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Abstract

We prove the Hawking and Penrose singularity theorems for Lorentz—Finsler structures
of mixed horizontal /vertical regularity C*?) in the C'' weighted case and C'"3) in the
unweighted case. At this regularity, geodesics need not be uniquely determined by their
initial conditions, and the (weighted) Ricci curvature must be interpreted distribution-
ally. Our approach relies on a two-stage approximation procedure: first, a homogeneity-
preserving convolution, which is of independent interest in the broader semi-Riemann—
Finsler setting, and second, a causality-adapted approximation a la Chrusciel-Grant. In
the special case of C! Lorentzian metrics, our results extend the C! singularity theorems
of Graf to the C'! weighted case.
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1 Introduction

The study of nonsmooth spacetimes has garnered considerable interest in recent years. Central
questions about the nature of singularities in general relativity and extendibility of spacetimes
in the context of the landmark singularity theorems of Hawking and Penrose necessitate the
study of a wider range of geometries under reduced smoothness assumptions. Currently, the
class of C! Lorentzian metrics is the one which is best understood in terms of singularity [15,
, 1] and rigidity [21, 0] theorems, as well as recently emergent synthetic descriptions of
energy conditions based on optimal transport [1].
In the smooth case, Lorentz—Finsler geometry provides a physically meaningful extension
of Lorentzian geometry which incorporates an additional directional dependence of the metric
tensor and its derived curvature quantities. Finsler spacetimes have been considered both as

a geometric description of gravity beyond general relativity (see, e.g., [3, 19, 38]) and in the

classical limit of modified dispersion relations encompassing Lorentz violation in quantum

gravity and in the Standard Model Extension (see, e.g., [14, 45, 17, 18, 39, 12]). Remarkably,

they provide a counter-example to the Shiff conjecture [22], but they are compatible with a
slight modification of Ehlers-Pirani-Schild axioms for general relativity (see [23, 3]).

Previous work on smooth Finsler spacetimes covers singularity [30, 1, 24], rigidity [20,

|, and comparison [25] theorems, as well as optimal transport [7]. However, so far, there

is no comparison-geometric treatment of low regularity Lorentz—Finsler structures. Their
causality theory is well captured and understood within the framework of cone structures due
to the second author [32], but the effects of curvature bounds on their global geometry have
not yet been investigated. The aim of this article is to initiate this study with the goal of
establishing the Hawking and Penrose singularity theorems for this class of spacetimes. A
major difference from the purely Lorentzian setting is the additional directional dependence
of the curvature quantities. Moreover, in the low regularity formulation, one can incorporate
additional nonsmoothness in the vertical (tangent) directions.

Many of our results for nonsmooth Finsler structures, their curvatures, and approxima-
tions, are signature-independent; see Remark 3.2. Hence, they can also be used in the study
of Riemann—Finsler structures as well as more general semi-Riemann—Finsler structures of
low regularity. Moreover, we expect that relaxing the regularity assumptions can contribute
to the construction of interesting classes of both Riemann— and Lorentz—Finsler manifolds.

We now outline our program and present our main results.



Definition 1.1 (C*!) Lorentz Finsler structures). Let M be a smooth manifold and k,1 €
N u {0,+00} with & + 1 > 2. A Lorentz—Finsler structure of reqularity C®D is a map L :
TM — R such that the following hold:

(i) For each fiberwise linear chart (z?,v%) on TM\O, b 09 L exists and is continuous for all
multi-indices 3, o satisfying |5| < k and |o| < k+ 1 — |B];

(i) L(cv) = ¢*L(v) for all ¢ > 0 and v € TM;

(iii) For all v € TM\O, the vertical Hessian g;;(v) := 0,:0,;L has Lorentzian signature
(=4, +).

General low regularity semi-Riemann—Finsler structures (in particular, positive definite
Riemann—Finsler ones) are defined in complete analogy, changing the signature in (iii) ac-
cordingly. The purpose of condition (i) above is to provide a coordinate-invariant way of
phrasing the condition “jointly C* in x and C' in v” for a map on the tangent bundle T'M;
see the discussion in Subsection 2.1. The majority of our results will assume £ = 1 and
[ = 2; in particular, it covers the case of C' Lorentzian metrics g, which naturally induce
Lorentz—Finsler structures

of class C'(1:®),

In the setting most relevant to us, namely L € C12) or L e C(13) | many basic properties
of smooth Lorentz—Finsler geometry fail to hold. In particular, geodesics are, in general, no
longer uniquely determined by their initial conditions, and curvature quantities can only be
defined in a distributional sense, similar to the C! Lorentzian case [15, 20, 11, 0].

To study the geometry and causality induced by a nonsmooth Lorentz—Finsler structure
L, we therefore argue by approximation. Adapting from the C' Lorentzian case [15, 20], we
construct two types of smooth Lorentz—Finsler structures: the convolution-based approxima-
tion L., as well as the causality-adapted approximations L and L We obtain L. through a
homogeneity-preserving convolution in local charts (see Subsection 3.1) which works irrespec-
tive of the signature of L (see Remark 3.2) and is therefore of independent interest in the more
general framework of low regularity semi-Riemann—Finsler geometries. At this stage, how-
ever, we lose control of any causality relation between L. and L. To remedy this deficiency,
we locally align the future cones of L. and L (see Proposition 3.4) and further construct two
families of (inner and outer) approximations L. and L. in the spirit of Chrusciel-Grant (cf.
[11]) that satisfy

f/a <L < Eg,

where < indicates the nesting of the future cones (see Definition 3.3). These have the same
analytic approximation properties as L. (in fact, lvlg — L. — 0in C%,(TM\0), same for L.),
but their causality is closely tied to that of L, which is crucial for the proof of singularity
theorems.

The energy conditions for L, which are key assumptions in the singularity theorems, are
formulated in a distributional sense on T'M. This is in sharp contrast to the purely Lorentzian
case, in which distributional curvature can still be evaluated along smooth vector fields (in
particular, in timelike directions) and which can therefore be pulled back to a distribution on
M. Just as in the Lorentzian case, however, our distributional energy conditions on T'M imply
surrogate energy conditions for the approximations Ee, which can be treated in a standard



way. In the case of the strong energy condition, with Q7 < T'M denoting the set of future
timelike vectors, this takes the following form (see Subsections 2.4, 3.3):

Definition 1.2 (Distributional strong energy condition). We say that a C(12) Fingler space-
time (M, L) satisfies the distributional strong energy condition if Ric = 0 on Q7 in the dis-
tributional sense, i.e., (Ric, uy = 0 for any nonnegative volume density p on T'M compactly
supported in Q7. Similarly, we say that Ric > K timelike distributionally for K € R if the
distribution Ric + 2K L is nonnegative.

Proposition 1.3 (Approximation of strong energy condition). Let (M, L) be a CM3) Finsler
spacetime satisfying the distributional strong energy condition, and let KK < QT be compact.
Then for any 6 > 0, there exists eg = €9(IC,0) > 0 such that for all € € (0,£9) and v € K with
2L.(v) = —1, we have

Ric[L.](v) = —0.

Interestingly, favorable cancellations of certain terms allow us to prove an analogous ap-
proximation result in the weighted case for the less regular C(2?) class (see Remark 2.23,
Proposition 3.10), which is the reason for the discrepancy in regularity in the unweighted and
weighted singularity theorems below.

Let us now present our main results, which are the two versions of the Hawking singularity
theorem as well as the Penrose singularity theorem, for L € C(13) in the unweighted case and
for L € C12) in the case where the Finsler spacetime is equipped with a C! reference measure.
We refer to Section 4 for notions that appear below and which we have not discussed so far.

Theorem 1.4 (Unweighted C'"¥) Hawking singularity theorem, version 1). Let (M, L) be
a globally hyperbolic C3) Finsler spacetime satisfying Ric = K timelike distributionally for
some K € R. Suppose that ¥ < M is a C? spacelike Cauchy hypersurface that is 3-contracting,

where B > 0 and additionally B > +/(n —1)|K| if K < 0. Then

supdy, < Tk g,
M

where )
n—1

) K:07
8

Ti 3= < “nf—( L arctan (W() , K >0,

— —1D|K
n—l arctanh<w> , K <0.

K| B

In particular, (M, L) is future timelike geodesically incomplete.

Theorem 1.5 (Unweighted C(13) Hawking singularity theorem, version 2). Let (M, L) be a
C13) Finsler spacetime satisfying the distributional strong energy condition, ¥ < M a C?
compact spacelike hypersurface that is contracting. Then (M, L) is future timelike geodesically
incomplete.

Theorem 1.6 (Unweighted C(13) Penrose singularity theorem). Let (M, L) be a globally
hyperbolic C13) Finsler spacetime which satisfies the distributional null energy condition and
contains a C? trapped surface S and a noncompact Cauchy hypersurface. Then there exists a
future null geodesic n emanating orthogonally from S that is future incomplete.



Theorem 1.7 (C' weighted C(1:?) Hawking singularity theorem, version 1). Let (M, L) be a
globally hyperbolic C2) Finsler spacetime, equipped with a C* measure m, satisfying
4(k—1
Ricl > Kexp<<l{1)\11>
n—

timelike distributionally for some K € R, N € (=0, 1] U [n,®] and k timelike admissible for
N. Suppose that ¥ < M is a C? spacelike Cauchy hypersurface with 0, < —3, where 3 > 0

and, additionally, 8 > +/|K|/cn . when K < 0. Then we have
3 (Nvﬁ’)
Slrlip %1%1 on(t) < Trp's

wheren : [0,T) — M runs over all future unit speed timelike geodesics mazimizing the distance
from ¥ and we set

( 1 K
Dy = 07
CN,H/B
1 1 K
pWNk) ) ——— arctan| =, | — | , K >0,
KHB : CN,HK B CNzK/

1 1 ||K|
arctanh| — , K <0.
CN,K’K‘ (6 CN,H))

In particular, every such n is future k-incomplete and, when N € [n,©) and k = 1, we have
sup,s ds < T[((]?,[él) and (M, L) is future timelike geodesically incomplete.
Theorem 1.8 (C! weighted C(1?) Hawking singularity theorem, version 2). Let (M, L, m)
be a C12) Finsler spacetime equipped with a C* measure m satisfying RianY > 0 timelike
distributionally for some N € (—o0,1] U [n,0]. Suppose that ¥ < M is a compact C?
spacelike hypersurface such that 0, < 0 for some k which is timelike admissible for N.

Then there exists a future inextendible unit speed timelike geodesicn : [0,T) — M, starting
orthogonally to X, that is future k-incomplete. In particular, when N € [n,0) and k = 1,
this geodesic is future incomplete in the usual sense.

Theorem 1.9 (C' weighted C'1?) Penrose singularity theorem). Let (M, L, m) be a globally
hyperbolic C12) Finsler spacetime of dimension n = 3, equipped with a C* measure m, sat-
isfying the distributional null N-energy condition for some N € (—o0,2] U [n,00]. Suppose
that M contains a noncompact Cauchy hypersurface and a compact orientable C? spacelike
submanifold S of codimension 2 satisfying 0= < 0 for some k which is null admissible for N.

Then there exists a future inextendible null geodesic 1 : [0, T) — M, starting orthogonally
to S, which is future k-incomplete. In particular, if N € [n,00) and k = 1, n is future
incomplete in the usual sense.

For all of the singularity theorems stated above, time reversal gives past distance bounds
or past incompleteness; see Corollary 4.5 and Remark 4.18 for details.

Let us remark that, in the case of C! Lorentzian metrics, our unweighted singularity theo-
rems recover the ones established by Graf in [15], while the weighted theorems provide genuine
extensions of those even for Lorentzian manifolds. A common feature of both approaches is
that branching of geodesics is not excluded, while the synthetic singularity theorems using
optimal transport (see [10, 9]) require nonbranching. As for low regularity Finsler structures,
it is unclear if curvature bounds imply nonbranching (cf. [36, 27]), hence our theorems would
not be subsumed by their synthetic counterparts [10, 9].



1.1 Notation and conventions

We set Ny := N u {0}. All manifolds are assumed to be smooth, connected, paracompact,
Hausdorff, and without boundary. We denote by ¢ a fixed complete Riemannian background
metric on M. We denote by 0 € T'M the zero section and by 7 : TM — M the canonical
projection. Throughout, we will make use of the Einstein summation convention.

1.2 Outlook

Our work opens the possibility of further investigation of low regularity Finsler structures from
various angles. For Lorentz—Finsler structures, the Hawking—Penrose singularity theorem [20]
and the splitting theorem [6] in C'"3) regularity (or in C1?) regularity with C' weights)
are natural next goals. It would further be interesting to investigate the links between our
distributional energy conditions and corresponding bounds expressed via optimal transport
[1, 5]. Such bounds are likewise relevant in the setting of low regularity Riemann—Finsler
structures; cf. [33, 34] for the analogous results in the smooth case.

Furthermore, as already alluded to, relaxing the smoothness assumptions in the definition
of semi-Riemann—Finsler structures allows for more flexibility in constructing examples that
do not come from semi-Riemannian metrics, which is of great independent interest. In par-
ticular, our results show that such low regularity Lorentz—Finsler structures are still able to
make physically meaningful predictions about the formation of singularities.

2 The geometry of low regularity Finsler spacetimes

In this section, we describe our framework for Finsler spacetimes of low regularity. Here, in
contrast to the purely Lorentzian case, one allows for additional nonsmoothness in (vertical)
tangent directions. We refer to [30, 24] for the basics of Lorentz—Finsler geometry and Finsler
spacetimes, and to [2, 43, 37] for the positive definite setting of Finsler manifolds.

2.1 Mixed regularity of functions on the tangent bundle

Let M be an n-dimensional smooth manifold and denote by T'M its tangent bundle. If
(U, (z*)) is a chart on M, then a chart on the open set TU < T'M is obtained by mapping

veTU to (2l (n(v)),...,2"(r(v)),v!, ... ,v"), where m : TM — M is the canonical projection
and
;0
v = v’a - .
T la()

If (V, (7)) is another chart on M, then the transition map for the bundle chart on TU " TV =

T(U V)< TM is given by (2f,v') (yj(x),vZAZ(as)) = (y/,w’), where AZ(:p) = gf; (x).

The derivatives in the (z°,v")-coordinates can be expressed in the new coordinates as follows:

o oy 0 ow 0 ;0 LOAL 0
oxrt  oxt oyl Oxt owd L oyd oxt owl’
0 owl 0 50
ovt ovt dwl TP owd’



Note that, in the (horizontal) z-directions, mixed derivatives appear after a coordinate change,
while in the (vertical) v-directions, no such derivatives appear. Given that both the transition
map and its derivatives A] are smooth, the following definition is independent of the specific
choice of a chart.

