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Abstract We consider the Cauchy problem in L2 for ﬁrst-order systems. A necessary
condition is that the system must be uniformly diagonalizable or, equivalently, that it
admits a bounded symmetrizer. A suﬃcient condition is that it admits a smooth (Lipschitz) symmetrizer, which is true when the system is diagonalizable with eigenvalues of
constant multiplicities. Counterexamples show that uniform diagonalizability is not sufﬁcient in general for systems with variable coeﬃcients, and they indicate that the symplectic properties of the set Σ of the singular points of the characteristic variety are
important. In this article, we give a new class of systems for which the Cauchy problem
is well-posed in L2 . The main assumption is that Σ is a smooth involutive manifold and
the system is transversally strictly hyperbolic.

1. Introduction
In this article, we give a new class of ﬁrst-order systems
(1.1)

L(t, x, Dt , Dx ) = Dt −

d


Aj (t, x)Dxj = Dt − A(t, x, Dx )

j=1

which are strongly hyperbolic, which means by deﬁnition that for all lower-order
terms B the Cauchy problem for L + B with initial data on the surface {t = 0}
is well-posed in C ∞ . Here we use the notation D = −i∂ for partial derivatives.
Strong hyperbolicity is satisﬁed as soon as the Cauchy problem is well-posed
in L2 and satisﬁes resolvent estimates of the form


(1.2)
γuL2  (L + iγν)uL2 , for γ ≥ γ0 ,
where ν denotes the conormal to the initial surface, or semigroup estimates of
the form
 t






Lu(t ) 2 dt .
u(t) 2  u(0) +
(1.3)
L
L
0

In these cases, additional zeroth-order terms are bounded in L2 and absorbed by
choosing γ large or by Gronwall’s lemma. Note that (1.3) implies (1.2).
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A necessary condition for (1.2) is that the system L(t, x, Dt , Dx ) must be
uniformly diagonalizable, which means that there is a family of matrices T (t, x, ξ)
such that T and T −1 are uniformly bounded and T −1 AT is diagonal. There are
other equivalent formulations, for instance, that there is a bounded family of
symmetrizers, that is, a family of Hermitian symmetric matrices S(t, x, ξ) such
that S and S −1 are uniformly bounded and SA is symmetric (see, e.g., [4]).
For systems with constant coeﬃcients, strong hyperbolicity is equivalent to
uniform diagonalizability (see [5], [14]). This is not true for general systems with
variable coeﬃcients. In fact, there are examples of uniformly diagonalizable systems for which the Cauchy problem is ill-posed in C ∞ (and thus not strongly
hyperbolic; see [4], [13], [7]). However, strong hyperbolicity is known for diagonalizable systems with constant multiplicities and, more generally, for systems
which admit smooth symmetrizers S(t, x, ξ). In [7], the required smoothness has
been decreased to Lipschitz regularity in (t, x, ξ) for ξ = 0. A necessary condition
for L to be strongly hyperbolic is that the geometric multiplicity of any multiple
eigenvalue τ of L(t, x, τ, ξ) is not less than half of the algebraic multiplicity plus
1, and strong hyperbolicity is known for a class of systems which generalize single
eﬀectively hyperbolic operators and which are not symmetrizable (see [11], [12]).
How to characterize strongly hyperbolic systems is an interesting problem
which is not yet settled. This article brings a new piece to the understanding of
this question.
Before stating our main result, let us introduce some notation. We will work
within the following framework.
ASSUMPTION 1.1

The coeﬃcient matrices Aj (t, x) are C ∞ and constant outside a compact set.
They act in an N -dimensional space denoted by E. Moreover, for all (t, x, ξ) the

eigenvalues of A(t, x, ξ) = ξj Aj (t, x) are real and semisimple.
In particular, L is hyperbolic in the time direction and diagonalizable. We denote
by C the characteristic variety of L, that is, the set of (t, x, τ, ξ) ∈ T ∗ R1+d \{0}
such that det L(t, x, τ, ξ) = 0. Note that Assumption 1.1 implies that, at characteristic points,
(1.4)

dim Ker L(t, x, τ, ξ) = multiplicity of the eigenvalue τ .

