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An asymptotically hyperbolic (AH) space is a compact manifold M"+1
with boundary X" equipped with a metric g4 on the interior M such that
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o for each defining function ¢ of X in M, ©%g, extends to a smooth
metric on M = M; and

o |dp|,2,, =1 along ¥.
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An asymptotically hyperbolic (AH) space is a compact manifold M"+1
with boundary X" equipped with a metric g4 on the interior M such that

o for each defining function ¢ of X in M, ©?g, extends to a smooth
metric on M = M; and

o |dp|,2,, =1 along ¥.

The conformal infinity of M is the conformal class [0?g| 7] on L.
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An asymptotically hyperbolic (AH) space is a compact manifold M"+1
with boundary X" equipped with a metric g4 on the interior M such that

o for each defining function ¢ of X in M, ©?g, extends to a smooth
metric on M = M; and

o |dp|,2,, =1 along ¥.
The conformal infinity of M is the conformal class [0?g| 7] on L.
We say g is Einstein if Ric(gy) = —ngy.
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Let (M, gy) be an AH space with conformal infinity (X", [h]). Let h € [h].
Then for € > 0 small, there is a unique diffeomorphism
¥ [0,e), X ¥ < M onto a collar neighborhood of ¥ such that

2 . . .
V*g = Y8 where g, is a one-parameter family of metrics on ¥ and

2
80 = h.

February 21, 2025
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If g+ is Einstein, then one has the asymptotics

gr = h+rPg@ 4+ g™ 4 (even) + r"log(r) A+ r"g(m + ...
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If g+ is Einstein, then one has the asymptotics

gr = h+rPg@ 4+ g™ 4 (even) + r"log(r) A+ r"g(m + ...

Here, A =0 if nis odd.
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If g+ is Einstein, then one has the asymptotics

gr = h+rPg@ 4+ g™ 4 (even) + r"log(r) A+ r"g(m + ...

Here, A = 0 if n is odd.The tracefree part of g(" is formally
undetermined. The trace is determined, and vanishes if n is odd.
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Among the most important global invariants of an AH Einstein space
(M™1 g.) is its renormalized volume.
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Among the most important global invariants of an AH Einstein space
(M™1 g.) is its renormalized volume.
Let r be a geodesic defining function. One has

1
volg, ({r>e}) = coe "+ e’ "+ + et +E log <E> +V+o(1)
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Among the most important global invariants of an AH Einstein space
(M™1 g.) is its renormalized volume.
Let r be a geodesic defining function. One has

1
volg, ({r>e}) = coe "+ e’ "+ + et +E log <E> +V+o(1)

For odd j, ¢; = 0.
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Among the most important global invariants of an AH Einstein space
(M™1 g.) is its renormalized volume.
Let r be a geodesic defining function. One has

1
volg, ({r>e}) = coe "+ e’ "+ + et +E log <E> +V+o(1)

For odd j, ¢; = 0.
If n is even, then £ is a conformal invariant.
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Among the most important global invariants of an AH Einstein space
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Let r be a geodesic defining function. One has
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For odd j, ¢; = 0.
If n is even, then £ is a conformal invariant.
If n is odd, then £ =0 and V is a conformal invariant.
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Among the most important global invariants of an AH Einstein space
(M1 g.) is its renormalized volume.
Let r be a geodesic defining function. One has

1
volg, ({r >e}) = coe™ "+ et " cp1e P+ Elog <E> + V +o0o(1)

For odd j, ¢; = 0.
If n is even, then £ is a conformal invariant.
If n is odd, then £ =0 and V is a conformal invariant.

dVg, = r (1 4 Pvy 4ty + . )dVidr.
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Suppose g7 is a one-parameter family of PE metrics on X, with conformal
infinity [hs].
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Suppose g7 is a one-parameter family of PE metrics on X, with conformal

infinity [hs].Let hs = &|__ hs.
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Suppose g7 is a one-parameter family of PE metrics on X, with conformal
infinity [hs].Let hs = | _ hs.

If n is even, then
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Suppose g7 is a one-parameter family of PE metrics on X, with conformal

infinity [hs].Let hs = &|__ hs.

If n is even, then

If n is odd, then
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y = oM.
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y = oM.
There exists unique u > 0 so that

QO > =u1({0}).
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y = oM.
There exists unique u > 0 so that

QO > =u1({0}).

