On a two-parameter family
of tropical Edwards curves

HIROAKI NAKAMURA AND RANI SASMITA TARMIDI

ABSTRACT. In this paper, a certain two-parameter family of plane-embeddings of Edwards
elliptic curve F, : 2% + ¢ = a2(1 + x2y2) is introduced to provide explicitly computed tropical
curves corresponding to degeneration in a — 1. Applying the theta uniformization of F, with
the method of ultradiscretization by Kajiwara-Kaneko-Nobe-Tsuda, we give a formula for the
coordinate functions that traces the cycle part of the tropical elliptic curve. We also illustrate
how one can recover the whole part of the tropical curve as a quotient of the Bruhat-Tits tree
after Speyer’s algebraic approach in smooth cases.
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1. Introduction

Tropical elliptic curves on the plane have called attentions of many authors from various
viewpoints. They generally have a unique cycle whose length is the negative of the tropicalization
of the j-invariant (cf. e.g., [V09], [KMM]). In [CS], Chan and Sturmfels studied symmetric cubics
in two variables having honeycomb form tropicalizations, whereas Nobe ([N08]) closely observed
a one-parameter family of tropical elliptic curves with cycles ranging over various polygons.
In particular, Kajiwara-Kaneko-Nobe-Tsuda [KKNT] found a beautiful bridge from the theta
functions of level 3 to the Hessian elliptic curves E,, : 2% + 3> + 1 = 3uxy which enables one to
uniformize the cycle part of the corresponding tropical curve explicitly by what are called the
ultradiscrete theta functions. The purpose of this paper is to provide a simple variant of [KKNT]
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in the case of Edwards curves E, : 22+ = a?(1+x2y?) where only classical Jacobian (viz. level
2) theta functions are enough to play the role for uniformization. Our treatment mostly follows
the lines of arguments in [KKNT], while, since the direct tropicalization of F, is never faithful
on the cycle, we introduce a variation of the plane-embedding of F, with certain two parameters.
Our family then turns out to contain fairly rich plane elliptic curves (isomorphic to E,) whose
tropical cycles range over n-gons (n = 4,5, 7) with explicit uniformization by ultradiscrete theta
functions. We now illustrate our main results. Let

oo o
1
e=cg)=][(1+q" <:H1_(J%—1=1+Q+q2+2q3+--->

n=1 n=1

be the Euler generating function counting the number of partitions of n with distinct parts
(which is the same as the number of partitions of n with odd parts; see [A84, (1.2.5)]), and set

[e.e]

_ 1

€ =ée(q) == e(—q) <= H1+qan_1=1—Q+q2—2q3+~->.
n=1

Let K be a complete discrete valuation field of characteristic 0 with normalized valuation v :

K — Z U {oo}. Pick and fix an element ¢ € K with vg(q) > 0 and consider ¢, € € K to be the

convergent limits of the above generating functions respectively. Let K be the algebraic closure

of K which has a unique valuation vk : K - QU {c0} extending ﬁ(q)v;{ so that vg(¢q) = 1. For
two parameters 7, s € K with er = €s, let us consider a polynomial
(1.1) Frs(%,) = dia(x +y) + dza(x® + y%) + dsxy + dor(x’y + y°x) + dsxy”
in two variables x,y with
dig = 2eé(e* — &) (és — er),
dzg = (et — &) (e%s? — 2r?),
(1.2) ds = 8cé(er —&s)(E3r — €3s),
der = 2(er — &s){(e* — eM)rs + 2ee(e2r? — 25?)},
ds = 2(e2s? — &r?) (252 — 2r?).

We have then:

Proposition 1.1. The equation f,s(x,y) = 0 defines an elliptic curve over K birationally
2¢2e?

equivalent to the Edwards curve E, : 2® +y? = a®(1 + 2%y?) with a* = = € K. The
et + €

J-tnvariant is given by:
1
(g®) = — + 744 + 196884¢° + - --
q
with j(q) the standard g-series for the j-invariant.

By virtue of the known relation between j-invariant and tropical cycle length (cf. [V09],
[KMM]), the above Proposition 1.1 implies that the tropicalization of the plane curve f, s(x,y) =
0 has a unique cycle of length 8, if it is tropically smooth. Write w12, us4, us, ugr, ug € QU {oo}
for the values vk(di2), vk (ds4), vk (ds), vk (de7), vk (dg) respectively. Our primary concern is the
tropical curve C(trop(frs)) on the XY-plane which is by definition the graph obtained as the
set of points (X,Y) € R? where the piecewise linear function trop(f,s) : R — R with

(X,Y) = trop(fr,s)(X,Y) := min {“12 + X urg + Y, use + 2X, ugy + 2, us +X+Y,}
b 8 bl Ll

ugr +2X + Y, ugr +2Y + X, ug + 2X + 2Y
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is not differentiable. Our first result on the family C'(trop(f,s)) concerns an explicit parametriza-
tion of its cycle part (viz. the maximal subgraph with no end points) in terms of a pair of
‘ultradiscrete’ theta functions ©°%(u), V" (u) defined in the same spirit as [KKNT]:

Theorem 1.2. Let C(trop(frs)) be the tropicalization of the plane curve f, (x,y) =0 forr,s €
K (er # €s). Then, the cycle part of C(trop(frs)) has one-parameter expression (—X (u), =Y (u))uer
as follows:
X(u)= Y(u-3),
Y(u) = max (0°%(u), —1 + 0" (u))
—max (—vk(r — s) + 0% (u), —vg(r + s) + 0°%(u)) ,

where ©°%(y) 1= —2(2[5]+1~- u)?, O (y) ;= —2(2L“T+1j —u)?.

