Proceedings of Symposia in Pure Mathematics Volume 70, 2002

Limits of Galois representations in fundamental groups along maximal degeneration of marked curves, II

Hiroaki Nakamura

Part I:

§1. Introduction.

§2. Legendre model of π_1(P^1 − {0, 1, ∞}). §3. Graph of profinite fundamental groups. §4. Tate elliptic curves.

Part II:

§5. Complex analytic model: prelude to Part II. §6. Limit Galois representation in genus g case. §7. Galois representations in π_1(M_{g,1}), π_1(M_{g,2}). §8. Coupling Galois representations in π_1(M_{g,r}). §9. Moves and associated pro-words. §10. Coalescing tangential base points. Appendix.

By virtue of Belyi’s result [Be], there is a standard way that the elements of the absolute Galois group Gal(Q /Q) = G_Q are faithfully parametrized by a set of pairs (χ, f) ∈ Ẑ × F̂_2 in the product of the free profinite groups of rank 1 and 2 (cf. [Ih1,2], [Sc]). This paper continues our previous work [N99] of the same title (which will be referred to as Part I below), where we investigated local behaviors of Galois representations in the fundamental groups of marked curves in terms of (χ, f). In fact, we showed an explicit method for calculating the elementwise action of G_Q on certain standard generator systems of the fundamental groups of smooth marked curves which are infinitesimally tangent to maximally degenerate stable marked curves. Since the parameter (χ, f) is defined by using the fundamental group of P^1 − {0, 1, ∞}, our main task was to combine copies of π_1(P^1 − {0, 1, ∞}) suitably together into the issued fundamental groups with the van Kampen method.

The purpose of this paper is to push forward this program to the Galois actions on the fundamental groups of moduli spaces of curves. We call these fundamental groups the profinite Teichmüller modular groups. In fact, already in previous

1991 Mathematics Subject Classification. Primary 11G35; Secondary 11G20, 14H10, 14E20. Key words and phrases. Grothendieck-Teichmüller group, Galois representation, fundamental group, anabelian geometry.

© 2002 American Mathematical Society 43

44 HIROAKI NAKAMURA

works [IM], [Ma], [N97], this program was studied in special cases. To establish a firm understanding of the general case, in [LNS]-[NS], the following strategy was employed: First, we invented a group IΓ (as a subgroup of what is called the Grothendieck-Teichmüller group ^GT ) consisting of pairs (χ, f) ∈ Ẑ× F̂_2 with a certain finite number of axioms satisfied by the image of G_Q. Then, we defined actions of (χ, f) ∈ IΓ on all the Dehn twist elements in the profinite completion of the surface mapping class group which is isomorphic to the profinite Teichmüller modular group of the corresponding type. We showed that our axioms of IΓ “resolve” the relations among the Dehn twists to insure the well definedness of our IΓ-action. As a consequence of our construction, the IΓ-actions turned out to be compatible with the cutting and pasting alterations of the underlying surfaces, and established was an algorithm for computing how each element of IΓ(⊃ G_Q) acts on the Dehn twists in terms of pairs (χ, f).

In the last part of [NS], we also presented an explicit formula which describes a standard IΓ-action on a certain finite number of Dehn twist generators of any type of mapping class group. The main purpose of the present paper is to show that this formula is indeed properly compatible with the Galois representation arising in the profinite Teichmüller modular group of the corresponding type in algebraic geometry:

Theorem 5.8 (abridged form). There is a tangential base point ⃗a on the moduli space of curves M_{g,r} at which the induced Galois actions on the Dehn twist generators of π_1(M_{g,r} ⊗ Q ,⃗a) coincide with the restriction to G_Q of the standard IΓ-actions on them computed topologically in [NS] §11.

We will basically use the notation system used in Part I. We write M_{g,r} (resp. M_{g,r}) for the moduli stack over Q of the proper smooth (resp. stable) curves of genus g with (ordered) r marked points. For a circle c on a (marked) topological surface Σ, D_c denotes the left Dehn twist element along c in the mapping class group Γ(Σ).

The content of each section of the present Part II is summarized as follows. In §5, we start by constructing a complex analytic model corresponding to the deformation curve associated with the P^1_{01∞}-diagram of [IN]. This allows us to talk about “Dehn twists in π_1(M_{g,r})” by the natural comparison isomorphism Γ̂(Σ) ∼= π_1(M_{g,r} × Q ). Then, we present our main theorem (Theorem 5.8) stating that the Galois representation arising from a certain tangential base point is given by the same explicit formulae of the actions on the Dehn twist generators as those calculated in [NS] §11. In §6, we present the formula of I,§3 on the limit Galois action in the general case of genus g and r marked points. In §7, partially reviewing the result of [N97], we show Theorem 5.8 in the special cases of M_{g,1} and M_{g,2}. Here, the new deformation technique of Harbater-Stevenson [HS] enables us to examine a certain subtle factor arising in comparing Galois representations. In §8, we utilize the coupling technique used in [N96] to combine Galois actions on π_1(M_{g,1}) and π_1(M_{0,r+1}) inside π_1(M_{g,r}). This together with the limit Galois information of §6 on the kernel part of the forgetful homomorphism π_1(M_{g,r}) → π_1(M_{g,r−1}) covers the total of π_1(M_{g,r}). In §9, we conclude the proof of Theorem 5.8 with reviewing necessary part of the algorithm established in [NS]. In §10, we discuss a generalization of our construction of a tangential base point to the case of Hurwitz moduli spaces. Finally in Appendix we supply a concise proof of the

LIMITS OF GALOIS REPRESENTATIONS, II 45

(classical) fact that the finite set of Dehn twists considered in Theorem 5.8 give a generator system of the mapping class group of type (g, r).

Before closing Introduction, we will mention briefly some related works which motivated our present paper but will not be mentioned in the text below. The problem of describing the Galois representations in π_1(M_{g,r}) by combining those in low levels was initially posed by A.Grothendieck [G] in his philosophy “Lego game of Galois-Teichmüller”. (A rigorous definition of π_1(M_{g,r}) through resolution of the moduli stack by simplicial schemes is given in T.Oda [Od].) The use of graph of groups in the study of the universal monodromy representation of π_1(M_{g,r}) was initiated in the paper by Asada-Matsumoto-Oda [AMO]. As mentioned in Introduction of Part I, one can think of our present work as standing at a crossroad of these two research streams. Recently, T.Ichikawa [Ic] brought into the field another interesting viewpoint of Mumford’s uniformization of curves, which supports our topological ‘A-move’ algorithm of [NS] in his algebro-geometric context. We would like to expect future work illustrating another ‘S-move’ algorithm in the context of algebraic geometry.

§5. Complex analytic model: prelude to Part II.

5.1. Suppose we are given a maximally degenerate marked stable curve (viz. P^1_{01∞}-diagram) over Q by the collection of data: ( X^0 = ⋃ λ∈Λ X^0_λ, {P^0_μ }_{μ∈M} , {Q^0_ν }_{ν∈N} ) , where X^0 consists of the rational irreducible components X^0_λ(∼= P^1_Q) (λ ∈ Λ) connected by the ordinary double Q-points {P^0_μ }_{μ∈M} in such a way that each component X^0_λ has exactly three distinguished (Q-)points, i.e., from {P^0_μ }_{μ∈M} ∪ {Q^0_ν }_{ν∈N} (cf. I,§3). For simplicity, we often write X^0 to designate all the above data. We call {Q^0_ν }_ν the set of marked points on X^0, and write μ/λ (resp. ν/λ) when the point P^0_μ (resp. Q^0_ν ) lies on the component X^0_λ. With the above collection of data, naturally associated is the dual graph Δ^0 having the vertex set Λ, the edge set M and the leg (= half edge) set N so that each vertex has valency 3 (counting adjacent edges and legs together). The rank g of the 1-st homology of Δ^0 is by definition the genus of X^0. We call X^0 a P^1_{01∞}-diagram of type (g, |N|). Assume 2 − 2g − |N| < 0 and (g, |N|) ≠ (0, 3). A tangential structure T on X^0 means a collection {t_{μ/λ}} of coordinates t_{μ/λ} of X^0_λ (λ ∈ Λ) which are chosen for all incidence pairs μ/λ under the rule that t_{μ/λ} should have value 0 (resp. 1 or ∞) at the point P^0_μ (resp. at any distinguished point on X^0_λ other than P^0_μ ).

Let q be a formal variable. In [IN, Th.1^′], applying the Grothendieck formal patching method with the equations t_{μ/λ}t_{μ/λ}′ = q (μ/λ, λ^′, λ ≠ λ^′), we constructed a deformation scheme X/Q[[q]] of X^0/Q equipped with marked sections {Q_ν : Spec Q[[q]] → X}_{ν∈N} extending the set {Q^0_ν }_{ν∈N} . We call X/Q[[q]] the standard deformation of (X^0, T ). In this section, we shall consider the complex analytic correspondent to the deformation space X.

5.2. We once and for all fix an embedding Q → C . Let us construct an analytic stable family {X^q , {Q^q_ν }_ν } of marked Riemann surfaces over the disk U = {q ∈

46 HIROAKI NAKAMURA

C ; |q| <^1_4 } so that it extends the degenerate fibre X^0 = X^0(C ). For q ∈ U \ {0}, let us construct the smooth Riemann surface X^q as follows. First define, for each λ ∈ Λ, the local piece X^q_λ to be the (marked) bounded domain of X^0_λ(C ) ∼= P^1(C ) complementary to the open disks {|t_{μ/λ}| < √ |q|} for all μ/λ (μ ∈ M) with leaving marked points Q^0_ν for all ν/λ (ν ∈ N) as Q^q_ν . Since |q| < min{^1_{22} , (^{√5−1}_2 )^2}, one finds easily that each of these X^q_λ is a Riemann sphere either with three holes, with two holes and one marked point, or with one hole and two marked points as in Figure 5.1. (In [IN] Remark 2.3.11, ε should have read^1_2 ). We shall call this type of bounded Riemann sphere (with marked points) a pair of pants.

Figure 5.1

Next, we shall analytically connect X^q_λ ’s (λ ∈ Λ) together as follows. Whenever given incidence relations μ/λ, λ^′, λ ≠ λ^′ (λ, λ^′ ∈ Λ, μ ∈ M), identify X^q_λ (resp. X^q_λ′ ) with a piece of the affine line L = {(t, t^′) ∈ C^2 | tt^′ = q} by t_{μ/λ} → t (resp. by t_{μ/λ}′ → t^′). Then, it is easy to see that X^q_λ and X^q_λ′ are fit in each other along one of their boundaries in the line L.

Figure 5.2

Continuing this process entirely, we finally obtain a closed Riemann surface X^q of genus g with |N|-marked points {Q^q_ν }_{ν∈N} . It is also obvious that the above construction varies analytically with respect to q ∈ U so that lim_{q→0}X^q = X^0; hence

gives our desired family {X^q , {Q^q_ν }_{ν∈N} }_{q∈U}.

5.3. In the above construction, each X^q has a pants decomposition X^q = ⋃ λ X^q_λ . Now, suppose moreover that q is taken to be a positive real ε ∈ U, i.e., 0 < ε <^1_4 . In this case, the real loci of each X^ε_λ are continued to those of adjacent X^ε_λ′ across their boundary. (See Figure 5.3 for the typical situation.)

Figure 5.3

LIMITS OF GALOIS REPRESENTATIONS, II 47

On X^ε, let us draw the boundaries of X^ε_λ ’s by normal lines (call them the circles of the pants decomposition), and the collection of the real loci by dotted lines. Then, by the above remark, the marked Riemann surface X^ε acquires, in addition to the pants decomposition structure ∪_λX^ε_λ , a quilt decomposition structure (over the pants decomposition) which is, by definition, a way of decomposing each pair of pants into two “hexagonal rags” so that “seams” (illustrated by dotted lines) meet each other among themselves at exactly two points on each circle of the pants decomposition. (See [NS] for the more elaborated description concerning definitions of quilt, seam etc.) When we make ε approach 0, the X^ε is to be fastened at each boundary circle of the pants decomposition, but the combinatorial structure of the quilt/pants decomposition is invariant. In this way, given any P^1_{01∞}-diagram with a tangential structure, we say that there is a standard quilt decomposition on the marked Riemann surface X^ε of type (g, |N|).

5.4. In the above construction, we could have used independent variables q_μ for respective edges μ ∈ M to produce an analytic family X^{univ} over the polydisc U^M := {(q_μ)_{μ∈M} ; |q_μ| <^1_4 }. The cardinality of M is exactly 3g − 3 + |N|, and the above family gives a local neighborhood of X^0 in the universal family of stable marked curves over the moduli space. The diagonal 1-parameter family over {(q, . . . , q) ∈ U^M ; |q| <^1_4 } is nothing but X^q of §5.2-3. Letting ε > 0 approach 0, we may regard the locus (ε, . . . , ε) of X^ε as defining a tangential base point ⃗b on the moduli stack M_{g,|N|}(C ). The resulting (orbifold) fundamental group is in the well known manner identified with Γ(X^ε; {Q^ε_ν }_{ν∈N} ), the mapping class group of the marked Riemann surface (X^ε; {Q^ε_ν }_ν ) which is by definition the connected component group of the orientation preserving diffeomorphisms of the marked Riemann surface (X^ε, {Q^ε_ν }) (marks are pointwise preserved): π^{orb}_1 (M_{g,|N|}(C ),⃗b) = Γ(X^ε; {Q^ε_ν }_{ν∈N} ). For example, regard the loop based at ⃗b with the locus of (q_μ(t))_μ (0 ≤ t ≤ 1) by

q_μ(t) = { εe^{−2πit} (μ = μ_0), ε (μ ≠ μ_0)

as an element of π_1(M_{g,|N|},⃗b). Then, the corresponding element in the mapping class group Γ(X^ε; {Q^ε_ν }_{ν∈N} ) is the left Dehn twist along the circle of the pants decomposition appearing around the edge μ_0. Since the quilt structure introduced in §5.3 gives a cell decomposition of the marked surface X^ε, one can detect any other Dehn twists of π_1(M_{g,|N|},⃗b) also through circles drawn with the quilt on X^ε.

5.5. Now, let g, r ∈ N be positive integers with 2 − 2g − r < 0, and consider the P^1_{01∞}-diagram Y^0 = Y^0_{g,r+1} of type (g, r + 1) whose dual graph has

vertex set Λ = {λ_1, . . . , λ_{2g} , ϵ_1, . . . , ϵ_{r−1}}, edge set M = {κ_{±(2j−1)}, κ_{2j} , μ_i | 1 ≤ i ≤ r − 2, 1 ≤ j ≤ g}, leg set N = {κ_0, ν_1, . . . , ν_r},

connected as in Figure 5.4.

48 HIROAKI NAKAMURA

Figure 5.4

We introduce a collection of distinguished coordinates {t_{∗/λ}} for all incidence pairs ∗/λ (∗ ∈ M ∪ N, λ ∈ Λ). The choice has t_{∗/λ} a coordinate of Y^0_λ ∼= P^1_Q valued in {0, 1, ∞} at its three distinguished points so that t_{∗/λ}(P^0_∗ ) = 0 (resp. t_{∗/λ}(Q^0_∗) = 0) for ∗ ∈ M (resp. ∗ ∈ N) (cf. §5.1). Further:

t_{κ2j /λ2j} (P^0_{κ−(2j−1)} ) = t_{κ2j−2 /λ2j−1} (P^0_{κ−(2j−1)} ) = 1, (1 ≤ j ≤ g),

(5.5.1)

t_{κ±(2j−1) /λ2j} (P^0_{κ2j} ) = t_{κ±(2j−1) /λ2j−1} (P^0_{κ2j−2} ) = 1, (1 ≤ j ≤ g),

(5.5.2)

t_{κ2g/ϵr−1} (Q^0_{νr} ) = 1, (5.5.3)

t_{μi/ϵi} (Q^0_{νi+1} ) = t_{μi/ϵi+1} (Q^0_{νi+2} ) = 1, (1 ≤ i ≤ r − 2),

(5.5.4)

t_{ν1/ϵ1} (Q^0_{ν2} ) = t_{νr /ϵr−1} (P^0_{κ2g} ) = t_{νi+1/ϵi} (P^0_{μi} ) = 1, (1 ≤ i ≤ r − 2).