Q g = u2g satisfies R = —n(n + 1).
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y = oM.
There exists unique u > 0 so that
QO > =u1({0}).
Q g = u2g satisfies R = —n(n + 1).
Note that g is AH.
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y = oM.
There exists unique u > 0 so that
0 == u({0}).
Q g = u2g satisfies R = —n(n + 1).
Note that g is AH.
Let r(x) = distz(-, X).
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Suppose now (M, g) is a compact Riemannian manifold with boundary
Y =0M.
There exists unique u > 0 so that
QO > =u1({0}).
Q g = u~?g satisfies R; = —n(n+ 1).
Note that g is AH.
Let r(x) = distz(-, X).
Mazzeo (1991) proved polyhomogeneity:

u(x) = r+rPu@ 43y ot (D) 200 () A 2y (02

Stephen E. McKeown (UT Dallas) Renormalized volume in higher codimension February 21, 2025



Consider

1
volg({r>¢e}) = e "+ e "+ -+ cpae '+ Elog <E> +V +o(1)
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Consider

1
volg({r>¢e}) = e "+ e "+ -+ cpae '+ Elog <E> +V +o(1)

The energy £ is a conformal invariant.
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Suppose F : (—&,6) x ¥ — M, and X = £F(s,")|,_, € [(E, NX). Let p

s=
be the inward-pointing unit normal.
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Suppose F : (—&,6) x ¥ — M, and X = £F(s,")|,_, € [(E, NX). Let p
be the inward-pointing unit normal.

s=

where h = g|7x.
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Suppose now (MK z) is closed,
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Suppose now (MK z) is closed, X" C M is closed and embedded,
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Suppose now (MK z) is closed, =" C M is closed and embedded,and
1<k<n+2
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Suppose now (M™k g) is closed,£" C M is closed and embedded,and
l<k<n+2.
There exists u > 0 so that

Q > =u1({0}).
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Suppose now (MK z) is closed, =" C M is closed and embedded,and
1<k<n+2
There exists u > 0 so that

0 »=u'({0}).

Q g = u2g satisfies R, = —(n+2— k)(n+ k — 1).
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Suppose now (M™k g) is closed,£" C M is closed and embedded,and
l<k<n+2.
There exists u > 0 so that

Q ¥ =ul({0}).
Q g = u2g satisfies R, = —(n+2— k)(n+ k — 1).

Let t(x) = distz(x, X).

Stephen E. McKeown (UT Dallas) Renormalized volume in higher codimension February 21, 2025



Suppose now (M"+k,g) is closed,X" C M is closed and embedded,and
l<k<n+2.
There exists u > 0 so that

Q > =u1({0}).

Q g = u2g satisfies R, = —(n+2— k)(n+ k — 1).

Let t(x) = distz(x, X).
By Mazzeo (1991), u is polyhomogeneous in t and tP(log t)9, with
coefficients smooth functions on the sphere normal bundle.
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Suppose now (M"+k,g) is closed,X" C M is closed and embedded,and
l<k<n+2.
There exists u > 0 so that

Q > =u1({0}).

Q g = u2g satisfies R, = —(n+2— k)(n+ k — 1).

Let t(x) = distz(x, X).

By Mazzeo (1991), u is polyhomogeneous in t and tP(log t)9, with
coefficients smooth functions on the sphere normal bundle.

Recall, near X, we may decompose M

M ~ [0,5) x SNE
~[0,0) x £ x S¥7 (locally).
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Then u has an expansion

u=t-+ t2u( ) +t U(3) + -4 t”+1u(”+1) + t”+1+5u(n+1+5)
+ t" 2 log(t)A + t"+2u<"+2) +o(t"?),
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Then u has an expansion

u=t-+ t2u( ) +t U(3) + -4 t”+1u(”+1) + t”+1+5u(n+1+5)
+ t" 2 log(t)A + t"+2u<"+2) +o(t"?),

where
Q0<d<l;
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Then u has an expansion

u=t+ t2u® 4 3B 4.ty (D) 1 (n4149)
+ t" 2 log(t)A + t"+2u<"+2) +o(t"?),
where

Q0<di<;
Q u("1+9) and u(2) are globally determined;
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Then u has an expansion

u=t+ t2u( ) +t u(3) 4ot tn-i-lu(n-i-l) + tn+1+6u(n+1+6)
+ t" 2 log(t)A + t"+2u<"+2) +o(t"?),

where
Q0<di<;
Q u("1+9) and u(2) are globally determined;

Q A is locally determined and linear.
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Consider the expansion

1
volg({t > €}) = coe ™" + et "4 4 cro1e t + Elog <g> + V +0(1)
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Consider the expansion

1
volg({t > €}) = coe ™" + et "4 4 cro1e t + Elog <g> + V +0(1)

For odd j, ¢c; = 0.
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Consider the expansion

1
volg({t > €}) = coe ™" + et "4 4 cro1e t + Elog <g> + V +0(1)

For odd j, ¢c; = 0.
If n is even, then £ is a conformal invariant.
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Basic idea:
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Basic idea:Consider f : R — R smooth.
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Basic idea:Consider f : R — R smooth.Let r = |x|. Expand

F=fo+rh+rih+...,

where f; : Sk=1 4 R,
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Basic idea:Consider f : R — R smooth.Let r = |x|. Expand

F=fo+rh+rih+...,

where f; : Sk=1 4 R.
Then for each j, f; has the same parity as j.
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Basic idea:Consider f : R — R smooth.Let r = |x|. Expand
F=fo+rh+rih+...,

where f; : Sk=1 L5 R.
Then for each j, f; has the same parity as j.In particular, the integral of ;
over S¥=1 vanishes for odd k.
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Basic idea:Consider f : R — R smooth.Let r = |x|. Expand
f=fotri+rih+..,

where f; : Sk=1 L5 R.
Then for each j, f; has the same parity as j.In particular, the integral of ;
over S¥=1 vanishes for odd k.

