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Modular forms of weight one

Modular forms of weight one and Galois representations

elliptic and cuspidal
Hecke eigenforms of weight one

— p: G@ — GLQ(C) / -
lto1l : odd, conti., irred.

via the coincidence of L-functions.
(Hecke, Weil, Deligne, Serre, Langlands, Tunnell, Khare,
Wintenberger,.. . .)

— A weight one modular form has an information of certain Galois
extension over Q.
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Modular forms of weight one

If p: Gg — GL2(C) is continuous and irreducible, then the image of p in
PGL3(C) is isomorphic to one of

e D,: dihedral group of order 2n (dihedral type),

e A, (tetrahedral type),

@ S, (octahedral type),

@ As (icosahedral type).

Property of dihedral representations

If p: Ggp — GL(C) is of dihedral type, then p = Indg‘ff for some
quadratic field F and ray class character £ of F. Therefore, if f is a Hecke
eigenform of weight one and the Galois representation ps associated to f is
of dihedral type, then there exist a quadratic field F and a ray class
character £ of F such that

(1) = O(r) = Y &(a)g"®.

v
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— A dihedral type modular form has an information of certain abelian
extention of quadratic field.

Given an eta-quotient f of weight one, which is not necessary Hecke
eigenform, we want to know an information on the number field associated
to f.

— It is natural to study the Hecke module generated by an eta-quotient.
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For a finite group G,

e G* :=Hom(G,C),

o G*:= G*/ ~, where for x1,x2 € G*, x1 ~ X2 means that \2 = x1.
For a quadratic field K,

@ Clk : the ideal class group of K,

@ h(K) : the class number of K,

o Ok : the ring of integers of K.

e n(r) = g2 H(l — ") : Dedekind eta function (q = €™, 7 € H),
n=1

@ M (N, x) : the space of weight k holomorphic modular forms of level
N and character ¥,

@ Si(N,x) C Mi(N,x) : the space of cusp forms.
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Main Theorem (1)

Let A be a square-free positive integer such that A = 15 (mod 24), and set

_ n(3r)n(12r)n(2xr)?

—12)
n(67)n(AT)n(4AT) € Si1(12), (=2)).

ox(T) :

Let
Vi = (oAl Tn; n>1)¢.

With the above notation, we have

dime Vi = h(Q(V=X)).
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Main Theorem (2)

Let N be a square-free positive interger s.t. N =23 (mod 24),
K := Q(v/—N) and hy := h(K). Let
gn = #(Clyk/CI%) : the number of quadratic character of Cl,
dv = (hnv — gn)/2,
Un(T) == n(T)n(NT),
Vv = (¥n[Th ;i n>1)c.

We have

dime Viy = dy — £ {x € Clic ; 3® # 1, x([a]) = %1 or x([ps]) = +1},

where po (resp. p3) is a prime ideal of Q(v/—N) lying above 2 (resp. 3).
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Main Theorem (2)

Let p be a prime number s.t. p =23 (mod 24) and K := Q(,/—p). Then
the following assertions are equivalent;

(a) dim¢ V, = dp,
(b) Cli = ([p2]) = ([p3])-

(Proof of Cor.) If N = p in Theorem 2, then h, is odd, thus

dime Vp = dp — {x € Clic - x # 1, x([p2]) = Tor x(lps]) = 1}
This shows that dim¢ V), = dp, is equivalent to that

“X(pal) = 1= x = 1" and “x([ps]) = 1 = x = 1."
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CM modular forms

Let
f € Mi(N,x) : a Hecke eigenform,

m € Zo,
0 : a non-trivial quadratic character modulo m.
We say “f has CM by 6" if

0(p)ap(f) = ap(f)

(i.e., f|T, =0) for all pt Nm.

o MEM(N, ;) : the space of CM forms by 6,
o STM(N, x;0) := MEM(N, x; 0) N Sk(N, x).
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CM modular forms

Theorem (Kani)

Let F:=Q

associated to f. Then, the following assertions are equivalent:
(a) f has CM by 6,

(b) 3¢ € Hom(GF,C*) sit. pr = Indg2€.

, f a Hecke eigenform and pr the Galois representation

The assertion (b) in Theorem 3 is equivalent to

(c) 3¢ : aray class character of F s.t. (1) =3, &(a)gV®.

Theorem (Kani)

Let NV be a positive number such that —N is a fundamental discriminant.
Then

dime SSM(N, (Z2) 5 (FX)) = d.
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Proof of Theorem 1

We fix the following notation:
e A =15 (mod 24): square-free,

oK::Q(F)
opy:2Z+1+Vﬁi { XHWA XEthdM}
ops::3Z+1+F —{ +yF;XEY(mOd2)}v

_ 3x +yvV—A
° p2p3:{x}2/ ; x =y (mod 4)}

Recall
n(37)n(127)n(2A7)?

o (2A\7
P = S GO (@A)
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Proof of Theorem 1

h1(7) = i( >q

n=1
_ n(@r )3 >
Then
> 8 24 3m? 4 dn?
or(7) = 01(37)0a(A7) = mznil (m> <n> S
where d = \/3.
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Proof of Theorem 1

We have

o £ (S)E)

a€[p,ps] : integral
(a,pop3)=1

where my and nq is the rational integers such that

a= (—3'”“ +2"\/__A) (p2p3) ™!

