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Moonshine for finite groups
I. Introduction

HiSTORY OF FINITE SIMPLE GROUPS

e (1832) Galois finds A, (n > 5) and PSLy(F,) (p > 5).

o (1861-1873) Mathieu finds M1, Mi2, Maa, Moz and Moaa.

o (1893) Cole classifies all simple groups with order < 660.
(

o (1890s-1972)

Brauer, Burnside, Feit, Frobenius, Dickson, Hall, Thompson,.....

o (1972-1983: Gorenstein Program: “The Classification”)
Aschbacher, Fischer, Glauberman, Gorenstein, Greiss, Tits,.....
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Moonshine for finite groups
I. Introduction

THE MONSTER

CONJECTURE (FISCHER AND GRIESS (1973))
There is a huge simple group M with order

246,320 59 .76 .112.13%.17.19-23-29.31-41-47-59 - 71.
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I. Introduction

THE MONSTER

CONJECTURE (FISCHER AND GRIESS (1973))

There is a huge simple group M with order

246,320 59 .76 .112.13%.17.19-23-29.31-41-47-59 - 71.

THEOREM (GRIESS (1982))
The Monster group M exists.
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Moonshine for finite groups
I. Introduction

CLASSIFICATION OF FINITE SIMPLE GROUPS

THEOREM (“THE CLASSIFICATION” (1983))

Finite simple groups live in natural infinite families, apart from
26 sporadic groups.

(M) <— Monster

Ly ® ?
@ @ ;ﬂb@ it
@ oo @67
@5 G on
@7 @ Ru) g1 (33
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Moonshine for finite groups
I. Introduction

MODULAR CURVES

FacTs
@ SLy(Z) acts on the upper-half complex plane H by

ar +b
cT +d

v=(2%) €eSLy(Z) +— AT
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MODULAR CURVES

FacTs
@ SLy(Z) acts on the upper-half complex plane H by

at+b
cT +d

v=(2%) €eSLy(Z) +— AT

@ For congruence subgroups I' C SLy(Z), number theorists
are interested in the quotients

Y(T) := I'\H.
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MODULAR CURVES
FacTs
@ SLy(Z) acts on the upper-half complex plane H by

at+b
v=(2%) €eSLy(Z) +— AT —

@ For congruence subgroups I' C SLy(Z), number theorists
are interested in the quotients

Y(T) := T\H.

© These may be compactified by “adding cusps” to obtain
compact Riemann surfaces, the modular curves X(I').
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The group I' = SLy(Z) is generated by

Tr—71+1

-1

«O>» <> «E» < A

and St— —.
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Moonshine for finite groups
I. Introduction

EXAMPLE: I' = SLy(Z)

The group I' = SLg(Z) is generated by

-1
Tr—7+1 and St~ —.
T

Therefore, Y (I') can be represented by:

T—?

2 #

1
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EXAMPLE: I' = SLy(Z)

Xo(1)
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EXAMPLE: I' = SLy(Z)

Xo(1)

B 4

IMPORTANT FACT

Xo(1) has genus 0, which implies that its field of modular
functions is C(j(7)) with « Hauptmodul j(7).
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MODULAR FUNCTIONS

DEFINITION

A meromorphic function f: H — C is a [-modular function if
for every v € I' we have

flyr) = f(7).
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MODULAR FUNCTIONS

DEFINITION

A meromorphic function f: H — C is a [-modular function if
for every v € I we have

fyr) = f(7).

ExaMPLE (T' = SLy(Z))
The Hauptmodul is Klein’s j-function (q := e*™7)

o0

J(1) :=j(r) — 744 = Z c(n)q"

n=—1

= ¢! 4 196884q + 214937604¢> + 864299970¢> + ...

v
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I. Introduction

GLIMPSE OF MONSTROUS MOONSHINE

THEOREM (OGG (1974))
The modular curve Xo(p)* has genus 0 if and only if p | #M. J
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GLIMPSE OF MONSTROUS MOONSHINE

THEOREM (OGG (1974))
The modular curve Xo(p)* has genus 0 if and only if p | #M. J

QUESTION

What does having genus 0 have to do with the Monster M ¢ J
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GLIMPSES OF MONSTROUS MOONSHINE

John McKay observed that

196884 = 1 + 196883
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GLIMPSES OF MONSTROUS MOONSHINE

John McKay observed that

196884 = 1 + 196883

John Thompson observed that

196884 = 1+ 196883
21493760 = 14 196883 + 21296876
864299970 = 1+ 1+ 196883 + 196883 + 21296876 + 842609326
—_———

Coefficients of j(7) Dimensions of irreducible representations of the Monster M
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I. Introduction

THE MONSTER CHARACTERS

The character table for M (ordered by size) gives dimensions:

x1(e) =1

x2(€e) = 196883
x3(e) = 21296876
x4(€e) = 842609326

X194(e) = 258823477531055064045234375.
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THOMPSON’S CONJECTURE

CONJECTURE (THOMPSON)

There is a “nice” infinite-dimensional graded module
Vi= @, Vi for which dim(Vii) = ¢(n).
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THOMPSON’S CONJECTURE

CONJECTURE (THOMPSON)

There is a “nice” infinite-dimensional graded module
Vi= @, Vi for which dim(Vii) = ¢(n).

