AGOL CYCLES OF PSEUDO-ANOSOV MAPS ON THE
2-PUNCTURED TORUS AND 5-PUNCTURED SPHERE

JEAN-BAPTISTE BELLYNCK AND EIKO KIN

ABSTRACT. Given a periodic splitting sequence of a measured train track, an Agol cycle
is the part that constitutes a period up to the action of a pseudo-Anosov map and the
rescaling by its dilatation. We consider a family of pseudo-Anosov maps on the 2-punctured
torus and on the 5-punctured sphere. We present measured train tracks and compute
their Agol cycles. We give a condition under which two maps in the defined family are
conjugate or not. In the process, we find a new formula for the dilatation.

1. INTRODUCTION

Let ¥ = 3, , be an orientable surface with genus g and n punctures. Let MCG(X) be the
mapping class group of . According to the Nielsen-Thurston-classification, every element
of MCG(X) falls into 3 types: periodic, reducible and pseudo-Anosov. If ¢: ¥ — ¥ is a
pseudo-Anosov map, then there exist associated stable and unstable measured laminations
(L£2,v%) and (L%, v*) and the dilatation A = A(¢) > 1 such that

(L5, V%) = (L5, W) and ¢(L%, ") = (L X 1vY).

A measured train track (T,u) is a train track 7 with a transverse measure p. Edges of a
train track are called branches and vertices are called switches. A branch that locally looks
like the central branch in Figure (1) is called a large branch. A splitting at a large branch
is an operation that gives a new measured train track. There are two kinds of splitting, left
and right splitting at a large branch (Figure [I[2)(3)). See Definition

A mazimal splitting (10, o) — (71, 41) is an operation on the measured train track
(70, o) that splits all the large branches that carry maximal po-weight and (7, p1) is the
resulting measured train track. If all the splittings in a maximal splitting are left (resp.

right) splittings, the maximal splitting is denoted by N (resp. —) and called a left (resp.
right) maximal splitting.

It was proven by Agol that after enough maximal splittings the measured train track
(7, ) suited to the stable measured lamination of a pseudo-Anosov map ¢ will have changed
to ¢(m,\"tu) = (¢(7), A1 (11)), where the measure ¢, () is defined by ¢.(u)(e) =
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FIGURE 1. (1) A large branch. (2) Left splitting when z > z (& y > w),
(3) right splitting when x > z (< w > y) at the large branch.

(¢~ t(e)) for a branch e in the train track ¢(7). To state Agol’s result precisely, a
sequence of consecutive n maximal splittings (7o, o) — -+ — (7n, 4n) is denoted by

(T07 MO) —n (T’ru Mn)

Theorem 1.1 (Agol [I]. See also Agol-Tsang [2]). Let ¢: ¥ — ¥ be a pseudo-Anosov
map with dilatation \. Let (1, ) be a measured train track suited to the stable measured
lamination of ¢. Then there exist n > 0 and m > 0 such that

(T7 :U’) =" (Tna Mn) = (Tn—&-my,ufn-‘,—m) = ¢(Tn, )\71,114”).
For the terminology suited to, see Definition We call the maximal splitting sequence

(Tnyﬂn) — (Tn—i-ma Mn—f—m) —m (Tn+2maﬂn+2m> —m

a periodic splitting sequence of ¢. We call the finite subsequence (7, ttn) =™ (Tntm, lntm)
an Agol cycle of ¢ and call m the Agol cycle length of ¢, denoted by ¢(¢). The total splitting
number of an Agol cycle of ¢, denoted by N(¢), is the number of large branches that are
split in the Agol cycle (Definition [2.3(3)).

An equivalence class of an Agol cycle is a conjugacy invariant of pseudo-Anosov maps
(Section [2.1)). The Agol cycle length ¢(¢) and total splitting number N (¢) are conjugacy in-
variants as well. If ¢ : ¥ — ¥ is fully-punctured (i.e., the singularities of the stable/unstable
foliations of ¢ lie on the punctures of ), N(¢) equals the number of ideal tetrahedra in
the veering triangulation of the mapping torus of ¢. See [I] for more details.

It is natural to ask how the Agol cycle length /(¢) and total splitting number N(¢)
relate to other invariants of pseudo-Anosov maps. In [6] it was proven that for every
pseudo-Anosov 3-braid 3, its Agol cycle length, the Garside canonical length of any element
in the super summit set of 3 are the same. Agol-Tsang [2] proved that the total splitting
number N (¢) for a fully punctured pseudo-Anosov ¢ : ¥ — ¥ is bounded from above
by a constant depending on the normalized dilatation A™X(*), where x(X) is the Euler
characteristic of X.

The main goal of this paper is to give an explicit description of an Agol cycle of every
pseudo-Anosov map in the two semigroups Fr C MCG(X; 2) and Fp C MCG(Xg 5) which
will be defined below. On the 2-punctured torus X; o, let ¢; be the right-handed Dehn
twist about the simple closed curve ¢; C X1 for i € {1,2,3} shown in Figure [2[1). The
hyperelliptic involution exchanges the two punctures of the torus and induces a 2-fold
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branched cover 312 — ¥g 5 of the 5-punctured sphere. Then ¢; descends to o3, the positive
half-twist about the segment «; connecting the punctures ¢ and i + 1 (Figure [2{(5)).
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FIGURE 2. (1)(2) Simple closed curves ci,c and ¢3 in £12. (3) (b, ) in
Y12 and (4) (bg,x) in g5 for & = (g) (5) Segments o in g 5.

We study pseudo-Anosov maps in the semigroups
Fr = F(01,03,0, ") C MCG(%12) and Fp = F(01,03,05, ") C MCG(Zg5)

generated by 41, d3 and 62_1 and by o1, o3 and 02_1. Each o; for i € {1,2,3} fixes the
fifth puncture of ¥y 5. Hence, one can regard an element of Fp as a mapping class on the
4-punctured disk. The subset Z,, C N3", where Ny = NU {0}, will be useful for our study of
pseudo-Anosov maps in Fr and Fp (Deﬁnition. For each p = (pn, Pl G, ---» D1, P}, q1) €
I,

o $Pn sPh s—dn p1 §P1 s—q1 o Pn_Ph_—an p_Pi_—aq
Dy = 01"03"09 " 0] 0309 " € Frand ¢p :=01"05" 0y " ---0y 0509 € Fp
) 110 100 100
are pseudo-Anosov maps. We take matrices My = (8 (1) 9), M3 = (8 1 (1)), My = ((1] [1) %)
For each p € 7,, the matrix

. AfPn PR A a0 P1 P A4

Mp == M{" My My" - - - My M3t M3!
is Perron-Frobenius. The Perron-Frobenius eigenvalue A, is equal to the dilatations of maps
¢, and ¢p. In Theorem we present an explicit description of the Perron-Frobenius
eigenvalue )\, and the normalized eigenvector v,. As a consequence we see that A\, is a
quadratic irrational (Remark [2.15). Let b C X9 (resp. (br € ¥o5) be train track as in

Figure 3) (resp. Figure (4)) Assigning the coefficients of a Perron-Frobenius eigenvector
x of M, to the branches of the train track makes the measured train track (b,z) (resp.

(bln ZD))
We say that p € 7, is symmetric if p; = p) for all i € {1,...,n}. Otherwise, p is
n
asymmetric. To state our results, we use the symbol 2N (resp. Ln) for n consecutive left
(resp. right) maximal splittings.

Theorem 1.2. For p = (pn, 0}, qn,---,p1,01,q1) € L, let p € Fr be the pseudo-Anosov
map and My, be the Perron-Frobenius matriz associated with p. Let v > 0 be an eigenvector
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with respect to the Perron-Frobenius eigenvalue \p of M. Then the Agol cycle length ¢ of
@, is
/= { Yo (pi + 24;) z:fp is symmetric,
Yo (pi + P, +3q:) if p is asymmetric.
Moreover, starting with the measured train track (7o, o) = (b, A\pv), a finite subsequence of
the maximal splitting sequence

r Pn 1 200 rp1 ] 20 . . .
(10, po)— — = = (7, 1) if p is symmetric,

r Pntpl, 1 3 r p1Hpy 1 34
—\ —\ o 00 —N —\

(70, 110) (1o, ) if P is asymmetric

forms an Agol cycle of ®yp.

We later prove an analogous statement for the pseudo-Anosov maps ¢, € Fp inside the
semi-group Fp (See Theorem [4.1)).

