Feynman-Kac penalization problem for critical measure

of symmetric stable processes
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ON DOUBLY FELLER PROPERTY OF RESOLVENT
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1. PRELIMINARY

Let (E, d) be alocally compact separable metric space, Ey := EU{J} its one point compactification,
B(FE) its Borel o-field on E, and B(Ey) Borel o-field on Ey. It is well-known that B(Ey) =
B(E)U{BU{0} | B € B(E)}. Any function f defined on F is extended to Ey by setting
f(0) = 0. Denote by By(E) (resp. by Cp(E)), the family of bounded Borel functions on E
(resp. the family of bounded continuous functions on E), and by Cy(E) (resp. by C(FE)), the
family of continuous functions on E with compact support (resp. the family of continuous functions
on E vanishing at infinity). Consider a Hunt process X = (Q, i, Foo, X1, (, Py)aer, defined on
Ey and denote by (P;)¢>0 (resp. (Ra)a>0) its transition semigroup (resp. its resolvent kernel), that
is, Pf(z) = Eo[f(X0)] = [ [(Xi(w))Py(dw) (vesp. Rof(z) = [J° e P, f(x)dt) for f € By(Es).
Here ¢ :=inf{t > 0 | X; = 9} is the life time of X and 9 is a cemetery point of X, that is, X; = 0
for all ¢ > ¢ under P, for z € E. The resolvent (Ry)a>0 of X is said to have the Feller property
if the following two conditions are satisfied:
(i) For each oo > 0 and f € C(F), we have R f € Coo(E).

(ii)’ For each f € Co(F) and z € E, we have lim,_,o0 R f(x) = f(2).
It is known that (i)’ and (ii)’ together imply

(iii)’ For each f € Coo(E), we have limy_,¢ ||P.f — f]lo = 0.
The resolvent (Ry)a>0 is said to have the strong Feller property if

(iv)’ For each f € By(F) and o > 0, we have R, f € Cy(E).
The Hunt process X is said to have the doubly resolvent Feller property if its resolvent enjoys the
both of Feller property and strong Feller property. X is said to be a doubly resolvent Feller process
if it enjoys the doubly resolvent Feller property.
For each B € B(FE), denote by op the hitting time to B; op := inf{t > 0| X; € B} and by 75 the
first exit time from B; 7p := inf{t > 0| X; ¢ B}. Note that 7 = op\p A (.
Let 0*B be the boundary of B in Ey. We set Coo(B) := {f € C(B) | limy—,co+5 f(x) = 0}. The
open set B is said to be regular if for each z € 0*"B N E, we have P (og\p =0) = 1.

2. DOUBLY RESOLVENT FELLER PROPERTY WITH MULTIPLICATIVE FUNCTIONALS

Let (Z;)¢>0 be a multiplicative functional associated with X. Namely, for each x € E, P -a.s.:
Zo=1,0<7Z; <00, Zy € Fpfort >0; and Zyys = Zs - (Zy 06,), for all t,s > 0. Fix a non-empty
open set B. We now impose a set of special conditions to (Z;);>¢ as follows:

(a)p For some t > 0, aP :=sup,.p SUPgeo,4 Bx[Zs 1 8 < TB] < 0.

(a)% There exists p > 1 such that a?(p) := sup sup E,[ZP : s < 75] < oo for some ¢ > 0.
z€B s€[0,t]
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(b)¥% For each ¢t > 0 and any compact subset K of B, there exists a number p = p(K,t) > 1

such that sup E, [ZF] < cc.
reK

(b)% For each t > 0, there exists a number p = p(t) > 1 such that sup E, [Z7] < oco.
zeB

(c)% For any relatively compact open subset D of B, we have 2lgir% supE,[|Z; — 1| : t < 7p] =0.
—YzeD

(©)% th—%ilelEEmHZt —1]:t< 1] =0.

Theorem 2.1 (Compare [1, Theorem 1.4]). Let X be a doubly resolvent Feller process and B
an open subset of E. Under (a)p, (b)% and (c)%,for any o > af = infse]o’oo[log(af)l/s >0,
SBf(x) =B, [[;° e ' Z,f(Xy)dt] satisfies SE f € Cy(B) for f € By(B).

