RE AR D Riemann-Roch @O EH
IR Z (RBRKRFRZFPE B 9EE)

§1 HKEBHERHE

§1.1 774 UHRHBBHAK
(a) k ZREMKE 5.

A"ZA”(]C)Z{(-Tl, ~-~,:L’n)|.731, cee Ty ek}
%7 7 4 VM (affine space) LWV H. Al AT T4 VEMR, A2 AT T4 VFEE VD KX =k[Xy, -, X B0
BH kAR B S HEAR E T 5. BHOM X = (X, -+, Xy,) 7 A" OFEZEREVH. 2HEA f(X) € k[X] 0&FIZ,

HaxeA' OFEERATHILET, f O x TOM f(x) DEHESND. k[X] DA F TV TIZHLT,
V=V()={z e A| f(z) =0 (¥ € I)}
EIICESTEEDT 714 REMES (affine algebraic set) &\ 9. k[X] DA T TV
I(V) ={f € klX]| f(z) =0 (V& € V)}
ZV OERBATTILENS. — I I(V(I)) DI Tha. FR k[V] = k[X]/I(V) % V OEAZIR (coordinate
ring) £ 9. fEk[V] DEDDITR f:V owr— f(z) €k & V OZEABWHA (polynomial function) &1 5.
AM DPFEFER Xq, -+, X, TRESND LA E % BEAZREH (coordinate function) &5 .

i 1.1 (1) AREORNLLRD A OSEED, A" B2ERLT 7 4 AEWESTH .
(2) 774 MRBIREOAREOTES L, EREOILEL ST 7 4 REAWESTH D,

FHE 1.2 A, 774 oRBESORERZ LG R LT DA (Zariski S E VD) DERTE 5.

1 A" OEAZERME LTOT 7 4 RIS V Ok, BB K[V] %Mo TERE X,

(b) IV)BREATTNDELEE,V 27 714 VRS (affine algebraic variety) &5 . JEIEBRORE (V) %
V OEEA (function field) & W\, ZDoe% V OFEEH (rational function) & W95, EEE k(V) X k LR
IRARKMKZRD T, bk EHRKROBEKEE 2. (V) O k EOB#KE%E V ORFT (dimension) & W\, dimV T
x7.

fi, o fm 2 I(V) OEKFRET D, P eV ITX LT, mxn 118l (0fi/0X;(P))i; OPHEENTE n—dimV T
boHLx, PAEFER (non-singular point) & 2V IEM A (simple point) &5 . B n —dimV KV /hE
W E, P 2R (singular point) & 9.

T4 REBVERV BT 74 CRBIES V 2 AERELTELLE, VIV &EEX, VI 2V OT 7 o
REEGEHEGE VWS ZolE IV)DI(V) &2 Vi 37 7 4 VREEHEEZR ORIt dimVy BEED. 7
T A RBERRIEV ICEENDT 7 4 RESHRE VL CV ORTORKEE V ORTE WD, dimV EEL. 7
74 AMEBVES V OEREE U BHRITKEVEIT, VU BV X RTO/NSREEF S EEICEENRD
LEEZWN.

(c) o Z2HBEELETH. PeVIZoWnT, LXK p,q T =p/q, q(P) #0 2200 BN5D L X, ¢
X P TIER (regular) THDH EWW, P % o OEERBIRE VS . ¢ ODIEAIREROELSZ domp EBX, p ODEE
B 5. o OEAL P IcBnT ¢ O o(P) = p(P)/q(P) 1= £ 0 &% 50T, HEEEITZ OEREMND &
(=A) ~DBEg LD, p(P)=0L7eb X P % ¢ ODFRA (zero) &),

TE 1.3 77 4 CAREEBKCBOT, TRTOATENR A BERIISERER TH 5.
P eV CEAMAFREROSKE KV]p 5L L, k[V]p REEXERORE V] 2 80E%CH 5. k[V]p
DFE S E7-BEAE (V) 20T, HEEKIT P CEAAAREROLTEES. P 3 1)p OBSETHH L X, P

% ¢ OB (pole) L9,
$82007 L'¥ = A AL 19 4E 8 H 16 HAK]




S 1.4 K[V]p IE, P 2T L O EEROREEWE -S> OWRA FT L LT3R TH 5.

M2 AHEEBEOERBIL, +2ICREWVBOEETH L Z L 2R,

§1.2 SIEZHKE
(a) a,beA"TI\{0} LT D. a=cb/ed cek* PENDHEX a~b LEL. FEEORME P = AV {0}/~

% n RITEHFZEM (n-projective space) &\ 9. Pt ZFEER, P2 A F{EFEE V). (20, z1, -+, Tn) € A" {0}
TRESNDFREZEMO R EZEL [zo:zy: - 1z, TRL, BREZE WD, 77 ¢ 220 AV OISR Xy, X,

e X, OE Xo: Xy X, B P OBFRERRE V). ZHEAR KX = k[Xo, X1, -0, Xn] O f(X) B
FOX) =M f(X) (VA€ k) 2t L&, [ % d RERSERE V). d ZFRSER f OREE VO, deg f &
L FARSBEXTERSNTIATTNEFTRATTIVENS . FRAT TV TICHLT,

V=V()={zeP|fx) =0 Vf € I IFKLHERX)}
T IIZE > TEE DHERBMES (projective algebraic set) &9,

I(V) = (f € kX | f 35K, f(z)=0 (Vz € V)

ZV OERRATTIVEVS. FIRE KV] = k[X]/I(V) % V OFREZR (homogeneous coordinate ring) & \»
V. EBAT TNANRATTNDEE V ZFEZHRIK (projective variety) &1 5.

wmE 1.5 (1) AREORNELRL P OMIESL, P" 2RLT 7 0 VREMNESTHD.
(2) HEABHESOARMBEOMES L, EEBEOIEL T LT 7 4 VREEESTHD.

THE 1.6 P2, HRAENECOEERELAEEGRETHMNMHENPERTE D,

3 P OEnZEME L TORNERENES V OMHZ, FREIER k[V] 2o TERE K.

(b) Xo:Xy:---:X, ZHEEM P OFREERLT LS. FRAT TNV (X;) ICXo TEE DHERBAES
V(X;) DA% U; E8< &, U = {[zo: -] €P"|z; £ 0} ERED. V(X)) X PP IZRABC, Uy 13 AM (2[R
MClhh. V R HEREES LT 5. V, = VAU, 7 7 1 20 (U ~ A") \IC&ENDT 7 ¢ U REIEAIC 2
B, Fl VR =VNV(X;) BHEER (VX)) P KE S HERBINEA T, £ALLTV = VUV
LETD.V; PR X BT 0T 74 VEBRRE LV, VX 2 BRERE, VO BT 2N BRER SV D,

() nZ¥dRZHEAX fiTxLT
f_(X07 X17 Tty XTL) :ng(Xl/X07 Tty XTL/XO)
X d WERZEXT, f OBRIEEWD). V 27 7 0 VREMESGE L, I(V) 2 ZDOEEAT T NVETH. I(V) O

TEBFRIC LTI DTERINDIEFRAT T NE I(V) EBL. I(V) ICE> TEEDHERBINES V 2 V 04t
EEHRBLVI. VNV 082V OBBRESR L V).

(d) 1 RERSZEXTERINTZFRA T T ML > TEE DHNEAES ¢ C P TBFE@E & T, PPt AR
ThnH. FU=P"~LIZT7 74 %0 A [ZRTHDH. V C P ZHEREES LTS, BERLTV 0L
DRI EERNEDELD U=P" L LB V=VNUXT 74 EMU A IZEENDT 7 14 4%
BIEA T, 22 TIERW. V OREROIZVIZELW. V 2V OF7 74 VBPER LWV, VL 2 V OEREE
B VNLIZETDHRZERESRL VY. HERBNES V OFEEOR PICX LT, P Z@LRWEBYH L& LD
ZLT,PEELT 74 VESEEIRY BIFETDH. ZDOLEV 2 POF7 74 HEELEND. V BDHEEAREEH
KRG, 77 4 VHBES V IZT 7 4 VRESEEERICRD. 20L&V 2V OTF 74 VEREHIEKL V. HHY
SRRV B ALIZEENR2N D, VIZT 7 4 VG ZHRE V OREMETHS.

M4 (1) FARRENES VICBWT EEOT 7 4 VESESIIHES Th L 2 L 2R,
(2) HHEEHEIE, 77 0 SRBEVES OSIEZERICE T DS TH D 2 L 2Rt



§1.3 SIELHRAEDHEERK

(a) AERX f(X) € k(X) =k(Xo, X1, -+, Xn) B fOAX) =X f(X) (N €k) BliTeT L, f % d RERFE
KEWW dxE fORBEND. ZOLE fITREOEN d DFRZERXDOLTERT LN TE S, FIC 0 KREFK
A f 1L, WEOR CAEREEX p, ¢ T f=p/qg ERTZLENTED.

(b) VCPr 2HEEEELEL, I(V) 2TDERATTAET D, 0 R nt+l BEFKRARNX p/g Tqg I(V) 72
5 DDORIRE k[XQ V]O &%< . pl/ql, p2/q2 S k[X;V]O N P1g2 — P21 € I(V) i e 2 ?_:(’ p1/lJ1 sz/QQ v
TS, K(V) = k(X Vio/n L3E, V OBBHKL VS, BEIKOTL HEERE VS . BHIE K(V) O k Eo
BHK S E V ORTE (dimension) & W\ dim VT

EE 1.7 HESREOFHEEBIIARIIT 7 4 VEDSAREOFENE L 20D, ZOFKRT, HEZHREOHE
BRZT 7 4 A LARROBEURIZRIL T, HELARRORITITT 7 4 A SHREDO W ITITE L.

(c) o2V OFHEMKETS. PeV T LT, kORI UFKRLZHENX p, ¢ To=p/q, q(P)#0 £72DHLDN
BnsL& old P CTERITHD LV, P& o OEBIBAEVD. o(P) =p(P)/q(P) IC&V p OEEHIL P TD
ENEED.

HBE18 VCVAEPecVDOT 74 itfEET5H. V OFHEEEN P CERITHD L&,V OFHBEHE LT
P CEAITHHZ L LIZRAMETH S, 1> T P TIEAIR V OFHEEEORIKIT E[V]p 1T L.

e OIEHIEEEOES%E domp EBX, o OEREE VD . o OIEHIE P IZBWT o OEREE 50T, HEK
BIZZOEERND k (= AY) ~DGMH LD, o(P)=0 LB L& P % p OFEALV). BHROERKICITE
EFh2nwm PeVndomy T, 1/ 7 P TEHRIN (1/0)(P)=0 75L& P& @ OWBL ).

EE 1.9 HEAESZRECEN T, TXTORTEAZRARNEIIERRNE TH .

(A) fi, oy fm B I(V) OFRZELDSRDERFZET D, P eV IZBWT, m xn 178 (8f:/0X;(P)):; P
W3RN n—dimV THHEE P ZEHERE O, BEA n—dimV X0/t & P 2EBEAL V).

Rl 1.10 P BNHESHRE V OBESTHHZLLE, POT 74 v IETORESTHLZ L LIIRETH 5.

§1.4 HHEE{R - ERIEH
(@) VET 742K ETD. n HOEEEEK f1, -+, fo ITXLT,
CP:(fla Tty fn)VBPH(fl(P)a Tty fn(P)) eAn
ZV b AN ~OFBERENS. olX f1, -, fo OEFRIKOILER D TEHRE L TERSND. ¢ DBRRT 74
URESEHEER VI ICEENDEE, 0V 2 V) EEEV DL V] ~OFEER LV WEIEOKERTI GG
e* k()3 fr— fopek(V)
MEIERZEND. ¢ DBN VE OFTHBITREWR S, o TSRV k(1) X E(V) OFSEICFERTH S.
B (V) 23 o k(Vy) EABRRIZKE 70D & &, TOIKEKEE ¢ DBRE (degree) &\ degyp L#E. Z0D
L %, BRI IER k(V)/(p*k(Vl) D J v IEA Nk(V)/ga*k(Vl) : k(V)X RN (P*k(‘/l)x L:’ o~ [EH (P* DG &
ERR LTz
©x = (") o Ni(oyjprricry : K(C)* — k(C")*
MEZIND. FBIEHORERNTER o, 2 ¢ O/ ILLEBE V).
@ 111 (1) ¢ OBR V; OFTHBICKRE WD, o IIEROMBHIALT, dimV; <dimV &725.
(2) dimV =dimV; =1 £5%. ¢ BDEKGHE TRITIUE o 1THFT, k(V) /o k(V1) IZFARERIERTH 5.

(b) VETZ 4 REMESEL, fo, f1, 0, fn ZHEEEET 5.
eo=[fo:fi:- i fn] : VP [fo(P): fr(P): - : fn(P) €P"
VL P ~OFEEBREN). PeVIZXH LT, FE-5R g% gfo, gf1, -, gfn 2 P TEAITOZ2 L



OED P CERIIRLREVWESIEND L X, o X P CERITHLEWW, P % o ODIERBIRE VS, o OIERIED
2% domp EEX o OFRE V). TXTORTEAREHRERZERE®R L V. BEEE o OBNHE
RV ICEENDLE, 0 Vo V] EEEXV LV ~OFHE/ LN,

HELREN T 7 4 %8 F’ﬁ/\ TR ZRRRD BT 7 4 BRI, SRS ARIRD B I 25 ~, W ZARIE D &
LR ~DOFEEEGEFRRICER L, TNUHICOWTERAR, ERER ELRRICED D Z ENTX D,

V OFHEEHE ¢ 1T LT, ﬁﬁ%‘k{% [l:]: VP 2E25. ¢ ODERBKITBNT [L:] FHALMTEBRE L
TEREND. T2 o O PIZBVTH [1:g|(P) = [1/p: 1](P) = [0:1] 72025, [1:¢] 1Z P TEAITH 5.
W 112 (1) AEEEK o LT, [1:p] OERBIT ¢ OEA L BOREIZE L.

(2) o WEHEITRVARD, [1:p] OBIF P 1 OARBEOREZRNZHD L5,

(c) Vi, Vo ZHESKIEL TS, FEAIGE oV} = Vo, ¥ : Vo = V) T, p o0, 9 o o NELEGBLTHDHON
B &, Vi & Vo IX@E (isomorphic) TH D LWV V) ~ TV, 8L ¢, o #FEE S (isomorphism) &\ 9.
T 7 4 CERRRITE LT B RIBRICEM, R EE R ERSIND.

Vi, Vo 27 7 4 VERRKETLITIEZRE L T5. BRI REVAHER ¢ : V] = Vo, ¢ : Vo = V4 T,
pot, o BWREDKTHEERIZELWE X, o, v ZREEER (birational map) &\, V& Vo IZTWEE
EME (birational equivalent) &5 . 77 ¢ Y ZERIK V L ZOHEME V IINAHEFEE CTHD. 2T d OB
KIZFARCH T2, A" OFEREDL, PP OBEE L, n HOFEEROER P x - x P! OFKEL n BEAHK
BARIZFEAC, Ar PP P x - x PLIZRCRERECH 5.

THE 1.13 NAHFEETH 2720 DMEA DR, BEERRETHLZ ETHD.

§2 {KEHhER

§2.1 HEER - FETE

TRZER OB TYH 1 RICOHZERE 2 WITOHZVEEZ ZNnD LMD DT, HITHHRWIRVELTFDO XS
RS ZEE L TR, 77 4 VEM, SR ERIIAEEER EOMDO BT 52EM & LT, 77 1 %, HEFm
1 EERBEEEOET L E L TCORRBIFHARH < Fr X2 LTl

TEMR PL OFREER Xo: X, ZEEL, 774 /ﬁﬁkﬂﬂfxﬁfs/\ﬁé/\ Up = {[xo:71] € P |zg # 0} &
5 FEARLLTP = Uou{[0.1]} EETD. TT 4 VEM Uy DERERELT 2 = X1 /Xo 8B, Uy C P!
OEIXZ OERETET. [0:1] 1% 2 IZHET 2|BIRARDOT o0 LEL. Z2H9LTP = AlUu{oo} &EITS. 5l
DT 7 4 ERES Uss = {[z0: :1:1] €EPzy #0} DEEL LT w= Xo/X1 BEND. Uy & Uy OIEESY
(UgNUsp =P {0, 00}) IZBWTC w=1/z LEFDDT, co DUTETOMITIIIT 7 4 VERIZEM Us & JEFE
w=1/z ZHEIX L.

WOVHE P2 OFREESR X:Y:Z #EHELT 5. U={la:b:1]€P?|(a,b) €A} Z2=X/Z,y=Y/Z %JE
ERETDHT 7 4 Vi A2 LA TE D, 2-EIEIT {[20:0:1] | xo € A} T, y-JEIZIT {[0:y0:1] | yo € Al} TH
END. boo ={[a:b:0) €P?|[a:b] € P!} ZERZFEMRE L5 AL LTP2P=A UL, EETD.

§2.2 THEBRIR - KEERER

(a) k 2REPAKRET 5. 1 kT T 7 4 VREEARIEEZ T 7 4 KRR (affine algebraic curve), 1 IRTTH kR
K& SR (projective curve) &9 . 77 0 B A AL Y Ao T, ERE R AR IR A R EMERER (algebraic
curve) LS. Z OfFERL T O GIIIR RIEMAE SR 72 D T, FA L DGE, FEFFRT 7 ¢ Vi HER O IR TE
bEE 2 NI+ Th D, FFERFRZEMLIZZ DOFRE TG L TWAWARY BB LD, KRB OS A X ZNHI1X
FANZIR 2 DT, fiRDO L ZAENERATHREDR. §2.6 THRFREMILOERN 26 % 5 2 5. EFN 72 ER
EIEAD LEENTLEW, +3ICiE 0N BITIERN NS LIV WR, b % A>T < 2 & T, REERRIC &
DL ET OB T E BV ET.



(b) 2 EHDOLIERX f(x,y) € klz, y] ICH LT, ATTN (f) ICE->TEEDT 74V REWEE C EZT T4
FER (affine plane curve) LW 9. f & C OERZER, f=0 2FBRABEXL V). ERZHEADTEHD L &
CZHBHT7 74 FEBELEVD. Z0EE CIEX1RTT 74 o RESEETHD. f=fifo - fr EEENZE
KOBIZHETHEE,C X f1, -, fr DENENTERESNTBENT 7 4 Vi Cp, -+, Cr OFIES &7
%.Ch, -, O % C OBRIES LS. FRSERX £(X,Y, Z) € kX, Y, 2] Ext LT, KA T T (f) 2o
TEEDHEREMES C 25 EF @R (projective plane curve) W95, f 2 C ODERZEN, F=0 2E&
AR LV, ERZEANENO L& C 2B FERMRE VD, 77« OFmMhER, S5V iy 4 S E el
#® (plane curve) &9 . FHE MK C OERZHEXOKE m %, C ORELE VW, C & m REAFRE VO . 1 Wil
PREBERE VD,

() C:f(z,y)=0%77 1 Fhith#re+%. 0f/0x(P) = d0f/0y(P) =0 Ziiil=9 P = (a,b) € C ZHEA
LN, Z)TRNE XERBAL VDL BRI > 0 IS LT, u, v @ § RFFKSTR 1Y) (u, v) &
D 0) = (a0 BV 1(P) = 3 (1) g (Phui v

TERTD. I(DT)(u, v) BIEFEMIZ 0 RO WE/ND r 2 P OF#HE (multiplicity) &V, 20L& P % r-&
mE ) R AT B 2 LUET, R AT EME S 1 ChD. - EA P ICBNT, fP(z—a,y—b) =0 T
ERENDT 7 ¢ Vil A (tangent cone) &\ ). HEHEHIEEEZIAD TTE r AOEMROFT, TN Z
NOEME CIZ P THT L. r-BRRA P (r > 2) OBMENRRR D r MOESBOME 2D (TE r BOBESRIG1T
%) &x, P #@BEHER (ordinary singular point) &5 . 7 2 HEAHEEH S (node) £\ 5. P e C MibHiA
DLE VATBEITP 27 74 U FHEOFEICB L, 2 DORRIERE y=2, y= —z IIBTHBLHRICLY C
DEHRSTRIL y? — 22+ (v, y D 3 KL EOIE) =0 L ET D, ERS 1 AR LG 22T, #fE y =0
BT LTy + (2, y D3 KLLEDIH) =0 &70%. WYRMAMEHRT 2 -2+ (z,y D4 R EDIHE) =0 &
Feh L&, P AREA (cusp) &),

M5 flo,y) 285K 3KRSEXET L. BENRT 7 0 UREUIR C:y?=f(z, y) ITREE O L 2R HE.

M6 F(X,Y,2)%mkFERZHEXEL,C:F(X,Y,Z)=0 242 FathitE 5. kzrE.

1) x5 X v, 2)+v X, v, 2)+ 235X, Y, 2) =mF(X, Y, Z) %30 3.

(2) PeCT #HRATHLDOBE &I, 32 (P) = 9E(P) = 2L (P =0 to 5.

(3) PeT nRucrvrs, P oo x 3P +v )+ 238 (P) =0 chans s,

(4) Z-JEFER 0 TRWPcC N C ORFRETHHZLE, CN{Z#A0} DFERSTHDHZ LIZFRBETHS.

(d) C Z#FHEhfrE L, PcC ##FBRALTDH. PITBTD C OBER lp 1X, P TDO C O Ip(C, Ip)
N2LUEOEMTHD. P TOREEN 3 LLEICRD L& P #ZEM A (point of inflextion, flex) &\ 5. LA
flz,y), FRZHEAX F(X,Y, Z) IZx LT,

fox foy fo Fxx Fxy Fxz
Hy(z, y) = det | fya fyy fy Hp(X,Y, Z) =det |Fyx Fyy Fyz
fo fy f Fzx Fzy Fzz

EBL ZITRAFIEIZOERICET HRBO2E£ T OLET L. 77 0 L FE# C: f(x,y) =0 X LT,
Hi(z,y) =0 TRINDHT 7 1 o Vilidh#ra C O Hesse Bi#R (Hessian) &5 . $HEFH#i#R C: F(X,Y, Z2) =0
XL, He(X, Y, Z) =0 TREINDHE Filili#is C o Hesse B &) 9.

FE 2.1 PR OIERRSNEM S TH D 12D DMEAI 5T, Hesse Hift LICHDHZ & Th S.

Bl 7 LoEHEZRE.

§2.3 RBERBUK

(a) K EZWEkEOIRIELETD. ye K B k(zy, -, z) EREMTHDEE yid o, -, 2 I8k EREMRERE
ThodenH. k ERBIITRNE &, 2z € K 13 k LB (transcendental) ThH D LW 5. K OEESR S 8 k
FREMMHIITHD LT, EED ye SN, y 2R S OFRMEDTTOMT R TITHR L THREMITEE TRV E 21



5. K OWBES S BREBIMSLT, K 28 k(S) ORBIERTHD L&, S % k Lo K OBBELV . Kk YL
R KR L THEBEE S Z0NTFEL, S OREIZT—BICEES. ZOREZ K O k LOBBRH (transcendence
degree) &\ tr.deg, K TRT. K =k(S) &2 288 S AN & &, K % k OfEBEIEK L V9.

(b) &k OBBRE n OMBBILAZ k Lo n BHAEEEEUA (rational function field) & W\, £ DEER KD
HRRARESIEKRZ bk EO n EHABEHIA (algebraic function field) &9 . 72 k % K OREHAK L VO, K %
kb 1 BHEREEHERE TS, 2ol kB ERBZ s € K T K 2 k(z) FPABRKRIERE25HOBEILS.
K 0 k(x) OSBEHERE 2D L&, ¢ BT E VD).

EHE 2.2 (F.K.Schmidt) REARTERED 1 ZHERBHERIL, HiZolice .

