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Abstract

In this note we give a proof of composition formula of pseuodif-
ferential operators with symbols of type exp (Sκ

ρ,δ) acting on Gevrey
spaces without of use of almost analytic extension.

1 A lemma

Definition 1.1. We say that f(x) ∈ C∞(Rn) belongs to Gs(Rn), the
(global) Gevrey class of order s, if there exist C > 0, A > 0 such that

|Dαf(x)| ≤ CA|α||α|!s, x ∈ Rn, α ∈ Nn.

Let us denote ⟨ξ⟩M = (M2+|ξ|2)1/2 whereM ≥ 1 is a positive parameter.

Definition 1.2. Let m = m(x, ξ;M) > 0 be a positive function. We define

S
(s)
ρ,δ (m) to be the set of all a(x, ξ;M) ∈ C∞(Rn × Rn) such that we have

(1.1) |∂βx∂αξ a(x, ξ;M)| ≤ CA|α+β||α+ β|!sm(x, ξ,M)⟨ξ⟩δ|β|−ρ|α|M

for any α, β ∈ Nn with some C > 0, A > 0 independent of M ≥ 1 and
Sρ,δ(m) to be the set of all a(x, ξ,M) satisfying (1.1) with Cαβ instead of
CA|α+β||α+ β|!s which may depend on α, β but not on M . We often write
just a(x, ξ) or m(x, ξ) dropping M .

Lemma 1.1. Let m = m(x, ξ;M) > 0 be a positive function and f ∈
S
(s)
ρ,δ (m). Denote ωαβ = e−f∂βx∂αξ e

f then there exist A > 0, C > 0 such that
the following holds.∣∣∂νx∂µξ ωαβ ∣∣ ≤ CA|ν+µ+α+β|⟨ξ⟩δ|β+ν|−ρ|α+µ|M

×
|α+β|∑
j=0

m|α+β|−j(|µ+ ν|+ j)!s.
(1.2)
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Corollary 1.1. There are A > 0, C > 0 such that

|∂βx∂αξ ef | ≤ Ce|f |A|α+β|⟨ξ⟩δ|β|−ρ|α|M (m+ |α+ β|s)|α+β|, α, β ∈ Nn.

In particular ef(x,ξ) ∈ S
(s)
ρ,δ (e

|f |+sm1/s
).

Proof. Taking µ = ν = 0 in (1.2) gives

|∂βx∂αξ ef | ≤ Ce|f |A|α+β|⟨ξ⟩δ|β|−ρ|α|M

|α+β|∑
j=0

m|α+β|−jj!s

which proves the first inequality. Noting that mN ≤ N !sesm
1/s

(s > 0) for
any N ∈ N one can find C > 0 independent of s > 1 such that

|α+β|∑
j=0

m|α+β|−jj!s ≤ esm
1/s

|α+β|∑
j=0

(|α+ β| − j)!sj!s ≤ Cesm
1/s |α+ β|!s

which proves the second assertion.

1.1 Pseudodifferential operators of type Sρ,δ in the Gevrey
classes

We introduce a symbol class for which we define oscillatory integral.

Definition 1.3. Let m = m(x, ξ,M) be a positive function and 0 ≤ δ < 1,

1 < s. We say that a(x, ξ, y) ∈ C∞(R3n) belongs to A(s)
δ (m) if there are

C > 0, A > 0 such that

(1.3) |∂βx,y∂αξ a(x, ξ, y)| ≤ CA|α+β||α+ β|!s(|β|δs/(1−δ) + ⟨ξ⟩δM )|β|m(x, ξ)

for all α, β ∈ Nn. By abuse of notation we denote by the same A(s)
δ (m) the

set of all a(x, ξ) ∈ C∞(R2n) satisfying (1.3).

Assume that

(1.4) a(x, ξ, y) ∈ A(s)
δ (ec⟨ξ⟩

κ
M ) (c > 0), 1− δ > sκ.

Let χ(t) ∈ Gs0(Rn) be such that χ(t) = 1 in some neighborhood of 0 and
set χϵ(y) = χ(ϵy), χϵ(η) = χ(ϵη). Let ρ(t) ∈ Gs(R) be such that ρ(t) = 0
for |t| ≤ 1/2 and ρ(t) = 1 for |t| ≥ 1 and set ρM (η) = ρ(M−1η), ρcM (η) =
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1−ρM (η). For a(x, ξ, y) ∈ A(s)
δ (m) we define Op(a)u(x) for u ∈ Gs/(1−δ)(Rn)

by the oscillatory integral

(2π)−n lim
ϵ→0

∫
ei(x−y)ηχϵ(x− y)χϵ(η)a(x, η, y)u(y)dydη

= (2π)−n lim
ϵ→0

∫
e−iyηχϵ(y)χϵ(η)a(x, η, y + x)u(y + x)dydη.

(1.5)

Noting that ⟨η⟩−2N ⟨Dy⟩2Ne−iyη = e−iyη and ⟨y⟩−2ℓ⟨Dη⟩2ℓe−iyη = e−iyη after
integration by parts Op(ρMa)u(x) yields∫
e−iyη⟨Dy⟩2N ⟨η⟩−2N ⟨Dη⟩2ℓ⟨y⟩−2ℓχϵ(y)χϵ(η)ρMa(x, η, y + x)u(y + x)dydη.

Since s + sδ/(1 − δ) = s/(1 − δ) and ⟨η⟩M ≤ 3⟨η⟩ if ρM ̸= 0 the integrand
is bounded uniformly in ϵ > 0 by (C,A may change line by line but not
depend on N)

CA2N (2N)!s((2N)sδ/(1−δ) + ⟨η⟩δM )2N ⟨y⟩−2ℓ⟨η⟩−2Nec⟨η⟩
κ
M

≤ CA2NN2Ns(N sδ/(1−δ) + ⟨η⟩δM )2N ⟨y⟩−2ℓ⟨η⟩−2Nec⟨η⟩
κ
M

≤ C⟨y⟩−2ℓ
( rAN s

⟨η⟩1−δ
)2N(N sδ/(1−δ)

r⟨η⟩δ
+

3δ

r

)2N
ec⟨η⟩

κ
M

with r > 0. Choose r such that (1/rA)δ/(1−δ) + 3δ/r ≤ 1 and the maximal
N = N(η) ∈ N such that N s ≤ ⟨η⟩1−δ/(4e2A) one can find c′ > 0 so that

(1.6)
( rAN s

⟨η⟩1−δ
)2N(N sδ/(1−δ)

r⟨η⟩δ
+

1

r

)2N
≤ Ce−c

′⟨η⟩(1−δ)/s
.

Since κ < (1−δ)/s the integrand is bounded by C⟨y⟩−2ℓe−c
′′⟨η⟩(1−δ)/s

. Noting
that ∂αy,ηχϵ → 0 as ϵ→ 0 if |α| ≥ 1 we conclude that Op(ρMa)u(x) is

(1.7)

∫
e−iyη⟨Dy⟩2N ⟨η⟩−2N ⟨Dη⟩2ℓ⟨y⟩−2ℓρM (η)a(x, η, y + x)u(y + x)dydη

On the other hand, it is clear that

lim
ϵ→0

∫
e−iyηχϵ(y)χϵ(η)ρ

c
Ma(x, η, y + x)u(y + x)dydη

=

∫
e−iyη⟨Dy⟩2N ⟨η⟩−2N ⟨D2ℓ

η ⟩⟨y⟩−2ℓρcMa(x, η, y + x)u(y + x)dydη
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and hence (1.5) is equal to∫
e−iyη⟨Dy⟩2N ⟨η⟩−2N ⟨D2ℓ

η ⟩⟨y⟩−2ℓa(x, η, y + x)u(y + x)dydη

which is independent of the choice of χ. Next, consider ∂βxOp(a)u(x);∫
e−iyη⟨Dy⟩2N ⟨η⟩−2N ⟨Dη⟩2ℓ⟨y⟩−2ℓχϵ(y)χϵ(η)∂

β
x (a(x, η, y+x)u(y+x))dydη.

Here we remark the following easy lemma.

Lemma 1.2. Let A,B ≥ 0. Then there exists C > 0 independent of n,m ∈
N, A, B such that

(A+ (n+m)sB)n+m ≤ Cn+m(A+ nsB)n(A+msB)m.