Theorem 2.2 (Compare [1, Theorem 1.4]). Let X be a doubly resolvent Feller process and B an
open subset of E. Suppose that B is regular. Under (a)p, (b)% and (c)%, for any a > of =
iIlfse]Q(X,[log(af)l/S > 0, we have SBf € Coo(B) and limy 00 aSBf(x) = f(x) for f € Cx(B)
and x € B. Suppose further that B is relatively compact and assume (a)5; or there exists an open
set C with B C C such that (c){, holds. Then SEf € Co(B) for f € By(B).

3. DOUBLY RESOLVENT FELLER PROPERTY OF TIME CHANGED PROCESS

Assume that X is an m-symmetric Markov process on E whose Dirichlet form (€, F) on L?*(E;m)

is regular. Let S1(X) be the family of positive smooth measures in the strict sense, that is, any v €

S1(X) is a Revuz measure of a PCAF By in the strict sense: [, f(z)v(dz) =1 limy o %Em [fot f(X,)dB,

A measure v € S1(X) is said to be in the Kato class of X if limg—so0 Sup,cp Rav(z) = 0 and
v € S1(X) is said to be in the local Kato class of X if 1gv is of Kato class for any relatively
compact open set G. Denote by Sk (X) (resp. S} (X)) the family of measures of Kato class
(resp. local Kato class).

For v € S;(X) and its associated PCAF B in the strict sense, let (X, ) be the time changed process
defined by (X,v) := (2, X+, Py) ey, where 74 := inf{s > 0 | By > t} is the right continuous
inverse of the PCAF B, and Y is the fine support of v defined by Y := {z € E | P,(R =0) = 1}
with R := inf{t > 0 | B, > 0}. It is known that (X,v) is a v-symmetric right process on ¥ and it

can be realized as a Hunt process on Y := supp[v] (consequently on Y) (see [2, 3]).

Theorem 3.1. Suppose that X enjoys the doubly Feller property of resolvent. Assumev € S}y (X).
Then the time changed process (X, v) enjoys the doubly Feller property of resolvent. More strongly,
Rpp(z) = E, [JoT e PPro(Xy)dBy| satisfies Rpp € Cyo(E) (resp. Rgp € Coo(E)) for ¢ € By(E)
(resp. ¢ € Byp(E) having compact support) and 8 > 0.
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A REFINEMENT OF ANALYTIC CHARACTERIZATIONS
OF GAUGEABILITY FOR GENERALIZED FEYNMAN-KAC
FUNCTIONALS
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Free probabilistic analysis of random matrices
converging to compact operators

Takahiro Hasebe (Hokkaido University)

Joint work with
Benoit Collins (Kyoto University)
Noriyoshi Sakuma (Aichi University of Education)

Free probability theory was originally developed to attack a problem in operator algebras,
but in 1991 Voiculescu has found an unexpected application of free probability to eigenvalues
of large random matrices [6]. Among random matrices, the most famous one is the GUE
(Gaussian Unitary Ensemble) G, = (Gij(n))},;—;, that is, an n xn Hermitian matrices whose
entries are i.i.d. complex Gaussian random variables. A lot of research has been done on
how the random eigenvalues of GG,, behave as n — 0o. A recent progress is a deformation of
GUE by a finite-rank perturbation:

Xn = G’I’L + An; (*)

where (G, is a normalized A,, is an n X n matrix whose rank is bounded as n — oco. The
eigenvalues of this model has been studied extensively in the last 10 years, e.g. in [1, 2, 3, 5].

In a recent preprint in 2015 [4], Shlyakhtenko found a free probabilistic method to analyze
the above deformation of GUE. We will strengthen Shlyakhtenko’s result and allow the rank
of the perturbation A, in () to be unbounded. Then we analyze purely discrete eigenvalues
of random matrices, e.g. of the form

Zn = GnA%Gn + An7

where A,,, A!, are deterministic matrices converging to compact operators as n — 0o. Since
A,, Al converge to compact operators, we show that the eigenvalues of Z,, converge almost
surely to a purely discrete spectrum as n — oco. We establish a basic free probabilistic
method to analyze this kind of purely discrete eigenvalues and then compute explicitly the
limiting eigenvalues.
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This is an excerpt from the paper [8] in preparation.

We are concerned with open systems, i.e., systems with orbits that escape from a bounded region
of phase space in finite time. Open systems are often used as mathematical models of nonequilibrium
processes.