If ρ = (t, x, τ , ξ) is a regular point of C, then Assumption 1.1 implies that, on
a neighborhood of ρ, C is given by an equation τ = μ(t, x, ξ) and that μ is an
eigenvalue of constant multiplicity of A(t, x, ξ) for (t, x, ξ) close to (t, x, ξ), since
μ(t, x, ξ) is the unique eigenvalue close to τ .
As mentioned above, variable multiplicities form an important obstacle to
strong hyperbolicity, and we have to impose conditions at singular points. Recall
ﬁrst the invariant deﬁnition of the localized system Lρ at ρ ∈ C:


(1.5)
Lρ (ρ̇) = ρ L (ρ) · ρ̇ ıρ ,
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where ıρ is the injection of ker L(ρ) into E, ρ is the projection from E onto
E/ range L(ρ), and L is the derivative of L. Because ker L(ρ) ∩ range Lρ = {0} by
Assumption 1.1, Lρ can also be seen as a matrix with values in Hom(Ker L(ρ)).
Recall that Lρ is hyperbolic in the time direction and, more generally, that the
cone of hyperbolic directions of Lρ contains the cone of hyperbolic directions
of L.
We make the following natural assumption on the set Σ of singular points
of C.
ASSUMPTION 1.2

We assume that Σ ⊂ C is a smooth C ∞ -manifold in T ∗ R1+d \{0} and that, on
each component of Σ, the dimension of ker L(ρ) is constant.
LEMMA 1.3

When Assumptions 1.1 and 1.2 are satisﬁed, Lρ (ρ̇) = 0 when ρ ∈ Σ and ρ̇ ∈
Tρ (Σ).
This lemma will be proved in Section 4. It implies that the symbol Lρ can be seen
as being deﬁned on T ∗ Rd+1 /Tρ Σ, that is, on directions ρ̇ which are transverse
to Σ. Note that, because Lρ is hyperbolic in the direction dt, this direction is
not characteristic for Lρ and thus is transverse to Σ. The ﬁrst natural case to
consider is when Lρ is strictly hyperbolic in these transverse directions.
ASSUMPTION 1.4

For all ρ ∈ Σ, Lρ (ρ̇) is strictly hyperbolic in the time direction on T ∗ Rd+1 /Tρ Σ.
This condition is called linear splitting in [8]. In some sense, the three assumptions
above describe the simplest and most regular structure for eigenvalue crossing
along a variety Σ. However, these conditions are not suﬃcient to imply strong
hyperbolicity. The counterexample in [7] and the analysis in [12] based on eﬀective
hyperbolicity indicate that the symplectic properties of Σ play an important
role. In particular, the counterexample in [7] is based on a reduction to the
harmonic oscillator, and this relies on the property that the symplectic form is
not identically 0 on T Σ. In this article, we go in the opposite direction, and we
can now formulate our main assumption.
ASSUMPTION 1.5

All ρ ∈ Σ have a neighborhood on which one of the following conditions is satisﬁed:
(i) Σ is of codimension 2 in T ∗ R1+d \{0},
(ii) Σ is of codimension 3 in T ∗ R1+d \{0} and dim ker L(ρ) = 2,
(iii) Σ is an involutive submanifold of T ∗ R1+d \{0}.
We can now state our main result.
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THEOREM 1.6