As applications, we give formulas on the total splitting numbers N (®,) and N(¢p) for
each p € Z,, (Theorems 4.8). We also classify conjugacy classes of pseudo-Anosov maps
in Fr and Fp (Theore The total splitting numbers N(®,) and N(¢p) have the
following additive property.

Theorem 1.3. For p = (pn, phsqn,--->01,01,q1) € Ly and t = (t, th,, U, . .. 1,1, u1) €
T, we set pt = (PnDhyns - P15 DYy 1y b by Uy - - -5 t1, 8, u1) € Tpgn.  The total
splitting number of ®py € Fr satisfies N(Ppt) = N(Pp) + N(P¢). A parallel statement
holds for ¢pt € Fp.

The paper is organized as follows. In Section [2] we recall basic definitions and prove
lemmas. In Sections [3|and [4 we compute Agol cycles of pseudo-Anosov maps in Fpr and
Fp. In Section [5| we classify pseudo-Anosov conjugacy classes in Fr and Fp.

2. PRELIMINARIES

The mapping class group MCG(X) of a surface ¥ = ¥, ,, is the group of isotopy classes
of orientation preserving homeomorphisms of ¥ preserving the punctures setwise. We apply
elements of the mapping class group from right to left; i.e., the product fg means that we
apply g, then f. For simplicity we do not distinguish between a homeomorphism ¢ : ¥ — X
and its mapping class [¢] € MCG(X).

2.1. Measured train tracks. A train track T C X is a finite C''-embedded graph, equipped
with a well-defined tangent line at each vertex, also satisfying some additional properties
as stated in Penner-Harer [§]. In this paper we assume our train tracks to be trivalent.
A measured train track (t,u) is a train track 7 with a measure p. This is a function that
assigns a positive weight to each branch. Measured train tracks are required to satisfy the
switch condition. This means that if two branches a,b merge into one branch ¢, then the
weights satisfy p(a) + p(b) = u(c). See Figure [3|(1).
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FIGURE 3. (1) Switch condition. (2) Shifting.

Definition 2.1. We consider a large branch as in Figure[I[1). Depending on weights z, y, z
and w in Figure (1), a splitting divides a large branch into two branches and connects the
two parts with either a left-facing or right-facing branch, thereby preserving the switch
condition. Depending on the type of a branch inserted, the splitting is called a left or right
splitting at a large branch (Figure [I2)(3)). Similarly, we can produce new measured train
tracks through the use of folding (Figure[l) and shifting (Figure [3(2)).

Recall that if all the splittings in a maximal splitting (70, pt0) — (71, 1) are left (resp.

right) splittings, the maximal splitting is denoted by RN (resp. —) and called a left (resp.
right) maximal splitting. If there exist both left and right splittings, the maximal splitting

is denoted by I and called a mized mazimal splitting.

Measured train tracks (7, ), (7, /) in X are equal (and write (7, ) = (7, 1')) if there
exists a diffecomorphism f : ¥ — ¥ isotopic to the identity map such that f(7,u) = (7', i/).

Measured train tracks (7, ), (7', /) in X are equivalent if they are related to each other
by a sequence of splittings, foldings, shiftings and isotopies. Thus measured train tracks
in a splitting sequence are equivalent. Equivalence classes of measured train tracks are in
one-to-one correspondence with measured laminations [8, Theorem 2.8.5].

Definition 2.2. Let (£,v) be a measured lamination in X, and let (7, 1) be a measured
train track in 3. Then (7, ) is suited to (L, v) if there exists a differentiable map f: ¥ — %
homotopic to the identity map on ¥ with the following conditions:

. f(L)=7.
e f is nonsingular on the tangent spaces to the leaves of L.
e If p is an interior point of a branch e of 7 then v(f~1(p)) = u(e).

Definition 2.3.

(1) The splitting number of a maximal splitting (19, o) — (71, 1) is the number of
large branches split, i.e., the number of the large branches of (79, pg) with maximal
weight.

(2) The total splitting number of a finite sequence of maximal splittings (7, ) =" (Tn, pin)
is the sum of the splitting numbers over all maximal splittings in the finite sequence.

(3) The total splitting number of an Agol cycle (Tn, pin) =™ (Tntm, ntm) of ¢, de-
noted by N(¢), is the sum of the splitting numbers over all maximal splittings
(Trtis Pnti) = (Tnit1, Wntit1) in the Agol cycle. The Agol cycle length ¢(¢) is less
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than or equal to N(¢). The equality holds if and only if the splitting number of
each maximal splitting in the Agol cycle is exactly 1.

Definition 2.4. Let ¢, ¢': ¥ — ¥ be pseudo-Anosov maps with periodic splitting sequences

P (Tnaﬂn> = (Tn+m7ﬂn+m) = ¢(Tn7)\71,un) —
of ¢ and
P (T tis) =" (T s b ) = 8 (73, (X)) =
of ¢'. We say that & and &' are combinatorially isomorphic ([5]) if m = m/ is fulfilled

and there exist an orientation-preserving diffeomorphism h: ¥ — X, integers p, ¢ € Z>o and
¢ € Ry such that the following conditions (1) and (2) hold.

(1) ¢ =hogpoh L
(2) M(Tips pip) = (44 ctiy,) for all i € Zxo.

We say that two Agol cycles (7p, ftn) =" (Tnim, tntm) of @ and (7, pl,) =™ (7014 sy oy 4 r)
of ¢ are equivalent if m = m’ is fulfilled and there exist an orientation-preserving dif-
feomorphism h: ¥ — X, integers p,p’ € Z>o and ¢ € Ry such that A(Tpip, fintp) =
(1, s il +p,). The condition for equivalent Agol cycles implies condition (2). See [0,
Lemma 2.2].

Theorem 2.5 (Theorem 5.3 in Hodgson-Issa-Segerman [5]). Pseudo-Anosov maps ¢, ¢': ¥ —
Y are conjugate in MCG(X) if and only if &2 and &' are combinatorially isomorphic.

As a consequence, the equivalence class of an Agol cycle of ¢ is a conjugacy invariant.
The Agol cycle length ¢(¢) and total splitting number N(¢) are conjugacy invariants as
well, since they are equal for equivalent Agol cycles.

When we regard a maximal splitting (7, u) — (77, /) as an operation on the measured

train track, we write (7', ') = — (7, ). We write n consecutive left (resp. right) max-
. s 1" n 1"

imal splittings (7, )= (7n,pn) (vesp. (7, )= (Tu, fin)) as (7o, pin) = = (7, p1) (resp.
(T, ) = Ln(T, w)). We also write a finite sequence (7, ,u)L (Tn, ,un)Lm(Tnij,uner) as

rm 1

(Tn+m7/$n+m) = — o— (T,/J,).

The operation — and a diffeomorphism ¢ : ¥ — ¥ commute on measured train tracks:
Lemma 2.6 (Lemma 2.1 1in [6]). Let (1, p) be a measured train track in 3 and ¢ : ¥ — X an
orientation-preserving diffeomorphism. If (1, u) admits consecutive n left maximal splittings,

n n
then we have (¢ o N )Ty 1) = (L o ¢)(T, ). A parallel statement holds for NG

Remark 2.7. (This remark is used for the proof of Theorem [5.1]) By Lemma we have
the following commutative diagram:

(T, M) - (717 Ml) - = (Tny Nn)
\ \ \
¢<T7 :u’) - ¢<Tl7lu’1) - = ¢(Tn’un>
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Lemma, tells us that the (left, right, mixed) type of the maximal splitting ¢ (7, p;) —
&(Tit1, pit1) is the same as that of (75, ;) = (Tit1, fit1)-

2.2. Perron-Frobenius matrices. We say that a matrix M is positive if each entry of
M is positive. For matrices A = (a,s) and B = (b,s) with the same size, we write A > B
if ars > bys for all r,s. Suppose that M is an n by n square matrix with nonnegative
integer entries. We say that M is Perron-Frobenius if some power of M is a positive matrix.
Perron-Frobenius matrices have the following properties.

Theorem 2.8 (Perron-Frobenius). A Perron-Frobenius M has a real eigenvalue A\ > 1
which exceeds the moduli of all other eigenvalues. There exists a strictly positive eigenvector
v associated with A\. Moreover, v is the unique positive eigenvector of M (up to positive
multiples), and X\ is a simple oot of the characteristic equation of M.

For the proof, see [4]. We call A = A\(M) > 1 the Perron-Frobenius eigenvalue of M and
call v a Perron-Frobenius eigenvector.

