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Let Z¢ be a d-dimensional lattice, and each site on Z? is occupied by either one of the two
species. At each random time, a particle dies and is replaced by a new one, but the random
time and the type chosen of the species are assumed to be determined by the environment
conditions around the particle. The random function 7; : Z% — {0,1} denotes the state at
time ¢, and each number of {0, 1} denotes the label of the type chosen of the two species. When
we set ||[y|loo := max; y;, we define N := x4+ {y: 0<||ylloc <r}. Fori=0,1, let f;(x,n) be
a frequency of type ¢ in the neighborhood N, of = for 1. For non-negative parameters «;; > 0,

the dynamics of 7, is defined as follows. The state 1 makes transition

Ai(fo + o1 f1)
A1+ fo

0—1 atrate

, (1)

and it makes transition

o(f1 + a10f0)
A+ fo

The exchange of particles after death is described in the form being proportional to the

1—0 atrate f

(2)

weighted density between the two species, expressed by a parameter A. For brevity’s sake we
shall treat a simple case A = 1 only in what follows. For N = 1,2,..., let my € N, and we put
(n :=myVN, and Sy := Z%/ly. While, Wy = (W4,...,WE) € (Z¢/my) \ {0} is defined
as a random vector satisfying

(i) LWn) = L(-Wn); (it) B(WAWYR) = 6;0°(> 0)  (as N — o00);

(iii) {|Wn|?}(N € N) is uniformly integrable.

Here £(Y) indicates the law of a random variable Y. For the kernel py () := P(Wy/VN =
z), * € Sy and 1 € {0,1}5~, we define the scaled frequency f as

N (x,n) = Z PN (Y — 7)1 =i} (i=0,1). (3)
yESN

We denote by ¥ the state determined by the scaled frequency depending on o and py. On

this account, we may define the associated measure-valued process as

XY= 2 3 @) (4)

IESN
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For the initial value XV, we assume that supy(XJ',1) < oo and X — X, in Mp(R?) as
N — oo, where Mp(R?) is the totality of all the finite measures on R¢, equipped with the
topology of weak convergence. Let {7} be a continuous time random walk with rate N and
step distribution py starting at a point z € Sy, and {éf} be a continuous time coalescing
random walk with rate N and step distribution py starting at a point x. For a finite set
A C Sy, we denote by 7(A) the time when all the particles starting from A finally coalesce
into a single particle, that is to say, we define 7(A) := inf{t > 0: #{ff; x € A} = 1}. Take a
sequence {ey} of positive numbers such that ey — 0 and Ney — oo as N — co. Moreover,

we suppose that when N — oo,
N-P@E =0)—0 and Z pn(e,z) - P(7({0,e}) € (en,t]) =0 (Vt>0). (5)
eeESN

We also assume now that the following limits exist :
3((4) = Jim P (7(A/ty) < =x) (6)
— 00
holds for any finite subset A C Z¢.

THEOREM. Assume that there exists a sequence {e} } of positive numbers such that 3 — 0

and N -ejy — oo (as N — 00), and

i)=Y pnle,x)- P(EN({0,e}) > e}),  n(z) = (@) (N —o0).
eESN
Here 77V (A) denotes the time at which all particles starting from a set A C Sy have coalesced
into a single particle. When Py denotes the law of a stochastic process XV on the path space

Qp, then the convergence
Py — ‘PXO (Af—éoo) (7)

holds, where X = {X,} = {Xﬂ(m)}, t > 0is an Fi-adapted Mp(R?)-valued continuous stochas-
tic process defined on the filtered complete probability space (Q,F, (F;)i>0, P), and X =
{X;, P} solves the (£, Dom(£;))-martingale problem. Namely, Xo = 1 € Mp(R?) holds P,
a.s. and .

F(X) — P(Xo) - / LiF(X,)ds (Y = F() € Dom(£1)) (8)

is a P,-martingale with respect to (Q, F, Fi, P). Here 8 = 6'(3,0(-)) — 6%(8,9,0(-)) and

0'(B,0()) == Y B(Aa(A),  6*(B.8,0() = Y (B(A)+5(A)a(AU{0}).