Consider a ﬁrst-order system L as in (1.1) satisfying Assumptions 1.1, 1.2, 1.4,
and 1.5. Then the Cauchy problem for L with initial data on {t = 0} is well-posed
in L2 . In particular, L is a strongly hyperbolic system.
Indeed, only Assumption 1.5(iii) is new. In the ﬁrst two cases, as noted in [8], [7],
and [10], there is a smooth microlocal symmetrizer S(t, x, ξ). This will be recalled
in the proof of the theorem. On the contrary, in general, there is no smooth symmetrizer under Assumption 1.5(iii). Indeed, Assumption 1.4 implies that there is
a symmetrizer S(t, x, ξ, ξ  ) which is homogeneous of degree 0 and smooth with
respect to the transversal variables ξ  = 0. Thus, under Assumptions 1.1, 1.2, and
1.4, the system is uniformly diagonalizable, but in general, the symmetrizer is
singular at Σ. Because of this singularity, we cannot use the classical pseudodifferential calculus. But, using the precise description of the singularity, we can use
instead a second microlocalization, and this is where Assumption 1.5(iii) comes
in.
Theorem 1.6 is proved in Section 3. The main step is to obtain semigroup
estimates of the form (1.3) on [0, T ] × Rd . Since the assumptions are also satisﬁed
by the adjoint system L∗ , we have similar estimates for the backward Cauchy
problem for L∗ and, thus, the existence of weak solutions in L2 for the direct
problem. By Friedrich’s lemma they are strong solutions and satisfy the energy
estimate. Diﬀerentiating the equation, we see that they are as smooth as the data.
The geometric formulations of the assumptions imply that they remain satisﬁed
after all spacelike changes of variables, implying local uniqueness, ﬁnite speed of
propagation, and local existence and uniqueness for the Cauchy problem.
The proof of the main L2 estimate is microlocal. Near (0, x, ξ), one can perform a smooth reduction of the system into blocks Ak associated to the distinct
eigenvalues τ k of A(0, x, ξ). If ρk = (0, x, τ k , ξ) is a regular point of C, then near
(0, x, ξ), Ak has a unique real eigenvalue and the estimate is well known. If ρk ∈ Σ,
then under Assumptions 1.5(i) and 1.5(ii) there is a smooth symmetrizer and the
L2 microlocal energy estimate follows. Under Assumption 1.5(iii) we can reduce
the problem to a model case of the form
(1.6)

Lmod (t, x, Dt , Dx ) = Dt −

l


Aj (t, x, Dx )Dxj ,

j=1

where the Aj ’s are classical pseudodiﬀerential operators of order 0. In this model,
the involutive manifold is Σmod = {τ = ξ1 = · · · = ξl = 0}. This model is analyzed in Section 5. The key is that, by Assumption 1.4, there is a symmetrizer
S(t, x, ξ, ξ  ) which can be quantiﬁed so that the error Im(Lmod S) is bounded
in L2 . The reduction to the model case is made using a Fourier integral operator
which quantiﬁes a canonical transformation which maps the involutive manifold Σ to the model case Σmod . However, since we are considering the Cauchy
problem, we need to preserve time in this reduction. The details are given in
Section 4.
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2. The microlocal symbolic analysis
In preparation for the proof of Theorem 1.6, we analyze ﬁrst the properties of the
symbol L(t, x, τ, ξ) = τ Id −A(t, x, ξ). Let (t, x, ξ) ∈ R1+d × Rd \{0}. We denote by
τ k the distinct eigenvalues of A(t, x, ξ), so that the points ρk = (t, x, τ k , ξ) belong
to the characteristic variety C.
For (t, x, ξ) in a small conical neighborhood ω of (t, x, ξ), there is a smooth
invertible matrix P (t, x, ξ), homogeneous of degree 0 in ξ, such that P −1 AP is
block diagonal,


(2.1)
P −1 (t, x, ξ)A(t, x, ξ)P (t, x, ξ) = diag Ak (t, x, ξ) ,
where the eigenvalues of the blocks Ak are close to τ k , and its dimension rk is
the multiplicity of τ k .
There are several cases.
(1) If ρk is a regular point of C, then locally near ρk , C is given by a smooth
equation τ = μ(t, x, ξ) and
Ak (t, x, ξ) = μ(t, x, ξ) Id .

(2.2)

(2) If ρk ∈ Σ is a singular point, then we can write
Ak (t, x, ξ) = μ(t, x, ξ) Id +Ak (t, x, ξ),
where Ak is traceless. By Assumption 1.2, near ρk , τ − μ and A vanish on Σ,
and therefore, Σ is given by the equations
(2.3)

τ = μ(t, x, ξ),

qj (x, ξ) = 0,

j = 1, . . . , l.

Therefore, A has the form
(2.4)

Ak (t, x, ξ) = μ(t, x, ξ) Id +

l


Ak,j (t, x, ξ)qj (x, ξ).

j=1

The localized system at ρk , Lρk (ρ̇), is conjugated to

(2.5)
(τ̇ + μ̇) Id +
Ak,j q̇j ,
˙ ξ μ and with a similar deﬁnition for q̇j . This clearly
where μ̇ = ṫ∂t μ + ẋ∂x μ + ξ∂
proves Lemma 1.3. Because the dqj ’s are independent, Assumption 1.4 implies
and, indeed, is equivalent to the following.
LEMMA 2.1

For all η ∈ Rl \{0}, the eigenvalues of



ηj Akj (t, x, ξ) are real and simple.