Definition 2.9. For each n € N the subset Z,, C Ng” is defined as follows.

35, 3k € {1,...,n} such that p;,p, >0
pi +ph,q; >0 foreachie {1,...,n}

I, = {P = (Pn» Phs s - - P11, @) € NG”

For example, (1,0,2,0,1,1) € Ty, (1,0,2,1,0,1) € Z,. By definition, 7; = N3.

We recall the matrix M, = MP" MEMI™ - MPMP M for p € T,,.

Lemma 2.10. For each p € 1,,, My, is Perron-Frobenius.

Proof. A computation shows that M > M; > ((1) 1 0) forn € Nand i = 1,2,3. By
definition of Z,,, all the matrices M7, My and M3 appear in the product M, at least once.

We can check that My, > My M3zMy = M3sM; M, > 0. This means that M, is positive. In
particular, M, is Perron—Frobenius. (This fact also follows from [9, Theorem 3.1].) O

In this section we give an explicit description of a Perron-Frobenius eigenvector of M,
and its eigenvalue Ap. To do this, we first consider the infinite continued fraction expansion
of an irrational number a.

a = aqg+ :[a()’al?...’ak?...]

a +
1' 1

_|_ -
ap + - -
with a; € Z and a; > 0 for ¢ > 1. By Lagrange’s theorem, a is a quadratic irrational if and
only if the expansion is eventually periodic; i.e., there exists ¢ > 1 with a; = a;4 for all
i> 1. We write a quadratic irrational a = [ag, -+ ,ak—1,b0, - ,bi—1,b0, - ,by—1,--- | as
[CLO, e, Ak—1, bOa ) btfl]-
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Given p € Z,,, we next define the width wp, ; and height h,, ; for each j € Ny as follows.

For j =0, wpo=1 and hpo=[0,pn + D}, qns -, P1 + P, @1]-
For j >0, wpj = wpj—1— (Pn—j+1 + Pp_ji1)hpj—1 and hpj=hpj 1 — gn_jr1wp;.
The split ratio sp (0 < sp < 1) is defined by

oo
Sp = E p*ihp,h
1=0

where the index of p_; is understood to be mod n.

h pl
!
Dy squares Py Bl Dy squares ¢|:|:E|f|:|<_> rescale by //w, |
o~ N T Wp.1
Iy, AL LD ' p!
' 4y 1 squares Po-1 squares  Ph2 Pp-2£n-1 squares
Wy, 1 e /T
-~ _§ P — JI W\F:Iﬂ\ -
= . - : ) 4,,-2 squares
= = T e
e S 3
& S g
Wo=1 5, Wrp).o=] ST
(1) (2)

FIGURE 4. Partitioned rectangles (1) rect(p), (2) rect(T(p)) for p =
(1,1,2,2,1,1), T(p) = (2,1,1,1,1,2) € T».

!
] squares Py squares P p.; Py squares
e
\l,l_/ )\ hp‘ﬁ = 4y,- ] squares
e Q g]uares I Q Wl
“H: " éreshuﬁe s
i g ’ g
g g
! (1) ! @)
FIGURE 5. (1) Rectangle model for [0,a1,aq,...] = [0,2,2,3,1,...]. (2)

Reshuffling squares when [0, a7, a3, a3, az) = [0,1+1,2,2+ 1,1].

Definition 2.11. (Partitioned rectangle.) For p = (pn,p), gn, -, P10}, q1) € L, we define
a partitioned rectangle rect(p) as in Figure We start out with a rectangle of width
1 and height hpo = [0, pn + D}, Gn, .-, 1 + Py, q1]. We then partition the rectangle into
squares by the following procedure. First, we insert p, squares from the left. In the
remaining rectangle, we insert p/, from the right and then ¢, from the bottom. We do
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the same for p,_1,0,_1,qn—1,-- 01,01, 1, Pns Phys qn, - - -, T€peating the insertion pattern
cyclically, infinitely many times. Rectangles for the example p = (1,1,2,2,1,1) and T'(p)
are illustrated in Figure

Lemma 2.12. The partitioned rectangle rect(p) is well defined.

Proof. We introduce a useful tool for infinite continued fractions. (See also [7].) We
define a rectangle whose width is 1 and whose height is [0, a1, as,...] for a; € N. Then
it is possible to iteratively fill in aq,a9,... squares as in Figure (1) Suppose that
[0,a1, a2, -, a2n] = [0,pn + D, qn, - - -, 01 + D), q1]. We reshuffle the squares such that p;
squares are filled from the left and p} squares are filled from the right (see Figure [4). This
shows that the partition into squares for p € Z,, is well defined. O

The values wp o, hpo can be thought of as the widths and heights of the rectangles
obtained when we iteratively delete outside squares as in Figure |4 The values are indicated
in the picture.

Theorem 2.13. For p = (pn, Py dns - -- 01, Py, q1) € L, the Perron-Frobenius eigenvalue
Ap of My, and its eigenvector v > 0 are given by

1 Sp
Ap = and v:<hp,o>.

Wp,n 1—sp

We call v = vy, the normalized eigenvector with respect to Ap.

Proof. Recall that T': Ng" — Ng" is the shift as in Section For p € 7,, we define
scaling factors A\p; = wp;/wpiy1 for i € Ny. The scaling factors fulfill the property

11720 Api = 1/wp.. We will prove
_ B —p Sp ST (p)
ApoMy T M P M P < hp,0 ) = < hr(p),0 ) . (2.1)
I—Sp I_ST(p)

Using this, we can then inductively deduce the following statement:

n—1 ) o L[ e ST (p) sp

(T vw g atnage cona aagioagy (s ) = (e ) = (1 ) (22)

i—0 l—Sp l—STn(p) I—Sp

The definitions of wp; and hy; are such that they line up with the lengths of the line
segments in rect(p) as in Figure 4, Adding up the widths of all the squares on the left side,
we get sp(= D ooy P—ilpi). Using Figure 4] we observe that for

Y1 —g —p —p! Sp —q Sp,O_Pnhp,O Sp—Pnhp,o
(yz) = My M7P M hpo ) = My o = ( hpo—aa(1—(Pn+pi)hp0) |,
Y3 1-sp 1—sp—plLhp,o0 1—sp—phhp,0

/
we have wp1 =1 — (pn —i—pn)hp,() =y1 +yz and hp1 = hpo — guwp1 = Yo.

Remove (py, + p},) squares with height hp o and ¢, squares with height wp 1 from rect(p).
If we then scale the remaining small rectangle by A\p o = 1/wp 1, its width becomes 1 and
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the rectangle becomes a partitioned rectangle. By moving all squares to the left, we see that
its height must be [0, pn—1+P),_1,qn—1,---,P1 + P}, q1, P + D, @] = hyp)o- Its partition
into squares then tells us that the resulting partitioned rectangle is rect(7'(p)). The value
y1 is the sum of the widths of all squares sitting on the left of the small rectangle. When
scaling up y1 by Ap,0, the value Ay oy1 continues to be the sum of square widths. This shows

Ap0Y1 = S7(p)- (See Figure ) This proves statement (2.1)).
Statement 1| follows from applying statement |D n times. The value w;l =

p7n

H?:_Ol Ap,i then becomes the eigenvalue of the eigenvector ( hizo ) of Mp. Because the
vector entries are all positive and My, is Perron-Frobenius, w;}L mus‘s be the Perron-Frobenius
eigenvalue \p by Theorem O
Corollary 2.14. The splitting ratio sp can be written as follows.
5y — ip—z‘ i = : Prhpo +pn—1},lp,1 + -+ prhpn-1 : .
s (Pn + Pp)hp,o + (Pn—1 + D) hpa + -+ (P14 DY) hpn—1

Proof. The split ratio s, can be interpreted as a ratio dividing the width of the partitioned
rectangle in two parts. Since the partitioned rectangle rect(p) is self-similar, it contains
a rectangle that after rescaling by the factor )\, is partitioned and equal to rect(p). To
calculate sp, we can therefore ignore the width of the small self-similar rectangle and only
use the ratio in the statement instead. O

Remark 2.15. For p € 7, the height hp is a quadratic irrational since the continued
fraction expansion is eventually periodic. One can prove inductively that the width wy ; is
a quadratic irrational for each j € Ng. Thus )\, = w,,, is also a quadratic irrational.

p?n

Corollary 2.16. Let p = (pn, Pl Gny---501, 01, q1) € Ly and t = (tn, th, Un, ..., t1,th,u1) €
. If pi+p, =t; +t, and ¢; = w; hold for alli € {1,...,n}, then we have the following.

