u (unique up to a rescaling by a positive function on S), and V ˘

satisfy ker gV ˘pV ˘pxq, ¨q “ H˘
x . We define the associated null expansions θ˘pxq as the trace

of the endomorphism w ÞÑ DV ˘

w V ˘ on TxS.
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Definition 4.10 (Trapped surfaces). We say that S is a (future) trapped surface if it is
compact and θ˘ ă 0 on S.

Proposition 4.11 (Null quantitative focusing). Let pM,Lq be a smooth Finsler spacetime,
S Ď M be a codimension 2, orientable, C2 spacelike submanifold and η : r0, bs Ñ M with
x :“ ηp0q P S be a future null geodesic that maximizes the distance from S. Then 9ηp0q K TxS
in the sense that TxS ` R 9ηp0q “ ker g 9ηp0qp 9ηp0q, ¨q. Moreover, under the normalization 9ηp0q “

V `pxq or V ´pxq, if θ˘pxq ă ´β ă 0 and Ricp 9ηq ě ´δ with 0 ă δ ď
3β
b p1 ´ rq for some

0 ă r ă 1, then we have b ď n´2
rβ .

Proof. This is shown in the same way as Proposition 4.2. Precisely, we have

ker g 9ηp0q

`

9ηp0q, ¨
˘

“ TxS ` R 9ηp0q “ H`
x or H´

x ,

which implies that 9ηp0q “ cV `pxq or cV ´pxq for some c ą 0. We set c “ 1 by reparametrizing
η. Then, using the null Raychaudhuri equation ([30, Eq. (31)] with κ “ 0, where dimM “

n` 1), we obtain the claimed estimate of b.

Theorem 4.12 (Cp1,3q Penrose singularity theorem). Let pM,Lq be a globally hyperbolic
Cp1,3q Finsler spacetime satisfying the distributional null energy condition and containing a
C2 trapped surface S and a noncompact Cauchy hypersurface. Then there exists a future
inextendible null geodesic η emanating orthogonally from S that is future incomplete.

Proof. By way of contradiction, suppose that every future null geodesic starting orthogonally
to S is future complete. Fix future L-null normals V ˘ of S as above, which are of regularity
C1. They are the uniform limits of future qLε-null normals V ˘

ε of S (note that S is also
qLε-spacelike). We write θ˘

ε for the null expansions of V ˘
ε with respect to qLε. Consider the

set

K :“

"

λv : v “ V ˘pxq, x P S, 0 ď λ ď
2pn´ 2q

´θ˘pπpvqq

*

.

This is a compact subset of TM (since S is compact by definition). We claim that

J`pSqzI`pSq Ď FK,1 :“ tηptq : η is an L-geodesic, 9ηp0q P K, t P r0, 1su.

Note that FK,1 is compact (thus so is J`pSqzI`pSq by global hyperbolicity if we show the
claim).

Suppose to the contrary that there is some y P J`pSqzI`pSq not in FK,1. Since clearly
S Ď FK,1, necessarily y R S. According to Corollary 3.18, any such y is reached by a

maximizing L-null geodesic η : r0, bs Ñ M from S that is the C2-limit of maximizing qLεm-
null geodesics ηm : r0, bms Ñ M from S with limmÑ8 εm “ 0, where η is parametrized as
9ηp0q “ V `pηp0qq or V ´pηp0qq, and we assume 9ηp0q “ V `pηp0qq without loss of generality, as
well as 9ηmp0q “ V `

εmpηmp0qq.
By y R FK,1, we have b ą ´2pn´ 2q{θ`pηp0qq, so that

θ`
`

ηp0q
˘

ă ´β :“ ´
2pn´ 2q

b
.

Then it follows from the C2-convergence that, for sufficiently large m, θ`
εmpηmp0qq ă ´β and

bm ą 3b{4. Moreover, we can assume RicrqLεmsp 9ηmq ě ´β{bm by virtue of Proposition 3.9.
Hence, from Proposition 4.11 with b “ bm, δ “ β{bm and r “ 2{3, we infer that

bm ď
1

r

n´ 2

β
“

3

2

b

2
ă bm,
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a contradiction.
From here, one may follow the smooth argument given for [24, Thm. 8.4] or [31, Thm.

6.25] to conclude (keeping in mind Lemma 2.8).