PROPOSITION 2.2

There is a conical neighborhood ω of (t, x, ξ), and there is a symmetric matrix
S(t, x, ξ, η), C ∞ for (t, x, ξ) ∈ ω, with η ∈ Rl \{0}, homogeneous of degree 0 in
both ξ and η, such that S is positive deﬁnite, S −1 is bounded, and

 

(2.6)
Im S t, x, ξ, q(x, ξ) Ak (t, x, ξ) = 0.
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Proof
For (t, x, ξ) ∈ ω and η ∈ Rl , introduce the symbol
(2.7)

Ak (t, x, ξ, η) =

l


ηj Ak,j (t, x, ξ).

j=1

By the lemma, for |η| = 1, the eigenvalues of Ak (t, x, ξ, η) are simple. By perturbation, this property remains true for (t, x, ξ) close to (t, x, ξ), and therefore, by
shrinking ω if necessary, following [9] one can ﬁnd a smooth matrix P(t, x, ξ, η)
for (t, x, ξ) ∈ ω and η = 0, homogeneous of degree 0 in ξ and in η, such that
(2.8)

PAk P −1 = diag(β1 , . . . , βrk )

is diagonal with entries βj (t, x, ξ, η). Then
S = P ∗P

(2.9)

is self-adjoint and positive deﬁnite, and it satisﬁes (2.6), since for η = q(t, x, ξ)

the eigenvalues of Ak (t, x, ξ, q(t, x, ξ)) = Ak (t, x, ξ) are real.
We now discuss the consequences of Assumption 1.5.
LEMMA 2.3

If Assumption 1.5(i) or 1.5(ii) is satisﬁed at ρk , then there is a conical neighborhood ω of (t, x, ξ) and there is a smooth positive deﬁnite matrix Sk (t, x, ξ) for
(t, x, ξ) ∈ ω, homogeneous of degree 0 in ξ, such that Sk Ak is self-adjoint.
Proof
In these cases we can ﬁnd a smooth microlocal symmetrizer. For the explicit
expression of the symmetrizers we refer to [10] and [7].

PROPOSITION 2.4

If Assumption 1.5(iii) is satisﬁed at ρk , then there is a canonical transformation
Ψ = ρ → ρ̃ in a neighborhood of ρk such that t̃ = t and Σ̃ = Ψ(Σ) is given by the
equations
(2.10)

τ̃ = 0,

ξ˜1 = · · · = ξ˜l = 0.

Proof
We construct Ψ in two steps. First we consider the ﬂow of Hτ −μ , the Hamilton
vector ﬁeld of τ − μ,


(2.11)
Ψ1 = exp (t − t)Hτ −μ : ρ → ρ1 .
It is a canonical transformation deﬁned on a conical neighborhood of ρk such
that t1 = t and which transforms τ − μ into τ1 . Therefore, Σ1 , the image of Σ, is
given by equations
(2.12)

τ1 = 0,

q1,1 = · · · = q1,l = 0.
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Since Σ1 is involutive, the Poisson brackets of these equations and, in particular,
∂t1 q1,j vanish on Σ. Because ∂t1 q1,j is independent of τ1 and the dx,ξ q̃1,j ’s are
linearly independent, this means that there are smooth homogenous functions
mj,k such that

(2.13)
∂t1 q1,j = ∂t g1,j =
mj,k q1,k .
By denoting by Q1 the vector with components q1,j and by M the matrix with
entries mj,k , this means that ∂t Q1 = M Q1 . Introduce P (t, x, ξ) such that
∂t P = −P M,

P|t=0 = Id .

Hence, ∂t (P Q1 ) = 0 and Q̃1 = P Q1 depends only on (x, ξ). This shows that Σ1
is given locally by the equations
(2.14)
In other words, near ρk ,
(2.15)

τ1 = 0,

q̃1,j (x, ξ) = 0.