Definition 2.1 (C*)-%_regular maps). Let M, N be smooth manifolds and let k,1 € Ny u
{+0}, a € [0,1], and U < TM be an open set. A map f : U — N is said to be Ok
regular if, in any bundle chart (z% v) on U, for its coordinate representation f(x,v) the

partial derivatives 65 09 f exist and are locally a-Holder continuous for all multi-indices 3, o
with |8] <k, |o| < k41— |B]. We write C%D-2(1f) for the space of C*1-*regular functions
onlUd € TM.

In the above, ol 09 is a placeholder for any derivative of the form
ol ol oo 0% f,

where 3,0 € Nj are multi-indices with || = >, 8; < k, |o| = >, 00 < k+1—|f|, and
(8$1,...,8n), (r1,...,7y) are arbitrary permutations of (1,...,n).

When a =20 (1 e., 08 09 f is continuous), we omit it in the notation; namely C(k b
Ck:D:0 Note that the usual regularity classes are obtained for | = 0: C*(TM) = C*0)(TM)
and C**(TM) = CR0:2(TM). By Schwarz’s theorem, as long as one takes up to k + I
admissible derivatives in x and v, one can order the various partial derivatives in any way
without changing the result.

We remark that if f:U — N is C(k/’l/)’a/—regular, then it is also C'®D-2_regular provided
kE<k,k+!<k +1 and a < . Moreover, note that C** = O ") a5 long as k' + I’ < k.

Remark 2.2 (Generalization to vector bundles). The fact that no mixed derivatives appear
in the expression for 0/0v’ is a consequence of the vector bundle structure of 7M. Thus, more
generally, it makes sense to consider maps from an open set 4 < V of an arbitrary smooth
vector bundle V over M to any other smooth manifold N that are of class C%:b)e

2.2 Low regularity Lorentz—Finsler structures and Finsler spacetimes

We now introduce low regularity Lorentz—Finsler manifolds and Finsler spacetimes, building
on the notion of C*:1):*_regularity.

Definition 2.3 (C*):® Lorentz Finsler structures). Let M be a smooth manifold, k,1 €
Ng U {+00} with k +1 > 2, and a € [0,1]. A function L : TM — R is called a C*:-@
Lorentz—Finsler structure on M if

(1) L e C®Da(TM\0), where 0 € TM denotes the zero section;
(2) L(cv) = L(v) for all v e TM and ¢ > 0;
(3) For any v € TM\0, the symmetric (n x n)-matrix

0?L
9i5(v) = oviovd (v)

is non-degenerate with signature (—, +,...,+).



We call the pair (M, L) a C*D-2 LorentzFinsler manifold.

Observe that any C'*):® Lorentz-Finsler structure is continuous at the zero section 0 <
TM (with L = 0 on 0) as a consequence of the positive 2-homogeneity asserted in condition
(2). We also remark that L(—v) may not coincide with L(v) since ¢ > 0 in (2). Moreover, by
condition (3), for each v € T;; M\0, the matrix g;;(v) (components of the fundamental tensor)
defines a Lorentzian metric g, on T, M via

(w1, we) = gij(v)wiw% (2.1)
for w1, W2 € TxM

Example 2.4 (Low regularity Lorentzian metrics). Let g be a C*® Lorentzian metric on
M for k € Ng U {+0} and a € [0,1]. Then it naturally induces a C'**):® Lorentz-Finsler
structure on M via

As is easily seen,

L (0
oviovi V=9 oz’ oxd

for all v € TM\O, so in this case, the induced Lorentzian metric g, as in (2.1) is equal to g,
and thus independent of the direction v.

Example 2.5 (Low regularity Randers metrics). An example of a low regularity Riemann—
Finsler structure (whose definition is exactly the same as that of a Lorentz—Finsler structure
L, except that g;;(v) is required to be positive definite for all v € T'M\0) is given by Randers

structures of the form )
2
L(v) = 5 (v/a(w,0) + B(w))*

where g is a C¥ Riemannian metric and 3 is a C* 1-form such that |B|, < 1. The resulting
Randers metric L is then of regularity C*%)@ Lorentzian Randers structures defined on all
of TM are difficult to describe; we refer to the discussion in [29].

Example 2.6 (An explicit warped product-type example). An explicit Lorentz—Finsler struc-
ture of regularity C"®), the class for which we establish our unweighted singularity the-
orems, can be constructed as follows. Let M = R x R™, a(t) := 1 + [¢t|** and define
L:TM = (R xR") x (R xR") - R by

n n 4/9
2L((t, ), (1,v)) i= =57% + a(t)* Y (v')* + <|r|9/2 +a(t)”? )] |vi|9/2) .
i=1

=1

1,4)

An explicit computation shows that L is of regularity C(33), but not of regularity C(%, and

that its vertical Hessian has Lorentzian signature at every (7,v) # 0.

Similarly to the Lorentzian case, we call v € TM timelike if L(v) < 0, null if L(v) = 0 and
v ¢ 0, and spacelike if L(v) > 0 or v € 0. Timelike and null vectors are collectively referred
to as causal. We write Q.7 for the set of timelike vectors in T, M, and Q7 := |J,,; QL.
Similarly, we write Q;:C and Q'C for the respective sets of causal vectors. Moreover, we set

F(v) :=+/—2L(v)

if v is causal. By Euler’s homogeneous function theorem, F(v) = 4/—g,(v,v). It is a conse-
quence of [29, Lem. 1] that Q.7 = (2.9)°, 00, = 0Q.¢ and QT = Q¢ U {0}.




Definition 2.7 (C*):® Finsler spacetimes). Let (M, L) be a C*!) Lorentz Finsler man-
ifold. If there is a continuous timelike vector field X on M, we call (M, L) a CkD-2 Finsler
spacetime that is time-oriented by X.

As in the smooth case, whenever there is a continuous timelike vector field X, there also
exists a smooth timelike vector field X such that X (x) and X (x) are in the same connected
component of Q;T for every x € M. This follows from a simple partition of unity argument by
patching together smooth timelike vector fields obtained via local convolution in coordinates.

Given a C*)- Finsler spacetime (M, L) time-oriented by X, we say that a causal vector
v e QC is future(-directed) if it lies in the same connected component of ¢ as X (z). We
write QL < QT for the set of all future timelike vectors at z, similarly QF < Q' as well as

T=(Jal, %=l

zeM xeM

For the future timelike cone Q1 consider its polar cone

(QD)* :={weTFM : w(v) <0 for all ve QF},

which is an open convex cone in T* M. For w € (Q1)*, define

1
L*(w) := —= inf w(v)?.
( ) 2 veQT ~L-1(—1/2) ( )
Setting F*(w) := 4/—2L*(w) for w e * for v e QF, we have the reverse Cauchy-Schwarz
mequalzty

AL(v)L*(w) = F(v)F*(w) < —w(v).

By the concavity property of L in timelike directions, we obtain the Legendre transform
£*: (Q0)* - QT which sends w to the unique element v such that L(v) = L*(w) = w(v)/2
and is a C®!=1_diffeomorphism (assuming [ > 1). A coordinate expression for £* is

aL*( )i
é’wi v ax“

L (w) =
where w = w; dz!, and the inverse map is given in the same way:
*\—1 7
dzx'.
() ) = S (v) da

Thus, in particular, L* € C*:) by the inverse function theorem. Setting

0’L*
6wi6wj

gij(w) = (w)

for w e (QL)*, we note that the matrix (9;(w)) also has the Lorentzian signature and satisfies
Gf k+1>3)
ag;;
Owy,

0
(k= af;j( w)wr = 0

due to Euler’s homogeneous function theorem, and that (gj;(w)) is the inverse matrix of

(95 (L*(w)))-



A piecewise C' curve n : I € R — M in a CD:@ Finsler spacetime (M, L) is called
timelike if for all ¢t € I for which 7(t) exists, 7(t) is a timelike vector. If 7 is merely absolutely
continuous, we say that it is causal if for a.e. t € I, n(t) is a causal vector. Similarly, we
define what it means for timelike and causal curves to be future(-directed). We define the
chronological (or timelike) relation x < y by the existence of a future timelike curve from z
to y, and the causal relation x < y by either x = y or the existence of a future causal curve
from = to y. Then we employ the usual notation:

It(z):={ye M : 2 <y}, I (z):={ye M :y <z},
Jt(z) :={ye M :x <y}, J (z):={ye M :y <z}

Moreover, for A < M, we set IT(A) 1= J,ca IT(2).
We define the Lorentz—Finsler arclength and Lorentz—Finsler distance (or time separation)
by

1
L(y) = fo FO) . dia.y) == s L),

where the supremum runs over future causal curves n : [0,1] — M from z to y. Note that,
by convention, d(x,y) = 0 if there is no such curve. Given any subset A € M, we define
da(y) = supyead(z,y). For any y € JT(A) = U,es /7 (x), we say that a future causal
curve 1 : [0,1] — M with n(0) € A and n(1) = y maximizes the distance from A to y if
L(n) = da(y).

The following lemma will be useful in several places.

Lemma 2.8 (Proper cone structures). Let (M, L) be a C3) Finsler spacetime. Then the
future causal cone distribution Q€ < TM is a locally Lipschitz proper cone structure in the
sense of [32].

Proof. This was already shown in [32, Thm. 2.52], noting that the C? assumption in its
statement is not needed in the proof. O

2.3 Covariant derivative and geodesics

Next, we introduce the covariant derivative under slightly better regularity.

Definition 2.9 (Chern connection). Let (M, L) be a C13) Finsler spacetime. Define

in(0) = (o) (e S - ) () (2.2

for v e TM\O, where (¢g"/(v)) denotes the inverse matrix of (g;;(v)). Further, set for v e TM\0

Gi(v) = Aip(o)oin,  Ni(w) = 229

T 200 (©)

By convention, we put G*(0) := 0 and N}(0) := 0. The coefficients of the Chern connection
of (M, L) are now defined for v € TM\0 via

i i 11' aglk m ag'l m ag'k m
jk(v>:=%~k<v>gl<v>( N 29y ik m ()

2 ovm”= 7 ovm - oum

10



Remark 2.10 (On regularities). Suppose that (M, L) is a C"?) Finsler spacetime. Invoking
Euler’s homogeneous function theorem, we see that the spray coefficients G* satisfy

: : L . 0L
Gi(v) = g" — J— — . 2.3
©) = 5"0) (55501 - S50)) (2)
This allows us to define the nonlinear connection coefficients N]Z-' even in this regularity, as

0509 L is well-defined and continuous for all |8| < 1,|o| < 3 —|8]. For the convenience of the
reader, we summarize the regularities of the various objects associated with L € c(2),

9ij, 97 € CMO(TM\D),

G e cO(TM\0),

’7;167 szv F;k € 0(070) (TM\O)
Definition 2.11 (Covariant derivative). Let (M, L) be a C%)-® Finsler spacetime with & > 1
and [ >2. LetY =Y%0,:,V = Vi3, and W = W%0,: # 0 be vector fields on M of regularity

cmuat Cm2:02 and C"™3*3 | respectively, where m; > 1. Then the covariant derivative of Y
in the direction V' with respect to reference direction W is defined as

) k

Y
DVy .= (Vi—
v ( ox?

k—1,1—2,m1—1,m2,m3),min(a,a1,02,a3)

Evidently, it is a vector field of regularity C™n(

Let (M, L) be a C(1?) Finsler spacetime and recall from Remark 2.10 that the coefficients
’y;k, are continuous in this case.

Definition 2.12 (Geodesics). A C?-curve n : I — M with an interval I < R is called a
pregeodesic if 4 ' _ '
ii' + ()i = '
on I for some continuous function A : I — R. It is called a geodesic if A = 0. We may
equivalently characterize (pre)geodesics via the Chern connection, i.e., DZ7'7 = \nor Dgr) = 0.

Note that by Peano’s theorem, for any initial datum v € T'M there exists a (not necessarily
unique) geodesic 1 : I — M defined on its maximal domain I with 0 € I and 7(0) = v. We
say that (M, L) is (future/past timelike/null/causal) geodesically incomplete if there exists a
solution of the geodesic equation of the respective quality whose maximal domain is bounded
above (for future incompleteness) or below (for past incompleteness).

Along any geodesic 7, L(n) is constant since

L] = 5 5:[9a01 )] = 93(DYi i) = 0

(see [24, Eq. (3.1)] for the second equality). As a consequence, we obtain the following.

Lemma 2.13 (Fixed causal character). Geodesics in a C1?) Finsler spacetime have fized
causal character, i.e., they are either timelike, null, or spacelike, on the entirety of their
domain.

The following is a consequence of the basic ODE theory.
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Proposition 2.14 (Existence time estimate for geodesics). Let (M, L) be a C'2) Finsler
spacetime and (Lg)e=o be smooth Lorentz—Finsler structures converging in 01(1 D 4o L as
e > 0. Let K € TM be compact and suppose that all L-geodesics with initial data in IC
are defined on [0,00). Then for any T > 0 there exists g = eo(K,T) > 0 such that for any
e € (0,e9), all Le-geodesics with initial data in K are defined at least on [0,T].

Here, by the C&’l)’a—convergence, we mean that for any pair of multi-indices 3, o with
|B| < kand |o| <k+1—|8],
PooL. — %07 L (2.4)

locally in the C*-norm on T'M\0.

Proof. Suppose that the claim is false, so that there is some 7" > 0 as well as a sequence
g; — 0 and v; € K such that there are L.;,-geodesics n; with 7;(0) = v; that are defined at
most on [0,7). By compactness, we may assume v; — v € K. Since the coefficients 77, [Le, ]
corresponding to L., converge locally uniformly to the coefficients Wil[L] of L, n; converges
in 0120(: to a solution 7 of the L-geodesic equation with 7(0) = v. Then, an estimate of
Hartman (see [20, Prop. 2.5]) asserts that 7 is defined at most on [0,7"), contradicting our
assumption. ]

An analog of the above result also holds if L-geodesics in K are defined on [0,7); in this
case for any T' € (0,T) there exists g > 0 such that for any ¢ € (0,¢q), all L.-geodesics with
initial data in K are defined at least on [0, 7.

We have the following compactness result as a consequence of these existence time esti-
mates.

Corollary 2.15 (Compactness for geodesics). Let (M, L) be a C2) Finsler spacetime and
(Le)e=0 be smooth Lorentz—Finsler structures converging in C’l(olf) toLase — 0. Let CSTM
be compact and suppose that all L-geodesics with initial data in K are defined on [0,T), with
T < +c0. Then for any T € [0,T) there exists eg = eo(K,T) > 0 such that the set

Frden = {n(t) : n is an Le-geodesic, 1(0) € K, £ € [0,&0], t € [O,T]} cTM

is compact, where we set Ly := L.