Taking Lemma 1.2 into account the integrand is bounded by

CA2N+|β|(2N + |β|)!s((2N + |β|)sδ/(1−δ) + ⟨η⟩δM )2N+|β|⟨y⟩−2ℓ⟨η⟩−2Nec⟨η⟩
κ
M

≤ CA2N+|β||β|!s(|β|sδ/(1−δ) + ⟨η⟩δM )|β|

×N2Ns(N sδ/(1−δ) + ⟨η⟩δM )2N ⟨y⟩−2ℓ⟨η⟩−2Nec⟨η⟩
κ
M .

Noting that for any ϵ > 0 there are C > 0, A > 0 such that

(1.8) ⟨η⟩δ|β|M ≤ CA|β||β|!sδ/(1−δ)eϵ⟨η⟩
(1−δ)/s
M

and applying (1.6) we obtain the following

Lemma 1.3. We have Op(a)
(
Gs/(1−δ)(Rn)

)
⊂ Gs/(1−δ)(Rn) if a(x, ξ, y) ∈

A(s)
δ (ec⟨ξ⟩

κ
M ) and 1− δ > κs.

For a(x, ξ) ∈ S
(s)
ρ,δ (m) and 0 ≤ t ≤ 1 we define opt(a) by

(1.9) opt(a)u(x) = Op(ã)u(x), ã(x, ξ, y) = a(ty + (1− t)x, ξ) ∈ A(s)
δ (m).

Definition 1.4. op1/2(a) is called the Wyle quantization of a and denoted
by op(a) dropping 1/2.

Let ãi(x, ξ, y) ∈ A(s)
δ (ec⟨ξ⟩

κ
M ) with 1− δ > κs and consider op(ã1)op(ã2).

Suppose that

(2π)−n
∫
ei(x−y)η+i(y−z)ζχϵ1(x− y)χϵ1(η)χϵ2(y − z)χϵ2(ζ)

×ã1(x, η, y)ã2(y, ζ, z)u(z)dydξdzdη
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is equal to

(2π)−n
∫
ei(x−z)θbϵ((x+ z)/2, θ)u(z)dzdθ, ϵ = (ϵ1, ϵ2)

for any u ∈ G
s/(1−δ)
0 (Rn). This implies that

∫
ei(x−z)θbϵ((x + z)/2, θ)dθ is

equal to

(2π)−n
∫
ei(x−y)η+i(y−z)ζχϵ1(x− y)χϵ1(η)χϵ2(y − z)χϵ2(ζ)

×ã1(x, η, y)ã2(y, ζ, z)dydηdζ.

Making the change of variables x + z = 2x̃, z − x = 2z̃, y = ỹ, η + ζ = 2η̃,
η − ζ = 2ζ̃ the integral

∫
e−2iz̃θbϵ(x̃, θ)dθ = (Fbϵ)(2z̃) (where Fbϵ denotes

the Fourier transform of bϵ) yields

π−n
∫
e2i(x̃−ỹ)ζ̃−2iz̃η̃χϵ1(x̃− z̃ − ỹ)χϵ1(η̃ + ζ̃)χϵ2(ỹ − x̃− z̃)χϵ2(η̃ − ζ̃)

×ã1(x̃− z̃, η̃ + ζ̃, ỹ)ã2(ỹ, η̃ − ζ̃, x̃+ z̃)dỹdζ̃dη̃.

From the Fourier inversion formula one has

bϵ(x̃, θ) = π−2n

∫
e2i(x̃−ỹ)ζ̃−2iz̃(η̃−θ)χϵ1(x̃− z̃ − ỹ)χϵ1(η̃ + ζ̃)χϵ2(ỹ − x̃− z̃)

×χϵ2(η̃ − ζ̃)ã1(x̃− z̃, η̃ + ζ̃, ỹ)ã2(ỹ, η̃ − ζ̃, x̃+ z̃)dỹdζ̃dη̃dz̃.

After the translation η̃ → η̃ + θ, ỹ → ỹ + x̃ the right-hand is

π−2n

∫
e−2iỹζ̃−2iz̃η̃χϵ1(−z̃ − ỹ)χϵ1(η̃ + ζ̃ + θ)χϵ2(ỹ − z̃)χϵ2(η̃ − ζ̃ + θ)

×ã1(x̃− z̃, η̃ + ζ̃ + θ, ỹ + x̃)ã2(ỹ + x̃, η̃ − ζ̃ + θ, x̃+ z̃)dỹdζ̃dη̃dz̃.

Making the change of variables η̃+ ζ̃ = η, η̃− ζ̃ = ζ, ỹ− z̃ = 2y, ỹ+ z̃ = 2z
one concludes

bϵ(x̃, θ) = π−2n

∫
e−2i(zη−yζ)χϵ1(−2z)χϵ1(η + θ)χϵ2(2y)χϵ2(ζ + θ)

×ã1(x̃+ y − z, θ + η, x̃+ y + z)ã2(x̃+ y + z, θ + ζ, x̃− y + z)dydζdηdz.

Here we note that if ãi(x, ξ, y) = ai((x+ y)/2, ξ) this shows that

bϵ(x̃, θ) = π−2n

∫
e−2i(zη−yζ)χϵ1(−2z)χϵ1(η + θ)χϵ2(2y)χϵ2(ζ + θ)

×a1(x̃+ y, θ + η)a2(x̃+ z, θ + ζ)dydζdηdz.

(1.10)
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Letting ϵi → 0 it follows from the definition of the oscillatory integral we
have op(a1)op(a2) = op(b) where (χ(x+ θ) = 1 near x = 0 can be assumed)

b(x, ξ) = π−2n

∫
e−2i(zη−yζ)a1(x+ y, ξ + η)a2(x+ z, ξ + ζ)dydζdηdz.

Return to ãi. Denoting b̃(x, θ, x̃) = b((x + x̃)/2, θ) and letting ϵi → 0 we
conclude Op(b̃) = Op(ã1)Op(ã2) where b̃(x, θ, x̃) is given by the oscillatory
integral

π−2n

∫
e−2i(zη−yζ)ã1((x+ x̃)/2 + y − z, θ + η, (x+ x̃)/2 + y + z)

×ã2((x+ x̃)/2 + y + z, θ + ζ, (x+ x̃)/2− y + z)dydζdηdz.

In what follows we write X = (x, ξ), Y = (y, η), Z = (z, ζ) and σ(Y, Z) =
ηz − yζ = ⟨σY, Z⟩.

Proposition 1.1. If ãi(x, ξ, y) ∈ A(s)
δ (eci⟨ξ⟩

κ
M ) with ci > 0, 1− δ > κs there

exists b̃ ∈ A(s)
δ (ec3⟨ξ⟩

κ
M ) (c3 > 0) such that Op(b̃) = Op(ã1)Op(ã2).

Proof. It remains to show b̃(x, ξ, x̃) ∈ A(s)
δ (ec3⟨ξ⟩

κ
M ). Denoting

F (X,Y, Z) = ã1(x+ y − z, ξ + η, x+ y + z)ã2(x+ y + z, ξ + ζ, x− y + z)

we estimate

∂βx∂
α
ξ

∫
e−2iσ(Y,Z)F (X,Y, Z)dY dZ.

Let χ(x) ∈ Gs(R) be 1 in |x| ≤ 1/5 and 0 outside |x| ≤ 1/4 and denote

(1.11) χ̄(η, ζ) = χ(⟨η⟩⟨ξ⟩−1
M )χ(⟨ζ⟩⟨ξ⟩−1

M ), χ̄c = 1− χ̄.

Write∫
e−2iσ(Y,Z)F (X,Y, Z)χ̄dY dZ +

∫
e−2iσ(Y,Z)F (X,Y, Z)χ̄cdY dZ = I + II.

Since |∂αξ,η,ζ(χ̄, χ̄c)| ≤ A|α||α|!s⟨ξ⟩−|α|
M and ⟨ξ + η⟩M ≈ ⟨ξ⟩M , ⟨ξ + ζ⟩M ≈ ⟨ξ⟩M

if χ̄ ̸= 0 it is easy to see

|∂βx,y,z∂αξ,η,ζF | ≤ CA|α+β||α+ β|!s(|β|δs/(1−δ) + ⟨ξ⟩δM )|β|ec⟨ξ⟩
κ
M , χ̄ ̸= 0.