REMARK

@ Euxistence of such an infinite graded module is trivial.
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THOMPSON’S CONJECTURE

CONJECTURE (THOMPSON)

There is a “nice” infinite-dimensional graded module
VEi=@>® | Vi for which dim(Vy) = c(n).

n=-—1

REMARK

@ Euxistence of such an infinite graded module is trivial.

© We can use the trivial representation which has dimy; = 1.
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THOMPSON’S CONJECTURE

CONJECTURE (THOMPSON)

There is a “nice” infinite-dimensional graded module
VEi=@>® | Vi for which dim(Vy) = c(n).

n=-—1

REMARK

@ Euxistence of such an infinite graded module is trivial.
© We can use the trivial representation which has dimy; = 1.

@ Using too many trivial representations is not “nice”.
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Moonshine for finite groups
I. Introduction

WEB OF NUMEROLOGY?

DEFINITION (THOMPSON)

Assuming the conjecture, if g € M, then define the
McKay—Thompson series

Ty(r) = > Tr(glVi)g"™
=1
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WEB OF NUMEROLOGY?

DEFINITION (THOMPSON)

Assuming the conjecture, if g € M, then define the
McKay—Thompson series

Ty(r) = Y Tr(g|Vi)q".

n=-—1

QUESTION

Is there a V for which all of the Ty(7) are simultaneously nice?

4
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I. Introduction

MONSTROUS MOONSHINE CONJECTURE

CONJECTURE (CONWAY AND NORTON, 1979)

For each g € M there is an explicit genus 0 congruence subgroup
I'y € SLy(R) for which Ty(7) is the Hauptmodul.
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MONSTROUS MOONSHINE CONJECTURE

CONJECTURE (CONWAY AND NORTON, 1979)

For each g € M there is an explicit genus 0 congruence subgroup
I'y € SLy(R) for which Ty(7) is the Hauptmodul.

THEOREM (FRENKEL-LEPOWSKY-MEURMAN (1980S))

If it exists, then the moonshine module Vi = @°° Viisa

n=-—1
specific vertex operator algebra whose automorphism group is M.
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MONSTROUS MOONSHINE CONJECTURE

CONJECTURE (CONWAY AND NORTON, 1979)

For each g € M there is an explicit genus 0 congruence subgroup
I'y € SLy(R) for which Ty(7) is the Hauptmodul.

THEOREM (FRENKEL-LEPOWSKY-MEURMAN (1980S))

If it exists, then the moonshine module Vi = @°° Viisa

n=-—1
specific vertex operator algebra whose automorphism group is M.

THEOREM (BORCHERDS (1998 FIELDS MEDAL))

The Monstrous Moonshine Conjecture is true. J
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I. Introduction

AFTERMATH

Inspired by string theory, further moonshines have been found:

e Mathieu (Gannon)

Umbral (Cheng, Duncan, Harvey, and Duncan, O, Griffin)
Thompson (Griffin and Mertens)

Pariah (Duncan, O, Mertens)

to name a few...

(]
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WITTEN’S PROBLEM

QUESTION (BLACK HOLE STATES)

Consider the monstrous moonshine erpressions

196884 = 1+ 196883
21493760 = 14 196883 + 21296876
864299970 = 1+ 1+ 196883 + 196883 + 21296876 + 84260932¢

194

c(n) = Y mi(n)xi(e)
=1
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WITTEN’S PROBLEM

QUESTION (BLACK HOLE STATES)

Consider the monstrous moonshine erpressions

196884 1+ 196883
21493760 = 14 196883 + 21296876
864299970 = 1+ 1+ 196883 + 196883 + 21296876 + 84260932¢

194

c(n) = Y mi(n)xi(e)
=1

How many ‘1’s, ‘196883’s, etc. show up in these expressions?

v
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SOME PROPORTIONS

6 (my(n))

6 (my(n))

6 (myg4(n))

n
1 1/2
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I. Introduction

SOME PROPORTIONS

Madeline Dawsey and Ken Ono (Emory University)

n 4 (my(n)) d (mz(n)) § (myg4(n))
1 1/2 1/2 0
40 4.011...x 104 2.514...x 1073 0.00891. ..
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I. Introduction

