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Outline

@ Introduction — Multiple polylogarithms

@ Motivation and Background — Various relations in “non-positive
settings”

© Main results and examples of calculation
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o N,Q,C : a set of non-negative integers, rational numbers, complex
numbers, resp.,

o N> :=|| N, where N’ is a point,

e If R is a commutative ring with a unit and z1, ..., z, are letters (or
symbols), then R(x1,...,zy) is a free associative R-algebra
generated by x1,..., 2y,

o If y1,...,y, are symbols, then R[y1,...,y,] is a commutative
R-algebra generated by y1,...,Yn.
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Introduction—MZV and MPL

Multiple zeta value (=MZV): for ki,...,kq € N5g,

1 :
C(kl,...,kd) = Z ﬁ(E Cif kg > 1).
ni>->ng>0 1 Ny
Multiple polylogarithm (=MPL): for ki, ..., kg,

ni

. z
Ligr,,.. k) (2) = Z kg

ni>->ng>0 M1 T Ny

This is a holomorphic function on € := C — ((—o0,0] U [1,+00)), and if
kl > 1! then 11mZ—>1 Li(k1,...,kd) = C(k’l,...,kd)‘
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Introduction—iterated integral presentation

Iterated integral presentation of MPL

Let wp :=dz/z, wy :=dz/(1 — z) be 1-forms on Q C C.
Then MPL can be expressed as an iterated integral: for k1,..., kg € Ny,

zZ
: ki1 kg—1
Ll(kl,...,k;d)(z):/ We' Twr - wpt W
0

Let xg, x1 be letters and let X* be a free monoid generated by zq, z1.
For k1,...,kq € Nyg :

z
- -1 - -1
X*z1 2 mgl 1x1---$]gd 1 r—>/ wlgl 1w1---w§d w1 € 0O(Q)
0

Here, O(Q2) is a commutative ring of holomorphic functions on .
Then C-linear map extended from this correspondence is injective and we

. . . _ _1
can write Li,, := Lig, ., for a word w = 3:’81 P TREE mlgd r1 € X2

K. Kitamura (The Univ. of Osaka) A combinatorial property of NPMPL July 26, 2025 5/18



Introduction—shuffle relation

Shuffle product

A shuffle product LU on R({xq,z1) is defined as follows:
for any u,v € R{zg, z1),
o ulll=1wWu=u,

o zullzv=ax;(uwxjv)+zj(ruiv) (i, =0or1.)

Consider the C-linearly extended map Li, : C(zg, 1) — O(Q); u — Li,.

Shuffle relation

For any u,v € C(zo,x1), Liyuw = Li, Li, .

So, Lis : (C{zg, x1), ) — O(R) is a ring homomorphism.

K. Kitamura (The Univ. of Osaka) A combinatorial property of NPMPL July 26, 2025 6/18



We want relations in case that k1, ..., kg are all non-positive!

In the first place, MPL with non-positive indices (=NPMPL) is defined as
follows: for (ki,...,kq) € N,

i, = Li = k1 e ka nq
Ll(k’lv---vkd) T Ll(—klw-,—kd) - Z nq ngz .
ny>-->nqg>0

If 0 :=20,,\:=z2/(1 — z) =Liy, then
Li(_lcl,...,kd) _ gkl()\ . gkz(. - gkd()\)) ).

Therefore, all NPMPLs are 1-variable rational function on €2, precisely they
forms zf(z)/(1 — z)™ for some m € N5 and some f(z) € C[z].
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Consider the similar correspondence: for (ki,...,kq) € N>,
X*wy 2 abtey - abizy s 0P (V0P (- X 0F (V) o) € C(z) € O(Q),
and a C-linear extension

Li, : C{zg,z1)x1 — C(2);w — Li,

for any word w = m’élxl . xgdml e X*x1.

C(xo, x1)x1 LC(Z’) C(xo, z1)71 LC(Z‘)
ek LT
C(xp, 1)1 —= C(2) C(xp, 1)1 —= C(2)
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Motivation

Examples of NPMPL

® Ligiaimoa = L1y = B(AI(N) = (0(N))* + A0*(N)
=22/(1—-2)*+2/(1 —2)- (22 +2)/(1 —2)3
= (22 +222)/(1 - 2)~.

o Li” = Ligy 1 5 = AOOG2(N) = M(NE2(A) + A263(\)

=z/(1—2)-2/(1 —2)%- (2 +2)/(1 — 2)3

+22/(1 — 2)% - (2 + 422+ 2) /(1 — 2)*
— (21— )8 (22 4+ 22) [l — 2)°
= (2% + 52% +223)/(1 — 2)8.
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Then, we have the natural question as follows.

