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ABSTRACT. The Galois action on the pro-¢ étale fundamental groupoid of the projective line minus three
points with rational base points gives rise to a non-commutative formal power series in two variables with
f-adic coefficients, called the ¢-adic Galois associator. In the present paper, we focus on how Landen’s
functional equation of trilogarithms and its ¢-adic Galois analog can be derived algebraically from the
S3-symmetry of the projective line minus three points. Twofold proofs of the functional equation will
be presented, one is based on Zagier’s tensor criterion devised in the framework of graded Lie algebras
and the other is based on the chain rule for the associator power series. In the course of the second
proof, we are led to investigate £-adic Galois multiple polylogarithms appearing as regular coefficients of
the ¢-adic Galois associator. As an application, we show an ¢-adic Galois analog of Oi-Ueno’s functional
equation between Lii .. 1,2(1 —2) and Lig(z)'s (k=1,2,...) .
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1. Introduction

The study of polylogarithms, especially their functional equations, originated in the late 18th century
by Euler, Landen, and others. The classical polylogarithm they studied is a complex function defined by
the following power series

22 28

) z

Lig(z) == 17k+27k+§+... (Jz| < 1).
For £k = 2, it is called the dilogarithm, and for & = 3, it is called the trilogarithm. The multiple
polylogarithm Liy(z) for a multi-index k = (ky ..., kq) € N% generalizes Liy(z), which is defined by the

power series
z"e

Li(z):= Y ok (2| < 1).

0<ny<--<ng e d
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Note that Lip(z) = Liy(2). The functions Lix(z) can be analytically continued to a holomorphic
function on the universal covering space of the three punctured Riemann sphere P(C) — {0, 1, 00}.
There are known a number of functional equations between these functions evaluated at points with
suitably chosen tracking paths from the unit segment (0,1) on P1(C) — {0,1,00}. For example, the
following formulas are typical:

(1.1) Lig(2) + Lia(1 — z) = ¢(2) — log(z) log(1 — 2),
(1.2) Lis(2) + Lis (Z’"1> - —% log?(1 — 2),
(13) le( )+L23(1—2)+L23 ( i 1)

=¢(3)+¢(2)log(l —z) — 3 log(x) log?(1 — 2) + élog?’(l —2).

The former (1.1) is due to Leonhard Euler [E1768] and the latter two (1.2)-(1.3) are due to John Landen
[L1780]. See Lewin’s book [L81] for many other functional equations for polylogarithms. As for multiple
polylogarithms, in [0109]—[0U13} Shu Oi and Kimio Ueno showed the following functional equation:

(1.4) ZLM lj,gz) FLinaa(l—2)=Ck)  (h>2).

k—2 times

Let ¢ be a fixed prime. The ¢-adic Galois multiple polylogarithm
Liy(2) ( Liy (v N Lo ) :Gr = Q

is a function on the absolute Galois group G := Gal(K/K) of a subfield K of C defined, for k =
(ki ...,kq) € N? and an f-adic étale path v, from 01 to a K-rational (tangential) point z on P! —{0, 1, 00},
as a certain (signed) coefficient of the non-commutative formal power series

(1.5) for (X,Y) € Qu(X,Y)) (0 € Gk)

called the f-adic Galois associator. The functions Liﬁ(z) were originally introduced and called the ¢-adic
iterated integrals in a series of papers by Zdzistaw Wojtkowiak (cf e.g., [W0]-[W3]). In particular,

(1.6) ¢L(0) = Lik(§ : 01~10)(o

for the standard path ¢ along the unit interval (0,1) C R. For z € K with a path ~, : (ﬁwz, we also
write

pa(= p'y:) :Gg = Ly
for the Kummer 1-cocycle of the £-th power roots {2/¢"},, determined by ..

n [NW12], Wojtkowiak and the first named author of the present paper devised Zagier’s tensor
criterion for functional equations as a means to calculate exact forms of identities with lower degree
terms for both complex and f-adic Galois polylogarithms. Applying the method, we established a few
examples of functional equations in both polylogarithms. In particular, the above (1.1) and (1.2) were
shown to have the following ¢-adic Galois counterparts:

(1.7) Lig(2)(0) + Lis(1 = 2)(0) = ¢5(0) = p=(0)p1-2(0),
z (o 2 (o
(1.8) Lib(2)(0) + Lif (z—l) (0) = ~£1=2(0) L )

for 0 € G (cf. [NW12]. See §below for some adjustment of notations.)
The purpose of this paper is to provide algebraic proofs of (1.3) and (1.4) which can be used to obtain
their ¢-adic Galois analogs reading as follows:
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Theorem 1.1 (¢-adic Galois analog of the Landen trilogarithm functional equation). There are suitable
paths (ﬁvﬂ — 2, O?Wé associated to a given path -y, : ﬁwz such that the following functional equation

Li§(2)(0) + Li(1 - 2)(0) + Li} (ZZJ (o)

1 1 1

=p1-:(0)" = SLiy(2)(0) = 5 p1-2(0) = 7p:(0)?