(1) Ap = A¢.

(2) Ift = f(p), then sp + spp) = 1, where f : N3 — N3" is the flip.

(3) If (PnsPn—1,---01) < (tn,tn—1,...,t1), then sp < s¢, where < is the lexicographic
ordering of N(j.

Proof. Claim (1) follows from Theorem since wp, = wgy, holds for all n € Ny.
Exchanging p; and p for all ¢ € {1, ..., n}, flips the partitioned rectangle rect(p) horizontally.
This means that sy, = 1 — sp. The proof of (2) is done. For each p € Z,, and all i € Ny,
we have the property wp ;41 < hp;. Using the definition of the partitioned rectangle, this
implies claim (3). O

For a vector v = (v;) € R™, we denote by v|; the i-th coordinate v; of v. When M is an
n by n square matrix, we also use the symbol Mwv|; which returns the i-th coordinate of
the vector Mw.
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Corollary 2.17. For p € I, let v > 0 be a Perron-Frobenius eigenvector of My. Then
v|1 = vl|3 holds if and only if p is symmetric.

Proof. Corollary [2.16(2)(3) implies that s, = % holds if and only if f(p) = p holds; i.e.,
p is symmetric. By Theorem the Perron-Frobenius eigenvector v = vy, satisfies the
desired property. O

Example 2.18. Let us apply Theorem and Corollary to compute sp and Ap.

(1) Let p=(p,p’,q) € Z1. Then hpo = [0,p+p',q]. We have

. Phpo _ D _ 1 '
Pro+)hpo ey’ TP wpr 1= (p+p)hpo
(2) Let p = (1,0,1,0,1,1) € Ty. We have hpo = [0,T] = =5 0,y = 1 — hyy,
hp1 = hpo —wp1, and wp2 = wp1 — hp1. Hence, s, and A, are given by
5 = hpo — _ hpo 1 1 :7+3\/5'
hp70 + hp71 3hp70 -1’ P Wp,2 2 — 3hp70 2

By a calculation we have the following lemma.

Lemma 2.19. Let ¢ € N and p,p’ € Ny. Let x = (é) > 0.

(1) MYMEMiz|, < MYMEMiz|s if and only if x < z.
(2) Suppose that p >p > 0. Then M{’MgMgcch > MfMgMgcdg for any x > 0.
(3) Suppose that 0 < p < p'. Then M}MYL Mix|, < M7 ML Mix|s for any x > 0.

As a corollary of Lemma [2.19] we immediately have the following result.

Corollary 2.20. If x = <§> is a positive vector with x # z, then MfMglMgwh #
M{’M?’:/Mg:c\g for any g € N and p,p’ € Ny (possibly p = p').

2.3. Pseudo-Anosov maps in the semigroup Fp = F(01,03, 051). We write hy = o1,
hs = o3 and hy = 02_1. For a map h = hy, -+ hy, € Fp (n; € {1,2,3}) we set M}, :=
My, --- M,,. The following is a well-known result.

Proposition 2.21. The product h = hy, ---hy, € Fp is pseudo-Anosov if all 01,03 and
02_1 appear in the product at least once. In this case the dilatation A(h) of h equals the
Perron-Frobenius eigenvalue \(Mp,).

For the convenience of the reader, we give an outline of the proof. We use a criterion by
Bestvina-Handel algorithm [3] to determine when a mapping class is pseudo-Anosov. We
first choose a finite graph G C ¥y 5 that is homotopy equivalent to ¥ 5 as in Figure @(2)
The graph G has four vertices 1,...,4 and four loop edges, each of which encircles a
puncture. Let P be the set of four loop edges of G.
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Given a mapping class 1 € MCG(Xg5), one can pick an induced graph map g : G — G
homotopic to ¥. We require that g sends vertices to vertices, edges to edge paths and fulfills
g(P) = P. (See [3, Section 1].) We may suppose that g has no backtracks; i.e., g maps
each oriented edge of G to an edge path which does not contain an oriented edge e followed
by the same edge € with the opposite orientation. This map g defines a 3 by 3 transition
matriz M (with respect to the 3 non-loop edges). For r, s € {1,2,3} the entry M, is the
number of times that the g-image of the s-th edge runs the r-th edge in either direction.
We say that g : G — G is efficient if ¢ : G — G has no backtracks for all n > 0.

Notice that h; for ¢ € {1,2,3} induces a graph map g¢; : G — G which has no backtracks
as shown Figure [6[1)—(4). The transition matrix of g; is given by the matrix M; as in
Section [Il

2 1
X
z ' 3 > y
@y
©@ & 16 ()3
A3) (5) ,v) ©) 'lmn,v) (7) ,v)

FIGURE 6. (1)—(4) The graph maps g; : G — G. ¢} = gi(ej). (5) (n,v =
(z)) in ¥o5. (6)(7) The 2-fold branched cover m: X1 9 — ¥g 5.

The composition gj, := gn, - - gn, : G — G is an induced graph map of h = hy,, - hy,.
(A priori, gp, could have backtracks.) We call k the length of the graph map gp. By induction
on the length k, it can be shown that g, : G — G has no backtracks for any h € Fp.
In particular, g : G — G has no backtracks for any n > 0; i.e., g5 : G — G is efficient,
because g; is an induced graph map of A" € Fp. Since gj, : G — G has no backtracks, the
transition matrix with respect to the non-loop edges of gy, is given by My,. If all o1, o3 and
oy ! appear in the product h at least once, then M, is Perron-Frobenius by Lemma
By the Bestvina-Handel algorithm [3], the two conditions (g, : G — G is efficient, and the
transition matrix M}, is Perron-Frobenius) ensure that h is pseudo-Anosov with dilatation
A(Mp,).

Remark 2.22. Let g5, : G — G be an efficient graph map. We obtain a trivalent train track
n in g5 (Figure @(5)) by graph smoothing near the vertices of G. See [3, Section 3.3] for
more details. Denote by v the Perron-Frobenius eigenvector of Mj. We assign the weight
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v|; (that is the i-th coordinate of v) to the i-th branch and we obtain the measured train
track (n,v) (also described in Figure [6{(5)). This measured train track (n,v) is suited to
the stable measured lamination of h by [3] Section 3.4].

2.4. Pseudo-Anosov maps in the semigroup Fr = F(d, 03, 52_1). The union of curves
¢1 U cp Ues (Figure 2f(1)) fills the surface X12. A construction of pseudo-Anosov maps
by Penner [9, Theorem 3.1] tells us that the product of 61, d3 and d; 1 is pseudo-Anosov
if all the Dehn twists 01, 63 and 5 L appear in the product at least once. Thus for each
p € I, the map ®, € Fr is pseudo-Anosov by the definition of Z,, (Definition . The
map ¢, € Fp is also pseudo-Anosov for each p € Z, by Proposition 2.21] Additionally,
each pseudo-Anosov map in Fr (resp. Fp) is conjugate to @, (resp. ¢p) for some p € 7,,.
The link between the maps ®, and ¢, can be found in the following lemma.

Lemma 2.23. For p € Z,, let v > 0 be an eigenvector for the Perron-Frobenius eigenvalue
Ap of Mp. Then the measured train tracks (br,v) in o5 and (b,v) in X1 2 defined in
Section are suited to the stable measured laminations of ¢pp € Fp and ®, € Fr respectively.
Moreover, it holds A(¢p) = AN(Pp) = Ap, where A\p is a quadratic irrational.

Proof. By Remark (n,2v) is suited to the stable measured lamination of ¢,. Figure
illustrates that (n,2v) is equivalent to (b, v). Therefore, (b, v) is also suited to the stable
measured lamination of ¢p,.

xty z x+y z xty z xty z x+y z xty z
© SEASE: e Q‘
2 z 24
raaEJ e I g fag 1,
y
> © O of” 6 o
X ytz X ytz X ytz X ytz X y+z X ¥z

(n,2v) (br,v)

FIGURE 7. (resp. —) denotes the left (resp. right) splittings at the
highlighted large branches. (n,2v) is equivalent to (bz,v).