Making integration by parts we see

∂βx∂
α
ξ I =

∫
e−2iσ(Y,Z)⟨Dy⟩2ℓ⟨ζ⟩−2ℓ⟨Dz⟩2ℓ⟨η⟩−2ℓ

×⟨Dζ⟩2ℓ⟨z⟩−2ℓ⟨Dy⟩2ℓ⟨ζ⟩−2ℓ∂βx∂
α
ξ (Fχ̄)dY dZ
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and here the integrand is bounded by

CA|α+β||α+ β|!s(|β|sδ/(1−δ) + ⟨ξ⟩δM )|β|⟨ζ⟩−2ℓ⟨η⟩−2ℓ⟨z⟩−2ℓ⟨ζ⟩−2ℓ⟨ξ⟩4δℓM ec⟨ξ⟩
κ
M .

Since ⟨ξ⟩4δℓM can be absorbed in ec⟨ξ⟩
κ
M changing c we have I ∈ A(s)

δ (ec⟨ξ⟩
κ
M ).

Next, consider II. Write

χ̄c(η, ζ) = χc(⟨η⟩⟨ξ⟩−1
M )χc(⟨ζ⟩⟨ξ⟩−1

M ) + χc(⟨η⟩⟨ξ⟩−1
M )χ(⟨ζ⟩⟨ξ⟩−1

M )

+χc(⟨ζ⟩⟨ξ⟩−1
M )χ(⟨η⟩⟨ξ⟩−1

M ) = φ1 + φ2 + φ3

(1.12)

and consider
∫
e−2iσ(Y,Z)∂αX(Fφi)dY dZ. Let χ0(t) ∈ Gs(R) be 1 in |t| < 1

and 0 outside |t| ≤ 2 and study

∫
e−2iσ(Y,Z)⟨η⟩−2N2⟨ζ⟩−2N1⟨Dz⟩2N2⟨Dy⟩2N1

×⟨y⟩−2ℓ⟨z⟩−2ℓ⟨Dζ⟩2ℓ⟨Dη⟩2ℓ(∂βx∂αξ Fφ1)(χ∗ + χc∗)dY dZ

(1.13)

where χ∗ = χ0(⟨ζ⟩⟨η⟩−1) and χc∗ = 1− χ∗. Consider
(1.14)∣∣⟨η⟩−2N2⟨ζ⟩−2N1⟨Dz⟩2N2⟨Dy⟩2N1⟨y⟩−2ℓ⟨z⟩−2ℓ⟨Dζ⟩2ℓ⟨Dη⟩2ℓ(∂αXFφ1)χ∗

∣∣
Choosing N1 = ℓ, N2 = N and noting ⟨ξ⟩M ≤ C⟨η⟩, ⟨ξ + η⟩M ≤ C⟨η⟩,
⟨ξ + ζ⟩M ≤ C⟨η⟩ if φ1χ∗ ̸= 0 it is not difficult to see that this is bounded by

CA2N+|α+β|⟨η⟩−2N ⟨ζ⟩−2ℓ⟨y⟩−2ℓ⟨z⟩−2ℓ⟨η⟩2δℓ(2N)!s|α+ β|!s

×(N δs/(1−δ) + ⟨η⟩δ)2N (|β|sδ/(1−δ) + ⟨η⟩δ)|β|ec⟨η⟩κ
(1.15)

where C,A may depend on ℓ but not on N , α, β. Here writing

A2NN2sN ⟨η⟩−2N
(
N sδ/(1−δ) + ⟨η⟩δ

)2N
=

(AN s/(1−δ)

⟨η⟩
+

AN s

⟨η⟩1−δ
)2N

we choose the maximal N ∈ N such that AN s ≤ c1⟨η⟩(1−δ) with small c1 > 0

so that the right-hand side is bounded by Ce−c⟨η⟩
(1−δ)/s

with some c > 0.
Recalling (1.8) and 1− δ > κs one sees that (1.15) is estimated by

(1.16) CℓA
|α+β|
ℓ ⟨ζ⟩−2ℓ⟨y⟩−2ℓ⟨z⟩−2ℓ|α+ β|!s|β|sδ|β|/(1−δ)e−c⟨η⟩(1−δ)/s

which proves
∫
e−2iσ(Y,Z)F (X,Y, Z)φ1χ∗dY dZ ∈ A(s)

δ (1). Similarly for the
case χc∗ choosing N1 = N , N2 = ℓ it is proved that (1.15) is bounded by

CℓA
2N
ℓ ⟨η⟩−2ℓ⟨y⟩−2ℓ⟨z⟩−2ℓ|α+ β|!s|β|sδ|β|/(1−δ)e−c⟨ζ⟩(1−δ)/s
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which together with (1.13) shows
∫
e−2iσ(Y,Z)F (X,Y, Z)φ1dY dZ ∈ A(s)

δ (1).

Turn to
∫
e−2iσ(Y,Z)∂βx∂αξ (Fφ2)dY dZ. Consider∫

e−2iσ(Y,Z)⟨η⟩−2N ⟨ζ⟩−2ℓ⟨Dz⟩2N ⟨Dy⟩2ℓ

×⟨y⟩−2ℓ⟨z⟩−2ℓ⟨Dζ⟩2ℓ⟨Dη⟩2ℓ∂βx∂αξ Fφ2dY dZ.

Since ⟨ξ + η⟩M ≤ C⟨η⟩, ⟨ξ + ζ⟩M ≈ ⟨ξ⟩M ≤ C⟨η⟩ if φ2 ̸= 0 this is bounded
by (1.15). The rest of the argument is the same as for the case φχ∗. The

case φ3 is similar to the case φ1χ
c
∗. Thus we obtain II ∈ A(s)

δ (1) which
completes the proof.

The next lemma is a special case of Proposition 1.1.

Lemma 1.4. Let ai(x, ξ) ∈ A(s)
δ (eci⟨ξ⟩

κ
M ) with 1− δ > κs. If we set

b(X) = π−2n

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)dY dZ = (a1#a2)(X)

then b(X) ∈ A(s)
δ (ec

′⟨ξ⟩κM ) (c′ > 0) and verifies op(a1)op(a2) = op(b).

Let ai(x, ξ) ∈ A(s)
δ (eci⟨ξ⟩

κ
M ) with 1− δ > κs. Consider a1#a2#a3. Recall

(a2#a3)(Y ) = π−2n

∫
e−2iσ(S,T )a2(X + S)a3(X + T )dSdT

and then

a1#a2#a3 = π−4n

∫
e−2iσ(Y,Z)−2iσ(S,T )

×a1(X + Y )a2(X + Z + S)a3(X + Z + T )dY dZdSdT.

It is easily seen from the definition of the oscillatory integral that linear
change of variables can be done freely. Making the change of variables
Z → Z − T , S → S + Y and after that S → S + T again, the above integral
turns to be

π−4n

∫
e−2iσ(Y,Z)−2iσ(S,T )

×a1(X + Y )a2(X + Y + Z + S)a3(X + Z)dY dZdSdT.

Noting that
∫
e−2iσ(S,T )dT = π2nδ(S) we have

a1#a2#a3

= π−2n

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Y + Z)a3(X + Z)dY dZ.

(1.17)
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2 Composition formula

Let ϕ(x, ξ) ∈ S
(s)
ρ,δ (⟨ξ⟩

κ
M ) and in what follows we assume

0 ≤ δ < ρ ≤ 1, ρ− δ > κ ≥ 0, s > 1,(2.1)

ϵ̄ :=
ρ− δ

s
− κ− s− 1

s
max {δ, 1− ρ} > 0.(2.2)

Since ρ−δ > κ by (2.1) the assumption (2.2) is always satisfied for any s > 1
sufficiently close to 1. If s = 1 (2.2) reduces to ρ− δ > κ with ϵ̄ = ρ− δ− κ.
If ρ = 1, δ = 0 (2.2) reduces to sκ < 1. Denote the metric defining the class
Sρ,δ by g;

gX(Y ) = ⟨ξ⟩2δM |y|2 + ⟨ξ⟩−2ρ
M |η|2, X = (x, ξ), Y = (y, η) ∈ Rn.

Definition 2.1. ([2]) A positive functionm(x, ξ;M) is called Sρ,δ admissible
weight if there are positive constants C,N such that

(2.3) m(X) ≤ Cm(Y )
(
1 + max {gX(X − Y ), gY (X − Y )}

)N
, X, Y ∈ R2n.

