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Abstract. We study periodic solutions of the planar Newtonian N -
body problem with equal masses. Each periodic solution traces out a
braid with N strands in 3-dimensional space. When the braid is of
pseudo-Anosov type, it has an associated stretch factor greater than 1,
which reflects the complexity of the corresponding periodic solution. For
each N ≥ 3, Guowei Yu established the existence of a family of simple
choreographies to the planar Newtonian N -body problem. We prove
that braids arising from Yu’s periodic solutions are of pseudo-Anosov
types, except in the special case where all particles move along a circle.
We also identify the simple choreographies whose braid types have the
largest and smallest stretch factors, respectively.

1. Introduction

We consider a periodic solution

z(t) = (z0(t), . . . , zN−1(t)), zi(t) ∈ R2 (i = 0, . . . , N − 1)

of the planar Newtonian N -body problem with equal masses. Let T > 0 be
the period of the solution z(t). We take time to be a third axis orthogonal
to the plane. For each fixed t0 ∈ R, the trajectory of z(t) from t0 to t0 + T
traces a pure braid b(z([t0, t0+T ])) (see Section 2.3). The following question
is a starting point for our study.

Question 1.1 (Montgomery [Mon25] (cf. Moore [Moo93])). Is every pure
braid type with N strands realized by a periodic solution of the planar New-
tonian N -body problem?

See Definition 2.1 for the notion of braid types. Question 1.1 has been re-
solved for N = 3, as shown by Moeckel-Montgomery [MM15], yet it remains
wide open for N ≥ 4.

A simple choreography of the planar N -body problem is a periodic solu-
tion in which all N particles chase each other along a single closed curve.
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Figure 1. (1) The figure-eight solution z(t) with period T .
(2)(3) The primitive braid b := b(z([0, T3 ])) = σ−1

1 σ2. (4) The

braid b3 = (σ−1
1 σ2)

3 represents the braid type of the figure-
eight.

We require that the phase shift between consecutive particles be constant.
If z(t) is a simple choreography with period T , then there exists a cyclic
permutation σ of N elements {0, . . . , N − 1} such that

zi(t+
T
N ) = zσ(i)(t) for i ∈ {0, . . . , N − 1} and t ∈ R.

We call T
N the primitive period of the simple choreography z(t). For any

fixed t0 ∈ R, the trajectory of z(t) from t0 to t0 +
T
N determines a braid

b := b(z
(
[t0, t0 +

T
N ]

)
) that is called a primitive braid of z(t). We call its

braid type the primitive braid type of z(t) (see Figure 1).
Applying the Nielsen-Thurston classification of surface automorphisms

[Thu88], we classify braids into three types: periodic, reducible, and pseudo-
Anosov. For a braid of pseudo-Anosov type, there is an associated stretch
factor greater than 1, which is a conjugacy invariant of the braid (see Sec-
tion 2.2). We use stretch factors as a measure of the complexity of periodic
solutions to the planar N -body problem.

For each integer N ≥ 3, let us set

ΩN = {ω = (ω1, . . . , ωN−1) | ωi ∈ {1,−1} for i ∈ {1, . . . , N − 1}}.
The main theorem of this paper is as follows.

Theorem 1.2. For each N ≥ 3 and ω = (ω1, . . . , ωN−1) ∈ ΩN , there
exists a simple choreography of the planar Newtonian N -body problem whose
primitive braid type is given by the braid σω1

1 σω2
2 · · ·σωN−1

N−1 . In particular, the

braid type of the simple choreography is given by (σω1
1 σω2

2 · · ·σωN−1

N−1 )N , and
it is a pseudo-Anosov type if ω is neither (1, 1, . . . , 1) nor (−1,−1, . . . ,−1).
Otherwise, the braid type of the simple choreography is periodic.