= €5(0) = Ca(0)pr-z(0) + lpz(a)plfz(U)Q 6 2 12

2
holds for o € G .

Theorem 1.2 (¢-adic Galois analog of the Oi-Ueno functional equation).

k—1 ;
;Liﬁ_j(z)(a) Pzgc!r) + Lié;l,z(l —2)(0) = ¢h(0) (0 €Gx).

k—2 times

Remark 1.3. In [S21], the second named author showed that the functional equation (1.7) has an
application to a reciprocity law of the triple mod-{2,3} symbols of rational primes via Ihara-Morishita
theory (cf. [HM19]). Theorem 1.2 was shortly announced in a talk by the first named author at online
Oberwolfach meeting ([N21]).

The contents of this paper will be arranged as follows: After a quick set up in §2 on the notations
of standard paths on P! — {0,1,00}, in §3 we discuss complex and f-adic Galois associators as formal
power series in two non-commuting variables, and define the multiple polylogarithms as their coefficients
of certain monomials. We then review in the complex analytic context that (1.3) and (1.4) can be derived
from algebraic relations (chain rules) of associators along simple compositions of paths. With this line
in mind, we prove Theorems 1.1 and 1.2 in the /-adic Galois case by tracing arguments in parallel ways
to the complex case. In §4, after shortly recalling polylogarithmic characters introduced in a series of
collaboration by Wojtkowiak and the first named author, we present Z,-integrality test for ¢-adic Galois
Landen’s equation obtained in Theorem 1.1. Section 5 turns to an alternative approach to functional
equations of polylogarithms based on a set of tools devised in [NW12] to enhance Zagier’s tensor criterion
for functional equations into a concrete form. Then we give alternative proofs of (1.3) and Theorem 1.1
with this method. Appendix will be devoted to exhibiting lower degree terms of the complex and ¢-adic
Galois associators as a convenient reference from the text.

2. Set up

Fix a prime number ¢. Let K be a subfield of the complex number field C, K the algebraic closure
of K in C, and Gk := Gal(K/K) the absolute Galois group of K. Let U := PL — {0,1,00} be
the projective line minus three points over K, Uz the base-change of U via the inclusion K — K, and
Uam = P1(C)—{0,1, 00} the complex analytic space associated to the base-change of Uz via the inclusion
K — C.

In the following, we shall write (ﬁ for the standard K-rational tangential base point on U. Let z be a
K-rational point of U or a K-rational tangential base point on U. We consider 01, z also as points on
Uz or U™ by inclusions K < K and K — C.

Let W}OD(U an, (ﬁ, z) be the set of homotopy classes of topological paths on U?" from (ﬁ to z, and let
wf'ét(Uf;(ﬁ,z) be the pro-f-finite set of pro-¢ étale paths on Uz from (ﬁ to z. Note that there is a
canonical comparison map

WEOP(U“; (ﬁ, 2) = wf'ét(U?; (ﬁ, 2)

that allows us to consider topological paths on U*" as pro-¢ étale paths on Uz
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The dashed line represents P1(R) — {0, 1, co}.
The upper half-plane is above the dashed line.

Let lp,l1,ls be the topological paths on U?" with base point (ﬁ circling counterclockwise around
0,1, 00, respectively. Then, {lp,l1} is a free generating system of the topological fundamental group

tOp(Ua‘“ (ﬁ = TP (U™, (ﬁ (ﬁ ) or the pro-¢ étale fundamental group m4¢t (U, (ﬁ) = i (U 07, 07)
Then, ;°"(X?* 01) is a free group of rank 2 generated by {lo, 11} and 7{" Uz, ﬁ) is a free pro-¢ group
of rank 2 topologlcally generated by {lo, 1 }.

Fix a topological path v, € 7°P(U>; (ﬁ z) on U from 0l to 2. Moreover, let o3 € TP (U, 07 ﬁ
be the topological path on U*" from 01 to 1 % along the real 1nterval and let 05 € 7rt°p uar; (ﬁ 000) be

the topological path on the upper half-plane in U*" from (ﬁ to Ooo
Let ¢, ¢ € Aut(U*") be automorphisms of U?" defined by

(2.1) o) =1—t, () = ——

and introduce specific paths from 01 to 1 — 2 and to -*5 by

Y. =05 0(72) € P (U, (ﬁ, 1—2),

(2.2)
Ve =0 () €M (Uan;OT p— - 1) :

Here, paths are composed from left to right.

