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Introduction

Let H be the Heisenberg group. For a lattice N C H, the cpt quotient
N\H naturally has a CR structure.

In 2004, Folland determined the eigenvalues and eigenfunctions of the
Kohn Laplacian on N\H.

~» We are interested in the quotient of N\H by an action of a finite group.
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Heisenberg group

Let H be the 3-dim Heisenberg group.

group multiplication:

(p,q,s)-(p.d.s)=(p+pP.9+4q,s+5 +pq)

for (p,q,s),(p',q',s") € H.
CR structure: Let us consider the left-invariant complex vector field on Hi,

1 .
:§(Q+IP))

d 0

dq p%‘

Then Tl’OH = Spanc { V' } is a CR structure, which is CR diffeomorphic
to the CR structure of the boundary of { (z,w) € C? | Imw > |z|? }.

where P = , Q=

Y. Suzuki (Niigata Univ.) F=S op. on Heis. Bieb. mfds 3/22



Heisenberg group

Take the hermitian metric which makes V, V, %% orthonormal.

The Kohn Laplacian
Db = 5;;5b . COO(H) — COO(H)

is given by [pf = A1 where

Ly = % (— (P> + Q%) + ia%) ( € R).

We call %, the Folland-Stein operator.
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Heisenberg Bieberbach manifolds

U(1) ~ H: For e € U(1), (p,q,s) € H,

e’ . (p,q,s) = (pcos® — gsin6, psinf + gcosb,
1
s+ 5(cos€sin 0(p> — g°) + (cos? 0 — sin20 — 1)pq).
Definition
A subgroup I' C H x U(1) is a Heisenberg Bieberbach group if
@ [ is discrete and torsion-free,

e MN\H is compact.

The quotient M\H is called a Heisenberg Bieberbach manifolod.
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Heisenberg Bieberbach manifolds

The action U(1) ~ H preserves the CR str on H and the metric.

~» H-B mfd MNH has a natural CR str and the F-S operator ., can be
considered a diff operator on '\ H.

Example
(0) A lattice (i.e, a cocompact discrete subgroup) N C H is a Heisenberg
Bieberbach group. We call N\H a Heisenberg nilmanifold.
For L € Z~o,
N =7Z x LZ x Z

is a lattice.

~~ Ny \H is a S'-bundle over the torus R?/(Z x LZ)
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Heisenberg Bieberbach manifolds

Example
(1) Let

1\ .
= (0,0, 5) e'm e H x U(1).

~ So(pa q,S) = (_P, —q,s+ %) m-rotation w.r.t (pa q)
For | € Z~, the subgroup

Moz = (Noy, @)

is a Heisenberg Bieberbach group. Note that 'y /Noy = Z/27Z.
~» No/\H — T/ -\H is a 2-fold covering.
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Heisenberg Bieberbach manifolds

Example

(2) Let N, = V2IZ x V2IZ x Z (I € Z~o),
1\ =
Y= (o,o, Z) e'2 ¢ H x U(1).

~ (p,q,s) =(—q,p,s — pq + }1): 5-rotation w.r.t (p.q)
The subgroup

/2/,g = (Naj, )

is a Heisenberg Bieberbach group. Note that rlzl,g/Né/ =Z/4L.

~ N \H — I"ZI%\]HI is a 4-fold covering.
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Harmonic analysis on a H-nilmanifold N, \H

Recall N, =Z x LZ x Z.

Since (0,0,1) € Ny and f € L2(N/\H) is Nj-invariant, we have
f(p,q,s+1) =f(p,q,s).

~ L(N\H) = @,z 0, where 7, = {f(p. q,5) = ™" g(p. q)}
n=20

g(p, q) € S is a function on the torus R?/(Z x LZ), and so

Sy = @ Ce2ri(kptva)
(1,v)EZXL1Z,
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Harmonic analysis on a H-nilmanifold N, \H

n#0

Fora€ Z/|n|Z,b € Z/LZ, we define the Weil-Brezin transform
W2P 12(R) — 70 = Im WP € o by

a,b __ .2mins J u 2min k+%+£" q
(W7 "g)(p,q,s) =e %g<p+k+m+m>e (ki L)’

where 0 < j < |n| —1 with a=j mod |n| and 0 < u < L — 1 with
b= umod L.

Proposition

[2(N\H) = GB Ce2rilpptva) g EB

AP
(p,V)EZXL=1Z

n
n#£0,a€%/|n|Z,bEL/ LT,
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Eigenvalues of the Folland—Stein operator on N;\H
F-S operator: %, = 1 (—(P?+ Q%) + ia%)

ab Wit o
H60° = L7(R)

L — — —47“n — 2mno
4 Ox2

Theorem (Folland’'04)
The eigenvalues of £, on N/ \H are

Na(n,A) i=——RX+1—asgnn) (A€ Z>o,neZ\{0})

m|n|
2
and 72|€|2 (¢ € Z x L7YZ). The multiplicity of Ao(n, A) is L|n|. In
particular, the function Wy ’bF,L A Is an eigenfunction with N, (n, \), where

Foa(x) = Hx(\/27|n[x)e=™I"* (Hy: Hermite polynomial)
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Eigenvalues of the Folland—Stein operator on Iy .\ H
Recall from Example (1) that

1 .
I-2l,7r = <N2/7 §0>7 Y = (Oa 07 5) e’

and Np\H — Iy, \H is a 2-fold covering.
For any Aa(n, A)-eigfct G € Spanc { W2"PF, 5 b, on No/\H,

G is an also eigenfunction on Iy . \H <= ¢*G = G.
Proposition (S.)
For n # 0 and X € Z>q, we have
() " (WaFpp) = eI W 20F, .