LR, REUE B I3MREPAR L 35, ¢ &2 1 ZHEREEEE K OnBicl35&, K X k(z) OEMIEKIZ
2%, K =k(z,y) LETS. K OBBRITI 1 20T,z & yid bk EREMEETHD. 0 TRNZIHERX
FX,Y)€Ek[X, Y] T flz,y) =0 RDDOLBFET L. 774 FHER C: f(X,Y)=0%2Lt5 &, C OBEKIK
E(C) X K \o—87%.

T 2.3 FREGEDREPAERD & &, 1 ZHAREEERITE S 727 7 ¢ 2 VORISR S

§2.4 RBFIREBMMZEH
(a) C =zREh#L 325, PeC CEARAEKNBBAKDORTRTEREE k[Clp £ T 2.
el 2.4 Kk[C|p 1%, P € C BIFFFRAD L ZHIAT, P PWFRED & & — I TR,

EHE 2.5 HEIK K(C) IZBTD E[Clp DEME E[C]p 13, BERAMEERTH 5.

(b) BEHHESR K[C)p OB E SN k(C) OIEMESMEZ ordp &B<. [HMEE k(C) O5EHLE k(C)p
L. BREEEEDEMEOITE F 2 LT ordp(f) & f ® P TOME (order) &5 . (IR FFADL X f
X P CIERITHA LN (UBPEDELE P& f OFBRENVW, BB ADEE P& fOBEWS. P RIEFFR
HDOE T, 811 (c), §1.3 (b) TOEFRLFI L TH DM, P NIEFREOGHITOCR LD, RS Pl T
ERZRARRICEE R WEHEE T, P TOMBMNIERIZR D LOBNHFET 5.

(c) ZEMAHEE k(C)p OFIL (BN TE 1 Ox) 2 P Ik T 2BRABZE#H (local parameter) £\ 5. P TD
JIATB SR tp T k(C)p ®It% Laurent MEIKET 5 Z L T, k(C)p = k((tp)) £ ETD. P e C MPIEERED L
Rt % P CEAIABAUCRE L ABEHB LMD Z LN TE 5. FEA P TIE—MRIC k[C]p TR
WOT, AT A% P CEAIZRARAICRE DA HE KL TS 2 LIXTE 220,

T 2.6 A TORITERITEIIKO DL Th 5. Bb, tp € k(C) 2 RA P e C ORFTHER L
TBEx, K(C) 1X k(tp) EOABRKEEL KK TH 5.

FE 2.7 REEROBREERIT 1 BEREERERTH 5.
% 2.8 REHIT 7 o o FiE B BRICEEFE CH 5.

M8 (1) MREUHRCL:y?2=2%(x+1),Cr:9y? =23 C3: 9> =2z — 1) B LT, FEREZRD L.
(2) FERAUCBTDRPTRPERTH D008 9 i, BEAUNEERAMAERIC/2 2 2 & 20 K.
(3) FNOLREMBOBWBENFEHEEIRTHD Z L 2.

(d) HEEMRICBT 2RI, RITBIAEREY £Ld T HEER P! OFREERET Xo: X, £T2&,PL o
AEBEEIT Xo, X1 @ 0 WHFRAEHAXDOBEKIZE L. 0 RARAHNL, RS TF2 Xo OFLR"FTHLZ L
T,z =X1/Xo DHMREL LTRED. BEUIK b(PY) IFTHBREEIE k(2) 10725, 213 Uy = {Xo # 0} = A' DJELE
FROT, P OBEEEIT AL OFBIKIZE L. a=[1:a] e Al CP 2L 5. HEEK f € k(PY) = k(z) 7% a TE
HITH DI, AHE LTO f OHRR 2 =a THECRLRTFIIZ L. RFERIT P, = {f =p/elp, g €



K[l gla) £ 0} L7205 k[PYa 1 we = 2 — a & H0 & HHERAHER T, v, THY OB EKCHEREE . B
BIRO5EML K(PY)o 1 X k((ue)) = k(2 —a)) T, HERXZ 2 = a OUTFH T Laurent FEVE T2 2 L ICxHET 5.

FEREE A 0o = [0:1] € PLIXT 7 4 VEDEMR Us = {X1 # 0} ~ Al OB, JEHE w = Xo/X; = 1/2
BRSO TELRIBRICE XD Z N TES. fiid w TR 2 OFETEL DD, oo TORATER kP X {f =
p/q|p, q € k|z], degp < degq} ICHE L, WD degq—degq % f = p/q DIFHEL T HHEAHERRZ 727,
DRI E LT uoe = 1)z 25 L1, BEIKD co TORMILE k((1/2)) 125 L,

§2.5 Bézout MDEHE

(a) FWZERX f, g CEEINTHEPHIREZZhE C, D L8B<. m=degf,n=degg &L, C, DI
HEOBEK S E bTcenwe 325, C & D OWMFIZETLE P %, C,D OXREVWIH. P ERHRELTELT
T4V A2 CP? BED. ZOT 7 4 A EE A2 OFEESRE oy &L, CNA2, DNA2 OERSENE
flx, ), gz, y) &EL. BRI HEIR K[z, y]] ICBWT, BIRER K[z, y]]/(f, 9) [THERKIT k HIZERIC 72
5. FOWiLE PIZRBITH C & D OBARKREREE VO,
Ip(C, D) = dimy k[[z, y]]/(f, 9)

L. Itk x,
EIHE 2.9 (Bézout) > Ip(C,D)=mn

PeCNnD
(b) C L DDOLEPIEF(P)=0,9(P)=0 &ii7=dOT, EVHEX f=9g=0 DML LTHELND. B
SEE, D U O, KRS TR DDA ZBRO T, B FRRICB T AMOBEHELEZTIW. C L DR
WBICRDDGAEDORIRREIL 1 T, BT 255813 2 (L), BT 2EGVRETEHICEZOMEITI{Z TV, £<
DBAN RS 11225 DT, KERIZIZ C & D OZEOEEIE mn HEV->THNNWES S,

EIE 2.10 (BHR) WEOBEKKY %2 b 727220 2 SOR T MFI0n 92582 o, FISZE 6 55 Vi ik
DOWEEE m,n LB EE, REOMEEITE . mn T, BT R EENL2GEE2BRVWCTE mn HHTHD.

§2.6 771 UTHEHHEKRDTMREIL

(a) 2T 7 FmdhfE, ERTBEADBATNTH L5, 2 DOEMOFILRY | ZORZAITFFRFAT D, T
T4 EETHATTH D07 7 4 FENICR RIS 72200, HEAOE & 5 L ERER TP Y, R A
ZRFRFICH O B2 2 IRT 7 4 O FERBIIIERF R T, TOMNEAULIFRFRTH S, BEA7R 2 R i dh
FUTFER R C, FEERICER TH S, Z ORI Bézout DEBEA > THEMIZES Z &N TE 5.

9 77 FEANOM, FH, Bih#R, iz Eswy 2 Re 52, ZUONRERE IRV I & 2
DI ZNENOHEAOUL FHREE 72T, TXTRMTH D 2 L 2GR 2 BARRITE N THE? O X

(b) k OFERN 2 Thnk+5. 3 REER f(z) € klz] IZH LT, 77 4 PR
C:y* = f(x)

BEZD. fRERELIERNEE, CITHEFRT 7 40 U PHEHBHRTH S, 20L& C ZHEMABR (elliptic curve)
SV MM C OFERAIE C Y2 Z = Z3 f(X/Z) TERSND 3 WEE TR TH 5. BEIRE ST
[0:1:00€C D1 7T, [0:1:0] THIEFRALDT, CIFIEFFE 3 WK LR TH 5.

O=[0:1:00€C 8. 28 P, QeC %#&t%. Bézout DFEFLY, P, Q #lHHEM (P=Q DELXIL P T
DOEEM)ITE I DR RTC EXDDH. REOZBEHIEMOLR TC ERXDDL. ZITPOQ =R LEDD. C
T @ ICE LT O 2FLET2IMEROEEEZ .

10 (1) 7742 P C:y? = f(z) (degf =3) BNIEBRTHDHZ L &, flz) =0 NEMREZ LRV
ENAMETH D Z L amE. C ORERE C NERESTHERTH D Z L 2Rt

(2) @20 EZFTLETDHMEE C OLIZEDDZ & EMHNPD L.

(3) P,P,0NRA—EMRMEHDLELEE P L P OEEORBGRE LY.



(c) ai,a9,a3,a4,a6 €k 2LV, 3IRT 7 1 2 Vorh B
C:y2—|—a1xy—|—a3y:x3+a2x2—|—a4x—|—a6
BEZD. R OEEN2 ERRDLE, EETBEROLEDE g AL TCELERTEZET, CIET 7 4 o Fmihi
Cir:y? =423 +bya?+2bsx + bg
R THD. 72721 by = a? — dag, by = 2a4 + ajas, bg = a3 + 4dag EFBVo. TIZ cq = b3 — 24by, ¢ =
—b3 + 36bby — 216bg L B< . k OEHN 3 L RAeHe D, C BLOC) X
Cy:y? =23 — 27Tcy © — Hdcg
WZRETHD. CL BEIRCy & (b) THEAFLHDOT, C IFENL ERBRT 7 4 FHIMBRTH S, C OERFE
% Weierstrass AR &V 9. C OHFEMEE C 2B 2 HREAIZ [0:1:0] OME—D>D T, FRFRLATH
5.0 H50F 0 BEREELIZRNE X C ZFEMAKRE V).
A = —b2bg — 8b3 — 27bZ + 9babgbs = (c3 — c2)/1728
bg = atag + 4asag — ajazay + a2a§ —a?

EBLAZCOHBARXENS. A£0ODEE

J=3(C) = /A =178 /(- )
LBE,CDF-FEEEL .

EH 2.11 (1) MBI AFEOEHICE ST a1, -+, a6 DR THREIND. C ORERAE C BHFREE L7
WZEE A0 THDLI LI, k DEFEHIZEST, BELO>+HHTHD.
(2) 774 FE#R C, O BRI TH 5 BLESEMT j(O)=4(C) DL ThS.

D UMRT 5. AR, ARSI, 1 ROTT —VEERED Z L A0 5 . IERRRSEM AR <, REMICER
NEREAEZ LSOOI E A2V ). (b) OREHRICIE, EREA O =[0:1:0] ZF L& T HMENEGHERGHO
FECER I, 1 IRTTT —~IVEIEIRIZ 5 O T, FEM IR & FEATE. Weierstrass FEEX TER I C 1AL T
b, BRER O =[0:1:0] 2350 THMENEF L FHE CHHEEBRE LTERIND. H-oTC b 1 KT
T UL AR, BIHFEH iR T 5. Weierstrass SR T SN MH Bh#tcx LT, AHBh#R E L CoRR
EEZDHROIE, TOMELAD TR EETOIRETHSH. IMEOFELEROFAMNESREEZEZHXEZTHS. THO
(2) T*T 74 I FHERARETH D7 2 L OARDOERIL, Foo (TIREA) 22 "R s L TRETS
57 2L ThHD. -ARERIIFEAMBROARNERETH- T, REHBRORERTIIAVWZ L2 EELTHL.

(d) k OEHN 2 ThnekTs. 4 REHEX f(x) €klz]) LD A RT 7 4 HIfR C:y? = f(2) 1, f(z) =02
FRZLZRVWARLIERRTHS. C OFEHAE C: Y222 =24 f(X/Z) 1%, BERES [0:1:0] 28R AICH . 3
WY OFNET, C OIFEFFRTE L 2T 5.

EPUE, BRI T =T v T EITD. O MO DWIRES Py = [0:1:0) ZHRAICLODT, Py OF
T4 ity Py TUa—T v LT 7 0 R Cy & C LR bR EENIEY. 4 kA f &
f(@)=aox* +arz3+ax2® +azz +ay £ EL. Py 25T 7 4 VilTkH

C(') : 22 :a0x4—|—a1x3z+a2x222—|—a3xz3+a4z4
B L. BRA(0,0) € C) 2 L7 7 ¢ RIS Cy L5<. (0,0) € C) 13 2 >OHE#%E b 2 BA (K
Him) 72D T, Cy LD 2 SOz ynd. L0 EEMIZ C 1%
Co:v?>=ap+aiu+asu®+azu®+asut (=ut f(1/u))
TEHRINDT 7 4 VEHERT, f DEREOLRVOT, FERETHDH. AHER
¢0:C 3 (z,y) — (1/z, y/2*) € Co
&0, C & Co ITMAHFHEICRD. o 1, C {0, £y/ag)} 75 Co ~ {(0, £/ag)} ~DPRMEHLETH S, ¢o
TO L C 2 ADELEAREMRE C L. 20L& C BIEHREMABHRIC2 5. fE-T C 2 C DI}
BRI H 5. u=1/z £V, CIZBTH C OB AIT wJEFEA 0 D Co D (0 £ /ag) D 2 HTH 5.
(0, y/ag) \Zx e HHEERIE KL Py & L, (0, —y/ag) (TN 2 EREL L P, 725, ZDLE Py O uJEIE
130 T o-BIRIE Jag THD. £72 P, O w-JEEIE 0 T o-EIE —\/ag THD. k(C) = k(é’) = k(Cy) = k(u, v)
2OT, C OABRBEEOERE S CTOMIT, AEEEZ u, v TEHAL, u, v-EREOEZRATIIER.
T 74 CEEOFATRE L, T a—T v S EMAE DY CHERREMEE S XD, f(a) =0 DR ack LD,



f(@)=ap(x—a)+a;(z—a)®+az(x—a)’+a3(z—a)
LD, flx) =0 1XEMRELZRNDTaz3 #0 THDH. 22T
Cp:v?=a3u®+asu?+au+ao
IR R 3 KT 7 4 R E IR, D VEHHIRTH D, FHER
103 (3, 5)— (1/<x—a> y/(z—a)) € C,
H, C b Co ~ORAERINER 52 5. Co OREEE Ty 1% (b) & 0 B RHELEHWRTHS. ¥ O T ~0
EEZFO ¢ £EL L,
V:03(z,y)— [z —a:y:(z—a)? €C,
Y IZC D Cy ~DIDIARIRDT, Oy 1% C OIFFRIEMALTH D, £ D&, HERL C 28T C D
FRGEE A [0:1: 0] i3, 2 K (0, £y/ag) € Cp ITHIET 5.
BHO GO, D LEIBIEN..... 4 RS f(z) OFIR /flz) TR k((1/2)) THRPET 5.
V@) =vVaort +a12® +as2? + a3z +ag =boa® +byx+by+bg/x+ -
HHEHE u=y— (bgx® +b1x),v =1y — (bgx3 + by 2>+ byz), w =22y — (bgx* + by 3 + by 2> + b3 ) 1T,
w4+ 2bgw+2bjv—as =0, uw—0v:—byw+bgv=0
BT, EB6h w O 1 RKZ2DOTw Z2HEL T, u & v OBRKZES.
2bp v +2bjuv —asv = —u® +bou? + asu — aq be
ag = b3 IZHEE LT (ug, vo) = (=2bou, 4bgv) &< &, ug, vo IFK A2,
vg—Zbluovo—Zboagvo:u3+2b0b2ug—4aoa4uo—8aoa4bob2
ZOFEFFEFTHRWVHREBIT (ug, v2) = (u1, v1 —brug —bpaz) = (—2bou, dagv +2bgbyu — bgas) &L &,
v3 =u3 + agud + (—4agas + ay az) uz + (ag a3 — 4ag az ay + a? ay)
LR EED. TRTOB/ENR L E L LD C DERFBRADEHTEIT WL L2EEL TEL.
Coo 2=z —|—a2x2+( dagas +ayaz)z+ (aga3 —4agazay + a? ay)
w0 :C3 P (u3(P), v2(P)) € Cne
Voo 1X C 1D Coe ~DORAEFFHIT foc 0, Coo OHEIAE Co 13 C OIFRTECIZ/2 . FHE C 2B 5
C OBERLE A [0:1:0] (xS D AUTD LRZEEL 2o T0D D, Cpy OME—DOMERRIE AL L (—2bobs, 3b2b3) € Co
D2RTHD.

B 11 (1) C OHFERFZHL C, C, Coo XAV THD = & e L.
(2) Co OIEE, LORMESZELT C ORI 2 LR TE 5. ZOMAFREE 2 XF0ICHIE L.
(3) Co OMEZE, LORMEREZBLT C O LICHK Z LN TE S, ZOHBEFRES 2 REHICHAE L.

(e) k DIEH 2 ThrwE L, (b), (d) ZREUCEHL T RILLIZbDEH S . EIRE 2R WEIEKX f(2) € k[z]
R LT, 774 FEER Cy? = f(z) 2525, 20L& CIIEERT 7 0 L FEERICRS. C (DI
HE(H(L) ZBEMEE (hyperelliptic curve) &5 . EFEICIE f DR n THEINREDLDEN, n<2 DL X
2 REAER (conic), n = 3, 4 ® & ZFEMAMER (elliptic curve), n > 5 O & ZBBEMBMZE L V9. 2 KHi#RIT (a) T,
n =3 OFMIFRIEL (b) T, n=4 ObDiL (d) TH-o72. LFZ 2Tl n = deg f(x) > 5 D&%, HFEMdh#R
C:y? = f(z) DIFEREMLE G 2D,

ARODEEDT =T v T LRI FmETEED. m=[(n+1)/2] (n=deg f) £B<. n 753‘*@&0)& En=2m-1
T,n MEKDOLE n=2m THD. C OREHE C 13— D>OMRIA [0:1:0] ZHREAICH D, ZORRAE
R L7277 0 o ARBRR & LT,

Co : v2 = u®™ f(1/u)
EWMDZENTED. O DIFFFRRDOT (- T fIFERZL7ZRVOT), Cy bEHRRT 7 1 Pl Th
%. Co HEFEMEIHRT, WL 2m RV, f(z) OEEHEN 0 TRWARLREIT 2m T, 0 256REIT 2m -1
Tho. AHEE
wo:C 3 (z,y) — (1, y/a™) € Co
ICEY, C L Co ERAERIEIC: 5. oo T C & Coy M0 AbE =Mz ¢ Lk<.



@8 2.12 C 13 C OHEERFHL T, BIREAT, WERFHO L E 1 AT, KENBROL X 2 A Th5.

wE n = degf DNMEEOBHEHER C : 4?2 = flz) TBWT, fla) =0 DR a € k LD, ZDLX
f@)=ao(x—a)" +a; (o))" 1+ +ap1(z—a) LETD.

Cp:v?=ap_1u™ 1+ F+aiu+ag

LB L, Oy 1TFERRT 7 ¢ P H R C, FRCRED A OBFE MM Ch 5. FHEMAEIZIBWT Cf 1L MR &
ERESICHON, ZUEEDLE D C OFERESR (a, 0) ITHIELTND. %(Cﬁy’)ﬁ#%ﬁe774 SREUhFR Co
L Co FAMARDT, CiE C & Cy DY APEICRAA TS 5. RILEAE ETH D BR Y e i 55k o b o
LD, EREAITIME—-DDBDEEX TS THD.

/ﬁ* MR C :y? = f(z) ITBWT, FHEE : C 3 (v, y) — (z, —y) € C BERIND.  ITADBEH~

RIAEA5 T, 2 I Y KT L EEGHBICR D, #BHEMAXE (hyperelliptic involution) & 9. %*ﬁmﬁé\ ES3

BE ERIZBWTHERINTND. [ BEFERO & EREMAIME—DT, . TRETHD. [ BEEIKRD & & I13HE
[RIEESDS 2 20HV, 1 TEWIBY H 5. BERESLDANADLT o TREZR DX, y-FEEN 0 L7225 0T, o-FEREN
F@) =0 ORTHEND deg f HMOETHD. o TRERMEE, f BHRKO L X213 deg f + 1 T, f BHEHKD
EEIT degf BITHD. TLDOTm=|[(degf+1)/2] TET L, BHEHIR C:y? = f(z) OBFEMRE TRER
NI TE 2m ETHB.

12 (1) 774 Pl C:y2 = fi(2) fo(@)2 1 O : 02 = fy(u) \OWHFRRE G5 = & 2Rt
2) 774 TPHEER O y? = f(z) PHEBRTHD L L, f(z) =0 BERE bRV LIERETH .

(F) &k OEHN2TH3 ThRVWETS. C:F(X,Y,Z)=0 287 3 ¥R Pmihii s 4 5.
13 O AKRSZ20-5LT5. BRAITE 1 ST, C I3 ERICNAEFME TH S Z & 2RE.

C:F(X,Y,Z)=0 %345 3 W Fmhii s U, Hp(X,Y, Z) =0 % C @ Hesse Hifig 45, F 1% 3 K&
WHAX/RDT Hp b 3 WHARZHENITR 2.

W 2.13 CIITE 9 EoEihS%s bo.

P % C OEMME L, P TOHMRE ¢ LB, FEVFROFRELERIZ LY (B LOFRERRZFO
X:Y:Z LE), P % [0:1:0) 1L E {Z=0} ITBTZENTEXD. ZDLX

il 2.14 C 1T Weierstrass FEER CER SN A5 ZEmiiRIcFNTH 5.

14 @8 212 2588, £/, C MERAZ L OL X0, ELRBOFRE THE 2.12 DRV LD Z & &R

(g) MHOTD kK OFEHIZ0 &35, ERAE LW 4 REEX f(z) €eklz]) L D. 77 1 2 V1B
C'y = f(z)
R A Z oV, FEFmICE TS C O AT
C'YC”Z:f(X/Z) z*
tREND. CITBITD C OEREAIT[0:1:0] O 1 87T, BEA TR, #E->T C 13K B, >F 0
C @;Hft%;'%m{mt hi=b

(h) DL BOBRAEEZD. ZZTHHEORD kE OEEIT 0 55, 77 ¢ » Fiihig

C:y* = f(x) (f(z) € k[z])
ZEDH.CUX, f O deg f 28 1 LT 72 AR, 2 k72 OEAMRICARY, 3 kROLDIE (f) T, 4 KOHDIX
(g) THoTz. 22Tk degf>5 & 5.

W 215 (1) ZHKXfi, fo, 5 €klz] T, f=fff] BWL fifo BERELZRVOONFET S,
(2) 77 4 FHEHER CL : fo(x)y® = fi(z), Cs: fi(z)y® = folz) IFEEREZ B0,
(3) C1, Cy 1E C: y3 = f(x) A EFETH 5.

ny WE ng WOLTEKX f1, fo € k[x] IZAWVICETERE b2/ ET 5. 77 4 VU FHBIR C) @ fo(x) y® = fi(2)
OFEREE C; EBL. LI () R (g) THATZbDEEL DI, ny >5 £oidng >1 & T5.
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@8 216 s=n;, —ny,—3 B, CITBITD Cp OEEMRE AL,

(1) s>0DL% [0:1:0] ® 1 8T, FFRATHD.

(2) s=00DLX[0:1:0] & [1:a:0] (a 1% a® = (fi ODEEHKRDOEE)/(fo OEREROERE) 725 k OL) O 4
AT, a0 1IIHRRATHD. [0:1:0] 1T degfo>1 DEESHFRFLT, ng =1 DL ESHFRATHD.

(3) s<0PDELX,[0:1:0] & [1:0:0] D2 /KT, [1:0:0 IFFFESTHD. [0:1:0] T ng >1 DE&EEFRLT,
ng=10LTHFRATHD.

I, FFERADORFZRITHD. s =0,5 <0 OHELRENITMEED LRV, WATES EEMEIICRD
DOTHEMBEL LTHIEL, 22 TlE s >0 DHAEDOHERDL. m=n —3 £BL. (f) X (g) THoTZbDEERS
Em>2 L L TR,

W 2.17 C; OME— DSOS [0:1:0] IXEHEE m OFRETHD. folz) = bjad LB L EHHOER
AL Z5 (1 (m — ) b; XTI Zm273) =0 Th 5.