(5.5.5)

Define the tangential structure T_{g,r+1} on Y^0_{g,r+1} to be the subset {t_{μ/λ} | μ/λ; μ ∈ M, λ ∈ Λ}. The generic fibre of the standard deformation Y_{g,r+1}/Q[[q]] of (Y^0_{g,r+1}, T_{g,r+1}) then defines a tangential base point ⃗a^′ on M_{g,r+1}. Our principal object in the present part II of this paper is the image ⃗a of ⃗a^′ by the morphism M_{g,r+1} → M_{g,r} obtained by forgetting the marked point Q_{κ0} . At the tangential base point ⃗a, we have a canonical splitting of the exact sequence 1 −→ π_1(M_{g,r} ⊗ Q ,⃗a) −→ π_1(M_{g,r},⃗a) s_{⃗a↶} −→ G_Q −→ 1, and the conjugate G_Q-action through the section s_{⃗a} on π_1(M_{g,r} ⊗ Q ,⃗a). If we consider the complex analytic model Y^ε for ⃗a^′ with marked points Q^ε_{ν1} , . . . , Q^ε_{νr} (forgetting Q^ε_{κ0} ), the geometric fundamental group can be identified with Γ̂(Y^ε; {Q^ε_{νi} }^r_{i=1}), the profinite completion of the mapping class group of the marked Riemann surface (Y^ε; Q^ε_{ν1} , . . . , Q^ε_{νr} ). As explained in §5.4, we can detect Dehn twist elements of the latter mapping class group by drawing circles on the complex model. We will examine explicitly the Galois action in terms of certain Dehn twist generators and the parameters in the Grothendieck-Teichmüller group ^GT .

5.6. As presented in §5.3, there is associated the pants (and quilt) decomposition on Y^ε, which we shall illustrate as in the following Figure 5.5. Here, we understand that the seams for the quilt are given as the “ridges” of the figure dividing each pair of pants into front and back hexagons.

LIMITS OF GALOIS REPRESENTATIONS, II 49

Figure 5.5

It is well known that the mapping class group is generated by a finite number of Dehn twists, shown by M.Dehn, W.B.R.Lickorish (cf. also Humphries [H], Mumford [M]). For example, as shown in Appendix, we can take as a generator system the set of Dehn twists along the circles a_1, . . . , a_{2g}, d_{±2}, . . . , d_{±g} , e_1, . . . , e_g, k_2, . . . , k_{r−1}, h_1, . . . , h_r and u_{ij} (1 ≤ i < j ≤ r) illustrated in Figure 5.5-6.

Figure 5.6

To describe the G_Q-action on these generators, we need to introduce several other notations of circles lying in the left half part of Figure 5.5-6. Let us cut off the part by the circles d_g and d_{−g}, and develop it by regarding d_{−g} as a frame so that the issued part looks as in Figure 5.7. We would like to introduce other types of circles b_{st}, k_{st} (1 ≤ s, t ≤ r; s < t) as illustrated in the figure.

Figure 5.7

Note that k_{1,s} = k_s, k_{s,s+1} = u_{s,s+1}, k_{2,s} = b_{1,s}, k_{1,r} = e_g. Sometimes it is also convenient to regard k_s =‘b_{s+1,s+1}’, d_g =‘Q_{ν0} ’, d_{−g} =‘Q_{ν∞} ’, and set h_s = u_{0,s} = b_{s,∞}, h_1 = k_{01}. One can write the Dehn twists along these new circles by the above generator system as follows.

50 HIROAKI NAKAMURA

Lemma 5.7. The following relations hold for 1 ≤ i < j ≤ r. D_{kij} = (D_{ui,i+1} )(D_{ui,i+2} D_{ui+1,i+2} ) · · · (D_{uij} · · · D_{uj−1,j} ), (5.7.1) D_{k1,i} D_{kij} D_{bij} = D_{k1,i−1} D_{ki+1,j} D_{k1,j} . (5.7.2)

Proof. (5.7.1) is proved in [NS] Lemma 11.1. (5.7.2) is so called the lantern relation among the Dehn twists along the circles drawn in Figure 5.8. □

Figure 5.8 Remark. We save notations here by denoting v_{ij} of [NS] by k_{ij} . It is also noted that in the statement of Lemma 11.1 [NS], the definitions of ϵ_0 and ϵ_∞ should have been reversely typeset.

In [NS], we constructed a subgroup IΓ of ^GT containing G_Q, and defined actions of IΓ on all types of the surface mapping class groups in a certain consistent topological way. The purpose of this paper is to show the following Theorem 5.8 stating that the G_Q-action at the tangential base point ⃗a introduced in §5.5 coincides with that which is obtained from the IΓ-action of [NS] §11 by restriction to G_Q. Let χ : G_Q → Ẑ^× be the cyclotomic character, and put ρ_{−1}(σ) =^{χ(σ)−1}_2 (σ ∈ G_Q). Let ρ_2 : G_Q → Ẑ be the Kummer 1-cocycle defined by σ(^n √ 2) =^n √ 2 ζ^{ρ2 (σ)}_n (n ≥ 1, n√ 2 > 0).

Theorem 5.8. Notations being as above, the action of σ ∈ G_Q on the Dehn twist generators of π_1(M_{g,r} ⊗ Q ,⃗a) can be written explicitly as follows: (1) D_{di} → D^χ_{di} , D_{d−i} → D^χ_{d−i} , D_{ei} → D^χ_{ei} , (1 ≤ i ≤ g), D_{ki} → D^χ_{ki} , (2 ≤ j ≤ r − 1) (2) D_{a2i−1} → w^{4ρ2}_{2i−1}f(D^2_{a2i−1} , w_{2i−1})D^χ_{a2i−1} f(w_{2i−1}, D^2_{a2i−1} )w^{−4ρ2}_{2i−1} ,

D_{a2i} → w^{−4ρ2}_{2i} f(D^2_{a2i} , w_{2i})D^χ_{a2i} f(w_{2i}, D^2_{a2i} )w^{4ρ2}_{2i} . (1 ≤ i ≤ g) (3) D_{hs} → F_sD^χ_{hs} F^{−1}_s (1 ≤ s ≤ r), where F_s is given by F_s = f(D_{k0,r−1} , D_{k1,r} ) · · · f(D_{k0,s} , D_{k1,s+1} ) · D^{ρ−1}_{k1,s} f(D_{hs} , D_{k1,s} ). (4) D_{ust} → F_{st}D^χ_{ust} F^{−1}_{st} (1 ≤ s < t ≤ r), where F_{st} is given by F_{st} = (_{t−s−2} ∏ i=0 f(D_{kt−2−i,t−1} , D_{k1,t−2−i} ) ) f(D_{kst} , D_{k1,t−1} )D^{−ρ−1}_{ks,t−1} f(D_{ust} , D_{ks,t−1} ). Here, χ = χ(σ), ρ_{−1} = ρ_{−1}(σ), ρ_2 = ρ_2(σ), d_{±1} = a_1, and in the case t = s + 1, the product in i of (4) is understood to be trivial.

LIMITS OF GALOIS REPRESENTATIONS, II 51

5.9. Before closing this section, we introduce a notion of equivalence relation between tangential base points. Let X be a normal algebraic variety, k a field of characteristic zero, and suppose that we are given two k-rational tangential base points ⃗v_i : Spec k((t)) → X (i = 1, 2). (See [N98] for an elementary exposition on the notion of tangential base points.) We shall say that ⃗v_1 and ⃗v_2 share a common support of equivalence, if there exist

1. a morphism f : (U_t =)Spec k[[t_1, . . . , t_n]][^1_{t1} , . . . ,^1_{tn} ] → X, 2. two k-morphisms g_i : Spec k((t)) → U_t (i = 1, 2) with ⃗v_i = f ∘ g_i, such that both g_1 and g_2 are defined by power series in t with principal coefficients 1, in other words, g^∗_i (t_j ) (i = 1, 2; j = 1, . . . , n) are of the form t^{kij} (1 + O(t)) (k_{ij} > 0). The usefulness of this property is in the fact that when this is the case,

there is a natural isomorphism π_1(U, ⃗v_1) ∼= π_1(U, ⃗v_2) preserving their Galois sections s_{⃗vi} : G_k → π_1(U, ⃗v_i) (i = 1, 2).

Indeed, let Rev(X) be the Galois category of etale covers of X. By Abhyankar’s lemma [GR, XIII], the components of the pullbacks of objects in Rev(X) over U_t are dominated by the spectrum of Ω := ⋃ n k̄[[t^{1/n}_1 , . . . , t^{1/n}_n ]][^1_{t1} , . . . ,^1_{tn} ]; hence one can define a base point functor Rev(X) → Sets to be that which takes the set of Ω-valued points for each cover. This functor is naturally equivalent with that which takes the set of ⋃ n k̄((t1/n))-valued points of each cover via ⃗v_i (i = 1, 2) respectively.

By virtue of the condition of the unit principal coefficients, two coefficientwise G_kactions on those sets via ⃗v_1, ⃗v_2 are originated from the common G_k-action on the coefficients of power series in the ring Ω, hence it turns out that the Galois sections s_{⃗vi} (i = 1, 2) should coincide with each other. This proves the above assertion.

We will call two tangential base points ⃗v and ⃗v^′ (Galois)equivalent (and write ⃗v ≈ ⃗v^′), if they are connected by a finite sequence ⃗v = ⃗v_0, ⃗v_1, . . . , ⃗v_n = ⃗v^′ such that ⃗v_{i−1} and ⃗v_i share a common support of equivalence for i = 1, . . . , n. By repeating the above process consecutively, we may identify the Galois functors on Rev(X) (and the Galois sections G_k → π_1(X, ∗)) induced from equivalent tangential base points. This naive formulation of equivalence, after the idea of “toroidal transformations of tangential base points” due to P.Deligne (cf. [De] §15), will be used essentially in several contexts of our work (including Part I as well as [N97]). To illustrate a typical example, suppose we are given a P^1_{01∞}-diagram X^0 = ⋃ λ X^0_λ of type (g, r) together with a tangential structure T = {t_{μ/λ}} on it. Pick adjacent pairs μ/λ, λ^′ (λ ≠ λ^′) and consider another tangential structure T^′ which differs from T only in employing^{tμ/λ}_{tμ/λ−1} ,^{tμ/λ′}_{tμ/λ′ −1} instead of t_{μ/λ}, t_{μ/λ}′ . Then, by the similar argument to [N97] Lemma (4.3), one can show that the standard deformations of (X^0, T ) and of (X^0, T^′) determine mutually equivalent tangential base points on M_{g,r}. This justifies how one can associate an equivalence class of tangential base points with a topological quilt structure on a marked surface.

§6. Limit Galois representation in genus g case.

6.1. Following the general procedure of Part I §3, we shall calculate the limit Galois representation arising in deformation of a 2-point marked stable curve of genus g. Consider a standard P^1_{01∞}-diagram of genus g — a chain of 2-point marked Tate elliptic curves — consisting of the data: ( Y^0 = ⋃_{2g} i=1 Y^0_{λi} , {P^0_{κ±(2i−1)} , P^0_{κ2j} } 1≤i≤g_{1≤j<g} , {Q^0_{κ0} , Q^0_{κ2g} } )

52 HIROAKI NAKAMURA

where each Y^0_{λi} denotes a copy of P^1_Q with three distinguished Q-rational points lying in the set of double points {P^0_{κ±(2i−1)} , P^0_{κ2j} }_{i,j} or in the set of marked points {Q^0_{κ0} , Q^0_{κ2g} } of Y^0. The incidence relations appear on the following data: The dual graph Δ^0 on the vertex set Λ = {λ_i | i = 1, . . . , 2g}; the edge set M = {κ_{±(2i−1)}, κ_{2j} | 1 ≤ i ≤ g, 1 ≤ j < g}; and the leg (= half edge) set N = {κ_0, κ_{2g}} connected as in Figure 6.1.

Figure 6.1

The above Y^0 (written Y^0_{g,2} occasionally later) is a maximally degenerate marked stable curve of genus g with two marked points over Q. We wish to deform it into a curve over the power series ring Q[[q]]. In order to do it according to the procedure of I§3, let us introduce a tangential structure T which is a collection of distinguished coordinates for all incidence pairs κ_∗/λ_⋆:

T := { t_{κ2j /λ2j} , t_{κ2j−2 /λ2j−1} , t_{κ±(2j−1) /λ2j} , t_{κ±(2j−1) /λ2j−1} | | j = 1, . . . , g }

whose members are determined by the following conditions we impose on them: { t_{κ2j /λ2j} (P^0_{κ−(2j−1)} ) = t_{κ2j−2 /λ2j−1} (P^0_{κ−(2j−1)} ) = 1,

t_{κ±(2j−1) /λ2j} (P^0_{κ2j} ) = t_{κ±(2j−1) /λ2j−1} (P^0_{κ2j−2} ) = 1 (j = 1, . . . , g).

Here we also understand P^0_{κ2g} = Q^0_{κ2g} and P^0_{κ0} = Q^0_{κ0} .

Let Y/Q[[q]] be the standard deformation (§5.1) of Y^0/Q from the above data (Y^0, T ) together with sections Q_{κ0} , Q_{κ2g} : Spec Q[[q]] → Y extending the marked points Q^0_{κ0} , Q^0_{κ2g} respectively.

6.2. Now, let D ⊂ Y be the normal crossing divisor formed by the singular fibre Y^0 and the images of marking sections Q_{κ0} , Q_{κ2g} . Our first task is to compute π^D_1 (Y, ~κ_{2g} ), the fundamental group of Y admitting (tame) ramifications along D with the (standard) tangential base point ~κ_{2g} at Q^0_{κ2g} determined by the Puiseux ring Q [[q^{1/n}, t^{1/n}_{κ2g /λ2g} ]]_{n≥1}. According to the procedure in I§3, we shall fix a rooted maximal tree (T, e_0) of Δ^0: we set T to be the tree formed by the edges {κ_{−(2i−1)}, κ_{2j} | 1 ≤ i ≤ g, 1 ≤ j < g}, and set e_0 = e_{κ2g /λ2g} (see Figure 6.2).