SOME PROPORTIONS

Madeline Dawsey and Ken Ono (Emory University)

n d (my(n)) d (ma(n)) § (mygya(n))
1 1/2 1/2 0

40 | 4.011...x107% | 2.514...x 1073 0.00891. ..
60 | 2.699...x 1079 | 2.732...x 1078 0.04419. ..
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I. Introduction

SOME PROPORTIONS

n ¢ (my(n)) ¢ (my(n)) - | 0 (myga(n))
1 1/2 1/2 0

40 | 4.011...x107% | 2514...x 1073 | --- | 0.00891...
60 | 2.699...x 1079 | 2.732...x 1078 | ... | 0.04419...
80 | 4.809...x 1071 | 7.537...x 1071 | ... | 0.04428...
100 | 4.427...x 1071 | 1.077...x 10716 | ... | 0.04428...
120 | 1.377...x 10721 | 5.501...x 10720 | ... | 0.04428...
140 | 1.156... x 10724 | 1.260... x 10722 | ... | 0.04428...
160 | 2.621...x 10727 | 3.443...x 10723 | ... | 0.04428...
180 | 1.877...x 10728 | 3.371...x 10723 | ... | 0.04428...
200 | 1.715...x 10728 | 3.369...x 10723 | ... | 0.04428...
220 | 1.711...x1072% | 3.368...x 10723 | ... | 0.04428...
240 | 1.711...x 10728 | 3.368...x 10723 | ... | 0.04428...
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I. Introduction

DISTRIBUTION OF MONSTROUS MOONSHINE

THEOREM (DUNCAN, GRIFFIN, O (2015))
If 1 < i <194, then as n — +0o we have

‘ dim(xi)  ar /]
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DISTRIBUTION OF MONSTROUS MOONSHINE

THEOREM (DUNCAN, GRIFFIN, O (2015))
If 1 < i <194, then as n — +0o we have

‘ dim(xi)  ar /]

COROLLARY (DUNCAN, GRIFFIN, O)

The Moonshine module is asymptotically regular.
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I. Introduction

DISTRIBUTION OF MONSTROUS MOONSHINE

THEOREM (DUNCAN, GRIFFIN, O (2015))
If 1 < i <194, then as n — +0o we have

‘ dim(xi)  ar /]

COROLLARY (DUNCAN, GRIFFIN, O)

The Moonshine module is asymptotically regular.
In other words, we have

. m;(n dim(y;
0 (m;) := lim 194( ) = —i ( ) ~
notoo y T Timg(n) >0 dim(x;)
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Moonshine for finite groups
II. All finite groups?

NATURAL QUESTION

QUESTION

How ubiquitous is moonshine if we relax some conditions?

DEFINITION

A finite group G admits weak moonshine
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Moonshine for finite groups
II. All finite groups?

NATURAL QUESTION

QUESTION

How ubiquitous is moonshine if we relax some conditions?

DEFINITION

A finite group G admits weak moonshine if there is an infinite
dimensional graded G-module

Va = @nVG(n)
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Moonshine for finite groups
II. All finite groups?

NATURAL QUESTION

QUESTION

How ubiquitous is moonshine if we relax some conditions?

DEFINITION

A finite group G admits weak moonshine if there is an infinite
dimensional graded G-module

Va = @nVG(n)

such that for all g € G the McKay-Thompson series
Ty(r) ==Y Tr(g|Va(n))q"
n

is a weakly holomorphic modular function.
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II. All finite groups?

FINITE GROUPS ENJOY WEAK MOONSHINE

THEOREM (DEHORITY, GONZALEZ, VAFA, VAN PESKI (2017))J

All finite groups admit asymptotically reqular weak moonshine.
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II. All finite groups?

FINITE GROUPS ENJOY WEAK MOONSHINE

THEOREM (DEHORITY, GONZALEZ, VAFA, VAN PESKI (2017))

All finite groups admit asymptotically reqular weak moonshine.

y

VARIANTS

@ The Ty(1) can be required to be weakly holomorphic modular
forms or mock modular forms.
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II. All finite groups?

FINITE GROUPS ENJOY WEAK MOONSHINE

THEOREM (DEHORITY, GONZALEZ, VAFA, VAN PESKI (2017))

All finite groups admit asymptotically reqular weak moonshine.

y

VARIANTS

@ The Ty(1) can be required to be weakly holomorphic modular
forms or mock modular forms.

@ We can require that each Ty(T) is modular on I'g(ordg(g)).
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II. All finite groups?

FINITE GROUPS ENJOY WEAK MOONSHINE

THEOREM (DEHORITY, GONZALEZ, VAFA, VAN PESKI (2017))

All finite groups admit asymptotically reqular weak moonshine.

y

VARIANTS

@ The Ty(T) can be required to be weakly holomorphic modular
forms or mock modular forms.