See Figure 5(1) in Section 2.1 for the generator σi of the braid group. In
2017, Guowei Yu established the existence of a simple choreography zω(t) =

(zi(t))
N−1
i=0 for each ω ∈ ΩN to the planar Newtonian N -body problem with
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Figure 2. The closed curve obtained from the simple
choreography zω(t) in the case N = 4 and ω = (1,−1,−1).
Thick arrows illustrate the trajectory of the 0th particle z0(t)
from t = 0 to N

2 = 2.

equal masses [Yu17]. The period of the periodic solution zω(t) is N , and
zω(t) fulfills

zi(t) = z0(t+ i) for t ∈ R and i ∈ {0, 1, . . . , N − 1}.
Moreover, the closed curve on which N particles travel is symmetric with
respect to the x-axis. The element ω = (ωi)

N−1
i=1 ∈ ΩN determines the

shape of the closed curve (Figure 2). See Section 3 for more details. We
will prove that the periodic solution zω(t) by Yu satisfies the statement of
Theorem 1.2.

The figure-eight solution of the planar 3-body problem [CM00] has the
same braid type as the simple choreography zω(t) in the case ω = (1,−1)
(Example 4.2). The super-eight solution of the planar 4-body problem
[KZ03, Shi14] and the simple choreography zω(t) for ω = (1,−1, 1) have
the same braid type (Corollary 4.3). See Figure 3.

Figure 3. The super-eight of the planar 4-body problem.

To state the next result, we define ωmax,ωmin ∈ ΩN as follows.

ωmax := ((−1)i−1)N−1
i=1 = (1,−1, . . . , (−1)N−2).

ωmin := (ωi)
N−1
i=1 ,

where ωi =

{
1 for i = 1, . . . , ⌊N2 ⌋
−1 for i = ⌊N2 ⌋+ 1, . . . , N − 1.

The simple choreography zωmax(t) travels a chain made of N − 1 loops. On
the other hand, zωmin(t) moves on a figure-eight curve and approximately
half of the N particles stay on each loop at every time. See Figure 4.

Theorem 1.3. Among all ω ∈ ΩN except for the two elements (1, 1, . . . , 1)
and (−1,−1, . . . ,−1), the simple choreography zω(t) whose braid type having
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(1) zω(t) for ω = ωmax.

(2) zω(t) for ω = ωmin.

Figure 4. Simple choreographies zω(t) in the case N = 19.
The dots denote the initial condition. The arrows indicate
the trajectory of zω(t) from t = 0 to 1

2 .

the largest stretch factor is realized by ωmax, while the one whose braid type
having the smallest stretch factor is realized by ωmin.

A multiple choreography of the planar N -body problem is a periodic so-
lution such that particles travel on k different closed curves for some k > 1.
In [Shi06], the third author established the existence of a family of multiple
choreographies to the planar Newtonian 2N -body problem. These periodic
solutions have pseudo-Anosov braid types whose stretch factors are qua-
dratic irrational [KKS23]. In this sense, the multiple choreographies given
in [Shi06] have an algebraic restriction from view points of pseudo-Anosov
stretch factors. On the other hand, simple choreographies in Theorem 1.2
do not have such a restriction. In particular, the simple choreography zω(t)
in the case ω = (−1, 1, 1) gives us the following result.

Corollary 1.4. There exists a simple choreography of the planar Newtonian
4-body problem whose primitive braid type is given by the pseudo-Anosov
braid σ1σ

−1
2 σ−1

3 . The primitive braid type of the simple choreography has
the stretch factor ≈ 2.2966 which is the largest real root of the polynomial
t4 − 2t3 − 2t+ 1 with degree 4.

For other periodic solutions that have been proven to exist, see, for ex-
ample, [Che03a,Che03b,Che08,FT04]. See also [Sim01,DPK+03, ŠD13] for
periodic solutions that have been obtained numerically.

The organization of the paper is as follows. In Section 2, we recall basic
results on the braid groups and mapping class groups. In Section 3, we
review the simple choreographies by Yu. Section 4 and Section 5 contain
the proofs of results and the conclusion in this paper.

Acknowledgment. The second author would like to express her deep grati-
tude to Prof. Masaya Yamaguti, whose words have long guided her approach
to mathematics: “Mathematics is not meant only for geniuses.” “What mat-
ters is not whether one has a talent for mathematics, but rather to consider
what we ought to do now, and what is most important at this very moment.
As long as we keep that in mind, we can move forward without fear.”
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2. Preliminaries

2.1. Braid groups and mapping class groups. We review the basics of
the braid groups. See also [Bir74, Chapters 1, 4]. Let Bn be the braid group
of n strands generated by σ1, . . . , σn−1. The group Bn has the following
presentation.

