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This is a note of the talk on 20th October for “le groupe de travail pour la fonction
L-p-adique” at University of Paris 13. We recall a two-variable p-adic L-function for Hida
family with usual Euler products of rank two, which we call “standard L-function” in
this seminar. There are very few reference for this topic (cf. [BD], [GS1], [GS2], [Ki] for
modular symbol constructions which we discuss here mainly). Especially from the view
point of delicate argument on the complex and p-adic period as well as the comparison
between several constructions, there seems no reference available. As far as I know, [H2]
only discuss such problems and perspectives on periods and general p-adic L-functions.
However, [H2] contains no argument on this ‘standard L-function” which is more difficult
than “adjoint cases”.

1. Hida theory

Let us fix an odd prime number p. We fix an integer N0 prime to p, which is called a
tame conductor. Throughout the paper, the embeddings Q ↪→ C and Q ↪→ Qp are fixed.
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1.1. The group Γ�. We introduce a p-adic group Γ′ other than the cyclotomic Galois
group Γ (cf [O6]), which is a subgroup of Aut({Y1(N0p

s)}r≥1). For any Q-scheme S, a
scheme Y1(N0p

s)/S is a fine moduli scheme which classifies isomorphism classes of (E, e),
where E is an elliptic curve and e is a point of order N0p

r. A diamond operator 〈d〉
(d ∈ Z/N0p

sZ)× is an automorphism on Y1(N0p
s)/S acting in the way 〈d〉 : (E, e) �→

(E, d · e). Γ′ is defined to be the p-Sylow subgroup which consists of diamond operators
on the tower of modular curves (Z/N0Z)××Z×

p ⊂ Aut({Y1(N0p
s)}r≥1). Γ′ has canonical

isomorphism χ′ : Γ′ −→ 1 + pZp ⊂ Z×
p .

The action of Γ′ on {Y1(N0p
r)}r≥1 naturally induces an action of Γ′ on various spaces

Sk(Γ1(N0p
s)), H1

ét(Y1(N0p
s)
�
, Zp), etc.

Definition 1.1. 1. A Zp-linear specialization κ : Zp[[Γ′]] −→ Qp whose restriction
κ|U to a certain open subgroup U ⊂ Γ′ coincides with a homomorphism (χ′)w for a
certain w ∈ Z is called an arithmetic point (of weight w) on Zp[[Γ′]].

2. If I is finite flat local domain over Zp[[Γ′]], a Zp-linear specialization κ : I −→ Qp is
called an arithmetic point (of weight w) if I|�p[[Γ′]] is an arithmetic point (of weight
w). We have a natural covering map Hom(Zp[[Γ′]],Qp) � Hom(Zp[[Γ′]],Qp). From
this geometric point of view, an arithmetic point (of weight w) is also defined to be
a point which is contained in the inverse image of the set of arithmetic points (of
weight w) in Hom(Zp[[Γ′]],Qp) via the above map.

1.2. Hida Theory. We prepare the Hida theory for elliptic modular forms. It is not
able to recall all necessary facts on basics of Hida theory. So, we only recall notations
which we need later. The main objects are

1. Ordinary I-adic cusp form F (= family of ordinary cusp forms over a finite flat
extension I of Zp[[Γ′]])

2. Ordinary Hecke algebra Hord
N0

= lim←− s≥1h(Γ1(N0p
s); Zp)ord, where h(Γ1(N0p

s); Zp)ord

is the Hecke algebra acting on the space of ordinary cuspforms Sk(Γ1(N0p
s); Zp)ord.