3. Associators and multiple polylogarithms

Recall that the multiple polylogarithms appear as coefficients of the non-commutative formal power
series in two variables with complex coefficients, determined as the basic solution of the KZ equation
(Knizhnik-Zamolodchikov equation) on P!(C) — {0, 1, 00}. More precisely, let Go(X,Y)(z) be the funda-
mental solution of the formal KZ equation

d X Y

GG = (5 + g ) 6T

dz 1
on P}(C) — {0,1,00}, which is an analytic function with values in C{(X,Y)) characterized by the as-
ymptotic behavior Go(X,Y)(2) ~ zX (¢ — 0) and analytically continued to the universal cover of



Landen’s trilogarithm functional equation 5

P!(C) — {0,1,00}. Let M be the non-commutative free monoid generated by the non-commuting inde-
terminates X,Y. One can expand Go(X,Y)(z) in the words w € M in the form

(3'1) GO(va)(Z) =1+ Z Cw(’)/z) " w.
weM\{1}

The multiple polylogarithm Liy(v.) associated to a tuple k = (ki ..., kq) € N? and a topological path -,

from 01 to z is equal to the coefficient of Go(X,Y)(2) at the ‘regular’ word w(k) := Xke=1y ... Xk -1y
multiplied by (—1)¢ (where ‘regular’ means that the word ends in the letter Y). In summary, writing the
length d of the tuple k = (ky ..., kq) as dep(k), we have

(3.2) Lik(7:) = (=1)*PM ey 00 (72).

To define the f-adic Galois multiple polylogarithms, we make use of the Gi-action on the étale paths
instead of the fundamental KZ-solution. Given a pro-¢ étale path v, € ﬂf'ét(UF;a,z), form a pro-¢
étale loop ) :=v-o(y)"! € 7l (U, (ﬁ), and expand it via the Magnus embedding Wi‘ét(Uf,(ﬁ) —
Qu{(X,Y)) defined by Iy — exp(X), l; — exp(Y).

Notation 3.1. By abuse of notation, we shall write the above image of f= € 7{¢*(Uz, (ﬁ) in Qu(X,Y)
as

(3.3) P yY)=14+ > ()0 w (0€Gk).
weM\{1}

This is what we described in 1.5. In the parallel way to the above (3.2), for any tuple k of positive
integers, we define the /-adic Galois multiple polylogarithm Lif; to be the function Gx — Q; determined
by

(3.4) Lig(7:)(0) = (=1)%PMel 4 (1) (0)
for 0 € Gi. The f-adic zeta function Cf; : Gg — Qy is a special case given with (1.6) in Introduction.

Remark 3.2. It is worth noting that the ¢-adic Galois associator fgl_é (X,Y) € Qu((X,Y)) is the f-adic
Galois analog of the Drinfeld associator

O(X,Y) = (GO(Y, X)(1 - z))fl - Go(X,Y)(2) € CYX,Y)).

We summarize analogy between ¢-adic Galois and complex associators as Table 1, where the 3rd and 4th
rows reflect the chain rules of associators in regards of the path compositions (2.2).

TABLE 1

{-adic Galois side complex side

for (X,Y) € Qu((X,Y) Go(X,Y)(2) € C(X,Y))

o0 (X,Y) € Qu((X,Y) ®(X,Y) € C(X,Y))
P (X,Y) = ' (V. X) - o (X, Y) Go(X,Y)(2) = Go(Y, X)(1 — 2) - $(X,Y)
PO =02 Y, G Y) () = GalX 2)(e) - explni)
Z :=log(exp(—Y)exp(—X)) Z:=-Y-X
Lit (7y.)(0): ¢-adic Galois multiple polylog value Lix(2): multiple polylog value
¢k (0): f-adic Galois multiple zeta value ¢(k): multiple zeta value




6 H.Nakamura, D.Shiraishi

Algebraic proof of (1.3)-(1.4). The following arguments are motivated from an enlightening remark
given in Appendix of Furusho’s lecture note [F14, A.24]. By the explicit formula of Le-Murakami [L.M96]
type due to Furusho [F04, Theorem 3.15], the coefficient of Y X*~1 in Go(X,Y)(z) is

log’ =
t

) log" z )
Coeffyxk—l(Go(X, Y)(Z)) = — Z (*1)SLZf/(BmAs)(Z)% = (*1)]C (*l)tL’Lk_t(Z)
s+tt:>k(;1 ’ t=0

