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Introduction

The numbers Ze®»""»* defined by

1
gevr= Y ,
ben e nyst - - - n,Sr
where s1,--+ , s, € C such that R(sy +---+sx) > k, k € [1; r], are called

multiple zeta values.

Fact: There exists at least three different ways to renormalize multiple zeta
values at negative integers.

- - 1 -
Zep’(0)= s 1 Ze (0 =15 - Zeriur(0) =

1
18

Question: Is there a group acting on the set of all possible multiple zeta values
renormalisations?

Main goal: Define multiple Bernoulli numbers in relation with this.



Algebraic settings from moulds calculus.



Definition and first notations.

Ecalle's concrete definition:

A mould is a function with a varying number of variables.

Mathematical definition:

A mould is a function defined over a free monoid Q* of (finite) sequences (or
words) constructed over the alphabet Q (or sometimes over a subset of Q*)
with values in a commutative algebra C.

Typical example : The Multizetas Values !
Notations:

Functional notations | Mould notations

Evaluation f(x) M=

Name f M*® € M(Q2)




Main idea of mould calculus - The so-called Mould/comould’s contractions.

Moulds might be contracted with dual objects, called comoulds (which are also
functions with a variable number of variables) :

Definition:

The mould-comould contraction of a mould M*® and a comould B, is:
> M*B.:= > M“B,
. wer

(if the sum is well-defined...)

For analytical reasons, a mould-comould contraction might be understood to
be an algebra automorphism or a derivation.

Important remark:

Mould’s operations and symmetries come from such an interpretation.



First abstraction - Formal mould/comould contraction

m To each letter w € Q, we define a symbol a,,, which will be, when
necessary, specialized to B,,.

~» The symbols a,, do not commute.

~» The symbols a., are extended to words:

Awy-w, = Awy *C Awy -

m To each mould M* € Mg(Q), we define a series s(M*) € C({(A)), where
A={a,; weQ}by:

Z M* a,, :—ZM Qe .
weQ*

s is called the formal mould/comould contraction.

~ If  is a specialization map (not necessarily morphism) defined by
¢(3w) = Bw, then:

e(s(M ZM B.



Mould operations anf primary symmetries

A-case

E-case

. - Symmetrality

symmetrelity-

&\00
%0
3 g
=4 ‘E—’ B
5 = CE e

alternelity:

This defines 4+ and x of moulds as you can imagine.

The composition o is a more complicated operation. . ., which mimics a change
of alphabet.



Examples of mould multiplication.

= Example of mould product computation: P* = M* x N°*

P(?) _ M(?) N(ZJ

pe1 - M« N(D + M(Zl Net

PUJl,UJz — MUJl,UJz N@ + MWI NUJ2 + M@ Nw1,w2

m For all n € N*, let us consider the mould Z, defined over the alphabet
Q = N~* by:
L s =1,
=5 ™

0 , otherwise.

A new expression of the mould of multiple zeta values Ze® is the following
factorisation:

Proposition: (B., 18)

¢
Ze' = x(1"+ ) x 1" +) x (1°+ 1) = [[a"+T) .
n>0
where the last product is a convergent one if we restrict ourself to sequences
seQy={(s1,---,s) eN]; s1 >2}.



Formal moulds and secondary symmetries

Another point of view on moulds: A mould is a collection of functions
(fo, i, fo,-+-), where f, : Q" — C.

A formal mould is a collection of formal series (So, S1, Sz, - ), where S, is a
formal power series in n indeterminates (and consequently, Sp is constant)

Notation: FM¢ = {formal mould with values in the algebra C} .

What is the difference between a mould and a formal mould?

Mould M* € Mg(Q) Formal mould M*® € FM¢
where Q = (X1, Xz, -+ +).

No link between M*1X2 and M>2X1 11| M*1%2 and M>2:X1 are related by
the substitution of the indeterminates.

Nevertheless, FM¢g C Mg(X1, Xz,---) .

Definition:

If a formal mould satisfies some symmetry, we say it is a secondary symmetries.



