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INTRODUCTION



Fuchsian linear differential equations and hyperlogarithms

d ith MieM, .(C
diq(Z) = (Z Uf(Z)Mi) q(z), \;vr:d u-(zf:(z;i-))’l
z ">O 1 g 9
(ED) =
q(z0) = m,
y(z) = Aq(2).

Let o0 = {s;}i>0 with sy =0and B =C\ 0. For any i > 0, let w; = y;dz.
For simplification, if i # j then s; # s; and s5; = €'%,6; € [0, 27].

Let X = {x;};>0 and H(B) be the ring of holomorphic functions over B.
Considering the following functions over the monoid (X*, 1x+)
oZ X" — H(B) and p:X* — M, ,(C),
defined by Oéo(lx*) = ]‘"H(B)’ [L(lx*) = Idn,

Yw = xv e XX*, oZ (w) = [wi(s)ag (v), w(w)= Mipu(v),

20

one obtains U(zp; z) = Y m(w)aZ (w) and y(z) = AU(z; z)n.
weX*

The iterated integrals (of {w;}i>0 and along z ~ z) {aZ (w)}wex-, as
being functions on the free monoid (X*,1x), are hyperlogarithms and
their algebra is isomorphic to the shuffle (C{X), w, 1x+).



The case of hypergeometrlc equatlon (m=1)

(l—z)dd2y( )+[t27(i‘0+t1+1)2]f ( ) tol’ly(z)zo.

Introducing g:1(z) =
wo(z) = z71dz and wy(z) =

i q1 _ 0
dz \q2 ib

For any w = x5~ L - Xy
ag(w) = Lig, ... 5(2)
(1-2)1 Lis,... 5(2)

Hslx'”;sr(n)

1—=z g1
a—i—b—cig o

y(z) and g2(2) = (1 — Z)ddz (z) and letting

(1 — z)~!dz, one has
1

(o0 S)s0-( odo)=](2)

1x; € X*x1, where X = {x0,x1}, one has

= Y mremeen,
ny>-->n>0

= > Hq..s(n)z",
n>0

= Z n;sl . nr_sr_

n>ny>--->n>0

The map Li, (resp. H,) is a function on (N>1)* to the rings of holomorphic

(resp. arithmetical) functions {Lis, ... 5 }+.-

s(2) =

For s; > 1, lim Lig ...
z—1 0

ez (resp. {Hsh..,’s,}ul..v.>

)
0

lim Hs,,... ,S,(n) (517"'75f)'

n—-+o00



The case of coulored polylogarithms (m > 1)

Let X = {x0, -+ , Xm} and Op = {pit1<i<m, where p; = el Let

dz dz dz .
wo(Z):77 wi(z):pil—p;z:ﬁ;—z’ 1<i<m
For any w = x3'~ 1x,1 . 'xg’_lx,- € X*X, one has
Lot
OéO(W) Llﬁ,1 . p,r (Z) — Z p’sll ﬂ;,r Zn17
m>->n>0
(172) lLlpil . Pip (Z) = Z Heiy .. 0 (n)z”7
st s n>0 sp 7 s

Hopon(n) = % B0
1 n>ny>->n,>0

The map Li, (resp. H,) is a function on (Ig:l)* to the rings of

holomorphic (resp. arithmetical) functions {Lii? R oy 0y €Om

S1,000 ,s5r2>1,r2>0
(resp. {Hp,»l___,_’p,-, } oo com ). For (’S’ll) + (})
o

Ly s >1,r>0

lim Lln,1 e (2) = lim Hp,1 . (n) :C(’;"ll,--~ ).

z—1 sr n—+o0 Sr



Functions on the free monoids (X*, 1x-) and (Y™, 1y+«)

> Polylogarithms (X = {xo, x1}, X0 < x1) and hamonic sums
(Y= {}/k}kzla}ﬁ =Yoo ).

(51, ,5 ) ENL S yg ooy, €Y %Xgl_lxl .. -XOS’_lxl € X*x1.
» Coulored polylogarithms (X = {xg,*+ ,Xm}, X0 < -+ < Xm) and
coulored hamonic sums (Y = { Yk }k>1, Y1 > Y2 = -+ -, where
Yie={Vkoprs " s Yhopm }s Vi =< = Yh,pm)-
(pSI11’ ’psl,,) € (I\(IQ;)* A Ysi,0i "7 Ysr i, eyr
= 3l xS T € XF(XO\ {x0}).