4.3 Weighted versions of the singularity theorems

In this final subsection, we give weighted versions of the Hawking and Penrose singularity
theorems. Our results are new even for C1 Lorentzian metrics.

In the weighted case, we need to modify the notion of geodesic (in)completeness. For
this purpose, let us recall the following notion introduced in [24] (called ϵ-range; note that
dimM “ n`1 there), inspired by Wylie and Woolgar’s works in Riemannian and Lorentzian
settings [46, 47, 48].

Definition 4.13 (κ-ranges). For N P p´8, 1s Y rn,8s, where n “ dimM , we define the
timelike κ-range of N to be those κ P R which satisfy

$

’

’

&

’

’

%

κ “ 0, N “ 1,

|κ| ă

b

N´1
N´n , N ‰ 1, n,

κ P R, N “ n.

Similarly, for N P p´8, 2s Y rn,8s (provided n ě 3), we define the null κ-range of N to be
those κ P R which satisfy

$

’

’

&

’

’

%

κ “ 0, N “ 2,

|κ| ă

b

N´2
N´n , N ‰ 2, n,

κ P R, N “ n.

In both cases, we also say that κ P R is timelike/null admissible for N if it belongs to the
corresponding κ-range of N .

Let N P p´8, 1s Y rn,8s and κ be timelike admissible for N . Given a C2 spacelike
hypersurface Σ Ď M , let V be the future unit normal vector field on a neighborhood of Σ
as in Subsection 4.1, and Ψ be the distortion function associated with m as in Subsection
2.5. Then, for an integral curve η : r0, bs Ñ M of V with ηp0q P Σ, we define the weighted
counterparts to the expansion and shear of V by

θκptq :“ exp

ˆ

2p1 ´ κq

n´ 1
Ψ
`

9ηptq
˘

˙

´

θptq ´ SΨ
`

9ηptq
˘

¯

,

σκptq :“ exp

ˆ

4p1 ´ κq

n´ 1
Ψ
`

9ηptq
˘

˙

σptq,

where θ and σ are the unweighted expansion and shear defined in (4.1). We say that Σ
is pκ, βq-contracting if θκ ă ´β ă 0 for all η as above, where β ą 0. Along η, it will be
convenient to consider the parametrization

φηptq :“

ż t

0
exp

ˆ

2pκ´ 1q

n´ 1
Ψ
`

9ηpsq
˘

˙

ds.

When L is smooth, the weighted Raychaudhuri inequality asserts the following:

pθκ ˝ φ´1
η q1 ď ´RicNm

`

pη ˝ φ´1
η q1

˘

´ σκpφ´1
η q ´ cN,κθκpφ´1

η q2 (4.6)
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on φηpr0, bsq (see [24, Prop. 5.7]), where we set

cN,κ :“
1

n´ 1

ˆ

1 ´ κ2
N ´ n

N ´ 1

˙

pN ‰ 1q, c8,κ :“
1 ´ κ2

n´ 1
, c1,0 :“

1

n´ 1
.

With this, we can generalize Proposition 4.2 as follows.

Proposition 4.14 (Weighted timelike quantitative focusing). Let pM,L,mq be a smooth
weighted Finsler spacetime, Σ be a C2 spacelike hypersurface and η : r0, bs Ñ M with x :“
ηp0q P Σ be a future unit speed timelike geodesic that maximizes the distance from Σ. Let
N P p´8, 1s Y rn,8s, κ be timelike admissible for N , and set B :“ φηpbq. Assume that
θκp0q ă ´β ă 0 and

RicNm p 9ηq ě ´δ exp

ˆ

4pκ´ 1q

n´ 1
Ψp 9ηq

˙

, (4.7)

where

0 ă δ ď
3β

B
p1 ´ rq for some 0 ă r ă 1.

Then we have

B ď
1

cN,κrβ
.

When N P rn,8q, we can take κ “ 1 and obtain b ď pN ´ 1q{prβq under RicNm p 9ηq ě ´δ.

Proof. By the positive 2-homogeneity of RicNm and (4.7), we have

RicNm
`

pη ˝ φ´1
η q1pφηptqq

˘

“ exp

ˆ

4p1 ´ κq

n´ 1
Ψ
`

9ηptq
˘

˙

RicNm
`

9ηptq
˘

ě ´δ.