Definition 1.2. Let I be a finite flat local domain over Zp[[Γ′]]. An ordinary I-adic
modular form (resp. cusp form) of tame conductor N0 is a formal q-expansion F =∑

n>1 Anqn ∈ I[[q]] such that fκ = κ(F) ∈ Zp[[q]] coincides with the q-expansion of an
element in Mk(Γ1(N0p

∗); Q)ord (resp. Sk(Γ1(N0p
∗); Q)ord) (k = w(κ)) for every arith-

metic point κ of I with w(κ) ≥ 2. 1 The space of ordinary I-adic modular forms (resp.
cusp forms) is of finite rank over I and it is denoted by MN0(I) (resp. SN0(I)). We have

Mord
N0

(I) = Mord
N0

(Zp[[Γ′]])⊗�p[[Γ′]] I, Sord
N0

(I) = Sord
N0

(Zp[[Γ′]])⊗�p[[Γ′]] I.

Hida also defines an ordinary Hecke algebra

Hord
N0
⊂ End�p[[Γ′]](S

ord
N0

(Zp[[Γ′]]))

which is a finite flat algebra over Zp[[Γ′]].
See the book [H1] by Hida and the references listed there for the basics of Hida theory.

1Sometimes, the weight is normalized so that k = w(κ) + 2.
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2. Λ-adic modular symbol

For the cyclotomic p-adic L-function associated to an ordinary cusp form f of weight
k, the most important object for the construction of p-adic L-function was the space of
modular symbols HomΓ1(N)(D0, Lk−2(O))[λf ,±] ∼= H1

c (Y1(N)(C),Lk−2(O))[λf ,±]. So,
in order to generalize it to a p-adic family of cuspform {fκ} (for certain parameter κ), it
is important to interpolate the spaces H1

c (Y1(N)(C),Lk−2(O))[λfκ ,±] for a given family
{fκ}. This is the space of Λ-adic modular symbols which we want to talk about.

First, We define UMN0 to be

UMN0 := lim←− s≥1H1(X1(N0p
s)(C), ∂X1(N0p

s)(C);Zp)ord

Definition 2.1. We define MSN0 to be Hom�p[[Γ′]](UMN0 , Zp[[Γ′]]) and call it the space
of Λ-adic modular symbols of tame conductor N0. For a ordinary Λ-adic eigen newform
F of tame conductor N0, we define “λF -components” MS(λF ) and MS[λF ] as follows:

MS(λF ) =
(
MSN0 ⊗�p[[Γ′]] IF

)
⊗�ord

N0

IF .

MS[λF ] =
(
MSN0 ⊗�p[[Γ′]] IF

)
[λF ].

There is natural action of the complex conjugate on UMN0 (and hence on MSN0) and
taking ±-eigen spaces of the complex conjugate is insensitive to taking “Hecke-eigen
quotient” or “Hecke eigen subspace” for λF . So, we can think of their ±-eigen space
MS±

N0
, MS(λF )±, MS[λF ]±, etc.

Kitagawa gives the following list for IF -freeness of the modules defined above.

Proposition 2.2. 1. UMN0 is a free Zp[[Γ′]]-module of finite rank. Consequently,
MSN0 is also a free Zp[[Γ′]]-module of finite rank.

2. Let IF be the local component of Hord
N0

. Let us consider the following conditions:
(a) IF is a UFD.
(b) US±

N0
⊗�ord

N0

Hord
N0,�(F) is a free Hord

N0,�(F)-module of rank one, where M(F) is

the maximal ideal of Hord
N0

which corresponds to the residual class of the Hecke
eigen system λF and Hord

N0,�(F) is the localization at M(F).
(c) US(λF )± is a free IF -module of rank one.
(d) US[λF ]± is a free IF -module of rank one.
(e) MS[λF ]± is a free IF -module of rank one.
We have the following relations for implications between above conditions:
(b)⇒ (c)⇒ (d)⇒ (e)⇐ (a). 2

Remark 2.3. If F is not congruent to an Eisenstein series and if IF is Gorenstein, the
condition (b) is valid under a certain condition on the power of ω acting on Hord

N0,�(F).

