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THE CAUCHY PROBLEM FOR DIFFERENTIAL OPERATORS
WITH DOUBLE CHARACTERISTICS

TATSUO NISHITANI

ABSTRACT. In this monograph we provide a general picture of the Cauchy
problem for differential operators with double characteristics from the view-
point that the Hamilton map and the geometry of orbits of the Hamilton flow
completely characterizes the well/ill-posedness of the Cauchy problem.

1. INTRODUCTION

Let P be a differential operator of order m defined in a neighborhood of z € R"*1
and let t = ¢(x) be a real valued smooth function given in a neighborhood of Z with
t(z) = 0. We assume that P is noncharacteristic with respect to H = {t(z) = 0}
at z, that is, (Pt"™)(z) # 0. Let ug(z), ..., um—1(z) be m-tuple smooth functions
on H defined near Z. Then the Cauchy problem is to find u, in a neighborhood
of Z, satisfying Pu = 0 near Z and (9/0v)'u(z) = u;(z), j = 0,...,m — 1, on
H, where v is the unit normal to H. Here (ug,...,un—1) is called the initial
data or the Cauchy data. Roughly speaking, the Cauchy problem is said to be FE
well-posed in the direction ¢ if for any initial data in E, which is a function space
given beforehand, there exists a unique solution to the Cauchy problem, and the
differential operator for which the Cauchy problem is well-posed in the direction ¢
is called hyperbolic in the direction ¢. Our main concern in this monograph is to
investigate which operators are hyperbolic in the direction ¢, where t is supposed
to be given.

Choosing a system of local coordinates x = (z9,z’) = (g, 1,.-.,Z,) so that
t(x) = xg, T = 0, and dividing P by a nonvanishing function, then we have

m
P=Dg+ >  au(x)D* =) Pi(z,D)
=0

la|<m,ap<m

in these coordinates, where P;(x, D) denotes the homogeneous part of P of degree
j and D = (Do,D/) = (Do,Dl, .. .,Dn), Dj = —\/—18/8xj, D = Dgto . ‘Dg",
a=(ag,...,a,) € N*TL The symbol of P, (z, D),

P =+ Y aa(@)E,
la|=m,ag<m
is called the principal symbol. We start with giving a very concise definition of the
well-posedness of the Cauchy problem which is equivalent to the classical definition
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of the well-posedness that requires the unique existence of a solution with initial
data on every zp = 7, |[7| < § with a small § > 0.

Definition 1.1. We say that the Cauchy problem for P is C'* well-posed near the
origin in the xy direction if one can find a positive constant ¢ and a neighborhood
w of the origin such that for any |7| < e¢ and f(z) € C§°(w) vanishing in xg < 7
there exists a unique u(z) € H*(w) vanishing in xy < 7 which satisfies Pu = f in
w. Here H*(w) stands for (,—, H*(w) with a standard L? based Sobolev space
H*(w).

It follows easily from the definition that if v € H°(w) vanishing in zo < 7
satisfies Pu = 0 in @y < t (T < t < €), then it results u = 0 in zy < ¢. In
this definition we require the causality that the future does not influence the past,
which is much weaker, at a glance, than the requirement of the finite propagation
speed, but this requirement of the causality consists in the essential part of the
hyperbolicity.

Lemma 1.2. Assume that the Cauchy problem for P is C*° well-posed near the
origin in the xo direction. Then one can find a positive € and a neighborhood w
of the origin such that for any compact set K C w and for any p € N there exist
C >0, q € N such that the estimate

ull e (K {zo<ty) < CllPullakn{zo<ty)

holds for every u € C§°(K N{xg > —€}) and every |t| < e.

This could be considered to be an expression of the causality by an inequality.
Here we recall the definition of strictly hyperbolic operators.

Definition 1.3. We say that P is strictly hyperbolic near the origin in the xg
direction if the characteristic roots, that is, the roots of p(z, &, &) = 0 with respect
to &, are real distinct for any (x,&’), & # 0,  in some neighborhood Q of the
origin.

The Cauchy problem for general higher order strictly hyperbolic systems was first
studied by Petrovsky [54], and he derived energy estimates and proved the C*> well-
posedness for any lower order term. The work was too hard to penetrate, and the
first simplification was made by Leray [31], where he derived energy estimates by
constructing a symmetrizer and constructed the solution by approximation from
the analytic case. Soon afterwards Garding [12] proved the existence of solutions
by functional analysis alone without the approximation process. Shortly afterwards
the Fourier analysis approach of Petrovsky reappeared by use of singular integral
operators [37, B8]. Nowadays we also have a middle course, reducing higher order
equations to first order equations by use of pseudodifferential operators and using
energy estimates for first order operators. See [16] for example.

Theorem 1.4 ([54], [31]). Assume that P is strictly hyperbolic near the origin in
the xqo direction. Then for P+ @Q with any differential operator of order m — 1 the
Cauchy problem is C* well-posed near the origin in the xq direction.

In what follows we often omit “z( direction” and “C°°” so that “well-posed”
means C' well-posed in the z( direction.
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Definition 1.5. P is said to be strongly hyperboli near the origin if the Cauchy
problem for P + @ is C*° well-posed near the origin for any @ of order m — 1.

According to this definition we have the following.
Corollary 1.6. Strictly hyperbolic operators are strongly hyperbolic operators.

Meanwhile it was proved that the characteristic roots must be real for the Cauchy
problem to be well-posed, in [29] for the case of simple characteristics and in [39]
in full generality.

Theorem 1.7 ([29], [39]). Assume that the Cauchy problem for P is well-posed
near the origin. Then all the characteristic roots & are real for any & € R™ and
any r € w with some neighborhood w of the origin.

After standing about ten years, it was proved that the Levi conditiond is nec-
essary and sufficient for the well-posedness of the Cauchy problem for differential
operators with real characteristics of constant multiplicity of at most two in Mi-
zohata and Ohya [40, [41]. Subsequently the necessity of the Levi condition for
the well-posedness was proved in Flaschka and Strang [11] and the sufficiency was
proved in Chazarain [§] for differential operators with real characteristics of constant
multiplicity of any order. Soon after it was actively studied under which conditions
the Cauchy problem is well-posed, assuming a priori the smoothness of character-
istic roots. Around the same period the work of Ivrii and Petkov [I§] appeared
(which introduced the Hamilton map, the linearization of the Hamilton vector field
H,, at a multiple characteristic, and clarified some close relations between the well-
posedness of the Cauchy problem and the structure of the Hamilton map), which
gave an impact to researchers on hyperbolic differential equations. (p fails to be
strictly hyperbolic polynomial at singular points of H,.) In this monograph, we
try to give an overview on progress of the well-posedness of the Cauchy problem
for differential operators with double characteristics obtained in the 1980s along
the direction suggested in [18]. For results on the Cauchy problem for differential
operators in the 1980s, including an overview of hyperbolic differential operators
with constant coefficients, we refer to Garding [13], [14] and Melrose [34], Ivrii [22].

2. HAMILTON MAP AND WELL-POSEDNESS OF THE CAUCHY PROBLEM

By taking Theorem [[7]into consideration we assume that the characteristic roots
of p(z, &) are all real. We start with the definition of characteristics.

Definition 2.1. If p(z,£) vanishes at p = (2°,£0) € R2+D_ ¢0 £ 0, of order r,
that is, 5‘38?]9(/)) =0 for any |a+ | < r and 838?}7(/0) # 0 for some |o + (| =,
we call p a characterisitc of order r of p.

By definition strictly hyperbolic operators are those whose characteristics are
real and simple. If the Cauchy problem for differential operators with multiple
characteristics is well-posed, then the following necessary condition must be verified
at such multiple characteristics.

1 In [I§] strongly hyperbolic operators are called regularly hyperbolic operators.
2 The word Levi condition stems from [32]. One space-dimensional case was also studied in
[30].
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Theorem 2.2 ([I8]). Assume that the Cauchy problem for P is well-posed near
the origin and let (0,£°) be a characteristic of order r. Then we have

090, P (0,€°) =0, Ja+p8l<r—2j j=0,...,[r/2,
where [r/2] stands for the integer part of r/2.

In [I8] we find many other necessary conditions for the well-posedness. Here we
only cite a necessary condition which is independent of the choice of local coordi-
nates. For differential operators with real simple characteristics we have Theorem
[[4l Then, in what follows, we are concerned with differential operators with double
characteristics.

Definition 2.3. One calls

" 0p O dp 0
=3 )

=0 85] 8.Tj 81‘]' 6§]
the Hamilton vector field of p. The integral curves of H,,, that is, solutions of the
Hamilton equation X = H,(X) on the surface p = 0, are called the bicharacteristic
of p.