Bn =

〈
σ1, . . . , σn−1

∣∣∣∣ σiσj = σjσi if |i− j| > 1
σiσjσi = σjσiσj if |i− j| = 1

〉
The generator σi corresponds to a geometric braid as in Figure 5(1). There
is a surjective homomorphism

(2.1) ŝ : Bn → Sn

from Bn to the symmetry group Sn of n elements sending each σj to the
transposition (j, j + 1). The kernel of ŝ is called the pure braid group Pn <
Bn. An element of Pn is called a pure braid.

1 i i+1

(1) (2)

n

(3)

si

i i+11 n

∞

n

Figure 5. (1) σi ∈ Bn. (2) hi = Γ(σi) ∈ MCG(Dn). (3) Σ0,n+1.

Let Z(Bn) be the center of the n-braid group Bn. The subgroup Z(Bn)
is an infinite cyclic group generated by the full twist ∆2 ∈ Bn ([Bir74,
Corollary 1.8.4]), where ∆ ∈ Bn is the half twist that is defined by

∆ = (σ1σ2 . . . σn−1)(σ1σ2 . . . σn−2) . . . (σ1σ2)σ1.

Note that ∆2 is obtained by rotating the set of n points one full revolution.
Let Σ be an orientable, connected surface, possibly with punctures and

boundary. The mapping class group MCG(Σ) of Σ is the group of iso-
topy classes of orientation preserving homeomorphisms of Σ which preserve
the punctures and boundary setwise. Let Σg,n be an orientable, connected
surface of genus g and n punctures. In this paper, we consider the map-
ping class groups of an n-punctured disk Dn and an n-punctured sphere
Σ0,n. The group MCG(Dn) is generated by h1, . . . , hn−1, where hi is the
right-handed half twist about a segment si connecting the ith puncture and
i+1th puncture, i.e., hi interchanges the ith puncture and i+1th puncture
as in Figure 5(2). A relation between Bn and MCG(Dn) is given by the
following surjective homomorphism

(2.2) Γ : Bn → MCG(Dn)

which sends σi to hi for each i ∈ {1, . . . , n−1}. The kernel of Γ is the center
Z(Bn) of Bn.
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Definition 2.1. The braid type ⟨b⟩ of a braid b ∈ Bn is the conjugacy class
of Γ(b) in MCG(Dn). Since MCG(Dn) is isomorphic to Bn/Z(Bn), the braid
type ⟨b⟩ can be identified with a conjugacy class in Bn/Z(Bn). We may call
the braid type of a pure braid the pure braid type.

2.2. Nielsen-Thurston classification. We assume that 3g − 3 + n ≥ 1.
According to the Nielsen-Thurston classification of surface automorphisms
[Thu88], elements of MCG(Σg,n) are classified into three types: periodic,
reducible and pseudo-Anosov as we recall now. A mapping class ϕ ∈
MCG(Σg,n) is periodic if ϕ is of finite order. A simple closed curve C in
Σg,n is essential if it is not homotopic to a point (possibly a point corre-
sponding to a puncture). A mapping class ϕ ∈ MCG(Σg,n) is reducible if
there is a collection of mutually disjoint and non-homotopic essential simple
closed curves C1, . . . , Cj in Σg,n (possibly j = 1) such that C1 ∪ · · · ∪ Cj is
preserved by ϕ. Notice that there is a mapping class that is periodic and
reducible. A mapping class ϕ ∈ MCG(Σg,n) is pseudo-Anosov if ϕ is neither
periodic nor reducible. The Nielsen-Thurston type is a conjugacy invariant,
i.e., two mapping classes are conjugate to each other in MCG(Σg,n), then
their Nielsen-Thurston types are the same.

We review properties of pseudo-Anosov mapping classes. For more de-
tails, see [FLP79, FM12, Boy94]. A homeomorphism Φ : Σg,n → Σg,n is a
pseudo-Anosov map if there exist a constant λ = λ(Φ) > 1 and a pair of
transverse measured foliations (F+, µ+) and (F−, µ−) so that Φ preserves
both foliations F+ and F−, and it contracts the leaves of F− by 1

λ and it
expands the leaves of F+ by λ. More precisely, Φ fulfills

Φ((F+, µ+)) = (F+, λµ+) and Φ((F−, µ−)) = (F−, 1λµ
−).