Let M be a compact C*° Riemannian manifold equipped with a Lebesgue measure m, and f: M O
a continuous map. For a Borel subset B of M define

E(B) = hgllnf—logm (ﬂ fk >
and

E(B) = limsup — logm (ﬂ " ) .

n
n—-4o0o k=0

Obviously, E(B) < E(B) < 0. If f satisfies Axiom A and U C M a small neighborhood of a basic
set A, Bowen and Ruelle [2, 3] proved a formula for escape rate

EU)=E(U) = sup {h(,u) — Z A (w): pis an ergodic measure with supp(u) C U} ,

where h(u) denotes the entropy, > Af (1) the sum of positive Lyapunov exponents of u counted with
multiplicity, and supp(u) denotes the support of p. This number gives the rate of escape from U.
In the case where A is an Axiom A attractor, no mass can escape and this number is zero. For
non-attracting basic sets such as horseshoes, masses escape at exponential rate and this number is
negative.

Eckmann and Ruelle [6] conjectured that this type of formula for escape rate still holds for a
large class of dynamical systems which do not satisfy Axiom A. Up to present, however, the formula
is known to hold only for a handful of such systems: rational maps or C'°° maps on the interval
with preperiodic critical points [5]; uniformly partially hyperbolic systems [9]; uniformly hyperbolic,
Anosov or some Billiard systems with small holes (see e.g., [4, 7] and the references therein). On
the other hand, a counterexample of C'*° non-uniformly hyperbolic surface diffeomorphisms was
constructed in [1] in which the conjectured formula does not hold.

The aim of this paper is to prove a formula for escape rate for a certain class of real one-dimensional
maps. Let X = [0,1]. A differentiable map f: X — X is called of class C® with non-flat critical
points if it satisfies the following properties:

e the critical set Crit(f) = {x € X: Df(z) = 0} is nonempty, and f is C® on X \ Crit(f);
e cach critical point ¢ € Crit(f) is non-flat, i.e., there exist a number ¢ > 1, called the order of

f at ¢, and C? diffeomorphisms ¢, ¥ of R such that ¢(c) = ¢(f(c)) = 0 and for every z in a
small neighborhood of ¢,

[0 f(z)| = |g()|"

Partially supported by the Grant-in-Aid for Young Scientists (A) of the JSPS, Grant No.15H05435.
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Let M(f) denote the set of f-invariant Borel probability measures. For p € M(f) let h(u) denote
the entropy of u, and define the Lyapunov exponent A(u) by

A = [max{ i tog107"(0)],0} duo)

which is a nonnegative finite number.
Let K be a closed subinterval of X. We consider an open dynamical system f|x: K — X. Define

+o00
AK) = () f(K).
n=0

This is a compact, forward f-invariant set unless empty. We assume A(K) # (), and consider
a dynamical system f| A(K) A(K) ©. In addition, we assume that any connected component of
KN f~Y(K) is not a singleton. We say flacxy is topologically evact if for any nonempty (relatively)
open subset V' of A(K) there exists an integer n > 1 such that (V) = A(K).

Define a pressure function t € R +— P(K,t) by

P(K,t) = sup{h(u) — tA(n): p € M(f), supp(n) C K}.

Theorem A. Let f: X — X be a map of class C? with non-flat critical points. Let K be a closed
subinterval of X such that f|x(xy is topologically evact and all critical points of f in K are extrema.
Then

E(K)=E(K)=P(K,1).

A proof of Theorem A is briefly outlined as follows. We first show that E(K) = E(K) = P(K,1) =
0, provided there exists a periodic point in K which is not hyperbolic repelling, or A(K) contains an
interval. We then treat the case where all periodic points are hyperbolic repelling and A(K) contains
no interval. The result of Young [9, Theorem 4(1)] gives a lower estimate E(K) > P(K,1). A key
ingredient for an upper estimate E(K) < P(K,1) is to construct a certain horseshoe at each large
inducing time, by way of diffeomorphic pull-backs of intervals. We then use a Gibbs measure on the
horseshoe to estimate from above the Lebesgue measure of the set of points which remain in K up
to the inducing time.