Σ1 = (t, x, 0, ξ); (x, ξ) ∈ Σ1 ,

where Σ1 is given by the equations q̃1,j (x, ξ) = 0. Moreover, Σ1 is involutive in
T ∗ Rd , and there is a canonical transformation Ψ2 in T ∗ Rd which transforms q̃1,j
into ξj for j = 1, . . . , l. We extend it to T ∗ R1+d by leaving (t1 , τ1 ) invariant, and

the composed transformation Ψ2 ◦ Ψ1 has the desired properties.
3. Proof of Theorem 1.6
As recalled in Section 1, it is suﬃcient to prove the following energy estimate.
THEOREM 3.1

Under the assumptions of Theorem 1.6, there are T > 0 and C such that, for all
smooth functions u, one has
 t






u(t) 2 ≤ C u(0) + C
Lu(t ) 2 dt .
(3.1)
L
L
0

To prove this, we construct a ﬁnite partition of unity on T ∗ Rd
(3.2)

1 = χ∞ (x) +

n


χj (x, ξ)

j=0

and prove the estimate (3.1) for each piece u∞ = χ∞ u and uj = χj (x, Dx )u separately. Indeed,










uj (0) 2  u(0) 2 ,
Luj (t) 2  Lu(t) 2 + u(t) 2 ,
L
L
L
L
L
so adding the estimates for uj we get that
 t
 t





  

Lu(t ) 2 + C
u(t ) 2 dt ,
u(t) 2 ≤ C u(0) + C
L
L
L
0

which, by Gronwall’s lemma, implies (3.1).

0
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We choose χ∞ equal to 1 for |x| ≥ R with R so large that L = L∞ = Dt −
A∞ (Dx ) has constant coeﬃcients on the support of χ∞ . Our assumptions imply
that L (and thus L∞ ) is uniformly diagonalizable. Hence, there is a bounded
symmetrizer S∞ (ξ) for A∞ (ξ), and the L2 -estimate for u∞ follows by using the
Fourier transform.
We choose χ0 supported in |ξ| ≤ 2. Then ∂t χ0 uL2 = O(uL2 + LuL2 ),
and the estimate for χ0 (x, Dx )u immediately follows.
Thus, by the compactness of {|x| ≤ R} × S d−1 , we are reduced to proving
the following estimate.
PROPOSITION 3.2

Under the assumptions of Theorem 1.6, for all (x, ξ) ∈ T ∗ Rd \{0}, there are T > 0
and a conical neighborhood ω of (x, ξ) such that for all pseudodiﬀerential symbols
χ(x, ξ) of degree 0 supported in ω, there is a constant C such that, for all smooth
functions u,
 t





 


Lu(t ) 2 dt + u(t ) 2 dt .
χ(x, Dx )u(t) 2 ≤ C u(0) + C
(3.3)
L
L
L
0

Proof
(a) From now on, we ﬁx (x, ξ) ∈ T ∗ Rd \{0}. We convert the symbolic analysis of
Section 2 into a pseudodiﬀerential calculus. Let P (t, x, ξ) be such that (2.1) holds
in a conical neighborhood ω of (0, x, ξ). Let χ be supported in ω  = ω ∩ {t = 0},
and introduce v = P −1 (t, x, Dx )χ(x, Dx )u and its component vk corresponding
to the decomposition (2.1). Let
(3.4)

Lk vk := Dt vk − Ak (t, x, Dx )χ̃(x, Dx )vk ,

where χ̃ is supported in ω  and is equal to 1 on a neighborhood of the support
of χ. Because the commutators are bounded in L2 , one has






Lk vk (t) 2  Lu(t) 2 + u(t) 2 .
(3.5)
L
L
L
We claim that it is suﬃcient to prove the following energy estimate for each vk
separately:
 t






 

Lk vk (t ) 2 dt + vk (t ) 2 dt .
vk (t) 2 ≤ C vk (0) + C
(3.6)
L
L
L
0

Indeed, with (3.5), it implies that




v(t) 2 ≤ C u(0) + C
L


0



 
Lu(t ) 2 dt + u(t ) 2 dt .
L
L

t 

Moreover, χ(x, Dx )u = (χ̃P )(t, x, Dx )v + Ru, where R is of degree −1, and hence,






χ(x, Dx )u(t) 2 ≤ v(t) 2 + u(t) −1 .
L
L
H
Finally, we note that the errors in H −1 are also controlled, using that






∂t u(t) −1  Lu(t) 2 + u(t) 2
(3.7)
H
L
L
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and
(3.8)





u(t) −1 ≤ u(0) −1 +
H
H
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∂t u(t ) −1 dt .
H

t
0

Therefore, it only remains to prove (3.6).
(b) If ρk is a regular point in C or if ρk ∈ Σ and Assumption 1.5(i) or 1.5(ii)
is satisﬁed, then there is a symmetrizer Sk (t, x, ξ) for Ak in a possibly smaller
neighborhood ω. One can choose γ such that the energy