Generics example of formal moulds

With a mould M* € Mg(N), we associate two formal moulds Mog® and Meg*®

defined by:
—1 —1
Mogxlv X E ML VSrXIS1 voo TR
s1,0tr,5rEN*
s1 S,
Meg™a X = E Mo s AL A
51! S,! ’
s, .5 EN

This produces two operators on moulds:
og: MQ) — FMX) eg: MQ) — FMLX)
Mm*® — Mog*® Mm*® —  Meg® .

Proposition: (B., 15)

og and eg are algebra morphisms:
og(M* x N*) = og(M*) x og(N*) and eg(M* x N*) = eg(M*) x eg(N®).



Second algebraic abstraction:| settings

Main objective: Adapt the Hopf algebraic setting to the case of formal moulds.

Let us consider:

e X ={Xi, Xz, } an infinite set of indeterminates.

e X an extended alphabet: A-case: X=X .

E-case: X = XU [ J {ix,-,xl,m X ex}

r>2 i=1

o A={A,; x € X}, with symbols that do not commute.

o A : C[X](A) — CIX](AY) ® C[X](.A) defined by:

A (A)=AR1+ > A®A +10A

u,vE)A(
utv=x

and extended to words of A" such that A is a morphism for
the concatenation product and then by C|[X]| linearity to C|[X]| {(A).



Second abstraction: secondary formal mould/comould contraction

Lemma: (B., 15)

Let us define R R N
n: C[X] — C[X]{A) and e: C[X]{A) — C[X]
S — S-1 S —  (S]1) .
So, (CIXI(-AY), -, n, A1, ¢) is a bialgebra.

Secondary formal mould/comould contraction

To a formal mould FM® € F Mg, we associate a series S(FM*) € C[X](A))
by:

S(FM®) = > FM® Ay, :=> FM* A, .

wEA* .



Generics theorem for secondary symmetries

Theorem: (Ecalle, ~ 90’s, see [SNAG] in French! )
Let M* € Mg(N) be a mould.

M?* is symmetral if, and only if, Mog® is symmetral .

=
S

is alternal if, and only if, Mog® is alternal .

@
S

is symmetrel if, and only if, Meg® is symmetril .

>
S

is alternel if, and only if, Meg® is alternil .

Theorem: (B., 2015)
Let M* € Mg(N) be a mould.

M?® is symmetral if, and only if, Meg® is symmetral .
M?® is alternal if, and only if, Meg® is alternal .
M?® is symmetrel if, and only if, Meg® is symmetrel .

M?® is alternel if, and only if, Meg® is alternel .



Summary of mould calculus

A-case E-case

2
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Choose of a paradigm

From now on,

m all computations will be done USING NONCOMMUTATIVE SERIES,

® keeping in mind THE MOULD CALCULUS FRAMEWORK.

And. ..

... let's go to Bernoulli polynomials!



Construction of Multiple divided Bernoulli polynomials



Construction of Multiple divided Bernoulli polynomials
m Reminders on Bernoulli polynomials and Hurwitz multiple zeta functions



Two Equivalent Definitions of Bernoulli Polynomials / Numbers

Bernoulli numbers: Bernoulli polynomials:
By a generating function: By a generating function:
t t" e t"
ef—lzzbnm' et—lzan(X)m'
n>0 n>0
By a recursive formula: By a recursive formula:
bp=1, BO(X)::[»/
v N n n+1 b 0 VHGN, Bn-{-l(X):(n—’—l)Bn(X) ’
neN, =0. .
;0( k ) g VnGN,/ Bn(x) dx =0
- 0
First examples: First examples:
11 1 1
ﬂ:17_7777 s T ant Yy AT B 17
b 26" 300 12 () 1
Bl(X) = X E )
By(x) = x —x—l—% ,




Elementary properties satisfied by the Bernoulli polynomials and numbers

Pl b1 =0if n>0.
P2 B,(0) = By(1) if n> 1.

T m-+1
P3 Z( p )bkzo,m>0.

k=0

B} (z) = nBn_1(z) if n > 0.
Bix+y)= Z (Z) Bi(x)y"™* for all n.
k=0

P5 B,(x+ 1) — Ba(x) = nx"", for all n.
P6 (—1)"By(1 — x) = Ba(x), for all n.

