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ABSTRACT. It is proved by Brooks that any closed orientable 3-manifold
with a Heegaard splitting of genus g admits a 2-fold branched cover
that is a hyperbolic 3-manifold and a genus g surface bundle over the
circle. This paper concerns entropy of pseudo-Anosov monodromies for
hyperbolic fibered 3-manifolds. We prove that there exist infinitely many
closed orientable 3-manifolds M such that the minimal entropy over all
hyperbolic, genus g surface bundles over the circle as 2-fold branched
covers of the 3-manifold M is comparable to 1/g.

1. INTRODUCTION

Let M be a closed orientable 3-manifold which admits a genus g Heegaard
splitting. Sakuma [Sak81] proved that there exists a 2-fold branched cover
M of M such that M is a genus g surface bundle over the circle St It is
proved by Brooks [Bro85] that the branched cover M of M can be chosen
to be hyperbolic if g > 2.

To state our results of this paper, let ¥ = X, be an orientable, connected
surface of genus g with p punctures, possibly p = 0. We set X, = ¥, for a
closed orientable surface of genus g. The mapping class group MCG(Y) is
the group of isotopy classes of orientation-preserving self-homeomorphisms
on Y which preserve the punctures setwise.

By the Nielsen-Thurston classification [Thu88, FM12], an element in
MCG(X) is one of the following types: periodic, reducible, pseudo-Anosov.
If an element in MCG(X) is neither periodic nor reducible, then it is pseudo-
Anosov. For a mapping class ¢ = [f] € MCG(X), the mapping torus Ty of
¢ is defined by

Ty =% xR/ ~,
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where (z,t) ~ (f(z),t + 1) for z € ¥ and t € R. We call ¥ the fiber of
Ty. The 3-manifold Ty is a X-bundle over S I with the monodromy ¢. By
Thurston [Thu98, Ota01], T, admits a hyperbolic structure of finite volume
if and only if ¢ is pseudo-Anosov.

Thanks to the above result by Sakuma, one can define the non-empty
subset Dy(M) C MCG(X,) consisting of elements ¢ € MCG(X,) such that
Ty is a 2-fold branched cover of M branched over a link, i.e.,

Dy(M) = {¢ € MCG(X,) | T is a 2-fold branched cover of M}.

By the above result of Brooks, there exists a pseudo-Anosov element in
Dy(M) if g > max(2,9(M)), where g(M) is the Heegaard genus of M.

To each pseudo-Anosov mapping class ¢ € MCG(X) on the surface ¥ =
Yg.p, there exists an associated dilatation (stretch factor) A(¢) > 1 ([FM12]).
The logarithm log(A(¢)) of the dilatation is called the entropy of ¢. We call

(1.1) Ent(¢) = [x(3)[log(A(¢))

the normalized entropy of ¢, where x(X) is the Euler characteristic of .
Consider the set

Spec(X) = {log(A(¢)) | ¢ € MCG(X) is pseudo-Anosov}.

For any subset of Spec(X), there exists a minimum. Then for any subset
G C MCG(X) containing a pseudo-Anosov element, we set

(@) = min{log(A(¢)) | ¢ € G is pseudo-Anosov},

that is the minimal entropy of pseudo-Anosov elements of G. Clearly we have
U(G) > ¢(MCG(X)). Penner [Pen91] proved that /(MCG(3,)) is comparable
to 1/g. Here we say that for two real valued functions A and B of g, A
is comparable to B and write A < B if there exists a constant C > 0
independent of g so that B/C < A < CB.

Asymptotic behaviors of minimal entropies of various subgroups (subsets)
of mapping class groups have been studied by many authors ([FLMO08, T'sa09,
Vall2, ALM16, HK17, Yaz18, HIKK22]). For the hyperelliptic mapping
class group H(X,) defined on ¥4, the minimal entropy £(H (X)) for H(X,)
is also comparable to 1/¢g (Hironaka-Kin [HK06]). In contrast, the minimal
entropy ¢(Z(Xy)) for the Torelli group Z(X,) defined on ¥, has a uniform
lower bound (Farb-Leininger-Margalit [FLMO0S]).

Given a 3-manifold M, we consider the subset Dy(M) C MCG(X,) and
we write

ly(M) = £(Dy(M)).

Then £4(M) > ((MCG(X,)). The authors proved in [HK20b] that for the

3-sphere S3, it holds ¢,(S?) = é. In this paper, we prove that there exist

infinitely many closed 3-manifolds with the same property as S2. More
precisely, we prove the following result.
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Theorem 1.1. There exist infinitely many closed orientable non-hyperbolic
1

3-manifolds M such that £,(M) =< —.
[Y

For a link L in S3, let My — S? be the 2-fold branched cover of S3
branched over a link L. Every link L can be expressed by the closure cl(b)
of some braid b. Along the way in the proof of Theorem 1.1, we prove in
Theorem 4.2 that if b is a homogeneous braid with certain conditions, then

1

we have Eg(Md(b)) = —. The 3-manifolds M) with this property include
g

the following examples.

e The lens space La,, 1) of type (2m,1) with m # 0 (Corollary 4.5).

e The connected sum jjnSQ x St of n copies of 5% x Sl form > 1
(Theorem 4.6).

e Dehn fillings of the minimally twisted 2k-chain link Cof for k > 3.

Here a chain link is a link having the form of a circular chain. The minimally
twisted chain link Cor, with 2k components is the chain link with every other
link component lying flat in the plane of projection, and alternate link com-
ponents to be perpendicular to the plane of projection. (See (3) of Figure
12 for Cs.)

Since Cy, is a hyperbolic link, all Dehn fillings (with a finite exceptions)
are hyperbolic. Moreover vol(S® \ Car) > 2kwvs, where v3 = 1.01494. .. is
the volume of the ideal regular tetrahedron. Hence we have the following
result.

Theorem 1.2. For any R > 0, there exists a closed orientable hyperbolic
1

3-manifold M with volume more than R such that £,(M) < —.
g

Theorems 1.1 and 1.2 imply that there exist infinitely many links L in S3
such that the minimal entropy £,(M7,) is comparable to 1/g. Our conjecture
is that every link in S® holds this property.

1
Conjecture 1.3. For any link L in S3, we have {y,(M[) < ~.
g

We ask the following question.

Question 1.4. Is there a closed orientable 3-manifold M such that the
mianimal entropy Ly(M) has a uniform lower bound?

This paper is organized as follows. In Section 2 we review basic facts on
braids groups, mapping class groups and pseudo-Anosov mapping classes.
In Section 3 we introduce the notion of braids that are increasing in the
middle. Then we combine some results in [HK20a, HK20b] into new claims
that can be used for the study of pseudo-Anosov elements in the set D,(M7,)
for each link L in S3. In Section 4 we prove Theorems 1.1 and 1.2 and give
some applications.
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1 i itl n
b skew (b) skew (b)+b

(M 2 3)

FIGURE 1. (1) 0; € B,. (2) The involution R : D? x [0,1] —
D? x [0, 1] with the fixed point set {(£ri,3) |0 <r <1} C
D% x {1}, (3) The braid b = skew(b) - b that is invariant
under the involution R.

FIGURE 2. A half twist Ay = skew(Ay) € By.

Acknowledgments. We thank Hirotaka Akiyoshi, Jessica Purcell and Han
Yoshida for their information about the hyperbolic structures on the com-
plements of minimally twisted 2k-chain links. We thank Yuya Koda and
Makoto Sakuma for helpful comments.

2. BACKGROUNDS AND PRELIMINARIES

2.1. Homogeneous braids and skew-palindromic braids.

Let B, be the (planar) braid group with n strands. Let ay,...,a, be the
bottom end points of an n-braid b € B,. We call a;’s the base points of b.
We put indices 1,...,n to indicate the base points ay,...,a, respectively.
Let o; (i =1,...,n) denote the Artin generator of B,, as in Figure 1(1).