−1



vk , vk L 2
Re χ̃Sk (t, x, Dx )vk , vk L2 + γ 1 + |Dx |2
is positive deﬁnite and equivalent to vk L2 . Diﬀerentiating in time and using
the classical pseudodiﬀerential calculus, one obtains (3.6).
(c) If ρk ∈ Σ and Assumption 1.5(iii) is satisﬁed, then we know by Proposition 2.4 that there is a canonical transformation Ψ on a neighborhood of ρk such
that the symbol of Lk is transformed to
τ̃ Id +

l


˜
ξ˜j Ãj (t̃, x̃, ξ),

j=1

revealing the model operator
(3.9)

L̃ = Dt̃ −

l


Ãj (t̃, x̃, Dx̃ )Dx̃j .

j=1

In this case, the estimate (3.6) follows from the following two results.
PROPOSITION 3.3

There are T > 0, a conical neighborhood ω of (x, ξ), and a smooth family of
elliptic Fourier integral operators F = Ft , for t ∈ [0, T ], associated to the canonical
transformation Ψ and such that for all pseudodiﬀerential symbols χ(x, ξ) of degree
0 supported in ω,
(3.10)

(F Lk − L̃F )χ(x, Dx )

is bounded in L2 , uniformly in time.
PROPOSITION 3.4

˜ where Ψ(ρk ) = (0, x̃, 0, ξ),
˜
If χ̃ is supported in a small conical neighborhood of (x̃, ξ)
1
d
then there is a constant C such that, for all w ∈ H ([0, T ] × R ),
 t






χ̃(x̃, Dx̃ )w(t) 2 ≤ C w(0) 2 + C
L̃w(t ) 2 dt .
(3.11)
L
L
L
0

Indeed, decreasing the neighborhoods if necessary, we can assume that χ̃ = 1
on the image of the support of χ. We apply this estimate to w = F χ(x, Dx )vk ,
noting that, by (3.10) and the uniform boundedness of F in L2 , one has






L̃w(t) 2  Lk vk (t) 2 + vk (t) 2 .
L

L

L

578

Guy Métivier and Tatsuo Nishitani

Moreover, by the microlocal ellipticity of F on the support of χ, we have






χ(x, Dx )vk (t) 2 ≤ χ̃(x̃, Dx̃ )w(t) 2 + vk (t) −1 .
L
L
H
Since (1 − χ(x, Dx ))vk (t)L2 is bounded by the right-hand side of (3.6), combining these estimates and arguing as in (3.8) to absorb the H −1 error, we obtain
(3.6) under Assumption 1.5(iii).

It remains to prove the two propositions above. This is done in the next two
sections.
4. Reduction to the model
In this section, we prove Proposition 3.3. Recall that the canonical transformation
Ψ is composed of Ψ1 and Ψ2 . The ﬁrst is deﬁned, for t ∈ [0, T ], by (2.11). The
symbol μ is deﬁned on a small conical neighborhood ω of (0, x, ξ); for simplicity,
we modify it so that it is deﬁned on [0, T ] × T ∗ Rd and so that it is supported
in ω and equal to μ in a smaller neighborhood ω  with |ξ| ≥ 1. Decreasing T if
necessary, consider the Fourier integral operator

(4.1)
F1 u(t, x) = eiϕ(t,x,ξ) û(t, ξ) dξ,
where ϕ(t, x, ξ) solves for t ∈ [0, T ] the eikonal equation (see [6], [2], [3], [1])
(4.2)

ϕ(0, x, ξ) = x · ξ.