Thus upon setting Θ :“ θκ ˝ φ´1
η , we get from (4.6) that

Θ1 ď δ ´ cN,κΘ
2 on r0, Bs, Θp0q ă ´β.

The same scalar comparison as in the proof of Proposition 4.2, with interval length B and
coefficient cN,κ gives the claim.

For a future-inextendible unit speed timelike geodesic η : r0, T q Ñ M , write φηpT q :“
limtÒT φηptq. We say that η is future κ-incomplete if φηpT q ă 8. Note that the 1-completeness
boils down to the usual geodesic completeness, while κ “ 1 is admissible only for N P rn,8q.
We refer to [46, 47] for the case of κ “ 0.

In the arguments below, Ψε denotes the distortion associated with pqLε,mεq. By our
approximation results (recall Ψ P Cp1,0q), we have

Ψε Ñ Ψ, qSεΨε Ñ SΨ in C0
locpTMz0q.

Theorem 4.15 (Weighted Cp1,2q Hawking singularity theorem, version 1). Let pM,Lq be a
globally hyperbolic Cp1,2q Finsler spacetime, equipped with a C1 measure m, satisfying

RicNm ě K exp

ˆ

4pκ´ 1q

n´ 1
Ψ

˙
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timelike distributionally for some K P R, N P p´8, 1s Y rn,8s and κ timelike admissible for
N . Suppose that Σ Ď M is a C2 spacelike Cauchy hypersurface with θκ ă ´β, where β ą 0
and, additionally, β ą

a

|K|{cN,κ when K ă 0. Then we have

sup
η

lim
tÒT

φηptq ď T
pN,κq

K,β ,

where η : r0, T q Ñ M runs over all future unit speed timelike geodesics maximizing the distance
from Σ, and we set

T
pN,κq

K,β :“

ż 8

β

dz

K ` cN,κz2
“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1

cN,κβ
, K “ 0,

1
a

cN,κK
arctan

˜

1

β

d

K

cN,κ

¸

, K ą 0,

c

1

cN,κ|K|
arctanh

˜

1

β

d

|K|

cN,κ

¸

, K ă 0.

In particular, every such η is future κ-incomplete and, when N P rn,8q and κ “ 1, we have

supM dΣ ď T
pN,1q

K,β and pM,Lq is future timelike geodesically incomplete.

Proof. Given η as in the statement, we first generalize Proposition 4.7 assuming that L and
m are smooth: Under the hypotheses θκ ă ´β,

RicNm p 9ηq ě pK ´ δq exp

ˆ

4pκ´ 1q

n´ 1
Ψp 9ηq

˙

and 0 ă δ ď p1 ´ rqpK ` cN,κβ
2q, we obtain φηpT q ď T

pN,κq

K,β {r. Note that, as in the proof of
Proposition 4.14, the above curvature bound implies

RicNm
`

pη ˝ φ´1
η q1pφηptqq

˘

ě K ´ δ.

Thus, the weighted Raychaudhuri inequality (4.6) gives

Θ1 ď ´K ` δ ´ cN,κΘ
2 on r0, φηpT qq, where Θ :“ θκ ˝ φ´1

η ,

which enables us to follow the proof of Proposition 4.7 by replacing TK,β with T
pN,κq

K,β .
Having established the above, the proof is now analogous to that of Theorem 4.9, using

Proposition 3.10(i).

Theorem 4.16 (Weighted Cp1,2q Hawking singularity theorem, version 2). Let pM,L,mq

be a Cp1,2q Finsler spacetime equipped with a C1 measure m satisfying RicNm ě 0 timelike
distributionally for some N P p´8, 1s Y rn,8s. Suppose that Σ Ď M is a compact C2

spacelike hypersurface such that θκ ă 0 for some κ which is timelike admissible for N .
Then there exists a future inextendible unit speed timelike geodesic η : r0, T q Ñ M that

starts orthogonally to Σ and is future κ-incomplete. In particular, when N P rn,8q and
κ “ 1, this geodesic is future incomplete in the usual sense.

Proof. The proof is similar to that of Theorem 4.6. Assume first that N ‰ n and suppose,
by contradiction, that every future inextendible timelike geodesic starting orthogonally to Σ
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is future κ-complete. As in the proof of Theorem 4.6, up to passing to a covering, we may
assume that Σ is a compact acausal partial Cauchy hypersurface. Since qLεm ă L, Σ is also
a partial Cauchy hypersurface for qLεm . Thus, by [24, Thm. 8.11], there exist future timelike
Σ-rays ηm for qLεm , where εm Ñ 0. These are timelike geodesics starting orthogonally to Σ,
which we parametrize by qLεm-unit speed.