Multiple characteristics of p are singular (stationary) points of the Hamilton
vector field H,. Let p = (2°,£°%) be a double characteristic of p. We linearize
the Hamilton equation X = H,(X) at p where X = (,€); that is, by inserting
X (s) = (29,£%) + €Y (s) into the equation, then the term linear in € in the resulting
equation is Y = 2F,(p)Y, where F,(p) is given by

&%p 0%p
B agc(%(f)) agag(p)

“ 900" " agox P
Definition 2.4. We call F,(p) the Hamilton ma;ﬁ of p at p.

A special spectral structure of F,(p) results from the fact that p(z,&,&’) = 0
has only real roots &y for any (z,£’).

Lemma 2.5 ([I8], [15]). All eigenvalues of the Hamilton map F,(p) are on the
imaginary axis, with possibly one exception being a pair of nonzero real eigenvalues

A, A > 0.

Definition 2.6. One says that p is an effectively hyperbolic characteristic if F,(p)
has a nonzero real eigenvalue; we also say that p(z,¢) is effectively hyperbolic@ at
p. Otherwise p is said to be noneffectively hyperbolic characteristic and p(z,§) is
called noneffectively hyperbolic at p.

3 We call F), the Hamilton map after [I5]. In [I8] they called F}, the fundamental matrix.
One of the authors [18] has told me an episode about the origin of the terminology fundamental
matrix: When he was a graduate student, they had the following definitions among mathematical
students: “Derivative” of the drunken party is the party financed through deposit bottles and in
order to be able to get one bottle in the second round one should consume at least 13 in the first.
“Fundamental” drunken party is a party with a nonzero second derivative.

4 The word effective is chosen in [I5] and stems from Ivrii’s conjecture.
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Definition 2.7. The positive trace of Fj,(p ) is given by

TrJrF Z 151,

where the sum is taken over all pure imaginary eigenvalues iu; of F,(p) repeated
according to their multiplicities.

Theorem 2.8 ([18]). Assume that P is strongly hyperbolic near the origin. Then
there is a meighborhood of the origin where every multiple characteristic of p is at
most double and effectively hyperbolic.

In [18] they conjectured that the converse is also true. This conjecture was

affirmatively answered in [19], [42], [23] for special cases, in [24], ME [45] for

general second order operators and in [26], [43] for general higher order operators.

Theorem 2.9 ([19], [35], [23, 24] 26], [42] (43| [45]). Assume that every multiple

characteristic of p is at most double and effectively hyperbolic. Then P is strongly
hyperbolic near the origin.

In [23] 24] the proofs were based on the transformation of the operator P to
an operator with “nice” lower order terms by means of integro-pseudodifferential
operators and on the energy estimates for the resulting operator, while in [43], [45]
the proof was based on weighted energy estimates with pseudodifferential weights
of which symbol is a power of (microlocal) time function, after some preliminary
transformation by Fourier integral operators. For details we refer to [25], [27]. It is
possible to avoid the use of Fourier integral operators in the latter method [49)

In what follows we are concerned with the case where p is noneffectively hyper-
bolic at double characteristics. The subprincipal symbol Psyp(z,£) of P is defined
by reference to any local coordinates z as follows

Pru(@8) = Z ax] 65]

Theorem 2.10 ([18], [15]). Let p = (0,£°) be a noneffectively hyperbolic charcter-
istic of p. If the Cauchy problem for P is C'*° well-posed near the origin, then we
have

(2.1) Im Pyuy(p) =0,  —Tr" Fy(p) < Re Powy(p) < T Ey(p).

This was proved in [I§] for one of three cases depending on the properties of
F,(p), and the proof for the other two cases was given in [I5].

Definition 2.11. The condition (ZTJ) is called the Ivrii-Petkov-Hérmander condi-
tion (IPH condition for short). If Tr™ F,(p) = 0 the IPH condition is reduced to
Poup(p) = 0 and is called the Levi condition.

Let p be a double characteristic of p. Then we have as € — 0
pp+eX) = E(p,(X) +0(e)), X = (z,6) € R,

5 Estimates proving the regularity of solutions are obtained. But the estimates are not usual
ones and are not enough to prove the well-posedness of the Cauchy problem.

6 If we consider two or more differential operators with the same effectively hyperbolic char-
acteristics, we are forced to treat the problem without Fourier integral operators.

7 P,yp is invariantly defined at double characteristics.
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where p,(X) is called the localization of p at p, which is nothing but the second
order term in the Taylor expansion of p at p, and hence would be considered as the
first approximation of p near p.

Lemma 2.12 ([18)]). p,(X) is a quadratic hyperbolic form in X = (z,&) € R+,
that is, a quadratic form of signature (—1,1,...,1,0,...,0).

Let p,(X,Y) be the polar form of p,(X). Then it is clear that
pp(X.Y) = 0(X, F,(p)Y), XY € R,

and in particular we have p,(X) = o(X, F,(p)X), where o((z,§), (y,n)) = (£, y) —
(z,m) is the standard symplectic 2 form on R"*! x R and (z,y) = Y_7_; =;y;.

Lemma 2.13 ([15]). Let Q(X) be a quadratic hyperbolic form on RV and let
F € My(41)(R) be the Hamilton map of Q, that is, the map given by the formula

1
5Q(X, Y)=0(X,FY), X,Y eR2"+D),

Then choosing a suitable symplectic basis on R2"t1) we see that Q takes one of the
following forms:

k ¢
(1) Q= )‘(15(2) - ggk) + Zj:l Hj (373 + 5]2‘[) + Zj:k+1 5327
(2) Q=&+ 2i-1 l‘j(x? + 5]2) + D ekt @2‘;
(8) Q= =&§ + 2681 + ot + Lo ii(oF + ) + T &
where X > 0, p1; > 0. In the case (1) F has a nonzero real eigenvalue, and in the

cases (2) and (3) all eigenvalues of F are on the imaginary azis. In the cases (1)
and (2) we have Ker F2NIm F? = {0}, while Ker F?NIm F? # {0} in the case (3).

Therefore in a suitable symplectic basis, the localization p,(X) of p will be
one of (1), (2), (3) in Lemma [ZT3] But in studying the well-posedness of the
Cauchy problem, not all canonical transformations are allowed)d and hence the
canonical form of p, in Lemma [2.13] would not always be applicable. This is a main
reason why the studies of the Cauchy problem are not so straightforward. In [I7],
partly motivated by this observation, quadratic hyperbolic operators are intensively
studied.

In what follows we restrict ourselves to study the Cauchy problem for differential
operators with characteristics at most double which are noneffectively hyperbolic.
Since the studies of the Cauchy problem for differential operators with characteris-
tics at most double can be reduced to those for second order operators, differential
in zg, and pseudodifferential in z’, then in what follows we assume that P takes
the form

P(xz,D) = =D + Ay (2, D")Dqy + Ay(x, D')

with classical pseudodifferential operators A;(x, D) of order j so that A,(x,&’) ~
Ajo+ Aj1 +---. Here Aj; is of homogeneous of degree j — k in &’. Then the
principal symbol p(z, ) is

p(x, &) = —£5 + Aso(z, &) &0 + Azo(,£).

8 One can only use the canonical transformation such that the Fourier integral operator asso-
ciated with it preserves the causality.
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Let us set Pi(z,&) = Ay1(z, &) + Agi1(x,&’). In this note we always assume that
the doubly characteristic set ¥ of p(x, £) verifies the following conditions#

¥ is a C'°° manifold,
(2.2) dim7,¥ = dimKer F,,(p), p€ X,

rank (o|x) = constant.

By conjugation with a Fourier integral operator with xy as a parameter, one can
assume p(x,€) = —£2 + q(x,¢’). For this p, the conditions ([Z.2)) are equivalent to
saying that one can find, at each p € X, & = ¢, ¢;(z, &), j = 1,...,r, with
linearly independent differentials d¢;(p) such that

{p =&+ 22:1 ¢j(x, &) Y={¢;=0,j=0,...,7},
rank({¢;, #; }(p))o<i,j<r = constant, p € I,

holds in a neighborhood of p, where {¢;, ¢;} denotes the Poisson bracket of ¢; and
¢;

N~ (00095 00106\ _
{9165} = kz_o<85k S or ge) = Hots

Theorem 2.14 ([20], [15]). Assume that p is noneffectively hyperbolic at every
point of ¥ and

2 2 _
(2.3) Ker F; NIm Fy = {0}
holds on %. If the conditions
(2.4) Im Peyy =0, TrTF, + Re Py, > ¢

hold on % with some € > 0, then the Cauchy problem for P is well-posed near the
origin.

Remark 2.15. 1f (Z3) and Tr™ F, = 0 hold on X, then ¥ is an involutive manifold,
and in this case the Cauchy problem is well-posed if and only if the Levi condition
is satisfied on ¥ ([15]).