(i) For b#0, o*(WZPF, ) = et MW, LPF \ if n > 0, and
WP,y = e (W, 2T TPE, L) if n < 0.
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Eigenvalues of the Folland—Stein operator on Iy .\ H

If an Ay (n, \)-eigenfunction G € Spanc { W,‘f’bF,L,\ . on No/\H is
written as

G= > PWpPR (c*Pe0),
acZ/|n|Z,beZ/2IZ

we have the following.

Corollary
Let \ € Zso.
(i) Forn>0, ¢*G = G if and only if ™ ("} 30 = =30 apd
emi(n+A) cab _ c—a=1,—b for 21l 5 ¢ Z/|n|Z, 0 # b e Z/217.
(i) Forn <0, ¢*G = G if and only if ™ ("N 30 = ¢=a.0 apq
emi(ntA) cab — —atl—b for alf 5 Z/|n|Z, 0 # b € Z/2IZ.
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Eigenvalues of the Folland—Stein operator on Iy .\ H

Let 7,7, = { G € Spanc { Wi Fox},, | ¢*G =G}
Theorem (S.)

_ - lln|+1 if|n|+ X is even,
dim A7\ =

lln| =1 if |[n| 4+ X is odd.

Since dim Spanc { W,;"’bF,,yA }.p = 2l|n|, the dim of each eigenspace on
M2~ \H is about half of the dim of the corresponding eigenspaces on
No \H
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Eigenvalues of the Folland—Stein operator on I, - \H

Recall from Example (2) that

1\ =
/2I?g = <N§l7w>a ¢ = (0707 Z) ez,

and Ny \H — I}, - \H is a 4-fold covering.
12

Since Soy(Nj;) = Noj, where Sy, is the isom (p, q,s) — (%, V2lg, s) ,
we have the decomposition

B(Ny\H) = Deemneia g @y gt
v n#0,a€Z/|n|Z,bEZ/2IZ.

where 70 = ;,(%,a’b).
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Eigenvalues of the Folland-Stein operator on I}, W\H

Moreover, the eigenvalues of %, on Né,\]HI are also
Aa(n,\) = |2|(2)\+1—asgnn) (A€ Zso,neZ\{0})

and w2[¢2 (€ € V2I TZ x V21 Z x Z).

Proposition
Let

Fn7)\7[(X) = H)\(2 /7T|n|X)e_2l7r|”|X2‘

The function W,f’bFn,,\,, = (W,f’bFn,,\,,) 0 Sy € A7 is an eigenfunction
of £, on Ny \H with the eigenvalue Ny(n, \).

Y. Suzuki (Niigata Univ.) F=S op. on Heis. Bieb. mfds

16 /22



Eigenvalues of the Folland-Stein operator on I}, W\H

Proposition (S.)

e !
Tﬁ*(W,{’an,)\,l) — ;/ egi(n-i—)\) Z e—4ln7rl(fn+2"ln)( Z/n)WJ u’ Fn,/\,l
vV.in 0<j/'<n—1
0<u'<2/-1

forall0<j<n—1, 0<u<2/—1ifn>0, and

QP*(W,J,"”Fn,,\,/)
. .
:;egi(n+3)\) Z e—4ln7rl(|f|+%)(J 2IH)WJ an)\I
2l 0<j/<[n—1
0<u'<2i—1

forall0<j<|n|—1,0<u<2/—1ifn<O0.
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Eigenvalues of the Folland—Stein operator on I, - \H

If an Aq(n, A)-eigfct G € Spang { W,J,-’”F,,,A,/ juon Nj\H is written as

G = Z SHUWIEEF, (P e ),
0<j<|n|-1
0<u<2i—1
we have the following.

Corollary

(i) Forn>0, %*G = G if and only if

s 2 q
o — L _zi(nt) $ o nmi (5445 ) (E458) G
2In 0<izn-1
0<u<2/—1

forall0<j/<n—-1,0<d <2/-1.
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Eigenvalues of the Folland—Stein operator on I, - \H

Corollary
(i) Forn <0, ¢¥*G = G if and only if

W ’ .
le’u/ _ 1 e%i(n+3>‘) Z ef4ln7rl(17‘+i) <|JT|+2*L;,,) iju
v 2|n| 0<j<|n|1
0<u<2/-1

forall0<j <|n -1, 0<d <2/-1.
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Eigenvalues of the Folland—Stein operator on I}, - \H
12

Let A, = { G € Spanc { Wi Foss},, | v*G =G}

Theorem (S.)

(i) If |n| is even or | is even, we have

Il 41 if[n|+A=0 mod 4,

dim 7,/ = { 1ol ifln[+A=1,2 mod 4,
@—1 ifln|+A=3 mod 4.

(i) If |n| is odd and | is odd, we have

I|n| 1 . _
_ S +5 ifln]+X=0,2 mod 4
. v ) 2 2 ) )
dlm%”n’)\— o1
2 2

if[n|+A=1,3 mod 4.
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Weyl's law

Corollary
M =T -\H or '}, - \H. Let Ny(t) be the number of positive
V2
eigenvalues of £, on M (counted with multiplicity) which are less than or
equal tot > 0. For —1 < a <1, we have
N
lim m(t)

t—00 t2

= Aq vol(M),

where

1 o0
/ X ey if —l<a<l,

A — w2 oo Sinh x

o 1 e X \2
L) & famm
272 J_ . \sinhx
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Thank you very much!
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