We regard X5 as the once punctured sphere with four marked points p; (i € {1,...,4}).
Consider a 2-fold branched cover 7: 319 — ¥¢ 5 branched over the four marked points and
induced by the hyperelliptic involution of ¥; 2, exchanging the two punctures. Notice that
dj 1= bc; € MCG(X12) is a lift of 05 € MCG(Xo5). Hence, @, € Fr is a lift of ¢, € Fp. It
follows that ®, and ¢, have the same dilatation. By Proposition we have A(¢p) = Ap.
Thus A(®p) = AM(¢p) = Ap. By Remark Ap is a quadratic irrational.

Let ¢ and F* be the stable and unstable foliations with respect to ¢p. The preimages
7= Y(F*) and 7~ 1(F") give the stable and unstable foliations with respect to ®,. Since p;
is a 1-pronged singular point of 7* and F*, the preimage 7~ !(p;) is a regular point (i.e.,
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a 2-pronged point) of 7= 1(F?%) and 7—(F%). Notice that 7—!(n) admits four bigons each
of which contains a regular point 7~!(p;). See Figure @(6)(7) Then the measured train
track (b, v) in X1 5 is obtained from 7~1(n,v) by collapsing each bigon. As a result, (b,v)
is suited to the stable measured lamination of ®,. O

We will choose (b, A\pv) (resp. (br, A\pv)) as the start of the maximal splitting sequence
in the proof of Theorem (resp. Theorem [4.1)).

3. AGOL CYCLES OF PSEUDO-ANOSOV MAPS IN Fp

The goal of this section is to prove Theorem To do this, we first construct finite
sequences of maximal splittings (Lemma Proposition [3.2)). Then we concatenate some
finite sequences to produce an Agol cycle of the pseudo-Anosov map ®,.

When p is symmetric, the normalized eigenvector v, with respect to A, fulfills vp|1 = vp|3
(Corollary . This extra symmetry gives simpler maximal splitting sequences. Hence,
the measured train tracks with symmetric weights (i.e. z = z) and asymmetric weights (i.e.
x # z) will be treated differently in the following lemma.

Lemma 3.1. Let g € N and p,p’ € Ng. Let © = (z) > 0.

(1) Suppose that p > 0. Then

(67651 o ) (b, MPMEMS ) if v = 2,
(671671 0 22 (b, MPMP M) if x % .
(2) Suppose that p > p' > 0. Then

1 -1
(6 017 M@A@w:{

(b, MY MY M) = (67" 0 ) (b, MPME Miw).
(3) Suppose that 0 < p < p'. Then

(b, MY ME ™ M) = (55 0 5) (b, MY ME Mia).

N o
(4) ([”Mgilfn) = (a0 | 3)(b’M2w) if v = z,
(520 N) b, Mt i =
Proof. A caloulation My = (qx+§+qz> shows that |1 = Mjz|; = z and z|3 = Miz|3 = 2.
For the proof of claims (1)—(4), it is suffices to prove them for ¢ = 1. In fact, once we prove
claims (1)—(4) for ¢ = 1, we can apply them to the positive vector o’ = Mg_la:.

z+py’

We have MY MM, (%) = < y ), where ¢y = 2 + y + 2. The measured train track
py'+z

(70, po) := (b, MY ME Mx) has two large branches with weights z+ (p+1)y" and (p+1)y’ +2.
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We first consider the case x # z. We may suppose that x < z. Applying 2 maximal splittings
(see Figure , we obtain 2 right maximal splittings

2 — _
(T(),/J()) = ([J, M{)MP?MQZD)—R (Tz,ug) = 5153([1,Mf 1M3p 1M2$).

In other words, (b, MP~'ME™' Mya) = (671651 o LZ)(b, M7 ML Myz). This gives claim (1)
when z < z.

y) X+ p-1y'
5103 o
AN 3 —
0103
-y -1z (0-1)y'+=
(1) (T, Hp) ) (T, 1)) 3) (T, 1) @

FIGURE 8. Proof of Lemma [3.1[1) when z < z. (1) (b, MY M} Mx). (4)
(b, MP~ ME Moz).

In the case z = z, the two large branches of the measured train track (b, M} MY M) have
the same maximal weight. Applying the maximal splitting, we obtain the right maximal
splitting

(70, o) = (b, MY ME Maz)(r1, ) = 6183(b, MY~ ME ™ Myw).
This completes the proof of claim (1).
) / z z+py’

We turn to claim (2). Suppose that p > p’ > 0. We have MYMYL M, (2) = < o >,

p/y/+z
where y' = 2+ y + 2. By a calculation we have MY M} Mox|y =z + py’ > M} ML Moz|s =
Py + 2. The measured train track (7, uo) := (b, MfMgleac) has two large branches with
weights z 4+ (p+ 1)y’ and (p’ + 1)y’ + 2. Applying a maximal splitting (see Figure [9]), we
obtain a right maximal splitting
(10, pto) = (b, MY ME Moz) (71, 1) = 61 (b, MY~ ML Mo).

The proof of claim (2) is done. One can prove claim (3) in a similar way.

We now prove claim (4). We set (79, uo) = (b, Mox = <x+§+Z)). Consider the case

x # z. We may suppose that z < z. Applying 3 maximal splittings (see Figure , we
obtain 3 left maximal splittings

1 1 1 _
(70, pt0) = (b, Maz)— (1, p1) = (72, p2) (73, 13) = 65 ' (b, ).
This gives claim (4) for z < z.
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y! x+(p-1)y’

pyz

(1) (@, Ho) @ (4, 1) 3)

FIGURE 9. Proof of Lemma (2) (1) (b,MfMglMga:). (3)
(b, MV~ MY M),

o—>
xty+z j
xtyt+z j
o—>
(1) (o, 49) 2) (@, #4y) () (@, ) (4) (T3, 143) )

FIGURE 10. Proof of Lemma (4) when z < z. (1) (b, Maz). (5) (b, x).

In the case x = z, the two large branches of (b, Max) have the same maximal weight.

2
Applying 2 maximal splittings, we obtain 2 left maximal splittings (b, .Mg:l:)L 0y 1(b, x).
This completes the proof. ]

Proposition 3.2. Let g € N and p,p’ € Ng. Let © = (gé) > 0.

(1) (Symmetric case.) Suppose that p > 0. Then

2q r
(b, ) = (616577657 0 57 o 57 (b, MPMP M) if x = 2.
(2) (Asymmetric case.) Suppose that p+p' > 0 (possibly p=p > 0). Then

3q

(b,x) = (036:755% o 17" o K (6, MP MY Miz) if x # 2.
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Proof. We first prove claim (2) in the special case p = p’ > 0. Applying Lemma (1) in
the latter case x # z, we have

(b, MY MY M) = ((6165) " 0 ") (b, MPME M), (3.1)

Then applying Lemma 1) again, we obtain

(b, MP2ME 2 MIz) = ((6165) " o 57)(b, MY ME T M)
r 2 _ r 2
= ((0105) L0 5T 0 ((515) L 0 BT (b, MPMEME) (- (3.1))
4

= ((6183) %0 ) (b, MPMEM2). (- Lemma 2.6).
Repeating this argument, we have
r 2
(b, M) = ((5105) 7P 0 57 (b, MY ME M), (3.2)

Applying Lemma (4) in the case x # z repeatedly, we have

(b,2) = (52 0 2™")(b, M), (3.3)

The above equalities (3.2) and (3.3]) give us

1 3¢

(bhz) = (Lo )b, Miz) (. ([33)
3
= (000 5" o ((6165) P 0 1) (b, MPMEMEZ) (- (3.2)
3
= (89677057 0 M o By (b, MP MY M), (- Lemma 26, 6183 = 6301

This is the desired equality in the case p = p/. Next we prove claim (2) in the general case.
We may suppose that 0 < p < p’. Applying Lemma (3) repeatedly, we have

(b, MY ME M) = (557" 0 57 70) (b, MY ME M), (3.4)
1s together with the equalities ([3.2]) an .J3)) implies that
Thi h ith th lities (3.2)) and (3.3]) implies th

() = (69020, Miz) (- (33)
3
= (@90 A o (61057 0 STV (b, MPMEIMIZ) (- (3.2))
3 / /_ /
= (0L o ((6163) 7 0 B 0 (65 o KT 0, MPME M) (- (3.4))
1 34

i

= (69677657 o 17 o Iy (b, MPME Miz) (. Lemma E2G).