∂t ϕ = μ(t, x, ∂x ϕ),

It is associated to the canonical transformation Ψ1 . We can consider it also as
a family of Fourier integral operators F1,t on Rd associated to canonical transformations Ψ1,t , which are obviously deﬁned from Ψ1 . Moreover, this operator is
elliptic. Therefore, we have the following result (see, e.g., [1], [3]).
LEMMA 4.1

There is a constant C such that, for u smooth, v = F1 u satisﬁes




v(t) 2 ≤ C u(t) 2 ,
(4.3)
L
L






u(t) 2 ≤ C v(t) 2 + C u(t) −1 .
(4.4)
L

Moreover,
(4.5)

L

H







Dt v(t) − F1 Dt + μ(t, x, Dx ) u(t) 2 ≤ C u(t) 2 ,
L
L

and if a(t, x, Dx ) is a pseudodiﬀerential operator of order 1, then




b(t, x, Dx )v(t) − F1 a(t, x, Dx )u 2 ≤ C u(t) 2 ,
(4.6)
L
L
where
(4.7)



b(t, x, ξ) = a Ψ−1
1,t (t, x, ξ) .
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Let χ be supported in a small conical neighborhood of (x, ξ). The lemma implies
that F1 transforms Lk = Dt − Ak (t, x, Dx )χ(x, Dx ) into

A1,j (t, x, Dx )q1,j (t, x, Dx ) + B(t, x, ∂x ),
(4.8)
Dt −
where B(t) is uniformly bounded in L2 and, under the notation introduced in
(2.12), q1,j is the function deduced from qj by Ψ1 . We have shown that the
q1,j ’s are independent of t and that there is a canonical transformation Ψ2 which
transforms them into ξj . Therefore, there is an elliptic Fourier integral operator
F2 on Rd , bounded in L2 , such that


F2 q1,j (x, Dx )χ1 (x, Dx )v − Dx F2 χ1 (x, Dx )v  2  vL2 ,
(4.9)
j
L






χ1 (x, Dx )v  2  F2 χ1 (x, Dx )v  2 + χ1 (x, Dx )v  −1 ,
(4.10)
L
L
H
where χ1 is supported in a small conical neighborhood of (x, ξ) and one can
assume that χ1 = 1 on the image of ω by Ψ1 for 0 ≤ t ≤ T . Here we note that



 1 − χ1 (x, D) F1 χ(x, D)v  s  vH s−1 ,
H
for s = 0, 1 and for any χ supported in ω.
Combining this with the lemma above, we see that the composed operator
F2 ◦ χ1 F1 satisﬁes the properties listed in Proposition 3.3, which is now proved.
5. Analysis of the model system
In this section we prove Proposition 3.4. The symbol of the model operator (5.1)
has the form
(5.1)

A(t, x, ξ) =

l


ξj Aj (t, x, ξ)

j=1

with some 1 ≤ l < d, where the Ak ’s are classical pseudodiﬀerential symbols of
degree 0, independent of (t, x) for (t, x) outside a compact set. The coeﬃcients are
deﬁned on a neighborhood of (x, ξ); for convenience, we extend the coeﬃcients
Aj to [0, T ] × T ∗ Rd by multiplying them by some cutoﬀ function χ(t, x, ξ). We
still denote these extended symbols by Aj . Introduce
(5.2)

A(t, x, ξ, η) =

l


ηk Ak (t, x, ξ).

k=1

By Proposition 2.2, we know that the following condition is satisﬁed.
ASSUMPTION 5.1

There is a symmetric matrix S(t, x, ξ, η), C ∞ in (t, x) and constant outside a
compact set, homogeneous of degree 0 and C ∞ in both ξ = 0 and η = 0, such that
S is positive deﬁnite, S −1 is bounded, and S(t, x, ξ, ξ  )A(t, x, ξ) is symmetric,
where ξ  = (ξ1 , . . . , ξl ).
Proposition 3.4 is a direct consequence of the following estimate.
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PROPOSITION 5.2

Under Assumption 5.1, there is a constant C such that, for all u ∈ H 1 ([0, T ] ×
Rd ),
 t






u(t) 2 ≤ C u(0) 2 + C
Lu(t ) 2 dt .
(5.3)
L
L
L
0

To prove this estimate, we use a symbolic calculus where symbols of degree (m, k)
satisfy, for all multi-indices α and β,

m−|β  | 
k−|β  |


1 + |ξ  |
,
(5.4)
|∂xα ∂ξβ ∂ξβ a| ≤ Cαβ 1 + |ξ|
where ξ = (ξ  , ξ  ), ξ  = (ξ1 , . . . , ξl ), and ξ  = (ξl+1 , . . . , ξd ) for some constant Cαβ
independent of (x, ξ). The set of all such a(x, ξ) is denoted by S m,k , which is
nothing but S(m, g) with (see [3, Chapter XVIII] for the deﬁnition of S(m, g)
and the associated pseudodiﬀerential calculus)
g = |dx|2 +