AESF AeSFr

Moreover, PXO is the law of a superprocess X{Y(x) with initial measure X,. Here £1F (1) =
[A® Fdp + [ ~y(z)®2Fdu for VF = F(p € Dom(Ly), p € Mp(R?), where A = (02/2)A +

0, @, (resp. @) denotes the first (second) variational derivative w.r.t. p respectively.
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Stability of heat kernel estimates and parabolic
Harnack inequalities for jump processes on
metric measure spaces
Takashi Kumagai (RIMS, Kyoto)

XFR 2R BOEA B LT, Y AR O BRI 23 Harnack A5 & FETH D,
& 51T volume doubling %4 Poincaré A EX & BFETH 5 Z T XS5 T 5,
— IR BIHERB RS B\ T, SHUCHYS T 2 RIEDIIE I L5 K 9 124 - D51
KA T 5 TH D, BOFIEED b £ T[1),[3] KB THESEDEZ ShiTniz, K
FHE T, volume doubling % i 7z M DHIEE D X FREEZZRIC 8 W TEMZEHG % Harnack
AEADRESEMN 2 5 2 72 Z.-Q. Chen K., J. Wang K & OHLFEDIZE [2] OWE 21T,

1. Framework and definition
Let (M,d) be a locally compact separable metric space, and let p be a positive Radon
measure on M with full support. We assume diam M = oo for simplicity.

Assume that (£, F) is a conservative regular Dirichlet form on L?(M, ) such that

E(f.9) = / () - F()(g(x) — gly))n(de, dy) = / (), VfgeF.
MxM\d M

Let {X;}+>0 be the corresponding pure jump process. Assume further that for p-a.a.
x € M there exists N(z,-) on M such that

n(A, B) :/Au(d:c)/BN(a:,dy), VA,B € B(M), AnB =.

Volume and time scale
Set V(x,r) := u(B(z,r)). Assume that there exist ¢1,co > 0, do > di > 0 such that

d d
1 (g) ' < “//((?,]j)) < @(%) ’ for every 0 < r < R < oo,z € M. (1)

Let ¢ : Ry — R, be a strictly increasing continuous function with ¢(0) = 0, ¢(1) =1
and there exist constants cg,cq4 > 0 and B2 > 31 > 0 such that

R\5 R R\ 5
Cg(—) 1§M < C4<—) ’ for every 0 <7 < R < o0. (2)
r (r) T
Definition/Condition:
e HK(¢): There exists a jointly continuous heat kernel p;(x,y) such that
1 t

)= B o @) Wty edw ) SO

We write UHK(¢) if < holds and write UHKD(¢) if p;(z,x) < ¢/u(B(x, $71(t))).
e Jy: For pra.a. © € M, N(z,-) is absolutely continuous w.r.t. u, and for for p-a.a.
(x,y) € M x M \ d, the Radon-Nikodym derivative J(-,-) satisfies

c1 Cc2
Vi, d(z,y))p(d(z,y)) V(x,d(z,y))¢(d(z,y))
We write Jy < (resp. Jp >) if the upper (resp. lower) bound in (3) holds.
e Faber-Krahn inequality FK(¢): 3Cy, v > 0 such that VB(z,r), VD C B(z,r),

E(f, 1)
1£113

< J(z,y) <

(3)

feFp.f#0) > C—M(%’DS))”.

A (D) := int { o



e CSJ(¢): 3Cy € (0,1], C1,Cy > 0 such that VR > r > 0 and p-a.a. € M, 3 a cut-off
function ¢ € Fy, for B(x, R) C B(z, R+ 1) (ie. ¢|lp@,r) =1, ¢|B(z,rtr)e = 0) so that

Cy
2dl (g, p) < C — n(dx, d — 2dp,
/B(m,R+(1+CO)r) fdl(e.9) < O /U><U*(f(x) f@)) nide, dy) + o(r) /B(a;,R-i—(l-i—Co)r) £ au

for all f € F where U = B(z, R+7)\ B(z,R), U* = B(z, R+ (14 Cy)r)\ B(x, R— Cyr).
e Parabolic Harnack inequality PHI(¢): VA € (0, 1], 3C > 0 such that Yu(¢,z) caloric
function (i.e. satisfies 2 5¢ (t, ) = Lu(t, z) in the weak sense) in (o, to+A@(R)) x B(xo, R),

supu < C) inf u,
Q Q+

where Q_ = (to + AG(R)/4,to + AG(R)/2) x Blxo, R/2), Q4 = (to + 3\G(R) /4,10 +
AP(R)) x B(zo, R/2).
e UJS: p-a.a. x € M, VA € B(M) with d(x, A) > 0, it holds that