Proposition 2.4. The Zp[[Γ′]]-module UMN0 is exactly controlled. That is, we have a
canonical isomorphism

UMN0/(γ′ps−1

− χk(γ′ps−1

))UMN0
∼= H1(X1(N0p

s)(C), ∂X1(N0p
s)(C);L∨k−2(Zp))ord

2As we will see in Theorem 3.2, the most important condition which we use later for the two-variable
p-adic L-function is (e)
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for every k ≥ 2 and every s ≥ 1. Similarly, we have a canonical isomorphism

MS[λF ]/(γ′ps−1

− χk(γ′ps−1

))MS[λF ] ∼= H1
c (Y1(N0p

s)(C),Lk−2(Zp))ord

for every k ≥ 2 and every s ≥ 1.

Proof. Let us recall that we have a natural perfect pairing:

H1
c (Y1(N0p

s)(C),Lk−2(Zp))ord ×H1(X1(N0p
s)(C), ∂X1(N0p

s)(C);L∨k−2(Zp))ord −→ Zp.

On the other hand, MSF is defined to be a Zp[[Γ′]]-linear dual of

UMN0 = lim←− s≥1H1(X1(N0p
s)(C), ∂X1(N0p

s)(C);Zp)ord.

Hence it suffices to the second statement follows from the “exact control” for UMN0 . For
this, we introduce a Banach module 3

MSN0 = lim−→ s≥1H
1
c (Y1(N0p

s)(C);Zp)

MSN0 is not at all finitely generated over Zp[[Γ′]]. However,MSN0 has natural structure
of Zp-Banach module, by which we have a prefect pairing of Banach modules:

MSN0 × UMN0 −→ Zp.(1)

By the standard argument of Hida theory, we have the following “exact control” for
MSN0 :

H1
c (Y1(N0p

s)(C);Lk−2(Zp))
∼−→MSN0 [γ

′ps−1

− χk(γ′ps−1

)],

for every k ≥ 2 and every r ≥ 1. By taking the Banach dual of this, we obtain “exact
control” for UMN0 .

3. Main statement

In order to construct a p-adic L-function in IF [[Γ]]. We recall the following fact which
is similar as explained in the resume of the last week.

Lemma 3.1. We have the following equivalence:

Given an element x in IF [[Γ]] ⇐⇒ Given an IF -valued measure µx on Γ.

As in the one-variable case (cf. [O6]), it suffices to construct an IF -valued measure µF
on Z×

p via the canonical inclusion Γ ↪→ Z×
p .

3We follow exactly the description of [Ki]. However, strictly speaking, the direct limit here might not
be complete and hence might not be Banach. In spite of this, we can easily modify the argument below

by proving the exact control between two finite levels Y1(N0p
s) and Y1(N0p

s′) with s′ > s.
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3.1. Kitagawa’s construction. We have an IF -linear perfect pairing:

MS+
N0
⊗�p[[Γ′]] IF × US+

N0
⊗�p[[Γ′]] IF −→ IF .

By restricting the left and right terms to λF -part, we have an IF -linear pairing:

〈 , 〉 : MSN0 [λF ]+ × US[λF ]+ −→ IF .

If US[λF ]+ is free of rank one over IF (cf. condition (d) of Proposition 2.2), the pairing
〈 , 〉 is perfect. If IF is a UFD (cf. condition (a) of Proposition 2.2), IF/Im(〈 , 〉) is a
pseudo-null IF -module. 4

For an open set U = a + prZp ⊂ Z×
p . For a fixed element b ∈MS[λF ], we will define

µ
(b)
F (U) =

〈
b, {∞} − { a

pr
}
〉

,

under 〈 , 〉 : MS[λF ]+×US[λF ]+ −→ IF . The distribution property is checked exactly in
the same manner as the one-variable case (cf. [O6, Proposition 3.6]) by calculating the
action of Tp ∈ Hord

N0
on b in two different way. This construction is summarized to the

following theorem

Theorem 3.2 (Kitagawa, [Ki]). We assume that MS[λF ]+ is free IF -module of rank one
and we fix an IF -basis b of MS+