What relations exist in non-positive case?

~> Various relations and methods to provide ones have been founded!
Many of them are studied from combinatorial viewpoints.

Goal in this talk

We show relations of a method to obtain Q-linear functional equations by
introducing Magnus polynomials in non-commutative ring C(xg,z1) (The
definition of Magnus Polynomials will be given in a later slide.)
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Background

In positive case, really various relations (including a shuffle relation) are
obtained by Euler, Zagier, Kaneko, ...

In non-positive case, various relations on MPL and MZV have been also
studied by many mathematicians.

For example...

[Guo, Zhang, '08], [Furusho, Komori, Matsumoto, Tsumura, '15] and so
on.
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Background

A non-positive version of shuffle relation has been studied at various
angles.

In [Ebrahim-Fard, Manchon, Singer, '17] and [Duchamp, H. N. Minh, Ngo,
'17], they define “non-positive version” of shuffle products from different
viewpoints respectively.

Indeed...

[EMS] — the products are defined along a theory of Rota-Baxter algebras.
[DMN] — the products of two elements are defined as splitting ones of
each images to an associative algebra.

These papers above provide different methods to obtain relations of MPL
or MZV at non-positive indices from different angles respectively.
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Preliminaries for main results

R : integral domain with char. 0,
[,]: R{zo,x1) x R{xo, 1) = R{z0,21); (U0, 0) — [u,v] := uv — vu,
If n € N, then a polynomial asgn) € R{xg,x1) is defined as follows:

° acgo) =11,
° xgnJrl) = [xo ZEE )].

Definition: Magnus polynomial (Magnus, 1937)

Let k = (ki1,..., ki ko) € N X N (d > 0).
Magnus polynomial M®) for an index k is defined as follows

M® = $§k1) e xgkd)xlg"".

Note that M®) = zh= if ¢ = 0.
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Main results

Let R = C, and recall C-linear map Li, : C(zg, xz1)x1 — C(2).

Theorem (K, master thesis, February '25)
For k = (k1,...,kq; kar1) € N X N,

LIM(k>x1 = Li;, ---led+1 .

The hint of this proof is combinatorial amounts appearing in [DMN] and
[Nakamura, "23]:

<81> (814—82—/61) <31+"'+3T—1_k1_"’_kr—2>
k1 ko kr_q '
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Main results

For M1 = (20, 21]0 = ToT1T0 — 7173,
Lijramg, = Tiay ~Ligg
= 0(N(N)) — A%\ (by definition)
= (0(N)2 4+ A0%(\) — X0%(\)  (by Leibniz rule of 6)
= (Liy)?
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Main results

Corollary: kernel of Li~ and permutation

For o € &gy1, (MM — MEM))z, € Ker Li; .
Here, U(k) = (kU(l)? ccog ko(d); ka(d-l—l))'

This proposition gives a new method to obtain Q-linear functional
equations between NPMPLs!
Let us calculate an easy but non-trivial example in next page.
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Example

(Example2 . . |
(M©O12) — p(1L20)y) € Ker Liy .
o MOL2)y — ml[xo,xl]x%xl
= xlxoxlx%xl — x%x%xl
(*] M(l’Q;O)xl = [.’Eo, :El][xg, [LL‘(), a:l]]arl
= 1'0.’1111'333% — 2xpT1T0T1TOXT1 + woav%x%xl = xlx%x% aF
2x1x3x1:ch1 — :clxoxl:c%xl
So, (M(O’M) — M(LQ;O))xl = 296133037136%:151 — x%x%xl — xomlx%x% +
220x120X12ToT1 — :coazfz‘%:vl + xlmgx% — 21:11‘(2):E1:L'0m1,
and this means that the following equation holds:

2 Ll(_0,172) +2 Ll(_l,l,l) + Ll(_(),3,0) = Ll(_O,O,3) + Ll(_1’270) + Ll(_1’072) +2 Ll(_0’271) )
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