Theorem 2.1. Let p(x, ξ) ∈ S
(s)
ρ,δ (w) and w be Sρ,δ admissible weight. Then

there exists c > 0 such that for any l,m ∈ N we have

eϕ#p#e−ϕ =
m∑
k=0

(−1)k

k!

∑
α0+α1+···+αk=α

|α0|≤l−1,1≤|αj |≤l,1≤j≤k

1

α0!α1! · · ·αk!
(σDY /2)

α

×(∂α
0

X p(X + 2Y )∂α
1

X ϕ(X + Y ) · · · ∂αk

X ϕ(X + Y ))
∣∣
Y=0

+S
(s)
ρ,δ (w⟨ξ⟩

−l(ρ−δ)
M ) + S

(s)
ρ,δ (w⟨ξ⟩

−ε−ϵ̄(m+1)
M ) + S

(s/(1−δ))
0,0 (we−c⟨ξ⟩

(1−δ)/s
M )

where ε = ρ− δ − κ and σDY = (Dη,−Dy).

Corollary 2.1. Let p(x, ξ) ∈ S
(s)
ρ,δ (w) and w be Sρ,δ admissible. Then for

any N ∈ N one can find l,m ∈ N such that

eϕ#p#e−ϕ =

m∑
k=0

(−1)k

k!

∑
α0+α1+···+αk=α

|α0|≤l−1,1≤|αj |≤l,1≤j≤k

1

α0!α1! · · ·αk!
(σDY /2)

α

×(∂α
0

X p(X + 2Y )∂α
1

X ϕ(X + Y ) · · · ∂αk

X ϕ(X + Y ))
∣∣
Y=0

+ Sρ,δ(w⟨ξ⟩−NM ).
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In particular, for any N ∈ N there are l,m ∈ N such that

eϕ#e−ϕ = 1 +
m∑
k=2

(−1)k

k!

∑
α1+···+αk=α

1≤|αj |≤l,1≤j≤k

1

(2i)|α|α1! · · ·αk!
(σ∂X)

α

×(∂α
1

X ϕ(X) · · · ∂αk

X ϕ(X)) + Sρ,δ(⟨ξ⟩−NM ).

Proof. It suffices to note that for any α there is Cα such that e−c⟨ξ⟩
ρ/s
M ,

e−c⟨ξ⟩
(1−δ)/s
M ≤ Cα⟨ξ⟩−ρ|α|M and

∑
|α|=l(σ∂X)

α(∂Xϕ)
α/α! = 0 for l ≥ 1.

Corollary 2.2. Let p(x, ξ) ∈ S
(s)
ρ,δ (w) and w be Sρ,δ admissible weight. Then

for any m,N ∈ N we have

eϕ#p#e−ϕ =
∑

|α|≤m

(−1)|α|

(2i)|α|α!
(σ∂Y )

α
(
p(X + 2Y )(∇Xϕ(X + Y ))α

)∣∣
Y=0

+S
(s)
ρ,δ (w⟨ξ⟩

−(ρ−δ)
M ) + S

(s)
ρ,δ (w⟨ξ⟩

−ε−ϵ̄(m+1)
M ) + Sρ,δ(w⟨ξ⟩−NM )

where ∇Xϕ = (∂xϕ, ∂ξϕ). In particular, eϕ#p#e−ϕ = p+ Sρ,δ(w⟨ξ⟩−εM ).

Proof. We choose l = 1 in Theorem 2.1.

Assume that s > 1 satisfies ϵ̄ ≥ 2ε/3 which is possible if s is enough
close to 1. Choosing m = 2 in Corollary 2.2 and compute∑

|α|≤2

1

(2i)|α|α!
(σ∂Y )

α
(
p(X + 2Y )(∇Xϕ(X + Y ))α

)∣∣
Y=0

explicitly. Then we see that there is c > 0 such that for any N ∈ N

eϕ#p#e−ϕ = p(1− E(ϕ)) + i{p, ϕ} − ((Hess p)Hϕ,Hϕ) + ((Hessϕ)Hp,Hϕ)

+S
(s)
ρ,δ (w⟨ξ⟩

−3ε
M ) + S

(s)
ρ,δ (w⟨ξ⟩

−(ρ−δ)
M ) + Sρ,δ(w⟨ξ⟩−NM )

where Hess p and Hp are the Hessian and the Hamilton vector field of p
respectively and

E(ϕ) =
1

2

n∑
i,j=1

( ∂2ϕ

∂xi∂ξj

∂2ϕ

∂ξi∂xj
− ∂2ϕ

∂xi∂xj

∂2ϕ

∂ξi∂ξj

)
.

Note that one can write

i{p, ϕ} − ((Hess p)Hϕ,Hϕ) + ((Hessϕ)Hp,Hϕ)

= −iσ(Hp,Hϕ) + 2σ(FpHϕ,Hϕ)− 2σ(FϕHp,Hϕ)
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where Fp is the fundamental matrix of p;

Fp =
1

2

(
∂2p/∂x∂ξ ∂2p/∂ξ∂ξ
−∂2p/∂x∂x ∂2p/∂ξ∂x

)
.

Theorem 2.2. Let ai(x, ξ) ∈ S
(s)
ρ,δ (wi) and wi be Sρ,δ admissible weights.

Then there exists c > 0 such that for any l,m ∈ N we have

(a1e
ϕ)#(a2e

−ϕ) =
m∑
k=0

(−1)k

k!

∑
α0+α1+···+αk=α

|α0|≤l−1,1≤|αj |≤l,1≤j≤k

1

(2i)|α|α0!α1! · · ·αk!
(σ∂X)

α

×(a1(X)∂α
0

X a2(X)∂α
1

X ϕ(X) · · · ∂αk

X ϕ(X)) + S
(s)
ρ,δ (w1w2⟨ξ⟩−l(ρ−δ)M )

+S
(s)
ρ,δ (w1w2⟨ξ⟩−ε−ϵ̄(m+1)

M ) + S
(s/(1−δ))
0,0 (w1w2e

−c⟨ξ⟩(1−δ)/s
M ).

Theorem 2.3. Let ai(x, ξ) ∈ S
(s)
ρ,δ (wi) and wi be Sρ,δ admissible weights.

Then there is c > 0 such that for any l ∈ N we have

a1#a2 =
∑

|α|≤l−1

1

(2i)|α|α!
{(σ∂X)αa1(X)}∂αXa2(X)

+S
(s)
ρ,δ (w1w2⟨ξ⟩−l(ρ−δ)M ) + S

(s/(1−δ))
0,0 (w1w2e

−c⟨ξ⟩(1−δ)/s
M ).

Proposition 2.1. Let κ̃ > κ and p ∈ S
(s̃)
0,0(we

−c⟨ξ⟩κ̃M ) with some c > 0 and
Sρ,δ admissible weight w. Assume 1 − δ > s̃κ then for any N ∈ N we have
eϕ#p#e−ϕ ∈ Sρ,δ(w⟨ξ⟩−NM ).

When s̃ = s/(1−δ) we have 1−δ > s̃κ if (1−δ)2 ≥ ρ−δ which is always
verified if δ = 1− ρ.

2.1 Proof of Theorem 2.1

Let p ∈ S
(s)
ρ,δ (w) where w is Sρ,δ admissible weight and consider

eϕ#p#e−ϕ = π−2n

∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)dY dZ.

In the same way as (1.11) we define

¯
χ(y, z) = χ(⟨y⟩)χ(⟨z⟩),

¯
χc = 1−

¯
χ
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and write, disregarding the factor π−2n∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)

¯
χχ̄dY dZ

+

∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)

¯
χcχ̄dY dZ

+

∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)χ̄cdY dZ.

(2.4)

After the change of variables : Z → Z + Y , the first integral turns to be

(2.5)

∫
e−2iσ(Y,Z)p(X + 2Y + Z)eϕ(X+Y )−ϕ(X+Y+Z)φ(X,Y, Z)dY dZ

where φ(X,Y, Z) =
¯
χ(y, y + z)χ̄(η, η + ζ). Since

(2.6) χ̄(η, η + ζ) ̸= 0 =⇒ ⟨ξ + η⟩M ≈ ⟨ξ⟩M , ⟨ξ + η + θζ⟩M ≈ ⟨ξ⟩M , |θ| ≤ 1

it is clear that

(2.7) |∂βx,y,z∂αξ,η,ζφ(X,Y, Z)| ≤ CA|α+β||α+ β|!s⟨ξ⟩−|α|
M .