P4

n_ Bny1(N) — Bay1(0)
P7 Zk = o .

P8 /X By(t) dt = Brri(x) = Boa(a)
L n+1 '

m—1

PO By(mx) = m" Z B, (x—|— %) for all m > 0 and n > 0.
k=0



Elementary properties satisfied by the Bernoulli polynomials and numbers

P1
P2

P3

P4

P5
P6

P7

P8

P9

bans1 =0'if n>0. Have to be extended,

B,(0) = By(1) if n> 1. but is not restritive enough.

E (m:— 1) by =0, m>0. Hastobe extended, but too particular.
k=0

B}(z) = nBn_1(z) if n > 0. Important property, but turns

out to have a generalization

n n—
Bn(x+y) = Z <k) Bi(x)y “for all n. with a corrective term...
k=0

n

Ba(x 4+ 1) — Ba(x) = nx"7*, for all n.  Has to be extended, but how???

(—=1)"Bn(1 — x) = Bn(x), for all n.  Has to be extended, but how???

N-1
Z kP = Bni1(N) = Bni1(0) . Does not depend of the Bernoulli numbers...
k=0

n+1

x 5 e — Bni1(x) — Bui1(a) Has a generalization using the derivative
n(t) dt = ~ nx1 ° ofamultiple Bernoulli polynomial instead

of the Bernoulli polynmials.
m—1

By(mx) = m"! Z B, (X+ %) forallm>0and n>0. 777
k—0



On the Hurwitz Zeta Function

Definition:
The Hurwitz Zeta Function is defined, for e s > 1, and z € C — Nq, by:

(s, 2) :Zﬁ .

n>0

Property:

s — ((s, z) can be analytically extended to a meromorphic function on C,
with a simple pole located at 1.

Property:
%(57 Z) = _SC(S +1, Z).
oxtn) =3 () oo+ moay”

n>0

H2 ((s,z—1) —((s,z) =z"".

H1

H3 ¢(—n,z) = —B;*Tl(lz) forallneNandze C .



On Hurwitz Multiple Zeta Functions

Definition of Hurwitz Multiple Zeta Functions
1

e @ = ,if z€ C— Ngg and
“ 0<"r;'<n1 (m+2z)1--(ne +2)* <0

(s, - ,s) € (N*)", such that s; > 2.

Lemma 1: (B., J. Ecalle, 2012)

For all sequences (s, - ,s:) € (N*)", s1 > 2, we have:

Het ,sr(z _ 1) — M 75r(z) — el ,sr—1(z) Lz

Lemma 2:
The Hurwitz Multiple Zeta Functions multiply by the stuffle product (of N*).



Construction of Multiple divided Bernoulli polynomials

m Algebraic reformulation of the problem



Be® " *r(z) = Multiple (Divided) Bernoulli Polynomials = He™®"" 7% (z) .

be®> 1 = Multiple (Divided) Bernoulli Numbers = He™*1""">~%(Q) .

We want to define Be®""**'(z) such that:
m their properties are similar to Hurwitz Multiple Zeta Functions’ properties.

m their properties generalize these of Bernoulli polynomials.

Find some polynomials Be® """ such that:
Be"(z) = Bin(2) , where n >0,
n+1

Be™ " (z 4+ 1) — Be™ " (z) = Be™ = (z)Z™ , for m,-- ,n, >0,

the Be™ ™ multiply by the stuffle product.



An algebraic construction

Notation 1:

Let X = {X1,--+, Xy, -} be a (commutative) alphabet of indeterminates ;
X its corresponding extended alphabet.

We denotes:

ny n
Y .. Yr i
ny! n,!

Beeg™ V" (z) = Z Be™ o (z) L

ny,--,n, >0

forall reN*, Yy, -+, Y, € X.

Remark: Beeg™ Y (z + 1) — Beeg " Y7 (z) = Beeg" > Vr—1(z)e?" .