As an immediate application of the above theorem, it follows that the shape of the cycle part
of C(trop(frs)) relies only on the value of vk(r + s) — vg(r — s). More concretely:

Corollary 1.3. Under the same notations and assumptions as in Theorem 1.2, set
(= 0rs) :==vr(r+s) —ovk(r—s).
Then, we have the following assertions.

(i) The curve C(trop(frs)) has a pentagonal cycle of length 8 if and only if 2 < 4.
(ii) The curve C(trop(frs)) has a heptagonal cycle of length 8 if and only if 1 < § < 2.
(iii) The curve C(trop(frs)) has a square cycle of length 4(6 + 1) if and only if —1 < § < 1.
In particular, it has a square cycle of length 8 if and only if § = 1.
(iv) If 6 < —1, then the locus of (—X (u), =Y (u))uecr degenerates to a connected union of two
segments of length min(1, —§ — 1).

Our next result concerns a criterion when C(trop(f,s)) is tropically smooth. We obtain:

Proposition 1.4. Notations being as in Corollary 1.3, the following assertions hold.

(1) If2 <4, then C(trop(frs)) is never a smooth tropical curve.

(i) If 1 < d < 2, then C(trop(frs)) is always a smooth tropical curve.

(iii) If 0 = 1, then the curve C(trop(frs)) can be either a smooth curve or a non-smooth
curve according to the choice of (r,s). It is smooth if and only if the principal coefficient
of r + s equals —2, i.e., r + s is of the form q“K(’”+S)(—2 + K) for some k € K with
UK(R) > 0.

(iv) If 6 <1, then C(trop(frs)) is never a smooth tropical curve.

The contents of this paper are organized as follows. In Sect.2, we review the basic setup on the
family of Edwards elliptic curves E, : z? +4? = a?(1 + 2?y?) and their parametrization in terms
of the classical Jacobian theta functions. We then introduce our above two-parameter family
(1.1) of elliptic curves f,s(x,y) = 0 as fractional transformations of E, at a specific localization
a — 1 given in Proposition 1.1. In Sect.3, we compute its ultradiscretization by following the
method of [KKNT]. This yields the essential part of the formula in Theorem 1.2. Then, in
Sect.4, we verify Theorem 1.2 in the general setting of the base field K and deduce Corollary
1.3. In Sect.5, we turn to investigate the smoothness criterion for C'(trop(frs)) by looking closely
at subdivisions of Newton polytopes, and prove Proposition 1.4. Sect.6 is devoted to illustrating
examples of smooth tropical curves C(trop(f,)) to be given as the quotient of Speyer’s subtree

of the Bruhat-Tits tree corresponding to Tate uniformization K* /{¢®) = E, ;(K).
Throughout this paper, we shall write i := +/—1 € C.
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2. Algebraic and analytic theory of Edwards curves

In [E07], H.Edwards introduced the normal form of elliptic curves E, : 22 +y? = a?(1 + 2%y?)
and established the basic theory. Every complex elliptic curve is isomorphic to E, for some
a € C—{0,£1,4+i} which has a simple symmetric addition law with regard to the origin
O = (0,a). The space C —{0,+1,+i} of the parameter a is in fact the set of complex points of
the modular curve Y (4) which can be identified with a dense open subset of the degree-2 Fermat

curve X2 +Y? =1 with (X,Y) = (13:12’ %jﬂﬂ) (cf. [M06, Chap.I, §10]). The algebraic theory

mostly works without big changes over any field of characteristic different from 2.

Remark 2.1. The simplicity of addition law of Edwards curves has attracted cryptographic
studies, e.g., [BLO7]. See also [GS14] for advantages of tropicalization in view of efficiency of
computations and of security against various network attacks.

One of the primary features elaborated in [E07] is a complex uniformization of the curve
E, : 22 +y? = a®(1 +2%y?) by the upper half plane $§ = {7 € C | Im(7) > 0}. We shall rephrase
it in terms of standard theta functions:

1in)? o . _
Or(lr) = -1y (~1)rg T gt ( —i(q. —q; ")

ne”Z

gt

(1—g2")(1—¢2"¢2)(1 - fﬁ”qz2)> :

00
lJr 2 —
— qu(_z n) q§n+1 < 1/4 Qz +qz H 1 _qT 1 +q72_nq3)(1 _|_q72_nqz 2)) :

(2.1) nez N
O3(zlr) = qr g ( H 1=¢") 1+ ¢ ) (1 + g2 22)> :
nez n=1
Oa(zlT) = (-D)"q} ¢ (— [Ta-¢ma-a e — g 1q22)> :
nez n=1

where ¢; = exp(wit), ¢, = exp(wiz) for T € ), z € C.

Proposition 2.2 ([E07] Theorem 15.1). For any fized T € 9, set
B _ 62(0]27)
a=a(r):= 33(0127)
and let

Then we have

2(2)? +y(2)* = a® (1 + 2(2)*y(2)?)
for all z € C. The mapping of the complex z-plane C, to the complex points (x(z),y(2)) of Eq
gives a uniformization of the elliptic curve : C, — C,/(2Z + 277Z) = E,(C). O

Our motivating idea is to variate the equation of E, by fractional substitutions of the form

(2.2) x:M7 y:ry+a
sx+ 3 sy +
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for some constants 7, s,, 5 (s # Br) to obtain nicer equations in regards of tropicalization.
Let

(2.3) 20 (%) = do + dia(x +y) + dza(x* +¥°) + dsxy + der(x”y + y°x) + dgx’y?
be the numerator of the rational function z2 + 32 — a?(1 + 22y?) in %,y obtained by the variable

change from (z,y) to (x,y) after (2.2).