F . Then, we have a p-adic L-function LKM
p (F ; b) ∈ IF [[Γ]]

satisfying the following interpolation property for each arithmetic point κ of IF with
w(κ) ≥ 2 and each arithmetic character χjφ of Γ such that 1 ≤ j ≤ w(κ)− 1 :

(χjφ ◦ κ)(LKM
p (F ; b))

C+
fκ,p,ηfκ

= (−1)j−1(j−1)!×U(κ, j, φ)×G(φ−1ωj−1)× L(fκ, φω1−j , j)
(2π
√
−1)jΩ+

fκ,∞,ηfκ

,

where U(κ, j, φ) is defined as follows:

U(κ, j, φ) =

⎧⎨
⎩

(
1− pj−1

ap(fκ)

)
if φω1−j = 1,

(ap(fκ))−ordpCond(φω1−j) if φω1−j �= 1,

and C+
fκ,p,ηfκ

∈ Zp (resp. Ω+
fκ,∞,ηfκ

∈ C) is a p-adic error term (resp. a complex period)
determined as follows:

bκ = C+
fκ,p,ηfκ

· ηfκ ,

iES(fκ) = Ω+
fκ,∞,ηfκ

· ηfκ ,

where we ηfκ is a Zfκ,(p)-basis of H1
c (Y1(Np∗)(C),Lw(κ)−2(Zfκ,(p)))[λfκ ,+]. We note that

C+
fκ,p,ηfκ

is never zero without any other condition than the freeness of MS[λF ]+ and the

p-adic absolute values of
L(fκ, φω1−j , j)

(2π
√
−1)jΩ+

fκ,∞,ηfκ

∈ Q
× and C+

fκ,p,ηfκ
do not depend on a

Zfκ,(p)-basis ηfκ.

4In fact, this paring is compatible with the localization at a height-one prime P of �F. Note that
� �N0 ⊗�p[[Γ′]] �F,P[λF ]+ and ��⊗�p[[Γ′]] �F,P[λF ]+ is a free �F,P-module of rank-one when �F,P is a

DVR.
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If we suppose the condition (a) of Proposition 2.2, κ �→ |C+
fκ,p,ηfκ

|p is a bounded func-
tion when κ runs all arithmetic points of weight ≥ 2. If we suppose the condition (d) of
Proposition 2.2, C+

fκ,p,ηfκ
is a p-adic unit for every arithmetic point of weight ≥ 2.

Remark 3.3. 1. The terms C+
fκ,p,ηfκ

is sometimes called “a p-adic period” (In fact,
Greenberg-Stevens which constructs similar p-adic L-function calls similar terms
which appear in their interpolation p-adic periods). However, C+

fκ,p,ηfκ
is nothing

but an error between the p-adic étale realization and the Betti realization and it is
not given by a suitable p-adic comparison theorem between the de Rham realization
and the Betti realization the motif Mfκ . Hence, we call it simply “a p-adic error
term”. In order to note that this is not a real period, we use the symbol C+

fκ,p,ηfκ

not using Ω+
fκ,p,ηfκ

.
2. The p-adic L-function LKM

p (F ; b) depends on an IF -basis b of MS+
F . However, the

principal ideal (LKM
p (F ; b)) is independent of b. If we replace the IF -basis b of MS+

F
by another one b′ = ub (u ∈ I×F ), we have LKM

p (F ; b′) = uLKM
p (F ; b).

3. Last week, we introduced complex periods Ω+
f,∞ and we put emphasis on the non-

canonical choice of these periods. If we replace an Zf,(p)-basis ηfκ of the Zfκ,(p)-
module H1

c (Y1(Np∗)(C),Lw(κ)−2(Zfκ,(p)))[λfκ ,+] by another one η′fκ
= α · ηfκ , we

have

C+
fκ,p,ηfκ

= αC+
fκ,p,η′

fκ

and Ω+
fκ,∞,ηfκ

= αΩ+
fκ,∞,η′

fκ

Hence, the value (χjφ ◦ κ)(LKM
p (F ; b)) is well-defined independently of the choice

of ηfκ .
4. Greenberg-Stevens [GS1] also constructs a similar two-variable p-adic L-function in

this context of Hida theory. However, the way of construction is different. it is even
not clear whether if they coincides with LKM

p (F ; b) modulo multiplication by units
of IF . We will recall the difference in detail in the following paragraph.