where f’ indicates the operation annihilating terms ending with the letter X. Applying this to the chain
rule Go(Y, X)(1 — 2) = Go(X,Y)(2) - (Y, X) from Table 1, we see that

is equal to
Coeffy xr-1(Go(X,Y)(2)) + Coeffy xr-1(P(Y, X))
= Coeffy yr-1(Go(X,Y)(2)) + Coeff yyu—1(P(X,Y))

k—1 t
= (F ) i (2B (1)L 1,2)
t=0 ’ M

k—2 times

Here we used a tautological identity Coeff, (4 p)(f(A,B)) = Coeff,(p a)(f(B,A)) and the fact that
Coeff yi(P(X,Y)) = Coeffy:(P(X,Y)) = 0 for all 4 > 1. This together with the well known identity
¢(1,...,1,2) = ((k) (duality formula) derives (1.4).

k—2 times

Before going to prove (1.3), we compare the coefficients of Y XY in the same identity Go(X,Y)(z) =
Go(Y, X)(1 —2) - ®(X,Y) from Table 1. By simple calculation, we obtain

(3.5) cyxy (72) = —C(2)ex (11-2) — 2¢(3) + exyx(m1-2)
= —C(2ex(n-2) —203) + (exy (n-z)ex (1-z) — 2ex2y (11-2))
where, in the former equaltiy are used known identities (cf. Appendix) Coeffxy (®(X,Y)) = —((2),

Coeffy xy (®(X,Y)) = —2((3), and in the last equality is used the shuffle relation according to XYuwX =
XY X +2X?Y. This leads to

(3.6) Lig(z) = —% log(1 — 2) — 2¢(3) — Lia(1 — 2)log(1 — 2) + 2Lis(1 — 2).

Now let us compare the coefficients of X2Y in the both sides of the chain rule

Go(X,Y) (z £ 1) = Go(X, Z)(2) - exp(miX)
from Table 1. It follows easily that
(3.7) exxy (7= ) = —exxv(72) — eyyy (72) + exvy (72) + evxy (72),
or equivalently,
(38) —Lis (221> = L23(2) + Lil,m(z) + Lil,g(z) + Lig’l(z’).
We know from the case k = 3 of (1.4) with interchange z <+ 1 — z that
1
(3.9) Liy 2(2) =¢(3) — (Lig(l —z)— Lis(1 — z)log(1 —2) — 5 log zlog?(1 — z)) .
Putting (3.6) and (3.9) into the last two terms of (3.8) with noticing Liy1,1(2) = —3 log®(1 — z)

(cf. Appendix), we obtain a proof of Landen’s trilogarithm functional equation (1.3). O
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Proof of Theorem 1.2: In the /-adic Galois setting, the argument for the assertion goes in almost
parallel way to the above proof for (1.4). In fact, the formula of Le-Murakami and Furusho type is
generalized to any group-like elements of Qg ((X,Y")) in [N21b], so that it holds that

k

|
-

t
. —pPz\O
(3.10) Coeffy yr1(fl*(X,Y)) = (=1)* (—1)th£_t(7z)%.
t=0 ’
Comparing the coefficients of Y X*~1 of the identity
0 (XY) = (V. X) o (X Y)

in Table 1, we obtain

S p=(0))
(3.11) D Ligj(v=)(0) == + Lit 1 o(n-2)(0) = €11 2(0) (0 € Gi).

=0 J: ~—~— —~—

k—2 times k—2 times

Note here that, in the special case z = 10 with 7= = d33, we should interpret that Li?m’l,g(yl_z)(a) =0
and that p,(0)’ = 0,1 according to whether j > 0 or j = 0, from which we obtain the duality formula:

(3.12) d,...,1,2(0> = Cé(g) (0 € Gk).
k—2 times
Putting this back to (3.11) settles the proof of Theorem 1.2. O

Proof of Theorem 1.1: We only have to examine the ¢-adic Galois versions of the identities (3.6), (3.8)
and (3.9) with replacing the role of Go(X,Y)(v.) by f2*(X,Y). It turns out that the two identities (3.6),
(3.9) have exactly the parallel counterparts:

313 Li100)(0) = Chlo)or+(0) + Cha(0) + Lib(n_2)(o)pr-+(0) + 2Lib(3 1) (o),
B Lifa0:)(0) = ¢5(0) - (L) (@) + L@ o(a) + 5ol (0)?)

with 0 € Gg. There occurs a small difference for (3.8) when evaluating the identity fzﬁ (X,Y) =

f1:(X, Z) - b0 (X,Y) with Z :=log(exp(—Y)exp(—X)) as the Campbell-Hausdorff sum. At the level of
coefficients of f-adic Galois associators, the complex case (3.7) turns to have extra additional terms as:

(3.15) c{;(XY('VZil )(0) = —ckxy (7:)(0) = yyy (1:)(0) + yy (v:)(0) + & xy (7:)(0)
~ (5 0)(0) - 5 02)(0) + 15k (2)(@)).

from which follows that

(3.16) L (72 )(0) = — Lib(v.)(0) — Lt 1 1(12)(0) — Lt p(12)(0) — L1 (12)(o)
- (iuémxcf) ot 112;)1_2(0))

for o € Gk. The asserted formula follows from (3.16) after Li{ 5(7:)(c), Li5(7.)(0) in the RHS are
replaced by the equations (3.14), (3.13) respectively and from knowledge of a few coefficients of {2+ (X,Y)
in lower degrees (cf. Appendix). O
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4. Polylogarithmic characters and Z,-integrality test

There is a specific series of functions X2z, : Gx — Z; (called the polylogarithmic characters) closely
related to the f-adic Galois polylogarithms Li{(z) : Gk — Q.

Definition 4.1 ([NW99]: (-adic Galois polylogarithmic character ). For each m € N and o € G, we
define X7z (o) (often written shortly as xZ,(o)) by the (sequential) Kummer properties

m
m—1

-1 -1
vZ (o o _17; n im—1 i . (o n. i
gcnm( )=0<][(1—C2(r’z,( )L/ ) )/ ” (1_%4[/3 (o) 1/¢ )
i=0

=0

over n € N, where the roots z'/™, (1 — 2)1/™, (1 — ¢22Y/™)1/™ (n,m € N,a € Z) are chosen along the path

VY. € ﬂ'{Op(Uan;(ﬁ,z), p-(= p.) : Gxg — Zy is the Kummer 1-cocycle of the ¢-th power roots {z'/¢"},

along 7., and x : Gg — Z; is the (-adic cyclotomic character. We call the function
Xon (= X07) 1 Gk = Ly
the ((-adic Galois) polylogarithmic character associated to v, € 7P (U™, (ﬁ, z).

We first begin with summarizing the relations between the polylogarithmic characters and ¢-adic Galois
polylogarithms:

Proposition 4.2. Let {1=(X,Y) be the Magnus expansion of the £-adic Galois associator fi= as in (3.3).
Then, we have:

o7 (o m—1 o k
() Costty xnot (11 (X, 7)) = — T <= (7Y Lty (10) )22 ) ,

(m—1)!
k=0
m—1 o k ~z o
(i) Goettxnory (5(X,Y) = ()" 3 peo) (,ff”iff 3@! (=Lt (1))
foro e Gg.

Proof. The first equality of (i) is proved in [NW20, Proposition 8 (ii)], where the symbol Li,, in loc.cit.
differs from our Li,, by the sign corresponding to the parity of the number of appearances of letter Y in
w. (ii) follows from (3.10), i.e., is a consequence of the special case of the formula of Le-Murakami and
Furusho type generalized to group-like elements in [N21b]. Note that the equality in the bracket of (ii) is
just due to our definition of Lif (3.4). The equality in the bracket of (i) follows from (ii) by inductively
reversing the sequence {Li’ }m to {Xm }m- O

Often we prefer a functional equation of f-adic Galois polylogarithms expressed in a form of the
corresponding identity between polylogarithmic characters, because the latter enables us to check the
Z¢-integrality of both sides of the equation.

For example, the functional equations (1.7), (1.8) are equivalent to

oz cl—z 1
(4.1) X5(0) +X377(0) + pa(0)pr-2(0) = 57 (x(0)* = 1),
<z ~z/(1-z 1
(4.2) %5(0) + 37 (0) = = 3p-2(m-2(0) = X(0))
for each o € Gk respectively. Noting that x(o) = 1 (mod 2) and x(¢)? = 1 (mod 24), we easily see

that each of the RHSs has no denominator, i.e., € Z; for every prime ¢. From this viewpoint, it is
worth rewriting Landen’s trilogarithm functional equation (Theorem 1.1) in terms of polylogarithmic
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characters. By simple computation, it results in:

(13)  %0) + B0 + 5V 0) = B0) + X)) + pa(@hor—s(0) — LA (o7 - 1)

- Plsz(”) (x(0) = p1--(0)) (x(0) ~ 201--(0)).

It is not difficult to see that each term of the above right hand side has no denominator in Z,.