We make some comments on the proof of Theorem [2.14] in the next section. In
the following we quote condition (Z.4)) as the strict IPH condition. At this stage the
main remaining problem is that in the case that (23] fails, and hence the condition

2 2
(2.5) Ker F; NIm F; # {0}

is assumed on ¥, is the Cauchy problem still C*° well-posed under the strict IPH
condition or are other new conditions needed for the well-posedness? There also
remains the question as to whether one can take e = 0 in (2Z4]), that is, whether or
not the IPH condition itself is sufficient for the well-posedness.

9 It seems to be a quite reasonable assumption when one studies a general case.
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3. ENERGY ESTIMATES AND ELEMENTARY DECOMPOSITION

In this note pseudodifferential operators are assumed to be Weyl quantized, that
is, we define the pseudodifferential operator p(z’, D) with symbol p(z’,£’) by

p(2’, D' yu= (2m)~" / @ (@ +y') /2, Yuly')dy'de .

We also denote p(z/, D') = Op(p(2’,¢’)) and the symbol of p(z', D")q(z’,D’) by
p(x', &) #q(a’,&). If there is no confusion we denote the symbol p(z/,£’) or the
operator p(z’, D) by the same p. Let us consider

P=—MA+ BA+Q,

where M = Dy — m(x,D’), A = Dy — Mz, D’), and m(z, &), MN=,§'), B(z,') €
S((£), go). We assume Q(z,&') € S((£)?, go), where go = |dx|? + (¢/)72]d¢’|?, and
hence S((§)™, go) = ST For pseudodifferential operators, we refer to Chapter 18
n [I6]. With a large positive parameter 6 we put

PQZP(.’L',DO—ie,D/)7 Ag:A—iG7 M9:M—i6

so that Py = —MgAgy + BAg + Q. Denote by (u,v) the L?(R™) inner product. For
later use we state an energy inequality in a somewhat more general form than is
needed here.

Proposition 3.1. The following inequality holds:
2Am( Py Agu) 2 ([ Aoul? + (ReQ)u ) + 0% ul) + 0 Agu
+260Re(Qu, u) + 2((Im B)Agu, Agu) + 2((Imm)Agu, Agu)
+2Re(Agu, (ImQ)u) + Im([Dy — ReA, Re Qu, u)
+2Re((Re Q)u, (ImA\)u) + 62 ||ul® + 26 ((ImA)u, u).
Let p be a double characteristic of p(z, &) = —€2 + 22:1 qb? = —£ +q(x,&).

Definition 3.2. We say that p(z,£) admits an elementary decomposition at p if
we can find classical real valued symbols A , m of degree 1, a nonnegative symbol
Q@ of degree 2 defined in a conic neighborhood U of p, and a positive constant C'
such that we havdl]

51) {p(w,@ = (G —m) (&~ N +0Q, [{&—-AQ}<CQ,
[{€o —m, & = A} < C(VQ + Im = X))
in U.
Assuming (2Z3) it can be seen that p admits a local elementary decomposition,

that is, we can find classical symbols A\, m, @) defined in a neighborhood W of the
origin such that (B holds in W.

Lemma 3.3. Assume [23)). For any p € ¥ there exist a conic neighborhood V' of
p and a smooth h(p) defined in V N'Y satisfying

(32) () € Ker F2(p), pp(h(p)) <0, o(Hay, Fy(p)h(p)) = —1.
When h(p) satisfies B.2) it follows from o(v, F,,(p)h(p)) =0 and v # 0 that
pp(v) > 0.

10 In the present case p = —5(2) + g we have necessarily m = —A\.
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Put w(p) = Fp(p)h(p) with h(p) obtained in Lemma B3] Since Im F,(p) is the
linear subspace spanned by {H¢,, Hg,,...,Hy, }, one may assume w(p) = He, —
S v;Hy,. With

A= D, €)65(, )
=1
we write ]

T T
P=—(G+NG-N+d =Y 67— 1) =q- .
j=1 j=1
Since Hey—x € Ker F, on V. NY we see {{o — A\, ¢;} =0, j =1,...,r. It follows
from Lemma [3.3] that 377, 77 <1, and hence
(3.3) A2 < dg
holds with some 6 < 1. This gives an elementary decomposition of p at p. Therefore
by a compactness argument we can choose a finite number of p} € &' N {|¢’| = 1},
¥ ={¢; = 0,7 = 1,...,r} and conic neighborhoods V; of p} where we have
elementary decomposition. Using a partition of unity {x;} subordinate to the
covering {V;} we define A = > x;A;. Since one can take § < 1 in (B3), then taking

advantage of this space one can show that p = — (£ + A) (€9 — \) + (g — A\?) gives a
local elementary decomposition.

Proposition 3.4. Assume that [2.3]) holds on X. Then p admits a local elementary
decomposition.

We now assume that p(x, &) admits a local elementary decomposition near the
origin. We first note the following lemma.

Lemma 3.5. Assume that p(x,£) admits an elementary decomposition at p, p =
—(&o —m)(&o — X\) + Q. Then we have

Trt Fy(p) = Tr' Fg,
where @), is the localization of @ at p.

By virtue of this lemma the strict IPH condition is reduced to the condition
Tr* Fg, + Re Pau(p) > €, and hence from Melin’s inequality [33] [16] there exist
¢ >0, C' > 0 such that

(@ + Re Pawp)u, u) > cllullf 5 — Cllul®
holds where |ul|s = |[{D’)*u||. Noting

P:_MA+Q+%{50_m7£0_)‘}(an/)+Psub+Ra RES(LQO)

we apply Proposition Bl with B = 0, Imm = 0, ImA =0, ImQ = {& — m,& —
A}/241Im Pgyp, and Re Q = Q4+ Re Py, Considering the fact that {€o— A, Q} is the
principal symbol of —Im[Dy — Re A, Re @], the energy estimates are easily obtained
under the strict IPH condition.

For the question whether one can take e = 0 in Theorem [2.14] there is a coun-
terexample. Let consider the differential operator

k

(3.4) P=-Dj+> pj(x3D3 + D3) + b(xo) Dy, = p(x, D) + b(x0) Dn.

j=1
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In view of Lemma [2I3] the principal symbol p(z,&) verifies (Z3). In this case
the IPH condition is equivalent to the fact that b(xg) is real valued and |b(xp)| <

k
Zj:l M-

Proposition 3.6 ([47]). There exists a real valued smooth function b(xg) defined
near the origin which verifies the IPH condition such that the Cauchy problem for
P of B4 is not C* solvable.

On the other hand, the question as to which differential operators the IPH con-
dition is sufficient for the well-posedness of the Cauchy problem is closely related
to Melin-Hormander’s inequality (Theorem 3.3.1 in [15], Theorem 22.3.2 in [I6]).
We can find some related results in [53].

4. WELL-POSEDNESS AND ELEMENTARY DECOMPOSITION

We now ask whether the elementary decomposition might still be possible even
under the condition (Z3]).

Lemma 4.1 ([21]). Assume that p(x, &) admits an elementary decomposition at p.
Then there is no bicharacteristic with a limit point in 3 (nearp).

K =1 — 1 and consider

Let g;, 7; be positive constants verifying the condition >, 7;

k—1 k k
(41)  pa,&) =8+ aqilzi—zi1)’E + Y il + 6,1 €lilh,
=0 i=1 =1

where 1 < k <n — 1. Note that %, 77! = 1 is equivalent to the condition (ZJ).

i=1"i
In [44] it was proved that there exizsts a bicharacteristic of p(z, ), with a suitable
choice of {¢; }, with a limit point in ¥ = {§; = 0,0 < i < k,2; = 2;41,0 < i < k—1}.
Hence the elementary decomposition is not possible in general under the condition
[23). Based on this fact it has been studied under which conditions the elementary
decomposition is possible. Before stating the conclusion we prepare a lemma.

Lemma 4.2. Assume that (2.3) holds on ¥. Then for every p € 3 one can find
smooth z1(p), z2(p) such that

z1(p) € Ker F,,(p) N ImF;’(p),
23(p) € Ker F}(p) NIm F (p), Fy(p)za(p) # 0,
o(w,z1(p)) =0 = o(w, Fp(p)w) >0

hold in a neighborhood of p in .

Since F,(p)z2(p) is proportional to z1(p), in what follows we may assume that
F,(p)z2(p) = —z1(p) without restrictions. Let S(z,£) be a smooth function van-
ishing on ¥ and satisfying

(4.2) Hs(p) € Ker F; (p) NIm F (p), Fp(p)Hs(p) #0, peX.