5. We point out the following differences.
(a) There appears no arguments of “Banach-dual” in [GS1].
(b) They also somehow introduce “a module of Λ-adic modular symbols MS′

N0
”.

However, they do not study detailed integral structure of MS′
N0

as HN0-module.
They rather treat the interpolation of parabolic cohomology groups:

H1
par(Y1(N0p

s)(C),Lk−2(Zp))± = Im
[
H1

c (Y1(N0p
s)(C),Lk−2(Zp))± −→ H1(Y1(N0p

s)(C),Lk−2(Zp))±
]

which is nothing but Λ-adic Galois representation associated to Hida family,
for which the integrality is much easier. Then they try to lift an element of
this family of parabolic cohomologies locally to MS′

N0
(taking a section as HN0-

module).
(c) From the above reason from the difference of construction, the construction

by Greenberg-Stevens [GS1] is local, while LKM
p (F ; b) is global. After fixing a

certain arithmetic point κ0 of IF and a basis b′ ∈ (IF )(κ0) of their “a module of
Λ-adic modular symbols” (here, (IF )(κ0) is the (Zariski-)localization of IF at the
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kernel of κ0), they have LGS
p (F ; b′) ∈ (IF )(κ0) with the interpolation property:

(χjφ ◦ κ)(LGS
p (F ; b′))

C ′+
fκ,p,ηfκ

= (−1)j−1(j−1)!×U(κ, j, φ)×G(φ−1ωj−1)× L(fκ, φω1−j , j)
(2π
√
−1)jΩ+

fκ,∞,ηfκ

,

for each arithmetic point κ of IF with w(κ) ≥ 2 at which LGS
p (F ; b′) is regular

and for each arithmetic character χjφ of Γ such that 1 ≤ j ≤ w(κ)−1. It seems
that nothing on the behavior of |C ′+

fκ,p,ηfκ
|p is shown (cf. Compare to the case

of LKM
p (F ; b) in Theorem 3.2). 5

3.2. Other constructions. As we looked several different constructions of one-variable
(cyclotomic) p-adic L-function and discussed their relation in the article [O6, §1.4], we
will try to recall known research for two-variable interpolation on the nearly ordinary
Hida family. The situation is more complicated than the case with one-variable.

As in the one-variable case, the several known constructions should be classified ac-
cording to the nature of complex periods which appears in the interpolation of the special
values. From this view points, we have essentially two classes of constructions.

1. The first one is the construction via the theory of modular symbols which we discuss
in this article. Several people (Greenberg-Stevens, (Mazur-)Kitagawa, Ohta) study
two-variable p-adic L-functions in this context. The papers [GS1] and [Ki] are
known as published references (cf. Remark 3.3 for comparison between these two).

2. The other one is based on Shimura’s theory.
(a) Panchishkin constructs a two-variable p-adic L-function using Shimura’s pre-

sentation:
L(fκ, φ, 1)
Ω±

fκ,∞,≡a

=
〈fκ, E

≡a(l)
k,φ ± E

≡−a(l)
k,φ 〉

〈fκ, fκ〉
,

constructing a two variable measure for Hida family F = {fκ}κ and Eisenstein
family E = {E≡a(l)

k,φ ±E
≡−a(l)
k,φ }

φ∈�Γ for suitable computation of Tp-action to prove
“distribution property” needed. His p-adic L-function LPan

p (F ; a(l)) ∈ I[[Γ]] has
the following interpolation property:

(χjφ◦κ)(LPan
p (F ; a(l))) = (−1)j−1(j−1)!×U(κ, j, φ)×G(φ−1ωj−1)× L(fκ, φω1−j , j)

(2π
√
−1)jΩ+

fκ,∞,≡a(l)

.

