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Uniformly diagonalizable systems

Uniformly diagonalizable systems

Consider first-order systems

L = Dt −
n∑

j=1

Aj(t, x)Dxj = Dt − A(t, x ,Dx), (t, x) ∈ R1+n

L: uniformly diagonalizable⇐⇒ ∃C > 0, ∀(t, x , ξ) ∈ R1+n × Sn−1

∃T (t, x , ξ) s.t. ∥T (t, x , ξ)∥, ∥T−1(t, x , ξ)∥ ≤ C ,
T (t, x , ξ)A(t, x , ξ)T−1(t, x , ξ) = diagonal (or symmetric)

⇐⇒ L is uniformly symmetrizable,
∃C > 0, ∀(t, x , ξ) ∈ R1+n × Sn−1, ∃ symmetric positive definite
matrices S(t, x , ξ), such that ∥S(t, x , ξ)∥, ∥S−1(t, x , ξ)∥ ≤ C and
SA is symmetric.
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Uniformly diagonalizable systems

Some related results

Theorem (V.Ivrii and V.Petkov, 1974)

If the Cauchy problem is L2 well-posed then the system is
uniformly symmetrizable.

Theorem (K.Kajitani, 1984)

Assume that L(t, x , τ, ξ) is uniformly symmetrizable then the
Cauchy problem for L+ B is well-posed in the Gevrey class of
order 1 < s < 2 for arbitrary lower order term B.

Theorem (G.Métivier, 2014)

If L(t, x , τ, ξ) is uniformly symmetrizable with a symmetrizer
S(t, x , ξ) which is Lipschitz continuous in (t, x , ξ) ∈ R1+n × Sn−1

then the Cauchy problem for L is L2 well-posed.
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An example

An example

Consider the following 3× 3 system proposed by G.Métivier (2014):

La =
∂

∂t
+

 0 1 0
1 0 0
0 0 0

 ∂

∂x
+ x

 0 a 1
−a 0 0

1 + a2 0 0

 ∂

∂y

=
∂

∂t
+ A1

∂

∂x
+ x A2(a)

∂

∂y
=

∂

∂t
+ Ga, a ∈ C.

L0 is symmetric hyperbolic system when a = 0.

Proposition(G.Métivier) La is uniformly symmetrizable for ∀a ∈ R.
If R ∋ a ̸= 0 there exists no symmetrizer which is continuous at
x = ξ = 0, η = 1. When a = 1 the Cauchy problem for L1 is not
C∞ well-posed.
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An example

La is uniformly diagonalizable for any a ∈ C

Pa(ζ0, ζ) = ζ0I + A1ζ1 + A2(a)ζ2, ζ = (ζ1, ζ2)

detPa(ζ0, ζ) = ζ0(ζ
2
0 − ζ21 − ζ22 ) is independent of a ∈ C． The

roots of detPa(ζ0, ζ) = 0 are real distinct ζ0 = 0, ζ0 = ±|ζ| then
∃N(ζ), homogeneous of deg. 0 in ζ, ∥N(ζ)∥, ∥N−1(ζ)∥ ≤ C
(ζ ̸= 0) such that N−1PaN is diagonal．When ξ2 + x2η2 ̸= 0,
N(ξ, xη) diagonalizes La．If ξ2 + x2η2 = 0 ((ξ, η) ̸= 0) hence
ξ = 0, x = 0 then La = ∂/∂t itself is diagonal．
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An example

Ill/Well-posedness of the Cauchy problem for La

Re

Im

Ill-posed in the Gevrey class s > 2

(C∞ ill-posed, of course )

H1 well-posed

i

-i

a = 1

a-plane

L2 well-posed
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Ill-posedness

Special solution to L∗a
The adjoint of La is

L∗a = − ∂

∂t
− A∗

1

∂

∂x
− x A∗

2

∂

∂y
= − ∂

∂t
+ G ∗

a .

Look for solutions to G ∗
aV (x , y) = iβV (x , y) in the form

V = e±iyE±(x) so that the problem is reduced to

(A∗
1∂x ± ixA∗

2)E
±(x) = −iβE±(x), E±(x) =

 u±(x)
v±(x)
w±(x)

 .