15 s <0 DBAIC, WENERRFICI T 82RO &

R E —DOTOMHE L TV TH VWY, Z OB L CINERFE R 4 SO T 7 4 ARBh# A I 0 &b
FREE. r=0,41Zr=n —ngmod 312, %. r=—10LX fi(z) =z f1(1/z), folx) = 2™ fo(1/x)
LBEE r=0,10L% fi(z)=a™ fi(1/z), folz) = 22 fo(1/2) £B<.

@l 218 C1: fo(z)y® = fi(z), C2: fi(2)y® = fa(z), C1 : fo(2)y? = fi(x), Co: fi(z)y® = fo(x) IFIEHERT
7 4 T, EVICE B CH 5. WG CRE Y SbE s Oy = CL UC, UG, UG, X9k
BRI TT, O DIRERHILTH 5.

16 WAEBER C, > (z,y) — (z, ) € Ca, C1 3 (z,y) — (1/z, %) € C1, C1 3 (2, y) — (1/z, %) € Cy %
AR EERYE. O OBEEREK «, y 2RI C =CLUC,UC, UC, DABLIEEICIEIT LT & &, A5
B LTO z,y: C — P! REKFEAFHRCTHDZ & 2D L.

17 SEEERSEL Gy KB 5 ¢ OEREAOMEEZ KDL, (EORMWICHBRT 523 G\ Cy (12l -
JEE B OME N ER KD S 721 T, HROEEZ L B A b5 5. ZROLTRTE "EREL EIEROID LA
ST B0, o-FEREEHBOME Z LI Y IERRIE R OEEE L TH LX)

(i) MHOED kEOEKIZ0 &35, d>1 &L, n IRE ng IROZIERX f1, fo € k[z] IFEWCHETEREZ L7k
WET D ZoLE, 7T 4 2 iR

C: fz(w) yd = fl(w)
RS A2 L7200, C OEHRa%: C LBL.

BB 219 s=n-—nyg—d,m=n—d&B.s>0ET5.CleBTFDH C OWBEAL[0:1:0] OME—DT,
FHEHETI m THD. folr) = bjad LE & EHHET Z° (5 (m— )by XI Zm279) =0 TERIND.

18 s<0DLx,CITBITS C OERELZRD, FpRETHLNE I DPHNL. £z, B2 FHHET L.

r|<d/2 % r=n;—nymodd L7559, b. r=0,+1 OL X C OIFRZEMILIL (h) OMmE 2.18 &
LFARIZTED. r#0, £1 O & &1, B TIXRVBIEER 2 i & CRESZMET 22 L8 TE 5. HMEIC
HDE, ZZETTHRITHIEZR T LR OT, LTIZEKET 5. MRIZRE22DLABRVN, r=-1 0L X
fi(z) = am L fi(1/2), fox) = &™ fo(l/z) L3E,r=0,1 DL Z fi(z) = 2™ fi(1/2), fo(z) = 2™ fo(1/x)
EBL L, M 218 LALHL (y ORFEEOARIR D) IROMBD K Y L.

8 2.20 C): fo(z)y? = fi(x), Co: fi(x)y? = fa(z), Oy : fo(@)y? = fi(x), Co: fi(x) y? = fo(z) IZHEHFRT
7 4 IR T, BV BRI Ch D . BRI G T & b3k ¢ = CLUCy, UC, U Cy 13 FERR
SEAEAR T, TN ENO T 7 ¢ E IR O IR L TH D .

19 r+#0,+1 &3 5.
(1) C: fola)y? = fi(z) DIBERTEHIL C % 4 SOIBERT 7 ¢ o FRiHi@RoOIE v &b Th 2 k.
(2) C OFEEEK x, y % C OABERICETL-L &, 2, y: C — P RAHERGHRTHD 2 & E2rt.
(3) FEEEESEMIL C 12B1F D C DERE SO AE KD k.
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§3 HNIE#EZE & Riemann-Hurwitz QAR
§3.1 REEIROFEER

(a) C Z{UIH Y U, f 2 H0ERET5. [1:f]:C 5 P [1: f(P)] € P! 13 C 126 P! ~OFMEHETH
L. AHES o= [f:9]:C - PLIL f BEEZRD, p=[0:g] =[0:1] =00 2D T, 0o IZfEZE b OEKEHTH
5. f MEFBBRTRWED, f OFRSZRWEZAT o= [f:g9] =[1:9/f] DT, ¢ IFHEEEE g/f \TxHET
B. 1o T, C i Pl ~OEMELORIKIT, K(C)U {oo} 12 1 5 1 1CkHiET 5.

(b) RIHBOIEERATEG o C = O 1HEL AL ERADT, O OHEEI f € k(C) IR LT fo ik
C DABERI 5. (KOUERIGE o k(C') > f— f o p € k(C) NBIXEZSh B,

W 3.1 (1) HEBAHEGH ¢:C = O IZH LT, EC) 1X ¢ k(C") DARKIERTH 5.

(2) EOPA~D k- o : k(C) = k(C) 12X LT, o* = R HEHEL ¢ : C — C' BHE—>HFEET 5.

(3) k &ETe k(C) WK K % [k(C):K] < 0o I0&d. Zokx, ¥ Cp EAREE o : C — Cy T
©*k(Co) = K %= b DWPFIET 5.

(c) C #RHMME L, ¢:C — P* %5 HEM~OHHEERL LT 5.
T 3.2 RS PeCItBVT o lTEAITHS.

% 3.3 (1) HEERAKEHRD S HEEMN~OFRE&IL, FAI5ETHS.
(2)  FEE R IR OO A TR, ERTRTH MR ThHS.
(3)  Fe RSB R O B O TALHEN 1 DA E TR TG T 5.

20 (1) FEFERSORFTINEEEZ 5 £~ T, &H 3.2 27"t
(2) FEFPEFEMAB IS ZZ R A iR & L CTHDIAEND Z L 2~ T, R 3.3 Z2RE.

(d) C, C ZIHFrRTEMAEEFE L, ¢ : C - O ZHHTGBRLETD. o PEHGHTRVE &, ARKILK
E(C)/o*k(C") DIERTEZE ¢ DBBE LW degp L EL. o WIEFEREHBR DL X degp =0 EERL, FEEH
(XL T deg0=—o0 &8 k(C)/9*k(C") DNIBEIIERIED L = p Z57BER (separable) &)W, k(C)/¢*k(C")
23 (B0) FEBERIERIED & X p & () IELDBER ((purely) inseparable) &9 . k(C)/¢*k(C") O4yBERER, 3E53
MR Bz ¢ ODBERE, FEDBERE L V), deg, ¢, deg; p EFES.

(e) k DEHMN p (>0) DHEEEE XD, g=p" IZX LT, ¢-F Frobenius B 7 %, & k L TIIEORAEH
mikd>zr—atek & LT, ZHALE ECTIHREA~OIER m: k[X] > f— ffek[X] & LT, 771 %M A,
g zef] Pt ECIESR O ~OERE LTERT S, B C 23 LT, I(O)™ I2 X » TEE 24 O™
B BAREHES 7:C > P — C™ %, {/E#h# D ¢-F Frobenius B &\ 9.

@ 3.4 LK k(C)/m*k(C™) 1T q RMBEDEERITH D . 1> T m 1T q ROMIERHIAHER TH 5.

M 3.5 kOEHE p>0LET5. ¢:C— C ZIFERBUBOIEERAFHEMH LTS, g=deg, o EBE, 7
% g- I Frobenius B & 3%, Z0 & X NEINAEHEH ¢ :C™ - C' Tpo=vYpon ERDLONFHETS.

§3.2 FAHEEZLOMIER

(a) C, C #HERAMARIMGEL L, o : C = C ZIFERAHGEHBLETS. Pec C 45 oP) e C
TR RRLOT, RFTBER t,py € k(C)ypy 2 Q TEAIZRAHAICEE L ABHEHICHmD Z LTS 5.
e,(P) = ordp(p*typy) &2 P TO ¢ ORISR (ramification index) &9 . k(C)y(py = k((ty(p))) DT, 5efi
BERCHE A K(C)p DHTD o*k(C) DREIE k(9 top))) TH 5. DIHEEIITERIE k(C)p/k((¢*topy)) PIEK
WHIZZFE L. SIS 2 L ED L& P % o OIS (branch point) & W\, ¢ 1% P CTHIET % (ramified) &
WL IR 1 DL & P & o OFRSMER (unbranch point) & W\ @ (X P TRDIETH S (unramified) &
Y. @ BFPETHD L1, C DT _XTORTRDE AL EENS. Qe CITH LT, o(P)=Q k% PecC % Q
DEZHHEEND. Q DEDTRTDAT 9:C = CHANETHHEE ¢ 1L Q TRAETHD LW, Z 9
TRWEE Q THIKT B LD . [l P TORIFRED k OFETEHND & &, MK (wild ramification)
S,k OFEFTEIN R E & IR IR (tame ramification) &V 9.
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M 3.6 (1) T XTCOQReC T, > e,(P)=degy MY L.
Pep=1(Q)

(2) HBEOEERFAETRTD Qe C T, fo~ Q) = deg, ¢ HHY 2.
(3) FEERAIEBEDOERITE LT, epou(P) = en(P) ey (0(P)) B3V 3.

21 REURDIERIZIS T D 3F RO L, FERF R IE IR O [ O E A H TR BT 2 iRk Lo R0
SRR, EKRSFOPMETH L 2 L 2REZHBROZTETESET Z L THIE L. REUKOIER TORBIEC
B1=% b ON, REEFROBEITE NN T & 2iiiE L.

(b) ¢:C — C ZHERFEMHNSIROIERAE G LT 5. KRB b Eo 1 8RB KO A R4y BE
K K(C) /0" k(C) IREAMERTH 5. k(C)/o™k(C) D/ERTOR/NSIER F(X) € o*k(C)[X] % & 5.

TE 3.7 F(X) & HEEBAMERE k(otug)) REDSER L LTEOENWE F(X) = Fy(X)- F(X) &
ol o Q) ={P, -, P} T,f@é TA AR T e, (Py) = degFy L5k HICTEB.

PeC Q=9/P)ecCtl,e=ce,(P) &B. Q TORFMER ug € k(C) OFH EFIE, ¢ ug =
t5 + xS+ € k(C)p = k((tp)) (tp 1X P TORATBIZERT, e IROEDRIUL, tp 7> ug WMV IAAT 11
Bis) EEF 5. - T,

@8 3.8 HENZRIEEAEEE f € k(C) IZX LT, ordp(¢* f) = e, (P yordy,py(f) 23D SLO.

;EEE 3.9 f HIFFRESEMEUIR C OOBENSEERABRERE T 5. FHGH [1:f]:C —-P IZBT5H PeC
S ep(P) EBL. P W f OfiZe b ordp(f) = —ef(P) T, T2 5 ordp(f — f(P)) =ef(P) TH
é.f®¢&f®@®mﬁ®ﬁ&f@T&T®%ﬁ®ﬁ@®ﬁM*ﬁiqEmmﬂﬂzoﬁﬁwﬁo.
P

(€) ek OEFETENA (BN TRV 726, (0 ug)Y/® = (th+tS 4 )e = tp+xtd+--- € k((tp))
L OHRBTE B, AL E(C)p OETROT P TORFMERICRS. TRERDT tp & B XEEE,

EHE 3.10 P TOLUAREERN TRV S, RFTE tp € k(C)p T, t5 = p*ug 25 bOMRRND.

P TOS N B (5 B OFESTHI0EIND) &5, ug OFH EIFORER ¢*ug =t +--- € k((tp))
WCHND tp OFTXTORIEEN k OEH p (> 0) THOUIND D, HLE tp ORXIHEED p FOFICEKYE
20T, K k((tp))/k((pug)) BB TH 5. WU 2 L 122, 5K k((tp))/ k(0 ug)) BB 5, o ug ®
tp CTORERRIC pkiﬁ“%%ﬁ@ﬁﬂﬁﬂé §4.2 TERT DRI DEETDE D &, RS (dug)g D5l
ERL (¢*(dug)o)p 1%, k((tp))/k((¢*)) DB HIEFE T, EDBERNR BFITRD.

§3.3 RETMEHO BRI

(a) HARONTREBMHROFFRAZES LEMROOICMY EA L Z EIFEETH L. Aiffi CRARIZER L X

IZE BN EORRBEIIFRECTH 7. T2 TITo72 2 LI, R a0 M R 1 O 5 % WA PG4 CIERF R 2
HDIZEEY 2 TWSHEETH o 7o, REFROGE12I3, A IREIO#AETIERF 5T 72 © DITEIEE U, 5 5T
LI T-REEIBITFIRIC L ST RETH 5.

BEHGHOE & THEEIEDL W (KL LTRETH D). BEENOHED 5 &, IERREMITG 2 bR
7o B EUR & b DR B S AR S R 2 BR D CHE— D TF(ET D 2 & & BRIk & & ISR 5. FREN
Th ) LEREATHA D &, TNTORTHIERE (ORMAW) (TBERAMAEERICZR 20T, WEE TIXRITEIAEK
52 THEZ DN ABEHEO Laurent SBURBASFE CENE+H2THA S . Gl LE2BHICT 5 (BRI A
BN2NE 22T D) 7o, ZOFT E OFEHIZ 0 LT 5.

(b) C ¥l E L, C OIEEREHIE C LB<. C OIFFERMTARIC C 0 FEER) SLEx, ¢ 0f
BEHRLEE C OFAEKRLEZS. PecC #FBREL L, f € k(C) 20BEMSEERA BB E T 5. DN
HHB f:C - PLICBITD P OYIEHERE e L%, a= f(P)eP! LB<. FEERP =AU {c} OT
T4 VIEER 2V ae Nl DEF u, =2—a bt l,a=00 DEX uyp =1/2 ET D&, u, ¥ a € P OJFHT
hEHTH L. EH 310 L0, PGC@)%FJTE’JW@(tGk( Np ELT, 88 = fru, ERDLORENDE. 22T
E(C)=k(C) 205, RFBZER t 1T Pe C IZB I 2 RFTMERLES Z LR TX5. UbEdE DT
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FE 3.11 IR C OIFEREA PeC L5, C OFBEE fIZx L, a= f(P) £ B, NIEHE f ok
5 P OGRS Y e L. Z0LX P ORFIMESK tek(C)p LLT, PM f OMBTRWVWEX t¢=f—a T,
PR fOMODEE tc=1/f 2DLDOREND.

M 22 EHEMHERC:y?2=fz) (fIFERZLZR2V)ICELT Po=(a,%x) €C (a €Al CPYH) IZBITD)E
TRz 5 2 & £z, EEE 2, y Z T ORFTHEETRAT 2123 ED L S ICFhid L v

(c) FFRAICLAERESICLA, W4T 7 4 ViFEER> TEXIUT LW, $RDO L AT 7 ¢ VRO
FRSOEFEEZR~NT 0 TH 5.
m,n % 2L EOEET L. T 7 4 P wE R

C:y™=2z" fo(z) (fo(z) € k(z), fo(0) # 0, co)
BEEZD. C OFERLA P =(0,0) OBFEOT 2521, P 2052 RSO0 A2 L.
RBMH n 28 m OB & &%, ERGFEXE (y/2V/™)™ = folr) LERTEDLDT, v =y/z"/™ L BT,
C X PITHIGT 2R CIHEER AT 7 ¢ O HIER C 0™ = fo(z) \CHAHEFEIEIC/ARS. C & O T - EREER T
@72 DT, PATHIET D C" ORI o-BEEREOMED 0 ORI 5. 20L& v-JREREDOMEIT fo(0) D m F
RIZTENDGDT, PIZHIET S C' ORIZTE m #THS.

KIZH LW n=1 mod m ® &, ERHTENT (y/a*)™ =z fo(z) LFEl 7‘5 C 3 P ITIEd 5 A CHAr R
C':v™ =z fo(z) CHAHFETHL. ZOHEH C & C' T o-BERBITEERO T, P ITHIET 5 C' ORI
T-FEREHBOMEDS 0 DRIZ/2 5. v-FEAEEREOMEIX 0 720 T, P IZxHET 5 C’ DEITHE—>TH 5.

G 2 DDA, C OFFERN P 2l L-REE O 12380\ T, B 3.10 ZHBHE ¢ 1T LTS =
ENTED, PICKIGT 2IEFHRRTCORFES t € k(C)p £ LT, RYIOHFTIE t =z, ROBITIT t" =2
RHLOBBND. AR v ZRFTEK ¢t TRETS &, ROOBITIZ v = %/fot) € k[[t]], ROBITIX
v=t/folt™) € k[[t]] LREBIEND. /fo(t*) 13 2 ERIC LY t O_NFHINET Z LIIMHE T, m FIROR
OHIZEY m @Y OREMZSD. t =0 TO v OEIE, BAOBITIE fo(t) O m FARDZEOT US> T m BN,
WOBITIE fo(t™) ® m FAROEWY FIZEOHPMEIT 0 THDH. P e CIlzHind D O OIFFFEREN, BAOHITiX
m l, OB TIEE 1 HThHo72 %, HEEOSE TR L DIZR>TWNA.

(d) PLEOBILED T, FrEiA Pl B ER D AT 2 Fp L SR 22 6 TI2AT O L RETER E[Clp DDA b
W, Rt A% 5 %, FE ,%I/_l%UD Laurent 3B Z R T 5. WEE k(C) 1ZEEHEI ¢, y TEKIND
KT, P CORFTER EClp 1E, k Lo,y TERSNDIETHD. am+bn =d (d=ged(m,n), a, be Z) &L
t =2yt € k(C) &5<.
= (a®y?)™ =z Yyt = 2™ (z" fo(x))” = 2 fo(z)" = 2? fo(z)
" = (z0y")" = a2 Y = (Y7 fo(@))y*" =y fo(x) 0= y? folw) 0
WoT tIZ k[Clp FETHB. fo(0) #0, 00 2D T, 2 HRBRICL Y folz) € k[[z]]* &725.
= To@) M =y G YTe@ | (Ca 1 1 DA d TR
LEF DT x, y € k[[t] 2155, EEEERDS t TRESAEOT, k(C) = k(z, y) < k(1) 72D C OFPIE
H% ¢ C Laurent VR SN 5. SEMEEMAHE k(1) OFIE ¢ 1 k(C) IWBT 20T k(C) 1 k() TR
Thb. SEY k(1) BB K(C) DM k(1) BEIC—EL, t 25 P CORFIBERCTHS. BICHHTHR
k[C]p DAL k(C)NE[[t]] 28T 5. Btk z Ot TORMEZEE LZEE, y Ot TORERIL folr) ® dFE
REEDDEZATL O dFBOLGD dHBRND. ZAENDREEAN, FES P ZfHE LI & ZITHNDIERA
RACKIET 2. C OIFFFERTEH(LIZIBNT P IXTE d BOIERE LIS, Z0 6 IEFFR SO AR
Thd. UkELdT

FHE 3.12 m,n &2 U LEOEMETS. am+bn=d (d=ged(m,n),a,becZ) L t=xy’ ck(C) LB
.ZDEELIXTP=(0,0) € C CORIBERT ordp(z) = m/d, ordp(y) =n/d L7 5. £, FEREZEHL
XY P, i RATRIC R TR d OIHERR AP D.

B123 m,p,q>2Tgedim,p,q)=1¢T5. 774 Vg ym = 2P (1 — ) OFFRRAZRD, KREET
DRFMER 252 K. £, SRS TORERE ©, y OMEZEFHR L, R L L 2108 D IR R
THII VD DR K.
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Rl 24 @R C:y? = f(z) (f IZEREZL7Z2V) OFEHEICE W T, BIRESO RBATE K% EH 3.12
- THZ L. £72 §2.6 () TH AR C = CUC) I2BWT, C OERE SO RBITIWEREH 2 X

B 25 Bl C:yl=f(z) (feklz],deN) OfEHO%E2 C L. PeC ORFWERE 52 K.

§3.4 RIXWHE

(a) FEEFESEHAIROIFEERAALER ¢ : C - C ZEHEAEHL TH L. ¢ : C — C 22 IE#E (branched
covering) & %\ I HICHKE (covering) L\ 9. ¢ ZHEER (covering map) &\, C % WEHMR (covering
curve), C' ZZHERIIR (base curve) L9 . GULE deg o ZWBREL (covering degree) HDHVVNIEBE VS . o 8
SSEER (R(C) /o k(C) WABEIER) D&%, C 13 C #EEEZIAD T degy EITH - TN D. @ WAL EZ b=/
& X R5YUEHTE (unbranched covering) &5 . #HE ¢ : C — C BADIETH 512D DOLFE54EE, C DT~
TOEOEICTE dege TS C OENHHZEThD. 20X ClEC % TH degp EITHES.

(b) FEFEEHARBIR C NSO BENAH~DORNGH %2 C OBEREER (automorphism) &V 9H. ZiH4
KORTHAACRABEL VW Aut(C) THET. #E o C > CITHLT, C OHCRAM o Tpoo=¢ &7
Db D% ¢ DEBEM (covering transformation) &9 . ZH bk 724 Aut(C) DEIHEE ¢ OHEBLEHRE
(covering transformation gruop) &\ Y G, THET. G, IFAMEET, LML degp 2B ARV, G, = degyp
L7251 ¢ % Galois B & W\, G, XD Galois L),

@8 3.13 ¢:C — C 2 Galois B TH 5 Z & &, BWEEDOIEKR k(C)/¢*k(C) 7° Galois LK TH 5 Z & LILF
ETH%. HIZZDLE G, 1% Gal(k(C) /9 k(C)) AR TH 5.

¢ :C — C % Galois L T5. Q€ C DEDTXTOE P € O THWFEK e (P) IFELLDT,
eo(Q) = ex(P) & Q TOHUHEH L k5. HAERITT4IE degp OREITRD.

T 3.14 C ZIEREMAKHERE L, G 2 ARBEL T5. 20L& Galois ## ¢: C - C TG, ~G L7
b DPFET D.

26 EUAD Galois JLRICHT 5 Hilbert DEGR %, Galois #AEIZXf L TE X TH K. (MEE, 1HVERE, 77k
FCHTEDLDEERLTHL)

27 ¢:C — C % Galois ## L +5. #@EihR C OFMEE h 2 Galois K% (Gf R : Yo € Gy ITHL
T o*h=h) 72 b, KR C OEHER h T o*h=h L7225 LONEET D 2 &Rt

(c) C ZIHFrRZEMNIEME T 5. TR TROAHEEOGHRE (H8 C — P! O¥EHR) Of/ME d = gon (O)
% C ORIMEBEH (gonality) &V 5. ZDE & C % d-gonal Hift &\ 9. F/MEERERIISHFER P O#E &
L COR/NOBEIRE 72 DT, 1-gonal HFRITHEEMM L FRTHDH. C NHEEMD 2 ROWETH L & =, BIF
M& (hyperelliptic) & V9. 2-gonal Hi#R % BHEMBEER (hyperelliptic curve) &9 . IEfEIZIE (B CTEET D) Lk
HEIZE L, MY 0 OFERF R 2 FEEER, FEY 1 OIER R . il 2 #8FEER (elliptic curve) &1,
FEEA 2 L ED 2-gonal i % EBFEMBER & V9. Riemann-Roch OEFOIEH T ~5 0, HELEhHRIL 1-goanl
(2725 (SRR E AT/ D) OT, 2-gonal MFROFERIL 1 LLETH S, 2-gonal #ifft C 1IZ2WT, p: C — P!
RS 2 OWE (AHEEE) LT 25, WK k(C) IXHEEHIA k(PY) @ 2 &k (Galois) JEK7e DT, 2 RO I
Galois #1272 %. G, DEMTE 1 : C — C & C OBEMAXE (hyperelliptic involution) & 9.