5. Tensor criterion for Landen’s equation for Lij

It would be worth giving alternative proofs of complex/¢-adic Galois Landen’s trilogarithm functional
equations (1.3) and Theorem 1.1 with the method of [NW12] not only for checking the validity of proofs
given in §3 but also for providing a typical sample showing utility of Zagier’s tensor criterion for functional
equations (cf.e.g. [G13])

Let O := K|t, +, 1] be the coordinate ring of Uz = P1 — {0, 1,00} with unit group O*, and let
f1, f2, f3 : U — Ug be (auto)morphisms of Uy defined by
t
hO) =t LU)=1-t fit)=—

Considering f1, fo, f3 : U — Gy, as elements of O*, we specialize Zagier’s tensor criterion for Landen’s
functional equation of Liz’s in the following proposition:

Proposition 5.1 (Tensor criterion for Landen’s functional equation for Lig). In the tensor product
O* ® (0O* ANO*) of abelian groups, we have

LA -1D))+ o (foA(fo—1)+ 32 (fsA(fz—1))=0.

Proof. By simple calculations, we have:

a®@Ab)+b+c)@((b+c)A(a+c))+ (a—b) @ ((a—0b)A(=b))
=bR@(cAha)+b@(bAc)+c®(anb)+c®(ahe)+c®(bAc)=0

in 0% ® (0% A O*). The assertion is a consequence of the special case a :=t,b:=t—1c¢:= —1. O

To compute the functional equations in concrete forms, we shall plug the above Proposition 5.1 into
[NW12, Theorem 5.7] — (iil)¢ and (ii), — (iii),. Fix a family of paths {d1,02,d3} from ol to
fi( (ﬁ = (ﬁ f2(0 411 _(>) f3 ﬁ = (Fo with 1 := 1(= trivial path), do := dg3;, 03 := 52 respectively.
Suppose we are given a topological path =, : (ﬁwz on P1(C) — {0,1,00}. Then, §; (i = 1,2,3) provides
a natural path 6; - fi(7y.) : 01~ f;(2). Below we always consider the three points f1(z) =z, fa(2) =1—2

and f3(z) = -*7 to accompany those natural tracking paths from the base point 01 (i = 1,2,3) in this
way.

5.1. Complex case. With the notations being as above, [NW12, Theorem 5.7 (iii)¢] asserts the existence
of a functional equation of the form

3

(5'1) ZEWS fz fz (ﬁ fz ’Yz =0,

i=1
where each term can be calculated by a concrete algorithm [NW12, Proposition 5.11]. Below let us exhibit
the calculation by enhancing [NW12, Examples 6.1-6.2] to their “Lisz” version, for which we start with

the graded Lie-versions of complex polylogarithms, written lix(z,.) for any path (ﬁwz. These can be
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converted to usual polylogarithms by [NW12, Proposition 5.2]; in particular, for £ = 0, ..., 3 we have:

(5.2)

lig(z) = —— (Lig,(z) - %log(z)Lig(z) - % log? (=) log(1 — z)) .

(27i)

Each term of (5.1) relies only on the chain f;(7,) that does not start from of if ¢ # 1, in which case we
need to interpret the chain f;(7,) as the difference “; - f;(7.) minus §,”. At the level of graded Lie-version
of polylogarithms, the difference can be evaluated by the polylog-BCH formula [NW12, Proposition 5.9]:
In our case, a crucial role is played by the polynomial

1 1
(53) Pg({aj}?zo, {bj}?:o) =as3+ bg + 5((1062 - boag) + ﬁ(agbl — a0a1b0 — a0b0b1 —+ albg)
in 8 variables a;,b; (j =0,...,3). Using this and applying [NW12, Proposition 5.11 (i)], we have
(5.4) ﬁéB(fi(Z)vfi((ﬁ);fi('}’z)) =P ({li;(fi(2),0i - fi(7=)) Y=o {*hj(fi(a),(;i)}?:o)

for i = 1,2, 3. Noting then that

(—1001, 51))0§j§3 = (0,0,0,0),
(—nj(ﬂﬁ, 52))0Sj§3

.= 1
(*11j(000,§3))0<j<3 = (2707070) )

we compute (5.4) for i = 1,2,3 as:
8 (z,00:72) = lis(2),
(55) {LE(1—210;fa(r2) =11 - 2) —lis(10) + lio(1 — 2)(~Tio(2)),
£89 (21,005 f3(32)) = lis(5) + 5 (—Hlia(5)) + 5 (Blia(s3p) — Sl (3o () -

Putting these together into (5.1) and applying (5.2), we obtain Landen’s functional equation (1.3).

