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Abstract

For any r ∈ N≥1 and (s1, . . . , sr) ∈ Cr, let us consider the following several variable zeta
function (polyzetas) [3] ζ(s1, . . . , sr) :=

∑
n1>...>nr>0

n−s1
1 . . . n−sr

r which converges for (s1, . . . , sr)

in the open sub-domain of Cr [2, 6], Hr := {(s1, . . . , sr) ∈ Cr | ∀m = 1, . . . , r,
m∑
i=1

Re(si) > m}.

From Weierstrass factorization and Newton-Girard identity [3, 4], one has successively
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∏
n≥1

(
1 +

z

n

)
e−

z
n = exp

(
γz −

∑
k≥2

ζ(k)
(−z)k

k

)
(1)

where Γ(z) defines the Gamma function. One can deduce the following expression for ζ(2k):

ζ(2k)

π2k
= k

k∑
l=1

(−1)k+l

l

∑
n1,...,nl≥1

n1+...+nl=k

l∏
i=1

1

Γ(2ni + 2)
∈ Q. (2)

The formula (2) is a different version of a result of L. Euler using Bernoulli numbers

ζ(2k)

π2k
=

(−1)k+122k−1B2k

(2k)!
, k ∈ N.

In this talk, based on the combinatorics of noncommutative generating series, we discuss a way
to extend the formula (1) and then we present a recurrence relation of ζ(2k, . . . , 2k), k ∈ N∗.
This is based on join works with Prof. Hoang Ngoc Minh and Prof. Gérard Duchamp [4].
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