@ We can require that each Ty(T) is modular on I'g(ordg(g)).

@ In very special cases there are analytic “group compatibility”
relations between Tg(T) and Tyr(T).
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D4 {1} *} {rr'} {s,1%s} {rs,r's}
Qs {1} {-1} {i, —i} {3, -4} {k,—k}

Cy Cy Cy Cy Cs
X1 1 1 1 1 1
Xa 1 1 -1 1 -1
X3 1 1 -1 -1 1
Xa 1 1 1 -1 -1
X5 2 -2 0 0 0
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Moonshine for finite groups
II. All finite groups?

EXAMPLE: MOONSHINE FOR D4 AND Qg

Dy {1} {r*} {r,r%} {s,r%s} {rs,rs}

Qs {1} {-1} {i,—i} {4, -3} {k,—k}
Cy Cy [ Cy Cs

X1 1 1 1 1 1

X2 1 1 -1 1 -1

X3 1 1 -1 -1 1

X4 1 1 1 -1 -1

X 2 =) 0 0 0

e The MT series are Hauptmoduln Jy(7) for T'o(N):
T(Cy;1) = Ji(7)
T(Coy71)=T(Cy;7) =T(Cs;7) = Jo(T)
T(Cs;7) = Ju(1)
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II. All finite groups?

EXAMPLE OF Dy AND Qg CONTINUED

elf1 <i<5andn > —1, then let
m;(n) = #{mult. of p; in V(n)}.

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



Moonshine for finite groups
II. All finite groups?

EXAMPLE OF Dy AND Qg CONTINUED

elf1 <i<5andn > —1, then let
m;(n) = #{mult. of p; in V(n)}.

e The multiplicity generating functions are:

M;(7) = Z mi(n)q".
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EXAMPLE OF Dy AND Qg CONTINUED

o If1 <i<5andn > —1, then let
m;(n) = #{mult. of p; in V(n)}.

e The multiplicity generating functions are:

7) =Y mi(n)g

<

() = g™ + 24788 + 2685440¢” + 108044482¢" + O (¢"),
My(7) = 24640q + 26864649” + 1080389124° + O (g*
M (r) = 24640q + 2686464¢” + 108038912¢° + O (¢),
(
(

(¢")

(¢")
Ma(r) = 24512q + 268748842 + 108033280¢° + O (g*),

(4%)-

)
4

M;(r) = 49152q + 5373952¢” + 216072192¢° + O
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II. All finite groups?

EXAMPLE OF Dy AND Qg CONTINUED

This weak moonshine is asymptotically regular.
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II. All finite groups?

EXAMPLE OF Dy AND Qg CONTINUED

This weak moonshine is asymptotically regular.
To illustrate this, for 1 <17 <5 we let

%i(n) = mi(n) +ma(n) +ms(n) + ma(n) +ms(n)
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II. All finite groups?

EXAMPLE OF Dy AND Qg CONTINUED

This weak moonshine is asymptotically regular.

To illustrate this, for 1 <17 <5 we let

, mi(n)
mi(n) + mao(n) + ms(n) + my(n) + ms(n)
n 8 (n) ds(n) = é5(n) 84(n) 85(n)
1 0.16779... 0.16678. .. 0.16592. .. 0.33271...
2 0.16659. .. 0.16665. .. 0.16671... 0.33337...
3 0.16666. .. 0.16666. .. 0.16665 . .. 0.33332...
oo 1/6 1/6 1/6 1/3

Madeline Dawsey and Ken Ono (Emory University)

Moonshine for finite groups




Moonshine for finite groups
II. All finite groups?

NATURAL PROBLEM

Fact

(1) As the Dy and Qg example illustrates, nonisomorphic groups
with identical character tables have the same weak moonshine.
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II. All finite groups?

NATURAL PROBLEM

Fact

(1) As the Dy and Qg example illustrates, nonisomorphic groups
with identical character tables have the same weak moonshine.

(2) There are infinitely many Brauer pairs, non-isomorphic
groups with isomorphic character tables with common power
maps on conjugacy classes (Ty(T) on T'o(ordg(g)) structure).
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II. All finite groups?

NATURAL PROBLEM

Fact

(1) As the Dy and Qg example illustrates, nonisomorphic groups
with identical character tables have the same weak moonshine.

(2) There are infinitely many Brauer pairs, non-isomorphic
groups with isomorphic character tables with common power
maps on conjugacy classes (Ty(T) on T'o(ordg(g)) structure).

PROBLEMS

(1) Can weak moonshine be refined to distinguish groups?
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II. All finite groups?

NATURAL PROBLEM

Fact

(1) As the Dy and Qg example illustrates, nonisomorphic groups
with identical character tables have the same weak moonshine.