A braid word written by o' (i = 1,...,n —1) is said to be homogeneous
if for each 7 € {1,...,n — 1}, the exponents of all occurrences of ¢; have the
same sign. A braid b is said to be homogeneous if it can be represented by a
homogeneous word. For example, the braid o1o305 10%05 3 is homogeneous.
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Now, we define an involution

skew: B, — B,

€1 €2 €k €L €2 €1 R
Opy Oy - Ol 7> Oy O Oy €= L

The map skew is an anti-homomorphism. A braid b € B, is said to be
skew-palindromic if skew(b) = b € B,,.

Note that skew : B, — B,, is induced by the involution R on the cylinder
D? x [0,1]:

R:D*x 0,1 — D?*x][0,1],
(re,t) — (re™0 1 —¢)

see Figure 1(2). Here we identify the disk D? with the unit disk centered at
the origin in the complex plane C.

Notice that the product skew(b) - b € B,, is a skew-palindromic braid for
any b € B,,. We put B

b := skew(b) - b,
and we say that b is the skew-palindromization of b. See Figure 1(3).
Example 2.1. For a braid b = 0‘%0;2 € Bs, the skew-palindromization is
b= skew(b) - b= o 205030, %,

that is a homogeneous braid.

Let A = A,, € B;, be a half twist defined by

= op-1(on—20n-1) (02 opn_1)(01- - On-1).

See Figure 2. This means that A = skew(A), and hence A € B,, is skew-

palindromic for each n.

2.2. Dilatations and normalized entropies of braids. Let D, be the
n-punctured disk. We consider the mapping class group MCG(D,,), the
group of isotopy classes of orientation preserving self-homeomorphisms on
D,, preserving the boundary 9D of the disk setwise. There exists a surjective
homomorphism
I': B, - MCG(D,)

which sends each generator o; to the right-handed half twist h; between the
i-th and (¢ + 1)-th punctures. Since the kernel of T is isomorphic to the
center Z(B,,) = (A?) generated by a full twist A%, we have

B, /(A% ~MCG(D,,).
Collapsing the boundary 0D to a puncture in the sphere ¥y, we have a
homomorphism
¢ : MCG(D,,) = MCG(2¢,5+1)-
We say that b € B, is periodic (resp. reducible, pseudo-Anosov) if the
mapping class ¢(I'(b)) is of the corresponding Nielsen-Thurston type.
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FIGURE 3. Case b = o705, € B3: (1) cl(b). (2) br(b). (3)
Fy. (4) (V') = cl(b), where V' = g305 " € B.
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Ficure 4. (1) C(b) for b € Bay,. (2) E3 = Cl(eg). (3)
C(A4b) = C(b) = C(bA4) for b € By.

When b € B, is pseudo-Anosov, we call A(b) := A(¢(I'(b))) the dilatation
of b, and call Ent(b) := Ent(¢(I'(b))) the normalized entropy of b, see (1.1).
By definition we have

Ent(b) = [x(Xo0,n4+1) [ 1og(A((¢(T'(0))))) = (n — 1) log(A((e(T'(1)))))-

2.3. Closures, braided links, and circular plat closures of braids.

In this section we introduce three kinds of links in S2, closures, braided
links and circular plat closures obtained from planar braids. Given a link L
in a 3-manifold M, we denote by NV (L), a regular neighborhood of L. We
denote by E(L), the exterior M \ int(N(L)).

The closure cl(b) of b is an oriented knot or link in S® whose orientation
is induced by those of the strands of b, see Figure 3(1). The braided link

br(b) = AU cl(b)

is a link in S® obtained from cl(b) with the braid axis A, see Figure 3(2).
We think of br(b) as an oriented link in S3 choosing an orientation of A
arbitrarily. (In Section 2.7, we assign an orientation of A for i-increasing
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braids.) Let Tj, denote the exterior of the link br(b):
Ty, = E(br(b)) = S3\ int(N (br(b))).
We define an (n + 1)-holed sphere F, C Tj by
Fy = D \ int((cl(5)),

where D 4 is the disk bounded by the longitude of the regular neighborhood
N (A) of the braid axis A of b. See Figure 3(3). We give an orientation of Fy,
which induces the orientation of A. The surface Fj is a fiber of the fibration
T, — S' and the braid b determines the monodromy ¢ : Fy, — F}, (up to
conjugation).

The circular plat closure C(b) of b € Ba, with even strands is an unori-
ented knot or link in S3 as in Figure 4(1). For example, the n-component
trivial link E, is of the form E, = C(ea,), where eg, € By, is the identity
element, see Figure 4(2). It is not hard to see that the links C(Ab), C(b)
and C(bA) are ambient isotopic to each other:

(2.1) C(Ab) = C(b) = C(bA)
as links in S3. See Figure 4(3).

Remark 2.2. Any link L in S® can be represented by the circular plat closure
C (V') for some braid b' with even strands. To see this, we recall the fact that
any link L can be expressed by the closure cl(b) for some b € B, (n > 1).
The desired braid b’ with 2n strands can be obtained from the n-braid b by
adding n straight strands: b’ = e,Ub € Bag,. Then we have C(b') = cl(b) = L
as links in S3. See Figure 3(4).

2.4. A criterion to be pseudo-Anosov braids. In this section, we give
a criterion for deciding planar braids to be pseudo-Anosov.

Given an oriented link L = K; U --- U K,,, with m components in S3, we
denote by 1k(Kj;, K;), the linking number between the two components K;
and K. See [Kaw96] for the definition of the linking number.

Let

m:B,— G,
be the surjective homomorphism from the n-braid group B, to the permu-
tation group &,, of degree n which sends ¢; to the transposition (j,j + 1).
A braid b € By, is pure if w(b) is the identity element of &,, .

For example, a 3-braid § = 0%052 is pure. Let cl(8) = ¢1 U fy U l3 be
the closure of 3, where ¢; denotes the closure cl(3(7)) of the i-th strand 3(7)
with the base point a; for i = 1,2,3. Then lk({1,¥¢3) = 2, k(l,l3) = —1
and 1k(¢3,¢1) = 0.

Proposition 2.3 (Kobayashi-Umeda [KU10]). Let 8 € B,, be a pure braid
form >3. Let cl(B) = 1 U--- UL, be the closure of B, where {; denotes the
closure cl(5(i)) of the i-th strand B(i) with the base point a; fori=1,...,n.

(1) Suppose that (3 is periodic. Then there exists an integer ng such that
k(€;,45) = ng for all i,j with i # j.
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(2) Suppose that B is reducible. Let ¢ be an inner most component
of the system of the reducing curves for the mapping class T'(3) €
MCG(D,,), and let D, be the disk bounded by c. Suppose that as and
ay are distinct base points in D.. Then for each base point aj & D.,
the equality 1k(¢;,€s) = 1k(¢;, £;) holds.

The proof of the claim (1) (resp. the claim (2)) in Proposition 2.3 can
be found in [KU10, Proposition 1] (resp. [KU10, Proposition 2]). For the
definition of the system of the reducing curves in the claim (2), see [KU10],
[FM12, Chapter 13.2.2].

Lemma 2.4. Let 5 € B, be a pure braid forn > 3. Let {; (i=1,...,n) be
as in Proposition 2.3. Suppose that for any proper subset

I:{zl,,zk} gj: {1,2,,77,}
consisting of k distinct elements with 2 < k < n, there exist three elements

J€IN\T and is, iy € T such that 1k(¢;,4;,) # 1k(¢;,4;,). Then f is pseudo-
Anosov.