Lemma 2.3. The constant term dy of fﬁf(x,y) is given by
do = 20a%6% — a®(a* + ).

In order to obtain effective tropical curves, following an idea of [KKNT], we shall change the
focus of ultradiscretization process from the standard limit 7 — ioo along the imaginary axis to
the limit 7 — 0 along the semicircle emanating from %. We will implement this idea by, roughly
speaking, replacing g-expansions of relevant analytic functions in ¢, by those in

47 —1
24 =e i .
(2.4) ¢ := exp(mi— ——)

Lemma 2.4.

2
2(q)%e(q)” — (;gg:g;) (e()* + e(g)") = 0.

Proof. Applying the Landen type transformations (cf. [L10, (1.8.5-6) & Ex.2 of Chap.1]), we find
02(0127)\*  65(0[7)% — 04(0|7)2  202(0]47)63(0]47)
05(0127) ) 03(0|7)%2 + 04(0|7)2  65(0]47)% + 62(0[47)2

Combining this with the theta transformation (cf. [F1916, p.482 (5)]) with 47 — #7=1 in the
form:

02(047) _ 93(0 ) ﬁ —M(A+¢1)? eg)®

03(0]47) (OI4 S Q=g (1 —gh)? E(q)*
we obtain
02(0]27)\* _ 2 _ 2e(g)%(g)?
(25) (603) = G TR = A e
for our ¢ given in (2.4). This proves the assertion. O

In the sequel, we set the parameters o = €(q) and 5 = €(q) in the fractional substitution
(2.2), so that the resulting polynomial (2.3) has no constant term dy by virtue of Lemmas
2.3-2.4. Accordingly, we restrict ourselves to focusing on the two-parameter family

(2.6) frs(x,y) i= LD (x,y) = dio(x + y) + d3a(x* + ¥?) + dsxy + de7(x’y + y?x) + dsx’y?

with r, s given as Laurent power series in ¢'/N (N € N) convergent around (possibly with poles
at) ¢ = 0. Note that er # €s is assumed as the non-degeneracy condition for the substitutions
(2.2). The coefficients dj2, d34, ds, dg7, dg are derived in the form (1.2) by a simple computation
(using, say, Maple [M]).

Proof of Proposition 1.1. By construction, the plane curve f, s(x,y) is birationally equivalent to
the Edwards curve E, : 22 + y? = a?(1 + 22y?) with a? = 62516;. In [E07], the j-invariant of E,
is known to be

1728  (a®+ 14a* +1)3

108 a*(a* —1)*

j(Ea) =
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If a = a(7) is given as in Proposition 2.2 in terms of theta-zero values, then it follows by
simple calculation that j(E,) = j(1) = ](4T 1) where the latter equality is due to the PSLy(Z)-
invariance of j-function. Thus

(80 = (im0 )

with j(*) in RHS being the standard Fourier series of the j-function j(z) = 1 +744+1968842+ - -
in z = e?™7. Since exp(2riiT=1)) = ¢® for ¢ given in (2.4), the assertion follows. O

3. Ultra-discretization
The power series €(q), €(q) converge on the Poincaré disk |¢| < 1. In this section, we assume
the two parameters r(q), s(q) are contained in C{g'/" }[%], the fractional field of the convergent

power series ring in ¢/ for some large integer N € N. We shall pursue the ultradiscretization
of the points (x,y) with

B B 01(z|27) B 02(z|27)
= =Gk YTV T hGen
on the Edwards curve
02(0]27)
2 2 2
1
o <93<02r>> 1+o7y)
at the limit
4 1
(3.1) q = exp(mi u ) — 0.
4T

Our method mostly follows the argument given in [KKNT] for the Hessian elliptic curves. In-
troduce an adjustment constant 8 € R for the above limit in the form
47 —1  if
7—47_ :1?—>ioo (e —=0).
Let us first observe the behaviors of x(z),y(z) with z = u + iv (u,v € R) under the Fourier

expansion (2.1) in g. Note first that the theta transformation [F1916, p.482 (5)] yields

(3.2)

01(z|27) 01(3 %) 0a(z|27) TZ )
3.3 x(z) = =—i—2T 2T L y(z) = = _T
e R = e N e R TEE=s)
and our above setting (3.1)-(3.2) implies
2T =1, 5 . 201 u+iv . if
(3.4) exp(mi o ) =—q° =exp [71'1(—1 + E )} , 5 = 2(u+ iv)(1 8 ),

which enables us to evaluate the Fourier expansion of z(z),y(z). Let us first look at the numer-
ator of y(z) as follows:
—z 27 —1 - 201 ' , i0
63(; 5 ) = ;Zexp [n mi(—1+ T) + 2min(—u —vi)2(1 — E)]
n