Notation 2:
Let A={a, -, an, -} be a non-commutative alphabet.
We denotes:

B(z) =1+ Z Z BeegXa Xk (2)ay, - - ak, € (C[z]|[)A(]](<A)) .

r>0  ky,--- k>0

Remark: B(z +1) = B(2) - (+Zezxk )

k>0



Reformulation of the main goal

From secondary symmetries of mould calculus:

Be™> " multiply the stuffle on non-negative integers
< Be" Y multiply the stuffle on X
<= B is group-like in C[z][X]{(A)).

Reformulation of the main goal

Find some polynomials B™ ™ such that:

erk 1

(B(2)|ax) = K1 X

B(z+1) =B(2) - €(2) , where €(z2) =1+ Y ™ ay,
k>0
B is a “group-like” element of C[z][X](A) .



Construction of Multiple divided Bernoulli polynomials

m The Structure of a Multiple Bernoulli Polynomial



A singular solution

Remainder: ¢(z) =1+ Z e g,
k>0

From a false solution to a singular solution...
ez(Xk1+-~+Xk,)

N
S(z):H@(z—n):l—i—Z Z = ak, ---ak isa

n>0 r>0 ki, k>0 H(eXk1+w+Xk,- _ 1)

X,
(B@la) = 1~ 5
B(z+1) =B(2) - &=2),
B is a “group-like” element of C[z][X]{(A)) .

false solution to system

Explanations: 1. B(z) =---= B(z—n)-Ez—n)-- Qi(z -1)
== (ni)rrloo B(z — n)) H E(z—n).
n>0

2. S(z2) € Clz)(X) (AN, S(z) & CL2][XT(A)-

Question: How to find a correction of S, to send it into C[z][X](A)).



Another solution

Fact: If A(f)(z) = f(z — 1) — f(z2), ker AN zC[z] = {0}.
Consequence: There exist a unique family of polynomials such that:
{ Bef» " (z 4 1) — Begt " (2) = Beyt " T (2) 2™ .
Beyt™(0) =0
This produces a series Bg € C[z][X]((A)) defined by:

Bo(z2) =1+ Z Beeg) ™% (2) 2y - au, -

r>0 ki, ,ky>0

Lemma: (B., 2013)

The noncommutative series Bg is a “group-like” element of C[z][X]{(A)).

The coefficients of Bo(z) satisfy a recurence relation, where Y, - - -,

Y, € C[2][X](A)

vi 1
Beegy*(z) = i1
B’eegyﬁyz’y3 Y’(z) lS’eng2 e Y’(z)

Beeg, V" (2) =

en—1

The series Bo can be expressed in terms of S: Bo(z) = (S(0)) " - S(2).



Characterization of the set of solutions

Reminder: A family of multiple Bernoulli polynomials produces a series 98 such
that:
B(z+1) =B(z) - €(z) , where &(z) =1+ Z ek ay
k>0
B is a “group-like” element of C[z][X](A)) ,

erk 1
(B@a) = 7~ % -

Proposition: (B. 2013)

Any familly of polynomials which are solution of the previous system comes
from a noncommutative series B € C[z][X]((A)) such that there exists
b € C[X](A)) satisfying:

1 1 . .
1. (b|Ak) = K1 X 2. bis “group-like”

3. B(z) =b-Bo=b-(S(0)) " -S(2) .

Theorem: (B., 2013)

The subgroup of “group-like” series of C[z] |[)/E]|<(A)>, with vanishing coefficients
in length 1, acts on the set of all possible multiple Bernoulli polynomials, i.e.
on the set of all possible algebraic renormalization.



Construction of Multiple divided Bernoulli polynomials

m The General Reflexion Formula of Multiple Bernoulli Polynomial



Some notations

New Goal:

From B(z) = b - By, determine a suitable series b such that the reflexion
formula
(=1)"Bn(1 — z) = By(z) ,neN

has a nice generalization.

For a generic series s € C[z][X](A)),
(@D=> 3 SRy a
reN  ky,-- k>0
we consider:

@) = > X SR @an e

reN  ky,--- k>0

5(z) = Z Z s N X (2) 2y e g

reN ko k>0



The reflection equation for By (z)

Proposition: (B. 2014)
=]
Let sg =1+ Z Z (=) ak, - ak = (1 + Za,,) . Then,

r>0 kq,-+ k>0 n>0

S(0)=(S5(0)"'-sg and S(1-z)=(S(z))" .