The constant λ > 1 is called the stretch factor of Φ. For each pseudo-Anosov
mapping class ϕ ∈ MCG(Σg,n), there exists a pseudo-Anosov homeomor-
phism Φ : Σg,n → Σg,n that is a representative of ϕ. The stretch factor λ(ϕ)
of ϕ is defined by λ(ϕ) = λ(Φ), and it is a conjugacy invariant of pseudo-
Anosov mapping classes. We understand that stretch factors measure the
complexity of pseudo-Anosov mapping classes.

A square matrix M with nonnegative integer entries is Perron-Frobenius
if some power of M is a positive matrix. In this case, the Perron-Frobenius
theorem [Sen06, Theorem 1.1] tells us that M has a real eigenvalue λ(M) >
1 which exceeds the moduli of all other eigenvalues. We call λ(M) the
Perron-Frobenius eigenvalue. It is known that the stretch factor λ(ϕ) of
a pseudo-Anosov mapping class ϕ is the largest eigenvalue of a Perron-
Frobenius matrix, that is λ(ϕ) is a Perron number. Observe that if ϕ is a
pseudo-Anosov mapping class, then ϕk is pseudo-Anosov for all k ≥ 1, and
it holds

(2.3) λ(ϕk) = (λ(ϕ))k.

We recall the homomorphism Γ : Bn → MCG(Dn) as in (2.2). Collapsing
the boundary of the disk to a point ∞ in the sphere, we obtain the n + 1-
punctured sphere Σ0,n+1 (see Figure 5(3)) and a homomorphism

c : MCG(Dn) → MCG(Σ0,n+1).
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We may identify a mapping class Γ(b) ∈ MCD(Dn) for b ∈ Bn with c(Γ(b)) ∈
MCG(Σ0,n+1). We say that a braid b ∈ Bn is periodic (resp. reducible,
pseudo-Anosov) if the mapping class c(Γ(b)) is of the corresponding type.
When b is pseudo-Anosov, its stretch factor λ(b) is defined by the stretch
factor of the pseudo-Anosov mapping class c(Γ(b)). In this case, it makes
sense to say that the braid type ⟨b⟩ is pseudo-Anosov, since the Nielsen-
Thurston type is a conjugacy invariant. The stretch factor λ(⟨b⟩) of the
braid type ⟨b⟩ can be defined by λ(⟨b⟩) = λ(b).

2.3. Braids as particle dances. We consider the motion of N points in
the plane R2

z(t) = (z0(t), . . . , zN−1(t)), zi(t) ∈ R2 (i = 0, . . . , N − 1)

where zi(t) ∈ R2 is the position of the ith point at t ∈ R. We assume the
following conditions.

• (collision-free) zi(t) ̸= zj(t) for i ̸= j and t ∈ R.
• (periodicity) There exists T > 0 such that

{z0(t), . . . , zN−1(t)} = {z0(t+ T ), . . . , zN−1(t+ T )} for t ∈ R.

We take time to be a third axis orthogonal to the plane. Fixing t0 ∈ R, we
have mutually disjoint N curves

[t0, t0 + T ] → R2 × R
t 7→ (zi(t), t).

The union of the curves forms a braid, denoted by b(z([t0, t0 + T ])). Such a
braid is sometimes referred to as a particle dance.

We turn to a periodic solution z(t) = (z0(t), . . . , zN−1(t)) of the planar
Newtonian N -body problem. Suppose that the periodic solution z(t) has a
period T , that is T is the smallest positive number such that zi(t) = zi(t+T )
for all i = 0, . . . , N − 1 and t ∈ R. Choosing any t0 ∈ R, we obtain a pure
braid b(z([t0, t0+T ])) withN strands that obviously depends on the choice of
t0. Although the set of base points {z0(t0), . . . , zN−1(t0)} of b(z([t0, t0+T ]))
does not necessarily lie along a straight line in the plane, it still makes sense
to consider its braid type

〈
b(z([t0, t0+T ]))

〉
. See [KKS23, Section 3.1]. Such

a braid type
〈
b(z([t0, t0 + T ]))

〉
does not depend on the choice of t0 and we

call it the braid type of the periodic solution z(t).
Suppose that z(t) is a simple choreography with period T of the planar