1
N(z,du) u(d Vr < —d(z, A).
xr/xT/ (z,du) p(dz), r_z(x,)
e NDL(¢): Je € (0,1), ¢ > 0 such that Vag € M, r > 0, t < ¢(er) and B = B(zo, 1),

C 2 0. £ -1 )
V(xo,gb_l(t))’ Y GB( 05 ¢ (t))

e PI(¢) (Poincaré inequality): 3Cp such that VB = B(z,r) and f € F,

[ (= [ ram) aw= coot) [ [ ()= F@)PN ) i),

e Ey: Jey > 1 such that Vr > 0, pa.a. x € M, ¢ ¢(r) < E*[75(z,m] < c16(r), where
=inf{t >0: X; € A°} for A C M.

N(z,A) <

P y) >

2. Main theorems
Assume that M satisfies (1) and ¢ satisfies (2).

Theorem 1 The following are equivalent:
(1) HK(¢) (i1) Jg+ Ey (i13) Jy + CSI(o).
Theorem 2 The following are equivalent:

(i) UHK(9) (it) UHKD(9®) + Jg < + Eg  (iit) FK(¢) + Jg < + CSI(¢).

Theorem 3 The following are equivalent:
(i) PHI(¢) (i1) UHK(¢)+NDL(¢)+UJS (iii) PI(¢)+Jy<+UJS (iv) EHI+E4+UJS.

Corollary 4 HK(¢) <= PHI(¢) + Jy >.
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[3] A. Grigor’yan, J. Hu and K.-S. Lau. Estimates of heat kernels for non-local regular Dirichlet
forms. Trans. Amer. Math. Soc. 366 (2014), 6397-6441.



Moduli of continuity of local times
of random walks on graphs

D. A. Croydon (University of Warwick)

I will discuss results from the article Moduli of continuity of local times of random walks
on graphs in terms of the resistance metric (Transactions of the London Mathematical
Society 2 (2015), no. 1, 57-79). This establishes universal concentration estimates for the
local times of random walks on weighted graphs. As a particular application of these, a
modulus of continuity for local times is provided in the case when the graphs in question
satisfy a certain volume growth condition with respect to the resistance metric. Moreover,
it is explained how these results can be applied to self-similar fractals, for which they are
shown to be useful for deriving scaling limits for local times and asymptotic bounds for
the cover time distribution.

In order to provide more detail, the framework will now be introduced. In particular,
let G = (V(G), E(G)) be a finite connected graph, where V(G) denotes the vertex set and
E(G) the edge set of G. To avoid trivialities, we always assume that G has at least two
vertices. Let u“ : V(G)? — R be a weight function that is symmetric, i.e. uf, = uf,, and
satisfies u$ > 0 if and only if {z,y} € E(G). The associated discrete time simple random
walk is then the Markov chain ((XE);s0, PS¢, 2 € V(G)) with transition probabilities
(P (7, Y))eyev(c) defined by

e
P, G ([L’ ) y) = _xéi’
ILLSC

where p& = Zer(G) ,ufy. We note that the invariant probability measure of this process
is a multiple of the measure version of u“ obtained by setting u©({z}) := u¢ for z € V(G).
The process X ¢ has corresponding local times (LY ()),ev(@)>0, given by L§ (x) = 0 and,
fort > 1,

t—1
I9@) = 25 3 Lxomsy.
It is providing a modulus of continuity of these random functions in the spatial variable
x that is the focus here.
For the statement of the local time bounds, as two important measures of the scale
of a graph G, let

m(G) = u(V(G)),  r(G):= ,max Re(x,y),

be its total mass with respect to the measure u®, and its diameter in the resistance
metric (assuming edge {z,y} € E(G) is assigned conductance p,), respectively. Note
that the product m(G)r(G) gives the maximal commute time of the random walk, and so

1



gives a natural time-scaling. We also introduce the rescaled resistance metric ég(z, y) =
r(G) "' Ra(z,y).