» Hyperlogarithms (X = {x;}i>0,% < x1 < ---) and extended
hamonic sums (Y = {Yk}kZL Y1 = Yo = ---, where Y, = {yk7p/.},'21,
Yiopr = Yo < 77).

. . *
(f;’f"" 7@,’) € (N;) ;_} Ysipn = Ysrpi, € Y
X 1 1
= X Xy e xg X, € XF(X\ {x0}).

In any case, for Y = {yk}i>1 or Y = {ykp Jk>1,1<i<m oF Y = {¥k,p; }k,i>1,
l€ LynX — {xo} <= wy(l) € LynY.



Graph of representative function on free monoids

Let f be a function on the free monoid (X*, 1) to A. It is said to be
representative iff there is finitely many functions {f/, " }ics,... of A*",
choosen to be representative functions s.t.
Vuve X', fw)= 3 (V).
1€ lfinite

The coproduct of the representative functifon f is defined in duality with
the concatenation (denoted by conc) in X'* as follows

Vu,v € X, Aconc(F)(u®@v) =f(uv), Aconc(f)= >, ff@f".

i€ lsinite

The graph of f is given by the following noncommutative series?:
S= Y (S|w)w, where (S|w)=f(w).
weX™

Using the following pairing

A(X) @ AX) — A, TOP— (TIP):= ) (TIw){(Pw),

weX*
there is a natural duality between AY" = A((X)) and A[X*] = A(X):
A{X) = A(X)Y.

2Any series S is a function (on X'* to A) mapping w € X" to (S|w) € A.
The sets of noncommutative series and of polynomials (over X and with
coefficients in A) are denoted by A{(X)) and A(X), respectively.



GRADED BIALGEBRAS ((A/*<<j>7°°nc71x*,Auu>

heone.ly B )



Dual bases in graded bialgebra (A(X'), conc, 1y«, A)
N
Dy:= Yy wow= )y P,®S5,= [] exp(S5®P),
weXx* wex* leLynX
where (see Reutenauer, 1993)

» LynX is the set® of Lyndon words over X'.

» {Pi}iccynx @ basis of the Lie algebra Liea(X') and P; is defined by
P=1lifle X and P, =[P,,P,]if | € LynX and st(/) = (u, v).

» {Py}wex~ : Lyndon-PBW basis of U(Liea(X')), obtained by putting
P, = P/?P;: for W:/il-"/,’(k7/1,'-' e € LynX ly = -+ = Ig.

> The dual® basis {S, }wex~, containing {S;}iccynx, is as follows

S =xS,, for |=xué€ LynX,
i i ik
_5/1 m"'““Slk _ i
S, = - - , for w=lt k-
TARERE/A.
p {Pliccynx

are triangular and homogenous in length (b, and d, € A):

S=I1+ 5 bywv and P =1+ Y dv.
v I, M=/t v=<Il, M=/t

{Si}tiecynx

3|t forms a pure transcendence basis of (A(X), w, 1x+).
*i.e. (Py|S,) =64, for uand v e Xx”.



p-deformed shuffle products

Let ¢ be an arbitrary mapping defined by its structure constants
"2 Y xY AY? (yivyj) Z W,k,j}/k-
kel

Let w,, be the product Y* x Y* — A(Y) satisfying
1. Vw € Y*, 1y>.< U'ULPW: Wwwly* = w,

2. Ya,be Y,Vu,veYr
(R) auw,bv=a(uw,bv)+ blavw,v)+p(a, b)(uw,v),

defining a unique mapping w, : Y x Y* — A(Y') which is at once
extended as a law w, : A(Y) ® A(Y) — A(Y) and w,, is said to be
dualizable if there is A, : A(Y) — A{Y) ® A(Y) s.t. the dual

mapping (A(Y) ® A(Y))" — A(Y) restricts to w,.
> w,, is commutative iff ¢ : AY x AY — AY s so.

FuuCF

PuugJ

is associative iff o : AY x AY — AY is so.

is dualizable iff (7 )., ey satisfy
(Vz € V)(#{(x,y) € Y?|7i, # 0} < +o0).



Example (g-shuffle product®, ¢(y:, y;) = q'*)

The g-shuffle is defined, for any y;,y; € Y* and u,v € Y*, by
Uwglys =ly-wqu=u, -
(yiv) wq(yv) = yi(uwqyv) + yi((yiv) wq v + ¢ Vyigj(uwg v).