If time permits, I will talk about Theorem B on the Hausdorff dimension of A(K).
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liminfllogm{x eX:0legGt>—inf{I(v): ve g} VG C M open;
n
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n—o0

22T, M IEKHE X 1D Borel MERMERAELL T a7 FEMRERZERL,
n—1
6 = %Zéfi(x), 727206, 13y € X ICHEZFED Dirac M, &9 5, KiEZEEHE

DRD VDL E, Lo [ £ L— MR L ER L— MO L LA
YRT P THEIEBM DAy R MERSGHGNRTH L. Z2THWERDXHE J
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Z p (IR FER (hyperbolic repelling) TH s &), 22T, k>11dp DM
W, I%bb ffp)=p T 3.
ST, AHEHOTRRIIRDEBYTH S

. TR O WEEBR f X — X X, FEEDPTXT non-flat T critical
relation ZRilzz\wE L, FEBTXRTHHKAENTH 2 ERET S, 2D E X,
FrATTRE B2 L (C) B8 E S 24540212

*e-mail: chung@amath.hiroshima-u.ac.jp




f:X = X 2oL CRRAEFEMAK Y Lo, 72, L— FBIBUS,
I(p) = —irglfsup{F(u): vegh
Thiions, 22T,
h(p) — /10g|f’|d,u if wois f-invariant,
HM{

—00 otherwise,
h(p) 13 fAZERERSIEE 1 2B 2 MR (Kolmogorov-Sinai) ¥ FRE—TH 5%,

ZDOEITIE, ROV JIER O TV I — PRI B\ T, fuchEie A2
ML DA PR R EBED AL % 78§ 72 D I T H - 72 Collet-Eckmann 5&fF5°
Large derivative 58 & > > 7o R RIGE 0 - 720 DRI 2 SAEBIES 1L
TR,

BARIZ, A ZANERICE T 2 KA BLOMEEZ /R b D & LT, BIEGROSGS
WZOWTHBRTEL, AP ER f: X - X D372 1 O0OF RN Z X DN E LT
%, Z1)S non-flat >0 f DMMER TH % & &, [ ZHIEER (unimodal map) & K355,
C3 FHUEGAR fITxf LT, 2D Schwartz 53 Sf = (f"/f)—(3/2)(f"/f')? BEAD L &,
fZS-BEERE LS. 2, X =[0,1] L T2XREH f(z) =azx(l—1), 0<a<4
I3 S-HUEEBRTH 5. S-HIEGHRDIIHRIERD 3 ODY A4 FITHHI N5 [6):

(i) 772 1 D DWe | JH IHIE 2 £

(ii) H2 ARME < D 2 A

(iil) MERIE] < b Z A AJHE,
FEEAETRNTO S-HIEGHRIE (1) 212 (G) DY A 7 TH Y, bl N AR
ZRODIIEAAREIC H ZAWRBOLETH S [7). —7, EAEREIC D 2 ANHE
7% S-HAGEGAR DS A ZHERHE 2 KD L IFR S 2w [, 2L 2 A0 Bl
DL %5\, bt (EEBEBOREIFICOWT) KREOFD D LW
BIDH SN T2 4], FRERDPORDZ E3b5,

R EAAEREIC D ZHaAEEZ S-HIEER [ X - X IRl T (@Y%) Iaz
L) KIFEAEBLDNE D 32D,

BN

[1] Y. M. Chung, Large deviations on Markov towers. Nonlinearity 24 (2011), 1229-1252.

2] Y. M. Chung and H. Takahasi, Large deviation principle for Benedicks-Carleson
quadratic maps. Comm. Math. Phys. 315 (2012), 803-826.

[3] Y. M. Chung and H. Takahasi, Multifractal formalism for Benedicks-Carleson quadratic
maps. Ergodic Theory Dynam. Systems 34 (2014), 1116-1141.

[4] F. Hofbauer and G. Keller, Quadratic maps without asymptotic measure. Comm. Math.
Phys. 127 (1990), 319-337.

[5] S. Johnson, Singular measures without restrictive intervals. Comm. Math. Phys. 110
(1987), 185-190.

[6] L. Jonker and D. Rand, Bifurcations in one dimension. I. The nonwandering set. Invent.
Math. 62 (1981), 347-365.

[7] M. Lyubich, Almost every real quadratic map is either regular or stochastic. Ann. of
Math. (2) 149 (1999), 319-420.