_Zexp [ <9n —|—4n(zu—v)—|—i(n2—|—4n(u+zv))>] .
nez
In the ultradiscretization process, the imaginary exponents should be annihilated. This deter-
mines the imaginary part v of z to be equal to —ue/6:
u
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Since exp(—n?mi) = (—1)", this implies

a5 )~ L0 e [ <22 (ot 0 - a2)
nez

as € — 0. After similar calculations for the denominator of y(z) and the numerator and denom-
inator of x(z), we summarize evaluations as follows:

Y nez(—1)"exp [~ 20 (n 4 u + 3)?]
ZneZeXp [_QLO(”‘F“"’ 7) ]

(3.6) _ ez exp 2+ u— )]

2 nez €XP [—w(n +u— 3)?]
u—ichy o~ > onez(—D™exp [—222 (n 4 u)?]
y( 59) ZnEZ exp [_27;79( + u)ﬂ

Here we note that the factors exp(%sie(u2 +1)) (resp. exp(27r€ u?)) from 1,0, (resp. from 6y, 653)
are cancelled out in the numerator and denominator in the above right hand sides’ expressions
(and that exp(—7mi(n+1)?) = —i and —(—1)" = (—1)"*! for the former expressions from 1, ).
We next convert the above evaluations (3.6) of =,y to those of x,y under the substitutions (2.2)
with a = €(q) and 5 = €(q) via

S
x(u — 165)

€T — € €Yy — €
3.7 = — = —.
(3.7) * —sTr+r y —sy+r

Write €(q) = >0, arg® so that &(q) = >3 (—1)¥arg® (where we know aj, > 0 for all k > 0)
and suppose that the two parameters r, s € C{g"/" }[é] are given in the form

o0 [o.¢]
k k
(38)  r=> mg"" NV =g"(ro+rig"N+--1), 5= skg"™V =¢%(so+ 51N +--0)

k=0 k=0

with a € +7Z, |ro| + |so| # 0. Then, we obtain:
u Pl = 3,0.2) (Zpootaz: 2066 ) = Q= 5,60,2) (Lhepenso 20x0" )
T 1.0 (Satre a0 R) £ Qe 50.9) (Satre o F)
P(1,0,2) (Spoia: 20k8") = Q(1,0,) (Spovuenso 20k" )
P(u,0,¢) (Zk(m — sK)qe TN ) +Q(u,b,¢) (Zk(m + Sk)qﬁ%)’

(3.9)

u
y(u — iag)

where P(u,0,€) := 3, coen €P[— 22 (n + u)?], Q(u,0,¢) == 3, oua exXP[— 22 (n + w)?. At this
stage, we are led to define the ultradiscrete theta functions ©°¢" and ©°% as those limits of
the quantities P(u,0,¢) and Q(u, d, ) respectively:

Definition 3.1. For u € R, define

2

1 2
O (u) := El_i)raslogP(u,H,e) = 276 gré%g%(—(n + u)?) = —276 [ZLU + |- u] ,

0°%M(y) ;= lim elogQ(u,0,¢) = 2mf max(—(n + u)?) = —276 [QLgJ +1-— ur.

e—0+ n:odd
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Note here that the distance from any u € R to the nearest even (resp. odd) integer can be written

as |2 % | — u| (vesp. [2[%] +1—u). It is easy to see that these functions ©°", ©°4 are even

functions of period 2 on R and satisfy O™ (+u + 1) = ©°%(4+y). With the above definition

of @°v¢" ©°dd together with (3.9), we conclude that the ultradiscrete limit (X (u),Y (u)) of the

point (x(u — ieu/0),y(u — ieu/0)) is given by:

X(u) = lim clogx(u—ist) = Y(u— 1)
w) = lim elogx(u—icg) =Y (u~- ),

Y(u) = lim elogy(u— isg)

(310) e—0+ 0

= max (G)Odd(u), -1+ @even(u))

—max (—UK(T —8) + 0% (u), —vk(r + s) + @Odd(u)> .

Remark 3.2. The minus sign problem for ultradiscrete limits can be avoided in our case. See
[KNTO08, Remark 2.1] (cf. also [KL06]).

Now let us normalize our adjustment constant € introduced above in (3.2) by comparing
our ultradiscrete limit with the non-archimedean amoeba studied in Einsiedler-Kapranov-Lind
[EKLO06] and in Speyer [S14]. In fact, our fundamental quantities €(g), €(¢) and the two parame-
ters 7(q), s(¢) are considered as elements of the field of convergent Laurent series C{g"/" }[%} for
taking analytic limits ¢ — 0, however we are able to enhance this analytic procedure to a more
general algebraic process via the valuation theory: Consider C{q'/N }[%] as a subfield of the stan-
dard Puiseux power series C{{q}} which has the standard valuation v : C{{q}} - QU {oo} with
v(q) = 1 and has the non-archimedean norm ||a|| := e~ (a € C{¢}}). According to [EKLOG],
the non-archimedean amoeba A(S) € R? of a subscheme S C (C{{q}}*)? is by definition the clo-
sure of the image of S by the map Log : (C{{¢}}*)? — R? ((x,y) ~ (log||x||,log|¥]])), and the
tropical variety Trop(S) C R? is the closure of the image of X by the map val : (C{{q}}*)? — R?
defined by (x,y) — (v(x),v(y)); this is equivalent to saying that

(3.11) Trop(S) = —A(S).

As given in (3.1)-(3.2), our ultradiscrete limits are taken with respect to the base scaling ¢ =
exp(—mf/e) (¢ = 0), in particular €logq — —mf. Comparing this with v(q) =1, log||q|| = —1
in the non-archimedean metric of C{{q}}, we are led to normalize our above adjustment constant
6 as follows:

(3.12) 0:=1/m.