C ZNi 2 OB CRE o %2 b OEFFRI IR & 35, o IXEEUR k(C) O3k 2 oA QR GG Z 5 =k 2.
FEORENR K IZRIGT 2 IR RA A ¢ &35 &, 2 K Galois #f8 C — C' BEE 5. K BWHBKEKT
Hotolet O ELTP e, C i 2-gonal Hifg L7225,

§3.5 Riemann @& Riemann-Hurwitz QAR

(a) k=CHFEHAEOLEGEE XL, HERER 1 WnBERELERIKE R 4 Riemann @&V 9. a7 b
Riemann [fii % B Riemann @, =2 /%7 h T/ Riemann % B Riemann @& V5. BB FACEE i
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C, 5% > FH13B Riemann [T, Riemann ki C = CU {oco} EH F—F 2 T = C/A (A C C 13 T) X
Pl Riemann M C& 5. Riemann [ld A X -3 v[E/R S 2 IRICEMATAIZARIR T, BEEE-S T 7HECH IMAE AR %
W7z 9O T, ZAFEIFEETH 5. Riemann H O AR ENZE T 2 BAEOEEOZRFI%Z Euler &\
x(R) &#E<. M Riemann M2 ROV C/-mICAHRMETH S, MEAERTH D RO %,
Riemann i R OFEH (genus) &\ g(R) &3E<.

(b) C TERHRINIIEFREMAEEIR R IL, RS2 2R Mo H#E 1 WOrEFESHE, 772 6 Riemann
fiCd 5. B Riemann ik L COMHAE R OB E W\ g(R) TFT. £7- Euler i2%% y(R) THT. HEHE
EAITEE LR C % 2 /v &7 Riemann ki C 72D T, ML 0 Th 5.

@28 3.15 (1) [ Riemann i C Ofi%E 0 T, Euler #3132 Th 5.
(2) #HFR =7 ZADOEHIL 1 T, Euler FEEIL 0 TH 5.

B O 1 KEAREORE 1 O —BEDREK (1 % Betti 5 by (R)) 1%, FEEO 2 fFIC% LU, 1 RoeBHSHE R
D ERIS 46 72 B2 B OYOE I, FEEIT 5% LU, Euler S50 Betti o 2e oz L< |

T 3.16 X(R)=2-2¢g(R)

(c) Riemann WO ERGE 7: R — R ZHBL V). © 2B, R +HWEBE, R #&BEL V). Qe R
LT, n(P)=Q 7% PeR%Z QDLEICHDHEENS. Q DRFTHMN (U, p) (U C RI1F Q OBIEE, o : U — C
THEDIAL) L, P OB (U, ¢) 28 MSICRBAT, pomo ¢ l(z)=2F LETIENTES. ZOHKRK ep
Z PIZBIT 5 n OFHEE (multiplicity) &5 WIIDURIERE V). ep > 1 &RDEE P & m ORIRRE L5 #
B BOBEE DTN EE o TFRRFIRTH D LWV ). DS ORRIEE 2 MEBOIMSI SN LR BEETHD.
R 7P Riemann [i7e 51 R & Riemann {fi C, SIS OEEITARTHS. Q € R ® LITdH 5 SOMEITA R
2B, LVEHLL Qe RO ECHDHZEDEEEDOTIT—ETHD. 208 n, # R LD R DEH LS.

EH 3.17 (Riemann-Hurwitz) X(R) =n,x(R)— 3 (ep — 1)
PER
%318 (1) #Er:R—C 0N 226, HEEOMEIIT 4 - x(R) HTHS.
(2) ¥ 7:R— R OEEN 2 ULERDL, x(R) < x(R) ThHD. x(R) BHEARD, x(R) < x(R) Thb.
(3) HEHM 2 LLED C OWBIL, V7 &b 2 HTHIETS.

Rl 28 I R_XTOSMEETERICE T, it A nE %, #8 RO =ARSENCR S EiF 5 Z & T, Riemann-
Hurwitz DARXZ/~E. BIZZDR 3.18 2t

129 m,p ¢g>27Tgedim,p, q)=1%,325. 774 FEigh# C/C:y™ = 2P (1 — z)? OIFREMLE C
LB C OEERK % C IER L ABREEEZHEC z: 0 - C £EL. KOMWTEZ K.
(1) z*C(P') = C(z) %R L, WEIKDILKR KIS [C(C): C(z)] %k k.

)
(2) FEDacCldLT Y e(P)=m &5 &uMHID L.
Pex—1(a)
(3) UEHFE x Doyl R & I FR A SR K.
4) x(C) (BDWIE C OFER) & m, p, ¢ TEE.
(5) x(C)=2(BDVIE g(C)=0) L7225 m, p, ¢ KD X.
6) x(C)=0(BHDWEg(C)=1) L7225 m, p, q¢ KD L.

§4 Riemann-Roch DFEE

§4.1 HF - BEFE

(a) C #REHMHETDH. C OFTRTORTERINTZA BT —~VVEEZEFE (divisor group) & W\ Div(C)
LEHL. Div(C) o EEF LD . BT D iX C OFRED RO ZARE DA Fn
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D=m P+ +nmPyn (P, -, Py TR )
TREND. FH g, ) g B0 TRNE X, EZET D OBHURRE D, T, T C DA IS

D= Z np P (TLPEZVC,HBE1E]0)P%|§%1/\T nPZO)
pPeC

TRTZEHLTED. np#0 &7 P e C 2E0ER%E D OB (support) &\ supp(D) & EFHL . KFH#E
DFETIFZTRTOREN 0 DR T 0 L EL. supp(0) IXEELETHDH. KT D OFEHEOF deg(D) = S np
KT D ORHEND. deg : Div(C) — Z IFHERIMEH T, TO% Div(C) £B<. P € CIZHLT
vp:Div(C) >3 Dr—npeZ LB &, vp bERMEZLTHL. T XTO PeC I LTrp(D) >0 L7225 H
T D % EREF (positeve (or effective) divisor) &\ D >0 &EL. Dy > Dy THD EL1E, Dy — Dy DNER T
D EEERWD. Dy =Y max(vp(D), 0) P, Do = Y max(—vp(D), 0) P £ ¥<. Dy, Do 1T & HIZHERK T T,
D =Dy — Dy, £EIFH. Dy 2K+ D OFERF (zero divisor) &\, Do, ZBEF (polar divisor) &\ 9.

(b) C ZIEFFHEEMAEMR L T2, C OFRTRVWABEEH f € k(C)* IZx LT,
div(f) = ;ordp(f) P

 f ORFEV). BN IEOHEOHZED T div(f)y & f OBRFE VW, MEBADHEOLED HEEEZT-
div(f)eo % f OBERF &\, ordp (IIEMEZRD T,

div : k(C)* — Div(C)
THERBIBS TH D, WEOKRTFORKE 0 20T, div 0%13 Div(C) I& TN 5. KHF2 0 OFEKIE, T
HLHhinD T, ERETEHBTH S, div ORET BX 12 LV,

AHEOREF % EFEF (principal divisor) &9, ERFEEO2THEZERBFHL VL DivH(0) LEL.
F D1, Dy DFEDERTFIZD X, D1 & Dy 13#EFRE{E (linearly equivalent) &\, Dy ~ Dy &EL . ~ X
K20 LICFERREZED D, ~ I 5N OREH Z EF5E (divisor class) &5, HF D DT 5IA
THE (D] LEL. WTEEEO R TR Pic(C) = Div(C)/Divi(C) % C OEFER (divisor class group) ¥ 7%
Picard L\ ). ERTFIIRED 0 2O TRTFHICH BRI EZERTE 5. RED 0 ORTHEED 231
% Pic®(C) L#EL . ROEEINEED.

1— kX — K(C)* 2% DivY(C) — Pic®(C) — 0
ZEF T, REUE K 1280 2ROBEY| L OB UL, ] BRI EEOA T T VERTOLEEAS.
1 50} — KX — Ix — Cx = Ix/Px — 0
o EEENIC, KL (B%) A7 7, BRERFITHEAT 7V, ERFITHEEA T 7 VRIS T 5. REEOA 77
MATHERAER (FREO K* OIILTERSND) ThdHZ LIk LT, R 13A RE O G B0 LEE R TR
LB TE S, FFIZ 2-gonal dhift (FEH dhg, BAFH #IHR) 13 2 IIKISHIS T 2O T, EEOEK 71 2 HoAH
BEOILBEF R TRT Z LR TE L. REHIRO SUTARBEEARIZ BT DIMERBEBIHEZ E O, RBEEDFE AT
Vb FIRERIZ BT 2 IMEMEERHEZ D 5. JRE WD BWH O, REEIHR O s RBUROF A 7 7 szt i
T 5. Ak, RESHEO FERR) RITEEROMKA 7T WIHIET 2 XEHDTH LN, REPIE LERS
72 1 oD REH M DG A (T EIEER O BB TRWEA T 7 VIR A T 7 72 5. REBEOEHERIZHB N TH
R CH 5. LLEZO L TORIE, IR RAEURR O AR R & A TRRARBIAROHEH IR S Dedekind B Th 5.

80 ERFORKIIRFHOMOMZRT Z &, BIBFEIEER FEEOMEZ RO RERRZ ED 5 2 L 2Rt

M 31 EHMEKR C:y? = f(z) (f FEBREZHZ2V) IZO0T, AEEH 2, y, 2 — a, f'(z) ODERFZRKD L.

(€) ¢:C1 — Oy &IRAERI R H MG DM DTG L5

C23Q+— ¢ Q)= Y e,(P)PeDiv(Cy)
»(P)=Q

%, Div(Cy) ~MEICIEIR L7z b D% ¢* : Div(Dy) — Div(D;) &8<. £z
C12 Pr— ¢u(P)=¢(P) € Cy
EMIGICHER L7 b D% ¢, : Div(Cy) — Div(Cs) &<

B 41 FEREREH AR C OFEBE f AT [ C 5 P LB &, f OFRETAT div(f)o = £(0)
THE T3 div(f)ae = f*(00) ICHE LV k5T div(f) = f*(0 —0) TH 5.
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HE 4.2 0 o Gy BHBREMAMROEEHARGL LT 5. D; € Div(C)), f; € k(C;)* 12k LT,
(1) deg(p*D2) = (deg ) (deg(D2)) (2) @ div(fz) = div(¢* f2)
(3) deg(p«D1) = deg Dy (4) pudiv(fi) = div(psf1)
(5) (Wow)=p o™, (Pop)=1.o0p. (6) @x 0" =degyp

T 4.3 FEHRBHAMIEBOFECHEILTE ¢ : C1 - Cy 1F, ERIMEH ¢ : Pic®(Cy) — Pic®(Cy),
@. 1 Pic®(Cy) — Pic(Cp) MBI E R I £72 ¢, 0 ¢* : Pic?(Cy) — Pic®(Cy) 13 deg(yp) 55141272 5.

Rl 32 MiE 4.2 2ot

§4.2 B S

(a) C ZIHRZEMAIHERE T 5. BWEKED P c C TOEMIL k(C)p 1%, P TORFTBIZEK t € k(C)p 2L -
T E(C)p =k((t) LEBTES. f=Yatl € k(C)p \2xf LT, @HONFRILOMS df jdt = Niati=! % f
D BT DS &V DL RS ORISR, O AR EITHLNTK Y L. P e C ORI BATBIZES ¢/
BT f OGSy df/dt bEFESI, df /dt = (df/dt') (dt/dt) DSEE D o,

(b) K(C)p DD (g, f), (¢, ') 25 gdffdt = g/ df'[dt ZWT=F L=, (g9, [~ (g, ) LEHTD. ~ &
k(C)p® OFRMEERE T, (g, f) TRESNDFEEELBFMS LV, (gdf)p TET. RIS (gdf)p &
hek(C)p OFi% f(gdf)p = (hgdf)p TEHTHLNTES. 22T

(9df)p = (gdf/dt) (dt)p , gdf/dt € k(C)p
LR DOT, RFHR ORERIE k(C)p (dt)p 15 LN,

EHE 4.4 P TORFMS ORI, (dt)p THEBRIND 1 RT k(C)p FIBZEM % 72T,

(c) P ORFMZEL t, ' 1250 T ordp(dt' /dt) = 0 72D, ordp(gdf /dt) IERFTBER DR Y H12 & & Au,
ordp((gdf)p) = ordp(gdf/dt) LB E, RO OMBE VD . BN IEO L E P % (gdf)p DER, (BN AD
LE P % (gdf)p DBE WS . RFTHG (9df)p @ t TOJEHH

(9df)p = (gdf/dt) (dt)p = (3 a:t") (dt)p
B 5 7 ORISR E B (residue) &\ Resp((gdf)p) TR

B 4.5 WEOERZL, RATIHAEEt OHY HFIZL 50,

33 LoEHZ Y.

(d) BERIIEFEFRIHE f € k(C)* &0 P TORPFMS (df)p 252 %5. P O e = ef(P) N k
DIEFEHECCEN R (BRI TRVY) L35, EH 310 XY, P TORMWER tp € k(C)p T 15 = fru,
(a=f(P)eP) D LONEND. ug 1L PLICEITD a TORABIZELT, Pl = AlU {co} OT 7 4 VENE 2 %
LV, ace AN DXy, =2—atBE a=00 DEEX uy, =1/2 LBV,

a+t® (a€Ab) ete~1(dt)p (a € AY)

df)p = df /dt (dt)p =

{t_e (a=00) (d)p = df/dt (dt)r {—et_e_1 (dt)p (a=o0)
THE 4.6 f 2oMREFAIREE L, P TOSBIEE e 13 k OEHTHNRNET S, ZOL& df #0 T,
(df)p ® P TONEE, P2 f ORR7RS —e — 112, BRTRWARDL e — 1 (IZF L.

=

M 34 k OEHN 2 ThwnweT2. BEMIMR C 2 =Ff(z) (fIFERZLRWV) 2E%. PeClzBWT
ordp(dz), ordp(dy) ZFHHE L.

§4.3 W5

(a) C OEEKIK E(C) D 2 5uDOM (g, ), (9 f) BFEME (g, f) ~ (¢, ) THDEE, TTO PeCITHLT
RO H 852 (9df)p = (¢ d)p) £ &2V (g, f) TRESNDREEE gdf TRL, C OBHB LS.
C DS O4&MEE Qc L3<. h e k(C) ISR L, h(gdf) = hgdf Ty L EBREEOBNERSND. TCHO P
(A LT (gdf)p =0 D& & gdf ZFBII LV 0 TRT
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FH 4.7 zck(C) &T5. de#0 ERDIEDDOUELHEIED, © 25 k(C) OB (k(C)/k(x) HYBEEEK)
LB THD. TILZDEX, TXTO P e C Ik U TRATRIIZEZ 220,

FHE A8 dr£07422ck(C) kLD, ZDEX C OTRTOWMMNT yda (y € k(C)) RBFIC—EMICESH
5. 5T, DK Qe 12 1 ot k(C) #EZEMZ 727

(b) ¢:Cy — Cy ZIEFFRBHREMBROIEEHRFHEGMH LT 5.

©*: Qe, 3 gdf — ¢*(gdf) = ¢*gd(0*f) € Qc,
X BB TH D, k(CL) OFDEELE LTD k(Co) 2FE LT HMBEMOBEGHB LN 2L TES. K
LOBEMHRIZBWTY,

EE 4.9 ¢:C; — Cy WO BIE, BTGB ¢ : Qc, = Qo, ITHHFTHS.

(c) ydo &z C OB ETH. PeCllBIDRATMS (yde)p DI Resp((ydx)p) & yde © P TOBHKL
W, Resp(yde) &<

EIHE 4.10 (BRER) M ydx OFEL, AREO P 20T 0 Thd. FICHEORFIL 0 IZE L.
> Resp(ydz) =0
P

(d) yde Z2R&#R C O LT 5. P e CIZBI DR (yde)p DAL ordp((yde)p) & ydx O P
TOREE W, ordp(ydr) EELS. MMENREOLE P % yde OFR, MEPADOLE P % yde OBL V.
div(ydz) = Y ordp(ydz) P 1%, IROEELLY C ORF L7025, MHAFH 5V ITRERF (canonical divisor) &

WL R4S L0, BT ORKIZ0 L SO TEA T, T hAMAETED S HEEETEL ).
B (C OF<TOETIERIR) B % E—TEE 5 5 EEBISR & 105 W0 SToRME bW %
BoHEMA L 5. FRAD 2 ATOR 1 MOME bR B L\ 5. BRO b Th 5. B
RSy (ERIGY) DA, kb SR A 2. BRGEE L 0 5 RO OO T 1 {10 b
DIEAEE L0, MO T 1 R obi% bor-biclE, H7< b b 2 AU ECHA b RERDS. UFD 3 50
EPLE, Riemann-Roch OEHOIGH L LTHOLND (85.2) bDOTH LM, TIIZELHTEL.

FE 411 (1) RO PeC &t m>2I1ZKH LT, P CTIE mLOME b OE MY wnp DEETS.
(2) P Tax m Oz b O MO ORKIT, MY E wp, -, wmp D KFEA TREND.

EHE 4.12 (1) P,QeC T1l{iomzbh, P, Q TOMBMNENTI 1, —1 OF=FMy wpg BFET 5.
(2) P,QeC Trx 1oz b o% =My O2EIE, F—FMn L wpg O—KEATEIND.

FHE 4.13 REBEOZETARWVESICEBWT, R EBOMBIIE 4 ARETH 5.

() TFMEHIAIGE b= AHET @ € K(C) % & 5. M 46 LV C OF_TOET, 15 do (£ 0) Oz
RTE5. AHEE (5%) BBHEASIEEZ 72002 L AL OIFXEEICEZ 500 LIVRWAS, k O 0
BTN TOAHEE (G15) (TEER DI Z b 7222 L, FEEE (518) OFBREN kE ORIV /S WEEad
BRI 2 7o N2 L AR L TEL. FEEKE LTO o 0% Qr, -+, Qs & L, TOMEEZNLETN €
(= —ordg, (z)), -+, e B DEHE z: C - P O, @aE R Dlmz Py, -, P & L, DESE 2
er, -, e £T 5. MOMEITZ DR TORBHEEIZFE LWO T, 2 (L EOWMITNIERTHH 5.

J

J i

fned 4.14 div(de) = > (e; —1)P; — 3 o(ej + 1)Qi  1t~7T, degdiv(de) =3 (e; —1) — > (e — 1)

ELFELLDTHLN, D LEEHATHD.

i 4.15 div(dz) = Y (ordp(z) — 1) P —2(2)ss =T, degdiv(dz) =3 (ordp(z) —1) — 2 degz
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§4.4 SIEEROWHS

FHECEAR P OF 7 ¢ UESER AL OT 7 ¢ VPEEE 2 1XEEUK k(P 2AEKT D, 2 OREIE 0o € P DA T, AL
Bix1 THD. 1 RETE 2 : P — PLIESIE A b 72720, FRCEE I 2 S 72720 0T, fvE 4.14 (4.15) XD,
div(dz) = —2 0
L% FERT-OWREUT -2 7o T, P IZFELSMCIER 22800y (B—M) & biz/ewn. £72 dz DT oo ©
FHIRDT dz 135 _FEMO TH D, il 4.14 LV, pEERRAEEE f 22 DE LN LM df OB TOMBIT -2
LIFRDT, H=FMIE 0B TIIHELNR. 2 € k(C) 1T 0o T1MOME LD, [EED a € Al IZx LT

div(z—a)=a—o00 £725. E>T
div(dz/(z — a)) = div(dz) — div(z —a) = =200 — (a — ©0) = —c0 — a
LD, My dz/(z —a) 1X a, 0o T 1ALOME &% “FEMD TH 5. co DRFTHEE w=1/2 T

dz  _ 1 d(1/w) dw — I —waw (_wfz) — ! (1+aw + (aw)2 + ) dw

z—a 1/w—a dw
EV,00 TDdz/(z—a) DBEIT -1 THD. a DRFIHIER t =2—a TEALT
dz 1 d(t+a’) dt = t_l

z—a 1 dt

a TOdz/(z—a) DEEIT 1 THL. LLEEEDT,

MR 4.16 (1) HEEMR P OEER ORI -2 ThHhD. FIC P IIFFETRVWE ML bz,

(2) acP'2L2. 2ck(C) % a%k oo ITBT—RNBEHRLT L. ZDLE a TORBRE S OH RS D
BIRIL de O k[z] 15 (klz]dz) IZF L.

(3) 2Ma,beP L%, 2€h(C) % a%k ool b % 0 BT —RAEEMRETD. —DEXxa b bTOH1
NEDORG 2 & DF =TT de/x DEELE TR IND. £ Resy(dz/z) = —1, Resp(dz/z) =1 ThH 5.

M85z HHMIEHR P = A U{oo} T 7 4 VIEIRE T 5. SH £ € k2] € k() = k(B ISBILT, df, d(}),

f%%%*@ﬁﬁﬁﬁﬁﬁ%iﬁzﬁﬁﬁwﬁfiﬁ

§4.5 L(D) &iEH

(a) FEFPESEMAEHIMR C ORET D ITK LT, BEUK k(C) OFDES
L(D) ={f € k(C)* [div(f) + D = 0} U {0}

BEXDH. feLl(D) &ETDHL, PeCIiZXLTordp(f)+vp(D)>0720DT ordp(f) > —vp(D) &72%. fIX
vp(D) >0 k725 M P TOR PN vp(D) B2 R0BE LD, £72 vp(D) <0725 fiT P ThRILY
vp(D) MDD FEE B2 Tide b, HIZIE D =P OL &, L(P) X P TORE~ 1 MOWE & >AHEEEO
2IRT, L(2P) I P TOHE X 2 MDA b OFHEBORME, L(P—Q) X P TOHEL 1 iomxH b Q T
D L L LDESE b OFRERORIET, L(P—2Q) 12 P TOL@EA 1 iolizbh Q THiRL &b 24
DFESE L OFHEKEOEERTH D, HEORTOREKIT 0 20T, KEO LD (L(P —2Q)) \Z& N 5 AH KK
X 0ICBRD. L(P-2Q)=0 &72%. $72 L(P - Q) ICEENLIHEDH 1L Q— P IZIRHDT, L(P - Q) IZ&
ENDIAHEEOLITERICARD. L(P—Q) ORIGIE 1 282720, EREEIT T TORTEAZROT L(P)
GEND. fELP)Nk BFET DR, f 1T PONATEAT, P TLMNOHBELODT, f OGHEIT1 TH5H.
WosT fI1TC D P ~ORBEHRLERD.

iRl 4.17 L(P) 2k 2% P e C BMHET L7256, C~P ThD.

i 4.18 (1) L(D) 1% k MIBZEM % 729

(2) deg(D) <0 »Lx L(D)={0} TH2.

(3) L(0)=k ThHs. 1t>Tdiv(f) =div(g) (f, g€ k(C)) ebliX g=cf (c€k) £72D.

(4) Dy < Dy 7251% L(D1) C L(D3) TH 5.

(5) D1 — Dy =div(f) (f € k(C)) 7251X L(D2) > g+ gf € L(D;) 1 k 2R ORGSR TH L.
(6) P47 L(D + P)/L(D) 1X k 2L LTiix 1 KETh 5.
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FHE 4.19 L(D) IZHARKIC k BIBZERTH 2.

k #IEZEM L(D) Otk (D) &<, M 4.18 1V deg(D) <0 DL X D) =0 Ths. £0)
D+ P) < D)+1MEYIo. F7= deg(D) =0 DL X (D) <1 ThdM, D RNERFOL X I(D) =
I TRV H 4(D)=0Thb.

=1 T,
17T, %
FH 4.20 O #IEEHRZEHENEHBRE TS, TXCTORT DBV T degD — (D) X LICHRTHS.

R 36 i 4.18, TH 4.19, FH 4.20 Z .

(b) C OBy wEELY, C OEHERTOVESLE LT Ko =div(w) E8BL. AT DI LT, o2k Qo
HES Qo(D) = {w € Qo ~ {0} | div(w) > DYU{0} % & 5.

EHE 4.21 L(Kg— D)3 fr— fwe Qo(D) 13 k BIBZEBORAGHE TH 5.

% 4.22 Qc(D) IZHRKIE k #IEZERM T, ZDWITiX (Ko — D) IZZE L.