Newtonian N -body problem. Choosing any t0 ∈ R, we have

{z0(t0), . . . , zN−1(t0)} = {z0(t0 + T
N ), . . . , zN−1(t0 +

T
N )},

and we obtain a braid b := b(z
(
[t0, t0 +

T
N ]

)
) as a particle dance. We call

T
N the primitive period of the simple choreography z(t) and call the braid

b(z
(
[t0, t0+

T
N ]

)
) a primitive braid of z(t). Its braid type

〈
b(z

(
[t0, t0+

T
N ]

)
)
〉

is called the primitive braid type of the simple choreography z(t). Clearly,
the Nth powers bN of the primitive braid b equals b(z([t0, t0 + T ])), and bN

represents the braid type
〈
b(z([t0, t0 + T ]))

〉
of the periodic solution z(t).
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2.4. Compositions of integers. A composition of a positive integer n is
a representation of n as a sum of positive integers. For example, there are
four compositions of 3:

3 = 3, 3 = 1 + 2, 3 = 2 + 1, 3 = 1 + 1 + 1.

(There is another notion ‘partition’ of a positive integer. A partition of n is
a representation of n as a sum of positive integers, where the order of the
summands is not taken into account.)

A composition of n is written by a (k + 1)-tuple m = (m1, · · · ,mk+1) of

positive integers mi with n =
∑k+1

i=1 mi and k ≥ 0. Let Ψn denote the set of
all compositions of n. For example, Ψ3 consists of the four compositions

(3), (1, 2), (2, 1), (1, 1, 1).

The cardinality of the set Ψn is 2n−1. To see this, consider n circles.

◦1 ◦2 ◦3 · · · ◦n

There are n−1 spaces between them. In each space, one can choose to place
a bar or leave it empty. There exist 2n−1 possible ways to place the bars,
and each configuration corresponds to a composition of n. This means that
the number of compositions of n is 2n−1. For example, the four compositions
of 3 are written by

(2.4) ◦ ◦ ◦ ↔ (3), ◦| ◦ ◦ ↔ (1, 2), ◦ ◦ |◦ ↔ (2, 1), ◦| ◦ |◦ ↔ (1, 1, 1)

We turn to another set that is related to compositions of integers. Recall
the set ΩN as in Section 1. Given an integer N ≥ 3, let Ω+

N denote the set
of all elements ω = (ω1, . . . , ωN−1) ∈ ΩN whose first component ω1 is 1:

Ω+
N := {ω = (ω1, . . . , ωN−1) ∈ ΩN | ω1 = 1}.

Lemma 2.2. There is a bijection Θ : ΨN−1 → Ω+
N .

Proof. We represent a compositionm ∈ ΨN−1 by usingN−1 circles together
with bars. We now define Θ(m) = (ω1 = 1, ω2 . . . , ωN−1). For each i ∈
{1, . . . , N −1}, we replace the ith circle with 1 or −1 which indicates ωi = 1
or ωi = −1 as we explain now. We set ω1 = 1. Suppose that we have
replaced the ith circle with 1 or −1. (Then ωi is determined.) If there
is a bar between ith circle and (i + 1)th circle, then we set ωi+1 = −ωi.
Otherwise, we set ωi+1 = ωi. In other words, if m = (m1, . . . ,mk+1) is an
element of ΨN−1, then

Θ(m) = (1, . . . , 1︸ ︷︷ ︸
m1

,−1, . . . ,−1︸ ︷︷ ︸
m2

, . . . , (−1)k, . . . , (−1)k︸ ︷︷ ︸
mk+1

) ∈ Ω+
N .

Clearly, Θ : ΨN−1 → Ω+
N is injective. To see Θ : ΨN−1 → Ω+

N is surjective,

we take any ω = (ω1 = 1, ω2, . . . , ωN−1) ∈ Ω+
N . By applying the reverse

operation, one can determine a composition mω ∈ ΨN−1 so that Θ(mω) =
ω. This completes the proof. □
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For example, the bijection Θ : Ψ3 → Ω+
4 is described as follows.

Θ : Ψ3 → Ω+
4

◦ ◦ ◦ 7→ (1, 1, 1),

◦| ◦ ◦ 7→ (1,−1,−1),

◦ ◦ |◦ 7→ (1, 1,−1),

◦| ◦ |◦ 7→ (1,−1, 1).