Figure 6.2

By Theorem 3.11, π^D_1 (Y, ~κ_{2g}) is isomorphic to π_1(Π/Δ^0, T ), the fundamental group of a graph of profinite groups Π/Δ^0 w.r.t. T . Let us now recall the construction

LIMITS OF GALOIS REPRESENTATIONS, II 53

of Π/Δ^0: It is a collection of the vertex groups Π_λ (λ ∈ Λ), the edge groups Π_μ (μ ∈ M) and the connecting homomorphisms j_{μ/λ} : Π_μ → Π_λ for all incidence pairs μ/λ. The local component groups are of the following forms: Π_λ = i_λ(G_Q) ⋉ (⟨0_λ, 1_λ, ∞_λ | 0_λ1_λ∞_λ = 1⟩ ⊕ ⟨τ_λ⟩), Π_μ = i_μ(G_Q) ⋉ (⟨τ_{μ/λ}⟩ ⊕ ⟨τ_{μ/λ}′ ⟩), where 0_λ, 1_λ, ∞_λ, τ_λ, τ_{μ/λ} and τ_{μ/λ}′ denote free symbols corresponding to certain generators of local fundamental groups. The isomorphic images of i_λ(G_Q), i_μ(G_Q) of the Galois group G_Q are here acting on τ_∗’s by the cyclotomic character χ : G_Q → Ẑ^×. We also understand that i_λ(G_Q) is acting on 0_λ, 1_λ, ∞_λ exactly as in π_1(P^1 − {0, 1, ∞}, −→ 01), i.e.,

0_λ → 0^{χ(σ)}_λ , 1_λ → f_σ (0_λ, 1_λ)^{−1}1^{χ(σ)}_λ f_σ (0_λ, 1_λ),

where f_σ (X, Y ) ∈ [F̂_2, F̂_2] is the principal parameter of the image of G_Q → ^GT . In I§2, we introduced auxiliary parameters f^{−→ab}_σ ∈ F̂_2 for any pairs a, b ∈ {0, 1, ∞} (a ≠ b) so that f^{−→01}_σ = 1, f^{−→10}_σ = f_σ (σ ∈ G_Q). Using these, the connecting homomorphism j_{μ/λ} can be described as

j_{μ/λ} :

i_μ(σ) → f^{−→ab}_σ (0_λ, 1_λ) · i_λ(σ) (σ ∈ G_Q), τ_{μ/λ} → τ_λ, τ_{μ/λ}′ → τ_λ · a_λ, where a, b are respectively the t_μ′_{/λ}-coordinates of the points t_{μ/λ} = 0, 1 for the unique μ^′/λ lying on the reduced path between e_0 and λ in T . We denote this −→ ab by ⃗v(μ/λ). 6.3. Let Ω denote the algebraic closure of the local field Q((q)) which is identified with Q {{q}}, the field of “Puiseux power series with bounded coefficients”. Writing Y_Ω for the generic geometric fiber of Y → Spec Q[[q]], we have a canonical exact sequence

1 −→ π_1(Y_Ω ∖ {Q_{κ0} , Q_{κ2g} }, ~κ_{2g}) −→ π^D_1 (Y, ~κ_{2g} ) −→ Gal(Ω/Q((q))) −→ 1 together with a canonical splitting caused by the tangential base point ~κ_{2g} . Since Gal(Ω/Q((q))) has also a canonical splitting G_Q ⋉ Ẑ through the action of G_Q on the coefficients of each Puiseux series in Ω, the conjugate action G_Q → Aut ( π_1(Y_Ω ∖ {Q_{κ0} , Q_{κ2g} }, ~κ_{2g}) ) arises. This is the limit Galois representation we are seeking now.

6.4. We shall standardize a generator system of the kernel part Π_{g,2} := π_1(Y_Ω ∖ {Q_{κ0} , Q_{κ2g} }, ~κ_{2g}) by using symbols of §6.2. Let us consider first the situation near the points P^0_{κ±(2j−1)} (1 ≤ j ≤ g), P^0_{κ2j−2} (2 ≤ j ≤ g) for a fixed j. First, check that ⃗v(κ_{2j−1}/λ_{2j} ) = −→ ∞0, ⃗v(κ_{2j−1}/λ_{2j−1}) = −→ ∞1, ⃗v(κ_{−(2j−1)}/λ_{2j} ) = −→ 10, ⃗v(κ_{−(2j−1)}/λ_{2j−1}) = −→ 01, ⃗v(κ_{2j−2}/λ_{2j−1}) = −→ 10, ⃗v(κ_{2j−2}/λ_{2j−2}) = −→ 01.

54 HIROAKI NAKAMURA

Then, we trace the connecting homomorphisms: j_{κ2j−1 /λ2j} : { τ_{κ2j−1 /λ2j} → τ_{λ2j} , τ_{κ2j−1 /λ2j−1} → τ_{λ2j} ∞_{λ2j} ; j_{κ2j−1 /λ2j−1} : { τ_{κ2j−1 /λ2j} → τ_{λ2j−1} ∞_{λ2j−1} , τ_{κ2j−1 /λ2j−1} → τ_{λ2j−1} . Upon gluing Π_{λ2j} and Π_{λ2j−1} along Π_{κ2j−1} , we have to introduce a new edge symbol e_{κ2j−1 /λ2j−1} (= e^{−1}_{κ2j−1 /λ2j} ) to amalgamate them by the relation j_{κ2j−1 /λ2j} (g) = e_{κ2j−1 /λ2j−1} j_{κ2j−1 /λ2j−1} (g) e^{−1}_{κ2j−1 /λ2j−1} (g ∈ Π_{κ2j−1} ). In particular, we obtain (6.4.1) ∞^{−1}_{λ2j} = e_{κ2j−1 /λ2j−1} ∞_{λ2j−1} e^{−1}_{κ2j−1 /λ2j−1} . Processing similar computation on the adjacent pairs “κ_{−(2j−1)}/λ_{2j} , λ_{2j−1}” and also on “κ_{2j−2}/λ_{2j−1}, λ_{2j−2}” yields 1^{−1}_{λ2j} = e_{κ−(2j−1) /λ2j−1} 0_{λ2j−1} e^{−1}_{κ−(2j−1) /λ2j−1} (1 ≤ j ≤ g), (6.4.2) 1^{−1}_{λ2j−1} = e_{κ2j−2 /λ2j−1} 0_{λ2j−2} e^{−1}_{κ2j−2 /λ2j−1} (2 ≤ j ≤ g). (6.4.3)

But since the edges κ_{−(2j−1)}, κ_{2j−2} are included in the maximal tree T , the symbols e_∗’s in (6.4.2-3) are killed in π_1(Π/Δ^0, T ). Thus, combining (6.4.1-3) together with 0_λ1_λ∞_λ = 1 (λ ∈ Λ), we obtain ∞_{λ2j−1} e_{κ2j−1 /λ2j−1} ∞^{−1}_{λ2j−1} e^{−1}_{κ2j−1 /λ2j−1} 0_{λ2j} = 1^{−1}_{λ2j−1} (j ≥ 1) ( = 0_{λ2j−2} when j ≥ 2 ) . Coming to this stage, one can then compose the above relations for j = 1, . . . , g. Then, after new notations x_j := ∞_{λ2j−1} , y_j := e_{κ2j−1 /λ2j−1} (1 ≤ j ≤ g), z_1 = 0_{λ2g} , z_0 = 1_{λ1} are introduced, the resulting relation becomes (6.4.4) [x_1, y_1] · · · [x_g , y_g]z_1z_0 = 1, where [ξ, η] = ξ η ξ^{−1}η^{−1}. Thus, we have managed to identify a standard generator system of the profinite surface group Π_{g,2} = π_1(Y_Ω ∖ {Q_{κ0} , Q_{κ2g} }, ~κ_{2g}) in the language of the graph of groups Π/Δ^0. (See also Figure 6.3 for a topological illustration of the relationships between the issued loops after the van Kampen gluing of our local fundamental groups.)

Figure 6.3

LIMITS OF GALOIS REPRESENTATIONS, II 55

Moreover, this generator system may be used to express 0_{λi} , 1_{λi} as follows:

0_{λ1} = x^{−1}_1 z^{−1}_0 , 0_{λ2j} = [y_j , x_j ] · · · [y_1, x_1]z^{−1}_0 , (1 ≤ j ≤ g), 0_{λ2j+1} = x^{−1}_{j+1}[y_j , x_j ] · · · [y_1, x_1]z^{−1}_0 , (1 ≤ j ≤ g − 1);

(6.4.5)

1_{λ1} = z_0, 1_{λ2} = z_0x_1, 1_{λ2j+1} = z_0[x_1, y_1] · · · [x_j , y_j ], (1 ≤ j ≤ g − 1), 1_{λ2j} = z_0[x_1, y_1] · · · [x_{j−1}, y_{j−1}]x_j , (2 ≤ j ≤ g).

(6.4.6)

Theorem 6.5. Under the above presentation of Π_{g,2} = π_1(Y_Ω ∖ {Q_{κ0} , Q_{κ2g} }, ~κ_{2g}) via the generator system {x_1, y_1 . . . , x_g , y_g, z_0, z_1}, the limit Galois representation of §6.3 can be described by the following formula (σ ∈ G_Q):

σ(x_i) = f_{2i}(σ)^{−1}f^{−→∞0}_σ (0_{λ2i−1} , 1_{λ2i−1} )^{−1}x^{χ(σ)}_i f^{−→∞0}_σ (0_{λ2i−1} , 1_{λ2i−1} )f_{2i}(σ), σ(y_i) = f_{2i+1}(σ)^{−1}f^{−→∞0}_σ (0_{λ2i} , 1_{λ2i} )^{−1} · y_i · f^{−→∞1}_σ (0_{λ2i−1} , 1_{λ2i−1} )f_{2i}(σ) (i = 1, . . . , g), σ(z_1) = z^{χ(σ)}_1 , σ(z_0) = f_1(σ)^{−1}z^{χ(σ)}_0 f_1(σ). Here, f_i(σ) = ∏_{2g} s=i f_σ(0_{λs} , 1_{λs} ) (= 1 if i > 2g). We also recall that

f^{−→∞1}_σ (x, y) = f_σ (y, z)y^{χ(σ)−12} f_σ(x, y) (= z^{1−χ(σ)2} f_σ (x, z)x^{1−χ(σ)2} )

and f^{−→∞0}_σ (x, y) = f_σ (x, z)x^{1−χ(σ)2} for x, y, z with xyz = 1.

Proof. This is just a direct application of the formula given in Part I, Theorem 3.15 to our present setting of §§6.1-6.4. The last reminder is from I, Prop.2.11. □

6.6. Now, let us graft the standard tree of I, Example (3.18) to the above Y^0 by identifying ν_n with κ_{2g} . We shall denote by Y^0_{g,r+1} the composed P^1_{01∞}- diagram whose dual graph is illustrated in Figure 5.4. Here, note that we set r = n − 1(≥ 2), and change notations of indices for components from λ_i of I,(3.18) to ϵ_i. The tangential structure T_{g,r+1} we put on Y^0_{g,r+1} is, as the union of those introduced in §6.1 and I,(3.18), consisting of members of T together with the other set of the coordinates involved in the tree part: t_{μi /ϵi} , t_{μi /ϵi+1} (i = 1, . . . , r − 2), t_{κ2g /λ2g} and t_{κ2g /ϵr−1} . The latter coordinates are chosen to take the value 1 at the involving distinguished marked points of Q^0_{νi} (i = 2, . . . , r) as in §5.5. We then deform Y^0_{g,r+1}/Q to Y_{g,r+1}/Q[[q]] according to T_{g,r+1} in the standard way (§5.1), and equip it with the canonical sections Q_{νi} (resp. Q_{κ0} ) extending Q^0_{νi} (i = 1, . . . , r) (resp. Q^0_{κ0} ). Let t_{ν1 /ϵ1} be the coordinate of Y^0_{ϵ1} taking 0, 1, ∞ at Q^0_{ν1} , Q^0_{ν2} , P^0_{μ1} respectively (5.5.5), and let ν̃_1 be the tangential base point on Y_{g,r+1} defined by the Puiseux ring Q [[q^{1/n}, t^{1/n}_{ν1 /ϵ1} ]]_{n≥1}.

6.7. Computation of the limit Galois action on the fundamental group Π_{g,r+1} = π_1(Y_{g,r+1} ⊗ Ω \ {Q_{ν1} , . . . , Q_{νr} , Q_{κ0} }, ν̃_1)

56 HIROAKI NAKAMURA

is not a tedious task in this stage. Taking ν_1 as the initial segment e_{01} together with the obvious maximal tree T extending that in §6.2, it is now an almost automatic combination of our computations so far. In fact, the presentation of Π_{g,r+1} is given by the amalgamation of Π_{g,2} of §6.4 and the additional generators a_{ϵi} (i = 1, . . . , r− 1, a = 0, 1, ∞) with the relations 0_{ϵi} 1_{ϵi} ∞_{ϵi} = 1, ∞_{ϵi} = 0^{−1}_{ϵi+1} (i = 1, . . . , r − 1) and ∞_{ϵr−1} = z^{−1}_1 (∈ Π_{g,2}). So if we (re)set z_1 := 0_{ϵ1} , z_2 := 1_{ϵ1} , · · · , z_r := 1_{ϵr−1} , then we obtain a standard presentation:

Π_{g,r+1} = ⟨ x_i, y_i, z_j 1 ≤ i ≤ g, 0 ≤ j ≤ r | | [x1, y1] · · · [xg , yg]z1 · · · zrz0 = 1 ⟩

on which G_Q acts through the tangential base point ν̃_1. We conclude this section by describing the limit Galois representation in this standard Π_{g,r+1}. In the following formulae, note also that 0_{ϵj} = z_1 · · · z_j , 1_{ϵj} = z_{j+1} (j = 1, . . . , r − 1).

Theorem 6.8. Under the above presentation of

Π_{g,r+1} = π_1(Y_{g,r+1} ⊗ Ω ∖ {Q_{κ0} , Q_{νi} }^r_{i=1}, ~ν_1)

via the generator system {x_1, y_1 . . . , x_g , y_g, z_0, z_1, . . . , z_r}, the limit Galois representation can be described by the following formula (σ ∈ G_Q):

σ(x_i) = f̃_{2i}(σ)^{−1}f^{−→∞0}_σ (0_{λ2i−1} , 1_{λ2i−1} )^{−1}x^{χ(σ)}_i f^{−→∞0}_σ (0_{λ2i−1} , 1_{λ2i−1} )f̃_{2i}(σ),

σ(y_i) = f̃_{2i+1}(σ)^{−1}f^{−→∞0}_σ (0_{λ2i} , 1_{λ2i} ) · y_i · f^{−→∞1}_σ (0_{λ2i−1} , 1_{λ2i−1} )f̃_{2i}(σ), (i = 1, . . . , g);

σ(z_1) = z^{χ(σ)}_1 ,

σ(z_j ) = f^T_{j−1}(σ)^{−1}f_σ (0_{ϵj−1} , 1_{ϵj−1} )^{−1}z^{χ(σ)}_j f_σ (0_{ϵj−1} , 1_{ϵj−1} )f^T_{j−1}(σ), (j = 2, . . . , r);

σ(z_0) = f̃_1(σ)^{−1}z^{χ(σ)}_0 f̃_1(σ).

Here, we define f^T_j (σ) := ∏_{j−1} s=1 f^{−→∞1}_σ (0_{ϵj−s} , 1_{ϵj−s} ) and f̃_i(σ) := f_i(σ)f^T_r (σ) with f_i(σ) being as in Theorem 6.5.

Proof. The formulae are obtained only by combining those in Example 3.18 and Theorem 6.5. Or it follows from a direct application of Theorem 3.15. Here we just remind readers that ⃗v(μ_i/ϵ_i) = ⃗v(κ_{2g} /ϵ_{r−1}) = −→ ∞1, ⃗v(μ_i/ϵ_{i+1}) = ⃗v(κ_{2g}/λ_{2g} ) = −→ 01 for i = 1, . . . r − 2. (In Part I, p.341, line 1, we should have typeset −→ 01 and −→ ∞1 reversely.) □

§7. Galois representations in π_1(M_{g,1}), π_1(M_{g,2}).