2.4 Distributional curvature and energy conditions

In the smooth case, the components of the curvature tensor R : T,M — TXM ® T, M are
defined as
0G? ON; : ON; : 5 ; "
(V) == v)o + = (V)G () = Ni(0)Nf (v). (2.5)
In our setting, we must first give meaning to this expression, as it formally involves derivatives
of (merely) continuous functions; we assume L € C12) | 50 that G € COY and N} e C00),
as we saw in Remark 2.10.

As laid out in [15, Sec. 3.2], we can argue locally and consider (2.5) on some open subset
U xV of R" x R". We then recast (2.5) by interpreting the expressions that appear as
(first-order) distributions. To do so, it suffices to define the action of each term on the dense
subspace C}(U) ® C(V). For the first term in (2.5), we simply set

(Bovon)=-(o () or) -, cen S

12

R;(’U) =




for p @1 € CHU) ® CL(V). We can similarly interpret the second term, while for the third,
the fact that G¥ € C(O1) ensures G*(z, -) -9 € C1(V) for each 2 € U and 1) € C}(V), so that

ON | 2
(G eov) == Niwew) 6t e ouw)] drd

is well-defined. The last term in (2.5) merely involves the multiplication of two continuous
functions, which we can directly interpret as a regular distribution on U x V.

The distributional Ricci curvature (or Ricci scalar) Ric of a C'1?) Finsler spacetime
(M, L) is then defined locally as the distribution R%. Since at most the first order derivatives
of continuous functions appear in the local expression for R;, one sees that Ric e D'V (TM\O0),
i.e., the Ricci curvature is a distribution of first order (see [20] for details regarding tensor
distributions on smooth manifolds).

Definition 2.16 (Distributional strong energy condition). We say that a C (1.2) Finsler space-

time (M, L) satisfies the distributional strong energy condition if Ric = 0 on Q7 in the dis-
tributional sense, i.e., (Ric, uy = 0 for any nonnegative volume density p on TM compactly
supported in Q7. Similarly, we say that Ric > K timelike distributionally for K € R if the
distribution Ric 4+ 2K L is nonnegative.

Remark 2.17 (Compatibility with standard strong energy condition in sufficient regularity).
It is easily seen that this condition coincides with the usual strong energy condition in the
case where Ric : TM\0 — R is continuous. Indeed, if Ric(v) = 0 for all v € QT then clearly
(Ric, p1y = 0 for any p compactly supported in Q7. On the other hand, if Ric(v) < 0 for some
v e QT by continuity, this inequality continues to hold in a neighborhood & < TM of v and
by the openness of Q7 we can assume that 4 € Q7. Hence, (Ric, ) < 0 for any nonnegative,
nontrivial u compactly supported in &. The same argument shows that the general bound
Ric = K agrees with its continuous counterpart if Ric is continuous.

The null energy condition is more subtle since the set of null vectors is invisible from the
distributional viewpoint.

Definition 2.18 (Distributional null energy condition). We say that a C(12) Finsler space-
time (M, L) satisfies the distributional null energy condition if for any compact set K < TM\0,
we have

liminf inf (Ric,u) >0,

B et O
where M;(K) is the set of densities x4 on TM such that > 0, supp p € {|L| < 6} n Q¢ n K,
and {.,, 1 = 1. When M;(K) = @, the infimum is set to +oo.

Spelled out, this definition requires that for every e > 0 and any compact set L < T M\0,
we can find some d§y > 0 such that

(Ric, py = —e  for any p e Ms(K), 6 € (0, do].

Note (in comparison with [20]) that we need to restrict Ms(K) to future causal vectors due
to the irreversibility of L (i.e., L(—v) # L(v), and thus Ric(—v) # Ric(v)).

Remark 2.19 (Compatibility with standard null energy condition in sufficient regularity).
Again, this is consistent with the usual definition in the smooth case. Suppose that the Ricci
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curvature Ric : TM\0 — R is continuous and satisfies the pointwise null energy condition
Ric(v) = 0 for all future null vectors v € TM\0. By continuity, for any € > 0, there exists an
open neighborhood U € TM\0 containing {L = 0} n Q¢ such that Ric(v) > —¢ for all v € U.
Now, for any compact set I < T'M\0, there exists 6y > 0 such that

{(IL|<6}n Q¢ AKcU forall §e (0,5

In fact, otherwise, the family F5 := ({|L] < §} n Q¢ n K)\U constitutes a family of closed,
nested, and nonempty sets, and hence, by the compactness of K, we would have (., Fs5 # @.
This, however, contradicts (= o{|L| < 0} n QY = {L = 0} n QY < U. Therefore Ric > —¢ on
the support of any u € Ms(K), thereby

(Ric, py > _6J{L<6} oo ]Cu = —¢ for any p € Ms(K), 6 € (0, ]

Next, suppose that there is some future null vector vg € TM\0 such that Ric(vg) < 0. Then
there exists some € > 0 and a compact neighborhood K < T'M\0 of vg such that Ric(v) < —¢
for all v € K. Hence, (Ric, uy < —¢ for any 6 > 0 and any p € Ms(K).

2.5 Weighted Ricci curvature

On a C1?) Finsler spacetime (M, L), we can study C' measures and associated weighted
Ricci curvature. Let m be a C! measure on M in the sense that it is locally represented as
m = o(z)dx!---dz" with a positive C' function o. Consider the distortion

U(z,v) = —logo(z) + %log‘det (gij(z,v))|

for v € TM\0. Then we have ¥ € C0) and m = e (V) /[ det(g;;(V))[da' - --dz™ for any
future timelike vector field V. Using the geodesic spray vector field

- G"(:L“,v)i

;0
S:=v 20

ozt

on T'M (giving geodesics as the projection of its integral curves; see [12]), we define the
weighted Ricci curvature as the distribution

(S)

N—n

RicY := Ric + S(SV) —

on TM\O, for N € R u {+0}\{n}, where the last term vanishes definitionally if N = +co.
Note that ST e C(®0. As in the case of Ric, since G' € C(®D, we see that S(SU) is a
well-defined first order distribution on TM\0. We further define Ricy := Ric + S(SV), as
well as Ricy, := Ric provided SV = 0.

Remark 2.20 (Weighted Ricci curvature in higher regularity). If L € C(*>2?) and m is a C2-
measure, then the above definition of weighted Ricci curvature agrees with the following usual

one (see [24, 37]). Fix v e QL let n: (—e,e) — M be the geodesic with 77(0) = v, and put
Pn(t) := W(n(t),7(t)). Then, since ¥ e C20) and 5 e C3, we can define
A0k

RicY (v) := Ric(v) + Yy (0) N
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Definition 2.21 (Weighted energy conditions). Let (M, L, m) be a C1:?) Finsler spacetime
(M, L) equipped with a C' measure m. Recall n = dim M.

1) Let N € (—o0,1] U [n,0]. We say that (M, L, m) satisfies RiclY > K timelike distri-
m

butionally for K € R (or the distributional strong N-energy condition when K = 0) if

<Ricn]¥ +2K L,y > 0 for any nonnegative volume density x4 compactly supported in Q7.

(2) Let N € (—0,2] U [n,00] with n > 3. We say that (M, L, m) satisfies the distributional
null N-energy condition if for any compact set K < T'M\0 we have

liminf inf Ri N’ >0,
iy ,Lezlx?é(ic)< i 1)

where M;s(K) is as in Definition 2.18.

Let us note that, in general, there may be no measure m on M such that S¥ = 0 (see
[35], [37, §10.3.2] in the positive definite case), so an unweighted Ricci bound can, in general,
not be obtained as a special case of a weighted bound in the Finsler setting.

Remark 2.22 (From the distributional strong energy condition to the null energy condition).
Let (M, L) be a C(1?) Finsler spacetime. If L satisfies Ric > K timelike distributionally in
the sense of Definition 2.16 for some K € R, then it satisfies the distributional null energy con-
dition. Similarly, in the weighted case, if (M, L,m) is a C! weighted C (12) Fingler spacetime,
N € (—w,1] U [n,0], K € R and RicY > K timelike distributionally, then (M, L, m) satisfies
the distributional N-null energy condition. This was unclear even in the C'' Lorentzian case
[15], however, we can establish it here due to our definition of (weighted) null energy con-
dition, which is implied by [15, Def. 5.1] for C! Lorentzian metrics and is sufficient for the
purposes of establishing the Penrose singularity theorems (see Theorems 4.12 and 4.17).

Let us sketch the argument in the unweighted case with K = 0, the (un)weighted case with
general K is analogous. Suppose that (M, L) is C(12) and satisfies the distributional strong
energy condition. Fix a compact set < TM\0 and let u € Ms(K), i.e., u is supported
in {|L] <0} nQY A K. Let X be the smooth time orientation vector field of (M, L) and
s > 0. Define the map Fs : TM — TM via Fy4(v) := v + sX(7(v)). Then the push-forward
s := (Fs)xp is a nonnegative volume density with compact support such that supp(us) =
Fy(supp(p)) < QF. Since ps — p in the sense of compactly supported volume densities, we
conclude that

(Ric, py = ;EI(1)<RiC, sy = 0.

Taking the infimum over p € Ms(K) and then sending § | 0, we conclude that the distribu-
tional null energy condition is satisfied.

Remark 2.23 (Rewriting of weighted Ricci curvature). For the convergence results of the
next section, it will be beneficial to rewrite the expression for Rick; cf. [44, Sec. 7], [37, Lem.
10.6]. To do so, decompose ¥ into

T(z,0v) 1= %log‘det(gij(x,v)) ,  u(x) :=logo(x),

and recall from (2.3) that

2L oL

i _ il o
G'=g¢"A;, where4; = U]W -

15



il 0gil

Using the symmetry of ¢ and Jacobi’s formula 2% = g" 35, we get
i10A1 _ gl L o 09t _ 0°L :gilvj@ _ 5, 0T
v’ oxtovt oxd  Ovidal oxI oxd’
Moreover, differentiating the inverse matrix 0,: g% = —g" (0, 9jk) g"" and using the symmetry

of the vertical derivatives of L, we obtain

09" 13 O9jk 4k 7 09ij or
A = —gU Gk — _ g Z2H gk — 9k .
vt ! I v 9" ok ovk
Hence, .
; ]. (96” . aT . (97'
. N’L = — = V= = .
v ! 2 ov’ ox) ovJ St

Using this, we can rewrite the expression for Ricg as follows: Since ¥ = 7 — u, we have

; 0u o0 . 0%u i O0u
S\If—u—Su—u—vﬁ, S\II—SV—Uvamiaxj prck
Taking the trace of R;- in (2.5), we find
. oG? i
Ric = pa — Sv — NjNF.
Thus,
oGt i . %  Ou 1 o 0w’
Ric) = — — NIN/ —v'v/ ——— + G'— — N} —v'— 2.6
om = o I TV i T o N—n( i 8w’> ’ (26)

where the last term is understood as 0 when N = o0. Notice that, in this expression, the
term Sv in the definition of Ric) has canceled with the term S?7 = Sv coming from the
distortion, and hence, no derivatives of N} appear in (2.6).

3 Smooth approximations

This section is devoted to the key technical tool for our discussion: smooth approximations
of low regularity Lorentz—Finsler structures. We construct them in two steps.

3.1 Construction of regularizations

Let (M, L) be a C*)-2 Finsler spacetime. We first introduce a regularization scheme (fol-
lowing [15, 20]) that produces a one-parameter family of C* Lorentz—Finsler structures ap-
proximating L.

To this end, we pick an atlas {(Ug,¥q)}aeca of M with relatively compact U, and choose
a subordinate partition of unity {(,}sea on M. Further, let {xq}aca be a locally finite family
of smooth, compactly supported functions on M such that x, = 1 on a neighborhood of
supp (s € Uy, 0 < xq < 1, and that supp x, € U,. Finally, fix a Riemannian background
metric g on M.
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Locally, in a chart (Ug,tq), set £g := (¢a)x(((a o m)L): T[¢q(Uy)] — R, and define for
(small) e > 0 and (z,v) € T[1e(Us)] = ¥a(Uy) x R™,

Heol(x,v) := f L, (x — ey, v — ery(z, v)w)p(y, w) dy dw
- (3.1)

= rq4(, v)2(€a * pe) (5Ua v/ra(, U))

(the latter expression is understood as 0 at v = 0), where 74(z,v) := | (dy; )2 (v)]z, p is a
convolution kernel on R?" supported in B1(0)?, and p. := e2"p(-/¢) (lo(x — €y, -) reads as 0
when z —ey ¢ ¢,(U,)). Then, H. L is positively 2-homogeneous in v and smooth away from
the zero section. Globally, we now define

HL = Z (Xa © W)(wa)*(HE,aL)- (3.2)
acA

Since each H. oL is positively 2-homogeneous and smooth away from the zero section, so is
HL.
We will also use the operator H. to regularize Ric[L] (the Ricci curvature of L) by locally
setting
Heo(Ric[L]) := rq(z, v)2(Ric[L], * pg)(x, v/1q(x, v)),

where Ric[L], := (¥a)«(({s o m)Ric[L]), and summing up these local pieces as in (3.2). To
define this regularization globally, some care is required regarding the supports of the convo-
lution kernels (in low regularity, Ric[L] is only defined as a distribution on the slit tangent
bundle). Since our approximation results concern only compact subsets of TM\O0, this issue
can be omitted, however.

We summarize the most important properties of H.L in the following proposition.

Proposition 3.1 (Properties of the regularization). Let (M, L) be a C*D:@ Finsler spacetime.

(kD),e

(i) We have HeL — L in Cl(okc’l) as € — 0, and when a > 0, in C| ] (in the sense of

(2.4)) for every o/ < a. Moreover, provided o > 0, for each compact set K < TM\O,
there exist exc, cx > 0 such that

10805HL — 0805 L] xc < cxce®™  for all e € (0, ex]
and |B] <k, lo| <k +1—|B|. In particular, if L € C*D with k > 1, then
10809 H.L — 0505 L)oo ic < cxce for all € € (0, ex]
and Bl <k—1,lo| <k+1—-1—|p]|
(ii) There exists a smooth function (g,v) — Ls(v), (0,1) x (TM\0) — R, such that

(a) each v — L.(v) is a smooth Lorentz—Finsler structure, time-orientable by the same
vector field as L;

(b) for each compact set KK < TM\O, there exists ex > 0 such that L.|x = H.L|x for
all e € (0,exc].