Corollary 1: (B. 2014)
For all z € C, we have: sg-Bo(1 —z) = (%o(z))7l .

Example:

BT H1—2) = —BYYH(2) - By A2 - BY (2

~By Y (2) + By 4 (2) + Byt (2) -



The generalization of the reflection formula

Corollary 2: (B. 2014)

B(l—z) B(z)=b-sg ' b. (1)

Remark: S(0) - sg~!-S(0) = 1.

Heuristic:

A reasonable candidate for a multi-Bernoulli polynomial comes from the

coefficients of a series B(z) = b - Bo(z) where b satisfies:

1. =—— =
Sblak> E)(k 1 Xk

3.b-sg7t-b=1 .

2. b is “group-like”



Construction of Multiple divided Bernoulli polynomials

m An Example of Multiple Bernoulli Polynomial



Resolution of an equation

~ 1 —

. . . cu=1.

Goal: Characterise the solutions of { sg p "
uis “group-like

Proposition: (B., 2014)

—1)
Let us denote \/sg =1 + Z Z (272) <2rr> Al Ak -

r>0 kg, k>0

“ o . ~ -1 — T .
Any “group-like” solution u of u-sg™" -u =1 comes from a “primitive” series
v satisfying

and is given by:

_r
Xk — 1 Xk

1 11
xo1 x T =X

If moreover (u|ax) = then necessarily, we have:

(vlak) =



The choice of a series v

New goal: Find a nice series v satisfying:
1. vis “primitive”. 2.8+0=0. 3. (v|ax) = 1 x
Remark: (v|ax) is an odd formal series in X € X.

Generalization: v = —v ,sob =1 .

1
= (v]ay ak,) = —Etf(Xk1 + Xk, ), but does not determine (v|ay, ak,ak;) -

A restrictive condition:

A natural condition is to have:

there exists a; € C such that (v]ay, - - ak ) = arf(Xi, + -+ + X, ) -

Now, there is a unique “primitive” series v satisfying this condition and the new
goal:

(_1)r71
(ofa - ak) = " F(Xig + -+ X -



Definition : (B., 2014)
The series B(z) and b defined by

B(z) = exp(v) v/Sg-(5(0)7"-S(2)
b exp(v) - /Sg
are noncommutative series of C[z][X]{(A)) whose coefficients are respectively

the exponential generating functions of multiple Bernoulli polynomials and
multiple Bernoulli numbers.

Example:

The exponential generating function of bi-Bernoulli polynomials and numbers
are respectively:

X yn 1 1 1 3
g = F(X+Y)+ S F(X)F(Y) = 2F(X) + >
PO LEXCE V) + SFOOFY) — SR + 3
o= ezY_l_lezY_l
e¥—1 2 e¥-1
ez(X+Y) 1 ezY 1

(X —1)(eXtY —1) (eX—1)(e¥ —1)°

+£(X)

_|_




Examples of explicit expression for multiple Bernoulli numbers:

Consequently, we obtain explicit expressions like, for ni, mp, n3 > 0:

o 1/ bot1 bs1 bojgnt1
2\m+1m+1 m+m+1)°

1 bn1+1 bn2+1 bn3+1
6nm+1nmn+ln+1l

1 < boytmt1 byt bny+1 brytngt1 )
4\ m+nm+1nm+1l m+1lm+nmn+l

) _
pminn

1 bntnytns+1
3m+nm+n+1-°

Remark: If n;1 =0, no = 0 or n3 = 0, the expressions are not so simple...