We write the n-tuple (1, 1, · · · , 1) ∈ Ψn correspoinding to the composition
n = 1 + 1 + · · ·+ 1 as 1n.

Example 2.3. Consider the bijection Θ : ΨN−1 → Ω+
N .

(1) The image of 1N−1 under Θ is

Θ(1N−1) = ((−1)i−1)N−1
i=1 = (1,−1, . . . , (−1)N−2).

(2) The image of the composition (N − 1) under Θ is (1, 1, . . . , 1).

2.5. Braids associated with compositions of integers. We introduce
braids αω, eω, oω for each ω ∈ ΩN and βm for each composition m ∈ ΨN−1.
We first define an N -braid αω for ω = (ω1, . . . , ωN−1) as follows.

(2.5) αω := σω1
1 σω2

2 · · ·σωN−1

N−1 .

Notice that the Nth power αN
ω of αω is a pure braid. We next define N -

braids eω and oω as follows:

(2.6) eω :=
∏

i∈{1,...,N−1}
i even

σωi
i , oω :=

∏
i∈{1,...,N−1}

i odd

σωi
i .

Example 2.4. For each ω ∈ Ω7, we demonstrate that eωoω is conjugate
to αω in B7. Recall that the braid group has a relation σiσj = σjσi if
|i− j| > 1. We set b0 := e−1

ω (eωoω)eω = oωeω. Then we have

b0 = oω · eω = σω5
5 σω3

3 σω1
1 · σω6

6 σω4
4 σω2

2 = (σω5
5 σω6

6 )(σω3
3 σω4

4 σω1
1 σω2

2 ).

Set b1 := (σω5
5 σω6

6 )−1b0(σ
ω5
5 σω6

6 ). We have

b1 = (σω3
3 σω4

4 σω1
1 σω2

2 )(σω5
5 σω6

6 ) = (σω3
3 σω4

4 σω5
5 σω6

6 )(σω1
1 σω2

2 ).

Set b2 := (σω3
3 σω4

4 σω5
5 σω6

6 )−1b1(σ
ω3
3 σω4

4 σω5
5 σω6

6 ) that is of the form

b2 = σω1
1 σω2

2 σω3
3 σω4

4 σω5
5 σω6

6 = αω.

Thus, eωoω, b0, b1, and b2 = αω are conjugate to each other in B7.

The following lemma is used in the proof of Theorem 4.1.

Lemma 2.5. For each ω ∈ ΩN , the braids eωoω and αω are conjugate to
each other in the N -braid group BN . In particular, (eωoω)

n is conjugate to
(αω)

n in BN for each n ≥ 1.

Proof. In the same manner as in Example 2.4, one can show that eωoω is
conjugate to αω in BN . Take an N -braid h so that eωoω = hαωh

−1. Then
we have (eωoω)

n = (hαωh
−1)n = h(αω)

nh−1. This completes the proof. □
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We define a map (anti-homomorphism)

rev : Bn → Bn

σµ1
i1
σµ2
i2

· · ·σµk
ik

7→ σµk
ik

· · ·σµ2
i2
σµ1
i1
, µj = ±1.

The image of αω = σω1
1 σω2

2 · · ·σωN−1

N−1 under the map rev is given by

rev(αω) = σ
ωN−1

N−1 · · ·σω2
2 σω1

1 .

Lemma 2.6. For each ω ∈ ΩN , αω is conjugate to rev(αω) in BN .

Proof. Suppose that N = 3. For each ω ∈ Ω3, we have αω = σω1
1 σω2

2 and
rev(αω) = σω2

2 σω1
1 . Clearly, the statement follows in this case.

Suppose that N = 4. For each ω ∈ Ω4, we have αω = σω1
1 σω2

2 σω3
3 and

rev(αω) = σω3
3 σω2

2 σω1
1 . First, we consider the braid b0 := σ−ω3

3 (rev(αω))σ
ω3
3 .

Then we have

b0 = σ−ω3
3 (σω3

3 σω2
2 σω1

1 )σω3
3 = σω2

2 σω1
1 σω3

3 = σω2
2 σω3

3 σω1
1 .