If u±(x) satisfies (∂2x − x2 + β2 ± i ā)u±(x) = 0 then with

v±(x) =
i

β
(∂x ± i āx)u±(x), w±(x) = ∓ x

β
u±(x)

we have G ∗
a

(
e±iyE±(x)

)
= iβ

(
e±iyE±(x)

)
.
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Ill-posedness

By homogeneity G ∗
a

(
e±iη2yE±(ηx)

)
= iηβ

(
e±iη2yE±(ηx)

)
one has

L∗a
(
e iβηt±iη2yE±(ηx)

)
= 0.

β2 ± i ā = 1 =⇒ (∂2x − x2 + 1)e−x2/2 = 0

Lemma
Assume that a ̸∈ {ix ∈ iR;−1 ≤ x ≤ 1}. Then either β2 + i ā = 1
or β2 − i ā = 1 has a root β ∈ C with Imβ ̸= 0.

With u±(x) = e−x2/2 (we may assume Im β > 0)

W̃±
η (t, x , y) = exp

(
iβηt ± iη2y − 1

2
η2x2

)(
W0 + ηxW±

1

)
solves L∗aW̃

±
η = 0 where

W0 =

 1
0
0

 , W±
1 =

 0
−i(1∓ i ā)/β

∓1/β

 (constant vectors).
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Ill-posedness

Proof of Lemma

Re

Im

β2 = 1 + i ā

(β2 = 1− i ā )

⇐⇒

Re

Im

1−1

i ā

( i ā )

⇐⇒

Re

Im

i ā

i
a

−i
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Ill-posedness

Ill-posedness
Consider the following Cauchy problem{

LaU = 0,

U(0, x , y) = ϕ(x)ψ(y)W0
(1)

where ϕ, ψ ∈ C∞
0 (R) are real valued.

Theorem
Assume that a ̸∈ {ix ∈ iR;−1 ≤ x ≤ 1}. Let ψ ∈ C∞

0 (R) be an

even function such that ψ ̸∈ γ
(2)
0 (R) and ϕ ∈ C∞

0 (R) with
ϕ(0) ̸= 0. Let Ω be any neighborhood of the origin of R3 such that
suppϕ(x)ψ(y) ⊂ Ω ∩ {t = 0}. Then (1) has no C 1(Ω) solution.

Corollary

Assume that a ̸∈ {ix ∈ iR;−1 ≤ x ≤ 1}. Then the Cauchy
problem for La is ill-posed in the Gevrey class of order s > 2.



Examples of uniformly symmetrizable systems for which the Cauchy problem is ill-posed in the Gevrey class > 2

Ill-posedness

Proof of ill-posedness

Suppose that there were a neighborhood Ω of the origin such that
suppϕ(x)ψ(y) ⊂ Ω ∩ {t = 0} and (1) has a solution U ∈ C 1(Ω).
For δ > 0 we denote

Dδ = {(t, x , y) ∈ R3 | x2 + y2 + |t| < δ}.

Recall

Theorem (Holmgren)

There exists δ0 > 0 such that if U(t, x , y) ∈ C 1(Dδ) with
0 < δ ≤ δ0 verifies{

LaU = 0 in Dδ,
U(0, x , y) = 0 on (x , y) ∈ Dδ ∩ {t = 0}

then U(t, x , y) vanishes identically in Dδ.
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Ill-posedness

Holmgren’s theorem

suppϕψ

T

Dδ

Ω

U = 0 U = 0
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Ill-posedness

From Holmgren’s theorem one can choose a T > 0 such that
suppU ∩ {0 ≤ t ≤ T} ⊂ Ω. Denoting

W±
η (t, x , y) = e−iβηT W̃±

η (t, x , y)

= e±iη2y−iβη(T−t)e−η2x2/2
(
W0 + ηxW±

1

)
we have obviously L∗aW

±
η = 0. From

0 =

∫ T

0
(L∗aW

±
η ,U)dt =

∫ T

0
(W±

η , LaU)dt

+(W±
η (T ),U(T ))− (W±

η (0),U(0))

it follows that

(W±
η (T ),U(T )) = (W±

η (0),U(0)). (2)
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Ill-posedness

Proof of ill-posedness:continued

The left-hand side of (2) is

(W±
η (T ),U(T )) =

(
e±iη2y−η2x2/2(W0 + ηxW±

1 ),U(T )
)

which is O(1) as η → ∞ while the right-hand side is

η−1e−iβηT ψ̂(η2)

∫
e−x2/2ϕ(η−1x)dx (3)

where ψ̂ denotes the Fourier transform of ψ. From (3) we conclude
that there is C > 0 such that for large positive η one has

|ψ̂(η2)| ≤ Cηe(−Imβ)ηT .