FREMSy (ERISY) BIRD 72T k 22 Qo (0) 1, ¥R T Ko OBV FIZE 6T, L(Ke) LAEITH 5.
IO ENb Y, TNTORERFITHIERE T, o0k 1 kot k(C) MBZEMEZRTZ e Bbhb. PelC
T m >0 fOW%E b OF S D2 Qo (—m P) 13 L(Ke + m P) LREZROT, P TORME HOH =FEl
DR Uy, Qo(—m P) 1 X Uy, L(Ke + m P) IZAMTH SH. P, Q € C Trix 1 MO b D8 =Fils D4
Qc(-P—-Q) X L(Kc+P+Q) TRAMTHS.

937 U(Kc+P)=0Ke), ((Kc+P+Q)<lKc)+1 &5 &amit.
(c) H—HEMY2EDRT k SIBZH Qo(0) 0%t (((Ke)) % C OB (genus) &\ g(C) LEL . k=C

LT D L&, ZZTOfE (B—FEMOREORT) X, &S ARERMAMEOMHAEETHD L ZADROM
Bio—%9 5. £io M 4.16 (1) LY,

i 4.23 HEEHROFEHIT 0 THD.
(d) FEIBOFRHEICE > TERSNDLIZENHDH. EH 420 LY deg(D) — (D) + 1 ix LIcHFRAeDT, %

DK g % C OFE$RE VD, r(D) =g — (deg(D) — (D) + 1) %A+ D OHEERH L\, 7(D)=0 /&5
R+ EBRF LN,

FE 4.24  EAK m BESICEAUE, deg(D) > m RALEOET D IZERET L2 5.

EFRFIZBNT D) =deg(D) —g' +1 L7250 T, L(D) ORI (D) M XTHEx bND. T2 TOM
g L, MO REOWRITE LTORME g(C) OREREZ R 2 Z L I13A 5 Tid/av. REid Riemann-Roch D
BIZED, MFERELWY (¢ =9(C)) ZEWRIND.

M 38 HWEEBROMEEOEKT DXL TLD)=degD+1 THDHZ LERE. {-T, 22 TOMBMDOER
Th, HEEROFEKIL 0 TH 5.

§4.6 Riemann-Roch D

EH 4.25 (Riemann-Roch) C % IEFF RSN, Ko ZAEMER 7L+ 2. WEMT-TER g WEET D.
UD)— (Ko —D)=degD —g+1 (DI C OEEOHET)

% 426 (1) 4D)>degD—g+1
(2) UKc)=y
(3) degKg =29 —2
(4) degD >2g—27:6i%, (D) =degD —g+1
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% (2) kW EHD g 1F, HFRSBIERO T - ORITICE L. % (1) £V degD — (D) +1 134 R
TgZBA7P, (4) LV degD —€(D)+1=g 225K+ D 5. DE D g% degD — £(D) + 1 OIRFKEIC b5
L. Riemann-Roch OFEFRDEL g 13 C OFEHTH Y, §4.5 (), (d) TEZRL-HEBIIF CHETH L. £72, R
(4) £V EH 4.24 13 m = 2g(C) — 1 1ZxF L THLY S2o.

1 39 Riemann-Roch OEH %~ T, ;& 4.26 Z/~H.

140 (1) 4D)>072biXdegD >0 Thd. SHIZdegD =0 7261E D ITERFTHD.
(2) degD=29—2TUD)>g72biX DIIMEERTFTHD.
(3) £(D)>0 T UKy — D) >0 7251 (D) — 1< degD/2 Tis. (Cliford jiH)

§4.7 Riemann-Hurwitz Q2

(a) ¢ :Cr — Oy ZIFRFRTE RO M OSBRI 2 IFERA TG LT 5. MIEEH o* : Qo, — Qo, 1FHS
ThbH. PeCy TONAREE e, (P) £8E,Q =¢(P) € Cy £8<. Q TORFBIEL ug DMWY dug DFIE
RL%Z, P CORPER tp CHBBEE f T o*dug = fdtp £EKT. ZDLE, my(P)=vp(f) & P TD ¢ D
Mo 1E% (differntial exponent) & W9, K+ Y m(P) P % ¢ O3EEF (ramification divisor) & 5.

P

FHE 4.27 (1) Cy O w (X LT, ordp(¢*w) > ey, (P) ordg(w) + my,(P) A3 Y L.
(2) P TORUIMREMERZR D my(P) > ey,(P) T, Ak E72I3NAR 3072 5 my(P) =e,(P) —1 Th 5.
% 4.28 (1) Cy OF—FEMr w IZXH LT p*w b C; OF WS TH D, (> T g(Cr) > g(Co) BV LD,
(2) Cl ~ CQ fcﬁ% g(Cl) = g(Cg) T&)é

(b) §3 T Riemann 29 % Riemann-Hurwitz DALz, ZAELEI 2B TH TRL P52 L T,
Euler %O BtEX E L T?D Riemann-Hurwitz OARXNHE G172, Euler HEEN I CTF S5 DT, Riemann-
Hurwitz OARUTFELEOBMRNICHEHZ D5 2 L 6 TEDH. —RKOEKIZRIT 2RI OG5, 1805 & B 514 Tk
HEFSD (ER 4.27) 2 & T, BERFORBOEMHRAE L TO Riemann-Hurwitz OAXDGFHN 5. FEAER D
WA TERT (5 4.26 (3)) Z & T, Riemann D & & & 2<E L, FEOEFKEAL L TD Riemann-Hurwitz
DARBFTFOLND.

EHE 4.29 (Riemann-Hurwitz) ¢ :Cy — Co & IFRFREMAEAMRO DEE 23 EREHEHR ET5.

29(C1) —2 = (29(C2) — 2) deg@+PZC M (P)

% 4.30 ¢ BRAMEBZHTRWE X g(C) > g(Cy) THD. FIZ g(Cy) >2 D& X g(Ch) > g(Cy) THD.
f 41 Riemann-Hurwitz DA Z/RE.

M 42 C 2 2 UL EOIER RS E T2, AHEH o : C — C B, (EEOH KIS w 12D T
Prou=w b LE p=id THDHZ L EZHE.

M43 BAREd 2k OFECTE Y O e 35, Bk C -yt = f(a) (DIFFRERIL) O R L.

M 44 Kk OFEN 2 TH 3 THRWVWET L. REWHR C:y? =2° tax + b PFEREEZ B2V ET 5. Srlith
Br:C—P L y:C— Pk LT Riemann-Hurwitz OAREH - T, C OFEN 1 THDZ L E2HE,»D L.

§5 Riemann-Roch DEE®D

§5.1 REFRBLEEER
(a) C &Hisk g OIFEREMNEIRE TS, C OWT D ORT 2HTHEE [D] TRY. P € CITHLT,

22



®p_:C> P+ [P— Py] €Pic®(0)
Z Poo ZHNETHEEER (canonical map) &\ 9. d ZIEOQHEHE L, Sym?(C) % C OHD d RO KFFE
CSy L4%. Wk d OBRFITdFRE Sym(C) Ot L B2 5. ZOE%T, d KAFHE Sym?(C) 1Z%k%k d @
R T ORMKIZFE L. W d ORT Do & 5.
@p.. : Sym?(C) 3 D+ [D — Dy] € Pic’(C)
% Do IR LETHEEEBR LV H. Riemann-Roch DT %~ T, IRERT.

FE 5.1 (1) ¢g=07251F DivP(C) = Divi(C), Pic®(C) =0 TH 5.
(2) g>1DLE, dp_:C — Pic(C) FHHTH 5.
(3) g>1DLE, W g DIEEDNF Do (25 LT &p__ : Sym?(C) — Pic’(C) IZ2HTH 5.

(b) Fg=0DLx, &N -1 LLEDOKRT D2t LT (D) = deg(D) — g+ 1 = deg(D) + 1 23V 32D,
WHAH 0 OERF D € DVY(C) IZ/H LT, U(-D)=04+1=1>0 k0, BETRVAHKK f € L(-D) BEn5.
div(f) + (=D) >0 £V div(f) > D L7225, W& OKEL 0 20T div(f) =D %735, #%6>CT D IZEHRF+TH
%. Div?(C) = Div(C) 72D T Pic®(C) =0 TH 5.

() @p (P)=2p (Q) 785 P,QeC kLS. [P-Q]=[P—Px]—[Q—Px]=2p (P)—2p (Q) =0 &LV,
div(f) =P —Q L7 HEEE f € k(C)* BMFAET D, f OWMRK 1L Q 72D T fe L(Q) &725. i 4.17 £V
LQ) =k BOT, f IZERERTHS. div(f) =0 ROT P=Q 725, £V dp_ [THHTH 2.

(d) Do #WEN g DRTFET 5. EED D € Div(C) 125 L T,

l(Dog + D) >deg(Deo + D) —g+1=9g—g+1
ERDHDT, BT f € L(Do + D) BMFIET D, Do = div(f) + (Do + D) 1ZRED g DR T-72D T,
Dy € Sym?(C) T 5. &p_ (Do) = [Dg—Doo] = [div(f)+ Do+ D—Do] = [D] £V, p_ : Sym?(C) — Pic®(C)
TR THS.

§5.2 FE—&, FIE, FZEMS
(a) C z=F% g OIFeREMAREM L T 2. C OFEEL, H—FEMO BEORTITARKIC k #ILZEMOKT
TR L. B RSy, B RO BT A EE 4.1, 4.12 ZFEB L, B 4.13 OV IO L EEND B, k(C)
D x LV, Ko =div(de) &B<.

(b) PeC Tm>1ota b o8 _fnoek Q(—mP) 1, L(Kc+mP) > y+— yde € Q(—mP) XV,
L(Kc+mP) LRI THD.

U(Kec+mP)=deg(Kc+mP)—g+1=29—-2+m—-g+1l=g+m-—1
BROT,m>2¢T5LE U(Ko+mP)> UKo+ (m—1)P) LV HEEK y, € L(Koc+m P)NL(Kg+(m—1)P)
BHEIND. #8557 ymdr 1X P CTTE m fLOWE G OE K TH 5.

(c) P,QeC TOHEA 1MOMWE L DHE "FEHIDOEE Qc(—P - Q) 1%, LK+ P+ Q) >y +—> ydr €

Qc(-P—-Q) £V, L(Kc+P+Q) LRMTHS.
UKc+P+Q)=deg(Kc+P+Q)—g+1=29—g+1=g+1>g=1_{Kc)

ROT, HEEH ypo € L(Ko + P+ Q) ~ L(K¢) RIS . #55 ypode 13 P, Q TTH 1 k% &% —ff

o, WEIZEBET DI LT, P TOREBE 1 ICHND. HEGEHLY Q TOREN -1 125D T, ypo dz

X P,Q TENENHEEN 1, -1 OF=FMHThHD.

(d) w#Z CEBEOWMIETDH. w DT div(w) ORRIZENDSHR P e C &L, ZOMEE m = —ordp(w) &7 5.
t & P CORPFBIERET 5. EHE 4.12 OF _FEWHY wip 1L T OEPBAEE S Laurent IR S5, by,
oo by €k BSITEA T, w— (b wmp+- - +bywep) @ Laurent IR D t=™ OHENG 72 OIEE TEITHIH
FTEIICEND. ZDEX WX P TR LAMOWmE LD, TAE#EVIELT, w =w— (G IZEMS OFRF) O
Py, P ST RTIMOMBETHZENTED. P IZBITD ' OBEE ¢ £B<. MEERLY 1+ +¢, =0
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ThH%. P, P, IZBWTENZTNHEE L -1 b 0B ="M n%E w; LL,w' = —(ctwr+- -+ co1wp_1) &
B WIE P, -, Pooy TOEEN0RDT, P, -+, Py CEHITHS. P. TOBEb 1+ +¢,=07%D
T, P. THLEHITH . " 13E @SN ThH 5.

§5.3 TEH 0 DREER

(a) C =M% 0 OIFFRTMAREKIMML 75, T_XTORERT DI LT D) =degD+1 MY D, P eC
ZlD. U(Px) =2>40(0)=1 XY z € L(Px) Nk ROFEBAHEE « NEND. 2 OBATIL P 72D T,
deg(z) =1 Th 2. z:C - P ZAREHRIZZ2L50TC~P ThH5.

(b) 22 ORETIE 2Py, 720 TC, L2 Pu) (BT 5. £(2Px) =3 £ 0, L2 Px) 1 1, z, a2 % HEEIC b o, [k
{ZLT L(mPoo) 1T m RELFD &2 ODZIHADEERIZFHE L. 1E5 T Upso L(m Py) = klz] 23560 32O,

ac Al CPLIZxLC z(P)=a7b P,eC%hLb. 2(Py)=007RDT, 7% P, iTacP IZHLTEES.
avr P, ZFAREH 2. C =P OWEBRIZHT=HDT, C={P,|acP} THD. 2(P) =0V Py 1Tz DFER
T 5. div(z) = Py — Pso RO THIZ 1/z € L(Py) THD. £ (x—a)(P,) =x(Py) —a=0 Tx—a € L(Px)
2OT,div(r —a) =P, — P £72%. 1/(x —a) € L(P,) &43%.

ac Al CPLIZHLTt,=2—alx P, CLNOFESEZLOOT P, ORIFIERTHD. a=c0 DEX t, =1/
1% P DRIFTFEETHD. ac A ITKH L TCug=to=2c—a 2BX, a=0 IZH LT u, =18, 2oL
a, be P TR LT, div(up/ua) = Py — Py H3EKY ST,

FHEE f e k(C) 2L D, div(f) =Py, ++Py — Py, —— P, EE AHEEE fo=up, - up, [Uay - Uqg
DT div(f) 1IZELVOT f 1 fo ORI THS. KC) = k(z) 255,

r

(c) C OHCAMELIR, WEE k(C) = k(z) DEBCRMGH 25 EE 2T, k(z) OB CRMEGEHIT—ROEE
HCHE D DT, 5 Aut(C) = Aut(k(x)/k) =~ PSLa(k) 7Y V2o,

O k=C ¢35, c:zr— 1/z, 70— (x —1)/z ITX o THEREND PSLy(C) OFBLIFET 3 KiE
it S3 I THSH. C(C) =C(z) 1B D 63 DREEKREZ K =C(z)® &<, K IZxhcd 2R %uh#iz Co
LB &, Cy DEEEEZ K ICHILSEDEMHE 6 OFHEMH C — Cy BNend. E->T Cy OFEHEH 0 TRhRiFh
FERoRW. u=c+ 7z +12xck(z) 2ED. uld T DEMTRERDTue Cz) £742%. [C(z):Cu)] =3
DT C(x)'™ =Cu) &72%. Clx) = Clu)(z) LI &, z1F Clu) R 3 kEHEX

X3 —uX?+(u—-3)X+1=0
DR E /2%, ZOFFEAT Shanks O HA 3 KKEIGFEA L FHIN D & O T, 3 WIKEWER DA TR TH
5. u+o*u, uotu 1X G3-ALELDTK=C(2)% BT 5. uto*u=3 (EH) 24, w =uo*u 1T C N
T[C(z):C(w)]=6 £725. it T K=C(w) £x25. Cz) =C(w)(z) &HIE, z 1T Clw) k
X6 3X°+ (w—3)X*— (2w -11)X?+ (w—3)X2—3X +1=0
TERIND. Ga-IERICHTHAERMFEARTHS. ZOFHEXL, u it Clw) EFU?2-3U+w=0 TEHES
, ZoHENE Clu) LDz OFBRADND v IZHZH 0 2HETL (KR a BRI lvy) 2L Thibonsd.

145 o:azr—2/z,7:2+—2(x—1)/z IZE>THEMIIND PSL(C) OEZEEIT 4 R AR Dy IZFRAT
B D, Dy-fEK C(x)/C(x)Pr oEH TR ERD K.

M 46 HEER P © 4 5 {0,1, -1, 00} ZEHT 5 —RSBEHREERD 72T PSLy(C) OFERGE G %R,
C(PY)/C(P))C e HfER Ak L. G O 2 OWHEE H 1 LT C(PY)/C(PHYH o hftsia ke k.

§5.4 FEH 1 OREEER

(a) C Z=Fsk 1 OIEFFERZHREMME L, P € C L2 5. £(0)=1,4(nPx)=n(n>1) &5, 5T,
L(0) = L(Px) =k T L(2Py) 2 k Th%. ((2Py) =2 2D T, IEERAELEEL © € L(2 Poo) N k 2L L(2 Pyy)
E 1, x ZREEICH D, ¢ OBRETIL 2P 125 LV,

l(B3Px) =372D T,y € L(3Px) \ L(2Px) NHUIL L(3Px) 1X 1, z, y ZHIEIZH D, y DA 11X 3P I
SV, 22 ORK 13 4 Py 20T, L4 Py) ICEHENDEEE LT 1, 2, y, 22 BEND. ZHZENOMEAEFIE
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0,2Py, 3Py, 4Py 72D T k FIMNLTHD. 1, 2, y, 22 1L 4 ot k BIEZERM L(4 Py) OFEEE729. L(5Py)
DOHEEELTI, z,y, 22, zy DI, L6P,) OFEEE LT, z, ¥, 22, zy, 23 B b, LLFRERIZL T,
Um>o L(m Px) = k[z] + k[z]y L 725.

(b) y* OFT1Z 6 P 72D T y? € L(6 Ps) Th . 6 RIT k MILZEM L(6 Ps) OIEIKIT 1, 2, 22, 23, y, 2y
ROT, Y X TNOEEOMEMBEE TRED. WU AFZ Tyl +azy+azy=aox® +asx® +agz +ag 72
% ag, a1, -+, ag € k BIFET 5. WHZIZBINLDTH TR 723 6 Py E7225D1F y? & 23 OHIeDT, 23 ORI ag
XA, FHEEK o, y IBEEMOKEK L L TRAZ LD TH 20T, M4 (0 TRV) T L CTHRY
ZTHEDRW. 2,y & BT ag 5T 5 &, EOMIEERRIT 2° OFR%E 1ICT5 LN TE 5.

(c) C DHHEEH z, y OBFBRXICKHET 5, 3 RT 7 ¢ iR

E:Y’+a1 XY +a3Y =X34a X?>+a4 X + ag
EDH. —RIZ, EOEDOHTREKXE Weierstrass AR &V ). fFHOEY HIZ L RAE2 L O%HE5 L H 503,
RS EZ 72720 & & E % Weierstrass TR CTER SN -FEABE L V.

W 5.2 (1) C OFEEH z, y OEBRATERINTE B IIRESZ L2, DEVEMEHRTHS.
(2) FEHEH ¢:C > P+ (z(P),y(P)) € EIX,C 5 E (E OFEMRA) ~OREIZ5 2. - T,
ERITERX Y2+ XY +a3Y = X3+ a X2 +ay X +ag % C O (HDHWE E D) Weierstrass 2R & 9.

KM ahit E OBRBIKITEER R X, Y TAREND. LomBEL Y C OFKKIET E OFREEE T o' X =z,
Y =y DT, k(C) Xz, y TEMREIND. LD iE D L,

@iz 5.3 C N 1 OIEFFEZEMALSRET 5.
1) {EE®D Py € C ok LT, MR T2 2P OFBEE © &, 3Py DEBBEE y BMEET 5.

(1)

(2) L(mPy) DIEEL LT, 2, ---, ™2y ay, -, 2l(m=372ly 380N 5.

(3) =z, y ZHWMITERMG LTy +arrytazy=23+asx®>+asx+ag 725 ay, -+, a5 €k DEIND.
(4) C OEEMEITE Lo,y TEKIND. O2FY k(C)=k(z,y) THD.

§5.5 FEH 1 OREFHAREDME

(a) HUEGH &:C > Pr— [P— Py] € Pic®(C) 1%, EH 5.1 (2) KV HHT, (3) LW &NTHD. & Z@EL
T, W TR Pic®(C) OREEEE C O LICRET 52 LN TESD. P, Qe CIZxd LT &(P)+d(Q) =B(R) 725
ReC B, P&Q :=RIZEY C OLICHEA @& NWEFRIN, C 1 Py 2FELE T HIMEROKEZ HO.
D=P+Q—P, £8<.deg(D)=172DTUD)=1ThHb. FETRR\ fec L(D)BMHETS. div(f)+D 1Tk
¥ 1 OER 70T, div(f)+D=R(R€C) t#FSH. R—Poy~D—Pyy ~P+Q 2P, =P— P, +Q— Py
£V, P(R)=D(P)+P(Q) HLV L. ik @ ZFtH T 51213 L(P 4+ Q — Px) ICET 2EEZROIT L.

(b) L(P+Q—Py) BT HEHT P, Q THX LLOWME b OEBEOEK L(P+Q) IZHFEND. ((P+Q) =2
ROT, L(P+ Q) DK LR DEEE S L, Py THRALMD LD ITHREOM A #N 7R % iR < B TR
AUX L. BYICH X272 P, QI LT L(P+ Q) 23lHT2013A0 LayRNEs. INEOERZD LABLT,
POQ=R7%% RuEROHVLARST-Fhidab525.

2 € L(2Py) N k 1X 2 R Galois # x: C — P! TH 5. Galois B G, DEMILE « L. PeClzxtL
TP =uP) tELZEIZTH. PEC(P#Py) &75. AEEK ¢ — 2(P) 13 P %8126 5. x(P') = z(P)
OT P b x—x(P) DESTHL. P MRz ORERTRW (P £ P) L%, div(e —2(P)) = P+ P — 2P
MALVSNLD., P S o OEOEE, P TORIGHEN 2 78D T o —2(P) X P T2M0FEAERD. LoT
div(z—z(P))=2P—2P, £ 7%, EH0It8 L divie—x(P))=P+P —2Py L72%. [P'— Py = —[P— Py
DT B(P) = —B(P) 2155, PR a ONIEEOLE 26(P) =0 L7225, $(P)+d(Q) = D(R) L5 &
%, (R') = —®(R) 2D T P(P)+ Q) +P(R) =0 IL[AETHDH. ZDL& P+ Q+ R —3Px ~072DT
FELBPL) TAiv(f)=P+Q+ R —3P, L5 bONRMND. L(3Py) PHEEIX 1,2,y DT fid o,y D
LR THD. A C~EICLY CIIFEPEICHEDAEND. 20L& 2,y 37 7 4 VEESR X, Y I3t
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20T, z,y ®1WRITRKX f =0 135 FENOBERIZIHET 2. ZOBEKT f=0 1XEMROFERE NS Z LR
T, fOERP,Q R ITEMR f=0DLDORLENZS.

UbEEEDs. P,QeC &35 . L% P L QEBHEMETDH. P=Q DLXTLELTPTOC OHRE
E5. 01X C L P, Q RTEDPD. Z0OLE $(P)+P(Q)=F(R) 5D T,PEQ=R Thb. ZZTR
T 2(R)=2(R) 20T, Btz —z(R) =0 & C LORZHRELTRHEATES.

() z(P)#z(Q) PHAEIZ L(P+Q — Py) #HEEEHZ THD. P, Q H@HEMDOIERXE a+br+cy=0 &
BL,div(f) > PP+ Q —3P, ThD.

. at+br+cy
1) (o)) LR R
2OT,h=(a+bx+cy)/(z—z(P))(z—2(Q)) € L(P+ Q — Py) THD. EE P HNIEETRNWEE P OR
FTVAERE L Tt=x—a(P) b, AEEE L % ¢t TERETI L
b a+bx(P)+cy(P)
z(P) — z(Q)
P AR oL & P ORFHEKRE L T2 =0 —2(P) Nend. y=y(P)+bt+--- &t TRERETDH L,

_ cb -1, ...
VR (o) L

EHELDBEAEDL 7! ORBUIFETRVDOT, h 2N P TTE 1 fOMZ L ONBAER CHRETE 5.

1.

B 47 o(P)=2(Q) £7%% P,Q OF RTOMAEDIHIH LT, L(P+Q — Py) &R k.

M 48 JEMEBR OIS AWMV HEZ D2 LT, C O RIZ5I&EZ SNDIMERERE X EDRRICE D D H.