Proof. By Proposition 2.3(1), the braid 8 with the assumption of Lemma
2.4 can not be periodic. Assume that ( is reducible. Let ¢ be an inner most
component of the system of reducing curves for the mapping class I'(3) €
MCG(Dy,), and let D, be the disk bounded by c. Let a;,,...,a;, be the set
of all base points of 3 contained in D.. Then {1,...,n}\{i1,...,ix} # 0. By
the assumption of Lemma 2.4, there exist three elements j € {1,2,...,n}\
{il, ce ,ik} and 4,174 € {il, R ,’L'k} such that lk(fj,&s) #+ H{(f],&t) By the
choice of j, we have a; ¢ D, for the base point a; of the strand £(j) and
a;,,ai, € D.. By Proposition 2.3(2), it must hold that lk(¢;, £;,) = 1k(¢;, ¢;,).
This is a contradiction, and hence [ is not reducible. Since S is neither
periodic nor reducible, we conclude that 3 is pseudo-Anosov. O

Lemma 2.5. Let b € By, be a pure braid for n > 4 of the form

b= 032-1”“0]2.27”2 .. .0]2.]1”’“,
where my, ..., my, are non-zero integers and ji,...,Jk € {1,...,n—1}. Sup-
pose that b is homogeneous, and each o; fori=1,....,n— 1 appears in b at
least once, i.e., {j1,...,jxt ={1,...,n —1}. Then b is pseudo-Anosov. In
particular, if b = a%mlagmg’ e 0,2;:11“1 € By, then b is pseudo-Anosov.

Proof. Let £; = cl(b(i)) (i = 1,...,n) be the component of cl(b) as in Propo-
sition 2.3. The assumption of Lemma 2.5 implies that 1k(¢;, ¢;) # 0 if and
only if |i — j| = 1. It is sufficient to prove the following: For any proper
subset Z = {i1,...,ix} € J = {1,2,...,n} with 2 < k < n, there exist
three elements j € J \ Z and i4,4; € Z such that

(2.2) |7 —is| =1 and [j — ] > 1,

i.e., lk(fj,gls) 7& 0 and lk(gj,flt) = (0. Then lk(fj,fls) 75 lk(fj,fit), and
Lemma 2.4 tells us that b is pseudo-Anosov.
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FIGURE 5. (1) Simple closed curves labeled 1,...,2¢g+ 1 in
Yg. (2) A (g + 1)-bridge sphere S of C(b) and (3) the link
C(b) UW for b € Bygta, where W =0 UO'.

Since Z is a proper subset of 7, there are i, € Z and h € J \ Z such that
li, — h| = 1. Moreover we can take an element i, € Z such that i, # iy.
It is possible to take such i, € Z because |Z| > 2, where |S| denotes the
cardinality of the finite set S. In case where |i,, —h| > 1, the three elements
j = h, is := i, and 4; := i, satisfy (2.2). In case where |i, — h| = 1, the
three elements i,, h, i, are consecutive integers. Without loss of generality,
we may assume that i, < h < i,. Since n > 4, the following cases occur:
Dl=iy<h<iz<n,(2)1<iy<h<iy<n, 3)1<i,<h<iy,=n.
In cases (1) and (2), we have i, +1 € J. If i, + 1 € Z, then j := h, i5 : =1,
and i; := i, + 1 satisfy (2.2). If i, +1 & Z, then j := i, + 1, i5 := 4, and
iy 1= 1, satisfy (2.2). In case (3), we can choose three elements j, is and i
that satisfy (2.2) in the same way as above. This completes the proof. O

Example 2.6. By Lemma 2.5, the braid b = oy 203020,? € Bs given in

Ezxample 2.1 is pseudo-Anosov

2.5. Branched virtual fibering theorem.

We recall the branched virtual fibering theorem due to Sakuma [Sak81].
See also Koda-Sakuma [KS22, Theorem 9.1].

Theorem 2.7. Let M be a closed orientable 3-manifold. Suppose that M
admits a genus g Heegaard splitting. Then there exists a 2-fold branched
cover M of M which is a ¥4-bundle over the circle.

In [HK20b], the authors gave an alternative construction of surface bun-
dles over the circle in Sakuma’s result when closed 3-manifolds are 2-fold
branched covers of S branched over links. We recall our construction in
this section.

Let 7; denote the right-handed Dehn twist about the simple closed curve
labeled i in Figure 5. We have the Birman-Hilden homomorphism t from
the braid group Bag42 to the mapping class group MCG(Z,):

t: BQQ+2 — MCG(Eg)
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which sends o; to 7; for @ = 1,...,2g 4+ 1. Notice that its image t(Bag42)
is the hyperelliptic mapping class group H(X4). This is the subgroup of
MCG(3,) consisting of elements with representative homeomorphisms that
commute with some fixed hyperelliptic involution on ¥,.

Let L be a link in S3. By Remark 2.2 we may suppose that L is of the
form L = C(b) for some b € Bygyo. Let

q=gqy: My —S*
denote the 2-fold branched covering map of S? branched over L. We have
a (g + 1)-bridge sphere S for L = C(b) as in Figure 5(2). The 3-manifold
M}, admits a genus g Heegaard splitting with the Heegaard surface ¢~1(S).

Consider the trivial link W = O U O’ with 2 components and the link
C(b) UW in S? as shown in Figure 5(3). Then we have the following result.

Theorem 2.8 (Theorem B in [HK20b]). Let ¢ : My, — S® be the 2-fold
branched covering map of S® branched over a link L = C(b) for a braid

b € Byyio. Consider the skew-palindromization b of b and the mapping class

t(b) € H(X,) € MCG(Xy). Then Tt@ — My, is a 2-fold branched cover of

My, branched over the link ¢~ 1(W). In particular t(b) € Dy(Mp).

Sketch of Proof. We regard M, as the 7./27, + 7./2Z-cover of S branched
over the link C'(b) UW associated with the epimorphism

Hi(S*\ (C(b) UW)) — Z/2Z + Z/2Z
which maps the meridians of C'(b) to (1,0) and the meridians of W to (0, 1).
Let gy : My — S® be the 2-fold branched covering map of 53 branched
over the link W. Note that My, = S? x S1. Then M, is the 2-fold branched
cover of S? x S branched over the link gy;!(C(b)) = cl(b) associated with
the epimorphism N

H1(S? x S*\ cl(b)) — Z/27Z

which maps the meridians of cl(b) to 1 and {pt} x S! to 0. Therefore, M,
is homeomorphic to the mapping torus T, ) of t(b). This completes the
proof. O

We are interested in the case where the mapping class t(b) € MCG(%,)
given in Theorem 2.8 is pseudo-Anosov. The following lemma will be used
in the later section.

Lemma 2.9 (Lemma 5 in [HK20b]). Let 8 € Bagyo be a pseudo-Anosov
braid and let ®g : Dogio — Dagya be a pseudo-Anosov homeomorphism
which represents I'(B) € MCG(Dag42). Suppose that the pseudo-Anosov
braid B possesses the following condition:
& The stable foliation F for ®g defined on Dagio is not 1-
pronged at the boundary 0D of the disk.
Then t(B) € MCG(X,) is pseudo-Anosov, and the equality A(t(B)) = A(B)
holds.
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The basic facts on (un)stable foliations for pseudo-Anosov homeomor-
phisms can be found in Chapter 11.2 and Chapter 13 in [FM12].

2.6. Thurston norm. Let M be a 3-manifold with boundary (possibly
OM = (). When M is a hyperbolic 3-manifold, there exists a norm || - || on

Hy(M,0M;R), that is called the Thurston norm [Thu86]. The norm || - ||
has the property such that for any integral class a € Hy(M,IM;R), we have

lall = min{—x($)},

where the minimum is taken over all oriented surface S embedded in M with
a = [S] and with no components of non-negative Euler characteristic. The
following result by Thurston describes a relation between the norm || - || and
fibrations on M.

Theorem 2.10 (Thurston [Thu86]). The norm || - | on Hay(M,0M;R) has
the following properties.

(1) There exist a set of mazimal open cones €1, ...,k in Ho(M,0M;R)
and a bijection between the set of isotopy classes of connected fibers
of fibrations M — S and the set of primitive integral classes in
G U UG

(2) The restriction of || - || to €} is linear for each j =1,... k.

(3) For a fiber F, of the fibration M — S' associated with a primitive
integral class a € €; for j =1,...,k, we have ||a|| = —x(F,).

We call the open cones ¢ the fibered cones of M.