Since ψ is even this shows that |ψ̂(η)| ≤ C ′e−c |η|1/2 with some

c > 0 and hence ψ ∈ γ
(2)
0 (R) which is a contradiction.
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Well-posedness

Well-posedness
Consider

L̃aU =
∂

∂t
U + A1

∂

∂x
U + ϕ(x)A2

∂

∂y
U = F

where ϕ(x) is a smooth real valued scalar function with bounded
derivatives of all order and U = t(u, v ,w) and F = t(f , g , h). We
are interested in the case ϕ(x) = x in a compact neighborhood of
the origin but it is not necessarily assumed.

Theorem
If a ∈ {ix ∈ iR;−1 < x < 1} then the Cauchy problem for L̃a is L2

well-posed, and in particular, L̃a is strongly hyperbolic.

Theorem
If a ∈ {ix ∈ iR;−1 ≤ x ≤ 1} then the Cauchy problem for L̃a is
H1 well-posed.
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Well-posedness

Proof of well-posedness:symmetrization

Let a ∈ {ix ∈ iR;−1 < x < 1} so that a = iµ, µ ∈ R, |µ| < 1:

A1 =

 0 1 0
1 0 0
0 0 0

 , A2 =

 0 iµ 1
−iµ 0 0

1− µ2 0 0

 .

Denote

S =

 1 0 0
0 1 0
0 0 1/(1− µ2)


which is symmetric positive definite. It is easy to check that SA1

and SA2 are both hermitian, that is A1 and A2 are simultaneously
symmetrizable by S .
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Well-posedness

Energy estimates

Let U ∈ C 1(R;C∞
0 (Rd)). Then

(SA1∂U/∂x ,U) + (U, SA1∂U/∂x) =
(
(SA1 − A∗

1S)∂U/∂x ,U
)
= 0,(

SA2ϕ(x)
∂U

∂y
,U

)
+

(
U, SA2ϕ(x)

∂U

∂y

)
=

(
ϕ(x)(SA2 − A∗

2S)
∂U

∂y
,U) = 0.

Then one has

d

dt
(SU,U) =

d

dt
∥S1/2U∥2 = 2Re (SU,F ) ≤ 2∥S1/2U∥∥S1/2F∥

where (·, ·) and ∥ · ∥ stands for the L2(Rx ,y ) inner product and the
norm respectively.
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Well-posedness

Hence we have d
dt ∥S

1/2U∥ ≤ ∥S1/2F∥. Integrating this inequality

∥S1/2U(t)∥ ≤ ∥S1/2U(0)∥+
∫ t

0
∥S1/2L̃aU(s)∥ds.

Lemma
For U ∈ C 1(R;C∞

0 (Rd)) one has

∥U(t)∥ ≤ 1√
1− µ2

(
∥U(0)∥+

∫ t

0
∥L̃aU(s)∥ds

)
. (4)

The same estimate holds for L̃∗a.

Proof: Since ∥V ∥ ≤ ∥S1/2V ∥ ≤ (1− µ2)−1/2∥V ∥ the assertion for
L̃a is immediate. Since S−1 symmetrizes A∗

1 and A∗
2 simultaneously

and ∥S−1/2V ∥ ≤ ∥V ∥ ≤ (1− µ2)−1/2∥S−1/2V ∥ the same
assertion for L̃∗a holds.
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Well-posedness

Proof of well-posedness:continued
Denote by Hs and ∥ · ∥s , s ∈ R the usual L2 based Sobolev space
of order s and the norm respectively. Assume that B = B(t, x , y)
is smooth with bounded derivatives of all order and fix T > 0. For
any s ∈ R there is Cs > 0 such that we have

∥U(t)∥s ≤ C
(
∥U(0)∥s +

∫ t

0
∥(L̃a + B)∗U(τ)∥sdτ

)
(5)

for any U ∈ C 1([0,T ];Hs) ∩ C 0([0,T ];Hs+1). Therefore the usual
duality arguments proves that for any U0 ∈ Hs there exists a
solution U(t) ∈ C 1([0,T ];Hs−1) ∩ C 0([0,T ];Hs) to the Cauchy
problem{

(L̃a + B)U = 0,

U(0) = U0.