17



Proof. (1) For £, x p. — £, these assertions follow from properties of the convolution, noting
that ||f — f * peloo < | fllcoae® provided that f: R™ x R®™ — R is a-Ho6lder continuous; see
[15, Proposition 3.5] for details. Now, to pass from ¢, *x p. to H. oL, we make use of the
homogeneity of ¢, to write

BOH, o L(x,v) — 07070,(x,v)

= %09 [ra(az v)? <(€a * Pe) (ﬂf r(;v)> ~ta (”: r(;v)»]

and note that 74(z,v)? and v/ry(x,v) are smooth on K € TM\0. Hence, by the product and
chain rules, the above estimates pass to H.L.

(ii) Let X be the timelike vector field determining the time orientation of L. For each
compact set B € M, the g-unit tangent bundle Sg over B is compact. From the local uniform
convergence of H.L and its second v-derivatives to those of L established in (i), it follows
that there exists ep > 0 such that, for every ¢ € (0,ep], the symmetric matrix 0,i0,; HeL
has Lorentzian signature on Sp, as well as H.L(X(x)) < 0 for every € B. Since H.L
is positively 2-homogeneous, its vertical Hessian is positively 0-homogeneous. Hence, the
signature assertion holds on all of 7=1(B)\0.

Using the parameter construction in the proof of the globalization lemma [16, Lem. 4.3],
with a compact exhaustion of M, we can therefore choose a smooth function p : (0,1) x M —
(0,1) such that, for every (g, z), the function H,. ;)L has these properties on T,,M\{0}, and
such that u(e,x) = € on a neighborhood of each fixed compact subset of M for sufficiently
small € > 0. Set

Le(v) = H e (o)) L(v).
This assignment is smooth away from the zero section and positively 2-homogeneous. More-
over, since u depends only on the base point,

OyiOpi Le(v) = 04 0yi H (e oy L(v), @ = m(v).

Thus, L. has Lorentzian signature and is time-oriented by X, proving (a). For a compact
set K < TM\O, eventually u(e,-) = ¢ on a neighborhood of 7(K), thus L. = H.L on a
neighborhood of K, proving (b). O

Remark 3.2 (On low regularity Finsler structures of general signature). A majority of the
regularization results we have presented so far apply to any signature. One may define a
semi-Riemann—Finsler structure of regularity C*D@ for k+1> 2 and a € [0,1] in the same
way as a Lorentz—Finsler structure in Definition 2.3, with the only difference being that the

signature of 02L/0v'dv’ can be of general semi-Riemannian type (—,...,—, +,...,+) with
s_ minuses and sy pluses, s_ + sy = n. The case s_ = 1 corresponds to the Lorentz—Finsler
setting, s_ = 0 to the Riemann—F'insler setting.

Given a C'):2 semi-Riemann—Finsler structure L, one can construct the approximations
H.L and L., which have the properties described in Proposition 3.1, upon replacing all
instances of “Lorentz” with “semi-Riemann”. Concerning the (weighted) Ricci curvature, the
convergence is as good as in the Lorentzian case, namely

Ric[L.] — H.Ric[L] — 0

locally uniformly on TM\O0 if L € C13) | which is proven along the same lines used in the
proof of Proposition 3.6 below.
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3.2 Inner and outer approximations

While the smooth one-parameter family of regularizations (L¢)-~¢ as in Proposition 3.1(ii)
approximates L well analytically, it does not incorporate any considerations concerning causal-
ity. To remedy this deficiency, we now introduce two further approximation schemes EE and
L. (in the spirit of [11, 15]), whose causality is strongly tied to that of L.

Definition 3.3 (The “wider lightcone” relation <). We write L; < Lo, for two (not neces-
sarily smooth) Lorentz—Finsler structures with time-orientation, if any future causal vector
for Ly is future timelike for Lo, i.e., if the future light cone of Lo is “wider” than that of L.

Proposition 3.4 (Chrusciel-Grant approximations). Let (M, L) be a C12) Finsler space-

time. Then there exist smooth Lorentz—Finsler structures L. and L. on M, for € > 0, time-
oriented by the same vector field as L, such that

(i) EE <L< EE;
(ii) Le — L. = 0 and L. — L. — 0 in C(TM\0) as & — 0;

(iii) for any compact set K < TM\O, there exist cx > 0 and €o(K) > 0 such that, for all
e € (0,e0(K)), the fundamental tensors of L. and L. satisfy

19 = gellooje < exes 1921 = 92 oo < exce, (3.3)
and we have . ‘ ‘ ‘
|Ge = Gellox <cexe,  |(Ne)j = (Ne)jllook < cxe (3.4)
for the spray coefficients and the nonlinear connection coefficients.

Proof. We will only construct Iv}e; the construction of Ea is analogous. Let X be a smooth
timelike vector field determining the time orientation of (M, L). We cover M by a locally
finite family of charts {(Uy,¥q)}aca with relatively compact domains, and let {£,},c4 denote
a respective partition of unity.

Now, fix a chart (Uy,,1),) and assume that X™ # 0 in U,. We set

%

vi=dg' — n dz™
for 1 <i<n—1. Then, {t},...,v""! da"} is a smooth coframe on U, such that v/¢(X) = 0
for all 4, and vg(w) := 377 vi(w)?, w € TU,, is 2-homogeneous with v,(w) = 0 precisely

when w is proportional to X. By the relative compactness of U,, the function v, attains the
minimum value k, on the compact set

Vo i={we TT, n (QN\QT) : |w|; = 1},

where g is again an arbitrary Riemannian background metric. This constant k, is positive,
as vg(w) = 0 for some w € Q\QL implies that w = cX(z) for some ¢ > 0 (both are
future-directed), but then L(w) = ¢*L(X(z)) < 0, a contradiction.

Moreover, by Proposition 3.1, there exist constants ¢4, £, > 0 such that |L.(w) — L(w)| <
cqe for any w eV, and € € (0,&,]. Choosing a constant C, > ¢4/Kq, We now set

Le:=Le+ ) Caba(m)va.
ageA
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We claim that L. < L on TU, for € € (0,£,]. To this end, let w € TU, n (Q°\QT) and
suppose, without loss of generality, that |w|; = 1 (i.e., w € V,). Since

Le(w) = ). &a(m(w)) (Le(w) — L(w)) = —£ Y &a(m(w))cq

acA acA

for e € (0,,], we have

Eg(w) =L.(w)+¢ 2 Ciéa (ﬂ(w))z/a(w) >c Z & (W(w)) (C’al/a(w) — ca) > 0,

aceA acA

implying that, indeed, L. < L on TU, for ¢ € (0, 4].
Furthermore, setting @ := .4 Coa(m)vy, for any compact set K < TM\O and any
l e N, there exist cxj,ex,; > 0 such that

~

|Le = Lellcrey = el@llicrxy < exae (3.5)
for all € € (0,ex,]. Hence, L.—L.—0in C5.(TM\0). Then we also immediately see that
(Ge)ij = (ge)ij + €4qij, where g5 1= 0,i0,;Q, satisfies

Hgs - gsHOO,IC < ckE (3.6)

on any compact set K € TM\O, for some ci,ex > 0, and for all € € (0,ex]. This shows that
Je has the same signature as g. on K for sufficiently small € > 0.

We now use the same base-dependent globalization as in the proof of Proposition 3.1(ii).
For each compact B € M, apply the preceding estimates on the g-unit tangent bundle Sg. By
homogeneity, for all sufficiently small € > 0, the vertical Hessian of f/s has Lorentzian signature
on 7~ 1(B)\0, and L. < L over B. Moreover, X is L.-timelike since Q(X) = 0. The parameter
construction in [16, Lem. 4.3] therefore gives a smooth function p : (0,1) x M — (0, 1) such
that

Le(v) = Ly oy (v)

is a smooth Lorentz—Finsler structure time-oriented by X, with EE < L everywhere. As in

~

Proposition 3.1(ii), L. is positively 2-homogeneous, and the vertical Hessian is obtained by

evaluating that of Eu(m) with z = w(v). Furthermore, for every compact L < T'M\0, we have

~

L. = EE on a neighborhood of I for sufficiently small € > 0. This completes the construction
in (i), and the convergence claim in (ii) now directly follows from (3.5).

For the estimates in (iii), notice that (3.6) immediately gives the first estimate in (3.3).
Moreover, since g. — ¢ locally uniformly and g is non-degenerate, both g. and §. are uniformly
non-degenerate on K for all € € (0,ex]. In particular, their inverses are uniformly bounded
on K. Using
9" = 9: " = 0- (9 = 92)g: (3.7)
we thus obtain
19" = 92 oo e < exce (3.8)

For the estimate of the spray coefficients, by (2.3), this amounts to analyzing the difference

GL—GL = (G — g ( Ay + g2 (Ao — (A)), (3.9)
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where (A.); 1= v70,; 0 Le 0sz€ and correspondingly for (ﬁg)l. The first term is O(e) thanks
0 (3.8) and L. — L in C’l(oC (T'M\0), while the second term is O(e) by (3.5) and the local
uniform boundedness of (g:)~!.

Finally, to prove the same estimate for the nonlinear connection coefficients, we first claim
that

100(3" = 9 ) looc < exce.
For this, we use the identity

gt =gt =—egitagst,  a = (qij),

following from Eg — L. = ¢eQ), to get

ou(g-t — 9t = —e(0ugz Vagst — egt (vq) gt — egzta(Qugl h).

Now, all the terms appearing in this expression are uniformly bounded on X; the inverse
metrics are uniformly bounded by the argument above, ¢ and d,q are smooth, and 0,g- !,
Opg= ! are uniformly bounded by the C(l 2 (T'M\O)-convergence of L. and L. to L.

Moreover, from (3.5), we get that (A, — A ) and 0,(A; — A.) are O(¢) on K, while both
A. and 0,4, are unlformly bounded on K as L. — L in Cl(oc )(T M\0). Differentiating the
expression (3.9) for G. — G., we obtain

0y (GL = GL) = 0,5 (2 — g (A + (G — )0y (Ao
+ 092 ((Ae)r = () + g0 ((Ao)i = (Ae))
The above arguments imply that each of these terms is O(e) on K, and hence, as desired,

[(V2) = (N2l < exce. O

(3.10)

3.3 Convergence of Ricci curvature

We next analyze the behavior of the Ricci curvature for approximating Lorentz—Finsler struc-
tures L. and L., denoted by Ric[L /| and Rlc[ ], as ¢ —> 0. Recall that L. was obtained
from H.L in Proposition 3.1, and L from LE in the proof of Proposition 3.4, both via the
globalization lemma. Thus, on each compact set K < TM\O, we have L. = H.L and LE = L
for sufficiently small € > 0.

Lemma 3.5 (Uniform convergence of Ric). Let (M, L) be a C12) Finsler spacetime. Then,
on any compact set KK < TM\O, we have Ric[L;| — Ric[L:] — 0 uniformly as ¢ — 0.

Proof. In view of (2.5), we shall estimate the difference
Ric[L:] — Ric[Lc] = 0, (GL — GL) — 0,0 (Vo) — (No)i)o*
+ 0 (Vo) = (N GE + 0,0 (N)} (GE - GE)

— (N (N2)F = (N2)R(N)F).

Our assumptions on the regularity of L imply that G* € C(O1) and N ,i e C09); recall Remark
2.10. We first note that the last term

(Ns)%(]\\/fe)f - (Nz-:)}s(NE)f = ((j\/rs);c - (Ne)gq) (]\\/fs)f + (Ns)%c((]\\/fs)f - (Ne)f)
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tends to 0 uniformly. This is because N, NE are locally uniformly bounded and

[NV = (Neielone < exe

by the estimate (3.4).
Next, we establish the convergence of the first three terms by showing

Hax(ée - GE)HOO,IC + Haz(ﬁs - NE)HOO,IC + Hav(ﬁe - NE)HOO,IC — 0. (3-11)

For the first term 6,}61(6"5 — G1), we can essentially follow the same argument we gave for the
proof of the estimate on the nonlinear connection coefficients in (3.10) with the important

~

exception that now 0,:(A;);, where

(A2); = 10,50, Le — 0y Le

x

as in the above proof, is not locally bounded since 0,0, L € C®1). However, we will show
that 5
04 (Ac)ifoc =0 as e —0, (3.12)

which is sufficient to conclude the convergence H&xl(é; — G| oo — 0 by virtue of (3.3). We
reduce the situation to a standard mollifier estimate on R?” as follows. First, as Ea = L.+¢eQ
on K (for small €), with smooth @ as in the proof of Proposition 3.4, it is sufficient to prove
the claim for L.. Furthermore, in local coordinates, we can disregard cut-off and transition
functions appearing in the convolution formula (3.1), as they do not spoil the convergence (the
terms arising from differentiating the smooth cut-off and transition functions contain at most
first derivatives of the regularized coefficients and are therefore locally uniformly bounded).
Hence, it suffices to study

Ogi (f * pe), (3.13)

where f is a continuous function on R?*" (representing either 0,;0,:L or 0,:L). To prove this,
using the integration by parts and ¢ x d,ip. = 0 for any constant ¢, we write

Oyi (f * pe)(z) = JR% Opi f(z —y)pe(y) dy = JR% F(z = 1)duipe(y) dy
_ jﬂw (f(z = 9) = F(2) Quepe(y) dy.

Letting wy denote the modulus of continuity of f on a compact set K < R?" and recalling
pe(y) = e 2"p(y/e), we have

c0ulf =) <& [ wrllyDlop )l dy == [ wrcllyblosen(/=)l dy
R2n R2n
= |, nCeluleantlav.

Now, the right-hand side of this expression tends to 0 by the dominated convergence theorem.
Hence,

e[| 0 (f * pe)|oo,x — O, (3.14)
giving the claim (3.12).
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For the latter two terms in (3.11), we can apply a similar argument. Indeed, to control
Oqx ((N2)t — (N2)%), the potentially problematic terms are (recall (3.10))

avi (gél - gg)azk (}{E)lv (f]ﬁ;l - gg)axk avi (A/E)l’ axk avigg ((A/E)l - (AE)l)

All of these are controlled exactly as in the estimate for (9961(6‘; — G%). Indeed, we have
already seen that the respective factors involving the differences of EE— and L.-quantities are
O(e), while the other factors can be reduced to a problem of the form (3.13) again. For
81,;@((]\\/[5)2 — (N.)1), the only two potentially problematic terms are

(G — g0y (A, Ol gl ((Ao) — (A))

which can again be handled as above.
Repeating the same argument one last time to get ||k (N:)ioxc — 0, we have thus
proven that Ric[L.] — Ric[L¢] — 0 uniformly on K, as claimed. O

To compare the Ricci curvature of lea with that of L, we will need to improve the regularity
from C(12) to C(13) (or O with a > 1/2; see Remark 3.7 below). Note that, even under
L e C53)(TM\0), the Ricci curvature is defined only in the distributional sense (in horizontal
directions) since it involves terms like 0,:G* but G* € C(02),

Proposition 3.6 (Approximation of strong energy condition). Let (M, L) be a C"3) Finsler
spacetime satisfying the distributional strong energy condition, and let I < QT be compact.
Then for any 6 > 0, there exists g = €o(K,d) > 0 such that for all € € (0,g9) and v € K with
2L.(v) = —1, we have

Ric[L.](v) = —0.