Theorem 2.11 (Fried [Fri82]). For a fibered cone € of a hyperbolic 3-
manifold M, there exists a continuous function ent : € — R with the fol-
lowing properties.
(1) For the monodromy ¢, : F, — F, of the fibration M — S' associated
with a primitive integral class a € €, we have ent(a) = log(A(¢q)),
i.e., ent(a) equals the entropy of the pseudo-Anosov monodromy ¢g.
(2) Ent = || - |[fent : € — R is a continuous function which becomes
constant on each ray through the origin.

We call ent(a) and Ent(a) the entropy and normalized entropy of the class
a € €. By Theorem 2.10(3) and Theorem 2.11(1), if a € ¥ is a primitive
integral class, then

Ent(a) = [|allent(a) = |x(Fa)[log(A(¢a))(= Ent(a)).

2.7. i-increasing braids.

In [HK20a], the authors introduced i-increasing braids. In this section,
we review some properties of i-increasing braids that are needed in the later
section.

Recall the surjective homomorphism 7 : B, — &,, introduced in Section
2.4. We denote by 3, the permutation 7(b) € &,, for b € B,,. Suppose that
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o} [Ty
Er—ew ————Bo * _i{% iﬁih

_I||

(1) +1 2 -1 3) “4)

FIGURE 6. The sign of the intersection point: (1) +1 and (2)
—1. (3) The associated disk D = Dy, ;) and (4) the surface
E = Ey,) for a l-increasing braid b = 0%051 € Bs. (Ep
is a twice punctured disk in this case.)

b € By, is a braid with m(¢) = i, i.e., the permutation 7, fixes the index i.
The closure cl(b(7)) of the i-th strand b(¢) is a component of the closure cl(b)
of b. We consider an oriented disk D = Dy, ;) bounded by the longitude ¢; of
a regular neighborhood N (cl(b(7))) of cl(b(7)). Such a disk D is unique up
to isotopy on &(cl(b(7))). Let b — b(i) € By—1 be a braid with n — 1 strands
obtained from b by removing the i-th strand b(i). The braid b is said to be
i-increasing (resp. i-decreasing) if there exists a disk D = D, ;) as above
with the following conditions (D1) and (D2).

(D1) There exists at least one component K’ of cl(b — b(7)) such that

DNK'#0.
(D2) Each component of cl(b — b(i)) and D intersect with each other

transversally, and every intersection point has the same sign +1
(resp. —1), see Figure 6(1)(2).

We call D = Dy, ;) the associated disk of the pair (b,i). Then we set

I(b,i) = D N cl(b — b(4)).
By (D1) we have I(b,i) # 0. Let u(b,i) > 1 be the cardinality |I(b,4)| of
I(b,i). We call u(b, i) the intersection number of the pair (b, 7).

Example 2.12.
(1) A braid b= o}o, " € Bs is 1-increasing with u(b,1) = 1. See Figure

6(3).
(2) A pure braid b = ofoy? € By is 1-increasing with u(b,1) = 2 and
3-decreasing with u(b,3) = 1.

Properties of i-increasing braids are given in the next two lemmas. The
same properties hold for i-decreasing braids.

Lemma 2.13. If b and V' are i-increasing braids with the same number
of strands, then the product bb' is also i-increasing such that u(bb',i) =

u(b, ) + u(b', 7).
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Proof. Let D? be the disk with radius 1. For k = 0, 1,2, let (D? x [0, 1]) be
cylinders in S3 such that (D? x [0,1])1 Ncl(b) = b, (D? x [0,1])oNcl(t)) =¥
and (D? x [0,1])2 Ncl(bb') = bb'. We set Ry := {re?’ | 0 <r <1} Cc D?. We
denote by D (resp. D'), an associated disk of the pair (b,4) (resp. (V/,1)).
By an ambient isotopy, we may assume that there exists 6y € [0,27) such
that DN (D? x [0,1])1 = Ry, x [0, 1] (resp. D' N (D? x [0,1])g = Ry, x [0,1])
and D Ncl(b) = Ry, x [0,1] Ncl(b) (resp. D' Ncl(b') = Ry, x [0,1] Ncl(d)).
We stuck the cylinder (D? x [0, 1])1 over the cylinder (D? x [0,1])o so that
(D? x {0}); is attached to (D? x {1})o, and we identify the result with
D? % [0,2]. Let
F:D?*x[0,2] = (D? x [0,1])2

be the homeomorphism defined by F(z,t) = (z,t/2). Then F(bUY) = bb’ by
the definition of the product of braids. The image of the union of Ry, x [0, 1]
in (D? x [0,1]); and Ry, x [0,1] in (D? x [0,1])¢ under the homeomorphism
F is Rg, x [0,1] C (D?* x [0,1])2, which intersects with the closure cl(bb’)
of the product bb’ positively at (u(b,i) + u(b,7)) points. Therefore, bb' is
i-increasing and the equality w(bb/,i) = u(b, i) + u(b’, i) holds. O

Lemma 2.14. Suppose that b € B, is an i-increasing braid. Then skew(b) €
By, is an (n—1i+ 1)-increasing braid such that u(skew(b),n—i+1) = u(b,1).

Proof. The assertion follows from that fact that skew : B,, — B, is induced
by the involution R on the cylinder D? x [0,1] given in Section 2.1. O

Example 2.15. Let b = 03304_2 be the 5-braid as in Example 2.1. Then
b is 3-increasing with u(b,3) = 1. By Lemma 2.14, the braid skew(b) =

o203 is 3-increasing with u(skew(b),3) = 1. Then by Lemma 2.13, the

2

braid b = skew(b) - b = oy 2020202 is also 3-increasing with u(b,3) =

u(skew(b), 3) + u(b, 3) = 2.

Recall that T, = £(br(b)) is the exterior of the braided link br(b) and
the surface F}, is a genus 0 fiber of the fibration 7;, — S'. See Section 2.3.
We shall define the 2-dimensional subcone C, ;) of Ha(T},0Ty; R) for an i-
increasing braid b. To do this, we first consider the braided link br(b) =
cl(b) U A. The associated disk D = Dy, ;) has a unique point of intersection
with A, and the cardinality of I(b,7) U (D N A) is u(b,i) + 1. To deal with
br(b) = cl(b) U A as an oriented link, we consider an orientation of cl(b) as
we described in Section 2.3, and assign an orientation of the braid axis A of
b so that the sign of the intersection between D and A is +1 as in Figure
6(1). See Figure 3(2) for the orientation of A of the 3-braid oo, ! that is
l-increasing.

Next, we define an oriented surface E ;) of genus 0 embedded in 7.
Consider small u(b,i) + 1 disks in the associated disk D = Dy,;y whose
centers are points of I(b,i) U (D N A). Then E ;) is a surface of genus 0
with wu(b,i) + 2 boundary components obtained from D by removing the
interiors of those small disks. We choose the orientation of F(, ;) so that it
agrees with the orientation of D. See Figure 6(4).
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Lastly, we define the 2-dimensional subcone C, ;) of Ha(T},, 0T); R) spanned
by the two integral classes [Fy| and [E, ;)] as follows.

(2.3) Cioiy = {2l + y[Ewp] [ >0, y > 0}.

We write (z,y) = z[Fy] + y[Epq)] € Cpy). The Thurston norm of (z,y) is
denoted by ||(x,y)|-

Theorem 2.16 ([HK20a]). Let b be an i-increasing braid. Suppose that b
is pseudo-Anosov. Let € be the fibered cone of the 3-manifold Ty, containing
[Fy] = (1,0) € C5)- Then we have the following.
(1) C(b,i) C%.
(2) The fiber F,, for each primitive integral class (z,y) € C ;) has
genus 0.
(3) Let ¢y @ Floy) — Flay) denote the monodromy of the fibration
T, — S associated with a primitive integral class (z,7y) € Civiy-
Then there exists a j-increasing braid by ) € Bjzy)|+1 for some
index j = j(zy) which gives the monodromy ¢ ) @ Flay) = Flay)-

The proof of Theorem 2.16(1)(2) can be found in Theorem 3.2(1)(2) in
[HK20a]. The statement of Theorem 2.16(3) follows from the argument in
the proof of Theorem 3.2(3) in [HK20a].