As in Theorem 4.6, their initial velocities lie in a common compact set. Applying the
compactness argument for the geodesic equation from the proof of Proposition 2.14 along a
compact exhaustion of TMz0, we obtain a timelike Σ-ray η : r0, T q Ñ M with respect to L,
starting orthogonally to Σ. For every b ă T , the geodesics ηm are defined on r0, bs for all
sufficiently large m and converge to η there in C2.

By our contradiction assumption, η is future κ-complete. Denote by θκ and θκ,ε the

initial weighted expansions of Σ for pL,mq and pqLε,mεq, respectively. Since θκ ă 0, by the
compactness of Σ and the uniform convergence of the initial weighted expansions, we have

β :“ ´
1

2
max
Σ

θκ ą 0,

so that θκ,ε ă ´β on Σ for sufficiently small ε.
Put c :“ cN,κ ą 0 and B :“ 4{pcβq. Since η is future κ-complete (i.e., φηpT q “ 8), there

exists b ă T such that φηpbq “ B. The C2-convergence on r0, bs implies that the velocities of
these segments lie in a common compact subset of ΩT and Bm :“ φηmpbq Ñ B, where φηm is
computed using Ψεm .

Fix 0 ă δ ă 3β{p4Bq. The functions Ψεmp 9ηmq are uniformly bounded on r0, bs. Conse-
quently, Proposition 3.10(i) gives

RicNmεm
rqLεmsp 9ηmq ě ´δ exp

ˆ

4pκ´ 1q

n´ 1
Ψεmp 9ηmq

˙

on r0, bs for all sufficiently large m. Moreover, δ ă 3β{p2Bmq for large m as well. Since every
ηm|r0,bs maximizes the qLεm-distance from Σ, Proposition 4.14 with r “ 1{2 therefore yields

Bm ď
2

cβ
“
B

2
.

Letting m Ñ 8 gives B ď B{2, a contradiction.
When N “ n with θκ ă 0, we have SΨ ” 0 by convention, and hence RicN

1

m “ Ricnm “

Ric for every N 1 ą n. Thus, for sufficiently small N 1 ą n, RicN
1

m ě 0 holds and κ is
timelike admissible for N 1. Then the above argument yields the desired future timelike κ-
incompleteness.

Finally, for N P rn,8q and κ “ 1, since φηptq “ t, the 1-completeness coincides with the
ordinary geodesic completeness.

For a codimension 2, orientable, C2 spacelike submanifold S Ď M , with n ě 3, define the
weighted null expansions on S by

θ˘
κ :“ exp

ˆ

2p1 ´ κq

n´ 2
ΨpV ˘q

˙

`

θ˘ ´ SΨpV ˘q
˘

,

where θ˘ are the unweighted null expansions introduced in Subsection 4.2. For a future
inextendible null geodesic η : r0, T q Ñ M , set

φ0
ηptq :“

ż t

0
exp

ˆ

2pκ´ 1q

n´ 2
Ψ
`

9ηpsq
˘

˙

ds, φ0
ηpT q :“ lim

tÒT
φ0
ηptq.
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We say that η is future κ-incomplete if φ0
ηpT q ă 8.

For κ null admissible for N , we put

c̄N,κ :“
1

n´ 2

ˆ

1 ´ κ2
N ´ n

N ´ 2

˙

pN ‰ 2q, c̄8,κ :“
1 ´ κ2

n´ 2
, c̄2,0 :“

1

n´ 2
.

The null weighted Raychaudhuri inequality [24, Prop. 6.2] gives the analog of Proposition
4.14 for null maximizers from S, with φ0

η and c̄N,κ in place of φη and cN,κ.

Theorem 4.17 (Weighted Cp1,2q Penrose singularity theorem). Let pM,L,mq be a globally
hyperbolic Cp1,2q Finsler spacetime of dimension n ě 3, equipped with a C1 measure m, sat-
isfying the distributional null N -energy condition for some N P p´8, 2s Y rn,8s. Suppose
that M contains a noncompact Cauchy hypersurface and a compact orientable C2 spacelike
submanifold S of codimension 2 satisfying θ˘

κ ă 0 for some κ which is null admissible for N .
Then there exists a future inextendible null geodesic η : r0, T q Ñ M , starting orthogonally

to S, which is future κ-incomplete. In particular, if N P rn,8q and κ “ 1, η is future
incomplete in the usual sense.