The proof of claim (2) is done. For the proof of claim (1), we assume x = z and use
Lemma [3.1[1)(4). This completes the proof. O

We are ready to prove Theorem
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Proof of Theorem[1.3 Let My = Mf"Mg);lMg" <o MP*MEY M be the Perron-Frobenius
matrix associated with p € Z,,. For a Perron-Frobenius eigenvector v of M, we define
positive vectors (¥ := v and (@ := MMy MF 2~ for i € {1,...,n}. Then 2™ =
Mpv = Apv.

Suppose that p is asymmetric. By Corollaries and we can inductively prove
that (|, # 2|3 for all i € {0,...,n}. Proposition [3.2(2) tells us that

. ) 3q; r pitp .
(b,207Y) = (645, 715,7 o RPN Jr/p’)(b,a:(l)) fori e {1,...,n}.

By the above equality for ¢ = 1,2, we obtain

—py —p, 130 p1+p]
(b,0) = (695,715, 0 L o 51 (g 4(0)
—py—p, 130 p1+p) —po P,  13¢ P2+
— (531511015319104 LN 1)0(5(212(5117253;0204 PN 2)([)733(2))
_ Y _ o 1 31]1 p1+p/ 1 31]2 p2—‘,—p/
— (5315117153?15(21251}0253?2o_\ PN LIEN o L 2)(5,33(2)).

Repeating this argument, we finally obtain

3q ! 3aqn ’
(b,'v) — (@;1 o 100 o 1 P1tpy 0.0 N o _r\pn+pn)(b7)\pv _ :1:(”)).

This means that
(0, 2g) 2 TR )
which is an Agol cycle of ®p, with length > 7", (p; + p; + 3¢;).
Suppose that p is symmetric. By Corollary v|; = v|3 holds. A calculation shows
that (|, = 2|3 for all i € {0,...,n}. Applying Proposition (1)7 we have

. ) ) ) 2q; r Pi ; .
(b, x~1)) = (63767657 o RN LA )(b,2@)  forie{l,...,n}. (3.5)
Putting the above equalities (3.5)) for each i € {1,--- ,n} together, we can obtain

2(11 2q n
(0,0) = (B, o= 0 200 0 B (b, M),

This gives an Agol cycle of ®, with length Y | (p; + 2¢;). We finished the proof. U

Example 3.3. We present 2 examples for Agol cycles and their total splitting numbers.
Recall that v, is the normalized eigenvector with respect to Ap.

(1) For p=(1,1,1) € Z; symmetric, we have v, = (%) for some z,y > 0 and Mpv, =

3z+y r 2
My M3 Myvy, = (iig > Figureﬂlustrates an Agol cycle (b, A\pvp)— AN Oy (b, vp)

of &, = 5153551 with length 3. The splitting number of each maximal splitting in
the Agol cycle is exactly 2. Hence, we have N(®p,) =2-3 =6.
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r 3

3
(2) For p = (1,2,1) € Z; asymmetric, (b, \pvp)— 2N ®,(b,vp) is an Agol cycle of
®,, = 61030, ! with length 6 by Theorem The splitting number of each maximal

splitting in the Agol cycle is 1, except for the last maximal splitting L with the
splitting number 2. (See Figure [10[3)(4).) Hence, we have N(®p) = 7.

—>——0
2xty) 2x+ty n
x < : xy
x /x'

Y
X
o0y L IR j
2x+y 2x+)
X
o—>P

S

(@) 3) “ (6)) (6)

F1GURE 11. An Agol cycle of &, for p = (1,1,1). (1) (b, My MzMavy). (3)
(baMQvP)' (6) (bavp)'

Theorem 3.4. For p = (pn, P, qn, - - -, 01,01, 1) € Iy, the total splitting number of an Agol
cycle of ®p is given by N(®p) = > 7" (pi + P} + 44;).
Proof. By Proposition (2) in the case of asymmetric weights, i.e. x # z, we have a

’ /1 3q /
finite sequence (b, M} MY Mgm)ipﬂa BN 676% 65 9(b, ). The total splitting number of the
finite sequence (Definition [2.3|(2)) is p + p’ + 4¢. The coefficient 4 of 4¢ comes from the

3
total splitting number of a finite sequence ([J,quaz)L 651 (b, M ') when = # z. See
Figure In the case of symmetric weights, i.e. = z, Proposition (1) tells us that there

2q
exists a finite sequence (b, MfMgMgm)ip—l\ 676565 (b, ). Its total splitting number is
2(p 4+ 2q) = p+ p + 4q since the splitting number of a maximal splitting in this finite
sequence is exactly 2.

The weight of (b, Mpv,) is given by Mpv, = M{’"Mé’/”Mg” - MflM:fllMglvp. By the
repetition of the above argument, we can prove that N(®p) =37 (pi + P} + 44;). O

4. AGOL CYCLES OF PSEUDO-ANOSOV MAPS IN Fp

We introduce positive integers S;(p) and A;(p) for p € Z,, as follows.

Si(p) =pi+2 and A;(p) =1 2p, if p; =0,
pi +p, +2 otherwise.

In this section, we prove the following result.
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Theorem 4.1. For p € Z,, let ¢ € Fp be the pseudo-Anosov map and My be the Perron-
Frobenius matriz associated with p. Let v > 0 be an eigenvector with respect to the
Perron-Frobenius eigenvalue Ap of My. Then the Agol cycle length £ of ¢y is

0 — Y1 (Si(p) +2¢;)  if p is symmetric,
T Y (Ai(p) +3¢i)  if p is asymmetric.

Moreover, starting with the measured train track (bo, po) = (br, \pv), a finite subsequence
of the maximal splitting sequence

(b(]vMO) S SiP) 20 (bfa /’Lf) pr is symmetric,

(bo, o) —~An P13 . AP (b ) if p is asymmetric

forms an Agol cycle of ¢p. The consecutive maximal splittings consist of the following left,
right and mized mazximal splittings

. 2g;—1
_\Sip)+2q; _ox L orpicb 1ox o 17
M
I 2pi—1 134 ey
nT L if =0,
Ai(p)+3q¢ Ir r2p,—1 1% .
— o= Nt N prz = O7
ro 1 rpitpi-2 12 p 86! .
- = — otherwise.

Figure [12|1) shows the measured train track (by, ) that was defined in Section [I} Recall
that the vector x reflects the weights of specific branches. Due to the switch condition, the
weights on all remaining branches are determined. We introduce the measured train tracks
(br,x), (a,x) and (s,x) in Xg5 as in Figure (2), (4) and (5) respectively. Figure (3)
gives the measured train track A(a’y,x), where A = 010903010201 € MCG(Z¢5) is the
m-rotation (Figure [12[6)).

For ¢p = a:f"aggla;q" ..o"ofo, " € Fp we call the product ooy’ o, the (j-th)
block of ¢, and say that the block is of type A (resp. A’) if p;» = 0 (resp. p; = 0).

Otherwise, we call it a type B block.

For the proof of Theorem |4.1| we consider each block o7}’ a? oy ¥ of ¢p. The transition ma-
trix induced by 0119]' agj oy D is M f I M g I Mqu . Depending on the type of the block, consecutive
maximal splittings of (by,, M}’ ng M x) will result in different finite sequences. Figure
is the central tool in this paper. It illustrates how finite sequences of maximal splittings
transition one measured train track into another. The details are given in Lemmas 44

and We will see that the concatenation of suitable finite sequences gives an Agol cycle
of the pseudo-Anosov map ¢p,.

Lemma 4.2. Let g € N and p,p’ € Ny. Let © = (é) > 0.
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o A

(UBL (mbR A (a) (@aR 55 (6)

FIGURE 12. (1) (b, ), (2) (br,x), (3) A(dz, @), (4) (az, ), (5) (s,z) for
T = (5) (6) A = 010903010201 € MCG(Xy5). Figures (4)(5) illustrate a

z

left maximal splitting (a’g, a:)—l\(s, x) for z < y.

Aay) ©() ap
Gl ik hdB
LA (bl)l T(bﬁ) A'j

g

(b2) (b4)
Qe B

F1GURE 13. “Automaton” illustrating how the train tracks move between
topological types under the operations in Lemmas [£.2] [4.4] and Box B
displays Lemma [£.2 Box A and A’ display Lemmas 4.5 and [£.4] respectively.

(bl) Suppose that p,p’ > 0. Then
(b, MY MY ™ M) = (o705 0 = 0 ) (b, MPME Miw).
(b2) Suppose that p > 0. Then
(o7? 03 o L%(bR,]\4{”]\4§M§:1;) if x = z,
T

! Y(og, MPMEMIm) if v # 2.