3. BRAIDS INCREASING IN THE MIDDLE

Let b be a braid with 2n + 1 strands. Then the notion ‘i-increasing braid’
makes sense for ¢ = 1,...,2n + 1. (See Section 2.7.) In this section, we
restrict our attention to the case i = n + 1: Suppose that b is an (n + 1)-
increasing braid. In this case we say that b is increasing in the middle. We
write Cp := Cp 1) for the subcone of Ha(Ty, 0Ty;R). (See (2.3) for the
definition of the subcone.) Then b® € By, denotes the braid obtained from
b € Boypy1 by removing the strand of the middle index n + 1.

Example 3.1. (¢f. Example 2.15) Suppose that b € Bay,y1 is a braid in-
creasing in the middle. By Lemma 2.14, the braid skew(b) is increasing in
the middle. By Lemma 2.13 the braid b= skew(b) - b is also increasing in
the middle with the intersection number

u(b,n + 1) = u(skew(b),n + 1) + u(b,n + 1) = 2u(b,n + 1).

The skew-palindromization (b®) of b® satisfies

(b*) = skew(b*)b® = (b)°,

i.e., (/b\:) € Ba, is obtained from the skew—palmdmmizationg of b by removing
the strand of the middle index n + 1. Hereafter we simply denote the braid
(b*) by b*. Applying Theorem 2.8 to the circular plat closure L = C(b*) of
b* € By, we have t(b*) € Dy 1(Mc(pe))-
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FIGURE 7. (1) The subcone Cz = C(5,041) sPanned by [F]
and [E], where F' := Iy and E := EG i) (Primitive in-
tegral classes (1,1),(2,1),...,(k,1),... in C-Bv are indicated.)
(2) The braided link br(8) of 8 = 01030304 € Bs.

Example 3.2. The half twist A = Agpi1 € Bopy1 is a braid increasing in
the middle with u(A,n+ 1) =n. By Lemma 2.13 the positive power AP for
p > 1 is a braid increasing in the middle, and it holds

u(AP n+1)=p-u(A,n+1)=

The braid A® € Bsy, satisfies A®* = Ao, € Ba,, i.e., A® is equal to the half
twist Ao, with 2n strands.

Given a braid 8 € Ba,41 increasing in the middle, we suppose that the
skew-palindromization 5 of 8 is pseudo-Anosov. Consider the subcone Cz =
C(E,n+1) of HQ(TB, OTE;R) for the hyperbolic 3-manifold TEN(Figure 7(1)).
We now apply Theorem 2.16 for the skew-palindromization . For the class
(1,0) = [FB] € O, the monodromy ¢(19) : F(1,0) = F{1,0) defined on the
fiber Fy ) = FE is given by the braid E that is increasing in the middle.
Theorem 3.4 below tells us that this property is inherited for all primitive
classes (z,y) € CE C ¥, where € is the fibered cone of T 5 containing
[F B’] S CE'

Example 3.3. Consider the braid 3 = 0304 € Bs. The braid 3 is increasing
in the middle. The skew-palindromization 5 = alagagm € By is pseudo-
Anosov, see the proof of Step 1 in [HK20a, Proof of Theorem D]. See Figure
7(2) for the braided link.

Theorem 3.4. Let 5 € Boy11 be a braid increasing in the middle. Suppose
that the skew-palindromization B of B is pseudo-Anosov. Let (x,y) € CE be
a primitive integral class. Then we have the following.
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(1) There exists a braid o () € Bj(z)|+1 increasing in the middle such
that the monodromy ¢y ) @ iz = Flzy) of the fibration TE ——

associated with (x,y) is given by the skew-palindromization % of
Q) (In particular a/(;; is a pseudo-Anosov braid.)
(2) Let af, .y € Bj(zy)| be the braid obtained from oy, by removing

(z,y)

the strand of the middle index. Then C(5°*) = C(azx y)), and hence

P

taf, ) € Du(zéy)\\_l(Mc(ﬁ-))'

For the proof of Theorem 3.4, we need some preparations from [HK20a].
Let L be a link in S3. Suppose that an unknot K is a component of L.
Then the exterior £(K) is a solid torus (resp. the boundary of the exterior
0E(K) is a torus). We take a disk D bounded by the longitude of a tubular
neighborhood N (K) of K. We define a mapping class tp defined on £(K) as
follows. We cut £(K) along D. We have resulting two sides obtained from
D, and reglue two sides by twisting 360 degrees so that the mapping class
defined on the torus OE(K) is the right-handed Dehn twist about 9D. We
call such a mapping class tp on E(K) the disk twist about D. For simplicity,
we also call a representative of the mapping class tp the disk twist about D,
and denote it by the same notation

tp: 8(K) — 5(K)
For any integer ¢, consider the homeomorphism
th: E(K) — E(K).

Observe that ¢4, converts the link L into a link KUt%,(L—K) so that $3\ L is
homeomorphic to S%\ (K Ut} (L — K)). Then t4 induces a homeomorphism
hp ¢ between the exteriors of links L and K U teD(L — K):

hpe:E(L) = E(K UtH(L — K)).

Consider the braided link L = br(b) = A Ucl(b) for a braid b with the
braid axis A. We consider the k-th power of the disk twist about the disk
D 4 bounded by the longitude of N(A):

th, 1 E(A) = E(A).

Note that AU t]BA(Cl(b)) = AU cl(bA?) = br(bA%). Hence hp, ) sends
E(br(b)) = E(AUCL(b)) to E(br(bA%F)) = (AU cl(bAZF)),

Following [HK20a, Section 4.1], we next introduce a sequence of braided
links {br(b,)}52; obtained from an i-increasing braid b € B, such that
Ty, ~ Ty, i.e., the mapping tori T}, and T} are homeomorphic to each other
for each p > 1. We set u = u(b, ) that is the intersection number of the pair
(b,7). Let D be an associated disk of the pair (b,7). We take a disk twist

tp : E(cl(b(i)) — E(cl(b(7)))
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so that the point of intersection D N A becomes the center of the twisting
about D, i.e., tp(DNA)=DnNA. It follows that

tp(br(b —b(7))) Ucl(b(z))
is a braided link of a j-increasing braid for some index j with (n+wu) strands.
(cf. Figures 11 and 12 in [HK20a].) We define b; to be such a braid with
(n + u) strands. The trivial knot tp(A)(= A) becomes a braid axis of b;.
By definition of the disk twist, we have T3, ~ T},. We remark that there is
some ambiguity in defining b;. However the braid b is well defined up to
conjugate, see [HK20a, Section 4.1]. The conjugacy class of b; is denoted by
(b1).

To define the braid b, obtained from the above b for p > 1, we consider
the p-th power
- E(cl(b(7))) — E(cl(b(i)))

using the above disk twist £p. As in the case of p =1,

£, (br(b — b(i))) U el(b(1))

is a braided link of an increasing braid for some index with (n+ pu) strands.
We define b, € B,,py to be such a braid with n+pu strands. Then Ty, = Tp.
As in the case of p = 1, the braid b, is well defined up to conjugate. We
denote by (by), the conjugacy class of such a braid b,. We say that (b,) (or

a representative b,) is obtained from b by the disk twist tp (p times).

Now we suppose that a braid b is of the form b = B, where 8 € Baoy41 is a
braid increasing in the middle. Then 5 is also increasing in the middle. The
following lemma describes a property of a representative of the conjugacy

class ((8)p) obtained from [ by the disk twist p times.

Lemma 3.5. Let 8 € Baoyy1 be a braid increasing in the middle with the
intersection number v = u(8,n+1). We consider the skew-palindromization
B (that is increasing in the middle). Let <(,§)p> be the conjugacy class of a
braid obtained from B by the disk twist p times for p > 1. We have the
following.

(1) There ezists a braid a = o(p) € Boptoput1 increasing in the middle
such that & = O;(\p/) e ((B)p), ire., &= (X]g) represents the conjugacy
class {(B),)-

(2) C’@') = C(a®), where a® = a(p)® € Banyopu-

(3) t(a®) € Dy(Mcge)), where g =n+ pu — 1.