Let us denote

ψ(X,Y, Z) = ϕ(X + Y )− ϕ(X + Y + Z).

To simplify notation we denote

(2.8) ϵ(α) = δ|αx| − ρ|αξ|, σα = (αξ,−αx), α = (αx, αξ) ∈ N2n

so that ϵ(α) + ϵ(σα) = −(ρ− δ)|α|.

Lemma 2.1. On the support of χ̄(η, η + ζ) one has∣∣∂αX,Y ψ(X,Y, Z)∣∣ ≤ CA|α||α|!s⟨ξ⟩ϵ(α)M ⟨ξ⟩κMg
1/2
X (Z),

|∂αX,Y eψ(X,Y,Z)| ≤ CA|α|⟨ξ⟩ϵ(α)M

(
⟨ξ⟩κMg

1/2
X (Z) + |α|s

)|α|
e|ψ(X,Y,Z)|.

Proof. Write

∂αX,Y ψ(X,Y, Z) = Z ·
∫ 1

0
∇X∂

α
X,Y ϕ(X + Y + θZ)dθ

which together with (2.6) proves∣∣∂αX,Y ψ(X,Y, Z)∣∣ ≤ CA|α||α|!s⟨ξ⟩ϵ(α)M ⟨ξ⟩κM (|z|⟨ξ⟩δM + |ζ|⟨ξ⟩−ρM )

≤ CA|α||α|!s⟨ξ⟩ϵ(α)M ⟨ξ⟩κMg
1/2
X (Z), χ̄(η, η + ζ) ̸= 0.

Applying Corollary 1.1 withm = ⟨ξ⟩κMg
1/2
X (Z) we conclude the assertion.
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By the Taylor formula, one can write

ψ = −
∑

1≤|α|≤l

1

α!
∂αXϕ(X + Y )Zα +

∑
|µ|=l+1

r̃lµ(X,Y, Z)Z
µ,

r̃lµ(X,Y, Z) =
l + 1

µ!

∫ 1

0
(1− θ)l∂µXϕ(X + Y + θZ)dθ

(2.9)

where one has

(2.10)
∣∣∂βX,Y,Z r̃lµ∣∣ ≤ ClA

|β|
l |β|!s⟨ξ⟩κ+ϵ(µ)+ϵ(β)M , χ̄(η, η + ζ) ≠ 0.

Write

(2.11) eψ =

m∑
k=0

ψk

k!
+
ψm+1

m!

∫ 1

0
(1− θ)meθψdθ =

m∑
k=0

ψk

k!
+Rm.

Corollary 2.3. On the support of χ̄(η, η + ζ) we have

|(⟨ξ⟩−ρM ∂z)
γ(⟨ξ⟩δM∂ζ)β∂αX,YRm| ≤ Cβ,γA

|α|
β,γ⟨ξ⟩

ϵ(α)
M

×
m+1∑
j=0

{⟨ξ⟩κMg
1/2
X (Z)}m+1−j⟨ξ⟩−εjM (⟨ξ⟩κMg

1/2
X (Z) + |α|s)|α|e|ψ|.

Proof. Note that one can write

(⟨ξ⟩−ρM ∂z)
γ(⟨ξ⟩δM∂ζ)β

(
ψm+1eθψ

)
= eθψ

m+1∑
j=0

ψm+1−jq
(β,γ)
j

where q
(β,γ)
j (X,Y, Z) satisfies

|∂αX,Y q
(β,γ)
j | ≤ CA|α||α|!s⟨ξ⟩−εj+ϵ(α)M , χ̄(η, η + ζ) ̸= 0.

Then the assertion follows from Lemma 2.1.

Lemma 2.2. One can write

ψk = (−1)k
( ∑

1≤|α|≤l

1

α!
∂αXϕ(X + Y )Zα

)k
+ rψlk(X,Y, Z)

where rψl0 = 0. In particular when l = 1 we have

ψk

k!
=

∑
|α|=k

(−1)k

α!
(∇Xϕ(X + Y ))αZα + rψ1k(X,Y, Z)
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where rψlk =
∑

l+k≤|µ|≤k(l+1) rlkµ(X,Y, Z)Z
µ and rlkµ satisfy

|∂αX,Y,Zrlkµ| ≤ ClkA
|α|
lk |α|!

s⟨ξ⟩kκ+ϵ(µ)+ϵ(α)M , χ̄(η, η + ζ) ̸= 0.

Proof. Since |∂αX,Y (∂
µ
Xϕ(X+Y ))| ≤ CA|α||α|!s⟨ξ⟩κ+ϵ(µ)+ϵ(α)M if χ̄(η, η+ζ) ̸= 0

the assertion follows from (2.9) and (2.10).

Lemma 2.3. If w is Sρ,δ admissible there are C > 0, N > 0 such that

w(X + 2Y + Z) ≤ Cw(X)(1 + gX(Y ))N (1 + gX(Z))
N , χ̄(η, η + ζ) ̸= 0.

Proof. Note that gX+Y ≈ gX and gX+2Y+Z ≈ gX if χ̄(η, η + ζ) ̸= 0. From
definition one has

w(X + 2Y + Z) ≤ Cw(X + Y )

×(1 + max {gX+Y (Y + Z), gX+2Y+Z(Y + Z)})N1

≤ C1w(X + Y )(1 + gX(Y + Z))N1 ≤ C2w(X)(1 + gX(Y ))N2

×(1 + gX(Y + Z))N1 .

Since gX(Y + Z) ≤ 2(gX(Y ) + gX(Z)) the proof is complete.

Denote q(X,Y, Z) = p(X + 2Y + Z)φ and write

q(X,Y, Z) =
∑

|α|≤l−1

1

α!
∂αZq(X,Y, 0)Z

α +
∑
|µ|=l

rqlµ(X,Y, Z)Z
µ,

rqlµ =
l

µ!

∫ 1

0
(1− θ)l−1(∂µZq)(X,Y, θZ)dθ.

(2.12)

Lemma 2.4. There is N such that

|∂αX,Y,Zr
q
lµ| ≤ CA|α||α|!sw(X)(1 + gX(Y ) + gX(Z))

N ⟨ξ⟩ϵ(α)+ϵ(µ)M

when χ̄(η, η + ζ) ̸= 0.

Proof. In view of Lemma 2.3 it suffices to note (2.7) and ⟨ξ + 2η + θζ⟩ ≈
⟨ξ⟩M if χ̄(η, η + ζ) ̸= 0.

Recalling that

eψ =
m∑
k=0

(−1)k

k!

( ∑
1≤|α|≤l

1

α!
∂αXϕ(X + Y )Zα

)k
+

m∑
k=1

1

k!
rψlk +Rm,

q =
∑

|α|≤l−1

1

α!
∂αZq(X,Y, 0)Z

α +
∑
|µ|=l

rqlµZ
µ
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we first consider ∫
e−2iσ(Y,Z)q(X,Y, Z)Rm(X,Y, Z)dY dZ,∫

e−2iσ(Y,Z)eψrqlµ(X,Y, Z)Z
µdY dZ

(2.13)

where Rm and rqlµ are given in (2.11) and (2.12). Introduce the following
differential operators and symbols

L = 1 + 4−1⟨ξ⟩2ρM |Dη|2 + 4−1⟨ξ⟩−2δ
M |Dy|2 = 1 + gσX(σDY )/4,

M = 1 + 4−1⟨ξ⟩2δM |Dζ |2 + 4−1⟨ξ⟩−2ρ
M |Dz|2 = 1 + gX(σDZ)/4,

Φ = 1 + ⟨ξ⟩2ρM |z|2 + ⟨ξ⟩−2δ
M |ζ|2 = 1 + gσX(Z),

Ψ = 1 + ⟨ξ⟩2δM |y|2 + ⟨ξ⟩−2ρ
M |η|2 = 1 + gX(Y )

so that Φ−NLNe−2iσ(Y,Z) = e−2iσ(Y,Z) and Ψ−ℓM ℓe−2iσ(Y,Z) = e−2iσ(Y,Z).
Using these relations we make integration by parts in (2.5). Let F =
q(X,Y, Z)Rm(X,Y, Z) and consider∫

e−2iσ(Y,Z)Φ−NLNΨ−ℓM ℓ(∂αXF )dY dZ.(2.14)

Here note that

|(⟨ξ⟩−δM ∂y)
β(⟨ξ⟩ρM∂η)

αΨ−ℓ| ≤ CℓA
|α+β|
ℓ |α+ β|!Ψ−ℓ, α, β ∈ Nn,

|∂αX,Y,Zq(X,Y, Z)| ≤ CA|α||α|!sw(X + 2Y + Z)⟨ξ⟩ϵ(α)M .