The main result that will be presented is that, if a family of graphs (G;);c; satisfy the
following volume growth condition, Rg, (z,y)"/?(1+1n Re, (x,y)~")/? provides, with uni-
formly high probability, a modulus of continuity for the rescaled local times r(G;) "' L ()
in the spatial variable (uniformly over the appropriate time interval). Observe that the
particular form of volume growth function that appears in the volume growth condition
does not affect the modulus of continuity.

Definition 1. A collection of finite connected weighted graphs (G;)ies is said to satisfy
uniform volume growth with volume doubling (UVD) if there exist constants ¢y, ca,c3 €
(0,00) such that

crv(r) < p% (Bg,(z, 7))

for every x € Gy, r € [ro(G;),r(Gy)], i € I, where
Bo(x,r) = {y € V(G) : Ra(x,y) <r}
is the open ball in the resistance metric, and ro(GQ) := ming yev(Gyazy Ra(x,y). Moreover,
m(G;) < cv(r(Gh))

for every i € I, where v : Ry — R, is non-decreasing function with v(2r) < czv(r) for
every r € R;.

Theorem 2. If (G;)ics is a collection of graphs that satisfies UVD, then, for each T > 0,

G, -1 LGi _ LGi
lim sup max P& max max r(G:) ‘ (@) i (y)‘ >\ =0.

Aooo jeg 2eV(Gy) © | ayevi(Gy) 0<t<Tm(Gi)r(G; - -
=00 jef 2€V(Gi) yev(Gi) (Gir( )\/Rci(a:,y) (1+1nRGi(x,y)‘1>

After explaining the proof of this result, a number of examples will be presented. I
will also discuss an application to the study of cover times of random walks on graphs.



ZEBREZICHT Z2HPDAI

2PN S ON T RV PN d ST

1 EC®HIC

I<HISNTVWAHFDARIK, UTDLS2TI7 Vili#) B=(B;)>0 (CET2H5DTH 5.

t
|B; —a| — |Bg —a| = / sgn(Bs —a)dB, + L.
0

TZTa=0&LTELE, IAFUT—NEHINRL T 1+ ORBFEHENS T I VEHFE LR EDT, A
avky REEPS By 3757 Vill# B D 0B 5 KRR 5. 72, ZOHFORAR? S ME
BT BHRBEDOARAN—RIE TNT WS, ZOMIZE, FERMD HFRERDFEDH 72 & OEIH ST
W5,

ZZTOHFOAREIE, FAEE Ny —T- A4 Z—RIZ X > THAMBLE NV F VT =L eV F v
F=VDETHZBREULTERS. 22T, BAFME L= {L{a c Rt > 0} XATO & 5 (2 HifE %%
TEHLTBL.

2% 1.1 FEBMKEROM L = (L% a € R,t > 0} BHEREOHRARIEEMA L VTR f & > 0104
LT

t
[ rexds= [ sa)rida
0 R
EHER 1 THiT L E, LA X ORI E WS,

W EBFRITT LTI 2] 12&k o T, WAL T BRISTL TR [1] K& > THRINT WD, K#EHT
F, fBfa (1 < a<2) OZEBREICHT2HPOARNZHEEIZOWTERET 5.

2 HEfE

MERBIE X = (Xy)is0 2HBa (1 <a<2) D1 RGOLEBERET DL, X DR - {0} oLV 1 HIE
Vo IZBAFD LS IzKI NS,
—a—1
ve(dh) = cy|h dh  on (0,00)
c_|h|7*"tdh  on (—o0,0)
ZIZTER e >0, cp +oo >0 %23 T5. £/, Xy OFMEREEE ¢ L TEV T -V F v
FKENS, FEOueRIZXLT

é(u) = exp{—djul*(1 - iBsgn(u) tan )}



e®is. 2ZTd>0,8€e -1} d=G0, 0= 2L, o) = tl(a+1)sin TP
b5,
ZIZTX DEBEMAELIBATDLSICHITS.