Table of Multiple Bernoulli Numbers in length 2

b»? | p=0| p=1 | p=2 p=3 p=24 p=>5 p==~6
3 1 1 1
=01 g | " | © 120 O | 0
-1 | L BN R SR N S B 1
9= 24 288 240 2880 504 6048 480
1 1 1
q=2 220 | % | “s0a | O 80 0
3 -y 1y 1 1
9= 240 2880 504 28800 480 60480 264
1 1 1
=4 0 | “sa | O 280 ° | % 0
SN N U VO S W
9= 504 6048 480 60480 264 127008 65520




Conclusion

1. We have respectively defined the Multiple (divided) Bernoulli Polynomials
and Multiple (divided) Bernoulli Numbers by:

B(z) = exp(v)-v/Sg-(5(0)"-S(2)

b = exp(v) /Sg
(b]ak) — ;—Lﬁ-l:: f(Xk)
where v is defined by: eXkl_,_ll e
Olaw ai) = Cr0, 4

They both multiply the stuffle.

2. The Multiple Bernoulli Polynomials satisfy a nice generalization of:
m the nullity of bypt1 if n > 0.
m the symmetry B,(1) = B,(0) if n > 1.
m the difference equation A(B,)(x) = nx"*.
the reflection formula (—1)"B,(1 — x) = Ba(x).
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On mould composition

Let us suppose that the alphabet (€, +) has an additive semi-group structure.
Let us denote w;y + - - - 4+ w, by ||w]|| for all sequences w € Q*.

Let M* and N® be two moulds of M&(Q) such that N? = 0.
Then, the mould composition C* = M*® o N°® is defined for all sequences

w € Q" by:
M? Jifw=10
(M.ON.)iz 1 k 1 k
> > Mt Tl Tlefliye g™ otherwise
k>0 wl,... wkea*—{0}
ol wkew

Let us consider two constant-type moulds M*® and N*® € Mg(Q), i.e. such that
N® = 0 and defined by M = m, and N> = n, for all sequences w € Q* of
length r.
If well-defined, the composition C* = M*® o N*® is a constant-type mould.
Then, denoting M = > m,X" € C[X], N =) n.X" € XC[X] and

r>0 r>0

C=MoN = X €C[X], then ¢, = CZ, if I(w)=r"".



Examples of mould composition

Let us suppose that the alphabet (2, +) has an additive semi-group structure.

= Let M*, N* € M2(Q) such that N® = 0 and w1, w2 and w3 € Q.
We then have:

(M*onN®)" = M. (M* o N*)** = M“IN“1 .
(Mo ° No)whwz — Mw1+WQ Nw1,w2 + MW17W2 Nwl NWZ .
(M- ° No)w1,w2’4~'3 — Mw1+w2+w3 Nwl,wg,w:; 4 Mw1+w2,w3 Nwl,wz Nu3 +

Mw11w2+w3 N@L @23 + MEDW2W3 \@L \ @2 \ @3

m Let Zea® = Ze® o (exp® — 1°), where exp® and 1° are the constant-type
mould coming from the exponential map and the constant 1 map.

Then:
Zead = 1. Zead® = Ze°.
Zeah? = ZePT4 %Ze’”q .
Zed” " = ZePP 4 % (ZePT9" 4 ZeP9TT) 4 ZePTIT

Remark: ZeaP'9+Zea¥®P = ZeaP Zea and ZeaP 9"+ ZeaP "9+ Zea" P9 = ZeaP 9 Zea"



Algebraic structure with composition

Let us suppose that the alphabet (€2, +) has an additive semi-group structure.

Proposition: Algebraic structure (Ecalle, 81 / complete detailed proof in B. 18)

(M2(Q),+, ., x,0) is an algebra with composition i.e. that
(M(Q),+, ., x) is a C-algebra;
the internal operation o : Mg(Q2) x Mg(Q) — Mg(Q) is:
®m associative; m distributive relatively to the addition;

® unitary; m left-distributive relatively to the multiplication.



Composition stability properties

Proposition: (Ecalle, 81 / / complete detailed proof in B., 18)

Let us assume that (€2, +) is a commutative semi-group, so that the mould
composition is well-defined.

We have the following stability properties:
symmetral o alternel € symmetrel;

symmetrel o(symmetral —1°) € symmetral;

Corollary

| H

Zea® is a symmetral mould, i.e. multiply the shuffle product! (Really, not the stuffle!).
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