The uniqueness of solution follows from (4).
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Well-posedness

Case a = ±i

L̃a =
∂

∂t
+

 0 1 0
1 0 0
0 0 0

 ∂

∂x
+ ϕ(x)

 0 ±i 1
∓i 0 0
0 0 0

 ∂

∂y

The third equation of L̃aU = F is

∂w

∂t
= h hence

∂

∂t

(∂w
∂y

)
=
∂h

∂y

from which it follows that∥∥∂w(t)/∂y
∥∥ ≤

∥∥∂w(0)/∂y
∥∥+

∫ t

0

∥∥∂h(s)/∂y∥∥ds. (6)

The first two equations of L̃aU = F yield a symmetric system for
(u, v) assuming ∂w/∂y to be known.
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Well-posedness

Case a = ±i : energy estimates
One has

d

dt
∥U∥2 = −2Re

(
ϕ
∂w

∂y
, u

)
+ 2Re (F ,U). (7)

The right-hand side is bounded by
C
(
∥∂w(t)/∂y∥+ ∥F (t)∥

)
∥U(t)∥. From (7) one has

∥U(t)∥ ≤ ∥U(0)∥+ C

∫ t

0

(∥∥∂w(s)/∂y
∥∥+ ∥F (s)∥

)
ds. (8)

Inserting (6) into (8) one obtains

∥U(t)∥ ≤ C ′(∥U(0)∥+
∥∥∂U(0)/∂y

∥∥)
+C ′

∫ t

0

(
∥L̃aU(s)∥+

∥∥ ∂

∂y
L̃aU(s)

∥∥)ds (9)

for 0 ≤ t ≤ T .
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Well-posedness

L̃∗aU = F

L̃∗a = − ∂

∂t
−

 0 1 0
1 0 0
0 0 0

 ∂

∂x
− ϕ(x)

 0 ∓i 0
±i 0 0
1 0 0

 ∂

∂y

Since the first two equations of L̃∗aU = F split from the third
equation and yield a symmetric system then we have with
V = t(u, v) and G = t(f , g)

∥V (t)∥+
∥∥∂V (t)/∂y

∥∥ ≤ C
(
∥V (0)∥+

∥∥∂V (0)/∂y
∥∥)

+C

∫ t

0

(
∥G (s)∥+

∥∥∂G (s)/∂y
∥∥)ds. (10)
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Well-posedness

From the third equation of L̃∗aU = F we have

∥w(t)∥ ≤ ∥w(0)∥+ C

∫ t

0

(
∥h(s)∥+

∥∥∂u(s)/∂y∥∥)ds. (11)

Inserting (10) into (11) one has

∥w(t)∥ ≤ C ′(∥U(0)∥+
∥∥∂U(0)/∂y

∥∥)
+C ′

∫ t

0

(
∥F (s)∥+

∥∥∂F (s)/∂y∥∥)ds.
Together with (10) energy estimate (9) holds also for L̃∗a.
Repeating similar arguments one concludes that the Cauchy
problem for L̃a is C∞ well-posed (actually H1 well-posed).
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Remarks

Remarks
The Cauchy problem for

L
(0)
a =

∂

∂t
+ A1

∂

∂x
+ y A2(a)

∂

∂y
, a ∈ C

is L2 well-posed, hence C∞ well-posed for any lower order term.
The Cauchy problem for

L
(1)
a =

∂

∂t
+ A1

∂

∂x
+ t A2(a)

∂

∂y
, a ∈ C

is C∞ well-posed for arbitrary lower order term (with regularity
loss). These examples can be generalised

L
(0)
a =⇒ transversally strictly hyperbolic systems with involutive

characteristics (Métivier, N, 2018),

L
(1)
a =⇒ transversally strictly hyperbolic systems with symplectic

characteristics (N, 2020).
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