- (0,0,—112@3),—113@)) - <0,0,—471T2Li2(1),—(27rli)3Li3(1)> :

5.2. (-adic Galois case. Let us apply [NW12, Theorem 5.7 (iii),] in the parallel order to our above
discussion in the complex case. The f-adic version of the functional equation (5.1) in loc.cit. relies on
the choice of our free generator system @ := (lo, 1) of m{*"(Uz, 01) which plays an indispensable role to
specify a splitting of the pro-unipotent Lie algebra of 74t into the weight gradation over Qy (cf. [NW12,
§4.2]). Then, the functional equation turns out in the form

3
(56) > L), £ £(6))0) = Blo1:) (0 € i)

where E(o,7,) is called the ¢-adic error term ([NW12, §4.3]). The graded Lie-version of ¢-adic Galois poly-
logarithm /i (z,.,Z) (for k > 1) is then defined as the coefficient of ad(X)*~*(Y) = [X, [X,[ - [X,Y].]]
in log(f}*(X,Y)™!) as an element of Lie formal series Lieg,{(X,Y)). Recall that the variables X,Y
are determined by & := {lo,l;} by the the Magnus embedding W{'ét(U?,(ﬁ) — Qu((X,Y)) defined by
lo — exp(X), 1 — exp(Y'). For brevity below, let us often omit references to the loop system & = (o, (1)
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and/or tracking paths d; - f;(7.) : 0~ fi(z) in our notations as long as no confusions occur. The list
corresponding to (5.2) reads then:
tio(2)(0) = p2(0),
tir(2)(0) = pr-2(0),
‘ . 1
(5.7) {i2(2)(0) = ~R5(0) = 5p=(0)pr-=(0),
, 1. 1, 1
tiz(z)(0) = §X3(U) + ipz(U)Xz(U) + Epz(0)2plfz(0)

with o € Gk. Each term of the above (5.6) for ¢ = 1,2,3 can be expressed by the graded Lie-version
of polylogarithms fiy (k = 0,...,3) along “J; - fi(.) minus §;” by the polylog-BCH formula ([NW12,
Proposition 5.11 (ii)]) in the following way:

Lﬁg(fi)’f(fi(z)afi((ﬁ); fi(v:2)) = PS({_Eij(fi((ﬁ)y5iaf)}?=07 {0i5(fi(2), 0 - fi(y2), ) }ioo)-
Noting that

(—ﬁ@(ﬁ?,50)0<j<3::(OJLO,OL
(~s(16.80)__ = (0.0~¢ia(1). ~tia(10)) = (0.0, F0). 330

0<5<3
( v — 5 B 1—x(o)
- Zj(OOO, 3) 0<j<3 - 7707070 5
we obtain for o € Gg:
£EY) (2,015, (0) — 133(0) + 10.(0)%5(0) + 5p-(0)2p1 2 (0),
LY (1= 2 16; fo(v)) (o) = %xé*;w) + %plfzw)x;;(a) + Lo 2(0)2p.(0)
—1580(0) = Lp1_.(0) x40 (0),
(5.8)
3 3 zZ _> ~zi1 ~zi1
£ty (Z_l,Ooo;fswz)) (@) =3% (0)+3p= ()% " (0) + 15p= (0)%p 1 (0)
(o 7 1
4 (159) (<457 0) - gz (00,2 (0)

Combining the identities in (5.8) enables us to rewrite the LHS of (5.6) in terms of ¢-adic Galois poly-
logarithmic characters. It remains to compute the error term F(o,7,) in the right hand side of (5.6).

Lemma 5.2. Notations begin as above, we have

1 1 1
B(0,72) = —5p1+(0) + 5%5(0) + 1-(0)r-(0).
Proof. We shall apply the formula [NW12, Corollary 5.8] to compute the error term. Let [log(f}*)~!]<3
be the part of degree < 3 cut out from the Lie formal series log(f)=)~! € Lieg,{(X,Y)) with respect
obtained by the Magnus embedding Iy — eX, I; — e¥ with respect to the fixed free generator system
Z = (lo,11) of ﬂl'ét(U?,(ﬁ). We also write 3 : Lieg, (X,Y)) — Qq for the Q;-linear form that picks up
the coeflicient of [X, [X,Y]] (that is uniquely determined) for any Lie series of Lieg, (X,Y)). Introduce
the variable Z so that eXe¥Ye? =1 in Qu((X,Y)). By the Campbell-Baker-Hausdorff formula, we have

X, Y]~ X, [X, Y]] 4o

1
. Z=-X-Y-=
(5.9) 2 12
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According to [NW12, Corollary 5.8], it follows then that

3
E(o,v.) = Z% (6; - fi (og(F7) M<s) - 6: ")

zl
= Y6 L)X pr ()Y lin(z, 1)K, V]) 5,7
i=1

= 3(P=(0)X + pr=(0)Y + Lin(2,7:) (9) X, V]
03 (p=(0)Y + pr2(0) X + L (2,7:)(0)[Y, X] )

+03 (p:(0)X + p1-2(0)Z + bi(2,7:) (0)]X, 2]

Since 3 annihilates those terms X, Y, [X, Y], [Y, X], we continue the above computation after (5.9) as:

E(O’,’yz) = 3 <_112p12(0')[X, [Xv Y]] - %&2(27’72)(0)[)(’ [X’ YH)
= (o) lin(272)(0)

—_

= ()3 () - o))

[\

1 1., 1
—1gP1-2(0) + 5X3(0) + 1 pz(0)p1-2(0).