7.1. Let M_{g,2} be the moduli stack over Q of the smooth projective curves of genus g with 2 marked points (Q, Q^′). The generic fibre of the curve (Y ; Q_{κ0} , Q_{κ2g} ) constructed in §5 gives a Q((q))-rational point ⃗a^′ of M_{g,2} with Q = Q_{κ0} , Q^′ = Q_{κ2g} . Considering the natural forgetful morphism p : M_{g,2} → M_{g,1} with respect to the second marked point Q^′, we obtain a tangential base point ⃗a = p(⃗a^′) on M_{g,1}.

On the other hand, in [N97], we introduced two other tangential base points ⃗b and ⃗v on M_{g,1}, and determined how the induced Galois representations act on

certain Dehn twist generators of Γ̂^1_g. In this section, we compare ⃗a with these ⃗b, ⃗v and examine the corresponding Galois representation.

LIMITS OF GALOIS REPRESENTATIONS, II 57

7.2. We first recall the construction of ⃗v in [N97], which comes from deformation of a certain hyperelliptic stable curve starting from a “P^1_{0±1∞}-diagram” with tangential structure. The skeleton diagram is, in fact, the same as Y^0 considered in §6.1 except that each marked component Y^0_{λi} has an extra marked point to be isomorphic to (P^1; 0, ±1, ∞). We shall use the same notations as §6.1 to designate the components and double points of Y^0, and shall not prepare new notations for the added marked points as they play only superfluous roles below. We cover Y^0 by the new collection of coordinates:

S := { s_{κ2j /λ2j} , s_{κ2j−2 /λ2j−1} , s_{κ±(2j−1) /λ2j} , s_{κ±(2j−1) /λ2j−1} | | j = 1, . . . , g } , where each s_{κ/λ} is a coordinate of Y^0_λ which takes values {0, ±1, ∞} at the distinguished points in such a way that s_{κ/λ}(P^0_κ ) = 0. More precisely, we give it by: (7.2.1) { s_{κ2j /λ∗} =^{tκ2j /λ∗} t_{κ2j /λ∗} −2 (∗ = 2j, 2j − 1), s_{κ±(2j−1) /λ∗} = t_{κ±(2j−1) /λ∗} (∗ = 2j, 2j − 1), for j = 1, . . . , g. Then, the pair (Y^0, S) acquires the hyperelliptic involution i interchanging s_{κ2j} ↔ −s_{κ2j} , s_{κ2j−1} ↔ s_{κ−(2j−1)} . The quotient by i becomes then naturally a P^1_{01∞}-diagram — a linear chain of P^1’s (cf. [N97] §3).

Prepare variables q_κ corresponding to the edges κ ∈ M = {κ_{±(2i−1)}, κ_{2j} } 1≤i≤g_{1≤j≤g−1} . As shown in [IN], one can patch formal schemes of the form

Spf Q[t_∗ , 1 1 − t_∗ ] [[q_κ]]_{κ∈M}

along the diagram Y^0 by the relations t_{κ/λ}t_{κ/λ}′ = q_κ (κ ∈ M; κ/λ, λ^′; λ ≠ λ^′) to obtain the universal deformation Y^{univ} of Y^0 over the power series ring Q[[q_κ ]]_{κ∈M} . On the other hand, in [N97], using the modified tangential structure S, we patch formal schemes of the form

Spf Q[s_∗ , 1 1 ± s_∗ ] [[q]]

along Y^0 with the equations s_{κ/λ}s_{κ/λ}′ = q (κ ∈ M; κ/λ, λ^′; λ ≠ λ^′) to get a deformation scheme Y_{⃗v} over Q[[q]] (written just “Y ” in loc.cit.) By the universality of Y^{univ} , there is induced a morphism Spec Q[[q]] → Spec Q[[q_κ ]]_{κ∈M} . We then observe Taylor expansions of RHS of (7.2.1) to see that this morphism is given by

(7.2.2) { q_{κ2i} → 4q(1 + O(q)), (i = 1, . . . , g − 1), q_{κ±(2j−1)} → q(1 + O(q)), (j = 1, . . . , g), where 1 + O(q) means a power series in Q[[q]] with constant term 1.

7.3. Now, the profinite Teichmüller modular group Γ̂^1_g = π_1(M_{g,1} ⊗ Q ,⃗a) has a standard generator system of the Dehn twists D_c for circles c = a_i, e_j , d_{±k} (1 ≤ i ≤ 2g, 1 ≤ j ≤ g − 1, 1 ≤ k ≤ g) on the corresponding analytic model (see §5) indicated in Figure 7.1, where we understand d_1 = d_{−1} = a_1.

58 HIROAKI NAKAMURA

Figure 7.1

Let D be the divisor of Spec Q[[q_κ ]]_{κ∈M} defined by ∏ κ∈M q_κ = 0. Then the local fundamental group π^D_1 (Spec Q [[q_κ]]_{κ∈M} ,⃗a) ∼= Ẑ^{3g−1} is naturally mapped into Γ̂^2_g so that the image of each generator D_κ (κ ∈ M) (characterized by the transformations q^{1/n}_κ → ζ^{−1}_n q^{1/n}_κ , q^{1/n}_κ′ → q^{1/n}_κ′ (κ^′ ≠ κ) in Q [[q^{1/n}_κ ]]_{κ∈M} ) via the forgetful homomorphism Γ̂^2_g → Γ̂^1_g is D_{d±j} , D_{ej} according as κ = κ_{±(2j−1)}, κ_{2j} respectively. Under this correspondence (together with the real standard chain connecting ⃗a and ⃗v), we see in view of (7.2.2) that the difference of two Galois sections s_{⃗a}, s_{⃗v} : G_Q → π_1(M_{g,1},⃗a) (∼= π_1(M_{g,1}, ⃗v)) is given by

(7.3.1) s_{⃗a}(σ) = (^{g−1}∏ j=1 D^{2ρ2 (σ)} e_j ) s_{⃗v} (σ) = (^{g−1}∏ j=1 w^{4ρ2 (σ)}

2j+1 ) s_{⃗v}(σ) (σ ∈ G_Q).

Here, in the latter expression, we used the notations w_i = (D_{a1} · · · D_{ai−1} )^i (i ≥ 2), for which the relations w_{2k} = D_{dk} D_{d−k} , w^2_{k+1} = e_k (k = 1, 2, ...) are known to hold.

7.4. In [N97], we considered a P^1_{01∞}-tree X^0 consisting of 2g components X^0_{λi} ∼= P^1_Q with 2g − 1 double points P^0_{μi} (i = 1, . . . , 2g − 1) and 2g + 2 marked points Q^0_{νi} (i = 1, . . . , 2g + 2) attached as in Figure 7.2.

Figure 7.2

We then associated with it a tangential structure R = {r_{μ/λ}}_{μ/λ} satisfying the condition r_{μi /λi+1} (Q^0_{νi+2} ) = 1, r_{μi /λi} (Q^0_{νi+1} ) = 1 (i = 1, . . . , 2g − 1) and deformed it over Q[[q_1 , . . . , q_{2g−1}]] by the equations r_{μi /λi+1} r_{μi /λi} = q_i. The resulting tangential base point on M_{0,2g+2} we denote by ⃗b^′. Let φ : M_{0,2g+2} → M_{g,1} be the morphism obtained by associating to (P^1; 0, a_1, . . . , a_{2g−1}, 1, ∞) the hyperelliptic curve “Y^2 = X(X − 1) ∏_{2g−1} i=1 (X − a_i)” with the distinguished marked point ∞. Then, it is shown in [N97] that the image ⃗b = φ(⃗b^′) gives a tangential base point on M_{g,1} whose associated Galois section s_{⃗b} : G_Q → π_1(M_{g,1}) acts on the Dehn twists D_{ai} (i = 1, . . . , 2g) by:

(7.4.1) s_{⃗b}(σ)D_{ai} s_{⃗b}(σ)^{−1} = f_σ(D^2_{ai} , w_i)D^{χ(σ)}_{ai} f_σ (w_i, D^2_{ai} ) (σ ∈ G_Q).

LIMITS OF GALOIS REPRESENTATIONS, II 59

On the other hand, by construction,

(7.4.2) { s_{⃗v}(σ)D_{d±i} s_{⃗v}(σ)^{−1} = D^{χ(σ)}_{d±i} (1 ≤ i ≤ g), s_{⃗v}(σ)D_{ej} s_{⃗v} (σ)^{−1} = D^{χ(σ)}e_j (1 ≤ j ≤ g − 1),

and the difference between s_{⃗v} and s_{⃗b} was estimated in loc.cit. as

(7.4.3) s_{⃗b}(σ) = w^{cσ}_{2g+1} (^{2g}∏ j=2 even w^{4ρ2 (σ)} j ) s_{⃗v}(σ) (σ ∈ G_Q)

where some ambiguous parameter c_σ was involved (cf. loc.cit. p.169).

7.5. By applying the new tool of Harbater-Stevenson [HS] of formal patching (cf. also Wewers [W]), one can show c_σ = 0 in (7.4.3), which together with (7.3.1) completes the comparison of three tangential base points ⃗a, ⃗v,⃗b on M_{g,1}. First of all, recall that we introduced in [N97] §3 another tangential structure {t_{μ/λ}}_{μ/λ} on X^0 such that t_{μi /λ} = { r_{μi /λ}, (i = odd, λ = λ_{i+1}), r_{μi /λ} r_{μi/λ}−1 , (i = odd, λ = λi; i = even, λ = λi, λi+1), for 1 ≤ i ≤ 2g − 1. It is easy to see that if X^0 is deformed by this tangential structure with equations t_{μi /λi+1} t_{μi /λi} = q, q^2 according as i = odd, even over Q[[q]], then the resulting tangential base point ⃗b^∗ is equivalent to ⃗b^′ in the sense of §5.9. In particular, the Galois section s_{⃗b∗} : G_Q → π_1(M_{0,2g+2}) is the same as s_{⃗b′} . We write X^∗/Q[[q]] for the deformation of X^0/Q in this way.

Consider now the skeleton double cover Y^0 → X^0 which appeared in §7.2, where each Y^0_{λi} is a double cover of X^0_{λi} (i = 1, . . . , 2g). Let us cover those irreducible components of Y^0 and X^0 by the coordinates in the tangential structures S and the above {t_{μ/λ}}_{μ/λ} respectively (cf. §7.2, 7.4). The morphism Y^0 → X^0 is given by t_{μ/λ} = s^2_{κ/λ} for μ = μ_{2j} , κ = κ_{2j} (j = 0, . . . , g), where we understand μ_0 = ν_1, μ_{2g} = ν_{2g+2} and that t_{μ0/λ1} , t_{μ2g /λ2g} are distinguished coordinates such that t_{μ0 /λ1} (Q^0_{ν2} ) = ∞, t_{μ2g /λ2g} (Q^0_{ν2g+1} ) = ∞. Easy calculations show that for μ = μ_{2j−1}, κ = κ_{±(2j−1)} (j = 1, . . . , g), t_{μ/λ} should correspond to f(s_{κ/λ}), where f(T ) = 4T (1 + T )^{−2}. Now, for each κ ∈ M, we prepare a complete ring R_κ by

R_κ = { Q[[s, s^′ , q]]/(f(s)f(s^′) − q), (κ = κ_{±(2j−1)}), Q[[s, s^′ , q]]/(ss^′ − q), (κ = κ_{2j} ), where s = s_{κ/λ}, s^′ = s_{κ/λ}′ (λ ≠ λ^′) from S. Moreover, for each P^0_κ ∈ Y^0 mapped to P^0_μ ∈ Y^0, we fix an algebra injection ι_κ : Ô_X ∗_{,P} 0_μ → R_κ as follows. First let t = t_{μ/λ}, t^′ = t_{μ/λ}′ (λ ≠ λ^′); if κ = κ_{±(2j−1)}, then ι_κ is just Q[[t, t^′ , q]]/(tt^′ − q) → Q[[s, s^′ , q]]/(f(s)f(s^′) − q) with t → f(s), t^′ → f(s^′); if κ = κ_{2j} , then ι_κ is Q[[t, t^′ , q]]/(tt^′ − q^2) → Q[[s, s^′ , q]]/(ss^′ − q) with t → s^2, t^′ → (s^′)^2. Then, the collection of data { Y^0 → X^0 ⊂ X^∗, {ι_κ : Ô_X ∗_{,P} 0_μ → R_κ}_{κ∈M} } forms a “Z/2Z- Galois relative thickening problem” for (Y^0, {P^0_κ }_κ) relative to Y^0 → X^0 and j : X^0 → X^∗ in the sense of [HS], and according to [HS] Theorem 2, this problem has a solution Y^∗/Q[[q]].

60 HIROAKI NAKAMURA

By virtue of the existence of Y^∗, we see that the tangential base point ⃗b on M_{g,1} is centered at the same cusp as ⃗v. In fact, the argument goes in the commutative diagram of [N97] (2.1) (cf. also §7.8 below):

(7.5.1)

A^{2g+1}_v \ Δ −−−−→ M_{0,2g+2} M_{0,2g+2} φ A^{2g+1}_u \ D −−−−→ H_{g,1} −−−−→ M_{0,2g+2}/S_{2g+1}, where newly inserted is the morphism φ defined in §7.4. In loc.cit., the tangential base point ⃗b was defined originally on the affine space (minus the weak diagonals) A^{2g+1}_v \ Δ so that its image in the hyperelliptic locus H_{g,1} ⊂ M_{g,1} coincides with our ⃗b = φ(⃗b^′) ≈ φ(⃗b^∗). But it was not obvious from that construction whether this image lies in the local neighborhood of a maximally degenerate stable hyperelliptic curve. The above existence of Y^∗ as a double cover of the deformed chain of P^1’s guarantees that ⃗b lies in the local neighborhood of the locus of Y^∗.

Especially the difference between the two sections s_{⃗b}, s_{⃗v} : G_Q → π_1(M_{g,1}) is lying in the abelian group generated by D_{d±i} , D_{ej} (1 ≤ i ≤ g, 1 ≤ j ≤ g − 1). But since the conjugation by w_{2g+1} interchanges, say, D_{dg} and D_{d−g} , it follows that w_{2g+1} does not lie in this abelian group. This concludes that c_σ must vanish in the expression (7.4.3). (Recall also w^2_{g+1} = 1 in Γ̂^1_g .)

Theorem 7.6. Let s_{⃗a} : G_Q → π_1(M_{g,1},⃗a) be the Galois section at the tangential base point ⃗a (§7.1). Then, for each σ ∈ G_Q, the conjugate action by s_{⃗a}(σ) (∗ → s_{⃗a}(σ) ∗ s_{⃗a}(σ)^{−1}) on the Dehn twist generators D_{a∗} , D_{d±∗} , D_{e∗} (cf. §7.3) of Γ̂1_g = π_1(M_{g,1} ⊗ Q ,⃗a) are given by

D_{a2i−1} → w^{4ρ2}_{2i−1}f_σ (D^2_{a2i−1} , w_{2i−1})D^{χ(σ)}_{a2i−1} f_σ(w_{2i−1}, D^2_{a2i−1} )w^{−4ρ2}_{2i−1} ,

D_{a2i} → w^{−4ρ2}_{2i} f_σ (D^2_{a2i} , w_{2i})D^{χ(σ)}_{a2i} f_σ (w_{2i}, D^2_{a2i} )w^{4ρ2}_{2i} , D_{di} → D^{χ(σ)}_{di} , D_{d−i} → D^{χ(σ)}_{d−i} , D_{ej} → D^{χ(σ)}_{ej} , where 1 ≤ i ≤ g, 1 ≤ j ≤ g − 1.