Proof. (1) Figure 8 illustrates the procedure of the proof. (See also Ex-

ample 3.3.) We put cl(B) in D? x St = D? x ([0,1]/0 ~ 1) so that

cl(B) N D? x [0,1/2] = B, cl(8) N D? x [1,1/2] = skew(B) and cl(B(n + 1))
corresponds to (the center of D?) x S!, as shown in (1) of Figure 8. Let
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(4) ) (6)

FIGURE 8. (1) The skew-palindromization 3 of 8 = o304 €
Bs. (2) The regular neighborhood of the middle strand (third
strand) is removed. (3) The base points are moved into the
circle {3 |0 < 6 < 27} C D2 (4) Project cl(B8*) to the
torus. (5) Dehn twist about the circle ¢ = {5} x [0,1] on
the torus. (6) The skew-palindromization «(1) of a(1) =
0304050603 € By. (cf. Figure 7 in [HK20b].)

R = Rpayg1 : D?xS' — D?x 8" be the involution induced by the involution
R(re? t) = (re'™9 1 —t) on D? x [0,1]. Let N be the tubular neighbor-
hood of (the center of D?)x S! such that cl(8)N(D?x S\ int N') = CI(B\:), as
shown in (2) of Figure 8. We identify D? x S\ int A" with [0,1] x S* x S1 =
[0,1] x ([0,27]/0 ~ 2m) x ([0,1]/0 ~ 1) so that ON = {0} x S! x S,
{110 <0 < 2r} x {pt} = {3} x S' x {pt}, and for the disk D associated
to the pair (8,n + 1), we have (D2 x S'\ int ) N D = [0,1] x {-2} xSt
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FIGURE 9. The projection D(cl(8®)) consists of by, by and
slanted parallel arcs between them. The disk twist £ induces
a Dehn twist about ¢ = {—7} x [0, 1] on the torus. Compare
Figure 8(4)(5) with Figure 9.

We deform the intersection of cl(3*) and D2 x {0} = D? x {1} together
with the strings (along the arrows in (2) of Figure 8) by an isotopy commut-
ing with the involution R so as to intersect D* x {0} in 2n points {3e|0 =
1 2 _.n o n42 _ n43 _ 2n+1

27 T 22 T 22 T T 220 T 2n 2 0t T 2n42
cur new intersections with [0,1] x {—Z} x S'. See also (3) of Figure 8. We
make a projection D(cl(3*)) of cl(B*) onto {1} x S x S with at most
double points, and each double point indicates which is over pass or un-
der pass in the same way as a knot diagram, as shown in (4) of Figure 8.
For short, we drop {3} from {1} x S x S! and identify it with a torus
Stx St = (-3 in]/— 37 ~ im) x ([0,1]/0 ~ 1). With this identification,
the restriction of R on {3} x S x St is an involution which maps (6,t) to

T 1

(—m—60,1—t), i.e., a m-rotation about (-7, 5). Since 3 is an increasing braid

in the middle, D(cl(3*)) intersects —% x [1,1] in u = u(B,n + 1) points and
—Zx[0,4] in w = u(B,n+1) points as shown in Figure 9. The disk twist ¢p
induces the Dehn twist about the circle ¢ = {—%} x [0,1] in S* x ST which
commutes with R|g1yg1. This Dehn twist changes D(cl(3*)) as shown in the
right of Figure 9 and (5) of Figure 8. Now we append (the center of D?)x S*
to the above result, that is, append an under-going string {—75} x [0,1] in
the right of Figure 9 and regard the new diagram as the closure of the planar
braid, as shown in (6) of Figure 8. Let a(p) be the braid indicated by the

lower part of the result. Then the upper part corresponds to skew(a(p)),

7} and not to oc-

and hence a(p) is a representative of (Ep). The proof of (1) is done.
(2) Weset b = 3° € Bygioand f = (t.)P : S'x St — St xSt following the

notations in [HK20b, p.1811]. Let ®; = f xid[_; ;] then, by (1), ‘I>f(cl(g)) =

—_—

(I)f(cl(Bv‘)) = cl(a(p)®). Therefore, v = a(p)® and by = a(p)® = o satisfy



20 S. HIROSE AND E. KIN

the assumptions (%) and (*x*) in [HK20b, p.1811]. By Lemma 4 of [HK20b],
we conclude that C'(8°®) and C(«®) are ambient isotopic. This completes the
proof of (2).

(3) The claim (3) holds from the claim (2) and Theorem 2.8. This com-
pletes the proof of Lemma 3.5. U

Remark 3.6. The proof of Lemma 8.5 tells us that one can describe the
braid a(p) in Lemma 3.5 concretely. In fact it is possible to read off a(p)
from Figure 9. For example, in the case f = 032,04 € Bs as in Figure 8(1),
the representative a(p) € ((B)p) is the skew-palindromization of the braid
a(p) = 0304 ...0442p024p € Bsiap that is increasing in the middle.

Let 8 € Ban41 be the braid increasing in the middle with the intersection
number u = u(f,n + 1) as before. By Lemma 2.13 and Example 3.2, the
product SAF € By, 1 of B and AF for k > 1 is also increasing in the middle
such that

w(BA*, n+1) =u(B,n+ 1) +u(A* n+1) = u+ kn.

Consider the skew-palindromization ﬁ/Ef of BAF. Recall that skew(A) = A
(see Section 2.1), and hence skew(A*) = A¥. Thus it follows that

BAF = skew(BAR)BAF = skew(AF)skew(8)BAF = AFBAF.

By Examples 3.1 and 3.2, ﬁz/k’ is a braid increasing in the middle with
u(ﬁAA/k,n +1) = 2u(BA*,n + 1) = 2u + 2kn. Since AkgAk is conjugate to
EAQk in Bo,41, we have
br(BAF) = br(AFBAF) = br(BAZ).

Lemma 3.7. Let 8 € Boyy1 be a braid increasing in the middle with the
intersection number u = u(B,n +1). For k > 1, we consider BAF € Bo, i1
and its skew-palindromization ﬁf\A/k Let <(§Ef)p> be the conjugacy class of
a braid obtained from ,éEf by the disk twist p times for p > 1. We have the
following.

(1) There exists a braid v = (k,p) € Bopy14p2ut2kn) increasing in the

middle such that 5 = m) € <(B/\A7“)p>
(2) C/(é.) = C(’Y.), where 'Y. = ’7(1437])). € B2n+p(2u+2kn)'
(3) t(v*) € Dy(Mc(gey) for g =mn+pu+pkn—1=pu—1 (mod n).

Proof. Recall that for each k > 1, BAF € By 41 is a braid increasing in the
middle with the intersection number u(BAF,n 4+ 1) = u + kn. The claim
(1) follows immediately from Lemma 3.5(1). For the proof of the claim (2),
note that

(BAk). — ﬂ.(Ak). — B.Aén c B2n7
see Example 3.2. Thus C((BA*)*) = C(B*AL ) = C(B*), see (2.1) in Section
2.3 for the second equality. By Lemma 3.5(2), we have C((BAF)®) = C(v*).
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Putting them together, we obtain C(8°®) = C'(y*). The proof of (2) is done.
The claim (3) holds from the claim (2) and Theorem 2.8. This completes
the proof. O

We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. By the assumption of Theorem 3.4, B is pseudo-
Anosov, and it is increasing in the middle. By Theorem 2.16(1)(2), the
subcone Cz = C 5, ., is a subset of the fibered cone ¢ containing [F5]-
Moreover the fiber F, ,y for each primitive integral class (z,y) € Cj has
genus 0.