Theorem 4.3 ([0], [2]). Assume that ZX) is verified on ¥. Let S be a smooth
function satisfying (£2) and vanishing on X. Then the following two conditions
are equivalent:

(1) Hip=0 on %,
(2) p admits an elementary decomposition at any point on X.
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This result was proved in [46] with some restrictions and was completed in [2].
We sketch the proof of how to make an elementary decomposition. We first make a
preliminary decomposition. In what follows we will work in a conic neighborhood
of some p € ¥ and there will be no special mention of this hereafter. There is a
smooth A(x, £) vanishing on 3 such that Hy is proportional to z;. We may assume

A=& =X A= 7¢; = (1,9).
j=1

Let us write p = —(& + A) (& — A) + [¢]* — (7, ¢)2. It follows from Lemma
that Y27, o(w, Hg,)* — (327_, vjo(w, Hy,))? > 0 if o(w, 21) = 0. Since the linear
subspace {(o(w, Hy,))1<j<r | 0(w,z1) = 0} coincides with R", we conclude that
|7/ < 1. On the other hand we see from 0 = o(22, Fpz0) = i, 0(z2, Hy,)? —
(> vj0(22, Hy,))? that |y| > 1 because (o(z2,Hy,))1<j<r # 0. Thus we get
|v] = 1. We extend ~ outside ¥ keeping |y| = 1, and we denote such an extended
symbol by the same . Let ¢1 = (v,0), ¥2,...,%, be related to {¢;} by an
orthogonal transformation. Switching the notation from {;} to {¢;} again and
renumbering if necessary, one can write

(4.3) p=—(+¢1)(& —01) +1&' 1 & =(d2,.... ),

Where {fo—(bl, ¢j} = O, ] = 1, ..., Ty, 0on by and {gf)l, ¢2} 7§ O Although {fo—d)l, ¢j}
is a linear combination of ¢;, if one really needs ¢, in the expression, then one cannot
control the term {&y — ¢1, qﬁ?} by |¢'|?. This is the essential difference from the case

2.3).
Proposition 4.4. Assume that Hgvp =0 holds on X. Then we can write
p=—(6o+ N —N+Q,
where A = ¢1 + (B',¢' )1 + kg3|E'| 72 and & — N, Q, ¢, verifies the following:
(4.4) Q> c(l¢'? + 11172, & -2 Q}H < C' | + ¢11€'[72),
{50_>\;¢J}:O(|¢|)ﬂ jzla"'vrv {¢17¢2}#0,

where ¢, C are positive constants, 3 = (Ba,...,Br) is smooth on ¥ and k is a
negative constant. In particular p admits an elementary decomposition at every
point on 3.

Making an orthogonal transformation of ¢o, . . ., ¢, we can assume that {¢1,¢;} =
O(|¢]), 3 = 3,...,r. Choosing k large negative it is clear that the first inequality
in (Z4)) holds. We check that we can choose a smooth 8’ such that Proposition [4.4]
holds. With {&o — ¢1,9;} = (), ¢), aj = (a1, ..., ;) we have

{50 - >\a Q} = 2(<O/17 ¢/> + <{¢17 ¢/}Blv ¢/>)¢1 - 2@5?(&/1, ﬂ/> + O(Q)a

where of = (aa21,...,a,1) and {¢’, @'} stands for the (r — 1) x (r — 1) matrix with
(i, j)th entry {¢;, ¢;}. We show that we can take 5’ such that

(4.5) {¢/.¢'}8' + a1 =0, (a,8')=0.
Lemma 4.5. Assume that H3p = 0. Then we have {a,v) = 0 for any v provided
{¢/,¢'}v =0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



180 TATSUO NISHITANI

Since the rank of {¢', ¢’} is constant by assumption, there exists a smooth 3’
satisfying the first equation of (@A) in view of Lemma The second identity
follows from the first one because {¢’, ¢'} is antisymmetric.

Assume (ZF). If H3p = 0 holds on ¥, then from Theorem L3 the elementary
decomposition of p is possible at every point on ¥, and hence under the strict IPH
condition one can obtain microlocal energy estimates[T] Nevertheless since ¢? could
not be controlled by @, it is not known whether or not p admits a local elementar
decomposition. It also seems to be hard to correct microlocal energy estimates]ﬁ
So we abandon this way and adopt the technique employed in [43]. We fix any
p € X. There is a conic neighborhood of p where Proposition 4] holds. We extend
¢; by 0 outside such a conic neighborhood of p’ (p = (0, p)) so that ¢; € S((£), go0)
and define A as in Proposition [£4l Let x be 1 near p’ with small compact support
and let b(x,&’) be the solution to

(4.6) {&o— A0} =0, b(0,2",&) = (1 —x(a",&))(E).
Then p = — (&0 4+ A) (€0 — A) + Q with Q = ¢+ Mb(x,£')? admits a local elementary
decomposition provided M > 0 is large enough. Take x; of smaller support than x
and define by (z,&’) just as in ([£6). Then
P=p+ P+ Mb(z,&)+ Py

satisfies the strict IPH condition. In the following we denote P, Q by P, Q, respec-
tively, again. Put A = Dy — A\ and set

Ny (u) = [[Aull? + Re ((Q + Re Pyup)u, u)s + ||u||§+1/2~
Then we can find T > 0 such that with I = [T, T| we have

(4.7) Na(u(t)) + / - N.(ulan))dno < C(s.7) / I1Pulday

for any u € C?(I; H*°(R™)) vanishing in zg < 7, |7| < T and for any s € R. For the
adjoint operator P* = Op(p + Pyup) + R, R € S(1,go) the time reversed estimate
([#Z0) holds, and then by a standard functional analytic argument we conclude that
for any f € C°(I; H*) vanishing in zg < 7 there exists u € C?(I; H*®) vanishing in
xo < 7 which verifies Pu = f. Let us denote u = G f. Let 7, €, v be small positive
numbers (e < 7), and with

(@', &6 = {X(@' =y’ — /P + 1) = ()P + 33

¢(.’[,£/; H/) =xo — 2vT + Vde(x/,gl; Hl)a K= (ylan/)
we define ® by ® = exp (1/¢(x,&';x")) if @ < 0 and by & = 0 if ¢ > 0, where
X € CP(R™) cuts off a neighborhood of 2/ = 0. Here ¢(z,&';x’) is a typical
example of a spatial type symbol which was used in estimating wave front sets in

[20, 21]. Repeating the arguments in [20] we conclude that there is a vy > 0 such
that we have

Ns(Du(t)) + /_T Ny (Du)dxg

< Cs. ) (Necajalwl) + [ (1P + Ny jau)) o)

11 See [2] and Theorem 1.3 in [3].
12 We can find an explanation about this difficulty in Section 5 in [3].
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for 0 < v < 1y. From this estimate it follows that for any open conic sets Iy,
i=0,1,2,in R?"\ {0} with Ty € I'; € 'y and for any h;(2',¢") € S(1,90), i = 1,2,
with supp hy C T, supp he C 'y \ Ty, there exists § = 6(T';) > 0 such that

. t
(4.8) ID4aGhaf O} < Coa) [ #Geo) e, 7=0.1

for any f € C°(I; H*®) vanishing in 9 < 7 and for any |[t| < §, p, ¢ € R. This
inequality implies that any perturbation in I'y does not go out of I'; within the time
interval § (modulo the right-hand side term). Then repeating the same arguments
in [43] we get the following,.

Theorem 4.6. Assume ([ZH) and that Hip = 0 holds on ¥. Then the Cauchy
problem for P is C'°° well-posed under the strict IPH condition.

Remark 4.7. Assume (Z3) and that H2p = 0, Tr" F, = 0 hold on ¥. Then the
Cauchy problem is well-posed if and only if the Levi condition is satisfied on X

(B52)).

Now the case that (2Z25) holds while p does not admit an elementary decomposi-
tion remains to be studied. We study this case in the following sections.

5. GEOMETRY OF BICHARACTERISTICS

In this section we discuss how the geometry of bicharacteristics near the doubly
characteristic manifold ¥ relates to the possibility of elementary decomposition.
Recall that bicharacteristics are solutions of the Hamilton equations

(5.1) @ = Op(x, €)/0€, €= —0p(,£)/0x
on which p(z, £) vanishes.

Proposition 5.1 ([44]). Assume that the codimension of ¥ is 3. Then p admits
an elementary decomposition if and only if there is no bicharacteristic of p with a
limit point in X.

As for general case we have the following.

Theorem 5.2 ([1], [48]). Assume [Z3). Let U be a neighborhood of p such that
H3p(p) #0, p e SNU. Then one can find a bicharacteristic with a limit point in
Unk.

