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§7 射影空間

m次元射影空間* Pm

π : Rm+1 \ { o } → Pm 自然な射影

π(x) = ( x Rm+1 ) ∈ Pm. (∗)

Pm Rm+1

Pm Rm+1 \ { o } ∼ (Rm+1 \ { o })/∼

x ∼ y
def⇔ ∃λ ∈ R \ { 0 } s.t. y = λx.

π

51.
Rm+1 Pm

(Rm+1 \ { o })/∼ P̃m

Pm P̃m

Φ : Pm → P̃m Φ Rm+1 \ { o } Pm

(∗) π Rm+1 \ { o } → P̃m π̃ π̃ = Φ ◦ π

π : Rm+1 \ { o } → Pm m Sm = { x ∈ Rm+1 | ∥x∥ = 1 }
π : Sm → Pm

52. 11.1
π : Rm+1 \ { o } → Pm W Rm+1 \ { o }

π W π(W ) Pm

11.1.1

53. Pm Pm

54. 11.2
π : Sm → Pm (dπ)p : Tp(Sm) → Tπ(p)(Pm)

p ∈ Sm p (dπ)p
p ∈ Sm (dπ)p

* Pm

RPm



射影変換

55. m + 1 A ∈ GL(m + 1,R) fA : Pm → Pm

fA([x]) = [Ax], x ∈ Rm+1 \ { o } .

Pm (Rm+1 \ { o })/∼ [x] x
∼ fA A Pm 射影変換
(1) fA : Pm → Pm well-defined
(2) 2 A, B ∈ GL(m + 1,R) fA, fB A, B

56. A ∈ GL(m + 1,R) A fA : Pm → Pm C∞

射影閉包と 2次曲線

57. φ : Rm → Pm π : Rm+1 \ { o } → Pm

φ(x1, . . . , xm) = π(1, x1, . . . , xm).

φ Rm φ(Rm) C∞ φ(Rm) Pm

φ(Rm) Pm

57 Rm Pm

58. R2 C1 : x2 + y2 = 1 C2 : y = x2 C3 : x2 − y2 = 1
Ci (i = 1, 2, 3) P2 P2 Ci Ci 射

影閉包 C̃i

i, j A ∈ GL(3,R) C̃j = fA(C̃i)
fA A P2 → P2 C̃i C̃j

射影同値
π : R3 \ { o } → P2 π−1(C̃i), π−1(C̃j)

複素射影空間

59. 11.3
CPm π : S2m+1 → CPm

π C∞

60. 11.4
π : S3 → CP1 S3 = { (z1, z2) ∈ C2 | |z1 |2 + |z2 |2 = 1 }

C z *→ (1 : z) CP1 CP1 = C ∪ {∞ }
φ : S2 \ { (0, 0, 1) } → R2 = C CP1 S2 =

{ (x, y, z) ∈ R3 | x2 + y2 + z2 = 1 } π (z1, z2) ∈ S3

(x, y, z) ∈ S2 50