Applying Corollary 2.3 and Lemma 2.3 one can estimate the integrand of
the right-hand side of (2.14) such as

|Φ−NLNΨ−ℓM ℓ(∂αXF )| ≤ CℓA
2N+|α|
ℓ ⟨ξ⟩ϵ(α)M Φ−NΨ−ℓ

×
m+1∑
j=0

{⟨ξ⟩κMg
1/2
X (Z)}m+1−j⟨ξ⟩−εjM

(
⟨ξ⟩κMg

1/2
X (Z) + (2N + |α|)s)2N+|α|

×w(X)(1 + gX(Y ))N1(1 + gX(Z))
N1ec⟨ξ⟩

κ
Mg

1/2
X (Z).

(2.15)

The right-hand side of (2.15) can be bounded by

CA2N+|α|Φ−NΨ−ℓ+N1⟨ξ⟩ϵ(α)M

m+1∑
j=0

{⟨ξ⟩κMg
1/2
X (Z)}m+1−j⟨ξ⟩−εjM

×(⟨ξ⟩κMg
1/2
X (Z) +N s)2N (⟨ξ⟩κMg

1/2
X (Z) + |α|s)|α|

×w(X)(1 + gX(Z))
N1ec⟨ξ⟩

κ
Mg

1/2
X (Z).
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Writing

A2NΦ−N (⟨ξ⟩κMg
1/2
X (Z) +N s)2N =

(A⟨ξ⟩κMg1/2X (Z)

Φ1/2
+
AN s

Φ1/2

)2N

we choose the maximal N = N(Z, ξ) ∈ N such that AN s ≤ c̄Φ1/2 with a

suitably chosen c̄ > 0. Then noting that Φ1/2 = ⟨ξ⟩ρ−δM g
1/2
X (Z) and hence

⟨ξ⟩κMg
1/2
X (Z)Φ−1/2 = ⟨ξ⟩−εM ≤M−ε we have

(2.16)
(A⟨ξ⟩κMg1/2X (Z)

Φ1/2
+
AN s

Φ1/2

)2N
≤ Ce−c1Φ

1/2s
= Ce−c1⟨ξ⟩

(ρ−δ)/s
M g

1/2s
X (Z)

choosing c̄ small and M ≥M0 large. Since |z| ≤ C and |η| ≤ C⟨ξ⟩M on the
support of φ one sees

⟨ξ⟩κMg
1/2
X (Z) = ⟨ξ⟩κ−(ρ−δ)/s

M g
(s−1)/2s
X (Z)

(
⟨ξ⟩(ρ−δ)/sM g

1/2s
X (Z)

)
≤ C⟨ξ⟩κ−(ρ−δ)/s

M ⟨ξ⟩max {δ,1−ρ}(s−1)/s
M

(
⟨ξ⟩(ρ−δ)/sM g

1/2s
X (Z)

)
≤ ⟨ξ⟩−ϵ̄M Φ1/2s.

Noting (Φ1/2s)|α| ≤ ϵ−|α||α|!eϵΦ1/2s
for any ϵ > 0 it follows that (recall ε ≥ ϵ̄)

⟨ξ⟩−εjM {⟨ξ⟩κMg
1/2
X (Z)}m+1−j(1 + gX(Z))

N1(⟨ξ⟩κMg
1/2
X (Z) + |α|s)|α|

×ec⟨ξ⟩κMg
1/2
X (Z)e−c1 Φ

1/2s ≤ Cm,ℓA
|α|
m,ℓ|α|

s|α|⟨ξ⟩−(m+1)ϵ̄
M e−c

′Φ1/2s
.

Therefore choosing ℓ such that ℓ−N1 > n/2 we have

|Φ−NLNΨ−ℓM ℓ(∂αXF )| ≤ CA|α||α|s|α|⟨ξ⟩ϵ(α)M ⟨ξ⟩−ϵ̄(m+1)
M w(X)Ψ−ℓ′Φ−ℓ′

(2.17)

where ℓ′ > n/2. Since
∫
Θ−ℓ′Φ−ℓ′dY dZ = C we conclude

Lemma 2.5. We have∣∣∣∂αX ∫
e−2iσ(Y,Z)qRmdY dZ

∣∣∣ ≤ CA|α||α|!s⟨ξ⟩ϵ(α)M ⟨ξ⟩−ϵ̄(m+1)
M w(X).

Since Zαe−2iσ(Y,Z) = (−σDY /2)
αe−2iσ(Y,Z) the second integral in (2.13)

is ∫
e−2iσ(Y,Z)(σDY /2)

µ{rqlµ(X,Y, Z)e
ψ}dY dZ.
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With F = rqlµ(X,Y, Z)e
ψ, after integration by parts, one obtains

∂αX

∫
e−2iσ(Y,Z)(σDY /2)

µF (X,Y, Z)dY dZ

=

∫
e−2iσ(Y,Z)Φ−NLNΨ−ℓM ℓ(σDY /2)

µ∂αXFdY dZ.

Since M produce no positive power of ⟨ξ⟩M because κ+ δ− ρ < 0, it follows
from Lemma 2.4 and Corollary 1.1 that

|Φ−NLNΨ−ℓM ℓ(σDY /2)
µ∂αXF | ≤ CℓµA

2N+|α|
ℓµ ⟨ξ⟩ϵ(α)+ϵ(µ)+ϵ(σµ)M

×Φ−NΨ−ℓ(⟨ξ⟩κMg1/2X (Z) + (2N + |α|)s)2N+|α|+|µ|

×w(X)(1 + gX(Y ))N1(1 + gX(Z))
N1ec⟨ξ⟩

κ
Mg

1/2
X (Z).

Since ϵ(µ) + ϵ(σµ) = −(ρ− δ)|µ| and |µ| = l the right-hand is bounded by

CA2N+|α|Φ−NΨ−ℓ+N1⟨ξ⟩ϵ(α)−l(ρ−δ)M (⟨ξ⟩κMg
1/2
X (Z) + |α|s)|α|

×(⟨ξ⟩κMg
1/2
X (Z) +N s)2N (1 + ⟨ξ⟩κMg

1/2
X (Z))l

×w(X)(1 + gX(Z))
N1ec⟨ξ⟩

κ
Mg

1/2
X (Z).

Repeating the same arguments as before one has (2.16) and hence

(1 + ⟨ξ⟩κMg
1/2
X (Z))l(1 + gX(Z))

N1(⟨ξ⟩κMg
1/2
X (Z) + |α|s)|α|

×ec⟨ξ⟩κMg
1/2
X (Z)e−c1 Φ

1/2s ≤ CA|α||α|s|α|e−c′Φ1/2s

with c′ > 0. Therefore we have

Lemma 2.6. For |µ| = l we have∫
e−2iσ(Y,Z)eψrqlµ(X,Y, Z)Z

µdY dZ ∈ S
(s)
ρ,δ (⟨ξ⟩

−l(ρ−δ)
M w).

We consider

J =
m∑
k=1

∫
e−2iσ(Y,Z)q(X,Y, Z)rψkldY dZ

=
m∑
k=1

∑
l+k≤|µ|≤k(l+1)

∫
e−2iσ(Y,Z)q(X,Y, Z)rlkµ(X,Y, Z)Z

µdY dZ.
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Denoting Rlkµ = q(X,Y, Z)rlkµ the right-hand is

m∑
k=1

∑
l+k≤|µ|≤(l+1)k

∫
e−2iσ(Y,Z)(σDY /2)

µRlkµ(X,Y, Z)dY dZ.

Consider

∂αX

∫
e−2iσ(Y,Z)(σDY /2)

µRlkµ(X,Y, Z)dY dZ

=

∫
e−2iσ(Y,Z)Φ−ℓLℓΨ−ℓM ℓ(σDY /2)

µ∂αXRlkµdY dZ.