Proof. Assume first that N ‰ n. We can follow the same lines as Theorem 4.12 by modifying
K in its proof to

K :“

"

λv : v “ V ˘pxq, 9ηp0q “ v, x P S, 0 ď φ0
ηpλq ď

2

´cθ˘
κ pπpvqq

*

,

where η runs among geodesics and we set c :“ c̄N,κ. Indeed, to show J`pSqzI`pSq Ď FK,1,
assuming y R FK,1 we have

θ`
κ

`

ηp0q
˘

ă ´β :“ ´
2

cφ0
ηpbq

.

Then, under θ`
κ,εmpηmp0qq ă ´β, φ0

ηmpbmq ą 3φ0
ηpbq{4 and RicrqLεmsp 9ηmq ě ´β{φ0

ηmpbmq,
applying the weighted version of Proposition 4.11 with r “ 2{3, we have

φ0
ηmpbmq ď

1

r

1

cβ
“

3

2

φ0
ηpbq

2
ă φ0

ηmpbmq,

a contradiction.
The case N “ n holds as argued in Theorem 4.16.

We remark that our weighted singularity theorems, i.e., Theorems 4.15, 4.16 and 4.17,
are new even in the case Lpvq “ gpv, vq{2, where g is a C1 Lorentzian metric, and provide an
extension of Graf’s results [15].

Remark 4.18 (Past versions of singularity theorems). All of our unweighted (Theorems 4.4,
4.6, 4.9 and 4.12) and weighted (Theorems 4.15, 4.16 and 4.17) singularity theorems can be
formulated to yield past timelike/null (κ-)incompleteness resp. a bound on the past Lorentz–
Finsler distance. The only difference is that the assumption on the timelike/null expansion
needs to be reversed as in Corollary 4.5. The proofs all follow from the corresponding future
versions applied to the reverse structure

ÐÝ
L pvq :“ Lp´vq, since the weighted and unweighted

distributional timelike and null Ricci bounds are satisfied by L if and only if they are satisfied
by

ÐÝ
L . See [24, Rem. 8.14] for more details.
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for N -Bakry-Émery spacetimes”. In: J. Math. Phys. 57.2 (2016), pp. 022504, 12. doi:
10.1063/1.4940340.

[47] Woolgar, E. and Wylie, W. “Curvature-dimension bounds for Lorentzian splitting the-
orems”. In: J. Geom. Phys. 132 (2018), pp. 131–145. doi: 10.1016/j.geomphys.2018.
06.001.

[48] Wylie, W. “A warped product version of the Cheeger-Gromoll splitting theorem”. In:
Trans. Amer. Math. Soc. 369.9 (2017), pp. 6661–6681. doi: 10.1090/tran/7003.

48

https://doi.org/10.1142/S0219887819410044
https://doi.org/10.1142/S0219887819410044
https://doi.org/10.1007/s00023-015-0425-x
https://doi.org/10.1007/s11005-021-01481-3
https://doi.org/10.1007/978-94-015-9727-2
https://doi.org/10.1142/9789812811622
https://doi.org/10.1088/0264-9381/28/21/215001
https://doi.org/10.1063/1.4940340
https://doi.org/10.1016/j.geomphys.2018.06.001
https://doi.org/10.1016/j.geomphys.2018.06.001
https://doi.org/10.1090/tran/7003

	Introduction
	Notation and conventions
	Outlook

	The geometry of low regularity Finsler spacetimes
	Mixed regularity of functions on the tangent bundle
	Low regularity Lorentz–Finsler structures and Finsler spacetimes
	Covariant derivative and geodesics
	Distributional curvature and energy conditions
	Weighted Ricci curvature

	Smooth approximations
	Construction of regularizations
	Inner and outer approximations
	Convergence of Ricci curvature
	Convergence of weighted Ricci curvature
	Global hyperbolicity

	Singularity theorems
	The Hawking singularity theorems
	The Penrose singularity theorem
	Weighted versions of the singularity theorems

	References