|dξ  |2
|dξ  |2
+
,
1 + |ξ  |2 1 + |ξ|2


m 
k
1 + |ξ  | .
m = 1 + |ξ|

The key remark is that the symbol (5.1) belongs to S 0,1 , so that the classical
proof of the L2 -energy estimate works with symmetrizers in S 0,0 , which is exactly
the case of S(t, x, ξ, ξ  ). Let us proceed to the details.
We use Weyl’s quantiﬁcation op(a) for symbols, but any other quantiﬁcation
would do since we consider only the principal terms. The rules of the symbolic
calculus we need are collected in the following lemma and follow from the general
calculus developed in [3].
LEMMA 5.3

(i) Operators op(a) with a ∈ S 0,0 are bounded in L2 .
(ii) If a ∈ S 0,1 and b ∈ S 0,0 , then op(a) ◦ op(b) − op(ab) is bounded in L2 .
(iii) If S is an n × n self-adjoint matrix of symbols in S 0,0 such that for all
(x, ξ) ∈ T ∗ Rd with |ξ  | ≥ 1 and all vectors u ∈ Cn one has


(5.5)
c|u|2 ≤ S(x, ξ)u, u
for some c > 0, then op(S) is self-adjoint in L2 (Rd ; Cn ) and there is a constant
C such that for all u ∈ L2 (Rd )

−1/2 2


c
u2L2 ≤ op(S)u, u L2 + C  1 + |Dx |2
u L 2 .
(5.6)
2
Moreover, the bounds are uniform if the symbols (a, b, S) remain in bounded sets
of the given classes S 0,m .
Proof of Proposition 3.4
Let χ0 ∈ C0∞ (Rl ) be supported in |η| < 2 and such that χ0 (η) = 1 for |η| < 1.
Denote χ = 1 − χ0 . Introduce
S0 (t, x, ξ) = S(t, x, ξ, ξ  )χ(ξ  ) + χ0 (ξ  ).
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This is a self-adjoint matrix of symbols in S 0,0 , depending on the parameter t,
which satisﬁes (5.5). Thus, by using (5.6), there are γ > 0 and c > 0 such that
the operator op(S(t)) associated to the symbol
−1

S(t, x, ξ) = S0 (t, x, ξ, ξ  ) + γ 1 + |ξ  |2
satisﬁes for all t ∈ [0, T ] and u ∈ L2 (Rd )
 


(5.7)
cu2L2 ≤ op S(t) u, u L2 .
We ﬁx γ such that this property is satisﬁed. Using Lemma 5.3(i), we see that
there is another constant C such that
 


(5.8)
op S(t) u, u L2 ≤ Cu2L2 .
For u ∈ C 1 ([0, T ]; H 1 (Rd )), we consider the energy
2

 


E(t) = op S(t) u, u L2 ≈ u(t)L2 .
The deﬁnition of op(S(t)) shows that, for smooth functions,




∂t , op S(t) = op ∂t S(t) .
Moreover, ∂t u = i(Lu + op(A)u + Bu), where B is bounded in L2 . Therefore, by
dropping the parameter t to simplify notation,




∂t E = − 2 Im op(S)Lu, u L2 + op(∂t S)u, u L2
(5.9)




− 2 Im op(S) op(A)u, u L2 − 2 Im op(S)Bu, u L2 .
By the symbolic calculus, op(∂t S), op(S)B, and op(S) op(A) − op(SA) are
bounded in L2 , uniformly in time. Because S symmetrizes A, the deﬁnition of S
implies that


Im S(t, x, ξ)A(t, x, ξ) ∈ S 0,0 ,
and therefore, Im(op(SA)) is bounded in L2 . This implies that the last three
terms in (5.9) are O(uL2 ). Integrating and using (5.7) and (5.8) yields
 t




 


 

u(t)2 2 ≤ C u(0)2 2 + C
Lu(t ) 2 u(t ) 2 + u(t )2 2 dt .
L
L
L
L
L
0

The estimate (5.3) follows for smooth functions. It extends to u ∈ H 1 by density.

REMARK 5.4

The proof of the estimate (5.3) relies only on the existence of the symmetrizer S
satisfying the properties listed in Lemma 5.3, not on strict hyperbolicity.
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