This enables us to identify the plane curve {(X (u),Y (u)) | u € R} C R? to lie on the cycle part
of the non-archimedean amoeba A(f, s(x,y) = 0), viz., the cycle part of the closure of

613 Log ({Uxll IylD |fusCey) =02y 0. (xy) € Cla)?}) € @

4. Proofs of Theorem 1.2 and Corollary 1.3

Now we convert the analytic theory of Edwards curve to algebraic theory over the complete
discrete valuation field K of characteristic 0 with the algebraic closure K as set up in Introduc-
tion. The Edwards curve

E,: 2%+ y2 = a2(1 + x2y2)
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around the neighborhood of ¢ = exp(ri%Z=1) — 0 as in (2.4) hints us how to convert necessary

identities into the algebraic situation. As shown in (2.5), the parameter a should be given by

2 _ 2:(0)%8(0)* _
- 114 C
e(q)* +€(q)
through which we define the curve F, over K. We next convert the analytic uniformization
of E, (Proposition 2.2) by the complex z-plane to the algebraic uniformization by K* in Tate
form. We first convert the Jacobian theta functions (2.1) into the reduced algebraic series
01(t,—q?),...,04(t, —q¢?) by substituting ¢, — —¢?, ¢, — t and by dropping the fragment factors
—i(—q2)1/47 (—q2)1/4 from 61, 65 respectively:

'0 t—q _tz n2n+2nt2n
ne’l
neL
(41) 0. 2 n 2n2%,2n
O3(t,—q*) = _(~1)"¢"" ™",
ne’
t _q Zq2n t2n
ne”L

It turns out from Fricke’s transformation (3.3) that those fragment factors from 6,62 cancel
each other and that the algebraic uniformization is given by

él(ta _q2) §3(t7 _q2)

4.2 a(t) = — 20" gy = 2T t € KX).
( ) ( ) 92(t7 _q2) y( ) 94(t7 _q2> ( )
Noting the identities

01(t,—¢%) = th3(ta, —¢°), z(t)  =a(-t),

Oa(t, —q?) = tls(tq, —q> t)  =y(—t
(43) 72( ) q2) 4(7Qa q )52 and y( ) y( )a

_3(t7 —q ) = _t_qel (tQ7 —q )7 x(tq) = y(t)v

a(t,—q%) = tabz(tq, —¢%); yltg) = —a(t).

we see that the Tate uniformization map K* — E,(K) by ¢ — (x(t),y(t)) gives rise to

Eq(K) = K*/(+¢"7).
We then apply the fractional substitutions in the same way as (2.2)

_ x4 é(q) y— ry + €(q)
sx+e(q)’ sy +e(q)

for given constants r, s € K with €(¢q)s # €(q)r to obtain the curve (2.6)

(4.4)

(4.5) frs(x,y) = di2(x+y) + d34(x2 + y2) + dsxy + d67(X2y + yzx) + d8X2y2 =0

with coefficients dy2, ds4, ds, dg7, dg given as in Introduction (1.2). To obtain the tropical curve

C(trop(fys)) is thus reduced to evaluating the points (x,y) in (K*)? by the valuation map

val : (K*)? — Q2 that applies vk : K — QU {oc} to each component x,y of (4.4) through:
e(g)z — €(g) €(9)y — €(q)

46 _tgzr—€elg _
(4.6) * —sa+r Y —sy+r
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In order to prove Theorem 1.2, it suffices to get partial information on (the cycle part of)
C(trop(frs)) by performing a procedure parallel to (3.9). We first observe from (4.2) and (4.6)
that

(e —€)(0s + 03) — (e +€)(0s — 03)

(47) I = )@ 1 05) T (r + 5) (8 — 0)
(6= newen ) = (e + (X poaa t2")
(T - 8)(Zn:even t2nq2n2) + (T + S)(Zn:odd t2nq2n )

Recall that the valuation vk of K is normalized as vg(q) = 1. To introduce a variable u for
the valuation vg(t), let us take into account the ultradiscrete limits discussed in §3 where the
variable u is normalized as

—u—oi 0 ¢ .
t=gq, = exp(7r1T) = exp (—27r (6 + 9) u) , ;g%alog(t) = —270u,

whereas

4r —1 0
e <7ri . ) —exp(—=), limelog(q) = —n0.
4t € e—0

Thus, let us set

(4.8) vk (t) (= 2vk(q)u) = 2u (u € Q).
We shall first evaluate vk (y(t)) when the numerator and denominator have a unique term with
distinguished valuation respectively. First note that vg(e — €) = 1, vg(e + €) = 0. Since

vk (£27¢27°) = 2(n + u)? — 2u?, we find that

1
vl 30 2P 2 22 1] - w)? - 2P = €7 (u) — 20

n:even

with equality held for u € Q\ (1 + 2Z) and that

(Y g > Q(QL% |4+ 1—u)? - 2u? = —0°%(y) — 22
n:odd

with equality held for v € Q \ 2Z. Therefore,
(4.9) vy (8)) = min(1— 6" (u), ~6°¥(u)
— min (?}K(T —8) — O (u),vg(r +s) — @Odd(u)>

for u = %UK(t) € Q not belonging to the exceptional set

- o 1— @even(u> — _@odd(u)’
(410) =rs o 7y {U € Q ‘ U]K(’l" _ S) _ @even(u) — ’UK(?" + S) _ @Odd(u) :
As for vk (x(t)), noting that (4.3) and (4.6) imply
(4.11) x(t) = y(tg™")
and that vk (tg™!) = 2u — 1 = 2(u — 3), we easily derive from (4.9) the formula:
1