Proof. These formulae follow immediately from combination of the Galois actions (7.4.1) and (7.4.2) restated in terms of s_{⃗a}(σ) via (7.3.1), (7.4.3) (where c_σ = 0 by §7.5). □

7.7. By a two point marked hyperelliptic curve, we mean a tuple (Y, i, Q_1, Q_2) where Y is a hyperelliptic curve with the hyperelliptic involution i interchanging two rational marked points Q_1, Q_2 on it. Let H_{g,2} be the moduli stack over Q classifying those two point marked hyperelliptic curves. We call the canonical image of H_{g,2} in M_{g,2} the hyperelliptic locus in M_{g,2}. In the remaining part of this section, we shall construct a tangential base point on H_{g,2} and examine the induced Galois action on the Dehn twists in π_1(M_{g,2}) along the circles indicated in the following Figure 7.3. Later in Appendix, we will give a proof that these Dehn twists generate Γ̂2_g := π_1(M_{g,2} ⊗ Q ).

LIMITS OF GALOIS REPRESENTATIONS, II 61

Figure 7.3

7.8. In starting our strategy, we first introduce the affine v-space A^{2g+2}_v minus the weak diagonals Δ and the affine u-space A^{2g+2}_u minus the discriminant locus D. Here Δ = ⋃ i≠j Δij with Δij = {v = (v1, . . . , v2g+2) ∈ A 2g+2

v | v_i = v_j }, and D is the locus of the points u = (u_1, . . . , u_{2g+2}) ∈ A^{2g+2}_u such that the equation f_u(x) = x^{2g+2} + u_1x^{2g+1} + · · · + u_{2g+2} has duplicate roots. There is a natural etale map A^{2g+2}_v \ Δ → A^{2g+2}_u \ D by the correspondence v → f_u(x) = (x − v_1) · · · (x − v_{2g+2}).

Let u = (u_1, . . . , u_{2g+2}) ∈ A^{2g+2}_u \ D, and consider the hyperelliptic curve Y_u birationally defined by the equation y^2 = f_u(x). It is naturally a double cover over the x-line branched at the 2g + 2 zeros of f_u(x). We look at the fibre of the point x = ∞. The projective model z^{2g}y^2 = x^{2g+2} + u_1x^{2g+1}z + · · · + u_{2g+2}z^{2g+2} is singular at (x : y : z) = (0 : 1 : 0), so we cannot use it directly to detect the fibre in the smooth model Y_u. To desingularize it, we turn back to the original equation y^2 = f_u(x), and make birational variable substitutions η = yx^{−g−1}, ξ = x^{−1} to get

η^2 = 1 + u_1ξ + · · · + u_{2g+2}ξ^{2g+2}.

Then, we may identify the affine neighborhood of Y_u near the fibre over x = ∞ with the above affine curve in (ξ, η)-plane. Consequently, we detect the two rational points Q_1, Q_2 of Y_u lying over x = ∞ whose (ξ, η)-coordinates are (0, 1), (0, −1) respectively. Obviously the hyperelliptic involution i of Y_u interchanges Q_1 and Q_2, so the above procedure produces the point (Y_u, i, Q_1, Q_2) of H_{g,2}. Thus, we have a natural morphism A^{2g+2}_u \ D → H_{g,2}.

Meanwhile, given a point (Y, i, Q_1, Q_2) of H_{g,2}, we may realize Y as a double cover of P^1 so that the branch locus forms a degree 2g + 2 effective divisor on P^1 disjoint from the distinguished rational point over which lie the marked points Q_1, Q_2. This determines a point of M_{0,2g+3}/S_{2g+2}. Summarizing our arguments so far, we obtain a commutative diagram similar to (7.5.1):

(7.8.1)

A^{2g+2}_v \ Δ −−−−→ M_{0,2g+3} M_{0,2g+3} φ A^{2g+2}_u \ D −−−−→ H_{g,2} −−−−→ M_{0,2g+3}/S_{2g+2}. 7.9. Now, let us construct a tangential base point on M_{g,2} with deformation method. This time, we consider the P^1_{01∞}-diagram ( Y^0 = 2g+1⋃

i=1 Y^0_{λi} , {P^0_{κ±(2i−1)} , P^0_{κ2j} } 1≤i≤g_{1≤j≤g} , {Q^0_{κ0} , Q^0_{κ±(2g+1)} } )

whose dual graph consists of the vertex set Λ = {λ_i | 1 ≤ i ≤ 2g + 1}, the edge set M = {κ_{±(2i−1)}, κ_{2j} | 1 ≤ i ≤ g, 1 ≤ j ≤ g} and the half edge set N = {κ_0, κ_{±(2g+1)}} connected as in Figure 7.4.

62 HIROAKI NAKAMURA

Figure 7.4

We associate with it the tangential structure T^′ = {t_{μ/λ} | μ/λ, μ ∈ M, λ ∈ Λ} extending T of §6.1 with additional members t_{κ2g /λ2g} , t_{κ2g /λ2g+1} such that

t_{κ2g /λ2g} (P^0_{κ−(2g−1)} ) = t_{κ2g /λ2g+1} (P^0_{κ−(2g+1)} ) = 1.

As usual, we deform Y^0/Q over Q[[q]] according to the equations t_{μ/λ}t_{μ/λ}′ = q for all adjacent pairs μ/λ, λ^′ (λ ≠ λ^′). Let Y/Q[[q]] be the resulting scheme and Q_{κ0} , Q_{κ±(2g+1)} be the accompanying sections extending the marked points Q^0_{κ0} , Q^0_{κ±(2g+1)} respectively. We define the tangential base point ⃗a_2 on M_{g,2} to be that which is defined by the (generic) fibre of (Y ; Q_{κ2g+1} , Q_{κ−(2g+1)} ) over Q((q)). Then,

Theorem 7.10. Let s_{⃗a2} : G_Q → π_1(M_{g,2},⃗a_2) be the Galois section at the tangential base point ⃗a_2. Then, for each σ ∈ G_Q, the conjugate action by s_{⃗a2} (σ) (∗ → s_{⃗a2} (σ) ∗ s_{⃗a2} (σ)^{−1}) on the Dehn twists D_{a∗} , D_{d±∗} , D_{e∗} (cf. §7.7) of Γ̂^2_g = π_1(M_{g,2} ⊗ Q ,⃗a_2) are given by

D_{a2i−1} → w^{4ρ2}_{2i−1}f_σ (D^2_{a2i−1} , w_{2i−1})D^{χ(σ)}a_{2i−1} f_σ (w_{2i−1}, D^2_{a2i−1} )w^{−4ρ2}_{2i−1}

D_{a2j} → w^{−4ρ2}_{2j} f_σ (D^2_{a2j} , w_{2j} )D^{χ(σ)}_{a2j} f_σ(w_{2j} , D^2_{a2j} )w^{4ρ2}_{2j} D_{dj} → D^{χ(σ)}_{dj} , D_{d−j} → D^{χ(σ)}_{d−j} , D_{ej} → D^{χ(σ)}_{ej} , where 1 ≤ i ≤ g + 1, 1 ≤ j ≤ g, and w_k = (D_{a1} · · · D_{ak−1} )^k (2 ≤ k ≤ 2g).

7.11. Illustrations on the proof of Theorem 7.10. The proof of Theorem 7.10 goes in an exactly similar way to that of Theorem 7.6. In fact, it is only a “g^1_2 - version” of the latter proof, and to fill the full details will be left to the readers. However, since the materials needed for the proof of Theorem 7.6 were scattered among [IN], [N97] and §6, let us illustrate how we may combine necessary items to complete the proof of Theorem 7.10.

We first prepare the universal deformation Y^{univ} of Y^0 over Q[[q_κ ]]_{κ∈M} with regard to T^′, i.e., by the equations t_{κ/λ}t_{κ/λ} = q_κ (κ ∈ M; κ/λ, λ^′, λ ≠ λ^′), which provides a local coordinate system of the formal neighborhood of the locus of Y^0 in M_{g,3}. This also determines the tangential base point ⃗a_2 on M_{g,2} (after taking the generic fibre and projecting it by the forgetful morphism M_{g,3} → M_{g,2} with regard to Q_{κ0} .)

Meanwhile, we cover Y^0 by another tangential structure S^′ = {s_{μ/λ} | μ/λ, μ ∈ M, λ ∈ Λ} of P^1_{0±1∞}-type given by the similar formulae to (7.2.1). Then, (Y^0, S^′) has a natural involution i which makes it a degree 2 Galois cover of the tangential structured P^1_{01∞}-tree (X^0, {t_{μi/λi} , t_{μi/λi+1} }_i) having one more component than what appeared in §7.5. Deforming (Y^0, S^′) and (X^0, {t_{μi/λi} , t_{μi /λi+1} }_i) together over Q[[q]], and taking their generic fibres over Q((q)), we obtain a hyperelliptic cover Y_{⃗v2} → P^1_{Q((q))} with three distinguished points Q_{κ±(2g+1)} , Q_{κ0} , and then a tangential base point ⃗v_2 on H_{g,2} (dropping the last marked point Q_{κ0} ).

LIMITS OF GALOIS REPRESENTATIONS, II 63

In the formal level, one can compare deformation data between (Y^0, T^′) and (Y^0, S^′) to see exact difference of two Galois sections arising from ⃗a_2 and ⃗v_2 (as in (7.3.1); cf. also [N97] Lemma 4.3). In these tangential base points, the Galois group G_Q acts on the Dehn twists along d_{±i}, e_j by the cyclotomic character. On the other hand, consideration in the diagram (7.8.1) enables one to measure the difference between ⃗v_2 and the standard tangential base point ⃗b_2 of A^{2g+2}_v \ Δ detected by Drinfeld [Dr], Ihara-Matsumoto [Ih-Ma] (cf.(7.4.3); since w_{2g+2} = 1 in Γ̂^2_g, we may skip the process corresponding to §7.5). We know that at the latter tangential base point, G_Q acts on the Dehn twists along a_i’s by the standard formulae well known now in the braid group. Combining these two types of information on Galois actions, we conclude Theorem 7.10.

§8. Coupling Galois representations in π_1(M_{g,r}).

8.1. Let M_{g,r} (resp. M_{g,r}) denote the moduli stack over Q of the proper smooth (resp. stable) marked curves of genus g with r-marked points. In §6.6, we introduced a P^1_{01∞}-diagram Y^0_{g,r+1} and deformed it into the stable marked curve Y_{g,r+1} over the ring Q[[q]] with respect to a certain tangential structure T_{g,r+1}. This defines a morphism Spec Q[[q]] → M_{g,r+1} and its restriction to the generic fibre gives a tangential base point ⃗a^′ on M_{g,r+1}. Note here that the (r + 1) distinguished points on the curves parametrized by the points of M_{g,r+1} are now marked by the indices κ_0, ν_1, . . . , ν_r. Our principal subject here is to observe the image ⃗a of ⃗a^′ by the forgetful morphism M_{g,r+1} → M_{g,r} obtained by forgetting the marked point Q_{κ0} . Especially, we investigate the behavior of ⃗a and the associated Galois action φ_{⃗a} : G_Q → Aut(π_1(M_{g,r} ⊗ Q )) under various moduli theoretical manipulations.

In [Kn], F.Knudsen considered the morphism M_{g,r+1} → M_{g,r} obtained by forgetting one marked point with contracting possibly appearing unstable rational component, and showed that M_{g,r+1} forms a universal family of marked stable curves over the moduli stack M_{g,r}. We call this morphism the forgetful morphism with respect to a prescribed marked point. Note that one has r + 1 choices of the marked points to be forgotten, so that the way of regarding M_{g,r+1} as the universal family over M_{g,r} is not unique. This simple fact, actually, causes unexpected varieties of the theory of the Galois-Teichmüller tower as indicated in our previous works [N94,96,...]. Unlike our previous papers, in this paper we do not renumber the remaining marks after forgetting a marked point; hence the target moduli spaces may parameterize differently labeled marked curves according to the choice of the forgotten marked point.

8.2. Assume r ≥ 3, and fix a decomposition r = s + s^′ (s, s^′ ≥ 0). Consider the tangential structured P^1_{01∞}-diagram (Y^0_s , T_s) ∼= (Y^0_{g,r}, T_{g,r}) which is obtained from (Y^0_{g,r+1}, T_{g,r+1}) by contracting the component carrying the marked point Q^0_{νs} . In the contraction process, there arises a new edge (or a leg if s = 1, 2) in the dual graph of Y^0_s which we simply write μ_∗ (See Figure 8.1). Deforming (Y^0_s , T_s) into the r pointed stable curve Y_s/Q[[q]], we naturally obtain a commutative diagram

(8.2.1) Y_s ⊗ Q((q)) −−−−→ Y_s −−−−→ M_{g,r+1} f_s Spec Q((q)) −−−−→ Spec Q[[q]] −−−−→ M_{g,r},

64 HIROAKI NAKAMURA

where f_s : M_{g,r+1} → M_{g,r} is the forgetful morphism with respect to ν_s. In this situation, we have two remarkable tangential base points. One is that on M_{g,r} defined by the lower horizontal arrow of (8.2.1). We shall denote it by ⃗a_s. On the other hand, on Y_s, we have a standard tangential base point μ̃_∗ which was introduced in [IN] in the case when μ_∗ is an edge. When μ_∗ is a leg (adjacent to ϵ_2), i.e., s = 1, 2, we define μ̃_∗ as follows. Choose the distinguished coordinate t_{μ∗ /ϵ2} so that t_{μ∗/ϵ2} (Q^0_{ν3} ) = ∞, 1 according as s = 1, 2 respectively. Then, we define μ̃_∗ to be the tangential base point determined by the Puiseux ring Q [[q^{1/n}, t^{1/n}_{μ∗/ϵ2} ]]_{n≥1} near the point Q^0_{μ∗} . For any s = 1, . . . , r, we thus obtain the image of μ̃_∗ in M_{g,r+1} induced by the upper horizontal arrow of (8.2.1) which will be denoted also by μ̃_∗.

There arises a problem to compare the two tangential base points μ̃_∗ and ⃗a^′ on M_{g,r+1} which are concentrated on the same cusp (= maximally degenerate locus) of M_{g,r+1}. Nevertheless, before going to the problem, we should like to examine the relation between ⃗a^′ and ⃗a_s first, as noticing that the image of μ̃_∗ (resp. ⃗a^′) by the forgetful morphism f_s is (resp. is not) apriori ⃗a_s.