In [1], as in the same way as in [44]; they tried to find a bicharacteristic with a
limit point in ¥ choosing a domain with piecewise smooth boundaries on which H,
points outward except for one piece of the boundary where H, points inward [ In
[48] the existence of such bicharacteristics was proved directly. We sketch the proof
given in [48]. Assume (23]). There is an open set V' C U where p has the form

:@+Z&+Z&+Z¢

jeh Jjelz
where Iy = {0,1,...,¢}, I, Iy are partitions of the set {0,1,...,r} with even ¢
(> 2) such that {¢;, ¢;} = 0if 4, j belong to different I, and det({¢;, #;})i jer, # 0.
Moreover {¢;,¢;} =0on VNXifi, je I, and dimKer({¢;, ¢;})ijer, = 1. Here

13 In the case of codimension 3 the Hamilton equations are reduced to a dynamical system in
the plane and one has an advantage of special aspects of 2-dimensional dynamical systems ([44]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



182 TATSUO NISHITANI

we have set ¢g = £y. Since the case £ = 2 is easier than the case £ > 4, we assume

‘ o
€ > 4. We also assume Iy = () so that p = —&5+>7,_, ¢7+>7_,,, ¢7 for simplicity.
Note that {¢;,¢;} =0on VNEif 0 <i<r, £+1 < j. Using the same arguments
proving (3] one can find a smooth orthogonal transformation of {¢;}, 1 < j < /¢
to {¢;}, such that —&2 + Z§:1 @7 is transformed, after switching the notation from
~ . ¢ .
{95} to {¢;} again, to —(& + ¢1)(€0 — 61) + 22 ;_ 05, where {& — d1,6;} =0 is
verified on V' N X for every j. Choose a system of symplectic coordinates (X, Z)
such that Xy = zo, E¢ = & — ¢1, and switching the notation from (X, =) to (z, &)
one can write

L T
(5.2) p=—8 —20b1+ > T+ > ¢
j=2 j=t+1
Since dim Ker ({¢;, ¢; }2<ij<¢) = 1 one can choose ¢ = (cg,...,¢r) with |¢| =

which spans Ker ({¢;, ¢;}2<i j<¢). We make a smooth orthogonal transformation

from {¢;}a<;<e to {ggj}ggjg such that ¢o = >~ c¢j¢; and denote ggj by ¢, again.
Then we have {¢2,¢;} =0 on VN X unless j = 1. We summarize as follows.

Lemma 5.3. Choosing a suitable system of symplectic coordinates, p can be written
in the form [B2) in some open set V, where

{§O7¢j}:05 1§j§7", {¢27¢j}:05 .77&17 {¢2a¢1}7§07
{6,051 =0, 0<i<r, L+1<j<r, det({¢i,¢j})3<ij<e #0

holds in V N X.

We work in a neighborhood of a fixed p € V. Since {¢1,d2} # 0 we can take

Ui,..., U, (r+k = 2n) so that &, o, @1, d2,...,p, U1,...,10k to be a system of
local coordinates around p such that

{§O7w]} = 07 {¢27¢j} = 07 1 S .7 S ku
holds on V' N X. From the Jacobi identity it follows that
{¢27{¢j)€0}} = Oa j :€+1a"'ara

holds on V' NX. Note that a solution v(s) = (z(s),£(s)) of the Hamilton equations
satisfies

L 12()) = . £Y ().

With ¢ = 1/s we introduce new unknowns:

€o(s) = t*Zo(t), mo(s) = tXo(t),

P1(7(s)) = 21 (t), pa(y(s)) = t3Pa(t),
(5.3) 0i(7(s)) = t*®;(t), 3<j <4,

¢j(v(s)) =t7®;, L+1<j<r

Pi(v(s)) =t2T;(t), 1< j <k
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Then denoting V' = (Xo, P2, Zo, Y1, P;, ¥;), the Hamilton equations (G5.I]) are re-
duced to

DEO = —450 — 2%2(1)1@2 + tG(t, V),

DXy=-Xg+2P, + tG(t, V),

Dd; = —28; + 260, +tG(t, V),

(5.4) D®y = —3®y — 2ko®% + 26= +tG(t, V),

tDP; = —4td; — 25,9 — 25 _3{0k, 6;}(0) Bk +1G(LV), 3<j <L,
D®; =-30, +tG(t, V), {+1<j<r,

DU; = —20; =237, {0,953 (P) Pk +1G(t, V), 1 <j <k,

where D = i(d/dt) and {¢;,&} = 3, Ci ¢, ;= C1(p), 0 = {61, ¢2}(p) and
G(t,V) is a smooth function in (¢, V) with G(¢,0) = 0. From Lemma [5.3] we see
F,Hy, =0Hy,, FyHy, = 0H¢,, F,H¢, =0, and hence we can take S = ¢ in ({{2).
This proves

Ky = 012 — {(b?v {¢2a€0}} _ ngp 7& 0

{201} {2,901}

on Y. Set
E={_ t'(logt)'Vy | Vij € CN},
0<j<t
¥ ={ Y t'(logt)Vy | Vi e CV}.
1<i,0<5<i

If Ve & with ®2(0) # 0 formally satisfies (54), then it necessarily follows that
®5(0) = —1/k262 and hence V(0) is uniquely determined thanks to

det({¢s, #;}(p))3<ij<e # 0.

Note that Xo(0) # 0. Using such uniquely determined V(0) = V we look for a
formal solution in the form V + V with V € £#. Set

VI = (X07(I)2750;q>1)7 VII = ((1)37' . 'a(bf)a
VI — (®yyq,...,®,), VIV = (Ty,...,T,).
Then V = (VI VI VI VIVY gatisfies

Ar O O 0]

Brr Air O @)
O O -3E O
0] O By -2F

with H=F® 0 & F ® F, where E and O are the identity and the zero matrix,
respectively, F' is a constant vector, and

G(t, V) = Z Gijti(logt)j, Gij = Gij(qu | q < P <1i-— 1).

2<4,0<5<i

(5.5)  HDV = AV +tF +G(t,V), A=

Lemma 5.4. The eigenvalues of Ay consist of {—6,—4,—1,1}. Ay is the matric
({#i, 05 }(P))s<i,j<e, and hence Arg is diagonalizable with nonzero pure imaginary
etgenvalues.

Applying standard arguments in constructing a formal solution around the reg-
ular singular point ¢t = 0 we get the following.
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Proposition 5.5. There exists a formal solution V € £ to (B0 with ®2(0) # 0,
Xo(0) # 0.

This formal solution is uniquely determined up to a term at, a € Ker(H — A).
We now set u = VI v = (VI VHI'VIVY  Since A;r is diagonalizable, making a
change of unknowns, we may assume that Aj; is a diagonal matrix. Denoting by
(un, vy ), which is obtained from a formal solution in Proposition (.5l by discarding
the terms of order greater than N, then for any given m € N there is N = N(m)
such that (uy,vy) satisfies (5.4) modulo O(t™*1). We look for a solution to ([5.4)
in the form (uyn,vn) + t"(u,v). Then the equation satisfied by (u,v) is (after
dividing by t™)

(5:6) (t2d/dt — iN)u = —t(mI — K1)u+ Ly(t)v + tRy (t,u,v) + tFi (1),
‘ tdv/dt = —(mI — Ka2)v + La(t)v + tRa(t, u, v) + tFs(t),
where R;(t,u,v) are C! functions defined near (0,0,0) € R x CN1 x CN2 satisfying
| R, u, 0)| < Bj(|ul +[v])
and L;(t), tL;(t) are continuous and K; are constant matrices. Moreover, as noted
above, A is assumed to be diag(A1,...,An,), Aj € R\ {0}. Although the equation
(E8) is a coupled system of two systems which has ¢ = 0 as a singular point
of the first kind and the second kind, respectively, taking the fact that iA is a
diagonal matrix with pure imaginary diagonal entries into account we can apply

the successive approximation method taking m enough large. Thus conclude the
following.

Proposition 5.6. Let m € N be enough large. Then there exists a unique solution
(u,v) to (B6) with u(0) =0, v(0) =0.

Thus we see that there is a bicharacteristic with a limit point in 3. Noting
Xo(0) # 0 it is clear from (B3] that this bicharacteristic is tangent to 3. From
Theorems [£.3] and 5.2 we have the following.

Theorem 5.7 ([2], [48]). Assume that 28] is verified on X. Then p admits an ele-
mentary decomposition at every point of 3 if and only if there is no bicharacteristic
with a limit point in .

6. GEVREY 5 WELL-POSEDNESS

In this section assuming (Z3]) we study the well-posedness of the Cauchy problem
for P in the Gevrey classes.

Definition 6.1. Let T be an open set in R? and let s > 1. We say f(z) € 78} (W)
if for any compact set K C W one can find C, A > 0 such that for all & € N we
have

02 f(2)| < cAal?, =€ K.
We set 765)(W) = C(W) Ny (W).