Cf(x) = / (& +h) = (2) — ' (@)h}ve(dh).
R\{0}

TV IEHMAER WS EUTDOLIIZEERES.

EFED S FFREIZE R t
wz/k¢&—@@
0
ERBIENDONEDT, LFOHELFEOARXNEFAVWTHROAREEKRT 5.
HE 2.1, B

1 — Bsgn(x)
(1+ B2 tan® %)

F(a) = c(~a) 5 jzfo?

13X OEBIERE L DAL LS. $ibb, LF =0 45,

Erz, IVFUT =BT O0TE, E|X]Y <00 (0 <y <a) &2 a OREBREOMTEE — A
> b OFHliE V5.

3 EHR
UFDE>7%, fac (1,2) DLEBRINTEHFOARDPIERTE 5.
FIE 3.1 FED e RIZXHLT

1 — Bsgn(x)
(7)dﬂ+ﬁ%mf%%

F(r)=c |

YTh. ZOLE (LEOL>0,ac RISHLT
F(X,—a)— F(Xo—a) = Nf+ L¢

Thd. TITNME 2FEAWMATNF VT —=VTHY, LE I alZW T 2RFHERTH 5.

ZE 3R
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[2] K. Yamada. Fractional derivatives of local time of a-stable Levy processes as the limits of occupation
time problem. Limit Theorems in Probability and Statistics, Vol. 11, pp. 553-572. J. Bolyai Society
Publications, 2002.



PARACONTROLLED CALCULUS AND FUNAKI-QUASTEL
APPROXIMATION FOR KPZ EQUATION

MASATO HOSHINO (UNIV. TOKYO)

KPZ equation is the stochastic PDE
1 1
Duh(t, ) = SORh(t,) + 5 (Deh(t, 2))? + E(t, )
for (t,z) € [0,00) x T. Here & is the space-time white noise, which is a family of
Gaussian random variables such that

E[g(t, 2)&(s,y)] = 0(t — 5)d(x — y).
KPZ equation is ill-posed because it contains the square of the distribution 0,h.
Usually the Cole-Hopf solution of KPZ equation is defined by hcy = log Z, where
Z is the solution of

1
&Z:§%Z+Zg

The simplest approximation to the Cole-Hopf solution is
1 1
Othe = 507he + 5{(0xhe)* = Cc} + &c(t, @),

where £.(t,2) = (£(t) * ne)(x) is a smeared noise with a mollifier 7., and C. =
J (ne(z))?dz. Then the solution he converges to the Cole-Hopf solution hcp.

To consider the invariant measures, the following approximation is more conve-
nient:

1 1
(1) Orhe = 50%he + 5{(0he)? = Cc} s s e + Eclt, ).

Funaki and Quastel ([1]) shows that the ”stationary” solution h. converges to
hcu(t,z) + it by using the following complicated transform:

2 2
&&zi%&+1&{<%&)*m*m—<@i)}+2&.

2 Ze Ze

We consider the equation (1) by the paracontrolled calculus [2], without Cole-
Hopf transform. Then the result in [1] can be extended to non-stationary solutions.

Theorem 1. For every initial condition hg, the maximal solution he to (1) con-
verses to hou(t, ) + 5t

REFERENCES

[1] Funaki, T., Quastel, J.: KPZ equation, its renormalization and invariant measures. Stoch.
Partial Differ. Equ. Anal. Comput. 3 (2015), no. 2, 159—220.

[2] Gubinelli, M., Imkeller, Peter., Perkowski, N.: Paracontrolled distributions and singular PDEs.
Forum Math. Pi 3 (2015), €6, 75 pp.



Error analysis for approximations to one-dimensional SDEs
via perturbation method *

Nobuaki Naganuma (Mathematical Institute, Tohoku University)

1 Introduction and main result

For a one-dimensional fractional Brownian motion (fBm) B with the Hurst 1/3 < H < 1, we
consider a one-dimensional stochastic differential equation (SDE)

t t
(1) Xt:x0+/ b(Xs)ds+/ o(X,)d°B,, te0,1],
0 0

where zy € R is a deterministic initial value and d° B stands for the symmetric integral in the sense
of Russo-Vallois. In order to approximate the solution to (), we consider the Crank-Nicholson
scheme as real-valued stochastic process on the interval [0,1]. In this talk, we study asymptotic
error distributions of the scheme.