5)’ —@0dd(u . %))

_ min(vK(T —5) — O (u JUR(r +8) — @Odd(u — %))

(4.12) v (x(t)) = mm(1 —@even(y —

1
_5)
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for u = Jug(t) such that u — § & Z, ;. Thus, C(trop(frs)) C R? contains the particular set

al(x(t),y(0) €@ |1 o L }
4.13 sog(t) €2, U (5 +2,5), teK
1 Tttt ot 370 £ 3210

whose coordinates are explicitly known by (4.12) and (4.9). It is then not difficult to see that
the closure of the above set in the Euclidean plane R? is equal to the locus of the points
(=X (u), =Y (u)) with v € R given in Theorem 1.2 (iii), after noting the general equality
—max(A, B) = min(—A, —B). The proof of Theorem 1.2 is completed. O

Proof of Corollary 1.3. Since the cycle part of C(trop( fr.s)) is parametrized as (—Y (u—3), —Y (u))

for u € R by Theorem 1.2, each side of the cycle can be captured by the shape of the piecewise
linear graph

Z =Y (u) = max (@Odd(u), -1+ @e”e"(u)> — max (5 + 0" (u), GOdd(u)) —vk(r +s),
and its translation Z = Y (u — 3) on (u,Z)-plane. Setting

Ys(u) := max (@Odd(u), -1+ @e”e”(u)> — max ((5 + 0" (u), @Odd(u)> ,

<_{$@>5)> - (_fﬁu_»%)) rur+9) (1)

we find that the shape of the cycle part of C'(trop(f,s)) depends only on §. The rest is not difficult
after tracing the move of the cycle (—Ys(u — 3), —Y5(u))yer on XY-plane under the parameter
d varied in R (summarized in the following figures for 6 = —2.5, —1.5, —0.5,1, 1.5, 2, 2.25).

so that

0=1 0=15 0=2 0 =225

5. Proof of Proposition 1.4

In [T], the second named author studied the condition for a truncated symmetric cubic to
have smooth tropicalization. Let

f(x,y) = dia(x +y) + dsa(x® + y°) + dsxy + der(x*y + y7x) + dgx’y?

and let uio, us4, us, ugr, ug be valuations of dis, ds4, ds, dg7, dg respectively. Then, we have
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Proposition 5.1 ([T]). Suppose that the tropical elliptic curve trop(f) has a polygonal cycle
P and let (u12,usq, us, ugz, ug) be the associated parameter whose entries are valuations of the
coefficients dy2,dsq, ds, dg7, dg respectively.  Then, trop(f) is tropically smooth if and only if
(P;u12, usq, us, ugr, ug) satisfies one of the conditions listed in Table 1:

TABLE 1. Cases of smooth trop(f)

P (w12, u34, us, UeT, U)
—usq + 2ugy — ug < 0,
[i] Triangle u12 — us — ugy + ug <0,

—2u19 + 3us — ug < 0.
—us + 2ugy —ug < 0,

[ii] Square —u12 + 2us — uer < 0,
Uy — Uz4 — Uz + ugy < 0.

us — 2ugy + ug < 0,

liii] Pentagon { —ui2+us+us7 —ug <0,
U2 — uz4 — us + ugy < 0.

{U5 + 2ugy —ug < 0,

—uzq + us < 0,

—u12 + uss + us — uer < 0.
us — 2ugy + ug < 0,

[iv] Hezagon

—uzq + 2ugy — ug < 0,
—u12 + usq4 + us — ugr < 0.

[v] Heptagon

Proof. This follows from a close look at the “subdivision” associated to trop(f). For more
details, we refer the reader to [T, 5.4]. O

Proof of Proposition 1.4. Now, let us prove Proposition 1.4 by combining Corollary 1.3 and the
above Proposition 5.1. Note that, for our two-parameter family f,, only cycles of squares,
heptagons or pentagons can occur as observed in Corollary 1.3 . We discuss case by case
according to the value of § = 6, 5. (i) Suppose that P is a pentagon, i.e., 2 < §. Then, the
possible subdivisions producing a pentagon are the following two types:

) )

where dashed lines may or may not exist. Since a smooth tropical curve corresponds to a
subdivision by triangles of area %, the smooth case occurs only from the latter type. Both of
these subdivisions produce pentagons as dual graphs consisting of three right angles and two
obtuse angles, however their shapes differ from each other in that the former has separated
obtuse angles (like the baseball homeplate) while the latter has adjacent obtuse angles. On the
other hand, the explicit parametrization of the cycle given in Theorem 1.2 claims that only the
former type of pentagon occurs in our family, all of which turn our to correspond to non-smooth
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tropical curves. (ii) Suppose next that P is a heptagon, i.e., 1 < 6 < 2. In this case, the
corresponding subdivision is pictured as follows.