In this section the coefficients of P are assumed to be in 4(*)(Q) with some
neighborhood {2 of the origin, where s > 1 is enough close to 1

14 We assume that the coefficients are in the Gevrey class also with respect to g for simplicity,
although this is not necessary.
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Theorem 6.2 ([4]). Assume that (2.3) and the Levi condition Ps,, = 0 are satisfied
on X. Then the Cauchy problem for P is well-posed in v*) with 1 < s <5 in a
neighborhood of the origin. That is, for any f(x) € C*(R; ’yés)(R”)) vanishing in
xo < T there is a u € C'°° wvanishing in xqg < T and satisfying

Pu=f
in a neighborhood of the om'gz'n

As stated in Section 4 one can write p in the form of ([@.3]) in a conic neighborhood
of p € ¥. We may assume {¢2, $1}(p) > 0 without restrictions. We extend ¢;
outside a conic neighborhood of p to be 0 so that ¢; € S((¢'), go). In the same way
as in Section 4 let b(x,¢’) be a solution to (L6) and put ¢,11 = Mb(z, ') with a
large positive constant M. Then

r4+1

—~(Go+o)(&—d)+ Y
j=1
coincides with the original p in a conic neighborhood of p and satisfies
r+1

(60— d1.05} =Y Cidr, {b2, 61} + |drs1] > cl¢].

In what follows we again denote p by p. From the Levi condition Ps,;, = 0 we can

write Pgyp = ZTH Cj¢;, where ¢g = &. Introducing a small parameter ¢ > 0 and
changing the tlme scale so that g — pxo we consider

p(z, &, 1) = pPp(pxo, o', u o, &)
r+1

_(60 - ¢1 (‘Ta 5/5 ,U'))(éb + d)l ({E, 6/5 :U‘)) + Z ¢j (l‘, 6/7 /L)z
=2
The introduction of the parameter u, although not necessary, helps much to handle
the pseudodifferential calculus[fd In the following we often omit writing p and it is
assumed that
k=1/5.
We introduce the symbol

w(, €, p) = \JSHuE) 2 + (ue) 4, @ = VI~ au,

where a constant a > 0 is chosen so that 1 — aw > ¢; > 0. Without restrictions we
may assume a = 1. With

g=w(z,& )7 (lda|* + (€)21de'?), g = (u€")* (|d]” + ()| d€"?)

we have w € S(w,g), where (¢'),, = p='(u€’). Note that g < g and for any fixed
i > 0 one has S({(ug')™, g) = S3)5.2/5- With @ one can write p(xz,&, 1) in the form

r+1

—(o— 1) (&0 + 61®) + Y 67 + wept = —MA +Q,

=2

15 From the classical result of Bronshtein [7] the Cauchy problem for general second order dif-
ferential operators P with real characteristics is ’y(s) well-posed with 1 < s < 2 in a neighborhood
of the origin.

16 For example the parameter u was efficiently used in [45].
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where ¢1® = ¢1 + Y1, ¥ € S(w,g). Since P = Op(p + Pswp) + R, R € p25(1,9),
taking the Levi condition into account one can write

r+1
P=-MA+BA+Q, Q=0p(>_ ¢} +wdi+ R+ Qu),
j=2

where By € uiS(L,g9), R = Op(371; C;¢5), C; € uS(1,9), Qo € p?S((u€')?", ).

Although there are so many articles on the composition eE DN with pseudo-
differential operators of S o class one can hardly find any literature about the
composition with pseudodifferential operators of S, s class. So we summarize some
composition formulas between e+ (P A
use in this monograph.

and pseudodifferential operators which we

Definition 6.3. Let 0 < v < 1 and let g, = (u&")"(|dz'|* + (£'),*|dE]?). We say
a(x' & u) € 1S (m, g,) if there is A > 0 such that

02,08 a(a’, €', )| < Com(a', €, p) Al]a/2
x ((u€) 72N ,) TP (|al*2 + (ug)/?)e!
holds for any a, 8 € N™.
In particular, if a(z’, &', 1) satisfies
(6.1) 050 a(a’, &, )| < Com(a, &', ) Al |aft*(¢) 1, Va, B e NP,
then we have clearly a(z’, ¢, 1) € Y1 S(m, g,).

Lemma 6.4. Let s > 2 and assume that [ verifies 1)) with m(z’',&',u) = 1. Let
s > 2 and then we have

VI & )2 + (u€) = € 4 S(VF (@ + (e, g)-
Now assume that ¢(¢/, ) € S((u&')/*,|dx’|? + <§'>;2|d§’|2) satisfies

P&+ 1) — d(& —n' ) < Ol ).

Then we have the following.

Proposition 6.5. Let v+ s~ <1 and let a(z', &', 1) € YO S{(uY™, g,) be inde-
pendent of ' if |2'| is large enough. With e?P" Wa(z’, D', p)e= P4 = b(a’, D', )
we have

b’ &', p) = 30550 by (e, € ) + Rv (@€', ),
Ry € uNs(<’U/€/>m7N(1f1/sfv/2)+nu/2’gu)’

where by € p S((ug)ym=10=1/5=v/2) g} is given by

_\le / ’ ’ ’
b = Z G 023 o, et /2= = 120|990 €, ).
lol=5

LemmalG4lshows that w € v*)S(w, g) (s > 2) if ¢ satisfies (61 with m = (ué’).

17 For example see [27] and the references therein.
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Proposition 6.6. Let 7 > 0. We have
(6.2) e(T=20) (WD) pe—(T=20)(uD")" — _AIA + BoA + Q

with M = Doy — i{uD')* — Op(m), A = Dy — i{uD"Y* — Op(A), By € pS(1,g) and
m=—p1P+im1 +mo, A = p1P + i\ + Ao, where my, A\ € uS({(u&)*, g) are real
valued and mo, Ao € u2S({ug')~",g). Moreover Q verifies

Q=0p(g+iq+q+7), =556 +we?,
0 =006+ awér, ¢ =317 cid;,
where a; € pS((u€')*, g) are real valued and c; € pS(1,g), r € p?S((ug)*~, g).
Denote the right-hand side of ([6.2) by P. Similarly to Proposition Bl we have

d
2lm (Pu, Au) > d—xO(IIAUH2 + ((Re@)u,u) + [[{uD")ul®) + ||{uD")™"* Aul|

+2((ImBy)Au, Au) + 2Re ((uD")*(Re Q)u, u) + 2((Im m)Au, Au)
+2Re (Au, (ImQ)u) + Im ([Dy — Re A, Re QJu, u)
+2Re (Re Q)u, (Im X)) + (1 — Cp)[{uD")*/2ul|?.

Here we check how the term Im ([Dy — Re A, Re Q]u, u) can be estimated. The main
part of the symbol of —Im[Dg — Re \,Re @] is {&o — &1, gbf} =2{& — ¢1,0;}¢; =
ZZ’; Cikprpj, j > 2. If j,k > 2, then Re (Op(Cjrdr¢;)u,u) is easily managed.
The main point here is that Cj; # 0 in general because H:;’p = 0 is not assumed.
Thus we must estimate Re (Op(Cj1¢1¢;)u,u), j > 2.

Lemma 6.7. Let a € uS(1,g) be real valued. Then we have
(Op(ag1¢;)u,u) < Cp (Op(F(u€') " )u, u)
+Cp (Op(dFw(ps’) yu, u) + Cp®|[ (D) *ul®
forj #1.

Write agr¢; = Re (u!/?(u) o4t~ *a{u')~*/>¢1) + R, R € p*S((u€')*", g)
and note that
2 (') Pyt () Py = ulp€) 6% + Ra,
2l )T Pt P aug’) 2
= (n~tatw™ H (ug) ) ptw(ng' )" + Ro
with Ry € p3S((u€’)~, g1), Ra € p3S({pg’)3F, g). Since w=t € S((ug’)?F, g) in view
of p=ta?w=H{pug') =2 € uS(1,g) we get Lemma [67l Next check Re (Au, (Im Q)u).
From Proposition we see that the main part of ImQ is q;.
Lemma 6.8. We have the following estimates:

r+1

|(Aw, ru)| < Cpl[(uD")™? Aull* + Cp Yy (Op({€') "3 )u, u)

j=2
+Cu(Op(w(ug) ¢ u, u) + Cp® || (uD')/ *u)?.
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For instance, we sketch how to estimate (Au,Op(aj¢;)u). We write a;j¢; =
(€'Y 24 (ue"y ="/ %a;¢; + R. Then noting R € p2S((u€')?*, g) and writing R =
(€'Y /24 (ugy /2R + Ry, Ry € pS(1, g), we have

|(Au, Op(a;d;)u)| < Cpll{uD')™"* Aul?
+Cp|Op((u') ™" a;;)ull* + CuP || (uD")* *ul>.
Noting (u€')™"/%a;¢; = (u&')~Fa;#(u€')"?¢; + R, R € p*S((u€')!/?, g) we see
pHOp((pg") ™2 az6,)ull® < Cul|Op((pe") ™25 ull? + O || (D) *ul®
< Cp(Op((p€')"¢3)u, u) + Cp® || (uD')!/ul®.

