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Lamplighter random walks on fractals
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The quenched critical point for self-avoiding walk
on random conductors

Yuki Chino* and Akira Sakaif
Department of Mathematics
Hokkaido University

Self-avoiding walk (SAW) is a statistical-mechanical model for linear
polymers. We have many rigorous results on SAW, especially in d > 4
[1, 5]. However in two or three dimensions, there still remain open problems
[6]. In 1981, B. K. Chakrabarti and J. Kartész first introduced the random
environment to SAW [2]. Our interest is to understand how the random
environment affects the behavior of the observables concerning SAW around
the critical point. In this talk, we show the quenched critical point is almost
surely a constant and estimate upper and lower bounds.

Let B? denote the set of nearest-neighbor bonds in Z¢, let Q(z) be the set
of nearest-neighbor self-avoiding paths on Z? from z, and let X = {X}},cpd
be a collection of i.i.d. bounded random variables whose law and expectation
are denoted Px and Ex, respectively. Given the energy cost of the bond
h € R and the random environment X and the strength of randomness
B >0, we define the quenched susceptibility at « € Z%:

Xnox (@) = Z e*Z‘f:‘ﬂthBij)’
weQ(x)

where |w]| is the length of w and b; is the j-th bond of w. Because of the
inhomogeneity of X, the quenched susceptibility is not translation invariant
and does depend on the location of the reference point x. We also define
the number of SAWs in random environment:

[wl

tox(mn)= Y e P g, o

we(z)
Therefore, we have
o0
Xh,3,X (z) = Z e_h"éﬂyx(x; n).
n=0

Since xp,8,x () is monotonic in h, we can define the quenched critical point:

E%,X(x) = inf{h € R: Xp3x(z) < 00}

*chino@math.sci.hokudai.ac.jp
Tsakai@math.sci.hokudai.ac. jp



We denote ¢(n) be the number of the homogeneous SAWs. By virtue
of the self-avoidance constraint on w and the i.i.d. property of X, we can
directly compute the annealed susceptibility Ex x5 x ()]

Ex[{ns.x ()] =Y e "loge)mc(n),
n=0

where A\g = Ex[e~#%?]. Then the annealed critical point must be defined:
h% = log pu + log Ag,
so that Ex [Xn 5 x ()] < oo if and only if h > h%. By Jensen’s inequality,
hy > log p — BEx [X].
The following theorem is the main result of this talk.

Theorem 1. Let d > 1 and § > 0. The quenched critical point ilqﬁx(l‘)
is Px -almost surely a constant that does not depend on the location of the
reference point x € Z*. Moreover, by abbreviating hg x () as hg, we have

log u — BEx [Xp] < iLg < h%, Px -almost surely.
For d =1, in particular, the lower bound is an equality.

The key elements for the proof are the following:

e To prove that the quenched critical point is Px-a.s. a constant we show
translation invariance and ergodicity by following similar analysis to
that in H. Lacoin [4].

e The upper bound (generally called the annealed bound) is trivial. On
the other hand, the lower bound is derived from the second moment
estimate by using the Paley-Zygmund inequality.
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Enlargement of subgraphs of infinite graphs by
Bernoulli percolation

Kazuki Okamura*

We consider changes of properties of a subgraph of an infinite graph if we
add open edges of Bernoulli percolation on the infinite graph to the subgraph.
We give a triplet of an infinite graph, a subgraph of it, and, a property for
graphs. Then, in a manner similar to the way that Hammersley’s critical
probability is defined, we can define two values associated with the triplet.
We regard the two values as certain critical probabilities and compare them
with Hammersley’s one.

In this talk we will focus on the following cases that a property for graphs
is being a transient subgraph, having infinitely many cut points, having no
cut points, being a recurrent subset, and, being connected. Our results de-
pend heavily on choices of the triplet.

*Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502,
JAPAN. e-mail : kazukio@kurims.kyoto-u.ac.jp



Continuum Cascade Model of Directed Random Graphs

Yoshiaki Itoh

Institute of Statistical Mathematics, Tachikawa, Tokyo
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In the cascade model by Cohen and Newman, the random directed
graph has vertex set {1, ...,n} in which the directed edges (i, 7) occur inde-
pendently with probability ¢ for i < j and probability zero for ¢ > j. Let
L,, denote the length of the longest path starting from vertex 1. We apply
the Poisson approximation to the binomial distribution of the number of
directed edges at each vertex and consider the continuum cascade model.
We study the asymptotic behavior of L,, as n tends to infinity.

At step 1 we generate N, points by the Poisson distribution Pr(N =
k) = %e‘“’ on [0,z]. Each point is mutually independently distributed
uniformly at random on [0,z]. At step j(> 1), for each generated point
at x — y, generated at the step j — 1, generate /N, points by the Poisson

distribution Pr(N = k) = %e‘y uniformly at random on the interval
[ — y, ], independently from the points on other intervals at step j and
independently from the points of previously generated intervals. We call
the terminal interval any interval which did not generate any point. The
terminal interval, which appeared at a step, remains a terminal interval
after the step. We continue the steps as long as we have at least one interval
which is not a terminal interval. For each terminal interval generated by
the above procedure, we count the number of steps to get the interval and
call it the height of the interval. Let us call the maximum of the numbers,
H(xz), the height of the tree generated by the continuum cascade model on
[0, z].

When k points, x—y1, z—ys, ..., T—Yyj, are generated at step 1, the proba-
bility, that the height is not larger than n—1, is P,—1(y1)Prn—1(y2) - - - Pn—1(yx),
since each y; is distributed uniformly at random on [0, z] and k is distributed
by the Poisson distribution. We have the recursion for the probability
P,(x) =P(H(z) <n). For n=0,

P,(x)=e"", (1)

while for n > 1,

P = oot [P, 2)

We apply a theorem by E. Aidekon for branching random walk to study
the above numerical traveling wave solution of equation (2) mathematically.
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Figure 1: Traveling waves, the distribution P,(x) versus z obtained by
iterating the recursion. P,(x) is shown for n = 20,40, 60,80, 100 (left to
right).

We consider the derivative martingale D,, for our continuum cascade model.
We know the martingale converges almost surely to some limit D, which
is strictly positive on the set of non extinction of the genealogical tree for
our continuum cascade model. We see that there exists a constant C* > 0
such that for any real z,

: n 3 _ * _exr
nh_}ngo Po_1(x+ s Inn)) = Elexp(—C*e**Dy)], (3)

which gives the asymptotic probability on the longest chain length (on the
position of wave front).
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Geometric structures of favorite points and late points of simple

random walk and high points of Gaussian free field in two dimensions
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