This produces a smooth tropical curve. (iii) Suppose that P is a square, i.e., —1 < § < 1. By
the result of [V09]-[KMM] and Proposition 1.1, the smooth tropical curve has a cycle of length
8, hence by Corollary 1.3, it can occur only when § = 1. Then, after dividing 7, s by ¢ +9),
without loss of generality, we may assume that the parameters r, s are of the form:

k
r=1 +T0q+27‘kq1+ﬁ,
k>1

k
s=—1+s0q+ Z spq TN
k>1

with 79 + sg # 0 for some integer N > 0. By simple computations, we find w13 = 1, us = 0 and
ug7 = 1 hold independently of the choice of N. Then, the smoothness condition (for the square
cycle case) in Proposition 5.1 (the third inequality of Table 1 [ii]) implies

2 < ugg =1+ vg(é®s? — r?) = UK<(—4 — 250 — 2r0)¢* + O(q%%)>7
hence ro + sg = —2. Conversely, if rg + s = —2, then
vg(e2s? — ér?) = vK<(4 — 259 — 2r9)q + O(qH%)) =1,

so that ug = usq > 2. This satisfies the smoothness condition given in Proposition 5.1 [ii]. O

6. Examples

By virtue of Speyer’s work [S14, Sect. 7], the structure of C(trop(f,s)) as a metric graph can
be viewed as the projection from a certain subtree of the Bruhat-Tits tree, if the divisors (zeros
and poles) of the elliptic functions x, y are known on the curve

(6.1)  Ers: frs(xy) = dia(x+y) + dsa(x® + y°) + dsxy + de7(x’y + y°x) + dsx’y* = 0

with coefficients di9, ds4, ds, dg7, ds given as in (1.2). We investigate those divisors in view of
the theta uniformization p: K* — K*/(+¢**) = E, ;(K) determined by the pair (x(¢),y(t)) of
functions in ¢ € K* (given by (4.7) and (4.11)) as in §4, and illustrate C(trop(fys)) in some
special cases of parameters r,s € K. In the following examples, we content ourselves with
observing smooth cases, while we hope to look into details of (subtle) phenomena appearing in
non-smooth cases in a future separate article.

6.1. Bruhat-Tits tree. Let E be the elliptic curve over K, the smooth completion of the affine
curve defined by f; s(x,y) = 0. Noting that K is assumed to be an algebraically closed field of
characteristic 0, we may compose the above theta parametrization with the square power map
to fit in the usual form of Tate uniformization

(6.2) K™ K*/ ()= Ero(K) =3 K*/(0").
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Denote by Zyx (resp. Zy) the set of zeros in t € K* of the function x o p (resp. y o p)) and by
Py (resp. Py) the set of poles of x o p (resp. yo p), and set

Z.=2,0%, P:=PUP,
Note that from (4.11) we have
(6.3) Zy = qZy, Py=qP.

We also see from the equation (6.1) that both x and y are rational functions of degree 2 on E,. 4,
hence that each of the sets Zy, Py, Zy, Py has the image of cardinality at most 2 under the
projection (6.2). o

Basic tools devised in [S14] are the Bruhat-Tits Q-tree BT (K) and its completion BT (K)
with ends in P!(K):

BT(K) = BT (K) UPY(K).

The group GLo(K) acts naturally on BT(K) so that the multiplication by ¢ € K* on P}(K) =
KU {oo} is extended to the action of (g [1)) € GLy(K). We consider Z U P as an infinite subset

of P}(K) (necessarily stable under the action of (+¢*) C K*) and its spanning tree

(6.4) Io:= |J [=7] (cBT(K)
z,2' € ZUP

which has, for every point z € Z U P (C K* C P!(K)), a semi-infinite path to the ‘end’ z. It
turns out that I', ¢ contains an infinite central road [0, oo]. The metric structure on the internal
edges of I'; s is determined by the rule that, for every 4 points w,z,y,z € P U Z, the length of
the internal edge [w,z] N [y, 2] is given by |vk(c(w,x : y, z))|, the valuation of the cross ratio
c(w,z : y,z) defined by

(w —y)(z — 2)
(w—2)(z —y)
(cf. [S14, Lemma 4.2]). Now, in regards of the above Tate uniformization (6.2), —1 € K* acts
on I', ¢ by switching two sides of the central line so that the quotient tree I'y, s := T, 5 /(£1) (that

corresponds to the projection image of I'. ¢ by K* — K* by t — t?) projects onto the dense
image in C(trop(frs))-

(6.5) clw,z:y,z) =

Lemma 6.1. Suppose that C(trop(f.s)) is tropically smooth. Let RT, s is the R-tree naturally
extended from the Q-tree Ty 5. Then the tropical curve C(trop(fys)) is isometric to R, 5/(¢%).

Proof. This follows easily from the argument in [S14, Sect. 7]. The smoothness assumption is
used to apply [J20, Theorem 5.7] to see the fully faithfulness of the tropicalization map. O

6.2. The set Z of zeros of xo p,y o . The zeros of the function

(6.6) gty = =€ _ e(@)f5(t, —¢*) — &()ba(t, —¢*)
—sy+r  —s(q)0s(t, —¢*) + r(q)04(t, —¢*)

(independent of the choice of r, s) are obtained from the equation €/e = 05(t, —q?)/04(t, —¢?*) in

t, which is equivalent to

lo_OI 1— q2n—1 B 10_01 (1 _ q4n_2t2)(1 _ q4n—2t—2)
14+ q2n71 - (1 + q4n72t2)(1 4 q4n72t72)'

n=1 n=1
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It follows that Z, = {:I:qié#m | n € Z} so that Zy has the image of cardinality 2 under the
projection (6.2). By (6.3), we conclude

(6.7) Z =2Z;UqZy = {£¢5 " | n € Z, e = +1,3}.