(bg, MY~ MY Mix) =
(‘71 ‘73 ©

(b3) Suppose that p > p’ > 0. Then
(b, MY~ ME M) = (o7 0 ) (b, MM M)
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(b4) Suppose that 0 < p < p'. Then

(br, MYMY " Mix) = (03" 0 =) (bp, MY ME Miz).

1 T 1 )
020 —0—0— b,Mq:E ifx =z,
) oy = 20 o)
(o2 o—o— )(br, Mjz) ifx# 2
12 .
(6) (br,, MY 'z) = (U2OT3)([’L’M233) ifx =z,
(020 = )(by, Miz) ifx# 2.
Proof. Figureshows that (b, M Msza = (tszbrrb))L —1\0103(bR,a) S (‘é) o

other words, (bg,a) = (o7 o5 ' o Lo (b, M1 Msa). Choosing a = Mf_lM:f/_lMga: as
a positive vector, we obtain claim (bl).

at2bp btc

' " H Ijm
atb 2b+c

(DbL (@bR

FIGURE 14. Proof of Lemma [1.2(b1). (1) (br, M1 Msa). (4) (bg,a).

It is enough to prove the remaining claims when ¢ = 1. For claim (b2), we set (bo, po) =
(bg, MY ME Msx). The proof is similar to that of Lemma (1) Figure [15|illustrates the
proof of (b2) when x < z. In the case z = z, the two large branches of (br, M} ML Msx)
have the same weight. (c.f. Figure (1)) Applying a maximal splitting, we obtain the
right maximal splitting (bg, MY MY Myx)-0103(bg, Mf_lM?’f_lMga:). This completes the
proof of claim (b2).

The proof of claim (b3) (resp. (b4)) is similar to that of Lemma[3.1|(2) (resp. Lemmal3.1}(3))
and we omit the proof.

Before proving claim (b5), we first prove claim (6). We consider the measured train track
(bo, o) = (bp, Moz = <x+§+z)) when = # 2. We may suppose that x < z. Applying 3
maximal splittings (see Figure [I6{1)—(4)), we have 3 left maximal splittings

1 _
(b0, o) = (br, Mam)-(by, 1) = (5, Maw)(ba, j12) (b3, ji3) = 03 (b, ). (4.1)

This gives claim (6) when = < z.
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(P)y (-1)y'z
|“ l “ “ 'V '
x+p y

(1’ Dy x+(p1)y

mbr 3) (4) R

FIGURE 15. Proof of Lemma [4.2(b2) when = < z. (1) (bgr, MY MY Mox). (4)
(b, MY~ ME™ Mya).

We turn to the case x = z. Applying 2 maximal splittings, we obtain 2 left maximal
splittings
(b0, o) = (bz, Mam)(by, j11) = (5, Maw)(ba, ) = 03 (b, @).

This gives the proof of claim (6) when x = z.

We finally prove claim (b5). Consider the measured train track (bg, puo) = (br, Max)
when z # z. We may suppose that z < z. Figures [I6{(1)~(3’) and (2) show that

2
(bo, po) = (bg, Mzm)L (s, Mox). Taking the last two maximal splittings from the finite
sequence (4.1)), we have (s, Mg:l:)L 05 (by, x). Putting them together, we have

12 ¢ 12 _
(bo,,uo) = (bR,MQZC); — (E,Mga}) — 09 1(bL,a:).

This gives claim (b5) when z < z.

In the case = z, the measured train track (bg, Max) has two large branches with

maximal weight. This gives the finite sequence (b, Mgac)L — (s, Max) 402 Y(bp,x). This
completes the proof. O

Let (br, M M{MJjx) be a measured train track, where the measure MYMYMix is
preceded by a type B block. By repeatedly applying the last lemma, we now compute the
maximal splittings of (by, MY MY Mx).

Proposition 4.3 (Type B block). Let p,p’,q € N. Let ¢ = (2) > 0.

(1) (Symmetric case.) (bp,x) = (0do,PogPo —PT2T20) (b, MPMIMiz) if v = 2
The consecutive maximal splittings consist of the following left and right maximal
splittings

1 29—1 1 rop-l

_p+2+2¢ _ OLO_\OA OLOL\.
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2xty+tz  z x+y+z x+y z 2x+ +z z

i a 4

X ! )

X 2y X y+2 y+22 X x+y+22

(v )bR @) 3)
2x+ +z 2x+y+z Z

+y +y
y+Z/'
(l)bL (2)5 (5)5L

FIGURE 16. (1)-(5) Proof of Lemma (6) when z < z. (1')~(3))(2)-(5)
Proof of Lemma (b5) when z < z.

(2) (Asymmetric case.) (br,x) = (Ugafpagplo PP 2430 (p MfMgMgm) if v # z,
possibly p = p’. The consecutive mazximal splittings consist of the following left and
right mazimal splittings

4p+pl+2+3q: N OLOA o — OLO_r\.

Proof. We prove claim (2). Suppose that z # 2. We may assume that p < p’. (The proof
for the case p > p’ can be treated in the same manner.) We have

-1 -1 1
oy 05 0—0 =)

(bg, MPT'ME I Mliz) = | (b, MP MY Mix) (Lemma [2[(b1)),
(br, MPTIMEIMIZ) = (057 P 0L p)(bR,Mp "MP ' Miz) (Lemma [L2(b4)),
(bg, Mix) ( - )(bR,Mp lMp lMgw) (Lemma [4.2(b2)),
- 2 2
(bp,z) = (0do— o— oioé)(bR, Mijz) (Lemma [1.2(b5),(6)).

By the above equalities together with Lemma we obtain

—~~
Q
=
S
w
SN—
|
)
=
o
|~

— 3¢—1 T 2 T -2 T /
(br,@) = (040, 703" 0 =7 0 oo Mo Lo 10y, MYME Miw).
This completes the proof of (2). The proof of claim (1) is left to the reader. O

Lemma 4.4. Let q,s € N. Let x = (é) > 0.

(a'1) (af, M3~ Miz) = (03" 0 = 0 =)(by, M§Mw).
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2
(22) (o, M3~ M) = (075" 0 =) (ap, MM ).
— 1 .
(a73) (b, M~ '@) = (030 = )(af, Miz) if = # 2.

Proof. Tt is sufficient to prove the lemma when ¢ = 1. Consider the maximal splitting
x

starting from (bg,, M5 Mox = < Y )), where 3y = x + y + 2. Figure|17|shows that
z

sy '+
(s-1)y" +z sy (s- I)y +z (s-1)y'+z
. Zr “ n M
X ytz sy+z
b L @) @a’ R

FIGURE 17. Proof of Lemma [4.4(a’1). (1) (by, M5Mox).
(4) (ap, M3~ Mo).

(. M5~ M) = (F 0031 0 ) (b, MEMaa) = (03" 0 5 0 =) (b1, M M)
The proof of claim (a’l) is done. For the proof of claim (a’2), see Figure

(s- 1)y’+z S (s- ])y'+z

(s-1)y'+z
" N N - N
(1)aR (4)aR

T

FIGURE 18. Proof of Lemma a’2). (1) (ag, M5 Mox = < ?/J:r )), where
sy’ +z
Y =x+y+z (4) (ay, M Moz).

We prove claim (a’3). Consider the measured train track (a’p, Max). We may suppose
that z < z. Applying 3 maximal splittings consecutively, we obtain 3 left maximal splittings

2
(ap, Mga:)L(s, Mgﬂ:)L oy (b, x). See Figure [19, We finished the proof. O
Recall that A = 010903010907 is the m-rotation (Figure (6))

Lemma 4.5. Let q,s € N. Let x = (?Z/c) >0 and J = (%01).
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2x+y+z 7z

N \ M N Uy
0y os &) ©by
FIGURE 19. Proof of Lemma (a’3). (1) (ay, Max). (2) (s, Mox). (4)

(br,x).

(a1) A, M5 M) = (o7 0 5 0 %) by, M M),
(a2) A(dly, M3~ M Jx) = (07! 0 57 0 A)(aly, MEMS J).
3

(a3) (b, MI 'x) = (530 o A)(aly, MIJx) if & # 2.

Proof. Observe that A(br, MM Jx) = (b, MiMjz). By Ao, = o;'A for the pair
(4,7) = (1,3) or (3,1), the proof is analogous to that of Lemma O

Let (br, M{MJx) or (br,, M§Mjx) be a measured train track, where the measures are
preceded by a type A and A’ block respectively. We now compute the maximal splittings of
the measured train tracks.