The function % is smooth up through order t". Moreover, if n is odd, then

A=0.
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Notes:

QO n=1.
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Notes:
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Notes:

Q k=1.
Q k>n+2.

Stephen E. McKeown (UT Dallas)
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Suppose F : (—6,0) x ¥ < M is a variation of X, and

X=42 o F(s,-) e T(Z,NY).
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Suppose F : (—6,0) x ¥ < M is a variation of X, and

X=42 o F(s,-) e T(Z,NY).

If n is even, then
d
—& :c,,7k/ A(X)dV,,
dS s=0 b ( )
If n is odd, then
i\/ — Cn,k/ u("+2)(X)th
ds 5=0 pX )

Stephen E. McKeown (UT Dallas) Renormalized volume in higher codimension February 21, 2025 14 /20



From now, let k be arbitrary. We will let u be a formal solution to the
singular Yamabe equation.
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From now, let k be arbitrary. We will let u be a formal solution to the

singular Yamabe equation.
We define a set £ of pairs of integers by whether solutions exist to a

certain infinite family of Diophantine equations with n, k as parameters.

February 21, 2025 15 /20
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From now, let k be arbitrary. We will let u be a formal solution to the

singular Yamabe equation.
We define a set £ of pairs of integers by whether solutions exist to a
certain infinite family of Diophantine equations with n, k as parameters.

Let £" be embedded in (M"*k g). For0 < j < 2 (if n is even or

(n,k) € &) orforj >0 (if nis odd and (n, k) ¢ £), there exists a natural,
extrinsically defined differential operator P; : C*°(X) — C*>°(X) of order
2j, with the same principal part as AL, and under conformal change

g = e*“g satisfying

Pj e e(_n/2_J)WF)Je(n/2_J)w

This P; is formally self-adjoint.

(Compare GJMS operators, Gover-Waldron, ...).

February 21, 2025 15 /20
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Idea of proof:
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Idea of proof:Consider v a solution of Agv + s(n—s)v =0, where
s=144+].
2
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Idea of proof:Consider v a solution of Agv + s(n—s)v =0, where
— n [

S = 5 —|—j

This has an expansion

v=t""F+tlog(t)G +...
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Idea of proof:Consider v a solution of Agv + s(n—s)v =0, where
— n [

S = 5 —|—j

This has an expansion

v=t""F+tlog(t)G +...

Impose F|x = f. Define Pif = G|x.
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Idea of proof:Consider v a solution of Agv + s(n—s)v =0, where
— n /

S = 5 +j

This has an expansion

v=t""F+tlog(t)G +...

Impose F|x = f. Define Pjf = G|x. Note that one could now consider
other expansions and get higher-rank operators.
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Let Ei[f] .= Agf + s(n—s)f.
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Let Ei[f] .= Agf + s(n—s)f.
Define the indicial operator Is y¢) = t~7 E5[t79]|¢=0.
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Let Ei[f] .= Agf + s(n—s)f.
Define the indicial operator Is ;1) = t=7 E5[t7)]|¢=0.Then

lso0 = Agk-1 + (s(n — S) — a(n — 0'))
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Now let n be even. We follow Fefferman-Graham to define an extrinsic
Q-curvature on X.

Stephen E. McKeown (UT Dallas) Renormalized volume in higher codimension February 21, 2025 18 /20



Now let n be even. We follow Fefferman-Graham to define an extrinsic
Q-curvature on X.

The equation
AgU=—n+O(t"logt)

has a solution of the form
U=logt+ A+ Bt"logt+ O(t"),

with Alx = 0; and U is unique mod O(t").
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Now let n be even. We follow Fefferman-Graham to define an extrinsic
Q-curvature on X.

The equation
AgU=—n+O(t"logt)

has a solution of the form

U=logt+ A+ Bt"logt+ O(t"),

with Alx = 0; and U is unique mod O(t").

We define Q, x = chkBls.
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Q Suppose g = e*g. Then

emu(/:)vn,k = Qn,k + Phw.
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Q Suppose g = e*g. Then

enw(/:)vn,k = Qn,k + Phw.

&= a,,7k/ deh
>
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Happy Birthday, Kengo!