The only reference for this seems to [P] though it is written for a more general
setting of Coleman family which is a generalization of Hida family for positive
slopes.
The difference between Mazur-Kitagawa’s p-adic L-function and Panchishkin’s
one is only on complex periods and p-adic error terms in the interpolation (Com-
pare the interpolation property of LPan

p (F ; a(l)) above to that of LKM
p (F ; b) in

Theorem 3.2 ). There appears no p-adic error term for LPan
p (F ; a(l)) and com-

plex periods Ω+
fκ,∞,≡a(l) at κ is not in general optimal.

5In principle, the p-adic L-function by Greenberg-Stevens seems to be less delicate than the one by
Kitagawa from the point of interpolation property. However, it is also important that [GS1] is rather
devoted to the application to prove the extra-zero conjecture for the cyclotomic p-adic L-function.
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(b) Similarly as Kato’s Euler system construction in one-variable case, we con-
struct a two-variable p-adic L-function from Kato’s Euler system. The key is
to construct a machinery of “Coleman map” which transforms “an Euler sys-
tem” living in a projective system of local Galois cohomologies into “a p-adic
L-function” living in a Hida-Iwasawa algebra IF [[Γ]] as follows (cf. [O1] for the
construction):

Ξ : lim←−
r

H1(Qp(µpr
);T ∗

F (1)⊗ φ−1)
H1

f (Qp(µpr);T ∗
F (1)⊗ φ−1)

−→ IF [[Γ]]

which interpolates the following dual exponential maps for each χjφ, κ such
that 1 ≤ j ≤ w(κ)− 1:

exp∗ :
H1(Qp, V

∗
fκ

(1− j) ⊗ φ−1ωj−1)

H1
f (Qp, V ∗

fκ
(1− j) ⊗ φ−1ωj−1)

−→ Fil0DdR(V ∗
fκ

(1− j)⊗ φ−1ωj−1) ∼= KQfκ [φ]

where TF (cf. Vfκ) is the IF -adic (resp. p-adic) Galois representation associated
to F (resp. fκ).
We note that Euler systems constructed by Kato depends on the choice of
Eisenstein series. If we choose the family E = {E≡a(l)

k,φ ± E
≡−a(l)
k,φ }φ∈�Γ as above,

we have the corresponding element Za(l) ∈ lim←−
r

H1(Qp(µpr
);T ∗

F (1)⊗ φ−1)
H1

f (Qp(µpr);T ∗
F (1)⊗ φ−1)

and

Ξ(Za(l)) ∈ I[[Γ]] satisfies exactly the same interpolation property as LPan
p (F ; a(l)) ∈

I[[Γ]]. 6

As remarked in above, the complex period Ω+
fκ,∞,≡a(l) is not necessarily optimal

and the p-orders of the special values of the p-adic L-function might differ from
the one expected from the Birch and Swinnerton-Dyer conjecture.
In [O3], when we choose an IF -basis b of Kitagawa’s module MS[IF ]+ is given,

we obtain an Euler system Zb ∈ lim←−
r

H1(Qp(µpr
);T ∗

F (1)⊗ φ−1)
H1

f (Qp(µpr);T ∗
F (1)⊗ φ−1)

such that Ξ(Zb) =

LKM
p (F ; b) (under certain technical conditions) by modifying Kato’s Euler sys-

tem. in [O3], we discuss the Iwasawa Main conjecture with this optimal p-adic
L-function Ξ(Zb) = LKM

p (F ; b) and proves one of the divisibility by using the
Euler system theory developed in [O2].