Proposition 4.6 (Type A/A’ block for (1)/(2)). Let q,s € N. Let x = (g) > 0.
3q r 48— by
(1) (b, @) = (ofor "o = "o 5" 0 )by, M Miw).
3q r 25— T
(2) (br,@) = (o§oy "0 0 57 0 )by, M M),

Proof. By a similar argument as in the proof of Proposition , one can prove claims (1)

and (2). In the case of Proposition we used Lemma For the proof of (1) (resp. (2)),
we use Lemma (resp. Lemma [4.4)) together with Lemma [£.2)(6). O

Proof of Theorem [{.1. As in the proof of Theorem for a Perron-Frobenius eigenvector v

of M, we define positive vectors z(?) := v and () := MfiMéj;Mg"m(i_l) forie {1,...,n}.
Suppose that p is asymmetric. By Propositions (2) and we have
(bp,z) = (Jgial_piagp;o —~At3ay (g, 20 for i e {1,...,n},

where A; = A;(p) is the positive integer defined in Section [l This gives us
(b, v =20) = (p5to ~AT30 oo wAF) (b A v = (),
This means that
(b0, f10) = (b, Apw) =¥ o A 9 (b, 0) = (b, )
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is an Agol cycle of ¢, with length ¢. The consecutive A; 4 3¢; maximal splittings —Ait3q
are given by Proposition (2) when the i-th block of ¢, is of type B. The maximal
splittings are given by Propositions when the i-th block is of type A or A’.

The proof of the theorem when p is symmetric is left to the reader. O

Example 4.7. We present 2 examples for Agol cycles and their total splitting numbers.

(1) For p = (1,2,1) € Z; asymmetric, an Agol cycle of ¢y, is given by

2 2
(b[n)‘PvP)i\ N ¢p(br,vp)

whose length is 8. The splitting number of each maximal splitting is 1, except for
the first maximal splitting — whose splitting number is 2 (Figure 1)(2)) Hence,
we have N(¢p) =9.

(2) For p=(1,0,1,0,1,1) € Zy asymmetric, an Agol cycle of ¢, is given by

3 3
([’La)‘p”p)Lr LR ¢p(br, vp),

whose length is 10. The splitting number of each maximal splitting is 1, except for

the 2 mixed maximal splittings Lr, whose splitting number is 2 (Figure (1)(2))
Hence, we have N(¢p) = 12.

Theorem 4.8. For p € I, the total splitting number of an Agol cycle of ¢p, is given by We
have N(¢p) = 3 i (Ai(p) +4¢:).

Proof. For each finite sequence of maximal splittings given by Propositions [4.3 and we
compute its total splitting number. For instance, take a finite sequence
i i L 2pi—1 1 34i i~
(b, MY Mfiz)— = — ooyt (by, x)

given by Proposition (1) Counting the large branches with maximal weight in each
maximal splitting, one sees that its total splitting number is 2p; + 4¢;(= A4;(p) + 4¢;). One
can prove the total splitting number of the Agol cycle for ¢, given by Theorem equals
the sum of A;(p) + 4¢; over ¢, that is >, (A;(p) + 4¢;). O

Proof of Theorem[1.3 Theorems [3.4] and [4.8 immediately give the desired statement. [J

5. CONJUGACY CLASSES OF PSEUDO-ANOSOV MAPS IN Fp AND Fp

In the final section we classify conjugacy classes of pseudo-Anosov maps in the semigroups
Fr and Fp. To do this, we define maps 7T : Ng” — N3”, called the shift, and f : Ng” — N3n,
called the flip, as follows. For p = (pn, P, @n, - - -, 01,71, 1) € N3"

T(p) - (pn—lvpiz—h(b’b—h'"7p17p/17q17pn7p;wQ7l)7
f(p) = (p;mpn,%» cee apllvpla C.h)
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The shift 7" permutes by three entries and the flip f interchanges p; and p} for all i €
{1,...,n}. Note that p is symmetric if and only if the flip f preserves p, i.e. f(p) = p. Let
p €I, and t € Z,. We write p ~ t if n =m and T*(p) € {t, f(t)} for some k > 0.

Theorem 5.1. Let p € 7, and t € Z,,,. The following are equivalent.

(1) p~t.
(2) ®p and Py are conjugate in MCG(X1 2).
(3) ¢p and ¢y are conjugate in MCG(Xq5).

Proof. Suppose that p ~ t. This means that T%(p) = t or T*(p) = f(t) for some k > 0. By
the definition of the shift T', ®p and @7 p) (vesp. ¢p and ¢p(p)) are conjugate. Note that
Pp and Py (resp. ¢p and gbf(p)) are also conjugate. In this case, a conjugacy is given
by F' (resp. A), where F': ¥; 9 — X1 2 is the m-rotation along the simple closed curve ¢y

(Figure [2[1)).
Thus the condition (1) implies the conditions (2) and (3).

To see the that (2) implies (1), suppose that ®, and ®; are conjugate in MCG(X; 2). By
Theorem their periodic splitting sequences are combinatorially isomorphic and their
Agol cycle lengths are equal. Notice that by Theorem p is symmetric if and only if ¢
is symmetric. We now prove that p ~ ¢ when both p and ¢t are asymmetric. (The proof
for the symmetric case is analogous.) Let ¢ be the Agol cycle lengths of ®,, and ®;. For
P = PnsDhys Gny---s01,0,q1) € Iy and t = (b, th,, U, ..., t1,t),u1) € I, Theorem (1.2
tells us that

r Pntpl, L3‘1"

pi+py 130
([]7)‘17’%7)4 L BT q)P(b?’Up)?

rtmtty, 1 3Um gty ] S0
— — oo e —N —

(b, Apvy) Dy (b, vy)

form Agol cycles of ®, and ®; respectively. This together with Remark [2.7 implies that
the cyclically ordered sets {(pn + P, 3qn), - - -, (p1 + P4, 3q1)} and {(tm, + €, 3um), ..., (t1 +
t},3u1)} have to be equal. In particular, n = m. Up to the shift 7', we may assume that

(x) p,t € I, satisfy p; + p, =t; + t, and ¢; = u; fori =1,...,n.
The following three cases can occur.

Case 1. p; =t; (and p} =t) fori=1,...,n.
Case 2. p; =t, (and p} =t;) fori =1,...,n.
Case 3. Otherwise,.

In case 1 (resp. case 2) we have p =t (resp. p = f(t)). In both cases it holds p ~ t. We
will later show that case 3 cannot occur.

Claim 1. Let (b, z) be a measured train track in ¥; 2 as in Figure (3) Let h: X192 = X192
be an orientation-preserving diffeomorphism preserving the train track b. Then h(b, x) =
(b,x) or h(b,x) = (b, Jz), where J is the matrix as in Lemma [4.5]
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Proof of Claim 1. Let ¢ : 312 — X1 2 be the hyperelliptic involution, exchanging the two
punctures. Let F': ¥1 9 — 31 2 be the m-rotation as above. Then ¢(b, z) = (b, x), F(b,xz) =
(b, Jx) and F o t(b,x) = (b, Jx). Consider any orientation-preserving diffeomorphism
h : 312 — 312 preserving the train track b. Since large branches are mapped to large
branches under h, we observe that h is either the identity map 1, ¢, F or For =10 F. This
completes the proof.

We turn to case 3. For p € Z,, let v, be the normalized eigenvector of M, given in
Theorem If case 3 occurs, we have sp, + s¢ # 1 by Corollary (2) and s, # s¢ by
Corollary [2.16(3). In particular, v, # Jvy and v, # v. But since by Claim 1, the only
possible diffeomorphisms are 1, ¢, F' or F'ot = ¢ o F, a diffeomorphism h : 312 — ¥ 2 with
h(b,vp) = (b, cvy) for some constant ¢ > 0 cannot exist. The periodic splitting sequences
of @, and ®; are not combinatorially isomorphic because they do not satisfy the condition
(2) in Definition Therefore, ®,, and ®; are not conjugate to each other by Theorem
This contradicts the assumption that ®, and ®; are conjugate. Thus case 3 does not occur
and the condition (2) implies the condition (1).

To see that (3) implies (1), suppose that ¢, and ¢4 are conjugate in MCG(Xy5). For the
2-fold branched cover ¥ 9 — g5 their lifts ¢, and ®4 are conjugate in MCG(X; 2). Then
p ~ t by the above argument. This completes the proof. O
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