6.3. A smooth square case. We first consider the case
=1-3q,
s(g) =-1+gq
To investigate the set of poles of y(t), set
A= —s(q)03(t, —¢*) + (0)0a(t, —¢*),

and compare it with a product of functions of the theta form

Oca =[] @+&®t?) J[ A+ * ¢ ?) (aeQ/8Z, £ €KY).

neL nez
8n+a>0 8n+a<0
Since y(t) has degree 2, we may assume A ~ O¢, - O, for some a,b € Q, &,n € K* (where

~ means up to K*) so that P, = {& —lgma i 4 /1y —3+in | n € Z}. Comparing the
logarithmic derivative

d 2t 42 —4tt 4+ 4 —8t* +8 —2t% — 165 + 16t2 + 2
-1 A 3 4 5 6
o og(A) = 3 T e A 5 q
—8t8 — 3216 + 3212 + 8 —20t8 — 64t% + 642 + 20
+ = q + = ¢+

with that of O¢, - ©, successively from lower degree terms in ¢, we find

a=3, &€= —(1+2¢+3¢* +10¢° + 15¢* + 38¢° + 51¢° + 162¢" + - --),
b=5,n=—(1-2¢+q¢*>—6¢>+ 14¢* — 28¢° +84¢5 — 232¢" +---),

where we only know &£, 7 as approximate values of g-expansions. By (6.3), we conclude
6.9 P=P,UqP, = :ting”, :tﬁq%H”, iiq%H", :tﬁng” nez
y

with

{&zx/ 1=1-¢-3¢+4¢* - 10¢° +556 153 q + -

1=V =1+q+¢ +4¢> +3¢" +12¢° + q6+1°9q7+

We compute various cross ratios (6.5) and their valuations in vg. For example we have the
length of [0 §q %] N7 q2 oo] = vk (c(0,&q™ 3 q2 o0)) = 3; the length of [£q~ 2,§q2] ] q2 oo =

vr(c(éq™ 2,§q2 : nqg,oo)) = 4 etc. Eventually, we find the shape of I', s as in the following
picture, where each of the vertical (resp. horizontal) internal edges between two adjacent e’s
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has length one (resp. ).

(6.10) T

- T T - 5 _ 5 _ 3 3 - _1 _1
q2 q2 qz  1nq2  7q2 q2 g2 q 2

° ° ° q% °

0 U ° ° ° ° ° ° ° o — 00
u=1 u=0

° ° ° _q% °
- 7 7 - 5 _ 5 _ 3 3 - _1 _1
—£q2  —q2 —§q> -—Nqz —Nq2 —q> —£q72 —q 2

Noting that —1 € K* acts by switching the upper and lower sides of the central line, we see
that the quotient of the above tree by (+1) (that corresponds to the projection K* — K* by
t + t2) forms the following tree:

(6.11) Ty (2Th,/(£1)):

g2q7 q7 g2q5 ,,72q5 772(]3 q3 gzq—l q—l
N/ N/ \/ \/
0 R ° ° ° ° ° ° o o — o0
u=1 u=0

where the central u-line acquires the double metric of the original one while the other edges
keeps the original lengths: Consequently each of the internal edges between two adjacent e’s has
length one. Thus, after the Tate uniformization

S ~
KXo K )= i (K) = K*/(6®),

we find the tropical curve C(trop(fys)) is isometric to the quotient of the above tree modulo
(q®) as shown in the following picture.

34

24
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6.4. A heptagon case. We next consider the case

(6.12) {r(q) :1+q§’;
s(q) =—-14qz.

We begin by investigating the set of poles of y(¢) by setting

A= —s(q)03(t, —¢*) + r(9)0a(t, —¢*),
and compare it with a product of theta functions of the form ©¢,0, ;. By analogous consid-
eration to the above square case, in this heptagon case, we are led to finding a = %, b= % and
comparison of the form A ~ O 1 977 o for some &, € K* so that
72 72

Py = {£v/—€ g T4 £/ 17T | n e 7).

Comparing the logarithmic derivative

d A) 2t -2 1 —2%+42 7+4758—4 8+2t12+2t8—2t4—2 n
— l0 _—
at O° ER R EE £ 1
—6t12 — 288 4214 46 23 2t - 1)t +1)2
%— t7 q 2 — t9 q *_...
with that of O¢ , - ©, successively from lower degree terms in ¢, we find

a=3, €= —(1+q+q*+2¢° +2¢" +5¢° +42¢° + 13147 +---),
b=9, n=1+q+2¢*+5¢>+ 14¢* + 42¢° + 132¢5 + 428¢" + - - - .

We may skip computing cross ratios since internal edges disappear in I', ; in this case. Conse-
quently I';. s has external rays from the central line

(1) fOI’ zeros at {q—1+82’q1+827q3+82}7 and

. 9 T 79 9 o 1 ~5 13
(ii) for poles at {772q2+8Z752q2+827 172(] 2 +8Z’£2q 2 +SZ}7
where £ := \/—¢71, 7 := y/—n~1. It follows then that RT,. s looks like the following tree:
2% gz Eq0 g
q7 qd q q—l
“—u ‘ ‘
——0 —0—0 —0— 00— [ ] [ ] L] o — o0
u=1 u=0

whose quotient modulo (¢®) projects onto the tropical curve C(trop(fys)). We observe that it
is indeed isometric to the following tropical curve.

3
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