8.3. The strategy we take here to compare ⃗a^′ and ⃗a_s is to construct explicitly a contraction morphism from Y_{g,r+1} to a deformation of Y^0_s over Q[[q]]. Suppose first that s ≥ 3 so that the dual graphs of the contraction morphism Y^0_{g,r+1} → Y^0_s looks as in Figure 8.1:

Figure 8.1

The schemes Y^0_{g,r+1}, Y^0_s are covered by the affine open sets U^0_μ, U^0_ν , where μ (resp. ν) runs over the indices of edges (resp. legs) of their dual graphs, which can be described explicitly by using distinguished coordinates (cf. §5.5) in such a way that

(8.3.1) { U^0_μ = Spec Q[t, t^′ ,^1_{1−t} ,^1_{1−t′} ]/(tt^′),

U^0_ν = Spec Q[t_{ν/λ} ,^1_{1−tν/λ} ]

with t = t_{μ/λ}, t^′ = t_{μ/λ}′ (μ/λ, λ^′; λ ≠ λ^′) lying in the tangential structures given on Y^0_{g,r+1}, Y^0_s . These affine schemes are patched along the smaller affine pieces

(8.3.2) U^0_λ = Spec Q[t, 1 t , 1 1 − t ] (λ : vertices),

where t = t_{μ/λ} (μ : any adjacent edge of λ). Using this system of Zariski coverings, we can detect the contraction morphism c^0 : Y^0_{g,r+1} → Y^0_s as a compatible collection of ring homomorphisms which are identity except on U^0_{μs−1} and U^0_{μs} , on which they

LIMITS OF GALOIS REPRESENTATIONS, II 65

are given by

(8.3.3) c^0 : U^0_{μ∗} ← U^0_{μs−1} (t_{μ∗/ϵs−2} → t_{μs−1 /ϵs−2} , t_{μ∗/ϵs} → 0), U^0_{μ∗} ← U^0_{μs} (t_{μ∗/ϵs−2} → 0, t_{μ∗/ϵs} → t_{μs/ϵs} ), U^0_{μ∗} ← U^0_{νs} (t_{μ∗/ϵs−2} → 0, t_{μ∗/ϵs} → 0). We shall fatten the contraction morphism c^0 : Y^0_{g,r+1} → Y^0_s to the N-th stage deformation c^N : Y^N_{g,r+1} → Y^{♯N}_s over Q[q]/(q^N ), where ♯ indicates that the scheme Y^{♯N}_s differs from Y^N_s used to produce the standard deformation Y_s/Q[[q]]. We first introduce the N-th stage deformation of the affine schemes U^0_μ, U^0_ν , U^0_λ of (8.3.1-2) as follows:

(8.3.4)

U^N_μ = { Spec Q[t, t^′ ,^1_{1−t} ,^1_{1−t′} , q]/(tt^′ − q^2, q^N ) (μ = μ_∗), Spec Q[t, t^′ ,^1_{1−t} ,^1_{1−t′} , q]/(tt^′ − q, q^N ) (μ ≠ μ_∗),

U^N_ν = Spec Q[t_{ν/λ} , 1 1 − t_{ν/λ} , q]/(q^N ), U^N_λ = Spec Q[t, 1 t , 1 1 − t , q]/(q^N ). As explained in [IN], these are patched together on the underlying spaces Y^0_{g,r+1}, Y^0_s to form well defined schemes Y^N_{g,r+1}, Y^{♯N}_s over Q[[q]]/(q^N ). Let us define c^N : Y^N_{g,r+1} → Y^{♯N}_s by a compatible collection of homomorphisms between those corresponding pairs of rings of (8.3.4). Again, on almost corresponding parts between Y^N_{g,r+1} and Y^{♯N}_s , the rings are identical, and we set identity maps on those parts. The only part we need to care about is that which is involved with U^N_{ϵs−1} , U^N_{ϵs} , where we define (8.3.5)

c^N : U^N_{μ∗} ← U^N_{μs−1} (t_{μ∗/ϵs−2} → t_{μs−1 /ϵs−2} , t_{μ∗/ϵs} → qt_{μs−1/ϵs−1} ), U^N_{μ∗} ← U^N_{μs} (t_{μ∗/ϵs−2} → qt_{μs /ϵs−1} , t_{μ∗/ϵs} → t_{μs /ϵs} ), U^N_{μ∗} ← U^N_{νs} (t_{μ∗/ϵs−2} → q(1 − t_{νs/ϵs−1} ), t_{μ∗/ϵs} → q(1 − t_{νs/ϵs−1} )^{−1}). To check the compatibility of these maps amounts to seeing the commutativity of the following diagram (8.3.6). We write A^N_# for the defining ring of the affine set U^N_# , and write −−−→_{t−1} to designate the ring localization by adding t^{−1}.

(8.3.6) A^N_{ϵs−2}^t −1 μ∗ /ϵs−2 ←−−−−− A^N_{μ∗} A^N_{μ∗} A^N_{μ∗}^t −1 μ∗/ϵs −−−−→ A^N_{ϵs} id (8_{.3.5) (8.3.5)} id A^N_{ϵs−2} ←−−−−−−− t^{−1}_{μs−1 /ϵs−2} A^N_{μs−1} −−−−−−−→ t^{−1}_{μs−1/ϵs−1} A^N_{ϵs−1} ←−−−−− t^{−1}_{μs/ϵs−1} A^N_{μs} −−−−→ t^{−1}_{μs/ϵs} A^N_{ϵs} . The left and right commutativities of (8.3.6) are almost automatic, while the middle commutativity can be checked easily after recalling the relation t_{μs /ϵs−1} t_{μs−1/ϵs−1} = 1 from our choice of the tangential structure T_{g,r+1}.

Thus, we have constructed morphisms c^N : Y^N_{g,r+1} → Y^{♯N}_s for N ≥ 0. Since these are compatible with respect to N, taking the projective limit we obtain a morphism of formal schemes Y_{g,r+1} → Y^♯_s (with marked sections), and its algebraization c^♯ : Y_{g,r+1} → Y^♯_s over Q[[q]]. When s = 1, 2, no particular elaborations

66 HIROAKI NAKAMURA

are needed to construct the fattened contraction c^♯ : Y_{g,r+1} → Y^♯_s . In fact, in these cases, we may take Y_s as Y^♯_s , and for rings and homomorphisms needed for defining c^N , it is enough to adopt rather obvious ones. So we omit the details of these cases.

8.4. The stable curve Y_s (resp. Y^♯_s ) determines a morphism Spec Q[[q]] → M_{g,r} denoted by ⃗a_s (resp. ⃗a^♯_s). Both ⃗a_s and ⃗a^♯_s are concentrated at the same cusp in M_{g,r}. Let M_s be the edge set of the dual graph of Y^0_s and let Y^{univ}_s /Q[[q_μ ]]_{μ∈Ms} be the universal deformation constructed with the equations t_{μ/λ}t_{μ/λ} = q_μ (μ ∈ M_s; μ/λ, λ^′, λ ≠ λ^′). By comparing the local deformation data, we see that ⃗a_s is given by the diagonal specialization^∀q_μ → q, while ⃗a^♯_s corresponds to the specialization q_μ → q (μ ≠ μ_∗), q_{μ∗} → q^2. In each of these specializations, principal coefficients of variable transformations are 1, hence G_Q actions on the Puiseux power series commute with those specializations. Thus, ⃗a_s and ⃗a^♯_s give “equivalent” tangential base points on M_{g,r} in the sense of §5.9.

On the other hand, by our construction of the contraction morphism c^♯ : Y_{g,r+1} → Y^♯_s , it follows that the forgetful morphism f_s : M_{g,r+1} → M_{g,r} maps ⃗a^′ to ⃗a^♯_s. Thus, as tangential base points, we conclude

(8.4.1) f_s(⃗a^′) = ⃗a^♯_s ≈ ⃗a_s = f_s(μ̃_∗).

8.5. In the following, we need to enter into more global considerations in the moduli spaces of curves, i.e., we look closely at the fundamental groups of the tubular neighborhoods of certain divisors at infinity on the moduli spaces. We mainly use the theory of Grothendieck-Murre [GM] which relates them to the fundamental groups of those divisors minus deeper stratification. One crucial ingredient adopted in [N96] is to use the theory not only on a single moduli space but also on a pair of moduli spaces connected by a forgetful morphism. Let D (resp. D) be the sum of divisors at infinity of M_{g,r+1} (resp. M_{g,r}), and define for s ≥ 3 the irreducible components D^{(s)}_1 , D^{(s)}_2 ⊂ D and D^{(s)} ⊂ D to be the closures of loci of stable curves whose degeneration type are Figure 8.2a, 8.2b, 8.2c respectively.

FIG. 8.2a FIG. 8.2b

FIG. 8.2c

For these data, we consider the fundamental groups π^D_1 ((M_{g,r+1}/D^{(s)}_i )^∧) (i = 1, 2), π^D_1 ((M_{g,r}/D^{(s)})^∧) well defined, say, in the following sense (cf. also [N96] §3). Let H_g be the Hilbert moduli scheme over Q of the tri-canonically embedded stable curves of genus g introduced in Deligne-Mumford [DM], and let H_{g,n} → M_{g,n} be the pullback of the natural forgetful morphisms H_g → M_g and M_{g,n} → M_g. Denote by H_{g,n} the complement of all divisors at infinity in H_{g,n}. We use the same notations for the pullbacked divisors at infinity on H_{g,r+1}, H_{g,r} as those on M_{g,r+1}, M_{g,r}. Then, D^{(s)}_1 , D^{(s)}_2 ⊂ H_{g,r+1}, D ⊂ H_{g,r} are smooth irreducible divisors ([Kn] Cor.3.9). After the Grothendieck-Murre theory [GM], one can think of the fundamental groups of formal schemes π^D_1 ((H_{g,r+1}/D^{(s)}_i )^∧) (i = 1, 2), π^D_1 ((H_{g,r}/D^{(s)})^∧)

LIMITS OF GALOIS REPRESENTATIONS, II 67

admitting tame ramifications along the (intersections with) divisors indicated in the shoulders of π_1. We understand π^D_1 ((M_{g,r+1}/D^{(s)}_i )^∧) (i = 1, 2), π^D_1 ((M_{g,r}/D^{(s)})^∧) as the natural images of the above corresponding ones by the canonical homomorphisms π_1(H_{g,∗}) → π_1(M_{g,∗}). In what follows, we sometimes employ arguments where as if we were treating M_{g,∗} as smooth schemes. This is just for simplifying our presentations and for stressing essential ideas rather than being involved with technical formalities; the readers will find easily that we keep more strict arguments in the background, say, using rigidification via Hilbert schemes as above.

As a quick application of the above formulation, we obtain the following.

Theorem 8.6. Apply the forgetful morphism f_0 : M_{g,r+1} → M_{g,r} with respect to κ_0 to ⃗a^′. Call its image ⃗a. Let s_{⃗a} : G_Q → π_1(M_{g,r},⃗a) be the Galois section at the tangential base point ⃗a. Then, for each σ ∈ G_Q, the conjugate action by s_{⃗a}(σ) (∗ → s_{⃗a}(σ) ∗ s_{⃗a}(σ)^{−1}) on the Dehn twist generators D_{a∗} , D_{d±∗} , D_{e∗} (cf. §5) of Γ̂r_g := π_1(M_{g,r} ⊗ Q ,⃗a) are given by

D_{a2i−1} → w^{4ρ2}_{2i−1}f_σ (D^2_{a2i−1} , w_{2i−1})D^{χ(σ)}_{a2i−1} f_σ (w_{2i−1}, D^2_{a2i−1} )w^{−4ρ2}_{2i−1}

D_{a2i} → w^{−4ρ2}_{2i} f_σ (D^2_{a2i} , w_{2i})D^{χ(σ)}_{a2i} f_σ (w_{2i}, D^2_{a2i} )w^{4ρ2}_{2i} D_{di} → D^{χ(σ)}_{di} , D_{d−i} → D^{χ(σ)}_{d−i} , D_{ej} → D^{χ(σ)}_{ej} , where 1 ≤ i ≤ g, 1 ≤ j ≤ g − 1.

Proof. Letting D^{(r)}_0 , D^{(r−1)}_0 be the irreducible divisors at infinity defined as the images of D^{(r)}_1 , D^{(r−1)}_1 via f_0 respectively, consider the diagram

M_{g,2} × M_{0,r+1} ∼= D^{(r)}_1 ⊂ M_{g,r+1} ⊃ D^{(r−1)}_1 ∼= M_{g,3} × M_{0,r} ↓ ↓ ↓ ↓ ↓ M_{g,1} × M_{0,r+1} ∼= D^{(r)}_0 ⊂ M_{g,r} ⊃ D^{(r−1)}_0 ∼= M_{g,2} × M_{0,r}.

The natural images of ⃗a in the first components of D^{(r)}_0 , D^{(r−1)}_0 are the tangential base points ⃗a, ⃗a_2 considered in §7.1, §7.9. Below, we consider all fundamental groups as based at the images of ⃗a^′. Let c be any one of the circles issued in the statement of the theorem. In the two Grothendieck-Murre exact sequences

1 → ⟨D_{eg} ⟩ → π^D_1 ((M_{g,r} /D^{(r)}_0 )^∧) → π_1(M_{g,1} × M_{0,r+1}) → 1,

1 → ⟨D_{kr−1} ⟩ → π^D_1 ((M_{g,r}/D^{(r−1)}_0 )^∧) → π_1(M_{g,2} × M_{0,r}) → 1,

the G_Q-action on the images of D_c in the right most groups are described by the same formula as in the theorem, as shown by Theorem 7.6 and Theorem 7.10 respectively. Still in the middle groups (which have natural maps to π_1(M_{g,r})), the G_Q-actions may differ from the requested form but only by a factor lying in the intersection of two procyclic subgroups ⟨D_{eg} ⟩ ∩ ⟨D_{kr−1} ⟩. Since we know that this intersection is trivial, we conclude there occur no differences in the above liftings.□

8.7. Let us now discuss the problem raised in §8.2, i.e., about comparing two tangential base points ⃗a^′ and μ̃_∗ on M_{g,r+1}. In this paragraph, we take the natural images of ⃗a^′ as base points of fundamental groups. By virtue of (8.4.1), the images of G_Q in π_1(M_{g,r+1}) via ⃗a^′ and μ̃_∗ differ from each other by some power of D_{ks} D^{−1}_{ks−1} . Let c_σ ∈ Ẑ be its power for σ ∈ G_Q.

68 HIROAKI NAKAMURA

Notations being as in §8.1-3, assume s ≥ 3, and make Y_s → Q[[q]] fit into M_{g,r+1} → M_{g,r}. Then, the pullback of D in Y_s is the sum of Y^0_s and the marked sections Q_ν (ν ∈ {ν_1, . . . , ν_r, κ_0} \ {ν_s}) which we simply denote by Y^0_s + Q. Moreover, we may regard the singular fibre Y^0_s as a sum of the two divisors:

Y_1 = Y^0_{ϵ1} + · · · + Y^0_{ϵs−2} ,

Y_2 = Y^0_{ϵs} + · · · + Y^0_{ϵr−1} + Y^0_{λ2g} + · · · + Y^0_{λ1} ,

with each the pullback of D^{(s)}_1 , D^{(s)}_2 in Y^0_s respectively. Apply the Grothendieck- Murre theory to obtain the commutative diagram of fundamental groups: π^{Y 0s +Q} 1 ((Y_s/Y_1)^∧) → π^D_1 ((M_{g,r+1}/D^{(s)}_1 )^∧) → π_1(M_{0,s+1} × M_{g,s}′_{+1}) (8.7.1) ↓ ↓ ↓ G_{Q((q))} → π^D_1 ((M_{g,r}/D^{(s)})^∧) → π_1(M_{0,s} × M_{g,s}′_{+1}).