(2.18)

It follows from Lemmas 2.2 and 2.3 that

|∂αX,Y,ZRlkµ| ≤ CA|α||α|!sω(X)(1 + gX(Y ))N1(1 + gX(Z))
N1⟨ξ⟩ϵ(α)+kκ+ϵ(µ)M .

and hence the integrand is bounded as

|Φ−ℓLℓΨ−ℓM ℓ(σDY /2)
µ∂αXRlkµ| ≤ CA|α|w(X)|α|!s

×⟨ξ⟩ϵ(α)+kκ+ϵ(µ)+ϵ(σµ)M Φ−ℓ+N1Ψ−ℓ+N1 .

Since ϵ(µ) + ϵ(σµ) = −(ρ− δ)|µ| and |µ| ≥ k + l which is bounded by

CA|α||α|!s⟨ξ⟩ϵ(α)−εk−l(ρ−δ)M Φ−ℓ+N1Ψ−ℓ+N1 .

Choosing ℓ such that ℓ−N1 > n/2 we conclude that

(2.19) J ∈ S
(s)
ρ,δ (w⟨ξ⟩

−ε−l(ρ−δ)
M ).

It remains to consider∑
|α|≤l−1

1

α!

m∑
k=0

(−1)k

k!

∫
e−2iσ(Y,Z)∂αZq(X,Y, 0)Z

α

×
( ∑

1≤|β|≤l

1

β!
∂βXϕ(X + Y )Zβ

)k
dY dZ

which is

m∑
k=0

(−1)k

k!

∫
e−2iσ(Y,Z)

(∑̃ 1

α0!α1! · · ·αk!
∂α

0

Z q(X,Y, 0)∂α
1

X ϕ(X + Y )

· · · ∂αk

X ϕ(X + Y )
)
ZαdY dZ
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where the sum
∑̃

is taken over all α0 + α1 + · · ·+ αk = α, |α0| ≤ l − 1, 1 ≤
|αj | ≤ l, 1 ≤ j ≤ k. Recalling Zαe−2iσ(Y,Z) = (−σDY /2)

αe−2iσ(Y,Z) and
noting that ∫

e−2iσ(Y,Z)dZ = π2nδ(Y )

and φ(X, 0, 0) = 1, ∂αY,Zφ(X,Y, Z)|Y=Z=0 = 0 for |α| ≥ 1 it yields

m∑
k=0

(−1)k

k!
(σDY /2)

α
(∑̃ 1

α0!α1! · · ·αk!
∂α

0

X p(X + 2Y )∂α
1

X ϕ(X + Y )

· · · ∂αk

X ϕ(X + Y )
)∣∣
Y=0

.

Combining Lemmas 2.5, 2.6 and (2.19) we have

Lemma 2.7. The following holds.∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)

¯
χχ̄dY dZ

= π2n
m∑
k=0

(−1)k

k!

( ∑
α0+α1+···+αk=α

|α0|≤l−1,1≤|αj |≤l,1≤j≤k

1

α0!α1! · · ·αk!
(σDY /2)

α

×(∂α
0

X p(X + 2Y )∂α
1

X ϕ(X + Y ) · · · ∂αk

X ϕ(X + Y ))
∣∣
Y=0

+S
(s)
ρ,δ (w⟨ξ⟩

−l(ρ−δ)
M ) + S

(s)
ρ,δ (w⟨ξ⟩

−ε−ϵ̄(m+1)
M ).

Choosing l = 1 we have

Corollary 2.4. The following holds.∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)

¯
χχ̄dY dZ

= π2n
∑

|α|≤m

(−1)|α|

α!
(σDY /2)

α
(
p(X + 2Y )(∇Xϕ(X + Y ))α

)∣∣
Y=0

+S
(s)
ρ,δ (w⟨ξ⟩

−(ρ−δ)
M ) + S

(s)
ρ,δ (w⟨ξ⟩

−ε−ϵ̄(m+1)
M ).

Turn to the second term of (2.4). After integration by parts we have∫
e−2iσ(Y,Z)(|y|2 + |z|2)−N (|Dζ |2 + |Dη|2)NFdY dZ
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where F = p(X + Y + Z)eψφ̃(X,Y, Z) and φ̃ =
¯
χc(y, z)χ̄(η, ζ). Since |ψ| ≤

C⟨ξ⟩κM and ⟨ξ + η⟩M ≈ ⟨ξ⟩M , ⟨ξ + ζ⟩M ≈ ⟨ξ⟩M , ⟨ξ + η + ζ⟩M ≈ ⟨ξ⟩M if
φ̃ ̸= 0, thanks to Corollary 1.1 it is not difficult to show∣∣(|Dζ |2 + |Dη|2)N (|y|2 + |z|2)−N∂αXF

∣∣ ≤ CA2N+|α|w(X + Y + Z)⟨ξ⟩ϵ(α)M

×(⟨ξ⟩κM + |α|s)|α|⟨ξ⟩−2ρN
M (⟨ξ⟩κM +N s)2N (|y|2 + |z|2)−Nec⟨ξ⟩κM .

Choose the maximal N ∈ N such that AN s ≤ c1⟨ξ⟩ρM with small c1 > 0 and
repeating similar arguments as before one obtains (recall ρ > κ)

A2N ⟨ξ⟩−2ρN
M

(
⟨ξ⟩κM +N s

)2N ≤ Ce−c⟨ξ⟩
ρ/s
M .

Since gX ≈ gX+Y+Z if χ̄(η, ζ) ̸= 0 a repetition of the proof of Lemma 2.3
shows w(X + Y + Z) ≤ Cw(X)(1 + gX(Y ) + gX(Z))

N2 . Note that

gX(Y ) + gX(Z) ≤ ⟨ξ⟩2δM (|y|2 + |z|2) + 2⟨ξ⟩2(1−ρ)M

≤ C⟨ξ⟩2max {δ,1−ρ}
M (1 + |y|2 + |z|2)

and for any ϵ > 0 there are C,A > 0 such that (recall κ < ρ)

⟨ξ⟩κ|α|M ≤ CA|α||α|s|α|eϵ⟨ξ⟩
ρ/s
M .

Since ⟨ξ⟩−2(n+1)
M

∫
(|y|2 + |z|2)−n−1φ̃dY dZ ≤ C and ρ/s > κ we obtain

Lemma 2.8. There is c > 0 such that∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)

¯
χcχ̄dY dZ ∈ S

(s)
ρ,δ (we

−c⟨ξ⟩ρ/sM )

hence clearly belongs to S
(s)
ρ,δ (w⟨ξ⟩

−ε−ϵ̄(m+1)
M ).

To estimate the third term of (2.4) it suffices to repeat the same ar-
guments that estimate (1.13). Write χ̄c(η, ζ) as (1.12) and study (1.13).
Since ⟨ξ + η + ζ⟩M ≤ C⟨η⟩ and ⟨ξ + η⟩M ≤ C⟨η⟩, ⟨ξ + ζ⟩M ≤ C⟨η⟩ if
φ1χ∗ ̸= 0 it is not difficult to see that (1.14) with F = p(X + Y + Z)eψ,
ψ = ϕ(X + Y )− ϕ(X + Z) is bounded by

CA2N+|α|⟨η⟩−2N ⟨ζ⟩−2ℓ⟨y⟩−2ℓ⟨z⟩−2ℓw(X + Y + Z)⟨η⟩2δℓ⟨η⟩6ℓκ

×(⟨η⟩κ +N s)2N ⟨η⟩2δN (⟨η⟩κ + |α|s)|α|⟨η⟩δ|α|e|ψ|.
(2.20)

Here writing

A2N ⟨η⟩−2N+2δN
(
⟨η⟩κ +N s

)2N
=

(A⟨η⟩κ
⟨η⟩1−δ

+
AN s

⟨η⟩1−δ
)2N
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we choose the maximal N ∈ N such that AN s ≤ c1⟨η⟩1−δ with small c1 > 0

so that the right-hand side is bounded by Ce−c⟨η⟩
(1−δ)/s

with some c > 0.
Noting that ⟨η⟩(1−δ)N/s ≤ ϵ−NNNeϵ⟨η⟩

(1−δ)/s
it is clear that for any ϵ > 0

there are A > 0, C > 0 such that (recall κ+ δ < ρ ≤ 1)

⟨η⟩(κ+δ)|α| ≤ CA|α||α|s|α|/(1−δ)eϵ⟨η⟩(1−δ)/s
,

|α|s|α|⟨η⟩δ|α| ≤ CA|α||α|s|α|/(1−δ)eϵ⟨η⟩(1−δ)/s
.