Proof. We show that Ric[L.] — H.Ric[L] tends to 0 locally uniformly. Then, as Ric[L] = 0
on Q7 in the distributional sense, we have H.Ric[L] = 0 on K < Q7 for all sufficiently small
e > 0, giving the claim. To prove this convergence, we split the difference into two pieces:

Ric[L.] — HcRic[L] = (Ric[L.] — Ric[L.]) + (Ric[L.] — H.Ric[L]).

By Lemma 3.5, we know that Ric[L.]—Ric[L.] — 0 locally uniformly, and thus the first piece
tends to zero. We shall show that the second piece also converges to zero.

For this, by homogeneity, it suffices to establish convergence on K := {v/|v| 5:veK} On
a neighborhood of this set, for sufficiently small € > 0, we have L. = H.L. By compactness, we
can restrict to a fixed chart (Ug, 1,). We now estimate the terms arising from homogenization.
Recalling (3.1), for (z,v) € dipa(K) we have

HeaL(z,v) — by * pe)(x,v)
= f {lo(z — ey, v —erg(z, v)w) — lo(z — ey, v — cw) }p(y, w) dy dw.
R™ xR™

Hence, since 7, (x,v) = 1,

Ogi (HgﬂL(x, v) — (Lo * pe)(z, v))

= —€0,irq(z,v) f w0y ly(z — ey, v — ew)p(y, w) dy dw.
R® xR"
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As £, € C3) it follows that 0, He oL — 0yi(La * pe) is O(e). We can argue analogously for
mixed derivatives 0509, provided |8] < 1 and |B| + |o| < 4. The case of two z-derivatives
(18] = 2, |o| < 2) is handled as in the proof of Lemma 3.5 using (3.14). Hence, we may
replace H. L by the pure convolution term ¢, * p., up to an error converging to zero locally
uniformly.

Now, recall that the coordinate expression for Ric[L] is given by

oG' N},

N ON}
ot oxk '

ovk

G* — NiNk.

After expanding this, we see that the only terms containing second-order horizontal derivatives
of L are

4 1 . .
ngamiAl - 51)’{((51)1'91[)5331@141 + g”&l,k&viAl),

where we have used that G* = ¢/ A; with g"* € CD and A; := v70,;0,L — 0L € C02) | as
well as N} = 1((0,i9") A + g0, A;) € COV . All the other terms contain at most first-order
z-derivatives with total order at most 4, hence the difference of these terms computed from
L. and L converges locally uniformly to zero by Proposition 3.1(i).

For the terms containing second order x-derivatives, the key ingredient is the following
Friedrichs-type commutator estimate; cf. [15, Lemma 4.9]:

Let a. € C1(R?"), for € > 0, and suppose that a. — ag in Clloc as € — 0 with [|a:—ap|le,x <
cie on any compact set K € R?" with some cx > 0. Then, for any f € C(R?"), we have

07 (a=(f * p2)) — 7 ((aof) % p=) — 0 (3.15)

locally uniformly, where z = (z,v), |o] < 1. By the product rule and using 07a. — 07ay, this
takes the more suggestive form

az0Z (f * pe) — (a7 f) * pe = 0,

where 07 f is interpreted distributionally.

We can apply this to our setting by noticing that gél — g% and 0, gg — 0,ig" in Clloc (for
the latter we need L € 0(1*3)) with the norm of their difference being O(e) on any compact
set, again by Proposition 3.1 (and the formula for matrix inversion; cf. (3.7)).

Hence,

Ric[Le] = - (Xa © ) (tha)* ((v0a) ((Ga © T)RiC[L]) * p) — 0

acA

locally uniformly on K. On this set, the latter term agrees with H.Ric[L] and by homogeneity,
the convergence holds on all of X, completing the proof. 0

Remark 3.7 (Case of L € C(12):® with o > 1/2). (a) One can alternatively prove Proposi-
tion 3.6 for L € (12 with o > 1/2. In this case gV € c0a 4, e ¢O1)2 Hence, the
first term in

2N = (9,19") As + 9" 0 Ay

is merely the product of two locally a-Holder continuous functions. Locally on R?", the
corresponding terms in the difference Ric[L.]—Ric[L]*pe hence reduce to a differentiated
commutator of the form

o7 (as(f * pe) — (aof) * Pe)
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where z = (z,v), || <1 and a, f € C%S(R%). Here, the commutator estimate gives

Hag (a€(f * pe) - (aof) * pe)HwJ( < CK€2a_1

for any compact set K < R?". In particular, this applies to the commutator

0ar (((Puig™) » p2) (Av s p2) = ((0ueg™) A1) 2

in the second term of the Ricci curvature. The commutators arising from the third term
are treated in the same way after rewriting

(0, NHYGF = 0,k (NIGF) — Nio,w G,

where Nii is a-Holder continuous. As 2« — 1 > 0, all of these terms converge to zero as
¢ — 0. The remaining terms are handled exactly as in the proof of Proposition 3.6.

(b) The condition L € Cc 12 implies gij € c(L0)sa — ¢Le Hence, for purely Lorentzian
metrics ¢, this condition is stronger than g € C''; even though, for general L, it reduces
the demands on vertical regularity. In this sense, these two conditions are independent.

Similarly to Proposition 3.6, one obtains the following approximation result for timelike
lower Ricci curvature bounds with general K € R.
Corollary 3.8 (Approximation of timelike Ricci curvature bounds). Let (M, L) be a C'1:3)
Finsler spacetime such that Ric = K timelike distributionally, where K € R. Then for any
compact set KK < QT and § > 0, there exists eg = £o(K, ) > 0 such that for all ¢ € (0,2q) and
v e K with 2L.(v) = —1, we have

Ric[L.](v) = K — 6.
Proof. By assumption Ric[L] + 2K L > 0 timelike distributionally, thus
HeRic[L] + 2KH-L >0

pointwise on K for € > 0 small enough, since the kernels defining H. are nonnegative and
supported in Q7. In the proof of Proposition 3.6, we have already established that

Ric[L.] — H-Ric[L] — 0

locally uniformly. Since also f/g — H.L — 0 locally uniformly by Proposition 3.1, the claim
follows. m

Next, we consider the null case.

Proposition 3.9 (Approximation of null energy condition). Let (M, L) be a C3) Finsler
spacetime satisfying the distributional null energy condition. Then for any compact set K <
TM\O and § > 0, there exists eg = 0(KC, 8) > 0 such that for alle € (0,0) and v € KnQC[L,]
with L.(v) = 0, we have

Ric[L.](v) = —0.
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Proof. By positive 2-homogeneity, it suffices to consider the case where K is contained in the
g-unit tangent bundle over one of the relatively compact base neighborhoods, denoted by U,
used in the construction of the approximation. For each small ¢ > 0 and v € I, denote by
He» the nonnegative smooth test density on QC for which

HRic[L](v) = (Ric[L], ptev)-
Its total mass

Qe 1= j He v
TM

converges uniformly to 1 on K due to the partition of unity construction. Let K’ < T'M\0
be a compact set containing all these supports for sufficiently small . We claim that there
exists ¢ > 0 such that

Hew ¢ M..(K") for all v € KK n QC[L] n L1(0).

Qe v

Indeed, Proposition 3.1 and the local Lipschitz continuity of L give constants A, B > 0 such
that
|L:(v) — L(v)| < Ae, |L(w) — L(v)| < Be for w € supp fic -

The functions v, used in the proof of Proposition 3.4 are strictly positive on g-unit future
L-null vectors in their respective charts. Possibly choosing larger constants Cy in the con-
struction of @ (cf. again the proof of Proposition 3.4), we can ensure that

Qv)=A+B+1

on a neighborhood of future g-unit null vectors with basepoints in U. Since Ea — L, the
g-unit future L.-null vectors are contained in that neighborhood for sufficiently small £ > 0.
For such a vector v, using L. = L. + €Q), we obtain

L(v) < L:(v) + Ae = —£(Q(v) — A).
Consequently, for every w € supp jie,, with Ea—null v as above,
—£(Q(v) + A+ B) = Le(v) —e(A+ B) < L(w) < —¢(Q(v) — A — B) < —¢.
Since @ is bounded on K, it follows that
Supp fiep < {|L| < ce} n QY A K’

for some ¢ > 0, proving the claim.
By the distributional null energy condition, the uniform boundedness of a. , together with
the first part of the proof implies

lim inf inf HRic[L](v) = 0.
=0 yeknQC[L )AL (0)

Together with the locally uniform convergence Ric[L.] — HcRic[L] — 0 established in the
proof of Proposition 3.6, we obtain the claimed estimate. ]
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3.4 Convergence of weighted Ricci curvature

In the weighted case, a regularization of the measure is needed, for which we proceed as in
the construction of H,; see Subsection 3.1 for the notation. Consider a convolution kernel as
n (3.1) of the form

ply,w) = p*(y)p"(w),
where p*, p¥ are nonnegative smooth kernels on R™ of unit integral, supported in B;(0), and
p* is positive on a neighborhood of 0. Given a C'' measure m on M, write

(wa)*(m’Ua) = Ua(x) da' - -dz", Da = (Ca © 1/1;1)%,

where p, is extended by 0 outside v, (U,). Define

Z Xaw pa * pa) ’ dxn] ) p; e X( /5)

acA
This is a smooth positive measure on M. The usual convolution estimates and local finiteness
imply

m. —>m in CL_.

More precisely, if 0. , denotes the coordinate density of the full measure m. in the chart ),
then
Oca = 0q 1N Cﬁm, |oe.a — 0alloo,B = O(e)

on every compact B € ¢, (U,).
Note that in the following approximation we need only the C'1:?) regularity, while the
unweighted case required C"®) (recall Propositions 3.6, 3.9 and Corollary 3.8).

Proposition 3.10 (Approximation of weighted energy conditions). Let (M, L, m) be a c12)

Finsler spacetime (M, L) equipped with a C' measure m, and let N € (—c0,1] U (n, 0] in (i)
and N € (—00,2] U (n,0] with n = 3 in (ii).

(i) If (M,L,m) satisfies RicY > K timelike distributionally for K € R, then for every
compact set KC < SV]T and § > 0, there exists eg = €9(KC,0) > 0 such that for all € € (0, ep)
and v € K with 2L.(v) = —1, we have

RicY [Le](v) = K — 4. (3.16)

(ii) If (M, L,m) satisfies the distributional null N-energy condition, then for every compact
set K < TM\O and 6 > 0, there ezists g9 = €9(K,5) > 0 such that for all € € (0,9) and
ve K n Q°[L.] with L.(v) = 0, we have

RicY [L:](v) = —4.

Proof. For simplicity of the argument, we assume M = R" and m. = mx* pX. The general case
follows easily from the arguments we give here.

(i) As in the proof of Proposition 3.6, we show that

|IRicY [ ] — He(RicY (L))o — 0 (3.17)
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on any compact K < TM\O; cf. also the proof of Corollary 3.8. By 2-homogeneity, it
suffices to restrict our attention to v € K having unit g-norm.

To this end, we first compare RianYE [L.] — (RicN[L]) » p term by term using the formula

0G? - - 0% - ou 1 . ou \ 2
- N _ . 7 k g 9 . i . d 0
Ric,, [L] Py Nsz VU pE + G o N_n <Nl v 5xj) ,

where v = log o, established in Remark 2.23.
The first term can be handled exactly as in Proposition 3.6, using G* = ¢ 4; and the
fact that ¢ € C9) and A; e €OV, Moreover, 0(1’2)—convergence of L. to L gives

loc
G.—>G,  (N.)i— N
locally uniformly. Thus, using u. := logo. — u = logo in C’lloc, we see that the second,
fourth, and fifth terms in the difference converge to 0 locally uniformly.

Finally, setting

oo
-1 -1
ac 1= o, ", a:=o -, fj= Pt
we have
a: > a in Gy, la: — afoo,c = O(e)
and we can write 5 5
Ye _ e ou e
ol as(fj* pz), o af;.

Hence, applying the Friedrichs estimate (3.15), we get

o%u 0 ou . 0 3 P )
e <5mJ * P5> = %(as(fj *pt)) — %((afj) xpX) =0

oxidxi  oxt
locally uniformly. Now, convolving with respect to p! and reintroducing the coefficients
v*v? locally produces an error term of the form

(0 = [ = w7~ ) ) 2 « 2.

As |w| is O(e) on the support of p! and f; is continuous, we can appeal to (3.14) to
conclude v*v7 0, 0, ue — (V07 041045 u) * p. — 0 locally uniformly, proving that Ricﬂe [Lc]—
(RicN[L]) * pe converges to 0.

To finally get (3.17), we use (2.6) to see Ricﬁ6 [L.] - RicgE [Lc] — 0. The Hessian terms
cancel (since u. is common), while ﬁmz(ég — G%) tends to 0 locally uniformly by (3.11).
The difference of the terms N,iNf tends to 0 locally uniformly by (3.4) and the local
uniform boundedness of the connection coefficients. It therefore suffices to argue that
both

(él_Gl)aua d (]\\/T)Z_ jaua 2_ (N)'L_ jﬁug 2
=T M Y o it

oI
converge to 0 locally uniformly, where the last term is omitted in the case N = co. This,

in turn, follows easily from the local uniform boundedness of 0, iu. and (3.4). From
(3.17), we simply repeat the argument given in the proof of Corollary 3.8 to get (3.16).

(ii) By (3.17), this is entirely analogous to the proof of Proposition 3.9. O

28



3.5 Global hyperbolicity

In this subsection, we introduce and discuss the concept of global hyperbolicity for low regular-
ity Finsler spacetimes, following the Lorentzian work of Simann [10] (see also [13] concerning
continuous cone structures), to which we refer for more details, as many of the proofs are
analogous to the Lorentzian case presented there. Our main goal is to prove the existence of
L-maximizers that can be obtained as C?-limits of L.-maximizers, where L. is any suitable
smooth Lorentz—Finsler approximation of L.

Let (M, L) be a C®?) Finsler spacetime. We fix a complete Riemannian metric § on M
and denote its distance function by dj.

Definition 3.11 (Non-total imprisonment). We say that (M, L) is non-totally imprisoning
if no inextendible future causal curve is contained in a compact set.

The following is a consequence of a simple limit curve argument.