(2) There are infinitely many Brauer pairs, non-isomorphic
groups with isomorphic character tables with common power
maps on conjugacy classes (Ty(T) on T'o(ordg(g)) structure).

PROBLEMS
(1) Can weak moonshine be refined to distinguish groups?

(2) If so, does this procedure have “uniformly bounded” length?
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Moonshine for finite groups
III. Our work

MAIN TAKEAWAYS

THEOREM 1 (D-0O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine.
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Moonshine for finite groups
III. Our work

MAIN TAKEAWAYS

THEOREM 1 (D-0O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.
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Moonshine for finite groups
III. Our work

MAIN TAKEAWAYS

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.

COROLLARY (D-0O)

If s > 3, then complete width s weak moonshine determines
finite groups up to isomorphism.
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o (G is a finite group
o Let P1, P25 -

, p¢ be the irreducible representations

Pi: G — GLdz((C)

«O>» <> «E» < A
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Moonshine for finite groups
III. Our work

NOTATION

o (G is a finite group

o Let p1,p2,...,p be the irreducible representations

Pi- G — GLdi ((C)

o Let x1,x2,..., Xt be the corresponding characters, and so
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III. Our work

NOTATION
o (G is a finite group
o Let p1,p2,...,p be the irreducible representations
pi: G — GLg4, (C).
o Let x1,x2,..., Xt be the corresponding characters, and so

Let Vg = @,V5(n) be a weak moonshine module for G.
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III. Our work

NOTATION

o (G is a finite group

o Let p1,p2,...,p: be the irreducible representations

Pi- G — GLdi ((C)

o Let x1,x2,..., Xt be the corresponding characters, and so

o Let Vg = @,V5(n) be a weak moonshine module for G.

GoOAL
Extend Vg to “width s weak moonshine”.
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FROBENIUS r-CHARACTERS

DEFINITION (FROBENIUS, 1896)

Let x be a character of G, and for positive integers r we let

G") =@ x---x G (r copies).

Madeline Dawsey and Ken Ono (Emory University)
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FROBENIUS r-CHARACTERS

DEFINITION (FROBENIUS, 1896)

Let x be a character of G, and for positive integers r we let
G") =@ x---x G (r copies).

The Frobenius r-character x(: G") — C is defined by:

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



Moonshine for finite groups
III. Our work

FROBENIUS r-CHARACTERS

DEFINITION (FROBENIUS, 1896)

Let x be a character of G, and for positive integers r we let
G") =@ x---x G (r copies).

The Frobenius r-character x(: G") — C is defined by:
(1) If r = 1, then xM(g) := x(9g).
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FROBENIUS r-CHARACTERS

DEFINITION (FROBENIUS, 1896)

Let x be a character of G, and for positive integers r we let
G") =@ x---x G (r copies).

The Frobenius r-character x(: G") — C is defined by:
(1) If r = 1, then X(l)(g) = x(9).
(2) If r = 2, then X (g1, g2) := x(g1)x(92) — x(9192)-
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FROBENIUS r-CHARACTERS

DEFINITION (FROBENIUS, 1896)

Let x be a character of G, and for positive integers r we let
G") =@ x---x G (r copies).

The Frobenius r-character x(: G") — C is defined by:
(1) If r = 1, then xM(g) := x(9g).

(2) If = 2, then X (g1, g2) := x(91)x(92) — x(9192)-

(3) If r > 3, then x") (g1, g2, ..., g,) is defined by

X(T) (917 000 797") =X (gl) X(T_l) (92a o0 797“)
X" D (g1g2, .y 9r) — - = X"V (g2, -, 919r) -
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BASIC FACTS ABOUT r-CHARACTERS

FAacTs (VANISHING)

(1) If dim(x) = 1, then x® (g1, g2) = x(g1)x(92) — x(g192) = 0.
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BASIC FACTS ABOUT r-CHARACTERS

FAacTs (VANISHING)

(1) If dim(x) = 1, then x'? (g1, 92) = x(g1)x(92) — x(g192) = 0.
(2) More generally, if r > dim x, then for all g € G we have

x"(g) = 0.
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BASIC FACTS ABOUT r-CHARACTERS

FAacTs (VANISHING)

(1) If dim(x) = 1, then x'? (g1, 92) = x(g1)x(92) — x(g192) = 0.
(2) More generally, if r > dim x, then for all g € G we have

x"(g) = 0.

FAcT (EXPANSION AS 1-CHARACTERS)

Ifr > 2, then x\") (g1, ..., g,) is a signed sum over S, action on

x(91);x(92), - - - x(gr)-
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DEEP THEOREM ABOUT r-CHARACTERS

THEOREM (HOEHNKE AND JOHNSON, 1992, 1998)

A finite group is determined (up to isomorphism) by its 1, 2 and
3-characters.
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DEEP THEOREM ABOUT r-CHARACTERS

THEOREM (HOEHNKE AND JOHNSON, 1992, 1998)

A finite group is determined (up to isomorphism) by its 1, 2 and
3-characters.

y

REMARKS
(1) Group theorists were surprised by this bound.