(d) EEFZHOGIZELICEIVERIND, FEL 1 OMNREuh#R EoIERRIL, BEGBROEROEVHIZE - T
EAE L LIRS, ERITIMEDOFE LD T, B aRETH 2 & TR 1 OREl#R EIomEEEREE SN
5. ZHETH LBHRIZE > TS, FEIERR & 13 1 IRoe 7 — -~V EER KD Z L ¢, FiE 1 OfRERii#Ro Z & T
7RV, FEEAY 0 2> 2 LA EOREHRO Bk, FEEGE L COMERENERZ TEXRVO T, 1 kKT —ULEEk
&2 5 DAREKHFRITEEN 1 OLOICRS. B 1 OB E 121X O € E 20 & T 5 INERENERE T
XHOT, M (B, O) Zf6AMIR LV 5. E 5 Weierestrass FRERTERIND & ZIZ[RY, HIREA O = [0:1:0]
HEITETHIMERBZREERO 5 BICRE L, BIZ E 2 FEM iR L s,

§5.6 B 1 ORYBROWMY

(a) Riemann-Roch OEH, &2 VB OER LY, BB PFELZORKIT 1 Roc k #IBZEMZ T
fid 5.2 TH37z, Welerstrass F R TER SN MFE (i 1 OIFFr R AEhMR) ([T LT, B—H, 5
fill, 55 =FMoy 2 BARRIICO 23R L T 5.
E:y2+a1my—|—a3y=:L‘3—|—a2x2+a4:z:+a6

E+ 5.z E — P X 2 Wk Galois #47 C, Galois #f G, OAEKILE « EBL. flHEOLD (P) = P £ &L,
roir=x72DT x(P) =x(P) KV i>. y(P), y(P') Xy ®2KFEX y> +a12(P)y +azy =z(P)3+---
D2RIZBRDEDOT, y(P)+y(P')=—a1x2(P)—a3 £72%. y(P') = —y(P) —ayz(P) — a3 72D T,

t:E>5P=(z,y)— P =(z,-y—a1x—a3) €E
EHREDH. PN x OB (PP =P) L7eb & yP)=yP) DTy D2 RIFEX y?> +a12(P)y+azy =
(PP +- DEMEZLDLETHD. b OEHN 2 LReD L HA P O x- BT (a1 7+ a3)? — 4(23 +
azz? +asz+ag) =0 ORT, y-FEIEIL y = —(a1 2(P) +a3)/2 TRIND. k DIEHIR 2 O L XL, 3l 8E0 z-JE
X arz+a3=0ZH7-d. LTHEOZD b OFEHN 2 LR 2535 EXRSZEXOLLO y OEEZFSHTD
Blegennl, (y oR)’ = (x © 3 WEIHERX) L' S, 2 ONIEAIL, Z0O4L0 3 KEBAORE o EE L+
% 38 (P, Py, P £3B<) &, Po=[0:1:0] TH 5.

R 49 Riemann-Hurwitz OAREE ST, 2 KB . E — PL OIS OEEN, k OREEN 2 LB D L& 4
i, k ODFEHN 2DLE2HTHDZ & ETH.
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(b) B k OFEHMN 2 LRLRLIGEAEZD. AHEE ¢ DML Py OHT, ZOMEBIL 2 Thd. #iE
x:C — Pl O, LS DIIE Py, Py, P3 O 3 S THBREITT T2 ThD. §4.2, §4.3 IZHE- T, E Oy
dex ORTZEFIHT D &,
(dx) = P, + P + P; — 3 P,

LD EER T A EEEHET S 2L T, S 1 OA D degdiv(de) =0 =2g(E) — 2 MDD BTz,

ETC,yo=2y+a1x+a3 € LBPy) 252 5. yo 1T E DEHRFERXE y TRMO LIZLDOTHDLN, E OE
BHERXD §y 2EDHEEZEFORICE LD EXIHNITETHLH D, yo OFESITERESZRLS o ORI
7250 T,diviyg) =P+ P+ P3s—3P, Thb.

wg =dz/yo £B<L. wgp & E ODFREMD H 5% Néron M2 & V5.

div(wg) = div(dz) — div(yo) =0

72OT, E OWMASRFAEITERFRIZE LY. wg 1IBEZ 72RO T E OF MO Thsd. oS w
IZOWVTH div(w) =0 2D T, w/wp IXEHEEZ /D, E OF MO 1 Kot k IBZEMZ 727

FeERE) M5 L div(fwg) = div(f) Thb. Py TORME bW “HMMNIL, P TOHME b HOAHH
¥ frLoT fwup LFEED. Py TORMEE S OHBEKO R Unso L(m Pa) = klz] + k[z]y 20T, Py
TOHMEE b O TR OREKIT (klx] + k[z] y) wg 12E LV, —RO P e E I LTHREEIC P TORME
OHHBHEDOEEEROIUIZ I, £(0) =4(P)=1<l(2P)=2<{(3P)=372DT, P TO % L OFEHEK
zp,yp C, TNEND P TOMNMBNTE 2 L 3DLONRGFETD. Py DL ELFEERZ, P TOXMEE HOHE _fi
WMoy DRI (klzp) + klzplyp)wrs L7025,

P,Qec C (P #Q) T1MoMz b o8 —MEniE, LIP+ Q) BT 2HBEKKIC wp ZTuX k.
L(P+Q) X855 (c) TIESTHBHNDT, P, Q TOXH 1 MDOMi% b S%F =My ORIKIE LIP + Q)wp THEIN
5. UP+Q)=270DT, P,Q TOH 1 OME b OH =Fily ORKIL k 2R E LT 2RTTHD.

M50 P#P, T35 2p=1/(x—2z(P))€L2P),yp = (yo—yo(P))/(x —x(P))? € L(3P) ZH.

(c) Kk 1% 3 LR (IBEN 2 ONALEL) &T5. THRIE 3 OFHEEK vy oMy dy 5% 5.
zo =32+ 2wz +as— a1y (E DEFRFFEAE o TRMS LIb0) L. EEFERIC LT div(dy) = div(zg)
MEHETE 5. 6> T dy/mo 1L —HMHY T, (BN 2 TRNE X)) wp OERETHD. FEERIZIL F OERGR
KOBWEEFHFET DL Tde/yy = dy/zo DREND. HEEN 2 DL & wp =dy/zg TREWMSYEZEFHTDHZ
LR TED.

M 51 (1) k OEHEN 23 LR-AeDEE du/yy=dy/zg THDHZ L EHEND L.
(2) AEWMY wp X, E OIMECBELTARETH S Z & 2Ry,

(d) Bk, E OBMSICHONTEED .

8 5.4 FE % Weierstrass FFERTER SN 1 OIERFEEMmMALMR L 35,
(1) dz/(2y +a1z+a3),dy/(32% +2asx+as —ary) B E Oy E LTHETRWRS, WFITHELV.
(2) LOWS% wp L. 20L& diviwg) =0 Th 5.
(3) E OF MM OREKIT kwp IZF L. FRCE MO ORKIT 1 Kot k 2R %272,
(4) zp,yp % P € E TOHZE L OFHEBEEKT, TNEND P TOMNEBNTE 2,3 DL LT5 (P = P,y
DEE ap=x,yp=y LEND). ZDLE PIZBTDH MRS OREE (kap] + klzp) yp) we 15 L.
(5) P,QeC (P#Q) TOH1MOWELOE =FEMIOEMEIL L(P+ Q)wr IZFELW. FFIZ P, Q TOH
a1 LM E b8 My ORKIT 2 ot k BBz E T

85.7 Weierstrass &

(a) C ZH¥ g OHFRKRIMMEL, P e C L%, P OHTENT, P T n fiofliz b oBEEo4k
iX L(nP) "OT, P TO&ZK%E b OEKO LKL U, L(nP) THX BB, P TIE n Moz b BRI,
L(nP)~L((n—1)P) "B T 50T, {(nP) > L((n—1)P) DL X TIRY 1T 5. il g=0 DL = P TEED
MO E b OBEFAET S, B g=1 DL X, n>2 TR LT, P T n (LoMik bOmENFET 5.
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FH 5.5 (Weierstrass) C Zfif g 7% 2 LI L (g > 2) OIFFEEMAEBE L, PeC LT 5.

(1) P TORE b OABREEMNET 5.

(2) gMORRLZERE ny, -+, ng BooT, TNHLERRDHEEOARE n I3 LT, P DITEAIT, P T
TE n Loz b OFEEBENFET D.

(b)) L(9+1)P)>g+1—g+1=28,722.L(9+1)P)>272DT, EEHE TR fe L((g+1)P) NFE
T5. f 3% b-RIER L2V, f ORERFICEIZ P FFARDT, fii P TOXME SO,

(c) P CTOHRTE n oMz b OHEEET, (nP)>((n—1)P) DEXFEL, U(nP)=L(n—1)P) DL X
TFELRW. nP)=n—g+1(n>29—2) DT, n>2g 12 LTLnP)>l(n—1)P) £725. P TTEn
(> 2g) MLOWRZE © OHEEBBFIET 5.
((2g—1)P)=29g—1—g+1=¢g DT,
1=6(0) < U(P) < L2P) <. <t(2g—2)P) < (29— 1)P) =g
LD VA SIHDEAI(P)—L((n—1)P) X022 172D T, 29— 1HDOEVEIHDED I H g—1 A1 T
gEH 0 THD. U(nP)=L(n—1)P) L725 n ZNAIZIE Tz ng, -, ng 23, EH 55 (2) OHREOMTH 5.

(d) (nP)=(n—1)P) LiasENn & P OEBIE (gap value) &\, A SVIFICIEST {ny, -+, ng)
(1 < -+ <my) % P O ZMRIEFI (gap sequence) &5 . ZERRESNIL P IZEADOBOESTHLN, FhLOHE
{1, -+, g} IZ7% 5. Z=ERUESIN {1, - -, g} £H7eD PeC % Welerstrass R \WH. Flifig=00D L& C OF
RTORTEREINIZEEELE T, g=1 DL ETXTORTERESNL {1} THD. FED 0 2> 1 OIEFFRZEHR
Fth#RT Weierstrass sz b 727200, LIF C OfEKIT 2 LLEET 5.

B 5.6 C ® Weierstrass Aldm 4 HIRETH 5.

ZOmAEE, RO Hurwitz OEHTE Y EEMITTRIND. NEMTIEH D0, BEINIC Weierstrass 237 BRI
ThnH I EaMNTHD, BEREHESR &p_ : Sym?(C) — Pic’(C) 13, JAE DR T 1% 1 &/ h. HHHZAR D
ROETE, Symd(C) @ (HAZ/NS W) S HREOFRIMES (€ L) TRESH. Sym?(C) I C ZxHAIZHED
AATELOEBERIZ C LRI—HRT 2 L, Weierstrass #ild C & € OB DITEEIND. F7= Weierstrass i3 T72
WIRDMFET 20T C 11X £ ITEENRV. Bézout DEBDILRIZL Y C & € DIBEZITARERITRD DT,
Weierstrass sidiE« ARETH 5.

() LIF k OfEEIT 0 &%, C OF MWL BED R THIZZEMDIELIE wi, -- -, wy (X LT, Wronski 175
(Wronskian) W(wy, -+, wy) ZEFT L. Pe C ORFINER t LV, w; = fidz LERT. m=g(g+1)/2 LB
E D % f O tIZBTD RS ETD. W, o, we)p = det(f7);; (A6 1E m BORFHGY (RIS
D m T I NARE) ELTEREZED. 22T W(w, -, wy) = (W(wr, -+, wg)p) £BL &, 157D Wronski
ITHIHY m EOWS (30 m 7 Y V) & LTERSND. Wronski 178 W(wy, -+, wy) PEFZ2 We &
/X, Weierstrass BF & L 5.

i 5.7 (1) Welerstrass K1 We 135 o OLEDORY HIZ L6720,
(2) deg(We)=g(g>—1) T, PeC Tuvp(Weg)=mn1++ng—m MY L.
(3) We IFERK¥ (We > 0) T, TOREAIT Welerstrass mOEARIZHFE L.

% 5.8 FEH 2 L E7R D Weierstrass SSTE(E L, ZOMEEILE~ g(g® — 1) HTH B, BB THE g(g? — 1) 18
DL x| EREFITTRT{1,2,---,9—1,g+1} TH 5.

Weierstrass S OEEDO TR G BRI E 222 LN TE 5. WEOEAEZE XD Z & T, HAREER) S 2 ES]
EERWTZEAD BRI EEROE R 2D 2 b D . ZEEIE 29 KV /NS WO TROFE I Y | ZEREOFn
1% g% LFICR 5.

WES59 N—{ng, - ,ng} (1<n < <nyg<2g) PIMEZOWTERERD, ny + - +ng < g2 DLV VO,
& T Weierstrass [k P TONMNEL vp(We) IZZEBRIEOFINS m = g(g+ 1)/2 Z81W\WebDTHo7=DT,
vp(We) < g(g—1)/2 &£ 725, 15T, Weierstrass sidd7e< &b 29+ 2 MFET 5.
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EH 5.10 (Hurwitz) Weierstrass siOfEEIE 29 + 2 L L, g(¢? — 1) LR TH 5.

Bk & OREhH T Weierstrass s OB KRIED g(g? — 1) & 720, F/MED 2g + 2 8172 25 O 12EFE 1 i
BRUCIRD. i g=2 D& & 29+2=06,g(¢> — 1) =6 72D T, 2N OO LIFFHD 2 OIERF RS HRIT
IR T D Z & 2R 5. 2D Z &% Riemann-Roch OEH AL T, T<ETHID 5. (§5.12)

il 52 i 5.7, /8 5.9 2 ~H.

§5.8 RHEROECEEEH

(a) C ZF% g (> 2) OIEFFREMEREFR & L, Weierstrass RO Z w L 3<. C OHCFREEE Aut(C) 13,
C»LHESAE~ORBESBEERORTHTH D, B OFTREHIE Weierstrass S OMOBERZ 5| # 27

FE 5.11 k OEHN 2 LRpDHET 5. BFEMMER C © Weierstrass A2 HET 5 B CAAGESIL, [E554
N L A P o el

EH# 5.12 (Hurwitz) 2¢+ 3l EORZEETDH LRGSR ¢ : C - CIFEFEHTHD.

% 5.13 BEOWERMGTE Aut(C) — 6, %, C WBHEMEH TRV L X HHThHS. C NBEMNHIERO L %, 20
BATERE TR DR T 203 2 OEARETH 5.

EE 5.14  FEES 2 LLEOIERESER SR O B DRI AR CTH 5.

B 53 ROBEIC L TR 5.12 Zoit: f 28 512 OECREE4 LT 5. PcC It LT he L((g+1) P)~k
ZEB.hg=h—o*h DRFEHEL, hg=0 ThdH I Lamt. oT f(P)=P &5 &%mH.

(b) C OACFREMERIT C OEEIL k(C) PACHMERZFIEEZF 0T, Aut(C) 1FBRIC k(C) IZIEH
T5. G % Aut(C) OH d DERESEEE T 5. k(O) 0BT 5 G-REE k(C) 11 k(C)/k OHRREIET,
[(C):k(C)F) =G < 00 £72%. ZDEE ¢*(Cg) = k(O)C 72 % FI RIIIMIR Co L HHGTE o C > Cg
DIFETD. Co & GI2LD C OEREBIR (quotient curve) & 9. ¢ : C — Cg 1% Galois BEA G IZFE LW
Galois DIEHE CTh 5. DR ¢ OB % Py, -, Ps€ Cqg LT 5. ¢ 1% Galois #&7/ DT, P; ® LD FIC
BITD @ OFIEHEE (e; LBL) IFTXTHELL, ¢; 1T ¢ OFRE d DK TH 5. Riemann-Hurwitz DA
292> d(29(Ce) —2+ (1~ gr) +---+ (1 - 5))

D,k OEEN 0 72 51F, BFHASIERBRNARNOTRIIFICESNEYILD. 20L&, 520K g
(>2) ITXF LT g(Cg), e, -, es DREHERAL Bo TS &, BEFRMRED LEAELNS.

EE 5.15 (Hurwitz) k OEHITI0 &35, g>2 0k, ACRAEE Aut(C) OAEUL 84 (g — 1) 272\,

M 54 kOEHIXO0 T2, ACRABEOMNET, 84(g—1),48(g—1),40(g—1), --- L7225 Z L &R,
(1) TRCOEEEZFHAET 2 LE T2V, EEO L OE 52 5 5HEOME Ko, fTRECThHIUR, EEHREZ A
FHNCR LT C DERTERE 52 TH L.

155 &k OFKIE0 LT 5. COMER 2 261E, ACRMBEONIIT 48 @AV & &Rt (LoFERM
BAEBE T, AN 84 125N LRl

§5.9 HEEMBR

(a) FEE g (> 2) OIEFFREMAEAIIR C T P ~D 2 RO ITEEHEE (GAREDR 2 OSBRI ABEE) & 6o
HOXBEAMKRE NS, 2:C - P % 2 ROSBEIKE L T2, 213 C OFREETH LN ZOMIKN 1% D &
B<. DIE 2 ROBERF2DOTUD) <2 ThHDH. L(D) F—RMSERAHEE 1, 2 251D T, {(D)=2 T 1,
x NEEERD. m>g DX I(mD)=deg(mD)—g+1=2m—g+172DOT, FZ l(gD)=g+1 L7 5.
2™ e LimD)~ L((m—1)D) (m>1) 72D T,
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(0)=1<¢D)=2<{2D)<t(BD)<---<l(g—1)D)<l(gD)=g+1
ETeB. o T1<m< gzl TlmD)=m+1 &7 LimD) L m KELTD z OZHEALKITE L.
((g+1)D)=g+3=4(gD)+272DT, L((g+1)D) \ZiF g+ 1 KU TF D x DEIENER & 13— KM 22 ALK
ByeL((g+1)D) Bensd. Ubky,

k+kz+- - +ka™ (1<m<yg)

iR 5.16 L(m D) =
k+kx+---+ka™+ky+kay++---+kxm 9y (m>g+1)

ETZZTy? OWMATIL2(9+1)D 2RO T y? € L(2(g+1)D) £72%. g+ 1 WL FOZIEANX a1 € k[x]
& 2942 WL TFOZHK as € k[z] T y? +ar(z)y +az(z) =0 it 5.

TE 517 C1E,Co:y?+ai(z)y+az(z) =0 TERSNDT 7 4 > Fi g O IR R LICFAA TH 5.

f9 56 fHHEOED kEOERIL2 ERADET5.
(1) 774 FEi Co:y? +a1(z)y + az(z) = 0 BERAE 7220 EMEE 52 L.
(2) %k g OB C OB x, y 1OIEST2T 7 4 VPR Co IXIEFFRTH D Z & 2R,

(b) a1, a2 € klz] & degas < g+1,degas <29+2 &L, 77 Fiith#t C: y? + a1(x)y + az(z) = 0 28
B S22 b2 0ed 5. C: o+ (wlar(1/u))v +u22ay(1/u) = 0 B &, C bIERRT 7 ¢ o i
Thb. AHEH ¢ : C 5 (z,y) — (1/z, y/z9t) € C IZWEHIT, ¢ TC & C MY A= R
C=CuUC i3 C DIFFR5 ML THS. C OEREIL 2-JEED 0o 2D T, CITHBWT u-JEEER 0 DA TH .
ai(z) ® 29T WOHEDOREE c1, ag(z) D 22972 OHEOREKE o LB, ZDLE C O wJEEER 0 O RO v-JiE
BiX v +cv+e=0DRTHS. kOFFIZEST, C OEREML G —4c0=0DEE 1 1T, cf —4des #0
DEZ2RTHD.

2 & Galois #78 z : C +—— P! @ Galois #1X t: C > P = (m y)— P'=(z, —y —a1(z)) € C THEEIND. ¢
ZRBEAME LS. uEER 0 DS Py = (0, v0) € C 13, 1 12& 0 Pl = (0, —vg —c1) € C ITBS.

(c) PLMINWVERELZT 2720, k OFKIT 2 LRe2L35. BAEMHR C 13, EREL7ZRVZEK
f(x) €k[z] Ty?=f(zx) TERTDHIENTED., Z0LE C OEBESIL, f ORBBEFRDOLEE 1 18T, f
DEENERDO L& 2 8 THD. 77 4 VESMR ED d BHESRE Qr, -+, Qu EBL. ZNHDRD o-JEHE

z(Q1), -+, #(Qa) 1 f(x) =0 DRTH Y NAIZ oy, -+, ag £ELS. ZDOLE Q DRFIIIEKL LT H =2 —q,
(t; € k(C)p) END. Qj ITBWTIEEHNE v OEIX 0 THhLH. ERFBEXNOLED f(x) & t; ’C“@Eﬁj‘ék
f@) =018 +byf+-- (b1 #0) &EFETD. o? = f(z) £V y=Vbit; + (MKROHE) LRSS, RHIOEIZ
ZOTENTWVD X DITRADN, t; ORD HIZ £ ORMEI N H LD T, y DREFIZ £ 22 2 BT E. k
{7 < ordg, (v — ;) =2, ordg,(y) =1 TH 5.

T 77 AR (2 OTFERIR) EOR PeC &0, a=x(P) e Al £BL. o-EEOMEMN a 725 51% P
L P ThD. - EEOEEWRT DL EITT P, PP 2N EN P, P, £EL. ¢ ¥ P, TARIETHL72H P,
DRFTESE L Ttp, =2 —a DD, P, BT y-BBIEEEOM y(P,) 1X 0 Thv., ERFBEXOLD
J(@) % tr, TS E, () = by +bite, 4 (bo £ 0) EETBD. (y(Po))? = f(x(P) = F(a) = by £,
y=y(P,) + (BROHE) LIEHEND. > T ordp,(z —a) =1, ordp, (y) =0 TH 5.

d Do & SR Po 1TME— DD MT, u, v-JEEETET L (0,0) L7485, DF Y 2(Py) = (1/u)(Px) =
1/u(Ps) £V Py 1 TEE ¢ DT, (y/2™)(Px) = u( o) =0 £V, y ® Py TOME ordp_(y) 1T 2™ D Py
TONE mordp (x) TV REWV. 2D UEEIC X 2 B 2 OB DT, Py ORIFTBIZE K E LT
2 =1/7 (teo € k(C)p) BEND. Y2 = f(z) = aotoo2d+--- (a0 #0) £V, y=aot: 2+ (MKDIE) L7z 5.
- T ordp_(z ) = -2 ordp_(y) = —d TH 5.

d PMEEO & S ERFELIT 2 2H DN, u, v-EETET & (0,+/a9) &FHITD. (0, Vo) &Ciﬂﬁﬁ“éﬁﬁﬁiﬁﬁ

% Py &L, (0, —/ag) \ZHHET 2 MRS % P &é’é B u = y/a™ 1E, Po ICBWVT ag &I
PLITEWT —/ag ZEICHD. b 5D LRI, (32 R 2 DA H&Ettmf Py @E%%ﬁiﬁz& LT

too = 1/2 (too € K(C)p,) BEND. y? = f(z) = aotood+ < (ap #£0) &V, y= \/_Ot; 24 + (BRDIR) & 72 5.
- T ordp_(z) = -1, ordp_(y) = —d/2 TH 5.

iR 5.18 (1) d=degf B&HFD L X, div(z) = Py + P, — 2P, div(y) =Q1 + -+ + Qg — d Py
(2) d=degf MMitkD L %, div(z) = Po+ P) — (P + PL), div(y) = Q1 + -+ + Qa — (d/2) (Ps + PL)

30



(d) ZEBRMESIOFHEEZTSH. d =degf B (ZDEE d=29+1) D& X, BEEM Py INERTH-
72. Py OANTEAIZRAEBEEIX, 77 ¢ V0 difR ECERZRAEEE e O T, BERE CAER S -2 HAHK
] oklz, y] (072D, BIRK y? = f(z) ICEETIUR, klz] + k[z]y £ETS. ye L((2g+1)Py) 72D T n < 2g
LF2%L L(nPy) Cklz] Thd. x€ L2Psx) ROT L(0) = L(Py) = k, L(2Px) = L(3Px) = k+ kx, ---,
L((29—2)Px)=k+ka+ - +ka? ', L(gPx) =k+kz+ - +ka? L7225, KT nPs (n>29+1=d)
DOEEE LT, n MEED L X1T 2"2 &2 n REBOLXI1T 2 D/2y 2L D52 LNTED. 1o T Py DZERIE
ik {1,3,5,---,29—1} TH5.

d=degf NME (ZDLE d=29+2) DL &, ERIFER Py 1I0MARTIT/RV. L(n Py) PRIT £(nPs) %
AR L72WDTEN, JelZ L(n(Pe + Pl)) (D L(n Py)) DT EFET 5. P & Pl OSVTEAIZRAHBEEIL, 7
7 4 RO ERI 2R A BB A7 O T, RSB v, y CTEMRS NS HEAEK kr, y] TH D, BFREX yTf(z) 12
L0, klz]+klz]y EETD. ye L((g+ 1) (P + PL)) £V, L(n (P + PL)) Cklz] (n < g) &72%. klz] DX
B A o TRERDT, klz] DITITkT D Py OO L Pl ONEITFE L. fE-> T P, TEHIZ klz] Dt
I P THIEHITHD. Lo T L(nPy) =k (n>g) #1525, ZREINITE g MO BEREOMA DT, Py D%
BAEANE {1, 2,3, .-, g} THD. C OFIHTOZEREINL d BEFEDEE D Po D, NI RTOZERESIX
d PMEBDLE D Po DOZEBUESIOFHE L FERIZTE 2.

i 5.19 2 RHEE z Ol P e C OZERESNX {1,3,5,--,29— 1} ThD. TOMDEDZERESIL
{1,2,---, g} THD. > TFEMEIKR C © Weierstrass milL 2g + 2 i TH 5.