The kernels of the three vertical arrows are canonically isomorphic to Π̂_{0,s}, the profinite fundamental group of an s point punctured Riemann sphere. We may regard the tangential base point μ̃_∗ as coming from the corresponding one in (Y_s/Y_1)^∧ which is isomorphic to the deformation of the tangential structured P^1_{01∞}-tree considered in I, Example (3.18). Meanwhile, the universal expression of the tangential base point ⃗a^′ : Spec Q[[q_κ ]]_{κ∈M} → M_{g,r+1} is, as the completion of M_{g,r+1} at the issued cusp, naturally lying in (M_{g,r+1}/D^{(s)}_1 )^∧. Projecting these two tangential base points to the right most part of (8.7.1), we see that the difference (D_{ks} D^{−1}_{ks−1} )^{cσ} can be evaluated faithfully in genus 0 setting, namely in the fibre of π_1(M_{0,s+1}) → π_1(M_{0,s}). But this case was already discussed in I,§3.19, where we showed the coincidence of sections s_{⃗a}′ (G_Q) = s_{μ∗} (G_Q) under the situation ⃗a^′ = ⃗b_{n+1}, μ_∗ = ν_1. From this follows that c_σ = 0. (In loc.cit., we should have written explicitly that the tangential base point ν̃_1 is defined by the Puiseux ring Q [[t^{1/n}_{ν1 /λ1} , q^{1/n}]]_{n≥1} with t_{ν1/λ1} satisfying t_{ν1/λ1} (Q^0_{ν2} ) = 1. Actually, ν_1 should here be understood as a new leg “ν_∗” adjacent to λ_2. Note however that, in loc.cit. we rearranged all indices after forgetting Q^0_{ν2} .) When s = 1, 2, we consider the diagram (8.7.1) of the case s = r and apply the same argument of I,§3.19 in the “inverse way” to the above, i.e, view ν_n of loc.cit. as κ_{2g} here. When s = 2, the application is direct, and it follows immediately that c_σ = 0. When s = 1, we have to modify the argument, as, in loc.cit., we did not consider the forgetful morphism with respect to ν_1. In this case, the first two main generators for the limit Galois representation become x_{12} = σ^2_1 and x_{13} = σ^{−1}_1 σ^2 σ_1. Since the G_Q-action at ⃗a^′ on them is given in the form x_{12} → x^χ_{12}, x_{13} → σ^{−χ}_1 f(σ^2_1 , σ^2 )^{−1}σ^{2χ}_2 f(σ^2_1 , σ^2 )σ^χ_1 , this forces the base point “ν̃_∗” to turn around the issued cusp until reaching ⃗a^′ by an angle corresponding to the factor (σ^2_1 )^{χ(σ)−12} , i.e., a positive half rotation. (The fact that the two issued base points lie over the same “⃗b_n” is settled in our previous discussion in §8.3.) Actually, we made the definition of μ̃_∗ in §8.2 to reflect exactly this factor in the case s = 1; hence again c_σ = 0. Thus, we conclude c_σ = 0 in all cases. Consequently, as tangential base points, it follows that

(8.7.2) ⃗a^′ ≈ μ̃_∗ on M_{g,r+1}.

By virtue of this fact, whenever we embed Π_{g,r} onto ker(π_1(f_s)) ⊂ π_1(M_{g,r+1},⃗a^′) by regarding Q_{νs} (s = 1, . . . , r) as a moving base point, we can interpret the limit

LIMITS OF GALOIS REPRESENTATIONS, II 69

G_Q-action (calculated for s = 1 in Theorem 6.8) as the restriction of the Galois representation in π_1(M_{g,r+1},⃗a^′) to the kernel of π_1(f_s).

Theorem 8.8. Apply the forgetful morphism f_0 : M_{g,r+1} → M_{g,r} with respect to κ_0 to ⃗a^′. Call its image ⃗a. Let s_{⃗a} : G_Q → π_1(M_{g,r},⃗a) be the Galois section at the tangential base point ⃗a. For σ ∈ G_Q, let ρ_{−1} =^{χ(σ)−1}_2 , f = f_σ . Then, the conjugate action by s_{⃗a}(σ) on the Dehn twists D_{ust} , D_{hs} (1 ≤ s(< t) ≤ r) of Γ̂^r_g = π_1(M_{g,r} ⊗ Q ,⃗a) are given in the form D_{hs} → F_sD^{χ(σ)}_{hs} F^{−1}_s , D_{ust} → F_{st}D^{χ(σ)}u_{st} F^{−1}_{st} , where

F_s = f(D_{k23} , D_{k12} )f(D_{k24} , D_{k13} ) · · · f(D_{k2,r} , D_{k1,r−1} )f(D_{h1} , D_{eg} ), (s = 1); D^{ρ−1}_{ks} f(D_{bs,s+1} , D_{ks} )f(D_{bs,s+2} , D_{ks+1} ) · · · f(D_{bs,r} , D_{kr−1} )f(D_{hs} , D_{eg} ), (s > 1);

F_{st} = f(D_{k23} , D_{k12} )f(D_{k24} , D_{k13} ) · · · f(D_{k2,t−1} , D_{k1,t−2} )D^{−ρ−1}_{k1,t−1} f(D_{u1t} , D_{k1,t−1} ), (s = 1); D^{ρ−1}_{ks} f(D_{bs,s+1} , D_{ks} )f(D_{bs,s+2} , D_{ks+1} ) · · · f(D_{bs,t−1} , D_{kt−2} )· ·D^{−ρ−1}_{kt−1} f(D_{ust} , D_{kt−1} ), (s > 1). Here, if a sequence part “· · · ” does not make sense, the portion should be understood to be 1.

Proof. Fix 1 ≤ s ≤ r. Notice that D_{hs} D^{−1}_{dg} and D_{ust} are contained in the kernel of the forgetful homomorphism π_1(f_s) : π_1(M_{g,r}) → π_1(M_{g,r−1}). Taking this and (8.7.2) into account, we shall fit in the situation of §8.2 and evaluate the G_Q-action on (the natural lifts in π_1(M_{g,r+1}) of) D_{hs} D^{−1}_{dg} and D_{ust} in the limit Galois representation in Π_{g,r} at the base point μ̃_∗. Suppose first that s > 1. In this case, the Galois action is described in Theorem 6.8. Since s < t, we need only loops streaming towards κ_0, i.e.,we may regard μ_∗ as if it be ν_1 of §6.7. Then, D_{hs} D^{−1}_{dg} , D_{ust} correspond to y_gx^{−1}_g y^{−1}_g , 1_{ϵt−s} respectively. It follows from Theorem 6.8 and the formula from I, Prop.2.11:

f^{−→∞1}_σ (x, y)^{−1} = f^{−→∞0}_σ (x, y)^{−1}z^{ρ−1} = x^{ρ−1} f(z, x)z^{ρ−1} (xyz = 1), that the action of σ ∈ G_Q on y_gx^{−1}_g y^{−1}_g is given by its χ-power conjugated by

F_s = f^{−→∞1}_σ (0_{ϵs} , 1_{ϵs} )^{−1} · · · f^{−→∞1}_σ (0_{ϵr−1} , 1_{ϵr−1} )^{−1}f^{−→∞0}_σ (0_{λ2g} , 1_{λ2g} )^{−1}. One can interpret loops appearing here as { 0_{ϵj} = D_{kj} D^{−1}_{bs,j} , 1_{ϵj} = D_{us,j+1} , ∞_{ϵj} = D_{bs,j+1} D^{−1}_{ks,j+1} , (j = s, . . . , r − 1), 0_{λ2g} = D_{eg} D^{−1}_{bs,r} , ∞_{λ2g} = D_{hs} D^{−1}_{dg} . Putting them into the above and rewriting f^{−→∞1}_σ , f^{−→∞0}_σ in terms of f_σ , we obtain the desired formula (Note that D_{ks−1} , D^{−1}_{dg} commute with the other involved elements.) The case of u_{st} follows similarly from the formula for z_{t−s+1} = 1_{ϵt−s} of Theorem 6.8. Next we assume s = 1. This case also follows in the same way as the case s > 1, except that we have to take into consideration the modified definition of μ̃_∗ (§8.2) and its canonical turn to the base point “ν̃_∗” (§8.7). This reflects to the necessity of putting the left multiplication by D^{−ρ−1}_{k12} to the formulae of the limit Galois actions on y_g x^{−1}_g y^{−1}_g , 1_{ϵt−1} . We leave the readers to fill details of calculations. □

70 HIROAKI NAKAMURA

§9. Moves and associated pro-words.

9.1. In this section, we shall settle the proof of Theorem 5.8. The formulae in (1) follow from our construction of ⃗a, and those in (2) are already shown in Theorem 8.6. To verify (3) and (4), we have to compare F_s, F_{st} of Theorem 5.8 with F_s and F_{st} of Theorem 8.8. More precisely, we should prove

F_sD_{hs} F^{−1}_s = F_sD_{hs} F^{−1}_s , (1 ≤ s ≤ r),

(9.1.1) F_{st}D_{ust} F^{−1}_{st} = F_{st}D_{ust} F^{−1}_{st} , (1 ≤ s < t ≤ r). (9.1.2)

Our strategy to prove them here is indirect. We utilize the framework of [NS], where we showed how one can compute the action of IΓ on any Dehn twist explicitly by moving along a sequence of pants decompositions to catch the issued circle. The obtained formula may take different forms according to the choice of the sequence of pants decompositions, but Proposition 8.1 of [NS] insures that the expressed element in the profinite Teichmüller modular group is independent of the choices. Therefore, it suffices to show that F_s, F_{st} can be obtained by the algorithm of [NS] from particular sequences of pants decompositions (which would differ from those sequences used to get F_s, F_{st} in [NS] §11).

9.2. For convenience of readers, we review briefly the algorithm of [NS] of producing formulas of the IΓ-action on any Dehn twist. Given a quilt decomposition Q/P on a marked Riemann surface Σ, we introduced in loc.cit. a well defined representation ρ_{Q/P} : IΓ → Aut(Γ̂(Σ)) in the profinite completion of the (pure) mapping class group of Σ. Let c be any (homotopy class of a) circle on Σ, and let γ : P = P_0 → P_1 → · · · → P_n be any sequence of pants decompositions with P_n containing the circle c such that each P_i → P_{i+1} is an “A-move” or “S-move”. In this section we need only A-moves, so we shall assume that γ is a sequence of A-moves. This means that each step P_i → P_{i+1} replaces a circle c_i of P_i by a new circle c^′_i of P_{i+1} (i = 0, . . . , n − 1) in such a way that: (a) the geometric (minimum) intersection number of c_i and c^′_i is two; (b) the algebraic (homological) intersection number of c_i and c^′_i is zero. Moving along this sequence until getting c^′_{n−1} = c, one can define sequences of quilts Q_i/P_i (i = 0, . . . , N) and of integers N_i (i = 0, . . . , n − 1) characterized by the following conditions:

Q_0 = Q;

(9.2.1)

D^{Ni/2}_{ci} (Q_i) is adjusted to c^′_i.

(9.2.2)

The latter condition means that, after N_i-times applying the half-twist along c_i to the seams of Q_i, we may reduce the geometric intersection number of those seams with c^′_i (i = 0, . . . , n − 1) to the minimum (= 2). Let (χ, f) be any element of IΓ defined by the parameter of the Grothendieck-Teichmüller group in Ẑ^× × F̂_2, and let ρ_{−1} =^{χ−1}_2 . Then, as shown in [NS] Proposition 8.1, we can tell the action of (χ, f) ∈ IΓ on the Dehn twist D_c = D_c′_{n−1} in the form D_c → FD^χ_c F^{−1}, where

(9.2.3) F = D^{Niρ−1}_{c0} f(D_c′_0 , D_{c0} ) · · · D^{Nn−1ρ−1}_{cn−1} f(D_c′_{n−1} , D_{cn−1} ).

When some of the P_i → P_{i+1} is an S-move, which by definition replaces c_i by c^′_i with geometric intersection number 1, one needs more elaborate descriptions to define Q_i, N_i and the corresponding factor of F. See [NS] §7.

LIMITS OF GALOIS REPRESENTATIONS, II 71

9.3. Now, for each of F_s, F_{st}, we shall give a sequence of pants decompositions which gives it as the element F described in the procedure of §9.2. We start from the standard quilt decomposition Q_0/P_0 given in §5.6. We leave the right half part of Figure 5.5 invariant, and move only circles in the left “tail” part. So we have only to consider the genus 0 subsurface obtained by cutting Figure 5.5 at d_{−g} =: Q_{ν∞} , d_g =: Q_{ν0} . The resulting surface is illustrated in Figure 5.7. We shall start from the quilt Q_0/P_0 of Figure 9.1, where seams are drawn by dotted lines.

Figure 9.1

In the following we use the notation C(P ) to designate the set of circles of the pants decomposition P .

Case 1: F_1. We define P_1 to be the pants decomposition obtained by replacing k_{12} ∈ C(P_0) by k_{23}, and inductively introduce P_j by replacing k_{1,j+1} ∈ C(P_{j−1}) by k_{2,j+2} (j = 2, . . . , r−2). Then, finally, define P_{r−1} by replacing k_{1,r} = e_g ∈ C(P_{r−2}) by h_1. In this process of moves Q/P_0 → · · · → P_{r−1}, the quilts Q_i are always adjusted to their next pants decompositions P_{i+1}. Hence, we need not apply halftwists on seams of the quilts. Thus we conclude

F = F_s = f(D_{k23} , D_{k12} )f(D_{k24} , D_{k13} ) · · · f(D_{k2,r} , D_{k1,r−1} )f(D_{h1} , D_{eg} ).

Figure 9.2

Case 2: F_s (2 ≤ s ≤ r). In this case, we first define P_1 by replacing k_s ∈ C(P_0) by b_{s,s+1}. Then, in order to get Q_1/P_1, we have to apply the half-twist along k_s to the seams as in Figure 9.3. Then, we define P_2 by replacing k_{s+1} ∈ C(P_1) by b_{s,s+2},..., define P_{r−s} by replacing k_{r−1} ∈ C(P_{r−s−1}) by b_{s,r}, and finally define P_{r−s+1} by replacing k_r = e_g ∈ C(P_{r−s}) by h_s. In the latter process of moves

72 HIROAKI NAKAMURA

Q_1/P_1 → · · · → P_{r−s+1}, the quilts are adjusted to their next pants decompositions, hence we need not apply half-twists on the seams. Thus, we see that F = F_s = D^{ρ−1}_{ks} f(D_{bs,s+1} , D_{ks} )f(D_{bs,s+2} , D_{ks+1} ) · · · f(D_{bs,r} , D_{kr−1} )f(D_{hs} , D_{eg} ).

Figure 9.3

Case 3: F_{1t} (2 ≤ t ≤ r). We use the same P_i as Case 1 until i = t − 3. Then we define P_{t−2} by replacing k_{t−1} ∈ C(P_{t−3}) by u_{1t}. In the last step, we need to apply the reverse half-twist along k_{t−1} to the seams so that they are to be adjusted to u_{1t}. See Figure 9.4, where we understand Q^′_{t−3} = D^{−1/2}_{kt−1} (Q_{t−3}). Thus,

F = F_{1t} = f(D_{k23} , D_{k12} )f(D_{k24} , D_{k13} ) · · · f(D_{k2,t−1} , D_{k1,t−2} )D^{−ρ−1}_{k1,t−1} f(D_{u1t} , D_{k1,t−1} ).

Figure 9.4

Case 4: F_{st} (2 ≤ s < t ≤ r). In this case, we use the same P_i as Case 2 until i = t − s − 1. Then, define P_{t−s} by replacing k_{t−1} ∈ C(P_{t−s−1}) by u_{st}. In the last

LIMITS OF GALOIS REPRESENTATIONS, II 73

step, we need to apply the reverse half twist along k_{t−1} so that the seams are to be adjusted to u_{st} as in Figure 9.5. This process produces

F = F_{st} = D^{ρ−1}_{ks} f(D_{bs,s+1} , D_{ks} )f(D_{bs,s+2} , D_{ks+1} ) · · · f(D_{bs,t−1} , D_{kt−2} )D^{−ρ−1}_{kt−1} f(D_{ust} , D_{kt−1} ).