Let D = D(g 1) be the associated disk of the braid B increasing in the

middle. We consider two types of the disk twists. One is tlBA :E(A) — E(A)
for the braid axis A of 3, and the other is i) E((B(n+1))) — E(C(B(n+

1))), where 3(n + 1) is the middle strand of the (2n + 1)-braid 3. Consider
the homeomorphisms

hoae : E(br(B)) — E(br(BA%)) = E(br(BA)),

hop + E(br(B)) = Ebr((B)y)) = E(br(a(p))),

where «(p) is the braid obtained from Lemma 3.5(1). We obtain the skew-

palindromization ﬁ/\AJk = AkEAk (that is increasing in the middle) from the
former homeomorphism hp, . We also obtain the skew-palindromization

JE) (that is increasing in the middle) from the latter homeomorphism

hp p. Both braids are pseudo-Anosov, since the exteriors of the links br(f3),
br(S8AF) and br(a(p)) are homeomorphic to each other. Hence one can
further apply two types of the disk twists for each of the two braids BAk
and a(p). Then the resulting braids are again the skew-palindromization
of some braids that are increasing in the middle by Lemmas 3.5(1) and
3.7(1). Choosing two types of the disk twists alternatively, one obtains
a family of skew-paindromizations (of some braids) that are increasing in
the middle. By the proof of Theorem 3.2(3) in [HK20a], the monodromy
Py Flay) = Fla,y) of the fibration TE — S associated with any primitive

integral class (z,y) € CE is given by a braid, say the skew-palindromization

% of some braid ;) in the family. The planar braid «, ) is the desired
braid. Let 2N + 1 be the number of the strands of o, ) that is increasing
in the middle. Since the Thurston norm ||(x,y)| of the class (x,y) is the
negative Euler characteristic of the (2N + 1)-punctured disk that is equal
to 2N. Thus 2N + 1 = [[(z,y)|| + 1 and hence a(, ) € Bjjzy)+1- This
completes the proof of (1).

The claim (2) follows from Lemma 3.5(2)(3) and Lemma 3.7(2)(3) to-
gether with the above argument in the proof of (1). O
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4. APPLICATIONS
For the proofs of Theorems 1.1 and 1.2, we first prove the following result.

Proposition 4.1. Let L be a link in S®. Let B1)s -+ Bmn) € Bant1 be
increasing in the middle for some n > 2. Suppose that B, ..., By) satisfy
the following conditions (1)-(3): For each j =1,...,n,
(1) w(Byy,n+1) =7 (mod n), where u(B;),n + 1) is the intersection
number of the pair (B(;),n + 1).
(2) L= C(B('j)), where B('j) € Boy,.
(3) The skew-palindromization B?]/) of B) is pseudo-Anosov.

1
Then we have £4(Mp) =< —.

g
Proof. We fix j € {1,...,n} for a moment, and apply Lemma 3.7 to 3;),
k> 1and p = 1. Let 7y(k,1) be a braid increasing in the middle given by

Lemma 3.7(1). By [HK20a, Theorem 5.2], a representative of ((£(;)AF)1)

gives the monodromy ¢x11,1) : Flx41,1) = Flr41,1) corresponding to the

primitive integral class (k + 1,1) € CA/) of the fibered 3-manifold TA/).

See Figure 7(1) for the class (k + 1,1). In particular the representative

v(k,1) € ((B(;yAF)1) gives the monodromy @11y : (k+1 1) = Fleg1,1) of
the fibration T~ — S'. Hence we can say that v(k: 1) is a braid with
|(k+1,1)] + 1 strands (Recall that ||(x,y)]| is the Thurston norm of the
class (a: v).)

Note that the ray of the class (k 4+ 1,1) = (k + 1)(1, k%rl) through the

origin converges to the ray of (1,0) as k — oo. This together with Theorem
2.11(2) implies that

—_——

Ent(y(k,1)) = Ent((k +1,1)) = Ent((1, 1)) — Ent((1,0)) as k — oo.

7 k+1

Since the monodromy on the fiber Fy o) = FBB is given by %,
J

(4.1) Ent(y(k,1)) = Ent((k + 1, 1)) — Ent((1,0)) = Ent(;)) as k — oc.

By [HK20a, Lemma 6.3], for k large, v(k,1)* € Bjk41,1)| is pseudo-

Anosov with the same dilatation as y(k,1). By the arguments in the proof
of [HK20a, Lemma 6.3], one sees that for k large, the pseudo-Anosov braid
7@\,1/)' satisfies the condition <) in Lemma 2.9. Therefore, for k large,
t(v@l/)') is still pseudo-Anosov with the same dilatation as 7(/19?1/)’. Then
by Theorem 2.8, it holds t(y(k, 1)®) € D\|(k+1 v, (M), where L = C(ﬁ('j)) =

C(v(k,1)®) by Lemma 3.7(2). Putting them together, we have

P

A(Y(k,1)%)) = A(v(k, 1)*) = Aly(k, 1)) = A((k + 1, 1)),
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where A((x,y)) denotes the dilatation of the class (z,y), i.e., log(A((z,y))) =
ent((x,y)). (See Theorem 2.11(1).) Since t(y(k,1)®) is the mapping class

[l(k+L, 1)
2

on the closed surface of genus — 1, we have

w2 OGN = (k4 LD = 4los(M(t(k 1))
=(||(k+1,1)|| — 4)ent((k + 1,1)).
Claim 1. ent((k+1,1)) — 0 as k — oo.

Proof of Claim 1. By (4.1), Ent((k +1,1))(= ||(k + 1,1)||ent((k + 1, )))
Ent((1,0)) as & — oo. This implies that there exists a constant P >
independent of k such that

0<|l(k+1,1)||ent((k+1,1)) < P

for all k£ > 1. Since ||(k + 1,1)|| — oo as k — oo, we obtain

_>
0

P
ent(k+1,1) < ———— = 0 as k — oo.
I(k+ 1, 1)

This completes the proof of Claim 1.
By (4.2), Claim 1 and (4.1), one has

Tim Ent(e(y(k, 1)) = lim (|[(k+1, 1) = 4ent((k +1,1))
— 00 —00
= lim ||(k+1,1)||ent((k + 1,1))
k—o00
= klim Ent((k+1,1)) (. definition of Ent(-))
—00
= Ent(8;))-
On the other hand, Lemma 3.7(3) tells us that t(v@?l/)') € Dy(Mp), where
(44) g=n+u(By,n+1)+kn—-1=u(By,n+1)-1=j—-1 (modn).

(See the condition (1) of Proposition 4.1.) For k > 1, consider the set of

all pseudo-Anosov mapping classes t(v(k,1)*) obtained from ;) over all
j=1,...,n. Then by (4.4) together with the condition (1) of Proposition
4.1, one can find a sequence of pseudo-Anosov elements ¢, € Dy(My,) for
all g > O in this set. In fact when ¢ = j — 1 (mod n), one can put

¢g = t(y ( 1)*) obtained from the braid j(;), where k satisfies the equality
(4.4). Since each of braids B ce ,6’ satlsﬁes (4.3), there exists a constant
C’ > 0 independent of g so that Eg(ML) <log(A(y)) < &

The result /(MCG(X,)) =< % by Penner [Pen91] tells us that there exists
a constant C' > 0 independent of g so that Cig < ly(Mr). We conclude that
ly(Mp) < %. This completes the proof. O

(4.3)
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FIGURE 10. Case b = ot € By. (1) cl(b) for b € Bs.
(2) np1) = bos = oio3 € Bs. (3) 1) - skew(np1) =

01050504 € Bs.

Theorem 4.2. Let b € B, be a pure braid for n > 2 of the form

_ 2m1 _2mo 2my,

b= GO, o
where my, ..., my are non-zero integers and ji,...,Jk € {1,...,n—1}. Sup-
pose that b is homogeneous, and each o; for i = 1,...,n — 1 appears in

b at least once, i.e., {ji,...,jx} = {1,...,n — 1}. Then for the 2-fold
branched cover Mym) of S3 branched over the closure cl(b) of b, we have

1
ly(Mawy) < —. In particular, if a pure braid b € By, is of the form
)

_ 2my 2mo 2mp 1
b=o0y"05"? 0, 1,

1
then we have £5(Mqp)) < —.
g

To prove Theorem 4.2, we need the following lemma.
Lemma 4.3. Let b = sz-f‘lajz-:” . ”0.]2':% € B, be a pure braid for n > 2
with the same assumption as in Theorem 4.2. Let b be a (2n + 1)-braid with
the same braid word as b. We take a braid

— 727 2m1 _2mso ka 29
NG) = M) = boy’ = (070" - 03" )07 € Banga

for a positive integer j. Then n;) is increasing in the middle with the inter-

section number u(ngy,n + 1) = j, and the braid

_ 2m1 2my\ 25 27 2my 2mq
n3) -skew(n(j)) = (%‘1 0y )oy ’Un+1(02n+1—jk ) "02n+1—j1) € Ban+1

is pseudo-Anosov.