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



Moonshine for finite groups
III. Our work

DEEP THEOREM ABOUT r-CHARACTERS

THEOREM (HOEHNKE AND JOHNSON, 1992, 1998)

A finite group is determined (up to isomorphism) by its 1, 2 and
3-characters.

y

REMARKS
(1) Group theorists were surprised by this bound.

(2) Previous research focused on the entire “group determinant”.
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DEEP THEOREM ABOUT r-CHARACTERS

THEOREM (HOEHNKE AND JOHNSON, 1992, 1998)

A finite group is determined (up to isomorphism) by its 1, 2 and
3-characters.

y

REMARKS
(1) Group theorists were surprised by this bound.
(2) Previous research focused on the entire “group determinant”.

(3) Infinitely many nonisomorphic groups share 1 and
2-character tables.

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



@ -



Moonshine for finite groups
III. Our work

WIDTH s WEAK MOONSHINE

DEFINITION
G has width s > 1 weak moonshine if the following hold:
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WIDTH s WEAK MOONSHINE

DEFINITION
G has width s > 1 weak moonshine if the following hold:

@ G satisfies weak moonshine with

Vo = @ Va(n).

n>>—oo
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WIDTH s WEAK MOONSHINE

DEFINITION
G has width s > 1 weak moonshine if the following hold:

@ G satisfies weak moonshine with

Vo = @ Va(n).

n>>—oo

QIflgrgsandgeG(’"),
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WIDTH s WEAK MOONSHINE

DEFINITION
G has width s > 1 weak moonshine if the following hold:

@ G satisfies weak moonshine with

@ Va(n)

n>=>>—oo

QIfl<r<sandge G") | then the McKay-Thompson series

Trg, : Z Frob, gn
n>>—0oo

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



Moonshine for finite groups
III. Our work

WIDTH s WEAK MOONSHINE

DEFINITION
G has width s > 1 weak moonshine if the following hold:

@ G satisfies weak moonshine with

@ Va(n)

n>=>>—oo

QIfl<r<sandge G") | then the McKay-Thompson series

Trg, : Z Frob, gn
n>>—0oo

is a weakly holomorphic modular function.
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COMPUTING Frob,(g;n)

LEMMA
If the m;(n) are the multiplicities of p; in Vg(n), then

Frob,. (g; n) =Tr (g|VC(;) (n)) o= Z mi(n)xgr) (2) .

1<i<t
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WIDTH s MOONSHINE

THEOREM 1 (D-0O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.
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WIDTH s MOONSHINE

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.

COROLLARY (D-0O)

If s > 3, then complete width s weak moonshine determines
finite groups up to isomorphism.
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e Start with weak moonshine for Vg = @, Vg (n).

v

«O>» <> «E» < A
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PROOF OF THEOREM 1

e Start with weak moonshine for Vg = @, Vg (n).

e The McKay-Thompson series T'(1, g; 7) are modular functions.
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PROOF OF THEOREM 1

e Start with weak moonshine for Vg = @, Vg (n).
e The McKay-Thompson series T'(1, g; 7) are modular functions.

e The Schur orthogonality relations assert that

Z Xi(g |G‘52J

geG
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PROOF OF THEOREM 1

e Start with weak moonshine for Vg = @, Vg (n).

e The McKay-Thompson series T'(1, g; 7) are modular functions.

e The Schur orthogonality relations assert that

Z Xi(g |G‘52J

geG

e This implies that

M;(7) = Z m;(n)q" |G| ZX’ T(1,9;7).

n>>—o0 geG
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PROOF OF THEOREM 1

e Start with weak moonshine for Vg = @, Vg (n).

e The McKay-Thompson series T'(1, g; 7) are modular functions.

e The Schur orthogonality relations assert that

Z Xi(g |G‘52J

geG

e This implies that

M;(7) = Z m;(n)q" |G| ZX’ T(1,9;7).

n>>—o0 geG

e Each M,(7) is a weakly holomorphic modular function.
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PROOF OF THEOREM 1 CONTINUED

e For each r > 2, we have that

(r.g;7 Z Frob, (g;n Z Z mi(n 7) q".

n>>>—o0o n>—oo 1<:1<t
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PROOF OF THEOREM 1 CONTINUED

e For each r > 2, we have that

rg, Z Frob, g, Z Z m;(n

n>>>—o0o n>—oo 1<:1<t

e But then we have

T(rgr)= Y x" (g) Mi(7).
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PROOF OF THEOREM 1 CONTINUED

e For each r > 2, we have that

(r.g;7 Z Frob, (g;n Z Z mi(n 7) q".

n>>>—o0o n>—oo 1<:1<t

e But then we have

T(rgr)= Y x" (g) Mi(7).