ER 5.11 & 2HVMIR 5.13 L0, BEM o B CRASHRITEAIAXE & AR CTh 5. B ORI Z #8rEM &
T 72 RAHHE RAut(C) = Aut(C) /(1) &2 C OHHFIBEEEEF (reduced automorphism group) &9

M 5.20 #H A QAR RAut(C) 1%, BRICHEEMRO—KDEEMOEIFNC /20, F7o, B Sygio O
ERAREICRATH 5.

() k OEHN 2 LRIpDHLTH. C Z#FtL g (>2) OBFEMERT, z:C - P ZHEERD 2 kB LT 5.
(a) T L(mD) (m>1, D%z OWKAF) OEEDOFHFINS, C 0T 7 1 o Fmh# e L ToERTRRNEL G 2 7.
ARG AR D Weierstrass SUCOWTHANTZZ EEAWD &, EBEFBERXEZKRORICG 2D ENTED. 21X 2k
® Galois B2 DT, syikiaEiE 1 £721% 2 £ 725, Riemann-Hurwitz DAL 0, 5l S o EEIE 29 + 2 T
H5. ai, **+, Q2g42 € P! % ¢ DR ET 5.

EE 521 ClECr:y’=(@—a1)(@—az) - (z—aggeo) CAAETHD. (FLOFET a; =00 &7 HHITERL)

§5.10 FEEMBROWMY

(a) k OFHT2 L8R5 L, Ciy? = f(z) ZHIk g (>2) OBFBMAMRE TS, f € klz] TEBE LT, K
Bixd=2g9+1,29+2 TH5. #§ de ODIRTZFHET 5. 2K Galois i 2 : C - P OF7 7 7 1 U ihi#k b
DS Q1 -+, Qq T, d BAED L & MRS Py BRI, AEEE ¢ ORI, d BHERD & X 13T
FRE A Po ME— DTN —2 THD. d DMEEKO L X1T 2 DOEIRES Py, P, TH#IX -1 TH 5.

aRE 5.22 Qi+ +Qu— 3Py (d 1Z7%)

Qi+ +Qq—2Py —2P (d 1318%k)

d P3FFEE (Poo DYIIR) DEE | Qai1 = Poo LB dBFHHOLE d+1 =242 T, d BMEKDOL & d=2g+2
Tho. #>Td OWMFITEST Qi -+, Qagye BBz DT NTONMERERT. Eiz d BHFRO L& P, = Py
DT, W5y de DR F% d OBFICLERVBTEES.
div(de) = Q1+ -+ 4+ Q2g12 — 2 Poo — 2 P/

div(dz) = {

(b) AHEEE y PR TIE div(y) = Q1 + -+ + Qagy2 — (g + 1) (P + PL) 72D T,
div(2L) = (g — 1) (Poo + PL)
Thsn. Flzdiv(z) =Py+ P, —Px — P, 2D T,0<n<g—-11ZxL T
div(z" L2) = n(Py + P) + (9 — 1 = n) (P + PL)
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523 C OF oLk, L 0L gl L TR RS g WOt k-RIBERTHS.
(c) Po MRS (Pl = Py) D& E, Py TORRE S OHBEBDO KL k2] + klz]y Tho72. w & Py T
DIHfRE S OWy&T D &, w/de 1L Py TORIGE L OHHEEE THD. > T Py TOHMEE S OH _FEiKy
D& (Klz) + Klz]y) B <5,

Poo RGN (Pl # Poo) D EE, Poy TORMGZE HOH _FiMy w 2L 5. ordp_(w) =n (n>1) £B<
Y fuo = w/G R T 0Py + (9 - 1) (P + PL) ThB. n=1 D&, f, ORBETIL g(Poo + PL) 128
FND. EZAHN L(g(Pe + PL)) C Kfg] BOT, fo ® P OfilkE P OHTSE L. fE-T Py COM
BHNTE 1 OE_FEMIIFELRY. 2O EITREOREN LT TIZhNro TWe Z L7120, AHEEEM Y
DE T BRIICHET 52 L Thbhs. n=2 DL X, f, OETE (g+1) P + (g— 1) P, BDT, f, 13
L((g+1) (P +PL)) =k+ka+ - +kadT +ky ICEEND. BRIEM Py & Py OXBNT u=1/2,v=1y/29""
FERE T (0, \/ag) 1272 B DI Pay T (0, —/ag) &5 Pl LiEwiz. ft-T Pl OIET y £ —/agadtl L7
%. Pl DRFTBIES too =1/ THHEBEE y % Laurent #EVEHT 5 &

y=—aotd +bit g+ bt I+
ETD. fp=y+taotd t—bitd EBL< L, hELR2Py+(9—1) (P + Px)) RDOT fp %@“ IX Poy T 2 LD
UL M THDH. n> 21 LTl Po+(g—1)(Po+P)=g+n—1Tbhb. £((g—1)(Py+P)) =
UPoo+(g—1) (P + PL)) = g BDT, ED n (2 2) IR LT, P TTE n (0% b > I N EET
5. Py TEiZ nfLOW%E & D% FMO ORI g+n — 1 Rt k-#YBZEM % 727,

(d) 5742524 P,QeChrb. U(P+Q+(g—1) (PotPlL)) =2g—g+1 = g+1 TH 5. L((g—1)(Po+PL)) = g
50, frg € LIP+Q+(g—1) (Poo+ PL)) N L((g— 1) (Poo + PL)) BEND. ZDEE wpg = frg & 11 P, Q
T4 1O E b OFE =My CThd. £/ P, Q T4 1 fOM% 2% =My O2IL g+ 1 Kot k-#F
ZEM xR,

p=x(P),q=2(Q) £LHB<. P, Q INIEA TR, p#q p# 0, q# 00 DFEIT, wpg &b 50 LEKIIZE
25, fpo &5 ANULEVDER, hpo = fro (z—p)(z —q) £BL &, divihpo) > —P' — Q' + (g+1)(Ps + PL.)
Tho. hpg 1 X L(g+ 1) (P +P)) =k +ka+ -+ kot + ky ICBTH2HEHEHET P/, Q #FFITH O
HLOTHD. P, Q HlHEMDIFERE hpg =a+bx+cy=0 LB, fpg =hpg/(z—p)(lz—q) LB L
fro € LIP+Q — (g —1) (P + PL)) L7320, wpq = fpq 92 13 P, Q THix 1 [Lohi% b8 “FM#N T 5.

M 57 WHICHADTLT (RZEBE VWL LED), P,Q T4 1 OME b % =HfiMn %Rk L. ®iC P,
Q TORBANE L, BECEBDRR Y LD Z & A K.

§5.11 KB/EMBEO R FFER

(a) C %HE g OBMMEMRE TS, FEEAMHRICT 27720, k OFHIE 2 LR35 L, C OBERER Py X
Weierstrass s (P, = Py) &35, C 1%, WEN 29+1 OERE L1272 WEIEK f(x) € k[z] 12XV, C:y? = f(x)
CEESND. g P BT B LT & — Byp_ : Sym?(C) — Pic%(C) IHE 5.1 (3) L0 &HTHS.

il 5.24 & [IFHEHHTHD.

(b)) LIV LEEICHRD., PeCIIkLTP#AP, DX up=x—2(P) £BZ, up_ =1 B, KT
D=3 npPZH LT, D =Y npP &B. £l up =[[up’ LB. D ORKE d LT DL,

fnRE 5.25 div(up) = D+ D’ — 2d P,

Dl, D2 S Symg(C) }_’j_é @(Dl) = @(DQ) L chZof:&)@M%Jrﬁj\%{ﬁHi E(Dl —Dg) >0 Thb. L(Dl —Dg) >
h s hup, € L(2g P — D, — Do) £V, £(2g P — D}, — D3) = {(Dy — Do) T 5. L(2g Ps — D, — D3) C
L2gPy)=k+kx+ -+ ka9 Ck[z] 2DT,

T 5.26 D, Dy € Sym?(C) B &(Dy) = &(Dy) & 73572 DLEAI3RIEE, kL 29 OIRT D) + Dy 7l
HHRETEYH ) g HOADOMHTHZENRTELZ L Th%D. 5%V D eSym?(C) T D)+ Dy =D+ D'
LEFIHILTHS.

32



FE 527 Hlg=20LX, &=0p BHHELELALVWDOIZ I (0)={P+P|PcC}=P ThH2.

(c) 44 & Sym?(C) — Pic®(C) il LT, Pic®(C) ®AEE Sym?(C) O Lic#i<. Dy, Dy € Sym?(C) &
%. D=3gPy—D|—Dy 3L, D ORKIE g THD. (D) >degD—g+1=g—g+1=1>072DT,
ZCA h e L(D) MEETS. Dy =div(h) + D L 35< &, Ds 133k g OFH 7720 T Dy € Sym?(C) Th 5.
UD) =1 %2 51F h OBOHITEREERNT —E2OT Dy 13— EICEES. (D) > 1 2 61F Dy € Sym?(C) 1%
h DRECFTEDY, —~FITEEDLR. ED h, 8D Dy ZHoTh,
®(D}) + D(D3) + B(D3) = [D] — g Po] + [Dh — g Poo] + [Ds — g Pao]
= [D} + D}y + D3 — 39 Ps] = [div(h)] = 0

RDT, B(D3) = —B(D}) — B(Dh) = $(D1) + B(Ds) /2%, EF 515 L0, Dy KBS P+ P AOEE
2P ICBEMA B D% Dy 3L L, B(Dy) = B(Ds) T, Dy € Sym?(C) 13 h DELY 2 L 57220, §-T Dy,
Dy € Sym?(C) 125 LT Dy ® Dy = Dy £ 3T, Sym?(C) O LICHIENREE 5.

(d) InikEz BARICHET 5121%, L(D) (D =39 Py — D) — DY) IZBT 2 FETRWAEEE b 2 BRI E 2
AR B 72, L(D) C L(3g Po) 20T, Dy + Dy THEE/D he L(3g Po) ZEHIE LV L(3gPy) DIEED
Jeld hi(z) + ha(z)y (h1, ha € k[z], deghy < 3g/2, deghy < (9 —1)/2) &HFHT 5. Dy + Dy THEIZRD LI,
hi(z) + ho(z)y @ 2g + 1 FOFEEEZRONIT IV, K HMAREE L LT, D]+ Dy 73 o-EERT X THREZR D
29 MOROFN (P +--+ Pyy) DEEEEZD. Pr, -, Py T hi(x)+he(z)y =0 LRIUTB VDT, 2g fHOHE
SR GRAEG D, £ OEN RO EITELOME (2g+1) K V/hSWOT, B TRWEEZ SO, TOff%
BRHE LT h=hy(e) + ha(e)y & BTIE, RV he L(D) %185,

(e) WTHE#EIA 7 7 IVEBEOHELLT, BAAMMARIT 2 RKIEZOT, MOBERICHZ 5 b D% K 7588t LICERH
TE5H., BAEMARAEN 2 WIKE LTOHEBIZHD DT, FrRJE (ambig class) (21E 2 5 w3 BRT 5. EEE
D e Sym?(C) & L, d(D) = [D—g Py =[D' —gPs] = d(D') = —B(D) 72DT, (D) »H:55 (B(D) = &(D))
25 26(D) =0 L%, FHREREOMEIT Pic’(0) @ 2 H4 HORKIZE L.

[P — Py = [P — P] = =[P — Py] 72D T, P 7 Weierstrass 725 2[P — P =0 L7225, Py LSO
Weierstrass si& Q1, -+, Qagr1 £B< &, [Q1 — P, -+, [Qagy1 — Poo] 1X 2 FHRTH L. £ ZAT div(y) =
Q1+"'+Q2g+l_(2.g+]-)Poo 73?@"( [Ql_Poo]+"'+[Q2g+l_Poo] =0 b)ﬁkbﬁo [Ql_Poo]a Tt [Q2g+1_Poo]

OHNE mE (1< m<29) ZBATHERD L, [Qu — P+ 4 [Qus — Poo] = [(Qu + -+ + Qus) —m Ps] &
72%. ZZTL(mPy) CL(29Px) =k+kx+ -+ ka9 72DT L(mPy) BT 2EED Q; TOMBUIBEIC
785, 62T (Qu+ + Qui) —mPog HIRTFIZH DFFEEIIFE LRV ([Q1 — Pl -+, [Q2g — Poo]) 1ZM13K
229 D (2, -+, 2) BT —~ULHETH 5.

EHE 5.28 fElk g (> 2) OBHEHER C TR 5B EEOERIL, INTHEEE Pic’(C) @ 2 oy Ro2fic—K
L, (8 229 OIART —~UL 2-BETHD. F72 Q1, -+, Qagr2 & C O Weierstrass & T 5 & &, FrEIHO AT

§5.12 FEL 2 DICEBRIR

(a) C ZH% 2 OIFFRFBMALHMR L U, Ko &2 OFEEER - (IRERFTERFObD) L35 PeC %
TRIZED. L0)=4P)=1 T, m>3 L TEmP)=m—1THs. L2P)IT17 2D THINTHDN.
02P) =2 ® L XZEREINIL {1, 3} 275D T, P 1L Weierstrass i TH 5. 2D L& L(2P) IZBTHIEELH
B ¢ BNEID. ¢ OBREET 2 20T, CITEBHMIIRICR D, 2P) =1 O L 2 ZRESNIT {1, 2} 72D T,
P 1% Weierstrass )R CIER2W. LWL ZDEX LUP+P)=2¢705 P eC PFETDH. L(P+P)IZETS 2
ROFEEHAHGHNENDLDOT, ZOHEL C ILBHEMERIZZRS.

EH 5.29 TR 2 OIEFFREM AL, AT TH 5.

(b) LETHRAREZZEZ2E MO EME > TESLT 5. C OFEIL 2 2D T, My O2EIT 2 kot k #ipzE
MZzed. TOREE w,ws LD, PP w OERTRNET D, h=wy/w ITIEEBEEEKT, div(w;) ZHBE

33



T, div(we) ZFRFIZH 2. &<IZ he L(div(wy)) THD. k= L(0) C L(div(w;)) RO T, L(div(wy)) X k+kh
BEEME LTET. PIX h OWBTIERVO T, a=h(P) €k £72%. wp=(h—a)w; LB L, wp 1T —F
W T P 2#FRIZH . L(div(w) — P) & L(div(wy)) 72O T

W 5.30 FEDO PcC kLT, P ZFERIIHLOFE MY wp DEHEEZRWDTHE—DFET S.

i 5.31 (1) t:C3>P+— P =diviwp) —PeC X C ORACAATHBTHD.

(2) PeC » Welerstrass SiChHDZ L &, - ARETHD (P =P) IXAETHS.

(3) HUET Sy, : Sym?(C) — Pic®(C) 1, Sym?(C) \ §EHERKRK T} 206 Pic®(C) \ {0} ~DOEHFHZ/2 5.
(4) HEHEFENTO2KT {P+ P |PcC}IZ% L.

(5) P+ P #MRIC b DIEEBHEEE ¢ BFIEL, ¢ 1% Galois #78 2 : C — P! @ Galois BEZEKT 5.
(6) CIEBHMERRET,  ITEFAEAXEGTHD.

(1) C DEEOHCRBEGIL LA THD.

EE 5.32  FEEL 2 OIERFEZEMASAIRITEEAN T, v + a1(x)y + fo(z) = 0 (a1, az € k[z], dega; < 3,
degas < 6) TERINDT 7 1 2 VB O IR RSB LICFRTH 5.

f 58 O K 2 OFFEZEHNALRETD. Pe ClZH LT, Lm(P+P)) (m=1,---,5) BLY
L(2(P + P') + P) OMEEARD, EOEROKN %2754,

(c) C %FEH 2 OWFEMMGRL T 5. FUWRE T Ko 2K L+ 5 HETE Ok, : Sym?(C) — Pic®(C) 1345
INOFG P THh o2, P+Q € Sym*(0) 4%, P+Q-Ko=(P-Q)+(Q+Q —Kg)~P—Q DT
P (P+Q)=[P-Q] LE TS, ZZTHRTH [P - Q' IHMEMEKN T Ko OBUFITL AR,

EHE 533 U:CxC3(P,Q) v [P—Q]€Pic®(C) 1IZ2HT, ¥10)={(P,P)cCxC}~C #F\T 2
%1 ThD.

59 FEEDMEE OB H#RIZ LT, BB 5.33 L FRRICA DR L 2 B Akt X

§5.13 1EH 2 DEBEAMKROBNBE CEERE

T 5.34 C ZFEH 2 oML 35, C OPE CREAEE RAwt(C) 1% P 0 A CRIEE (1 IR #D
BIR) OFEIZFEE T, & 512 Welerstrass SAUCTER T2 2 & T 6 IREBBEDOH S HEICFRAETH 5.

flHE OO k ORI 0 LT 5. k2 oMMl C oA CRMEEZ, £ 5.29 & EH 5,15 L £D%k
DOV EFESTIRDDHZ ENTE S, ACRBBEOAMENT 48 2B A2V O T, g A CREBEOAMEIT 24 LT T
5. Weierstrass S OMEEIL 6 H/2 DT, 6 IWEHREE G OO RETAED 24 LLTOLONZFDOBEMIZ/RD. £
72, 2 ROFHGH x: C — P ITE Y e R EEH%Z A LT, C © Weierstrass s Py, ---, Ps ® 9 HEHID 3
D% x(P)=0,2(P) =1, 2(P3) =00 IZTDHZENTED. U a(Py) =a,z(Ps) =b, x(Ps) =c L. #HK
OB —R oLt I, {0, 1, 00, a, b, ¢} OEHZF| X2,

1
1—=2

M 3 0B EEHRT, 0, 1, 00 & ZOMECE#RT 5. b= 2, ¢ = 451 2B L, r(a) = b, 7(0) = ¢,

T(€)=a BOT, 711 {0,1, 00, a, 71—, L5 L} DRk 3 OFtHE 5= . BT i
Coty? =z(e—1)(z—a) (@~ 725) (z — 451)

T:Z+H——

1—a a
DHFIE CRVBBRZ (1) ~ Z/3Z % HEC b, £, A 2 O— IR
o2 azz—_aa+ 1
{0, 1, 00, 0, T2, S5} Ofitl 2 DEBAIXRIT. 0 bEE C, DK 2 OUMECABERTHS.
or =720 ROT, YHHCREEET (0, 7) ~ &3 ZEORECHD. a=2 £ 5 & &, N5k 2 ORI EHR
z—2

09 2 H—— 9, —1
1% {0, 1, 00,2, -1, 1/2} ® 2 ROBEHEBIERL T, 09 & 7 IZFERT, (027)% = 0 (027) 72 TD, (0, T, 02) I
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¥ 12 O i EEE Dig IR TH 5.
Co:y?=z(2?—1)(z—2)(z—1/2)
OFHIE ERIEFEL Dy IR TH D, a=+/—-1 &T5. (i 4 O— R
. V1
04 2 — o1 \/_—1
X {0, 1, 00, V=1, (1 ++v/-1)/2, 1 + -1} ODEBEZFIEEK L, (0, 7, 04) 1F 4 WEHFE S, 1T THS.
Cygiv?=2(e—1)(z— VD) (e 1Y) @—1-v7I)
DK E CREET S ISR TH D . &4 DATEIT 4l =24 DT, T 2 OFEA I SN DA EIARD b DR
BoiLlc. (3 4 O—RDEIEHD B IED TRBRIZEHE T 5 2 & T, #6098 SRR Ds, 64 L 72 5HEL 2 O
KRN E SN S,

E¥ 5.35 {1}, Z/2Z, Z/5Z, Ds, G3, D12, G4 Z#HIH CIAMEEIC & S 2 OB BN FIET 5. B k
OFEHN 0 O & =, 2 OBEM RO A CRBEIZEND 7 DIZRS.

R 60 EPE 5.35 ICHNDBEZHHNE CRBRIC S SMEE 2 oMM h#RE »oF K.

§5.14 FEH 2 DED 15 —HIIR X, (23)

(a) FFERBRIGRE SLo(Z) 1F— OB K 0 3R P o ITERT 2. 20oEM%E 9 = HUP(Q) £ TIE
T2 LN TED. SLa(Z) OAREEE T9(23) = {(Z Z) € SLy(Z) | ¢ = 0mod 23} 12 X %57 Yp(23) = T0(23)\H
I4BA Riemann HlZ72 5. E72 Xo(23) = I['x(23)\H* 1% Riemann mOHEEE b 5, Y((23) D= 37 MEIZZ
L. AREIITIE Yo (23) 12 C L7 7 ¢ IR C, Xo(23) X2 0IHFRZEMIETHD. 7€ H* TREIND
Xo(23) DA (1) TEF. To(23)\PL(Q) DA% Xo(23) DRE (cusp) &1 5. Xo(23) 13 (is0) & (0) D 2 A%
RRIZHD. PHQ) Daie LTI ico THRSHIZ oo LEHEIRETHA I, LT H 0D oo € PHQ) (THEHSA
MRKDOFMIZHZ D DT ioo EEN. Xo(23) & To(23) BT 5 E D 25 —M# (modular curve) &5 . %
SHEET B FER DB E b Xo(23) OFEIE 2 OB MR THS. £7- To(23) ICETHES 2 DR
T2 (cusp form) (%, Xo(23) OERIBICRET 5. B #AY72738 Dirichlet @ n-BEE ZH-> CRAERXEED. 7-
BEBITERBIC LV ERSND H LOFEFIEAHE T, BHRAXZH =T
) =a M-g)  (g=e)

n=1

(1 +1) =" (r),  n(=1/7) =v/=iTn(r)

®E5.36 (1) fos(r) =n(1)2n(237)% 13 To(23) KT A ES 2 DRAFRTH 5.
(2) Hecke ﬁzﬁﬁi T2 VC% l_/f: f23|T2(7') %Qé,ﬁﬁiit“(, 211 f23(7’) dT, 211 f23|T2(T)T bi, F0(23) L:Eg‘aﬂéié
2 DREFEARBRD72T C MBZEMOIEETHS.