Lemma 3.12 (Boundedness of g-lengths). If (M, L) is non-totally imprisoning, then for
every compact set K © M, there is a constant C' > 0 that bounds the g-lengths of all future
causal curves contained in K.

Definition 3.13 (Global hyperbolicity). We say that (M, L) is globally hyperbolic if it is
non-totally imprisoning and the causal diamond J(z,y) := J*(z) n J(y) is compact for
every x,y € M.

For the following two results only, we need a stronger notion of order between two C(%:2)
Lorentz—Finsler structures Ly, Lo: We write Ly <0 Lo (resp. L1 < Lo) if, for every v € TM\O,
the difference of the fundamental tensors g2 — g} is negative definite (resp. negative semidef-
inite). From g,(v,v) = 2L(v), we infer that L; <t Ly implies L;(v) > La(v) for v # 0, thereby
L; < Ly (recall Definition 3.3).

Proposition 3.14 (Existence of smooth wider non-totally imprisoning structures). Let (M, L)
be a globally hyperbolic C°2) Finsler spacetime. Then there exists a smooth time-oriented
Lorentz—Finsler structure L' on M such that L< L' and (M, L") is non-totally imprisoning.

Proof. We can follow the lines of the proof of [410, Thm. 4.3]. We sketch the most important
points. Let 7w : T"M — M be the canonical projection.

First, we show that for every relatively compact open set B © M, there exists a Cc(02)
LorentzFinsler structure L such that L =L on B, L = L on M\B, and that (M, L) is non-
totally imprisoning. To this end, fix an arbitrary smooth function Sg on M such that g > 0
on B and g = 0 on M\B, and set for s > 0 and ve TM

»

Ls(v) := L(v) — =Bp(7(v))g(v, v).

Since L is C(©2) and B is relatively compact, for some s’ > 0 and any s € (0,5"), Ls is a
Lorentz—Finsler structure time-oriented by the same vector field as L. By construction, clearly
L<Ls;on Band L = Ls on M\B. Now, we can show that there exists s” € (0, s") such that L
is non-totally imprisoning for every s € (0, s”). This is argued by contradiction. Suppose that
there is a sequence (S, )men such that s, — 0 and (M, L, ) is totally imprisoning. As in [10,
Thm. 4.3], this leads to a contradiction to the global hyperbolicity of (M, L). Thus, choosing
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L = L, for small s > 0 shows the claim. Moreover, L itself is in fact globally hyperbolic again
as in the proof of [10, Thm. 4.3].

Using this auxiliary result, one may proceed as follows. Fix x € M and let B,, := Bgf (z)
be the open ball of center x and radius m with respect to g. Then there is a globally hyperbolic
Lorentz-Finsler structure Ly such that Ly = L, Lo>>L on Ba, and Lo = L on M\Bjz. Similarly,
we find a globally hyperbolic Lorentz—Finsler structure Ls such that Ls = Lo, L3 > Lo on
B3\Bs, and Ly = Ly on M\(B4\B;). Continuing this construction inductively, one obtains
a sequence (L, )ms=3 such that L,, = L1, Ly = L1 on By\Bp—1, and Ly, = Ly,
on M\(By+1\Bm—2). By construction, all L,,’s with m > k + 1 (> 2) agree on Bj. This
allows one to define a global structure Lo, by setting it to be L,, on B,,_1. Then we have
Ly = Ly, = L for all m. Moreover, Ly, =L by construction, and L, is non-totally imprisoning
since so is L,, and Loy = L,, on By,_1.

Finally, let L” := (L+ Lo )/2 and note that L<L”<1L,. Using the regularization and base-
dependent parameter construction of Proposition 3.1(ii) with the parameter chosen to preserve
these strict inequalities between the vertical Hessians, we obtain a smooth Lorentz—Finsler
structure L’ satisfying L < L' < Ly,. Since Ly is non-totally imprisoning, so is L’. O

Theorem 3.15 (Existence of smooth wider globally hyperbolic structures). Let (M, L) be
a globally hyperbolic C %2 Finsler spacetime. Then there exists a smooth Lorentz—Finsler
structure L', time-oriented by the same vector field as L, such that L < L' and (M, L") is
globally hyperbolic.

Proof. Using the non-total imprisonment result above, this is entirely analogous to [10, Thm.
4.5]. We remark that < in the proof of [10, Thm. 4.5] is necessarily replaced with <i; then
for L1 < Ly and any continuous function f : M — [0, 1], the continuous convex combination
(1 — f)Ly + fLo is again a Lorentz—Finsler metric, time-orientable by the same vector field
as Ly (cf. [10, Lem. 4.1]). O

We note that, as a consequence, every globally hyperbolic C'(°?) Finsler spacetime has a

smooth Cauchy hypersurface, since any Cauchy hypersurface for L’ is also one for L. Here,
by a Cauchy hypersurface we mean a subset that is met exactly once by every inextendible
future causal curve.

Theorem 3.16 (L-maximizers as limits of L.-maximizers). Let (M, L) be a globally hyperbolic
C12) Finsler spacetime. Then for any © <y, there exists a mazimizing L-geodesic from x to
y. Moreover, such a geodesic 1 can be obtained as the C*-limit of a sequence of Zam -geodesics
Nm aS €y — 0.

Proof. We first consider the case of x « y. Fix a smooth globally hyperbolic Lorentz—
Finsler structure L’ such that L < L' given by Theorem 3.15. We can find a sequence
Ly,(v) = iu(em,w(v)) satisfying L < L,, < L', where p is a smooth parameter chosen to
globalize the lightcone relation using [16, Lem. 4.3] (compare with the proofs of Propositions
3.1 and 3.4). Since L, is also globally hyperbolic and = « y with respect to L,,, we find a
timelike maximizing L,,-geodesic 7, : [0,1] — M from z to y. Note that there is a compact
set K € T'M\O such that n,,(t) € K for all ¢ € [0, 1] and m € N; otherwise one would find an
inextendible L-causal curve (as a subsequential limit of 7,,) in the compact causal diamond
Jr/(x,y) with respect to L’. Therefore, up to going to a subsequence, 7, converges to a causal
L-geodesic 0 : [0,1] — M from z to y in C? (since 7j, = —C:’}n(nm) — —GY(n) = 1ij).
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It remains to show that 7 is L-maximizing. To this end, let ¢ : [0, 1] — M be any Lipschitz
L-causal curve from x to y parametrized proportionally to g-arclength; then it is contained
in the compact diamond K := Jp/(z,y). Set C := suppoq]|é(t)|? (which is finite; cf. [40,
Lemma 2.7]),

e sy L0 = L)
veTK\0O v i

and note that J,,, — 0. It follows that

1 1
L(c) = L V2L (@) dt < L 2L (&) + 206 dt < Ton(c) + A/2C5rn
< dm(z,y) + /2C0m,

where L,, and d,,, are the Lorentz—Finsler arclength and distance function for L,,, respectively.
Letting m — oo and using the arbitrariness of ¢, we get d(z,y) < liminf,, o dpn(z,y). On
the other hand, the C%-convergence 7, — 1 implies d,,(z,y) = Ly (9m) — L(n) < d(z,y), so
in fact limy, o dp(z,y) = L(n) = d(x,y), thus n is L-maximizing and timelike.

Now, if we consider Eg, then z « y for L implies z « y for EE provided ¢ is sufficiently
small. Thus, one may proceed as above, since every Ee is globally hyperbolic (by lvlg < L
and the global hyperbolicity of L), and find a sequence of Egm-geodesics converging to a
maximizing L-geodesic.

The case of = < y is argued analogously. We refer to [15, Prop. 2.13] for more details. [

Simple analogs of the above result (corresponding to the situations in Hawking’s and
Penrose’s theorems, respectively) are the following.

Corollary 3.17 (L-maximizers as limits of L.-maximizers for Cauchy hypersurfaces). Let
(M, L) be a globally hyperbolic C12) Finsler spacetime. Suppose that ¥ = M is a C? spacelike
Cauchy hypersurface. Then for each y € IT(X), there exists a timelike mazimizing geodesic
from ¥ toy, that can be obtained as the C2-limit of Eam -geodesics from ¥ to y as €y — 0.

Corollary 3.18 (L-maximizers as limits of L.-maxmizers for codimension-2 surfaces). Let
(M, L) be a globally hyperbolic C(L2) Finsler spacetime. Suppose that S < M is a C? compact
spacelike submanifold of codimension 2. Then for any y € JT(S)\(IT(S) u S), there exists a
mazimizing null geodesic from S to y, which can be obtained as the C?-limit of Egm -geodesics
from S to ym, as ey — 0, where Yy, — .

Here we say that ¥ (or S) is spacelike if T,% n QT = {0} for every z € X. For a future
null geodesic, being maximizing means that no two points in it are connected by a timelike
curve (i.e., its image is achronal).

4 Singularity theorems

With the approximation and convergence results from the previous section at our disposal,
we can now prove the Hawking and Penrose singularity theorems. We begin with the un-
weighted case in regularity C(*3) and then proceed to the weighted case, where our results
hold for L € C"2) and m € C*. Although we focus on future incompleteness, the standard
reversing argument gives past incompleteness for all the corresponding singularity theorems
(see Corollary 4.5, Remark 4.18).
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4.1 The Hawking singularity theorems

To begin with, we suppose that the Lorentz—Finsler structure L is smooth and introduce some
necessary notions (see [29, 30] for more details). Let ¥ € M be a C? spacelike hypersurface

(that is, T,X N QL = {0} for all x € X2). Then there exists a C* future timelike vector field V'
on a neighborhood of ¥ satisfying

1
D“fV =0, L(V)= —5 ker gy (V,-)|r,pm = T2 for all z € X.

By the latter two conditions, V|x can be regarded as the future unit normal vector field on
>, and we extend it with the geodesic condition D“fV = 0 (i.e., integral curves of V are
geodesics). We also remark that, for every w € T, %,

oL :
gy (V,w) = w(\/)w’.
Thus, V(z) + T,X is tangent to L~1(—1/2) in T,,M; this property determines V (x).
Given z € X, let n : I — M be the future timelike geodesic given as the integral curve of
V with n(0) = x. For t € I, we set N, (t) := ker g;(n(t),), which is an (n — 1)-dimensional
subspace of T, ;M. Then we consider the endomorphism By : Ny(t) — Ny(t) defined by

By(w) := Di,V. Tt follows from gy (V,V) = —1 and V(n(t)) = 7(t) that, for all w € N,(t),
wlgy (V. V)] = 29, (Bi(w), (1)) =0,
which indeed ensures B;(w) € N,(t). We define the ezpansion and shear (of V') at n(t) by

2
0(t) := trace(By), o(t) := trace((Bt - e(t)INn(t)> >, (4.1)

n—1

where Iy, ;) is the identity of N, (t). If L is merely C13) | then the expansion is directly
defined as a function on ¥ via 6 := trace(w — DY V), we TX.
With these notations, we introduce the following property, which will play a key role.

Definition 4.1 (S-contracting). We say that ¥ is 8-contracting for § > 0 if 6(0) < —f for
every x € 3. In the case of 8 =0 (i.e., 8(0) < 0), we simply say that X is contracting.

When L is smooth, we have the Finsler analog to the fundamental Raychaudhuri equation
(see [30, Eq. (25)] where dim M =n + 1):

(t)?

0'(t) = —Ric(n(t)) — o(t) — pen

(4.2)

Proposition 4.2 (Timelike quantitative focusing). Let (M, L) be a smooth Finsler spacetime,
¥ € M be a C? spacelike hypersurface and 1 : [0,b] — M with z := n(0) € X be a future unit
speed timelike geodesic that mazimizes the distance from 3, i.e., L(n|jo4) = supyex d(y, n(t))
for allt € [0,b]. Then 1(0) L T.% in the sense that T,% = ker g;(0y(17(0), ). Furthermore, if
0(0) < =8 < 0 and Ric(n) = —§ with 0 < § < %(1 — 1) for some 0 <r <1, then b < ”T—_Bl
necessarily holds.
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The proof given below does not use the notion of mean curvature vector field, nor a second
variation formula (compare with [15, Lem. 4.10]), as these notions are less investigated in the
Finslerian framework (see, e.g., [13]). It only uses the Raychaudhuri equation.

Proof. First, we prove the orthogonality. Suppose not and let z = n(e), e > 0, with ¢ so
small that z is included in a convex open neighborhood U of x = 1(0). In U we consider the
locus d(-, z) = € including . This is a local regular hypersurface tangent to ker g;(1(0), -); see
(28, Eq. (13)]. If T,X = ker gv(V (x),-) does not coincide with ker g;(1(0),-), then X enters
the region d(-,z) > ¢, thus it is possible to connect ¥ to z with a segment of longer length
violating the maximality of 7. Hence 17(0) 1 T, ¥ holds. In particular, n(0) = V (z).

Next we prove the inequality b < (n—1) for brevity and later convenience.
From the Raychaudhuri equation (4. 2) and the hypothe51s Ric(n) = —6, we get the inequality

0'(t) <6 —ch(t)> (4.3)

The solution ¢(t) to the equality case with initial condition ¢(0) = —/3, 6(0) < ¢(0), is
obtained by integrating and using partial fraction decomposition:

1 Vﬁ7+¢t
%vﬁf ®1/ojc — olt)

Solving the logarithmic form for ¢ gives the explicit solution

=t+C.

Ae2Ved _
B(t) =+/0/c- Aetves 11

where A is a constant determined by the initial conditions. Note that

A—-1
0>—5\/J:¢(0)\/C/75: A+l

thus |A| < 1 (it will be useful to invert it as A = By C/6). Note that we have blow up if
1+54/c/d

—1 < A < 0 which occurs if and only if 4/c/d > 1 (blow up is at time ¢ = —ﬁlog |Al).
Since the numerator of the expression for ¢(t) is negative, the blow up is to —oo. This
behavior can be qualitatively understood from the inequality 6’ < c((1/6/c)? — 6?) above,
because § < —+/d/c makes 6 keep getting smaller.

Suppose the claim is false, so b > ﬁ, then, using the hypothesis § < %(1 —r) and

€ (0,1),

3

d < (1—r)<3052 (1—71)<cB? = \/d/c<B,

so we are in the blow-up case. A comparison argument with the solution ¢(¢) shows that
0(t) < ¢(t), and so € blows up to —oo as well at a finite time 7" > 0 satisfying

og LT VO/c/B
ﬁ SN

R 1
T<t= log
24/¢6 1—ﬁ«\/

br d/c
(%)

33



where f(s) := Llog = for s € (0,1) and we used b> Ciﬁ again.
Set s = +/d/c/. Then the hypotheses § < (1 —r)and b> —5 5 imply

1_
s < 3 r) 1—7“

and since f is increasing on [0,1) (see Remark 4.3(i) below)

T < b[gf( 3r(1 — r))].