1<i<t

e The higher dimensional McKay-Thompson series are modular
functions because the M;(7) are. O
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HIGHER DIMENSIONAL MT SERIES

QUESTION

What information do the higher dimensional MT series

{T(r,g; T) : g€ G(r)}

encode about structure of the “seed” module Vg ¢
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HIGHER DIMENSIONAL MT SERIES

QUESTION

What information do the higher dimensional MT series

{T(r,g; T) : g€ G(r)}

encode about structure of the “seed” module Vg ¢

ANSWER

The r-dimensional MT series know the part of Vg assembled
from the characters with dim x; > .
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HIGHER DIMENSIONAL MT SERIES

THEOREM 2 (D-O)

If width s weak moonshine holds for G, 1 <r < s and
dimy; > r, then the x; multiplicity generating function satisfies

Mi(r) = > mi(n)g"

n>—oo

_ (dimxi)r_l -
= r!‘G’T (dimy; — 1) --- (dimXi _ (7’ _ 1)) Z X; (Q)T (7,g,7 .
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HIGHER DIMENSIONAL MT SERIES

THEOREM 2 (D-O)

If width s weak moonshine holds for G, 1 <r < s and
dimy; > r, then the x; multiplicity generating function satisfies

M;(T) := Z mi(n)q"
n>>—oo

_ (dimxi)r_l -

= r!|G|" (dimy; — 1) - - - (dimy; — (r — 1)) Z Xi (Q)T (7,g,7 .

REMARK

Theorem 2 follows from new orthogonality relations for
Frobenius r-characters.
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ORTHOGONALITY OF FROBENIUS r-CHARACTERS

THEOREM (FROBENIUS, JOHNSON, D-O)
We have that

S X7 @)X (9)

EEG(T>
. |G| 5%]

= i) 7 (dimy; — 1) -+ (dimy; — (r — 1))
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ORTHOGONALITY OF FROBENIUS r-CHARACTERS

THEOREM (FROBENIUS, JOHNSON, D-O)
We have that

S X7 @)X (9)

EEG(T>
. |G| 5%]

= i) 7 (dimy; — 1) -+ (dimy; — (r — 1))

REMARKS
(1) The r =1 case is due to Schur.
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ORTHOGONALITY OF FROBENIUS r-CHARACTERS

THEOREM (FROBENIUS, JOHNSON, D-O)
We have that

S X7 @)X (9)

QEG(T>
. |G| 5%]

= (dimyy) - 7 (dimy; — 1) -+ (dimy; — (r — 1))

REMARKS

(1) The r =1 case is due to Schur.
(2) The i # j case is due to Frobenius and Johnson.
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ORTHOGONALITY OF FROBENIUS r-CHARACTERS

THEOREM (FROBENIUS, JOHNSON, D-O)
We have that

> 7 (@)1 (9)
QEG(T>
’I“'|G|T(SZJ

= W (dimy; — 1) -+ - (dimy; — (r — 1)).

REMARKS

(1) The r =1 case is due to Schur.
(2) The i # j case is due to Frobenius and Johnson.

(3) Our contribution is the i = j case which gives the “norms” of
Frobenius r-characters.

v
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SCHUR’S LEMMA

LEMMA (SCHUR’S LEMMA)
Let G be a finite group, and let py and pyw be irreducible repns

pv: G — GL(V),
pw: G — GL(W).

If f: V. — W is a G-linear map, then f is a scalar multiple of
the identity map if V=W and f=0if V 2 W.
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KEY CONSEQUENCES

COROLLARY
If h1,ho € G, then the following are true:
@ We have that

S x: (ghighgt) = X (h1) xi (h2)|G|

dimy;
pore: Xi
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KEY CONSEQUENCES

COROLLARY
If h1,ho € G, then the following are true:
@ We have that

S xi (ghrg~Mhyt) = X (h1) xi (h2)|G|
! 2 dimy;

@ If x; is an irreducible character of G, then we have that

Xi (hihy ) |G‘5m
dimy;

> xi (hg) x; (gha) =
geG
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PROOF OF THE r-CHARACTER ORTHOGONALITY

e Let n(o) denote the number of disjoint cycles of o € S,.
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PROOF OF THE r-CHARACTER ORTHOGONALITY

e Let n(o) denote the number of disjoint cycles of o € S,.

e As disjoint cycles, we let

o= (af(1),...,af (k) (a5(1), ..., a5 (k) -+ - (afy (1), - --» aFo) (K)) -
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PROOF OF THE r-CHARACTER ORTHOGONALITY

e Let n(o) denote the number of disjoint cycles of o € S,.

