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Problem: K, K fields, K local

GKgGKO — K =177

(0) Ko=C
Gg 2 Ge <= K separably closed

(the fundamental theorem of algebra)

(1) Ky=R

Gk 2Gr <= K real closed

E. Artin — O. Schreier 1927

(2) Gk =Gk, [Ko: Q] < o0
<= K p-adically closed
% 3 henselian valuation v on K such that
|K,| < oo, charK, =p,
0 >7Z — ,, > A — 0 exact
v(p) divisible

Neukirch 69, Pop 88,795, E. (’95; p # 2), Koenigsmann (’95; all p)




(3) Gk =Grw), ¢=p" = K=77

Expect: d henselian valuation v on K with

e value group , , “close” to Z and

e residue field K, “close” to Fy,




Example (Koch '67):

1

Gr,((ty) = Fro(0)%(0,7 | 07071 = 79 profinite

4

universal action




Example (A): Construct inductively (K, u,) as follows:
(K1, u1) = henselization of F,(t9) at (to)

(K, uy) = maximal totally tamely ramified extension of

(K7, ur)
(K41, ury1) = henselization of K} (¢,) at ()

(K3, u3)
|
(Kék, u§) residue (Kg, U3)

| S
(K2, us)

residue

(KT, uj)
| /‘
(Klvul)

= Gk, =Gr, (@)

u, henselian , , , =7Z

r

G = Fy, (p)¥Z # Z

(Ky41)u,p, = K non-perfect!




Example (B):

Take (K,,u,) as in Example (A)
Set wy =ujouso0---0uUr_40U

w, = Resg, (w}) .

== (K,,w,) henselian
(E)wr = ]Fq 9
7]l
Y wr/l =

(Z/p)"

for [ # p prime

for [ = p prime




Example (C): Examples in characteristic 0 [E., '95]
F' = arbitrary field of characteristic p
E = (W(Fins))

1 split epimorphism Gg — Gr. =2 Gp

(Kuhlmann—Pank—Roquette)
K = fixed field of the image of a section

- chaerO, Gk =2 GF

Example (D):
Fields of Norms (Fontaine — Winterberger)
E = finite extension of (@, with residue field [F,
K = arithmetically profinite extension of F

— Gk = Gr,(@)-




THEOREM 1:
Suppose: Gk = Gr, (1)

Then there exists a henselian valuation v on K s.t.:
(1) ¥Vl #pprime: ,,/l=Z]/I
(2) charK, =p
3) Gg, ()= Z(p’) (= Hl;ép Zy)

(4) Syl,(Gg,) is a non-trivial free pro-p group of
rank < |K,|

(5) charK =0 = ,,/p=0and K, is perfect




Construction of valuations from K-theory

Jacob 81, Ware 81, Arason—Elman—Jacob 87,
Hwang—Jacob ’95, E. 99

Alternative approaches: Bogomolov '92, Koenigsmann 95

Theorem: Suppose: F field , | # char F prime ,
(~L(EX)Y) < T < EX;
(a) Ve €e E\TVyeT\ (EX)" {z,y} #0in KM(E)
(b) Va,y € E*: x,y T;-linearly independent mod T
—  {z,y} #0in KM(E).

Then: d valuation v on E such that:
e charE, #1
o dimg, (, »/1) > dimp, (E*/T) — 1
e cither dimy, (, ,/I) = dimp, (E*/T) or E, # E!.




Corollary: Suppose :
E a field, | # char E prime, —1 € (E*)!, and
N (EX/l) = KM(E)/l naturally.
Then d valuation v on FE such that:
e charE, #1
e dimy, (, ,/l) > dimp, (E* /1) — 1
e cither dimy, (, ,/I) = dimp, (E*/I) or E, # E!

The construction of v:

One chooses T'< H < E* appropriately
(in the Corollary: T = (E*)!)
O ={z¢dH|1-2€T}
Ot={zeH |20~ CO}
O = O~ UOT is a valuation ring with the desired

properties!
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In our case:
Suppose 0: Gg — Gr, (), ¢=pP™-
Take [ # p prime and E;/K finite and separable with p; C Ey, E] (pa C Ey, E] if | = 2).

Then: Gg,(I) 2 (0,7 | o707t =780

= H'(Gg (1), Z/1) = (Z/1)?
H(Gg, (1), 2/1) = \* H (G, (1), Z/1) (via )

= B/l = (Z]1)? (Kummer theory)
KM(E) /1= N*(E[/l)  (Merkur'ev-Suslin)

— 3 valuation u; on Ej such that char (E}),, # 1,
dimg, (, o, /1) = 1, (Ep)u, # (E1)l,-
— wu; is henselian
— v; = Resguy is henselian
— 0, = ﬂ#p O,, 1is henselian and
VIl #p: char K, # [ and dimg, (, ,/I) = 1
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Proposition (E., 95):
Suppose: (E,u) valued field
[ # char E,2 prime (or [ =2, /-1 € E)
E, # E,

sup rankGp(l) < oo
[F:E]<o0

Then w is henselian .