Example (product of extended harmonic sums)
For Y = {ysi}s,i>1, the product, in particular, of coulored harmonic sums is
defined, for any ys ., yr,, € Y* and u,v € Y™, by
U lys = 1y« wu = u,

(Vs t) 20 (Ve V) = Yrop) (Vs 1) 9 V) + Vs o (U (Vi V) + Vot i, (U1 V).
Let By, = (A(Y),conc, 1y, A, ), for ass., comm. and dualizable w,.
Then the following assertions are equivalent.

» B, is an enveloping algebra.

» B, = (A(Y),conc,ly+, A, ), as bialgebras.

Now, we are in situation to consider the following Eulerian idempotent

_yk—1
VIWG\/*7 ﬂ—l(W):kgl% Z Y+<w|ulw¢...w<puk>u1...uk_
e up,eee,Uk€

®|t corresponds to the shuffle (resp. quasi-shuffle or minus-shuffle) for g = 0
(resp. g =1o0r g=-1).



Dual bases in graded bialgebra (A(Y), conc, 1y-, A, )

N\
Dy =Y woaw=Dy= Y L,0M,= [[ exp(Z aMN).
weyY* weY* leLynY

> Letting Y/ = {y, }x>1, with y, = 71 (yk), {[/}iecyny is a basis of
the Lie algebra Liea(Y’), where I, is defined by I1,, =y, and
My =[N, NJ]ifl € LynY and st(/) = (u, v).

» {M,}wey+, where for any w = /{1 e ik satisfying f, > --- > I, and®
hy-- I € LynY, Ny, =TT} - TTE

» The dual basis {~, }wey-, containing {¥;}iczyny, is as follows
Z/ _ % Y5k1+ +sk, zll s for / — y// c L:an,
s Z/ulu”’q uuv---uuv):/uku*’
w =

ik

Y , for w= R

> gﬁiiﬂ': are triangular and homogenous in weight (b,, d, € A):
=1+ > bwv and Ty=I1+ >  d,v.
ve1,(v)=(I) v=1,(v)=(l)
Hence, (A(Y),w,1y~) admits LynY as pure trancendence basis.

®The Lyndon-PBW basis of U(Liea(Y")).



SWEEDLER'S DUAL OF THE GRADED

(K(X),conc,ly+,A )
BIALGEBRAS <Y> conc,lyx, A'—”—’ga)



Ext. of products, coproducts over A{(X')) and Kleene stars

conc, w : A{(X) @ A(X) — A(X)),  wy t A(Y) @ ALY)) — A(Y),

VS,Re A(X), SR = §*<u§Y*<5|u><R|v>)w,
VS,Re A(XY), SwR = zE;X*<5TL:>W<R|v>UM
VS,REA(Y), Sw,R = > (Su)(RV)uw,v

If (S|1x+) = 0 then Kleene star of S is the sum S* = 1y« +S+52+---.
A"t (X)) denotes the smallest algebra containing AX, closed by {+, conc, *}.
A series S € A™Y((X)) is said to be rational.

Aconc, Ay, t A(X) — A(X" @ A7), Ayt A(Y) — ALY @ Y7),
VS € AUXY, AconcS = 3 (S|W)Aconew € A(X* ® X7,
weX*
VS e A(X), ALS = Z*<5|W>AMW € A(X* @ X)),
VSEA(Y), AL S = 5 (SIw) A, w e ALY @ Y.



Characters, primitive and grouplike series
For w,, (resp. w and conc), a series S € A((X')) is said to be
1. a character of A(Y) (resp. A(X)) iff (S§]1x+) =1 and, for any u

and v € Y* (resp. X'*), one has
(Sluwy, v) (resp. (S|luw v) and (S|uv)) = (S|u)(S|v).

2. an infinitesimal character of A(Y) (resp. A{X)) iff, for any v and
v € Y”* (resp. X*), one has
(Sluwy, v) (resp. (S|luw v) and (S|uv)) = (S|u)(v|ly~) + (u[ly-)(S|v).
For Au% (resp. A, and Acopne), a series S is
1. primitive iff AL%S (resp. AL S and AeopcS) =1y- @S5+ S®@1y-.

2. grouplike iff A, S (resp. A, S and AgopcS) =5S® S and
(S|1y-) =1
Let PY (resp. P.¥ and Pt..) and G7 (resp. Gf and G%..) the sets of
primitivé and grouplike series, respectivery. For w, (resp. w and conc),

1. SeGY (resp. G and GZ,.) iff S is a character.

<onc) iff S is an infinitesimal character.