Repeating similar arguments we obtain Lemma We estimate ||(xD’)}/?ul|? in
Lemma[6:8 From the assumption one has {¢1, 2} + |drp1| > cp(pé’). Estimating
the commutator [Op((u€")*/2p1/w), Op({ug')/%py)] we see that there is a constant
¢ > 0 such that

cp(Op((pg) ' V/w)u, u) < (Op((ug')*weT)u, u)
+ (Op((€") d3)u, u) + (Op(d2 1 )u, u) + Cul[ (D) w2
Write Cp(u€’) + /5 — (€)= Cpulpg’) /(1 — C=VwV/2(ug’) ™), which is

Cu(p#¢)+ R, where ¢ € S((u') 9/ 2w/ g), R € 1*S((ug')*", g). Thus we get
the following.

Lemma 6.9. We have
| (pD")2u* < C(Op(¢Fw(pg’) Yu, u)
+ C(Op(3(ng') " )u, u) + C(Op(¢7y 1 )u, u) + Cpal| (D)3 2u) .

On the other hand Re ({¢D’')}*(Re @Q)u, u) is bounded from below as follows:
r+1

Re ((uD)"(ReQ)u,u) = (Op((n€')"¢7)u, u)

j=2
+HOP((u)*wed)u, u) — Cp®|[(uD')*/?ul>.
From these estimates it follows that Im ([Dy—Re A, Re Q]u, v) is bounded by constant

times Re ((uD’)"(Re Q)u, u) + p2||(uD’)>~/?ul|?.
Applying the preceding lemmas we get the following energy estimates.

Proposition 6.10. Denote the right-hand side of ([62) by P. Then one can find
o >0, C >0, c>0 such that for 0 < p < pg the inequality

C/ (D)~ Pul[*dao > {[|Au(t, )[|* + cl[ (D) u(t, )| *}
-7

t
e [ {IDY Al + Dl 4l (nD)
=T

holds for any u € C?(I; H*(R™)) vanishing in xo < T, |7| < T.

By a similar argument as in Section 4 we conclude that there exists a solution
operator G, u = Gf verifying (£8)). Let us set

G = e~ (T=20)(uD")" Gre(T—z0) (D)™
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Then one can take § > 0 such that for hy, hs in Section 4 one has the estimate

. A~ t AN .
el 002 Do 1) |y < Clpva) [ e =00 fag) o, j = 0.1
-T

for any f € C([-T, T];’yél/ﬁ)(R”)) vanishing in g < 7 and for any 0 < ¢ < 4, p,
¢ € R. Then a repetition of the same arguments in [43] proves Theorem

7. OPTIMALITY OF GEVREY 5 WELL-POSEDNESS

Consider the differential operator
(7.1) P(z,D) = —Dj + 2x1DyDy + D3 + 23 Dj
with symbol p(z, §) Note that the doubly characteristic manifold of p is given
by ¥ = {& = 0,21 = 0,& = 0} (§&2 # 0). The localization of p at the double
characteristic p = (0,(0,0,0,0,1)) € X is

Py = —E +2:1& + &,
which is case (3) in Lemma 213l (k = 1,¢ = 1, where x; and & are exchangeﬂ)
and hence noneffectively hyperbolic at p € ¥ where Ker FZ (p) NIm F7(p) # {0}. Tt
is also clear that Pg,;, = 0 and thus the Levi condition is satisfied. For this p the
curve
2 5 3

Zo Zo Zo
—_—— _ — = O = -— =

471'2 8’60 751 8552 c
is a bicharacteristic (parametrized by x¢) which is tangent to ¥ as x¢ — 0, where
¢ # 0 is an arbitrary constant.

Definition 7.1. We say that the Cauchy problem for P is locally v(*) solvable
at the origin if for any (ug,u;) € (7*)(R?))? there exist a neighborhood U of the
origin and u(x) € C*°(U) satisfying

Pu=0 in U,

Dju(0,2') = u;(x'), 2’ € Un{zg=0}, j=0,1.

Theorem 7.2 ([]). The Cauchy problem for P is not locally v*) solvable at the

origin if s > 5. In particular, the Cauchy problem for P is not C*° well-posed near
the om'gin

Making a suitable change of a system of local coordinates leaving the initial plane
ro = ¢ invariant P can be written

P = —D?}+ (D) +x9D2)? + (211 + 2,D3)* = —D3 + A? + B,

where A* = A, B* = B so that P is of divergence free. After [9], [42] it has been
conjectured that for second order differential operators of divergence free with real
analytic coefficients

—D3u+ Y Da(aij(x)De,u), ai;(z) = aji(),

4,g=1

18 Exchanging x1 and &1, p(z, €) turns out to be the case (@) with k = 1.

19 Since the exchange of x1 and &; is a canonical transformation so that the spectre of F}, and
bicharacteristics of p are invariant.

20 Discussions about the location of zeros of Stokes coefficients given in [4] is insufficient. Here
we give a rough sketch on how to modify the arguments there. For more details see [51].
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with nonnegative characteristic form »_" =1 @ij ()&:&; > 0, the Cauchy problem is
C* well-posed and has been extensively studied. Theorem provides a coun-
terexample for this conjecture.

We give a sketch of the proof. We look for a solution to PU = 0 of the form

Uy(z) = eip%ﬁ%g”x“w(xlf),
where ¢ € C and p is a positive parameter. That is w solves the equation
w"(x) = (¢ + (o — Cp~? [w(z).
Introducing parameters ¢, € € C with small |e| let us consider
(7.3) W'(@) = (&% + Gz + Ju(a), ¢ G,
so that if w(z; (, €) verifies (T3], then
Uy(x) = e "2 3P%w (2 p% Cm), = —Cp 2 /4
satisfies PU,(z) = 0.
Theorem 7.3 ([55]). The differential equation ([T3) has a solution Y(x;(,€) such
that
(1) Y(z;¢,¢€) is an entire function of (z,(,¢€),
(2) Y(x;¢,€) admits an asymptotic representation
V(a; ¢ €) ~a (14 plas G, @)e B e,
where p(x; (, ) = 0 uniformly on each compact set in (¢, €) space as x — 00
in any closed subsector of the open sector |argz| < 3mw/5.

With w = exp(27i/5), Vi(z;¢,€) = V(w Fr;w 2k w3ke), k = 1,2,3,4, turns
out to be a solution to (3] and Yy is subdominant in Si;|argx — 2kn/5| < 7/5
(Mo = Y). The asymptotic representation of )y is obtained from Theorem [7.3]

which holds in | arg x —2kw /5| < 37w /5. Since Yy, and Vj41 are linearly independent
one can write

yk(l'; <7 6) = Ck(47 e)yk+1(x; Cv 6) + C’k(<7 E)yk+2($; Cv 6).
The key to the proof of Theorem is the following result about the location of
zeros of the Stokes coefficient Cy(¢,0).
Proposition 7.4. There is at least one zero of Cy(¢,0) with Im¢ < 0.

Here we summarize several properties of the Stokes coefficients C(C, €), Cx(C, €)
which will be needed in the following.

Proposition 7.5 ([55]). The Stokes coefficients have the form Cy(0,0) = 1+ w,
Cr(¢ €) = —w, Cr(¢,€) = Co(w™2k¢,w™3%¢), and Cy((,€) is an entire function of
(¢, €) such that

(7.4) 9:Co(¢, )l¢c.o=(0,0) # 0
With ¢(¢) = Cy(¢,0) we have
(7.5) c(¢) +wie(w)e(w) —w? =0 V¢eC.

For the proofs we refer to Chapter 5 in Sibuya [55].

Lemma 7.6 ([50]). The relation Co(¢,€) = 0Cy(@C(,we) holds. In particular, we
have ¢(¢) = we(@().
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Suppose that ¢(¢) has no zero; then from (73] we see that ¢(¢) avoids the values
w? and 0. Thus from Picard’s Little Theorem it follows that c(¢) is a constant
which contradicts (T4]). This together with Cy(0,0) = 1 + w proves the following.

Lemma 7.7. Cy(¢,0) has at least one zero (y (# 0).

Lemma 7.8 ([51]). The Stokes coefficient c(¢) has no zero in the closed sector
3r/5 <arg¢ <.

We turn to the proof of Proposition [[4l From Lemma [7 there exists ( # 0
such that ¢({) = 0. Lemma [(.8 shows that —7 < arg( < 3n/5. If —7 < arg( < 0,
then this ¢ is a desired zero. If 0 < arg ¢ < 37/5 and hence —7 < argw( < —27/5,
we see that @(C is a desired zero by virtue of Lemma [Z.6l

From Proposition [[4] there is a zero (o of Cy(¢,0) with Im{y < 0. We take

¢ = ((e) satisfying
CO(Cv _C26/4) =0
such that ¢(0) = {y. Note that ((e) is given by Puiseux series,

(&) = Co+ Y G(e/P) = C(7), <(0) = o,
j=0

where p is an integer and 5(2) is holomorphic in a neighborhood of z = 0. Setting
n(e) = —C(e)%€? /4 we have
(7.6) Yo(; {(€),n(e) = —wda(;{(e),n(e) Vz €C,
for enough small |e] < 1. Since we have
Yol C,m) = & ¥4 (L + R(a, ¢, m))e G4

in the open sector |argz| < 37/5, then Yo(z :C,m) decays as exp( 225/ /5) when
R 5 2 — 400. Recall Yo(z;C(e),n(e) = —wlo(w™2z;w™4C(e),w 0n(€)) by (Z0).