(b) Xo(23) DERISY 27 foz(7) dr (X, 77 4 ESHIFR Yo (23) D ETIIFRZ 72720, Xo(23) DRA (ico)
BT 2Rt AEEL g = 2™ T 27i fo3(7) dr BT 5 &,
2i fa3(7) ?1—2 =q-2¢° — ¢ +2¢" +¢° +2¢° — 2¢" — 2¢° — 2¢'° + ¢*' +2¢* +3¢*° + - --
72DT, (ico) T 1ALDFEE 7%, Riemann-Roch OEH X O K OWREIT 2 720D T, £ 9 —2DRA (0) TH
273 fo3(7) dr 1X L NLDFEIT D . Xo(23) DWERF & LT div(2ni fos(7) d7) = (i00) + (0) 2155, (ic0) + (0) X
FEMEIEE - 72700, (i00) & (0) 1B TR & 5. — 7, 2mi fos|To(r) dr b ERIBS 278,
27 fo3|To(T) Eil—g =1-q+q¢>—2¢" —3¢° +q¢" +2¢® +4¢° — 2¢"° + 2¢* + 3¢*2 +2¢"3 + - -+
72DT (ico) ZFERITHTZ/2V. €5 T (0) bFERITH V. FFIT 27mi faz(7) dT & 2mi fo3|To(7) dr 1Z—WIMAL
Thbd. K= (icc) + (0) £3B<. x =27 fo3]To(7) d7/2mi foz(7)dT L8 &,z 13 L(K) 2R T 2IEEHHE T
%, R, (ico) DIRMFTBIZEE ¢ T ZRHTD L,
v — 27 f23|T2(T) dr _ fos|To(7)
27t fa3(T) dr fas(T)
ERDBDOT, x 1L (ico) TTE 1oz b2, Xo(23) OFHHE vy € LBK) %9 £<RAT, Xo(23) & y?

D6 WEHER) TEHTDLIENTED. Xo(23) OERESIE 92, 24T 2oz 5. = 2T div(%E) = K
Y ) )

=q ' +1+49+7¢> +13¢> +19¢* + 33¢° + 47¢5 + 744" + - -
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ROT, y HEHIERG LT 9L = omi fos(1) dr BT . x DBOSG D 29L = 2mi fou| Ty(r) dr 7% B
2 E Y, AEEH y ORFTER ¢ ICX2EBENRELND.

_ dx __ 9 dr _ __-3_ o -2 _ -1 2 3 4.
V= T = T e = 0 207 0 124 67g + 2287 + 667" + 1696q" +

HHEEE 2,y 13 y? = (x © 6 KEHEX) 25BN EMZT. v — (z © 6 KEHENX) =0 DO TEDD ¢-EHO
R 012725 X 912 2 OZHEXOBBANAIZHED TWIFIEE W, 25 LT o,y i

y? =28 — 22° — 232* — 5023 — 5822 — 32z — 11
BT ZENDNDL. L<HALNIEBICELEDLI DIl s Z o — 1 IZEEHZ 5 &,

T 5.37 Yo(23) 1% y? = 20 — 825 + 221 + 223 — 112% + 100 — 7 TEFK SN DHIFRT 7 1 L FE i T, Xo(23)
TZ OISR THD. £ Xo(23) OEHEUE (ED25—FEIE L)) 40(23) 13 C k2, y TAHEKSHS.

M 61  x = fo3|To(7)/fo3(7), y = dx/27i fo3(7) dT D ¢-JBBAZE > T, 2 DEIEX f(z) T y? — f(z) O ¢-BEAMN
EORFLNENZNSOBREND Z L ERtE. ZOEEFHEEEE LT y? - f(z) =0 BV LD & ZRE,

M 62 Hecke {ERE Ty 1%, HS 2 ORAERD 72T 2 ot C BIBZERM (fo3(1), fas|Ta(r) ZEIEICE D) O Lk
WCBIBIZIER T 5. (fo3|T2)|T2(7) = fo3(7) — fos|To(7) £725 Z L 2~ T, Th (AT 2BEAERZRD L.

63 [P — P.]ePic®(Xo(23)) D 2 545, 3 (55, 4 505, - &EHE L.

§5.15 FEH 2 DED 15 —HIR Xo(22)
(a) AIEDE RIBRIC, A FEBEE To(22) ICBET2E Y = 7 — i Xo(22) = Tv(22)\H* #%& % 5. [ Riemann i
X0(22) b E-FEN 2 OBFEMIR TS 5.
fulr) =n(r)?n(117)* = ¢ —2¢> — ¢® +2¢* + ¢ +2¢° — 2¢" + - --
12 To(11) PEE 2 DRATFRARDT, [o(22) DES 2 DRABRTHH 5.
foa(7) = f11(27) = n(27)*n(227)* = ¢* — 2¢* — ¢° +2¢° + ¢"° +2¢"% — 2¢* - -
LER T(22) DES 2 ORAFERT, fiu(r) & UM ThHS.

i 5.38 (1) Xo(22) ®RAIL (i00), (0), (1/2), (1/11) ® 4 A THD.
(2) Xo(22) WGy 2mi f11(7)dr & 2mi fao(7) dr DRFIZENZEIL (0) + (1/11) & (ic0) + (1/2) TH 5.

HiHl &[RRI 2 = fll(T)/fQQ(T), Yy = d.’L’/27Tif22(T) dr =& ¥< &, x € L(K), (VRS L(3K) (K = (ZOO) + (1/2)) <,
y? = (z ® 6 KX) 72 2 REBIRA AT 727

EE 5.39  X(22) 1T y? = 2 + 122° + 562* + 14823 + 2242 + 192z + 64 TEFK S5 2 OMEFE Ml
BT, BV a7 — B Ap(22) 1X C ko, y THEREND. Xo(22) DR (ic0), (1/2) 1E 2 DO MR A
ICHIE L, B0 R (0), (1/11) iE2hZh (0, —8), (0,8) THENDAICKHIET D, HIT (ico) OITHETIE
y=—a3—622 —10r — 14+ 22271 — 88272 + 37423 +--- & 1/z ® Laurent #IXICEHTX 5.

64 (1) 7% 9H* ODIEFELT S, RAL (ico), (1/11), (0), (1/2) € Xo(22) DJRFTBIZH L LT, g=exp(27iT),
qui=exp(2mi (1/(1 — 117)) /2), go=exp(2mi (—1/7) /22), go=exp(2mi (7/(1 — 27)) /11) BB 5 Z & =t
(2) FHEE z, y ZBRAORFTBIER TR L, EORMAZME > TH R CRERERK LR 2T Z & 2 X

(b) MR C = Xo(22) OBFAEMAXIAE, ERFEA y? = 20 + 1225 + 562t + 14823 + 22422 + 1927 + 64
DT 7 4 VEER z,y T s (m,y) — (z, —y) EETD. ERSREXEFA
(y/8)% = (2/2)% + 6(x/2)° + 14(z/2)* + 37/2(x/2)> + 14(z/2)* + 6(x/2) + 1
WCEEHDHI LB TELDT, C D Welerstrass A0 x-JEFEZ BT 5 —RGBEW v — 4/x DD, ZO—IR
SIBERIE C OB CRREG 0, 0! ITHEDD.
o (2, y) — (4/z, =8y/z%), o' (z,y)— (4/z, 8y/a®)
02 =id, 0’ =01 =10 72D T o [T 1 LAHRME 2 ORCHAEH THS. C OB CFEMEE Aut(C) 1 (2, 2)-H
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B (1, 0) ZESTEC SO, Aut(C) OIS (o), (o0), () (CBT 2E SR E T Eh C,, C., C, L3<. @
FEMRTE o 13 2 RBEE 2 : C — P! OWBEEBBEOEKT/ROT, C, ~P ThHDH. Oy, C! 1T L THRRIEY
Bf:C—C, g:C— C %21k Galois #4 T, Galois #IZZNEN (o), (ov) THD. C,, C! OFEEITE BT
2 L0/ASVR, b L C, OFEN 0 (Cy, 28 PLICHAM) 225, 0 b E72 Xo(22) DBHEMXETRIER B2V,
FEHS 2 LA LEOBFsH AW CTRBASH XA 1M — 272D T, C, 12 PLICRABE IRV, C, ORI 1 TH 5.
RUL C ofEHL 1 Thd. #E5S f:C - C,,g:C — C! PEIEEZT, RrEREOHEREH

f*:Pic®(C,) = Pic®(C) £, : Pic®(C) — Pic®(C,)

g* 1 Pic®(C") = Pic®(C)  g. : Pic’(C) — Pic®(C?)
BED. fu, go ITHODICEET, B £ o 51X Pic®(Cy) D, g 0 g* 1Z Pic®(C) @ 25544 TH S, f, g 13
¥ 2 ORERHRD DS 1 ORI~ D 2 RER DT, TE 2 S0+ 5. PLeC % f OyIERET DL,
Gr= (o) "DT o(P) =P, 75, o(P]) =0((P))=0uP1) =10(P) =u(o(Py)) =u(P) =P 72eDT, b9
—ODNIGEIE P] TH5. FERICLT g DI %E Py, Pyc C LB ZENTED. KB Py, Pl = (-2, +4/-2)
T, Py, Py = (2, £44V2) Tb 5.

8 5.40 (1) PeC LT floulP)) = F(P), g(a(P)) = g(P') 75k v 32
(2) ker f* = (fu[Py — P3]), ker g* = (g.[P1 — P[]) T& bITfik 2 O EFE 2727
(3) fiog' g.o frIITEBRTHS.

EFHE 5.41 ¢ = (f., g«) : Pic’(C) 3 [D] — (f.[D], g«[D]) € Pic*(C,) x Pic®(C?)
b= f*+g": Pic”(Cy) x Pic®(C}) > ([D1], [Da]) — f*[D1] + ¢*[Ds] € Pic®(C)
LB &, o ¢ iE Pic(C,) x Pic?(CL) @, ¢ o ¢ 1% Pic®(C) D 245544 Th 5.

(c) MRS C, DEEUR C(Cy) 1TEY 27 —EEIK Ag(22) = C(z, y) D (0)-AREERETH L. o(x) = 4/z,
oly) = —8y/z® XV, w=x+4/x, 2 =y(x —2)/2% 1L o-FRETH 5. Ap(22) D Ap(22)") = C(C,) D C(w, 2)
T, [40(22) : C(Cy)] = [40(22) : C(w, 2)] =2 72D T C(C,) = C(w, 2) B 5. fE->7T C, i
2?2 = (w —4) (w* 4+ 12w? + 44w + 52)
TEHRINDT 7 4 Fmdsg & WABRFEET, £ 0EFEREMIIC—%T 5. §2.6 (d) ® 2 2HIZWED &, C, X
v? = ud 4 188 w2 + 11616 u; + 234256
TERINHHEMEARI/R D, 72720 up =484/(w —4)? =484z /(z — 2)%, v1 = 484 21 /(w — 4)? = 484 y/(z — 2)3
LRV, FEMIBRIZ I TC, BERE R A B S WAL T, D LR S W HTER, RERTE L T/hEL 72
XTI ENTED. 29 LTHELNLMEHMIFROER TR LB/ Weierstrass AKX L V5. 5055
u=121z/(x —2)? + 16, v = (121y/(z — 2)® — 1)/2 &£ B &, FEHGH
f=(u,v): Xo(22) > P — (u(P), v(P)) € P2

D#1% Weierstrass TR v2 +v =4 —u? —10u — 20 TEHRSN AT, C, KRB THD. ZOHERRK
%, BV 27—} Xo(11) BRI EF UMD T, Cy 1% Xo(11) ERBTH DI EROND. u, v BRA
ioco € Xo(22) DRFTBIAS q = e*™™ TRET S &,

u =16+ 121 ¢+ 726 ¢*> + 3751 ¢> + 18150 ¢* + 83853 ¢° + 375826 ¢° + 1647294 ¢7 + - - -

v = —61 — 726 — 5687 g% — 37147 ¢* — 216711 ¢* — 1175273 ¢° — 6050968 ¢° — 29973878 ¢7 — - - -
L72%. Yo T Cp DAREMS w=du/(2v+1) 1%

W= (—q+ @ +2¢" — @ +2¢" — 4¢3 +2¢° — q'! _2q12_4q13+q15+4q16+2q17+__.)%
&g TSNS, To(11) BT 2EE 2 ORAERX fii(r) = n(1)?n(117)? O ¢- BRI L ik 2 & R
DEPREVESTND. bIDPLIBIET DL,

w= =270 (f11(7) + 2 faa (7)) d7

WY SEH % 5 T, EBEBEZITED. EVa 7—MifR Xo(11) LR EF 5 e b, REBS N RRIE f11 ITxHE
TARERDEN., E5LTIDRRTNNELTZDTHA S ).

Cy & Xo(11) & DAL, HUZ[HE U Weierstrass HFERCER SN REEIBIZ > 72 6T, €9 2 7 —HEIR
L LT Clu, v) (C Ao(22)) & Ag(11) A —F L= Tk, (To(11):To(22)) = 3 DT, Ag(11) % Ag(22)
D 3 WEBIRICAR Y u, v iE Ap(11) ICEENR. BV 2 T —E u, v O level 1 22 T 11 TRV, —J, R
RIER f11 + 2 foo 1F, To(22) IZBF 2 HEE 2 @ Hecke BAHRTH 5. Atkin-Lehner x5 W, Wiy IZBHL TH,
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J11[Wa =2 fag, foa|Wa = 1/2 f11, fi1lWi1 = —f11, foo|Wi1 = —faz 2D T,

(fir +2 f22)[Wo = fi1 +2 foo ,  (f11 + 2 fa2)|[ W11 = —(f11 + 2 f22)
LD, Cp ZIE, HEEE f: Xo(22) = C, CP?2 2L C, BV 27— B ZEHF R (modular parametrization)
MNEZ HD. MR Cp OAREMMIZOERRD T T, T9(22) IZBT2EE 2 @ Hecke FEA5AHK f1142 fo
WRHET 5. level 22 OFE Y = T —EHE CHAN AT RSNz Cp OAREMSIITIE, Atkin-Lehner x4 Wy OFEA
XTIz level 11 @ fi1 K0 b, level 22 D f11 4+ 2 foo BRIETHIZINBERTHA .

Bos W (5 ) Wi 3y 1y) E5< SIWelr) = gy FOWar). SIWis(r) = gt £0W)

T Atkin-Lehner X5 2 E#%7 5. n-BEOLMAREHE > T, f11|Wa, fi1|[Wir, faa|Wa, fool Wi ZFHHEE L.

66 (1) f=(u,v):Xy(22) = Cy IZBWT, Cp OEERE SO ERD L.
(2)  RA (ic0), (1/2), (0), (1/11) € X((22) @ f T LD %ERD L.
(3) HEMEhER Cp, OINET f((ico)) € Cp 1 5 5T 5 L FEILIT/AR D Z & &Rt
(4) Pic®(Xo(22)) I2HBWT, WFH [(ico) — (1/2)] IXMFEMT 5 & 012785 2 & &Rt

67 (1) w,z® q¢EBEEZFHEL, 2 % 1/w ® Laurent #&IIZ R L.
(2) s=(+w>+4w)/2,t=z(w+2)/2+w?/2+3w —w—16 <. s, t D ¢-EBAEZFHET L.
(3) s, t O TREBIRAARD, C, 23 Xo(11) IZFAMTH D Z & AR d L.
(4) s, tickd C, DERGENICHET D REMD %, RATEX fi1, fao TRE.

168 paftdhit C! = Xo(22)/(o1) IO\, EERABEOHEEZ L THE.

(1) u=z/(z+2)?% v=(~y/(z+2)%—-1)/2€ C(Xo(22)) 1T o0 FETHDHZ L& H.

(2) u,v & Xo(22) DR (i00) DJRFTIZES q (BT % Laurent #kIIZ R K.

(3) C(C%) = Ap(22)(°Y) = C(u, v) 7R L, u, v O 1= T REBIREZ KD L.

(4) LETROEREBEBATERINAEAIRE L LTD C, I2OWT, REMS % ¢ TREBAYE X.
(5) CL DAREWMIy 2 RETEH fi1, foo TERE.

(d) EOWTE f: X0(22) = C, 1%, 428 (ic0) € Xo(22) 28 Cp OIERESIIHKE D L O ITE-TIW otz Cp @
JEERE 2 SR N CHLY B2 2 T (1o0) D& BERRIE RIS T2 Z LM TE D03, Db (ioco) DIgAY (Weierstrass 72
XU D) MR L (INEDFRIC) 12725 K512, #8 Xo(22) = Cp ZE-oTHD. 2D LITLY, (i) € Xo(22)
DRFFTES q D Cp IZBITDHEWRNP LY BRI D L2285 THAH. LLF L(x) BEEH TS 5. Eofk
Bt EOFBRBEKANT D721, BT L(x) £EFES & Xo(22) OFBEENGRDHD, Ly(x) £LEFEL LT
Co DHBEEHBNORDbDERT ZLITTS.

HHEEG f = (u,v) : Xo(22) = C, € P? %, 48 (ic0) € Xo(22) 28 C, DT (Weierstrass J7 2zl T D MR
HR) ICBD LD LT 5. AHEE u, v e Ap(22) T (ico) € Xo(22) DBEPEREFICBD bOEENITI V. f
1% Galois #FE 72D T, u, v 1T Galois RETHH. 57T ug, vo € C(Cy) T frupg =u, ffvg=v L7725 H DI
N5, ug, vo ZIEEERE ST C, DEFSTEND Weierstrass HHEERUITA2 B 72 DI121E, 0o, € C, Z 4 IE AT
g € Ly(2004), 19 € Ly(300,) AT LV, TDE X oo, DR AICHY T 5. K (ico) € Xo(22) 1E 0oy
B ENDDT, (1/11) = o(ico) b ETZ 0o, ITBEIND.

D, = f*o0, = (ic0) + (1/11) € Div(Xo(22)) £#<. Dy X 0 FERDT, o* 13 L(mD,) (m € Z) AR %.
L(mDy)* ={h € L(mD,)|c*h =+h} L8 &, L(mD,) = L(mD,)" ® L(m D,)~ L EMSfETSH. m & H
W LT 5. hg € Ly(moo,) 1% LT,

div(f*ho) = f*div(hg) > f*(—mooys) = —m D,
L7200, frhy 1X o RERDT, BG4 Ly(mooy) > hog — f*ho € Lim D)t BNEE L. b2 b f*: C(C,) —
Ag(22) IZHH 72D T, Ly(mooy) ~DOHIRLHEFTHD. Cp, OFEEUT 1 72D T £y(moo) = m DKV Lo, ULk
£V dimL(mDy)T=m (meN) 2185, £724(mD,)=2m—172OTdimL(mD,)" =m—1&725.

dimL(m D,)* =m £V, ue L(2D,)* ~C,v e L(3D,)" ~ L(2D,)* ™MitET 5. ZoL &, FHEH

f=(u,v): X0(22) > P +— (u(P), v(P)) € C, C P?
DEID 2 KB Th 5. FEIHE Weierstrass HFRRTER SN D IEFERI gk C, T, KM (i0o) € Xo(22)
IEEIE (BEFRE A 00, ) 12925, (i00) IZBWT f IIARDE/ZR2D T, 0o, € Cyp DRFTINZEE g0 T f*qo=q L7205
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LOREET D, DF Y, f IZFHHERAT RO R A9(22) (00 = C(Co)oo, ZBIERIT. Z ORI L Y BFFE
ZE—HTHIUE, ¢ 13 00p € Cy DIRATBIZE L 125,

(e) EOFREEZEMIICFEITLTHD. Ky = (ic0) + (1/2), Ko = (0) + (1/11), D, = (ic0) + (1/11) €
Div(X(22)) £3<. (a) T, z = f11(7)/foe(7), y = dx/27i foo(r)dT € Ap(22) WD &,z € L(K), y € L(3K),
Ap(22) = C(z, y) 72T, Xo(22) 1% y? = 2% + 1225 + 56 2* + 148 23 + 224 22 + 1922 + 64 TEE S 1D HHK
2 ORBFEMHIFR T, RAL (i00), (1/2) ITZTDMBEMICH T2 5. JUT (ico) DJRFTEIES ¢ TRERET2ZL T,y
1/z \2B99 % Laurent #EEH (y = —2% — 622 — 102 — 14+ 22271 — 88272 + 37d4x 3 +--+) 537, n- &K D
BN IR 8o T, (1/2) € Xo(22) OIEFHETY y & 1/o TREREAT 2 ZENTEX D0, (ico) & (1/2) MAHEFEM
HETHBY & ERERTHD Z L&, 1/e NERESAORFIERTH S Z LITEET L, EHHIZ
y=234+622+10x+14— 22271 +882 2 — 37423 — ...
MEAD. vy =y— (2®+62> +102) £B<. vy € K(BK) 727 ord(1/2)(vg) > 0 2D T, v; € L(3(ic0)) Th
5. 0(3(ic0)=3—-24+1=2 £V, L(3(icc)) =C+Cuv; &725. o*(ic0) = (1/11) 72D T, o*vy € L(3(1/11)),
L(3(1/11)) =C+Co*vy &7%. ZZTv=—(n1+0*v1)/2 £B &, ve L3D,)" N L(2D,)" L7 %.
HHEEK xo*vy & (1/2) OIECRRT S &
zo*vy =—8x—88 — 176z 1 — 17622 + 1762 3 +7042~* — 2992 % 4 ...
L7 uy =zotv+8z LB &, L((ic0)+2(1/11)) = C+Cuy MEH. EHIT L(2 (ic0)+(1/11)) = C+Co*uy
DT L(2D,)=C+Cu; +Co*uy 215%. 2TZCTu=—(u1+0*u1)/8 LB &, ue L(2D,)T N\ C %iii=7.
UL ECTEAEMICEST- ue L(2D,)t N C,v e L(3D,)" N\ L(2D,)* %M~ T, HEGH
f=(u,v): X0(22) 3 P+ (u(P), v(P)) € C, C P?
HEFRT D, fITRA (ico) € Xo(22) & C, DERLEAIZD DT 2 BT, f OB ELTO C, CP? X
C,:v2+1Tv=1u—19u%+110u — 284
TEHZIND. (i00) € Xo(22) DRFBIEL q (2 XV, AR u, v EAEHD w = du/(2v+ 17) 1T
u=1/+7+q¢+2¢*+¢*+3¢" =3¢° —6¢" +2¢° +6¢° +---
v=1/¢*+1/q—T7-2q+2¢>—4¢>+6¢°+10¢5 —7¢" +8¢% +2¢°---
w:(_q+q3+2q4_q5+2q7_4q8+2q9_qll_2q12_4q13+q15+4q16+2q17+__.)%
EEEND. ZOBAELRIEY w= 27 (f11(7) + 2 foa(T))dT 70D, Cp DEY 2T —WNEKER u, v O
23D LEEITH 720, ¢-BEREN G 1o BB ENSSRoTNDH T LzERELTEL.

69 LCHzC,cP?oERIERND, Cy 1T Xo(11) 19?2 +y =23 — 22 — 102 — 20 IZF5M bR & L CRAL
ThbHILime. £z C, OFEFERE u, v &, R (1/11) € Xo(22) ORFTBIEE ¢, TR X.

70 (1) 224 (0) € X0(22) & C, OEERRGESIZH DT 2 RIFE fo = (uo, vo) : Xo(22) = C, 252 K.
(2) EEEEEK ug, vo % (0) € Xo(22) D FFTEIZESK qo TREYE X.

(3) R (io0) € Xo(22) & C! OEE[RE RIS DT 2 W g = (u, v) : Xo(22) - C, 52 K.

(

(

S

) EREEER u, v, REBY w % (ico) € Xo(22) DJRFTBIZERL ¢ = exp(2miT) TR L.
5) R (0) € Xo(22) 12X LT, (3), (2) LU T & &k k.
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