Proposition (Endler-Engler ’77):

Suppose: v, v’ valuations on a field K
v henselian

K, not algebraically closed .
Then either O, C O, or O, C O, .
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Claim: char K, =p

Key Fact:
The (first) ramification group V' of G, (1)) intersects every non-trivial normal closed sub-

group of GIFq ((t)-

Let T = Gk, ,, and take [ # p, char K,, prime.

Then:  Syl,(T) 2 Z,

— T # 1 and is normal in Gi

= 0o(T) # 1 and is normal in Gy, ()

— o(T)NV #1 and is normal in V (& Fy, (p))
—> o(T) NV non-abelian, pro-p

= Syl,(T') non-abelian

— charK, =p O
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II. FINITELY GENERATED FIELDS
Grothendieck’s anabelian conjecture - 0-dim case:

Theorem (Pop):
Let K, K' be finitely generated infinite fields.
Let 0: Gg — Ggr.

Then there is a unique ¢: K’ — K inducing o.

e K, K’ global — Neukirch 69, Ikeda ’77, Iwasawa
Uchida 77+

e K, K’ of transcendence degree 1 over Q — Pop 90,
Spiess 96

e K, K' arbitrary — Pop '95 +
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Definition:

tr.deg(K/F,) if char K =p >0
dim(K) =
tr.deg(K/Q) +1 ifchar K =0

A valuation v on K is 1-defectless if

dim(K) = dim(K,) + 1

The Local Correspondence:
Let L, L' be separable extensions of K, K', respectively, with o(Gr) = Gp:.
Then:
L is a henselization of K with
respect to a 1-defectless valuation
)
L' is a henselization of K’ with

respect to a 1-defectless valuation
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Earlier Approaches:
Hasse Principles + Model Theory
(Brauer—Hasse—Noether, Tate—Lichtenbaum-Saito,

Kato — Jannsen)
An “algebraic” proof 7?7

Definition: Let L be a field of dimension d and p # char L a prime number. L is

p-divisorial if there exist L C F C M C Ly, such that:

(1) M/L is Galois
(2) Syl,(Gum) =17y
(3) p(Gr)=d+1
(4) Either d =1 or Gal(M/L) has no normal

pro-solvable closed subgroups # 1
(5) VF/E finite separable:
H'(Gr, L/p) = (Z/p)*!
H2(Gp,Z/p) = N> HY(Gp,Z/p) via U .
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Theorem 2:

Suppose :

K finitely generated field,
L/K separable algebraic extension,

p # char K.
TCAE :

(a) L is a henselization of K with respect to a
1-defectless valuation
(b) L is a minimal p-divisorial separable algebraic

extension of K.

Condition (b) is Galois—theoretic !

17



References

J.K. Arason, R. Elman and B. Jacob, Rigid elements, valuations, and realization of
Witt rings, J. Algebra 110 (1987), 449-467.

F.A. Bogomolov, Abelian subgroups of Galois groups, Izv. Akad. Nauk SSSR, Ser.
Mat. 55 (1991), 32-67 (Russian); Math. USSR Izvestiya 38 (1992), 27-67 (English
translation).

I. Efrat, A Galois-theoretic characterization of p-adically closed fields, Israel J. Math.
91 (1995), 273-284.

I. Efrat, Construction of valuations from K-theory, Math. Res. Lett. 6 (1999), 335—
344.

I. Efrat and I. Fesenko, Fields Galois-equivalent to a local field of positive character-
istic, Math. Res. Lett. 6 (1999), 345-356.

I. Efrat, The local correspondence over absolute fields - an algebraic approach, preprint, |
Ben Gurion University, 1999.

O. Endler and A.J. Engler, Fields with Henselian valuation rings, Math. Z. 152
(1977), 191-193.

Y.S. Hwang and B. Jacob, Brauer group analogues of results relating the Witt ring
to valuations and Galois theory, Canad. J. Math. 47 (1995), 527-543.

H. Koch, Uber die Galoissche Gruppe der algebraischen Abschliessung eines Poten-
zreihenkérpers mit endlichem konstantenkérper, Math. Nachr. 35 (1967), 323-327.

J. Koenigsmann, From p-rigid elments to valuations (with a Galois-characterisation
of p-adic fields) (with an appendix by F. Pop), J. reine angew. Math. 465 (1995),
165-182.

F. Pop, On Grothendieck’s conjecture of birational anabelian geometry, Ann. Math.
139 (1994), 145-182.

F. Pop, On Grothendieck’s conjecture of birational anabelian geometry II, Preprint,
Heidelberg 1995.

F. Pop, Alterations and anabelian birational geometry, Preprint, 1999.

M. Spiess, An arithmetic proof of Pop’s Theorem concerning Galois groups of function
fields over number fields, J. reine angew. Math. 478 (1996), 107-126.

J.-P. Wintenberger, Le corps des normes de certaines extensions infinies des corps
locaux, applications, Ann. Sc. Ec. Norm. Sup. 16 (1983), 59-89.

18