Figure 9.5

Thus the proof of Theorem 5.8 is completed.

§10. Coalescing tangential base points.

10.1. In this section, we discuss a generalization of our construction of the tangential base point ⃗v given in [N97] (see §7) in the context of Hurwitz moduli spaces. Let G be a finite group and T : G → S_n be a faithful transitive permutation representation. For each sequence C = (C_1, . . . , C_r) of conjugacy classes of G, the strict Nielsen set SNi(G, C) is defined to be the collection of r-tuples g = (g_i) ∈ C_1 × · · · × C_r such that g_1 · · · g_r = 1 and ⟨g_1, . . . , g_r⟩ = G. Pick g ∈ SNi(G, C) and let sO(g) be the orbit of g under the natural action by the pure Hurwitz braid group with r strings. M.Fried [F] introduced a strict Hurwitz modular variety H(sO(g)) as a finite cover over (P^1)^r − Δ corresponding to this transitive permutation representation. This is a moduli space parameterizing covers of P^1 with branch cycle data in sO(g).

The aim of this section is to present a way of constructing a tangential base point ⃗v(g) on H(sO(g)) which would be called the coalescing tangential base point associated to g ∈ SNi(G, C).

10.2. We first define (r − 2) triples (x_i, y_i, z_i) (i = 1, . . . , r − 2) by

x_i := g_1 · · · g_i, y_i := g_{i+1}, z_i := g_{i+2} · · · g_r.

Then, x_iy_iz_i = 1, z_i = x^{−1}_{i+1} hold. Each triple defines via T a not necessarily connected cover Y^0_i → P^1 branched only over {0, 1, ∞}. Take a number filed K/Q such that

1. each connected component of Y^0_i (∀i) is defined over K; 2. each branch point on Y^0_i (∀i) over 0, 1, ∞ is defined over K.

74 HIROAKI NAKAMURA

The above (r − 2) triples produce an admissible cover f : Y^0 → X^0 over K in the sense of Harris-Mumford [HM] in such a way that

X^0 = ∪^{r−2}_{i=1} P^1_{01∞}/ ∼, Y^0 = ∪^{r−2}_{i=1} Y^0_i / ∼,

where ∼ indicate identifications of pairs of points as nodes in the following manners. On Y^0, for each i, the branch point on Y^0_i corresponding to a ⟨z_i⟩-orbit is identified with the branch point on Y^0_{i+1} corresponding to the same ⟨x_{i+1} = z^{−1}_i ⟩-orbit. To be compatible with such Y^0, the X^0 is to be the obvious chain of P^1’s which looks as in Figure 10.1.

Figure 10.1

For a prototype example, suppose the case where G = Z/2Z and g = (−1, . . . , −1). Then, the admissible cover Y^0 → X^0 associated to this g is nothing but the degenerate hyperelliptic cover considered in [N97]. We would like to give the definition of ⃗v(g) so that it gives in this special case the “hyperelliptic tangential base point” ⃗v on the moduli space of M_{g,1} discussed there.

10.3. Example (Harbater-Mumford type). Another key example defined over Q is given in the paper [F] by M.Fried. Let

D_5 = {( ε a 0 1 ) | | ε = ±1, a ∈ Z/5Z }

be the fifth dihedral group acting on Z/5Z by x → εx + a (x ∈ Z/5Z) and consider SNi(D_5; C_1, C_2, C_3, C_4) which contains the tuple

g = ((^{−1}_0^1), (^{−1}_0^{−1}_1 ), (^{−1}_0^2_1), (^{−1}_0^{−2}_1 )).

Then the resulting admissible cover Y^0 → X^0 may be illustrated as in Figure 10.2.

Figure 10.2

LIMITS OF GALOIS REPRESENTATIONS, II 75

10.4. We shall construct a tangential base point ⃗v(g) by making use of the formal patching technique arranged by Harbater-Stevenson [HS]. Regard X^0_i as the projective line P^1_K with the standard coordinate t_i (1 ≤ i ≤ r − 2) illustrated in Figure 10.3, and set t^′_i = t^{−1}_i .

Figure 10.3

Let P_i (i = 1, . . . , r − 3) be double points with t_i = ∞ (i.e., t^′_i = 0 or equivalently t_{i+1} = 0), and write the fiber set f^{−1}(P_i) as {P_{i,1}, . . . , P_{i,mi} } which bijectively corresponds to the set of ⟨z_i⟩-orbits in {1, . . . , n}. Letting e_{ij} denote the ramification index at P_{ij} (which is the same as the length of the corresponding ⟨z_i⟩-orbit), we define e_i := l.c.m.{e_{i1}, . . . , e_{imi} }. Then, as in [IN], one can make the deformation space X^∗/K[[q]] of X^0/K by the equations t^′_it_{i+1} − q^{ei} (1 ≤ i ≤ r − 3). Next, choose uniformizing parameters s^′_{ij} of Ô_Y 0_{i ,Pij} and s_{i+1,j} of Ô_Y 0_{i+1,Pij} such that (s^′_{ij} )^{eij} = t^′_i, (s_{i+1,j} )^{eij} = t_{i+1}, and introduce the local rings R_{ij} := K[[s^′_{ij} , s_{i+1,j} , q]]/(s^′_{ij} s_{i+1,j} − q^{ei /eij} ) (1 ≤ i ≤ r − 3, 1 ≤ j ≤ m_i) over K[[q]] which are equipped with natural homomorphisms Ô_X ∗_{,P} 0_i → R_{ij} . Then, the collection of data {Y^0 → X^0 ⊂ X^∗, {Ô_X ∗_{,P} 0_i → R_{ij} }_{ij} } forms a relative thickening problem for (Y^0, {P_{ij} }) relative to Y^0 → X^0 in the sense of Harbater-Stevenson [HS]. Thus, it follows from Theorem 2 of [HS] that there arises an admissible cover Y^∗ → X^∗ over K[[q]] whose generic fibre is a smooth connected cover over P^1_{K((q))} with branch cycle data g ∈ SNi(G, C). We define the K-rational tangential base point ⃗v(g) on H(sO(g)) to be that which is induced from Y^∗ ⊗ K((q)) → P^1_{K((q))}.

Appendix.

In this appendix, we prove that the Dehn twists along the circles indicated in Figure 5.6 generate the mapping class group of the marked surface. The corresponding result should be essentially known, for example, in [M], [Bi1], but it would be convenient to present a concise proof here using only a simple technique utilized effectively by Humphries [H].

We write Σ_{g,r} for the surface of genus g with r marked points Q_1, . . . , Q_r, and denote the mapping class group by Γ(Σ_{g,r}). There is an exact sequence

1 −→ Π^{(r)}_{g,0} −→ Γ(Σ_{g,r}) −→ Γ(Σ_{g,0}) −→ 1

obtained by forgetting all marked points. Here, the kernel Π^{(r)}_{g,0} can be identified with the pure braid group on the closed surface Σ_g with r strings. It is known

76 HIROAKI NAKAMURA

by M.Dehn, W.B.R.Lickorish that Γ(Σ_{g,0}) is generated by the images of a_1, . . . , a_{2g} and d_{±i} (i = 1, . . . , g). So it suffices to consider the kernel. This is generated by the loops regarded as those x^{(s)}_1 , . . . , x^{(s)}_g , y^{(s)}_1 , . . . , y^{(s)}_g , z^{(s)}_1 , . . . , z^{(s)}_r (z^{(s)}_s = 1) starting from Q_s and running in the surface Σ − {Q_t | 1 ≤ s ≤ r, t ≠ s} as in Figure A1.

Figure A1 To represent each of these loops by Dehn twists, we employ usual technique that the loop can be interpreted as a quotient of two Dehn twists along circles lying along the loop “inside and outside”. Figure A2 shows the typical situation where we should have ℓ = D_aD^{−1}_b :

Figure A2 It is obvious, as the inside circle becomes trivial, that one can write z^{(s)}_i as u_{is}. To produce x^{(s)}_k , y^{(s)}_k (1 ≤ k ≤ g), we introduce the sequence η^{(s)}g , ξ^{(s)}g , . . . , η^{(s)}_1 , ξ^{(s)}_1 by

η^{(s)}_g := (y^{(s)}_g )^{−1}, ξ^{(s)}_g := y^{(s)}_g (x^{(s)}_g )^{−1}(y^{(s)}_g )^{−1};

η^{(s)}_k := (y^{(s)}_k )^{−1}η^{(s)}_{k+1}, ξ^{(s)}_k := (η^{(s)}_k )^{−1}(x^{(s)}_k )^{−1}η^{(s)}_k , (1 ≤ k ≤ g − 1).

Figure A3 First, it follows from the above remark that ξ^{(s)}_g = h_s. We then apply the general formula D_aD_bD^{−1}_a = D_{Da (b)} repeatedly as in Figure A4. It is then clear that all ξ^{(s)}_k , η^{(s)}_k , hence all x^{(s)}_k , y^{(s)}_k (1 ≤ k ≤ g) can be produced by the Dehn twists along the circles indicated in Figure 5.6.

LIMITS OF GALOIS REPRESENTATIONS, II 77

Figure A4

References

[AMO] M.Asada, M.Matsumoto, T.Oda, Local monodromy on the fundamental groups of algebraic curves along a degenerate stable curve, J. Pure and Appl. Alg. 103 (1995), 235–283.

[Be] G.V.Belyi, On galois extensions of a maximal cyclotimic field, Izv. Akad. Nauk. SSSR 8 (1979), 267–276 (in Russian); English transl. in Math. USSR Izv. 14 (1980), no. 2, 247–256.

[Bi1] J.Birman, Mapping class groups and their relationship to braid groups, Comm. on pure and applied math. 22 (1969), 213–238.

[Bi2] J.Birman, The algebraic structure of surface mapping class groups, Discrete groups and automorphic functions (W.Harvey ed.), Academic Press, New York, 1977, pp. 163–198.

[De] P.Deligne, Le groupe fondamental de la droite projective moins trois points, The Galois Group over Q, Y.Ihara, K.Ribet, J.-P.Serre (eds.), Math. Sci. Res. Inst. Publ., vol. 16, Springer, 1989, pp. 79–297.

[DM] P.Deligne, D.Mumford, The irreducibility of the space of curves of given genus, Publ.

Math. IHES 36 (1969), 75–109.

[Dr] V.G.Drinfeld, On quasitriangular quasi-Hopf algebras and a group closely connected with Gal(Q̄/Q), Algebra i Analiz 2 (1990), no. 4, 149–181 (in Russian); English transl. in Leningrad Math. J. 2 (1991), no. 4, 829–860.

[F] M.Fried, Introduction to modular towers: generalizing dihedral group – modular curve connections, Recent developments in the inverse Galois problem (M.Fried et al. eds.), vol. 186, Contemp. Math. (AMS), 1995, pp. 111–171.

[G] A.Grothendieck, Esquisse d’un Programme, 1984, Geometric Galois Actions I, P.Lochak, L.Schneps (eds.), vol. 242, London Math. Soc. Lect. Note Ser., 1997, pp. 5–48.

[GM] A.Grothendieck, J.P.Murre, The tame fundamental group of a formal neighborhood of a divisor with normal crossings on a scheme, Lect. Notes in Math., vol. 208, Springer, Berlin, Heidelberg, New York, 1971.

[GR] A.Grothendieck, M.Raynaud, Revêtement Etales et Groupe Fondamental (SGA1), Lect.

Notes in Math. 224 (1971), Springer, Berlin, Heidelbelrg, New York.

[HM] J.Harris, D.Mumford, On the Kodaira dimension of the moduli space of curves, Invent.

Math. 67 (1982), 23–86.

[HS] D.Harbater, K.Stevenson, Patching and thickening problems, J. of Alg. 212 (1999), 272–304.

[H] S.Humphries, Generators for the mapping class group, Topology of Low-Dimensional Manifolds (R.Fenn ed.), Springer Lect. Notes in Math., vol. 722, 1979, pp. 44-47.

[Ic] T.Ichikawa, Teichmüller groupoid and Galois action, preprint, 1999. [Ih1] Y.Ihara, Braids, Galois groups and some arithmetic functions, Proc. ICM, Kyoto (1990), 99–120.

[Ih2] Y.Ihara, On the embedding of Gal(Q̄/Q) into GT^∧, The Grothendieck theory of Dessin’s d’Enfants, L.Schneps (ed.), London Math. Soc. Lect. Note Ser., vol. 200, 1994, pp. 289– 305.

78 HIROAKI NAKAMURA

[IM] Y.Ihara, M.Matsumoto, On Galois actions on profinite completions of braid groups, Recent developments in the inverse Galois problem, M.Fried et.al (eds.), Contem. Math. (AMS), vol. 186, 1995, pp. 289–306.

[IN] Y.Ihara, H.Nakamura, On deformation of maximally degenerate stable marked curves and Oda’s problem, J. Reine Angew. Math. 487 (1997), 125–151.

[Kn] F.F.Knudsen, The projectivity of the moduli space of stable curves II: The stacks M_{g,n}, Math. Scand 52 (1983), 161–199.

[LNS] P.Lochak, H.Nakamura, L.Schneps, On a new version of the Grothendieck-Teichmüller group, C. R. Acad. Sci. Paris, Série I 325 (1997), 11–16.

[Ma] M.Matsumoto, Galois group G_Q, singularity E_7, and moduli M_3, Geometric Galois Actions II, P.Lochak, L.Schneps (eds.), London Math. Soc. Lect. Note Ser., vol. 243, 1997, pp. 179–218.

[Mu] D.Mumford, Abelian quotients of the Teichmüller modular group, J. Analyse Math. 18 (1967), 227–244.

[N94] H.Nakamura, Galois rigidity of pure sphere braid groups and profinite calculus, J. Math.

Sci., Univ. Tokyo 1 (1994), 71–136.

[N96] , Coupling of universal monodromy representations of Galois-Teichmüller modular groups, Math. Ann. 304 (1996), 99–119.

[N97] , Galois representations in the profinite Teichmüller modular groups, Geometric Galois Actions I, P.Lochak, L.Schneps (eds.), vol. 242, London Math. Soc. Lect. Note Ser., 1997, pp. 159–173.

[N98] , Tangential base points and Eisenstein power series, Aspects of Galois Theory, H.Voelklein et. al. (eds.), London Math. Soc. Lect. Note Ser., vol. 256, 1999, pp. 202–217.

[N99] , Limits of Galois representations in fundamental groups along maximal degeneration of marked curves I, Amer. J. Math. 121 (1999), 315–358.

[NS] H.Nakamura, L.Schneps, On a subgroup of Grothendieck-Teichmüller group acting on the tower of the profinite Teichmüller modular groups, Invent. Math. 141 (2000), 503– 560.

[Od] Takayuki Oda, Etale homotopy type of the moduli spaces of algebraic curves, 1990, Geometric Galois Actions I, P.Lochak, L.Schneps (eds.), vol. 242, London Math. Soc. Lect. Note Ser., 1997, pp. 85–95.

[Sc] L.Schneps, The Grothendieck-Teichmüller group ^GT : a survey, Geometric Galois Actions I, P.Lochak, L.Schneps (eds.), London Math. Soc. Lect. Note Ser., vol. 242, 1997, pp. 183–203.

[W] S.Wewers, Deformation of tame admissible covers of curves, Aspects of Galois theory, H.Völklein et.al (eds), London Math. Soc. Lect. Note Ser., vol. 256, 1999, pp. 239–282.

Dept. of Mathematics, Tokyo Metropolitan University, Hachioji-shi Tokyo 192- 0397, Japan

E-mail address: h-naka@comp.metro-u.ac.jp