We claim that the term in square brackets provides an increasing function in r and is bounded
by 1 over (0, 1], and argue this in Remark 4.3(ii) below. We conclude that T" < b which implies
that a focal point exists before n(b), contradicting the maximality of 1 in [0, b] (see [30, Prop.

5.1]). Hence, b < cr,B anBI' O

The proof of the previous result can be complemented by the following observation.

Remark 4.3. Let us address some of the claims concerning monotonicity that appear in the
proof of Proposition 4.2 in more detail.

(i) We want to show that f/(s) > 0 for s € (0,1), where

25 — (1 — s%)log <1+s)

"(5) = 4.4
765 T (14)
The denominator s%(1 — s?) > 0 on (0,1), so the sign of f'(s) is determined by the
numerator: 1
N(s) =2s—(1—82)10g< +5> .
1-—s
Using the series expansion for log (%Jrz) =2 ZZO:O %, we compute:
) 0 g2n+l
N(s)=2s—(1—s%)-2
(s)=2s - (1-5")-2, o + 1
n=0
2n+1
=2s—2 -2
§ 2 2n+1)(2n — 1)
0 g2n+1

2n+1)2n—1)

n:l
For s € (0,1), every term in the series is positive. Thus, N(s) > 0 for 0 < s < 1, and
N(0) = 0. Therefore, f'(s) > 0 on (0,1), meaning that f(s) is increasing,.

(ii) We want to argue that r — (r/2) f(4/37(1 — r)) is monotonically increasing and bounded

above on (0,1]. To this end, we set s = s(r) := 4/3r(1 — ) and g(r) := (r/2) f(s(r)).

Direct differentiation gives, with the help of (4.4),

(1—352)f(s) —2(2r—1)
41 —7r)(1 — s?) ’

g'(r) =
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For 0 < r < 1/2, this is positive. For 1/2 <r < 1, since 2r —1 = 4/1 — %32, it suffices to

prove
(1—52)f(s)>24/1—§sz, 0<s<\;§.
Define 2 ()2 (3 4s?)
H(s) == 3(1— s2)2
Then 4 L6s
HO) = H(©0) =0, g (1= ) = 57— 5 > 0.

Consequently, H(s) > 0, which yields the required inequality. Thus ¢'(r) > 0 on (0,1).
Since lim,41 g(r) = 1, we conclude that

.
5f( 37‘(1—7“)) <1 forall0<r<l1.

We are in a position to prove the first version of the Hawking singularity theorem. Given a
spacelike hypersurface ¥ € M, we set dx(y) := sup,es, d(z,y) for y € M (note that ds(y) > 0
if and only if y € IT(X) = J, e I ().

Theorem 4.4 (C3) Hawking singularity theorem, version 1). Let (M, L) be a globally
hyperbolic C(3) Finsler spacetime satisfying the distributional strong energy condition with
a C? spacelike Cauchy hypersurface ¥ € M that is B-contracting with 3 > 0. Then we have
sup,;ds < (n—1)/B. In particular, (M, L) is future timelike geodesically incomplete.

Proof. Suppose by contradiction that dx(y) > (n — 1)/ for some y € I (X). It follows from
Corollary 3.17 that we can find a maximizing L-geodesic 7 : [0,1] — M from ¥ to y which is
the C? limit of Eem—maximizers N : [0, L] = M from ¥ to y, where [ := L(n) = dx(y) and we
put Ly, := Le,, (1m) for their L., -LorentzFinsler arclength. The set K := U, im(7m) wim(n)
is compact in T M.

Denote by 6, the expansion of 3 with respect to Eam (evaluated at t = 0 along the geodesic
orthogonal to ¥, to be precise). Then 6,, converges to the expansion € of L locally uniformly
on ¥. Hence, on a neighborhood of 7(0) in ¥, we have 6,,, < —(3 < 0 for large m. Take
0 < r < 1 such that dx(y) > (n—1)/r3, and set d,, ’8( r). By5 — 0= (1—7") and

Proposition 3.6, for sufficiently large m (depending only on K ,7), all Lem—umt future timelike
vectors v in K satisfy Ric[L, ](v) = —0m, so that Ric[Le, ](fm) = —6m. Hence we deduce
from Proposition 4.2 that I, < 5. L Letting m — oo and then r — 1 shows [ < (n — 1)/8,
contradicting the assumption.

The C(1:3) Hawking theorem given above admits a natural version for past incompleteness,
which we discuss now. In complete analogy, the remaining unweighted and weighted theorems
all admit such versions as well, we describe this briefly in Remark 4.18 further below.

Corollary 4.5 (Past version of the C'13) Hawking singularity theorem, version 1). Let (M, L)
be a globally hyperbolic C(%3) Finsler spacetime satisfying the distributional strong energy
condition. Suppose that there exists a C? spacelike Cauchy hypersurface ¥ < M satisfying

0>p5>0. Then
n—1

supd(-,y) <
supd(y) < 3

In particular, (M, L) is past timelike geodesically incomplete.
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Proof. The proof follows by applying Theorem 4.4 to the reverse Lorentz—Finsler structure
T(v) := L(—wv). Precisely, we choose the time orientation such that v is T -future timelike if
and only if —v is L-future timelike, and then the T -Ricci curvature Ric satisfies Ric = t*(Ric)
in D'W(TM\0), where ¢ : TM\O — TM\O is the fiber reflection ¢(v) := —v and ¢* denotes
the pullback under ¢. Due to this, it is easily concluded that T continues to satisfy the
distributional strong energy condition and ¥ is S-contracting with respect to f, yielding

- -1
sup @ (z,) = supd(-,y) < "~
TreX ye ﬁ
where 4 (z,y) (= d(y,z)) denotes the Lorentz—Finsler distance with respect to L. O

The second version deals with the case of 5 = 0, upon replacing the Cauchy hypersurface
with a compact spacelike hypersurface.

Theorem 4.6 (C(13) Hawking singularity theorem, version 2). Let (M, L) be a C3) Finsler
spacetime satisfying the distributional strong energy condition, ¥ € M a C? compact spacelike
hypersurface that is contracting. Then (M, L) is future timelike geodesically incomplete.

Proof. The proof is similar in spirit to the first version; we give a sketch for completeness.
Assume by contradiction that (M, L) is future timelike geodesically complete. As in the proof
of the first version, we denote by 6 and 6. the expansions of ¥ with respect to L and Ee,
respectively, as functions on . We remark that X is also f}g—spacelike since f}g has narrower
future timelike cones than L. By the compactness of X, we find 5 := — maxy /2 > 0, so that
f: < —f < 0 on ¥ for sufficiently small £ > 0.

Let

K:= U (veTM : n(v)eX, ve QT[L.], v LTS for L., 2L.(v) = —1}.

O<ex<l1

This is compact in T'M. Hence there exists €9 > 0 such that the set Ficp., & TM (as
in Corollary 2.15) is (well-defined and) compact, where we set b := 4(n — 1)/, thanks to
the assumed geodesic completeness and Proposition 2.14. Let 0 < § < 3/3/2b, then there
is €1 € (0,e0) such that for every € € (0,e1) and v € Fxps, With 2L.(v) = —1, we have
Ric[zs] (v) = —4. Therefore, it follows from Proposition 4.2 (with r = 1/2) that every L.-
geodesic starting Eg—orthogonally to X will stop maximizing the f/a—distance before proper
time 2(n — 1)/0.

At this point, we may proceed as in the smooth proof [24, Thm. 8.13] (cf. [31, Thm. 6.49]).
Up to going to a covering, we may assume that X is acausal and a partial Cauchy hypersurface
for Ivla with € € (0,e1). The above argument shows that ¥ is future causally araying with
respect to Le, a contradiction to [24, Thm. 8.11] (see [31, Thm. 6.48] for a proof). O

In order to obtain sharp versions of the Hawking theorems for general timelike Ricci
bounds Ric = K for K € R, we require the following refined version of the estimate given in
Proposition 4.2.

Proposition 4.7 (Timelike quantitative focusing for general bounds). Let (M, L) be a smooth
Finsler spacetime, ¥ € M a C? spacelike hypersurface, and n : [0,b] — M a future unit
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speed timelike geodesic which maximizes the distance from . Let K € R and § > 0, with

B> +/(n—1)|K| when K <0. If §(0) < —f and Ric(n) = K — 6, where
62

n—1

0<6<(1—7°)<K+ ) for some 0 <r <1,

then we have

(n—1
) KzO?
s
T n—1 V(n—1)K
b < K,B7 where Tg g 1= % arctan T , K >0,
r
n—1 (n—1)|K]|
arctanh| ~Y—— |, K <0.
K] ( 5

Proof. Orthogonality follows as in Proposition 4.2. Let ¢ := 1/(n—1). Since n maximizes the
distance from X, there is no focal point to ¥ along 1 in (0,b). Thus the expansion is defined
on [0,b), where the Raychaudhuri equation (4.2) and the assumed Ricci curvature bound give

0 < —K+6—ch>
Setting z := —0, we obtain
2> K -6+ c2?, 2(0) > . (4.5)
Our assumptions on K and f ensure that K + ¢32 > 0. Moreover, for every u > f3, the
hypothesis § < (1 —r)(K + ¢f?) implies
K—-6+cu?>K+cu?®—(1—7)(K+cf?
> K +cu? — (1 —7)(K + cu?)
=r(K + cu?) = r(K + ¢8%) > 0.
In particular, z cannot decrease to 3, thereby 2/(t) > 0 and z(¢) > § throughout [0, b).

Dividing the differential inequality (4.5) by its positive right-hand side and integrating,
we find, for every 0 <t < b,

< Jt 2'(s) ds — r(” du _ foo du
S o K—6+c2(s)2 T Z(O)K—5+cu2\ g K —6+cu?

1 J “ du
< - —_—.
r)sg K+ cu?
The last inequality follows from K —§+cu? > r(K +cu?) > 0 for u > 3, which was established
before. The remaining integral is finite and equals
(1
@a

J~ooK_('i_ucu2 _ \/i? (g—arctan(ﬁﬂfc{)>, K >0,
B

1 Bye+ /K]
| 2V/aE] 1°g<m—m)’ £

For ¢ = 1/(n—1), these are precisely the displayed expressions for T g. Letting ¢ 1 b therefore
yields b < T g/r as claimed. O

K =0,
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Remark 4.8 (On the discrepancy between Propositions 4.2 and 4.7 for K = 0). For K =0,
the hypothesis on ¢ in Proposition 4.7 becomes

62
0<d<(1— ,
A=r)——
whereas Proposition 4.2 assumes
3
0<s<(l— r)?ﬁ.

These are different sufficient conditions for the same conclusion b < (n—1)/(r3), thus Propo-
sition 4.2 does not follow from Proposition 4.7 with K = 0. The difference arises because the
proof of Proposition 4.7 uses the comparison

K —6+cu? = r(K + cu?) (u=p)

with subsequent integral estimates, whereas Proposition 4.2 uses an estimate involving the
interval length b. We expect that a version of Proposition 4.2 for general bounds K can also
be established. This discrepancy highlights that both results are independently of interest
and it has no bearing on their applications in the Hawking singularity theorems (Theorems
4.4, 4.6, 4.9): The curvature error in the regularization can be made sufficiently small to
satisfy either condition in Propositions 4.2 and 4.7 for K = 0.

Theorem 4.9 (C(%) Hawking singularity theorem, version 1, general K). Let (M, L) be
a globally hyperbolic C3) Finsler spacetime satisfying Ric = K timelike distributionally for
some K € R. Suppose that X < M is a C? spacelike Cauchy hypersurface that is 3-contracting,
where > 0 and additionally B > +/(n — 1)|K| if K < 0. Then sup,, ds; < Tx g, where Tk g
is as in Proposition J.7. In particular, (M, L) is future timelike geodesically incomplete.

Proof. We follow the proof of Theorem 4.4. Suppose that dx(y) > Tk g for some y € I (%),
and choose r € (0,1) sufficiently close to 1 such that dx(y) > Tk g/r. By Corollary 3.17, we
can find Eem—unit speed maximizing geodesics from X to y converging to an L-maximizer,
with their proper-time lengths [, — dx(y). As in the proof of Theorem 4.4, their tangents
lie in a compact subset of Q7 and their initial expansions satisfy 6,,(0) < —f for sufficiently
large m. Fix

O<(5<(1—T)<K+nﬁ_21>.

By Corollary 3.8, we get Ric[L.,,|(nm) = K — ¢ for large m. Proposition 4.7 therefore implies
lm < Tgp/r. Letting m — oo (equivalently, €, — 0) shows dx(y) < Tk g/r, contradicting
our choice of r. ]

4.2 The Penrose singularity theorem

We first recall the notion of trapped surfaces (see [30, §4], [24, §8.1]). Throughout this
subsection, let n = dim M > 3. Let S be a codimension 2, orientable, C? spacelike sub-
manifold (without boundary) in a C"3) Finsler spacetime (M, L). Then, for each = € S,
since TS n QI = {0}, there are exactly two hypersurfaces H¥ < T, M containing T,.S and
tangent to QL. By the orientability of S, we can take C! vector fields V* on S such that
VE(z) e (HE n 0QL)\{0} (unique up to a rescaling by a positive function on S), and V*
satisfy ker g+ (VE(x),-) = HE. We define the associated null ezpansions 6% (z) as the trace
of the endomorphism w + DY/ “V* on T,S.
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Definition 4.10 (Trapped surfaces). We say that S is a (future) trapped surface if it is
compact and 6% < 0 on S.

Proposition 4.11 (Null quantitative focusing). Let (M, L) be a smooth Finsler spacetime,
S C M be a codimension 2, orientable, C? spacelike submanifold and 1 : [0,b] — M with
x :=n(0) € S be a future null geodesic that maximizes the distance from S. Then n(0) L T,S
in the sense that T,,S + Rn(0) = ker g;0)(1(0), ). Moreover, under the normalization 1(0) =
V*H(z) or V= (z), if 0% (x) < —B < 0 and Ric(n) = —6 with 0 < § < %(1 —r) for some

O<r<l, thenwehavebé"r—;?.

Proof. This is shown in the same way as Proposition 4.2. Precisely, we have
ker g0 (7(0), -) = TS + Ri)(0) = H,f or H,

which implies that 7(0) = ¢V (z) or ¢V~ (z) for some ¢ > 0. We set ¢ = 1 by reparametrizing
n. Then, using the null Raychaudhuri equation ([30, Eq. (31)] with x = 0, where dim M =
n + 1), we obtain the claimed estimate of b. O

Theorem 4.12 (C(13) Penrose singularity theorem). Let (M, L) be a globally hyperbolic
C13) Finsler spacetime satisfying the distributional null energy condition and containing a
C? trapped surface S and a noncompact Cauchy hypersurface. Then there exists a future
inextendible null geodesic n emanating orthogonally from S that is future incomplete.