Note that w2z = e”/5|:1c| if < 0, and hence
)5/2 — i‘x|5/2 w—45(w—2x)1/2 — Zf‘.’lf|1/2

SO tha‘E Yo(x;
yO('T;C(e)’ (€
z € R and |¢| €

(w™
¢,n) decays as exp (Im C|z|"/?) when R 3 2 — —oo. This proves that
)) € S(R). In particular, Yo(z;C(e),n(e)) is bounded uniformly in
1:

[Vo(x;C(e),m(e))| < B, z€R, | < 1.
Take a small T > 0 and set
Uy(x) = exp (—ip°zs + %5(/}’2/”)/)@ — 20)) Y(x1p%:(p2/P), m(p~ /7))

for p > 0. It is clear that PU, = 0. Take ¢ € C§°(R) and 6 € C§°(R) with small
supports near the origin and consider the following Cauchy problem:

Pu =0,
(7.7) {u((),x') =0, Dou(0,2') = ¢(z1)0(x2).

From Holmgren’s uniqueness theorem (see Theorem 4.2 in [36] for example; note
that P is of polynomial coefficients) we may assume that a solution w(z) to the
Cauchy problem (T71) verifies u(z) = 0 in |zo| < T, |2'| > r with small T > 0,
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r > 0. We now integrate the L?(R?) inner product (PU,,u) from 0 to 7" in zq to
get

(DoU,(T), u(T)) + (U,(T), Dow(T)) = (221 D2Up(T), w(T))

(7.8) = (U,(0), Dyu(0)).

Since Y (p?w1; ¢, 1) is bounded uniformly in p and 1, we see that the left-hand side
of ([T8) is O(p°). On the other hand the right-hand side is

/ eI T2y (5201 & ) (1 )6 (2) e
R2

= ePT/24( *2/)? 21;C,m)(p a1 )y,

where 6 stands for the Fourier transform of 6. Noting that f(p’wp) — (pas p— o0
one can find ¢ > 0 such that |ei<pT/ 2| > e’ for large p. Therefore we conclude

(7.9) o0 (7) | / V(w1 & m)d(o~>a1)das | = O(L).

Note that 6 € 755) (R) if and only if [§(€)] < Ce L€' with some positive constants
L, C > 0. Taking this into account we choose an even function § € C§°(R) satisfying

6 ¢ 7 (R). Then it follows that ¢?p=|6(%)| is not bounded when p — oo for
any N € N and for any C' > 0. Let us write

2
/y 213 C,m)d(p~*a1)d Zpk—¢(k) /y 1; ¢, m)atdry + O(p~°)

=0

and note that
/Ji(xu&n)x’fdxl %/y(xl;ﬁo,o)flfdxl
as p — oo.

Lemma 7.9. At least one of
/y(II;COaO)‘T]fdxh k:O7172a

is different from 0.
It is now clear that, choosing ¢(*)(0), k = 0,1, 2, suitably, (Z9) does not hold.

That is, for such initial data the Cauchy problem (Z.7)) has no C'* solution in any
neighborhood of the origin.
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8. CONCLUDING REMARKS

Denoting W = ImFg N Keng we can summarize the obtained results on the
well-posedness of the Cauchy problem for differential operators with double char-
acteristics in the following table.

Spectrum of | W Geometry of bicharac- | Well- Elementary
F, teristics of p near % posedness decomposi-
of the Cauchy | tion

problem  for

P
Exists W = | Two bicharacteristics | C* well- impossible
nonzero real | {0} intersect X transver- | posed for any
eigenvalue sall lower  order

term
No mnonzero | W = | No bicharacteristic in- | C'** well- possible
real eigenvalue | {0} tersects X posed under

the Levi or
the strict IPH
condition

W #
{0}

Exists a bicharacteris- | Gevrey 5 impossible
tic tangent to X well-posed
under the

Levi condition.
Under

the strict

IPH condition?

We will see in this table that the only part which remains to be unclear is what
we can assert on the well-posedness of the Cauchy problem if W # {0}, Tr+Fp >0
and there is a bicharacteristic with a limit point in ¥. A model operator satisfying
these conditions is

P(z,D) = —D} + 221Dy Dy + D} + 23 D3 + a(23D3 + D3),

where @ > 0 is a positive constant and hence Tr F, = a, which coincides with P
in (ZI) when a = 0. The doubly characteristic manifold is ¥ = {£§y = & = & =
0,21 = x3 = 0}. Since Pyup = 0 the strict IPH condition is clearly verified. If we
define (21, z2,&0,&1,&2) by (T2) and (x3,&3) by x3 = 0, & = 0, then this curve is
still a bicharacteristic of P even if @ > 0. That is, in the viewpoint of “classical
mechanics”, there exists the singular orbit ([Z2) for P with a > 0. In the case
a = 0 it seems reasonable to suppose that the existence of this singular orbit causes
nonsolvability in C'*° to the Cauchy problem. From this point it is expected that
the Cauchy problem for P with a > 0 is not C*° well-posed. On the other hand, in
the viewpoint of “quantum mechanics” it is forbidden to choose x3 = 0, {3 = 0 at
the same time by Heisenberg’s uncertainty principle. Up to now it is only known
that the Cauchy problem for P with a > 0 is 7(®) well-posed.

21 One can find more detailed discussions on the behavior of bicharacteristics in [28].
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We will see in Theorems and that the Gevrey 5 class appears very nat-
urally as a function space in which the Cauchy problem is well-posed in the case
that there is a bicharacteristic with a limit point in 3. This suggests some possi-
ble relations between the geometry of bicharacteristics and the Gevrey classes in
which the Cauchy problem is well-posed. Indeed, as we explain in the following,
there is a close correspondence between them. To formulate this correspondence
we introduce the notion of Gevrey strong hyperbolicity (well-posedness) following
Definition[[.5l In what follows we assume that the coefficients of P are real analytic
or in the Gevrey class v(*) with s(> 1) close to 1 in a neighborhood of the origin.

Definition 8.1. Let s > 1. Then P is said to be Gevrey s strongly hyperbolic at
the origin if the Cauchy problem for P + @) with any differential operator of order
1 defined near the origin is locally (%) solvable at the origin for every 1 < k < s.

Theorem 8.2 ([06]). Assume [23) and that the codimension of ¥ is 3. Then P is
Gevrey 3 strongly hyperbolic at the origin.

The Gevrey index 3 in the above theorem is optimal in the following sense. Let
us consider P of (.1J).

Theorem 8.3 ([6]). The Cauchy problem for P+ AD,, A € C\ Ry is not locally
(%) solvable at the origin if s > 3.

Theorem 8.4 ([5]). Assume 23] and that there is no bicharcateristic with a limit
point in 3. We also assume that the codimension of 3 is 3. Then P is Gevrey 4
strongly hyperbolic at the origin.

The Gevrey index 4 in the above theorem is optimal in the following sense. Let
us consider the following model operator which verifies the conditions in Theorem

B4
P=—-Dj+2DyD;y + 23 Dj.

Theorem 8.5 ([17], [50]). The Cauchy problem for P+ ADy, A € C\ Ry is not
locally v(*) solvable at the origin if s > 4.

We summarize the preceding results on Gevrey strong hyperbolicity in the fol-
lowing table.

Spectrum of F, | W Geometry of bicharacter- | Gevrey s strong hy-
istics of p near ¥ perbolicity of P
Exists mnonzero | W = | Two bicharacteristics in- | Gevrey oo strongly

real eigenvalue | {0} tersect ¥ transversally hyperboli
Nononzero real | W = | No bicharacteristic inter- | Gevrey 4 strongly

eigenvalue {0} sects X hyperbolic
Exists a bicharacteristic | Gevrey 3 strongly
tangent to X hyperbolic
W = | No bicharacteristic inter- | Gevrey 2 strongly
{0} sects & hyperbolid®3

From this table we see that, supposing that the codimension of ¥ is 3, the
threshold of Gevrey strong hyperbolicity occurs only at s = 2, 3, 4 and that these

22 That is, locally 'y<s> solvable for any s > 1.

23 This is a special case of the well known result of [7]. The optimality of the Gevrey index 2
is also well known.
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thresholds completely determine the structure of the Hamilton map F, and the
geometry of bicharacteristics near 3. The restrictions on the codimension of ¥ in
Theorems and [R4] seem to be technical but not yet removed.
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