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1 Introduction

Consider a differential operator P(z, D) of order m defined in a neighborhood
Q of the origin of R™ with coordinates x = (x1, za,...,z,) = (21,2');

P(z,D)= Y ao(x)D* D* =D ...Dg, Dj;=—id/dx;

n

la|<m

where we assume that a, () are in some Gevrey classes 7(*)(Q) or v(*)(Q). By
7(5)(Q) we mean the set of functions f € C>(£2) such that for any compact set
K & () there are constants C > 0, A > 0 for which the following inequalities
hold:

(1.1) |DYf(z)] < CAl°l(Ja|)®, =€ K, aeN"

By 7*)(Q) we mean the set of functions f € C*°(2) such that for any compact
set K € 2 and any A > 0 there is a constant C' > 0 for which () hold.
Evidently 7{*) ¢ 4(5) ¢ 44" for s < s’. Consider the Cauchy problem

P(z,D)u(z) =0, (z1,2') ewn{z1>7}
(1.2) 4
Diu(0,2") = uj(a’), 7=0,....m—1, 2’ ewn{z; =71}

where w C € is some open neighborhood of the origin of R®. We say that
the Cauchy problem (2) is (uniformly) well-posed in (*) (resp. in v{*)) near
the origin if there exist w and € > 0 such that for any u; € &) (R?1) (resp.
uj € 44 (R"71)) and for any |7| < € the Cauchy problem (I2) has a unique
solution u € C™(w). We say that the Cauchy problem is locally solvable in ~(*)
at the origin if for any u; € v(*)(R"~!) one can find a neighborhood Wy,y of
the origin such that (I2) with 7 = 0 has a solution u € C™(w(y,})-
Write

m—1
P(z,&) = Y aa(@)e™ =p(z,€)+ Y Pi(x,€)
laj<m Jj=
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where p(z, ) is of homogeneous of degree m in ¢, called the principal symbol of
P and Pj(z, &) denotes the homogeneous part of degree j in £&. We assume that
the hyperplanes {x; = ¢} are non-characteristic, that is

(1.3) p(x,0) #0, 6 =(1,0,...,0) z € Q,

which is almost necessary for C* well-posedness of the Cauchy problem ([i@]).
Then without restrictions one may assume a(y, 0,...0)(z) = 1. If the Cauchy
problem (IC2) is locally solvable in v(*), s > 1 at the origin then p(0,&;,&) =0
has only real roots for any ¢ € R"~! ([]]) so we assume also that

(1.4) p(x, & —if) #0, £ €R™, z€Q,

that is the equation p(z,£1,€’) = 0 in & has only real roots for any = € ,
fl c R7—1.

For a given P(x,£), which is a polynomial in £ of degree m, we consider
several realizations (quantizations) of P(xz,§). Let a(z,§) € ST be a claasical
symbol of pseudodifferential operator then we define op(a), 0 <t < 1 by

(op* (a)u)(z) = (QW)_"/ei(l_y)fa((l — t)z + ty, u(y)dyds.

Note that, assuming that a,(x) are constant outside some compact neighbor-
hood of the origin for simplicity, we see

Z ao(2)Du(z) = op® (P)u(x), Z D*(aq(z)u(z)) = op' (P)u(z).

|| <m loe|<m

When ¢t = 1/2 the quantization op'/?(a) is called Weyl quantization and also
denoted by op™(a). The next results are implicit in [B] and [@].

Theorem 1.1. Assume P(x,&) = p(z,€) + Z;zo Pj(x,€) and the coefficients
ae(z) belong to 4™/ (vesp. +(™/™)). Then for any 0 < t < 1 the Cauchy
problem for opt(P) is well-posed in ) near the origin for 1 < s < min {m/r, 2}
(resp. ¥ for 1 < s < min{m/r,2} ).

Corollary 1.1. Assume that the coefficients an(z) belong to 42 (resp. ().
Then for any 0 < t < 1 the Cauchy problem for op®(p) is well-posed in %) near
the origin for 1 < s < 2 (resp. ¥*) for1<s<2).

To confirm the result, first note that under the assumption there is some
M > 0 such that

(1.5) P(x,&+im0) #0, |7| > M1 +[¢))"/™, =z, £€R”

that is P is m/r -hyperbolic (see [5]). Then Theorem Il was proved for op®(P)
in [d] and Corollary [T for op(p) is implicit in [3]. Next we recall a formula for
change of quantization (e.g. [6]). One can pass from any ¢ -quantization to the

t' -quantization by

(1.6) op (ar) = op'(ar), ap(w,&) =" TIPPeqy(z, €).