Proof. By way of contradiction, suppose that every future null geodesic starting orthogonally
to S is future complete. Fix future L-null normals VE of S as above, which are of regularity
Cl. They are the uniform limits of future L.-null normals V.= of S (note that S is also

L.-spacelike). We write 0;5 for the null expansions of VEir with respect to L.. Consider the
set

K:z{Av:szi(x),xeS,O<A<_20(_?(;(20)))}.

This is a compact subset of TM (since S is compact by definition). We claim that
JH(SO\IT(S) € Ficq = {n(t) : n is an L-geodesic, (0) € K, t € [0,1]}.

Note that Fi ; is compact (thus so is J*(S)\I*(S) by global hyperbolicity if we show the
claim).

Suppose to the contrary that there is some y € J7(S)\I"(S) not in Fi 1. Since clearly
S < Fi1, necessarily y ¢ S. According to Corollary 3.18, any such y is reached by a
maximizing L-null geodesic 1 : [0,b] — M from S that is the C?-limit of maximizing Eem—
null geodesics 7, : [0,by,] — M from S with lim,, o €, = 0, where 7 is parametrized as
n(0) = VT (n(0)) or V—(n(0)), and we assume 1(0) = VT (n(0)) without loss of generality, as
well as 7, (0) = Vs-; (1m(0)).

By y ¢ Fx1, we have b > —2(n — 2)/6%(n(0)), so that

0+ (n(0)) < —B:= —2(nb_2).

Then it follows from the C2-convergence that, for sufficiently large m, 61 (,,(0)) < —3 and

Em
by, > 3b/4. Moreover, we can assume Ric[Lc,, |(9m) = —B/by, by virtue of Proposition 3.9.
Hence, from Proposition 4.11 with b = b,,, § = /by, and r = 2/3, we infer that
In—2 3b

<= _ -7
b <75 =33 <

bm,
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a contradiction.
From here, one may follow the smooth argument given for [24, Thm. 8.4] or [31, Thm.
6.25] to conclude (keeping in mind Lemma 2.8). O

4.3 Weighted versions of the singularity theorems

In this final subsection, we give weighted versions of the Hawking and Penrose singularity
theorems. Our results are new even for C' Lorentzian metrics.

In the weighted case, we need to modify the notion of geodesic (in)completeness. For
this purpose, let us recall the following notion introduced in [24] (called e-range; note that
dim M = n + 1 there), inspired by Wylie and Woolgar’s works in Riemannian and Lorentzian
settings [16, 17, 18].

Definition 4.13 (k-ranges). For N € (—o0,1] U [n, o], where n = dim M, we define the
timelike k-range of N to be those k € R which satisfy

k=0,
|k| < :711 N # 1,n,
keR,

Similarly, for N € (—00,2] U [n, ] (provided n > 3), we define the null k-range of N to be
those x € R which satisfy

k=0,
K| < /372, N9é2n
Kk € R,

In both cases, we also say that x € R is timelike/null admissible for N if it belongs to the
corresponding k-range of V.

Let N € (—,1] U [n,0] and x be timelike admissible for N. Given a C? spacelike
hypersurface 3 © M, let V be the future unit normal vector field on a neighborhood of %
as in Subsection 4.1, and ¥ be the distortion function associated with m as in Subsection
2.5. Then, for an integral curve 7 : [0,b] — M of V with n(0) € X, we define the weighted
counterparts to the expansion and shear of V' by

outt) 1= exp 20 = w i) ) (o) - s (000 ),

onlt) = exp<4“‘%<ﬁ<t>>)a<t>,

n—1

where 6 and o are the unweighted expansion and shear defined in (4.1). We say that X
is (k, B)-contracting if 6, < —p < 0 for all n as above, where 5 > 0. Along 7, it will be
convenient to consider the parametrization

pn(t) = f t exp(z(“_l)w(ﬁ(s))> ds.

0 n—1

When L is smooth, the weighted Raychaudhuri inequality asserts the following:
(6x 00y ") < —Ricy (o ")) = onlen) — enmbu(e, ')’ (4.6)
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on ¢,([0,b]) (see [24, Prop. 5.7]), where we set

1 N —n
1— 2
n—1< N1

1— k2 1
N#1), cppim —1 — .
> ( ), Con n—1' T4

CNy i=

With this, we can generalize Proposition 4.2 as follows.

Proposition 4.14 (Weighted timelike quantitative focusing). Let (M, L,m) be a smooth
weighted Finsler spacetime, ¥ be a C? spacelike hypersurface and n : [0,b] — M with x :=
n(0) € ¥ be a future unit speed timelike geodesic that mazimizes the distance from X. Let
N € (—o,1] U [n,], & be timelike admissible for N, and set B := ¢,(b). Assume that
0.(0) < =B <0 and

4(k — 1)

Ric () = —dexp ( —

¥(i)). (47)

where 5
0<5<§6(1—7‘) for some 0 <r < 1.

Then we have

B < 1 .
CN,nTﬁ

When N € [n,0), we can take k = 1 and obtain b < (N —1)/(rB) under Rick (1) = —0.
Proof. By the positive 2-homogeneity of Ric) and (4.7), we have

41— k)

Ricl ((10¢;1) (10y(t))) = exp (n_lxp(ﬁ(t))> RicY (n(t)) = —0.

Thus upon setting © := 6, o @51, we get from (4.6) that
Q' <§—cys0* on[0,B], ©O(0)<—8.

The same scalar comparison as in the proof of Proposition 4.2, with interval length B and
coefficient cy . gives the claim. ]

For a future-inextendible unit speed timelike geodesic n : [0,T) — M, write ¢, (T) =
limgr @y (t). We say that nis future k-incomplete if ¢, (T") < co. Note that the 1-completeness
boils down to the usual geodesic completeness, while k = 1 is admissible only for N € [n, o).
We refer to [16, 17] for the case of k = 0.

In the arguments below, W. denotes the distortion associated with (lvls,mg). By our
approximation results (recall ¥ € C(LO)), we have

U, >0, S.U,—SU inCL(TM\O).

Theorem 4.15 (Weighted C'?) Hawking singularity theorem, version 1). Let (M, L) be a
globally hyperbolic C2) Finsler spacetime, equipped with a C* measure m, satisfying

4k —1
RicY > Kexp<(/€1)\P>
/”L —_—

41



timelike distributionally for some K € R, N € (=0, 1] U [n,®] and k timelike admissible for

N. Suppose that ¥ < M is a C? spacelike Cauchy hypersurface with 0, < —3, where 3 > 0
and, additionally, 8 > +/|K|/cn . when K < 0. Then we have

li ) < T(N,n)

sup i en(t) < Ty,

wheren : [0,T) — M runs over all future unit speed timelike geodesics mazimizing the distance
from X, and we set

K =0,

1 1 | K
TWNR) . _ ” dz — | ——=arctan| —, |— |, K >0,
K, - 5 K+CN,n22 CNy,{K ﬁ CN,k
1 1 [|K]|
arctanh | — , K <0.
CN,n|K| (ﬁ CN,n)

In particular, every such n is future k-incomplete and, when N € [n,©) and Kk = 1, we have

supys ds < T[((]i;l) and (M, L) is future timelike geodesically incomplete.

Proof. Given 7 as in the statement, we first generalize Proposition 4.7 assuming that L and
m are smooth: Under the hypotheses 6, < —f,

RicY () = (K — 6) exp <4(:__f)\lf (7'7))

and 0 < 6 < (1 —7)(K + cn,8?%), we obtain ¢, (T) < TI((N;)/r. Note that, as in the proof of
Proposition 4.14, the above curvature bound implies

Ricy ((no¢, ") (en(1) = K — 6.
Thus, the weighted Raychaudhuri inequality (4.6) gives

O < —K+3—cnyx©? on[0,0,(T)), where® :=0,0 90;1,

which enables us to follow the proof of Proposition 4.7 by replacing Tk g with Tg\%ﬁ).
Having established the above, the proof is now analogous to that of Theorem 4.9, using
Proposition 3.10(i). O

Theorem 4.16 (Weighted C(1?) Hawking singularity theorem, version 2). Let (M, L,m)
be a CU2 Finsler spacetime equipped with a C* measure m satisfying Ricg > 0 timelike
distributionally for some N € (—o0,1] U [n,0]. Suppose that ¥ < M is a compact C?
spacelike hypersurface such that 6, < 0 for some k which is timelike admissible for N.

Then there exists a future inextendible unit speed timelike geodesic n : [0,T) — M that
starts orthogonally to ¥ and is future k-incomplete. In particular, when N € [n,0) and
Kk = 1, this geodesic is future incomplete in the usual sense.

Proof. The proof is similar to that of Theorem 4.6. Assume first that N # n and suppose,
by contradiction, that every future inextendible timelike geodesic starting orthogonally to X
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is future k-complete. As in the proof of Theorem 4.6, up to passing to a covering, we may
assume that ¥ is a compact acausal partial Cauchy hypersurface. Since I}gm < L, ¥ is also
a partial Cauchy hypersurface for f/sm. Thus, by [24, Thm. 8.11], there exist future timelike
Y-rays n, for I}Em, where €, — 0. These are timelike geodesics starting orthogonally to X,
which we parametrize by Esm—unit speed.

As in Theorem 4.6, their initial velocities lie in a common compact set. Applying the
compactness argument for the geodesic equation from the proof of Proposition 2.14 along a
compact exhaustion of TM\0, we obtain a timelike ¥-ray n : [0,7) — M with respect to L,
starting orthogonally to 3. For every b < T, the geodesics 7, are defined on [0,b] for all
sufficiently large m and converge to 7 there in C?2.

By our contradiction assumption, 7 is future s-complete. Denote by 6, and 0, . the
initial weighted expansions of ¥ for (L, m) and (Ea,mg), respectively. Since 0, < 0, by the
compactness of 3 and the uniform convergence of the initial weighted expansions, we have

1
8= —3 InEaXH,i > 0,

so that 6, . < —f8 on ¥ for sufficiently small €.

Put ¢ := ¢n, > 0 and B := 4/(c¢f3). Since 7 is future x-complete (i.e., ¢, (T") = ), there
exists b < T such that ¢,(b) = B. The C?-convergence on [0,b] implies that the velocities of
these segments lie in a common compact subset of Q1" and B, := ¢y, (b) — B, where ¢, is
computed using U, .

Fix 0 < 0 < 38/(4B). The functions ¥, (7,,) are uniformly bounded on [0, b]. Conse-
quently, Proposition 3.10(i) gives

4(k — 1)
n—1

el

on [0, b] for all sufficiently large m. Moreover, 6 < 33/(2B,,) for large m as well. Since every
Nml[0,p] Maximizes the Eam—distance from X, Proposition 4.14 with r = 1/2 therefore yields
2 B
By, < pr iR
Letting m — oo gives B < B/2, a contradiction.

When N = n with 6, < 0, we have S¥ = 0 by convention, and hence Ric)' = Ric? =
Ric for every N’ > n. Thus, for sufficiently small N’ > n, Ricg/ > 0 holds and « is
timelike admissible for N’. Then the above argument yields the desired future timelike x-
incompleteness.

Finally, for N € [n, ) and £ = 1, since ¢,(t) = ¢, the 1-completeness coincides with the
ordinary geodesic completeness. O

R, [Eo, i) > ~dexp (

For a codimension 2, orientable, C? spacelike submanifold S € M, with n > 3, define the
weighted null expansions on S by

0% .= exp (M\P(Vi)) (Hi — S‘I’(Vi)),

" n—2

where 6% are the unweighted null expansions introduced in Subsection 4.2. For a future
inextendible null geodesic n : [0,T) — M, set

gog(t) = L exp (MW(n(s))) ds, 9097(T) = lim gog(t).

n—2 t?T
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We say that n is future k-incomplete if WS(T) < 0.
For x null admissible for N, we put

1 N—n 1— k2 1
C = — 1-— 2 N 2 C = C = —.
N n—2< “N—Q) (N#2), o= T5 Q0= 13

The null weighted Raychaudhuri inequality [24, Prop. 6.2] gives the analog of Proposition
4.14 for null maximizers from S, with go?l and ¢y in place of ¢, and cy k.

Theorem 4.17 (Weighted C(1:?) Penrose singularity theorem). Let (M, L, m) be a globally
hyperbolic C2) Finsler spacetime of dimension n = 3, equipped with a C* measure m, sat-
isfying the distributional null N-energy condition for some N € (—o0,2] U [n,00]. Suppose
that M contains a noncompact Cauchy hypersurface and a compact orientable C? spacelike
submanifold S of codimension 2 satisfying 0= < 0 for some k which is null admissible for N.

Then there exists a future inextendible null geodesic n: [0,T) — M, starting orthogonally
to S, which is future k-incomplete. In particular, if N € [n,00) and k = 1, n is future
incomplete in the usual sense.

Proof. Assume first that N # n. We can follow the same lines as Theorem 4.12 by modifying
K in its proof to

IC.= {)\v v = Vi(x)a 77(0) =v,r€5,0< ('097()\) S —C&—:?W(li))}’

where 7 runs among geodesics and we set ¢ := ¢y,. Indeed, to show JT(S)\IT(S) < Fx 1,

assuming y ¢ Fjc 1 we have
2

e (b)

Then, under 6. (nn(0)) < =B, @), (bm) > 3¢)(b)/4 and Ric[Le,,|(7m) = —B/¢y,, (bm),
applying the weighted version of Proposition 4.11 with r = 2/3, we have

0, (n(0)) <= :=—

11 9(b
11 _39®) _

ref 2 2 %,m(bm),

802m (bm) <
a contradiction.
The case N = n holds as argued in Theorem 4.16. O

We remark that our weighted singularity theorems, i.e., Theorems 4.15, 4.16 and 4.17,
are new even in the case L(v) = g(v,v)/2, where g is a C! Lorentzian metric, and provide an
extension of Graf’s results [15].

Remark 4.18 (Past versions of singularity theorems). All of our unweighted (Theorems 4.4,
4.6, 4.9 and 4.12) and weighted (Theorems 4.15, 4.16 and 4.17) singularity theorems can be
formulated to yield past timelike/null (k-)incompleteness resp. a bound on the past Lorentz—
Finsler distance. The only difference is that the assumption on the timelike/null expansion
needs to be reversed as in Corollary 4.5. The proofs all follow from the corresponding future
versions applied to the reverse structure f(v) := L(—v), since the weighted and unweighted
distributional timelike and null Ricci bounds are satisfied by L if and only if they are satisfied
by L. See [21, Rem. 8.14] for more details.
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