e As disjoint cycles, we let

o= (a{(1),...,a] (k) (a5 (1), .., af (k5)) -+~ (afir (1); - - - @) (k) -
e The cycles have order k¥, k9, ... ,kg(a) and as sets
{1,2,...,7} ={af(1),...,a] (k7),a3(1),. .., a5 (k) .- a5y (1), - alm (ko) } -
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PROOF OF ORTHOGONALITY CONTINUED

e We abuse notation and use a for g4, and note that

x™ (91,---,9,) = Z sgn(o)x (af(1)---af (k7)) --x (GZ{J)(I) C g (kf;(a))) .

ogESy
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PROOF OF ORTHOGONALITY CONTINUED

e We abuse notation and use a for g4, and note that

x™ (91,---,9,) = Z sgn(o)x (af(1)---af (k7)) --x (a&a)(lJ C g (k::(o'))) .

ogESy

e We must evaluate

Q=3 x"@x" (@@= > x7(-0)xD (91,1 9r)

geGn) g=(g1,....9-)EG(")
= Y sen(o)sgn(r) D> x(a7(1)---af (k]))--- x (a5)(1) -+ - a5o) (Kie))
o, TES, chtrJ

@@ e ) x (a1 ey (ki))-

Madeline Dawsey and Ken Ono (Emory University) Moonshine for finite groups



Moonshine for finite groups
III. Our work

PROOF OF ORTHOGONALITY CONTINUED

e By reordering we can rewrite as:

o= Y slo)ml) ¥ [x(al() AT (kD)) -+ x (a0)-1(1) -+ %0y 1 (Kyor))

a,TESy g15-gr—1EG

xm---x(a;ﬂ_l(l)--- i (i)

X Z ”ra ' ﬂﬁ(o) (kZ(a:)) X (az(.—; 1) "On (k;-;r'.))-
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PROOF OF ORTHOGONALITY CONTINUED

e By reordering we can rewrite as:

0= 3 slohmn) X [ Yeead (KD)) X (05091 (1) -+ 0yt (Koy))

a,7ES, g14-:9r—1EG

@00 ) (370 @) 0 (i) |

X Z ”ra ' ﬂﬁ(a) (kZ(a:)) X (az(.—; 1) "On (k;-;r'.))-

e Apply the previous corollary to Schur’s Lemma to the red sum
and repeat.
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PROOF OF ORTHOGONALITY CONTINUED

e By reordering we can rewrite as:

0= 3 slohmn) X [ Yeead (KD)) X (05091 (1) -+ 0yt (Koy))

a,7ES, g14-:9r—1EG

@00 ) (370 @) 0 (i) |

X Z ”ra ' ﬂﬁ(a) (kZ(a:)) X (az(.—; 1) "On (k;-;r'.))-

e Apply the previous corollary to Schur’s Lemma to the red sum
and repeat.

e Keep careful track of the steps. ]
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EXAMPLE OF D, AND Qg REVISITED

e The MT series for (7’ s 7’5) € Df) and (—k,k) € Qéz) are

T (2, (r s,15) Z Xz 7“ s,78) M;(1) = X?) (r?’s,rs) M;5(T)

1<:<h

= 98304q + 10747904¢ + 432144384¢° + O (¢*) .

T(2,(~kk);7) = > X~k k)Mi(r) = X&) (—k, k) Ms(7)

1<i<h
— —98304q — 10747904¢> — 432144384¢> + O (¢*) .
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EXAMPLE OF D, AND Qg REVISITED

e The MT series for (7’ s 7’5) € Df) and (—k,k) € Qéz) are
T (2, (r s,15) Z Xz 7“ s,78) M;(1) = X?) (r?’s,rs) M;5(T)

1<:<h

= 98304q + 10747904¢> + 432144384¢° + O (¢*) .

T2 (~k k)7 = Y XD (k. k)Mi(r) = x (—k, k)Ms(7)
1<i<h
= —08304¢ — 10747904¢* — 432144384¢> + O (¢*) .

e That they are unequal distinguishes D4 from Qg.
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SUMMARY

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine.
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SUMMARY

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.
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SUMMARY

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.

COROLLARY (D-0O)

For s > 3, width s weak moonshine determines groups.
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SUMMARY

THEOREM 1 (D-O)

If G is a finite group and s € Z*, then weak moonshine for G
extends to width s weak moonshine. Moreover, G admits
asymptotically regular width s weak moonshine.

COROLLARY (D-0O)

For s > 3, width s weak moonshine determines groups.

THEOREM 2 (D-0O)
If dimy; > r, then the multiplicity generating functions satisfy

M;(T) = Z m;(n)q" = * Z XET) (g)T (r, g; T).

n>—oo QGG(T)
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