In what follows, we assume that the coefficients b and ¢ in (I) are smooth and they are bounded
together with all their derivatives. We give the definition of the Crank-Nicholson scheme for the
m-th dyadic partition {r]* = k2=™}3
Definition 1.1 (The Crank-Nicholson scheme). For every m € N, the Crank-Nicholson scheme
XCON() 1 10,1] — R is defined by a solution to an equation

XSJN(m) —

b

m m 1 m m
XN = X = Lo ) + b N ) (¢ - i)

m m
Tk—1 Tk—1

1 CN(m CN(m m m
—|—§{0(X m(l ))+U(Xt ( ))}(Bt—BT,;’gl) for ;" <t <"

ka

Since the Crank-Nicholson scheme is an implicit scheme, we need to restrict the domain of it
and assure the existence of a solution to the equation above. Roughly speaking, the existence of
the solution is ensured for large m.

In order to state our main result concisely, we set w = ob’ — o’b and

¢ ¢
J; = exp </ b (X,) du +/ o' (Xy) doBu> .
0 0

We assume the following hypothesis in order to obtain an expression of the error of the scheme:

*This talk is based on a joint work with Professor Shigeki Aida.



Hypothesis 1.2. info > 0.
The following is our main result:

Theorem 1.3. Assume that Hypothesis T2 is satisfied. For 1/3 < H < 1/2, we have

lim 2mGH-I/2)fxCNm) _ X\ — 5(X)U + J/ J7 (XU, ds
0

m—r o0

weakly with respect to the uniform norm. Here U a stochastic process defined by

¢
(2) Ui = US,H/ fo,3(Xy) dW,,
0

where o3 1 is a positive constant, foz = (02)"/24 and W is a standard Brownian motion indepen-
dent of B.

2 Sketch of proof

We explain the concept of perturbation method and give a sketch of proof of our main theorem.
The idea of perturbation method is to find a piecewise linear stochastic process h = h("™) :

[0,1] — R such that Xf]:%’3+h = X%y(m) for every k = 1,...,2™, where X®0:B+% is a solution to

an SDE with the same initial value xy and a perturbed driver B + iL, that is,
- t . t y R
X7oPth = g +/ b(X TP ds +/ o(X7P) d°(B + h)s.
0 0

Under Hypothesis [, we see unique existence of h and obtain an expression of it.

From the expression of h(™) and the Lipschitz continuity of the solution map B +— X708 we
construct a piecewise linear function h = ™) : [0,1] — R such that (a) 2mGH=1/2) (M) converges
to U defined by (8) and (b) h(™ —h("™) is negligible. We can show Assertion (a) by using the fourth
moment theorem. Assertion (b) is a nontrivial part in our proof. In order to justify Assertion (b),
we need the following step:

D1) estimate 6(™) = max;<p<om

X%\,I(m) - X%‘%’B| from the definition of the scheme,

(
(H1) estimate [|A(™ —h("™) || by a quantity involving 6™ from the construction of 2(™ and h(™),
(D2) estimate 6™ by a quantity involving 6™ itself from (H1),

(D3
(

H2

show a sharp estimate of §(™) by using (D2) repeatedly and (D1),

)
)
)
) show Assertion (b) from (D3) and (H1).

For simplicity, we explain how to see the asymptotic error distribution of X 1C Nom) _ x e 0.8, By
using the properties of h("™) and the decomposition

CN R(m)
Xl (m) _Xme — X1I07B+h _ X1I07B

7, (m)

z0,B zo,B+ zo,B+h{™ zo,B+h(™) zo,B zo,B
= Vi X777 +{X7° X7° F+{XT° — X777 = Ve X777}

we see Theorem 3. In fact, Assertion (a) implies that the first term converges to a nontrivial
process, that is, Qm(SH’l/z)Vh(m)Xlz"’B = Vzm(gH_uz)h(m)Xf"’B — VUXTO’B as m — oo. The
convergences of the second and third term to 0 follow from Assertion (a) and (b), respectively.
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