This concludes the assertion of the lemma. O

Alternative proof of Theorem 1.1. As discussed in §4, the f-adic Galois Landen’s trilogarithm functional
equation in Theorem 1.1 is equivalent to the identity (4.3) between polylogarithmic characters. The
latter follows from (5.6) with replacements of the terms of both sides by (5.8) and Lemma (5.2) by simple
computations. O

Appendix A. Low degree terms of associators

Presentation of lower degree terms of Go(X,Y)(2) and {72 (X,Y") are often useful as references. The
former one presented below reconfirms Furusho’s preceding computations found in [F04, 3.25]-[F14, A.16]
(where the sign of log(z)Liz(z) had an unfortunate misprint in the coefficient of XY X).

(A1) Go(X,Y)(2) = 1 +1log(2) X +log(1— 2)Y + logZ(z) X2 — Liy(2)XY

log(1=2) o, log’(2)
2 6

X3 — Lig(2)X?Y

B log?(2)log(1 — 2)
2
log(z)log?(1 — z)) Vx4 log3(1 — 2)
2 6

- <Li3(z) — log(z)Lia(2) ) Y X2+ Lig1(2)Y XY

- (LiLg(Z) + Li271(2) - y?
+ - -+ (higher degree terms).

This is a group-like element of C{(X,Y")) whose coefficients satisfy what are called the shuffle relations
([Reeb8]). The regular coefficients (viz. those coefficients of monomials ending with letter Y) are
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given by iterated integrals of a sequence of dz/z, dz/(1 — z). This immediately shows Go(0,Y)(2) =

> ko log" (1 2yk and say, Li11,1(z) = —}log®(1 — z). Furusho gave an explicit formula that expresses
arbitrary coefﬁc1ents of Go(X, Y) in terms only of the regular coefficients ([F04, Theorem 3.15]). The

specialization z — 10 (cf. [W97] p.239 for a naive account) interprets log z — 0,log(1l — z) — 0 so as to
produce the Drinfeld’s associator:
(A.2) B(X,Y) (: Go(X, Y)(ﬁ))
=1-C2)XY +¢(2)YX —((3)X?Y +2((3)XY X
+¢(1,2)XY? - ¢(3)Y X% —2((1,2)Y XY +((1,2)Y2X
+ - - - (higher degree terms)

which forms the primary component of the Grothendieck-Teichmiiller group ([D90], [Th90]). Among other

symmetric relations of ®, the 2-cyclic relation ®(X,Y) - ®(Y, X) = 1 (which may be derived at z = 1
in the chain rule Go(Y, X)(1 — 2z) = Go(X,Y)(2) - (Y, X) from Table 1) implies Euler’s celebrated
relation ¢(3) = ¢(1,2) (due to Coeff y2y + Coeffyzy = 0). One also observes that the shuffle relation
corresponding to XYuwY =Y XY + 2XYY implies Coeffy xy = —2((1,2).

The expansion in Q¢{(X,Y)) of the f-adic Galois associator )= € m{** (U, ﬁ ) via the Magnus embed-
ding lp — e¥, I} — e¥ over Qy reads as follows:

(A3) IV =1 g @)X — oy @Y + 25 Lt o)y

2 3
Li402)(0) + 1, @0y (@)Y X 4 L1y 0O s pgo )5y

(2Lz )+ Py () Li(1:)(0) ) XY X + Lif 5(7:)(0) X Y2

The coefficients of X,Y, Y X* (k = 1,2,...) were calculated in terms of polylogarithmic characters ex-
plicitly in [NW99]. A formula of Le-Murakami, Furusho type for arbitrary group-like power series was
shown in [N21b]. As illustrated in Proposition 4.2, the family of polylogarithmic characters and that of
¢-adic Galois polylogarithms are converted to each other. The terms appearing in the above (A.3) can
be derived from them.

/N

p1.(0)*ps_.(0)

Lig(7:)(0) + py. (o) Lis(y:) (o) + 5

) Y X2+ Lib 1 (7:)(0)Y XY

Lij 120y +L12 1(7=)(0) +

2 3
2. 0 ) vix p%,%w) Va

- (higher degree terms) (0 € Gg).
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