4. Questions and perspective

4.1. Relation between several construction. As discussed in §3.2, there are different
constructions for two-variable p-adic L-functions for F . Here, we would like to pose
another interesting question from such point of view. Suppose that our Hida family F
has complex multiplication by an imaginary quadratic field M . Then, IF [[Γ]] is suitably
identified with O[[Γ̃]] where Γ̃ is the Galois group of the Z2

p-extension of M . Katz [Ka],

6Hence, we have Ξ(Za(l)) = LPan
p (F ; a(l)). Fukaya also constructs a Coleman map from the limit of

K2-group of Y1(N0p
s) ⊗ �(µps ) to �p[[Γ

′]] and constructs an element equal to Ξ(Za(l)).
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Yager [Y], de Shalit [dS] constructs a two-variable p-adic L-function LCM
p (F) ∈ Ôur[[Γ̃]]

7 satisfying the interpolation property:

(χjφ ◦ κ)(LCM
p (F))

CCM
fκ,p

= (−1)j−1(j − 1)!× U(κ, j, φ) ×G(φ−1ωj−1)× L(fκ, φω1−j , j)
(2π
√
−1)jΩ+

fκ,∞
.

where CCM
fκ,p ∈ (Ẑur

p )× is a suitably defined p-adic error term and Ω+
fκ,∞ is a complex

period which is chosen systematically when κ moves. It seems very natural for us to
propose the following coincidence:

Conjecture 4.1. LKM
p (F ; b) and LCM

p (F) determines the same principal ideal in Ôur[[X1,X2]].

By regarding both LKM
p (F ; b) and LCM

p (F) as elements in Ôur[[X1,X2]] ∼= IF [[Γ]]⊗O
Ôur, it is probably true that

∣∣(χjφ ◦ κ)(LCM
p (F))

∣∣
p

=
∣∣(χjφ ◦ κ)(LKM

p (F ; b))
∣∣
p
. However,

it does not necessarily imply that (LKM
p (F ; b)) = (LCM

p (F)).

Remark 4.2. Consider an Iwasawa algebra ΛO, which is non-canonically isomorphic to
O[[X1, · · · ,Xn]]. Let us take f, g ∈ ΛO. Even if |κ(f)|p = |κ(g)|p at arithmetic points
κ’s which make a Zariski dense subset, the ratio of f and g might not be a unit in ΛO.

We have another remark from the point of Iwasawa Main Conjecture. One might think
that the Iwasawa Main Conjecture for both of LKM

p (F ; b) and LCM
p (F) imply Conjecture

4.1.
(char

�p[[�Γ]]XM∞) (LCM
p (F))

‖

(char�F[[Γ]]SelTF (Q∞)∨)
?· · · · · · (LKM

p (F ; b))

In the above diagram, the equality in the first line is the Iwasawa Main conjecture for
the imaginary quadratic field M which is shown by Rubin [R] by using the Euler system
of elliptic units, where XM∞ is the Pontrjagin dual of certain ideal class group over M∞.
The term SelTF (Q∞) in the bottom line is the Selmer group defined as a subgroup of
Galois cohomology having coefficient TF ⊗�F (IF )∨ with suitable local condition. We
can prove the vertical equality by calculation of Galois cohomology via Shapiro’s lemma
“H1(Q, Ind�MA) ∼= H1(M,A) ” and careful identification of local conditions. However,
as shown in the diagram, we know no relation between the two objects in the bottom
line. We can formulate the Iwasawa Main Conjecture for LKM

p (F ; b) no matter how F
has complex multiplication or not. 8 Though we can relate Kato’s Euler system Zb to
LKM

p (F ; b) by [O1] and [O3] no matter how F has complex multiplication or not, Euler
system theory to relate Zb to SelTF (Q∞) work only when F does not have complex
multiplication.

7The Construction of Katz is due to the evaluation of Eisenstein measure at CM points and the other
two is due to the elliptic units and Coleman power series. However, all of them seem to have the same
interpolation including complex and p-adic periods.