Proof. By the definition of 7;), it is easy to check that n; is increasing
in the middle with u(ng),n + 1) = j. The braid 7; - skew(n(;)) € Bant1
satisfies the assumption of Lemma 2.5, and hence it is pseudo-Anosov. [J
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Example 4.4. If b = of € By, then Ny = N1 = bo? = o}o? € Bs. By
Lemma 4.3, n1) -skew (1)) = 0%0%032,03 € Bs is pseudo-Anosov. See Figure

10.
Let us turn to the proof of Theorem 4.2.

Proof of Theorem 4.2. We consider the braid 7y = 74,y € B2nt1 as in
Lemma 4.3 for each j = 1,...,n. By Lemma 2.14, skew(7;)) € Ban41 is a
braid increasing in the middle, and u(n;),n + 1) = u(skew(n;)),n +1) = j.
Note that

My = oo o € Ban
with the same word as the braid b € B,, for j = 1,...,n. Then we have

C((skew(ng) ) ) = Clntyy) = cl(b)

as links in S®. By Lemma 4.3, ni) - skew(n(;)) € Bant1 is pseudo-Anosov
for j = 1,...,n. Notice that n;) - skew(n;)) is the skew-palindromization
of skew(n(;)) (since skew : B, — B, is an involution). Hence the braids
skew (1)), - - - ,skew()(,,)) € Ban11 satisfy the conditions (1)—(3) of Propo-

N 1
sition 4.1, where L = C((skew(n(j))) ) = cl(b). Thus £y(Myp)) < —. This
g
completes the proof. O
Theorem 1.1 follows from the following result.

Corollary 4.5. For the lens space L(gy, 1) of type (2m, 1) with m # 0, we

1
have Ly(L(am,1)) = g

Proof. The closure cl(a3™) of the 2-braid 2™ with m # 0 is the (2m, 2)-
torus link 7T". (See Figure 10(1) when m = 2.) The 2-fold branched cover
My = Mcl(a%m) of S® branched over T is the lens space L(2m,1) of the type
(2m,1). See [Rol90, p. 302] for example. This together with Theorem 4.2
completes the proof. O

Theorem 4.6. Let #,,5% x S denote the connected sum of n copies of S% x
1

SY. For each n > 1, we have £,(§,5% x S') < —.
g

Proof. For the n-component trivial link E,, we have Mg, = #0—15% x ST,
See [Rol90, p. 300] for example. Recall that E, = C(eay) for the identity
element eg,, € Ba,. To prove Theorem 4.6, we check that £y(Mc(e,,))) < %.

For n > 2, we take a braid € By, increasing in the middle with the

following properties.
u(B,n+1)=2n=0 (mod n) and 3* = ey, € Ba,.
One can choose such a braid g as follows.

4 3 3 3
B =0nt10n+2" "+ 02n—109,09, 1" Opy20,11 € Bapt1.



26 S. HIROSE AND E. KIN

y A A
o~ [f
il T
b —- -
LD 2\ @eAee
o 5|
1
(D 2) 3)
FIGURE 11. (1) The closure cl(3) for B = o30i0s € Bs

increasing in the middle with u(8,3) = 4. (D is an associated

disk of the pair (f3,3).) (2) The skew-palindromization /5 of
B. (3) The closed curve V5 (based at a3) in Dy = D?\

{a1,a2,a4,as5}.

/\J—>

;

See Figure 11(1) for the braid 8 = 03003 € Bs when n = 2. Consider the
skew-palindromization 5 of 3, see Figure 11(2). Since 3* = ey, € Bay,, it
holds B’ = €9y, * €op = €9y € Bo,.

Let ay,...,a2,+1 be base points of B The projection of the (n + 1)-th
strand (n+1) C D? x [0, 1] onto the first factor D? gives an oriented closed
curve 7y on the 2n-punctured disk Do, = D?\{a1,...,an, Gpio;- .., 02011},
see Figure 11(2)(3). Note that the initial point of the closed curve 75 cor-

responds to the base point a,41 of 5. If we choose a braid § increasing in
the middle as above, then one can check that V5 fills Dsy,. Here a closed
curve v C Dy in an N-punctured disk Dy fills Dy if every loop that is
freely homotopic to 7 intersects every essential simple closed curve in Dy.
By Kra’s criterion [Kra81, Theorem 2’|, 8 € Ba,41 is pseudo-Anosov.

For each j = 1,...,n, we define a braid By € Bany1 as follows: If

j =mn, then B,y := B. If j = 1,...,n — 1, then f;) = Bo-’,,. Notice

that both braids § € Ba,11 and aiil € By 41 are increasing in the middles
with the intersection numbers 2n and j respectively. Lemma 2.13 tells us
that B = ﬂaiﬂrl is increasing in the middle with the intersection number

u(B(j),n+1) = 2n+j =j (mod n). Moreover ﬁ('j) = ﬁ'(aij_‘H)' = €9y, Cop =
eon € Boy,. Hence E,, = C (ﬁ(’j)). The closed curve 736 still fills Ds,,. Hence
J

B(j) € Ban+1 for j =1,...,n is pseudo-Anosov by the same criterion of Kra.
By Proposition 4.1, we obtain {4(Mp, ) =< %. This completes the proof. [

Finally we prove Theorem 1.2.
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3)

Ficgure 12. This figure illustrates the case where k£ = 3.
(1) Let P be the complement of the 2k 3-balls containing
twists. (2) We isotope (1) in order to have 27/3 symmetry.
(3) The 2-fold branched cover of P branched over PN cl(by,)
(indicated by the thick circle) is homeomorphic to S3—AN(Cs),
where Cg is the minimally twisted 6-chain link.

Proof of Theorem 1.2. Let by, € B3 be a pure braid of the form

2mog_1 _2
by = U%mlangU%m?’ng“ . O'lm% Loy Mk,
where k > 3 and m = (mq1, ma, m3, my, ..., mox) € (Z=0)?* is a 2k-tuple of

positive integers. Notice that by, is homogeneous, and both o7 and o9 appear
in by, As shown in Figure 12, M,,,) is a closed 3-manifold obtained from
the 3-sphere S3 by Dehn surgery about the minimally twisted 2k-chain link
Co. Let s; (i = 1,...,2k) be the slope of this Dehn surgery. It is shown by
Thurston [Thu79, Example 6.8.7] that S® — Cy has a complete hyperbolic
structure with 2k cusps. (See also [Purll, Yos97].) Hence, we have vol(S® —
Cor) > 2kvs, where vg = 1.01494... is the volume of the ideal regular
tetrahedron. See [Ada88, Theorem 7]. We consider the Euclidean structure
on the torus boundary of N (Cy) induced by a maximal disjoint horoball
neighborhood about the cusps. Let A be the minimum of the Euclidean
lengths of the solpes s;. By the 2m-theorem of Gromov-Thurston [BH96,
Theorem 9], if A > 27, then Mj,,) is hyperbolic. Furthermore, from the
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result by Futer-Kalfagianni-Purcell [FKP08, Theorem 1.1], we have

o 9\ 3/2

1_<> vol(S? — Cax) < vol(Mgyp,,,)) < vol(S® — Co).

A

For any R > 0, if we choose k so that 2kvs > R and each coordinate of
m sufficiently large, then we have vol(M,,)) > R. Since the braid b,

satisfies the assumption in Theorem 4.2, we see Kg(Md(bm)) = ; O
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