Consider w(X + Y + Z). Since gY (Y + Z) ≤ C(⟨η⟩2δ(|y|2 + |z|2) + |η|2) ≤
C⟨η⟩2⟨y⟩2⟨z⟩2 and ⟨ξ⟩M , ⟨ξ + η + ζ⟩M ≤ C⟨η⟩ if φ1χ∗ ̸= 0 it follows that

w(X + Y + Z) ≤ Cw(X)(1 + max {gX(Y + Z), gX+Y+Z(Y + Z)})N1

≤ Cw(X)⟨η⟩2N1⟨y⟩2N1⟨z⟩2N1 .

Recalling that 1− δ ≥ ρ− δ > κs one sees that (2.20) is bounded by

CA|α|⟨ζ⟩−2ℓ⟨y⟩−2ℓ+2N1⟨z⟩−2ℓ+2N1w(X)|α|s|α|/(1−δ)e−c⟨η⟩(1−δ)/s
.

Noting e−c⟨η⟩
(1−δ)/s ≤ e−c1⟨ξ⟩

(1−δ)/s
M e−c2⟨η⟩

(1−δ)/s
with some ci > 0 we conclude∫

e−2iσ(Y,Z)p(X + Y + Z)eψ(X,Y,Z)φ1χ∗dY dZ ∈ S
(s/(1−δ))
0,0 (we−c⟨ξ⟩

(1−δ)/s
M ).

Similarly if the case χc∗ is chosen, choosing N1 = N , N2 = ℓ it is proved that
(2.20) is estimated by

CA2N ⟨η⟩−2ℓ⟨y⟩−2ℓ+2N1⟨z⟩−2ℓ+2N1w(X)|α|s|α|/(1−δ)e−c1⟨ξ⟩
(1−δ)/s
M e−c2⟨ζ⟩

(1−δ)/s
.

Thus one can find c > 0 such that∫
e−2iσ(Y,Z)p(X + Y + Z)eψ(X,Y,Z)φ1dY dZ ∈ S

(s/(1−δ))
0,0 (we−c⟨ξ⟩

(1−δ)/s
M ).

Turn to
∫
e−2iσ(Y,Z)∂αX(Fφ2)dY dZ. Consider∫

e−2iσ(Y,Z)⟨η⟩−2N ⟨ζ⟩−2ℓ⟨Dz⟩2N ⟨Dy⟩2ℓ

×⟨y⟩−2ℓ⟨z⟩−2ℓ⟨Dζ⟩2ℓ⟨Dη⟩2ℓ∂αXFφ2dY dZ.

Since ⟨ξ + η + ζ⟩M ≤ C⟨η⟩ and ⟨ξ + η⟩M ≤ C⟨η⟩, ⟨ξ + ζ⟩M ≈ ⟨ξ⟩M ≤ C⟨η⟩
if φ2 ̸= 0 this is bounded by (2.20). The rest of the argument is the same as
the case that φχ∗ is chosen. The case of φ3 is similar to the case that φ1χ

c
∗

is chosen. We summarize what we have proved in
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Lemma 2.9. There is c > 0 such that∫
e−2iσ(Y,Z)p(X + Y + Z)eϕ(X+Y )−ϕ(X+Z)χ̄cdY dZ

∈ S
(s/(1−δ))
0,0 (we−c⟨ξ⟩

(1−δ)/s
M ).

Combining Lemmas 2.7, 2.8 and 2.9 we end the proof of Theorem 2.1.

2.2 Proof of Theorems 2.2, 2.3 and Proposition 2.1

In view of Lemma 1.4, disregarding the factor π−2n and denoting ψ = ϕ(X+
Y )− ϕ(X + Z), we write (a1e

ϕ)#(a2e
−ϕ) as∫

e−2iσ(Y,Z)a1(X + Y )a2(X + Z)eψ(X,Y,Z)

¯
χχ̄dY dZ

+

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)eψ(X,Y,Z)

¯
χcχ̄dY dZ

+

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)eψ(X,Y,Z)χ̄cdY dZ.

To study the first term, after the change of variables : Z → Z + Y denoting
q(X,Y, Z) = a1(X + Y )a2(X + Y + Z), it suffices to repeat the proof of
Theorem 2.1. Since ∂α

0

Z q(X,Y, 0) = a1(X + Y )∂α
0

X a2(X + Y ) we have

Lemma 2.10. The following holds.∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)eψ(X,Y,Z)

¯
χχ̄dY dZ

= π2n
m∑
k=0

(−1)k

k!

( ∑
α0+α1+···+αk=α

|α0|≤l−1,1≤|αj |≤l,1≤j≤k

1

α0!α1! · · ·αk!
(σDX/2)

α

×
(
a1(X)∂α

0

X a2(X)∂α
1

X ϕ(X) · · · ∂αk

X ϕ(X)
)

+S
(s)
ρ,δ (w1w2⟨ξ⟩−l(ρ−δ)M ) + S

(s)
ρ,δ (w1w2⟨ξ⟩−ε−ϵ̄(m+1)

M ).

The rest of the proof is the same as for Theorem 2.1 except for obvious
modifications for estimation about w1(X + Y ) and w2(X + Z).

Turn to the proof of Theorem 2.3. Using Lemma 1.4 we write

a1#a2 =

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)χ̄dY dZ

+

∫
e−2iσ(Y,Z)a1(X + Y )a2(X + Z)χ̄cdY dZ = J1 + J2.
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Write a2(X+Z) =
∑

|α|≤l−1 ∂
α
Xa2(X)Zα/α!+

∑
|µ|=l r

a2
lµ (X,Z)Z

µ and repeat
the same argument that estimates (2.18) with Rlkµ = ra2lµ (X,Z). Then we
have

J1 =
∑

|α|≤l−1

1

α!
{(σDX/2)

αa1(X)}∂αXa2(X) + S
(s)
ρ,δ (w1w2⟨ξ⟩−l(ρ−δ)M )

where we have used∑
|α|=l

1

α!
(σDX)

α
(
a1(X)∂αXa2(X)

)
=

∑
|α|=l

1

α!
{(σDX/2)

αa1(X)}∂αXa2(X).

As for J2 it is enough to repeat the same arguments that estimate the third
term of (2.4).

We proceed to the proof of Proposition 2.1. Suppose that N ∈ N is
given. We first note that for any α, β ∈ Nn there is Cαβ such that

|∂βx∂αξ p(x, ξ)| ≤ Cαβ⟨ξ⟩
−N−ρ|α|
M e−(c/2)⟨ξ⟩κ̃M .

Write ∫
e−2iσ(Y,Z)p(X + Y + Z)eψ(X,Y,Z)χ̄dY dZ

+

∫
e−2iσ(Y,Z)p(X + Y + Z)eψ(X,Y,Z)χ̄cdY dZ.

Denoting F = p(X + Y + Z)eψ(X,Y,Z)χ̄ it is easy to see

|∂αX,Y,ZF | ≤ Cα⟨ξ⟩−N+ϵ(α)
M ⟨ξ⟩κ|α|M w(X)

×(1 + gX(Y ))N1(1 + gX(Z))
N1e−(c/2)⟨ξ⟩κ̃M+C⟨ξ⟩κM .

Thus the integrand of
∫
e−2iσ(Y,Z)Φ−ℓLℓΨ−ℓM ℓ(∂αXF )dY dZ is bounded by

Cα,ℓΦ
−ℓ+N1Ψ−ℓ+N1⟨ξ⟩−N+ϵ(α)

M w(X)⟨ξ⟩(4ℓ+|α|)κ
M e−(c/2)⟨ξ⟩κ̃M+C⟨ξ⟩κM .

Since κ̃ > κ, choosing ℓ such that ℓ − N1 > n/2 we conclude that the first
integral belongs to Sρ,δ(w⟨ξ⟩−NM ). To estimate the second integral it suffices
to repeat the same arguments for estimating (1.13). Without restrictions

we may assume that 1 − δ > s̃κ and ϕ ∈ S
(s̃)
ρ,δ (⟨ξ⟩

κ
M ). Then a repetition of

the same arguments as before proves that∫
e−2iσ(Y,Z)p(X + Y + Z)eψ(X,Y,Z)χ̄cdY dZ ∈ S

(s̃/(1−δ))
0,0 (we−c⟨ξ⟩

(1−δ)/s̃
M )

with some c > 0 which clearly belongs to Sρ,δ(w⟨ξ⟩−NM ) for any N ∈ N.
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