2. SeP) (resp. PY and P2

PY is a Lie algebra and G (resp. G* and G*
A ®

nc) is a group.

@



Factorization and decomposition of rational series
Let S € A(X)). S € A (X)) iff one of the following assertions holds

1. The shifts” {S<aw}yex (resp. {wr S}yer+) lie within a finitely
generated shift-invariant A-module (Jacob, 1978).

2. Thereis n € N and (v, u,n), where (Schiitzenberger, 1961)
v e My ,(C) and n € M, 1(C) and p: X* — M, ,(C) s.t.
S=vu( z;( p(w)wn) = v((p®I1d)Dx)n.
wex™

The triplet (v, 1, n) is so-called linear representation of rang n of S.

Letting M : X" — M, ,(A(X), x — u(x)x, one has S = vM(X*)n,

N N
L M(X*)= I e"")% (resp. M(Y*)= T[] eM*),
leLynX leLynY
2. If {M(x)}xex are upper triangular then, using diagonal and strictly
upper triangular matrices D(x) and N(x), M(x) = D(x) + N(x).
Moreover, since D(X*)N(X) is nilpotent of order k then
M(x™) = >0 (D(X7)N(X™))' D(X).

<i<k

"The left (resp. right) shift of S € A((X)) by P € A(X) is defined by
Yw e X", (P> S|w) = (S|wP), (S<P|w)=(S|Pw)).




(K(X),conc,lyx,A
(K(Y),conc,ly«,A

w)

Sweedler's dual of the graded bialgebras )
We
Let S € A™5 (X)) admitting (v, 1, m) as linear representation of rank n.
Forany 1 <i<n, let {(v,p,e)}i<i<n (resp. {(“e;, 1, 1) }1<i<n) be a
linear representation of rang n of the rational series G; (resp. D;), where
e € Min(A) and fe=(0 --- 0 1 0 --- 0).
i
Theorem
Let S € A{(X)). With the above notations, one has
Se A((X) <= AwS= Y G®D;.

1<i<n

The Sweedler's dual H? (X) (resp. HS, (Y)) of (K(X),conc,1y+,A,)
73
(resp. (K(Y),conc, 1y, A, )) is defined, for any series S, as follows
S et (X) (resp. HS, (V) <= AcncS=>. G D,
? i€l

where [ is finite, {G;, Di}ies are series, choosen in H? (X)) (resp. HS, (Y)).

Corollary
HE,(X)
He, (V)

(Krat«X»a H 1X*7Aconc),
(Krat<<y>>’ Wes 1Y*7Aconc)'

[rire



Kleene stars of the plane (1/2)

Proposition

1. The algebras (K[{x*}xex], w,lx+) and (K(X),w,1x+) are
K-algebraically disjoint and {x*, 1} EX, generates freely
(KX hxen [ (X), w0, 1a) (KX xex][LynX], w, Lx-)
(K[{X*a /}IEXZ’:A,]’ ““71/'\")'
2. Let 0 (K[{x*}xex]{X),w,1x-) — (K, x,1) be a w-morphism.
Let E := K[{0(x*)}xex] and F := K[{0(/) }iecynx]-

Then the following assertions are equivalent

111

2.1 The morphism 0 is injective.
2.2 The K-algebras E and F s.t. ENF = K.1 are generated by the
transcendent bases {6(x*)}xex and {0(1)}iccynx, respectively.

If 1. (or 2.) holds then E and F are K-algebraically disjoint and
{6(x*), 9(/)}, xcx - generates freely
ELynX

K[{G(X*)}XEX][{9(/)}/€Lyn2\’] = K[{H(X*),a(/)} xEX ]

le LynX



Kleene stars of the plane (2/2)

Corollary
Let R, L € A (X)) such that (R|1x-) =1,(L|1x-) =0 and L* = R
The following assertions are equivalent

1. R is a conc-character of (A(X), conc,1y+).

2. There is a family of coefficients (cx)xex such that R = (> cx)*.
xeX

3. The series R admits a linear representation of rank 1.
4. L belongs to the plane AX.

5. L is an infinitesimal conc-character of (A(X), conc,1y-).

Corollary

Let {le}xe)m {Bx}xex,{as}s>1, {bs}s>1 be complex numbers. Then

(E x)"w (Zﬁx)_(zx(axwx)x)*,

xXe

( E as)/s) w ( Z bs}’s) = (Sgl(as + bs)ys + rsz;l asbr@()/s,)/r)}/s+r)*~
THANK YOU FOR YOUR ATTENTION