Proposition

If pis a prime such that <T)‘) = —1, then ¢,|T, = 0.
2\

)i (=2)):
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Proof of Theorem 1

For every Hecke eigenform g € V),

3¢ : ray class character with some conductor § s.t.

g(1) = O¢(r) = ) &(a)g".

aCOk

Considering the level and character of V), we have

Proposition

f = p2°ps.

o Clk(f) : ray class group with modulus § = p3°p3,
o Hk(f) := Ker(Clk(f) — Clk).
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Proof of Theorem 1

Consider the exact sequence

1 —— Cli —— Clk(f)* —— Hk(f)* —— 1.
Since (O /§)* J{%1} = (Z/127)* /{£1} = {1,5}, we have
iHk(f) = 2, thus  4CIk(f)* = 2h(-A)
Let T := Cli \ Im(7) = {€ € CIk(f)" ; &(Hk(f)) = {£1}} and

Wy = (O¢(7) ; € T><C'

) e{ Si(12), (=2)) if € € Im(x),

Si(12X, (F222)) otherwise, i.e., £ € T.
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Proof of Theorem 1

Thus V), C W,

Proposition
The set {O¢(7) ; £ € T} is a basis of W). Thus,

dim(c W)\ = h(—>\)

For the proof of this proposition, note that for £1,£ € T we have
O = O, Ind §1 = Ind {2
Therefore, it is enough to show
Ind @gl Ind Qgg = L=&

for £1,60 € T.
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Proof of Theorem 1

Let h:= h(—\) and

T={¢;i=1,...,h}

Clx={cY); j=1,...,h}.
For CU) € Cl, let o

), e e Clk(f)
be the lifts of CY) to Clk(f), and
Oco(r)i= 3 g"® — 3 g,
aecg) aecg)
Note that
ey =-¢cf) forgeT,

because £ is non-trivial on Hk(f).
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Proof of Theorem 1

Then, for £ e T,

h
O(r) = ) Y " +e(c?) 3 g

J=1 aec? accy)
h

_ ZS(CY)) Z qN(a)_ Z qN(a)
J=1 acc¥) aecy)
h .

= Y ee)ocn(n).
j=1

Fix £ e T. Foreach & € T,

dp; € |m(7r) s.t. & =&y
(recall 7 : Clje — Clk(f)*).
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Proof of Theorem 1

For £ € {1,..., h}, set

c,.(z) = 1p;(CO).

Then, by the orthogonality relation for characters, we have

h
S~ D0, (1) = he(C)On (7).
=1

Proposition

The forms ©,), ..., Oqn form a basis of W).

Set
A = [p2ps3] € Clk,
B = [p2p3] € Clg.
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Proof of Theorem 1
We have g = +0© 4 or ¢\ = +0Op \

h
There exist ¢1,...,cp € C* sit. ) = Z CiO¢,.
i=1

We have V) = W,. \
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Proof of Theorem 2

Let

e N : a square-free positive integer s.t. N = 23 (mod 24),

° K:=Q(vV-N),
o ¥n(7) =n(r)n(Nr) € SPM(N, (=F); (=4)),

o Vi i=(yn|Th; n>1)e € STM(N, (Z1); (=),
It is known that

1

¢N(7—) — 5 Z q6X2—|—Xy—&—NJrl y2 Z q6x2—5xy-l—%y2
X,y€Z X, yEL

Let
1 -N
e py =27+ iZ : a prime in K lying above 2,
1 -N
o p3:=37Z+ +\2/7Z : a prime in K lying above 3.
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Proof of Theorem 2

Then,
12x+y+yv—N
°Pzp3={ y2y ;X,yGZ},
_ 12x — 5y + yv/—N
°Pzp3={ y2 4 ;x,yGZ}.
Noting that
N((12 —N)/2 N+1
(2 +y +yV=W)/D) o N1,
N(p2p3) 24
N((12x — —N)/2 N+2
((12x — 5y + yv )/):6X2_5Xy+ +25 2
N(p2p3) 24
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Proof of Theorem 2

we have

Proposition

= Y O Y M.

a€[paps] a€[paps]

Let
o h:={Clg,
o Clic = {x1,-., xn}
By the orthogonality relation of characters,

Proposition
For every C € Clk, we have
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Proof of Theorem 2

Set
C1 := [pap3], Cz:=[p2ps] € Clk.

Then,

h
pon(r) =3 (i€ — (@) Oy (7)

i=1

= 3 (X€) — x(@) + x(€1) — x(C2)) (7

Recalling that dy = (h— gn)/2 = 4 {X eCli; 4 1},

December 22. 2013 25 /28

Takeshi Ogasawara (ONCT) On Hecke modules generated by eta-quotient:



Proof of Theorem 2

we have
dime Viy = dy — # {x € Clic 5 x> # 1, x([pa]) = +1 or x([ps]) = #1},

as desired. n
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Further problems

@ Describe the CM property and the connection to the ideal class group
for various eta-quotients of weight one.

— There is a recent result by Berkovich and Patane on the
expressions of some eta-quotients of weight one by theta series of
positive definite binary quadratic forms.

e Can we study the Hecke action on n(7)n(N7) without using the
expression by binary quadratic forms?

— A study of the structure of ideal class groups of imaginary
quadratic fields in terms of the Hecke action on modular forms.
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Thank you very much for your attention.
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