8The Main Conjecture is first proposed by Greenberg [G, §4] and is refined in [O3] by making the
choice of analytic and algebraic p-adic L-function precise.
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4.2. µ-invariant. It seems also natural to expect the following (cf. arguments in [O5]
and Conjecture in one-variable case [O6]):

Conjecture 4.3. LKM
p (F ; b) ∈ IF [[Γ]] has a µ-invariant zero. In other words, LKM

p (F ; b)
is not divisible by a uniformizer of Qp ∩ Frac(IF ).

4.3. p-adic period. As we remarked earlier (cf. Remark 3.3.1), it seems good to in-
troduce a “real” p-adic period using the comparison theorem in the p-adic Hodge theory
proved by Faltings, Niziol and Tsuji by three different methods. 9

ip : Sk(Γ1(N0p
∗); Qfκ)[λfκ ]⊗BHT

∼−→ H1
c (Y1(N0p

∗)
�
; Qfκ)[λfκ ,+]⊗BHT

The fixed embedding Q ↪→ C induces an isomorphism

H1
c (Y1(N0p

∗)(C);Qfκ)[λfκ ,+]⊗BHT
∼= H1

c (Y1(N0p
∗)
�
; Qfκ)[λfκ ,+]⊗BHT

By this, we define a p-adic period Ωfκ,p,ηfκ
to be

ip(fκ ⊗ 1) = Ωfκ,p,ηfκ
· (ηfκ ⊗ 1)

We see that Ωfκ,p,ηfκ
∈ BHT = ⊕Cp(n) is supported in a single component Cp(1−w(κ))

of BHT. Let us also fix a system of p-power roots of unity {ζpr}r≥1. This allows us to
identify Ωfκ,p,ηfκ

as an element of Cp.

Theorem 4.4 ([O4]). Suppose the condition (d) of Proposition 2.2. We also assume
that the underlying module for the Galois representation ρF : G� −→ Aut�F(TF ) is free
of rank two and the image of ρF in Aut�F(TF ) ∼= GL2(IF ) contains SL2(IF ).

Then, by replacing the embedding Q ↪→ C if necessary, the following statements hold:
1. The p-adic period Ω+

fκ,p,ηfκ
defined by ip(fκ ⊗ 1) = Ω+

fκ,p,ηfκ
· (ηfκ ⊗ 1) is a non-

zero element in Ôur for every arithmetic point κ of weight ≥ 2, where ηfκ is a
Zfκ,(p)-basis of H1

c (Y1(Np∗)(C),Lw(κ)−2(Zfκ,(p)))[λfκ ,+].
2. we have a p-adic L-function LKM

p (F ; b) ∈ IF [[Γ]] satisfying the following interpola-
tion property for each arithmetic point κ of IF with w(κ) ≥ 2 and each arithmetic
character χjφ of Γ such that 1 ≤ j ≤ w(κ)− 1 :

(χjφ ◦ κ)(LKM
p (F ; b))

Ω+
fκ,p,ηfκ

= (−1)j−1(j−1)!×U(κ, j, φ)×G(φ−1ωj−1)× L(fκ, φω1−j , j)
(2π
√
−1)jΩ+

fκ,∞,ηfκ

,

where U(κ, j, φ), is defined as in Theorem 3.2 and Ω+
fκ,∞,ηfκ

∈ C is a complex period
determined by iES(fκ) = Ω+

fκ,∞,ηfκ
· ηfκ , where ηfκ is the same element as the one

we choose to determine Ω+
fκ,p,ηfκ

.

4.4. diagonal zero. It is also interesting to study zero locus of the two-variable p-adic
L-function. Among such questions, Greenberg’s conjecture on the order of zero along
the axis of functional equation might be the most interesting one. He conjectures that
generic vanishing order of the two-variable p-adic L-function is zero or one according to
the parity of the functional equation. The statement of the conjecture can be found in
the paper [NP]. Hence, we omit stating it again here.

9It seems that it is not known whether three different period map coincide to each other.
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