In particular, we have
op'(P(x,€)) = op’ (e"P=P< P(x,£)).
On the other hand, from [3] one has
(0708 p)(w,€ = i6)| < Cap(1 +[€)7|p(2, € — )], B €N,

which is sufficient to estimate new terms appear by operating e*'P+=P¢ to P(x, £).

2 A question on Theorem [T

If P is of constant coeflicients, P(x,&) = P(¢), the Cauchy problem for P(D)
is v(*) well-posed for 1 < s < m/r ([5]) if (I3) holds and it is also clear that
the results are optimal considering examples P(D) = D" + ¢D!, with a suitable
c € C. Clearly the case r = 0 corresponds to the hyperbolicity in the sense of
Garding and the Cauchy problem for P(D) is C* well-posed. In the variable
coefficient case, on the other hand, we are restricted to 1 < s < min{m/r,2}
in both Theorem I and Corollary I Here we give an example which shows
that one can not really exceed 2. Consider

(2.1) Py(x,8) = & — (& + 2362)6 — based

with b € R which was studied in [2]. Note that () is equivalent to b < 4/27.
In [2] it was proved that there is 0 < b < 2/3v/3 such that the Cauchy problem
for op’(P3) is not locally solvable at the origin in 4(*) for s > 2. From this we
obtain immediately

Proposition 2.1. Let m > 3 and n > 3 and consider
p(a,€) = (& — (& + 23€2)6 — ba3e )™

which is a homogeneous polynomial in & of degree m with polynomial coefficients.
For any 0 <t < 1 the Cauchy problem for op’(p) is not locally solvable at the
origin in ¥ for s > 2, in particular, not well-posed in v*), s > 2 near the
origin.

Indeed from (ICB) one sees that op! (p) = opt(p) for any 0 < ', < 1 so that

op'(p) = (D} — (D3 + 23D}) Dy — b3 D) DY = op”(P) Dy*~°

which proves the assertion.

When m = 2 we have a result similar to Proposition P

Proposition 2.2. Let n > 3 and consider

Pm,od(xa 5) = 5% - 2x2§1£n - ég - Iggi

which is a homogeneous polynomial in & of degree 2 with polynomial coefficients.
For any 0 <t < 1 the Cauchy problem for op!(Poa) s not locally solvable at
the origin in v*) for s > 5, in particular, not well-posed in v\*), s > 5 near the
origin.



This result for op®(Py0q) Was proved in [l] (where there is some insufficient
part of the proof, see the correction in [M]). Then to conclude Proposition EZ2
it is enough to note op!(Pr0q) = 0p°(Ppoq) for 0 <t < 1.

We would now ask ourselves is there an example of a homogeneous polyno-
mial p in & = (&1,&2,...,&,), n > 3 of order 2 with real analytic coefficients
satisfying (I3) and (LA) such that the Cauchy problem for opt(p), for any
0 <t <1, is not well-posed in v*), s > 2, or is there some 2 < 5 < 5 such that
for any such p the Cauchy problem for op™(p) is well-posed in ) for s < 5
near the origin.

Note that the case n = 2 (and m = 2) is quite special.

Proposition 2.3. Consider
P(ajaf) = g% - 2@(&3)51&2 + b(l‘)gg + C(JI), Tr = (1'1,332)

which is a polynomial in & = (&1, &) with real analytic a(z),b(x), c(x) such that
A(z) = a®(z)—b(x) > 0 near the origin (a, b are real valued ). Then the Cauchy
problem for op™(P) is C*° well-posed near the origin.

In fact if we make a real analytic change of coordinates y = k(z) = (x1, ¢(x))
such that ¢, (v) — a(x)ds,(x) = 0, ¢(0,72) = x2 where ¢, = d¢(x)/0r; then
we see that

op”(P(,§))(uo k)
= (OPO (17 — aAn3 + B1Ag, 12 + BaAng + B + B4)U) oK
where A = Aok, A, = A,, 0k and a = a(y) > ¢ > 0, B; = B;(y) are real

analytic near y = 0. Noting that |Aw2’ < C‘AW’ < C" \/Z
[d, Theorem 1.1] to the right-hand side.

it suffices to apply
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