Next, we consider the braid b1 := (σω2
2 σω3

3 )−1b0(σ
ω2
2 σω3

3 ). It is written by
b1 = σω1

1 σω2
2 σω3

3 = αω. Hence rev(αω), b0 and αω are conjugate to each
other in B4.

In the same argument as above, one can verify the statement of general
N . We leave the rest of the proof to the reader. □

We turn to the definition of the braid βm. Let m = (m1, . . . ,mk+1) be
a (k + 1)-tuple of positive integers with k ≥ 0. Let βm = β(m1,...,mk+1)

denote the braid with (1 +
∑k+1

i=1 mi) strands as in Figure 6. If we set

N := 1 +
∑k+1

i=1 mi, then
∑k+1

i=1 mi = N − 1 and m is a composition of the
integer N − 1.

Observe that if k = 0 and m = (N − 1) ∈ ΨN−1, then

βm = β(N−1) = σ1σ2 · · ·σN−1.

Here are some examples written by Artin generators: β(3,2) = σ1σ2σ3σ
−1
4 σ−1

5 ∈
B6, β(1,1,1,1,1) = σ1σ

−1
2 σ3σ

−1
4 σ5 ∈ B6. See Figure 6.

Lemma 2.7. If m = (N − 1) ∈ ΨN−1, then βm is a periodic braid.

Proof. If m = (N −1), then (βm)N = (σ1σ2 · · ·σN−1)
N equals the full twist

∆2 corresponding to the identity element in the group BN/Z(BN ). Hence
βm is a periodic braid. □

2.6. Stretch factors of pseudo-Anosov braids. In this section, we study
the stretch factor of the braid βm when it is of pseudo-Anosov type. To do
this, let f(t) be an integral polynomial of degree d. The reciprocal of f(t),
denoted by f∗(t), is defined by

(2.7) f∗(t) = tdf(1t ).

The following result gives a recursive formula for the stretch factor of βm.

Theorem 2.8. Let m = (m1, . . . ,mk+1) be a (k + 1)-tuple of positive in-
tegers. If k > 0, then the braid βm is pseudo-Anosov. The stretch factor
λm = λ(m1,...,mk+1) of βm is the largest real root of the polynomial

Fm(t) = F(m1,...,mk+1)(t) := tmk+1R(m1,...,mk)(t) + (−1)k+1R(m1,...,mk)∗(t),
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(1) (2) (3)

2 2 3 3 2

(4)

1 1 1 1 1

Figure 6. (1) βm = β(m1,...,mk+1). (2) β(2,2,3). (3) β(3,2). (4) β(1,1,1,1,1).

where R(m1,...,mi)(t) is defined recursively as follows:

R(m1)(t) := tm1+1(t− 1)− 2t,

R(m1,...,mi)(t) := tmi(t− 1)R(m1,...,mi−1)(t) + (−1)i2tR(m1,...,mi−1)∗(t).

See Proposition 4.1, Theorem 1.2 in [KT08] for the proof of Theorem 2.8.
The next lemma explains a relation between braids αω (see (2.5)) and βm.

Lemma 2.9. Let Θ : ΨN−1 → Ω+
N be the bijection as in Lemma 2.2. Then

the identity βm = αΘ(m) holds for each m ∈ ΨN−1. Moreover, βm is
pseudo-Anosov if and only if m ̸= (N − 1).

Proof. The former statement is immediate by the definitions of αω and βm.
For the latter statement, we represent a composition m ∈ ΨN−1 by a (k+1)-
tuple m = (m1, . . . ,mk+1) of positive integers with k ≥ 0 and N − 1 =∑k+1

i=1 mi. By Lemma 2.7 and Theorem 2.8, βm is pseudo-Anosov if and
only if k > 0, equivalently m ̸= (N − 1). □

For convenience of the readers, we explain how to compute the stretch
factor λm of the pseudo-Anosov braid βm. For more details, see [KT08].

How to compute λm. We take a composition m = (m1, . . . ,mk+1) ∈ ΨN−1

with k > 0. Theorem 2.8 tells us that c(Γ(βm)) ∈ MCG(Σ0,N+1) is a pseudo-
Anosov mapping class. We identify βm with c(Γ(βm)). We view an N + 1-
punctured sphere Σ0,N+1 as a sphere with mi +1 marked points Xi circling
an unmarked point ui for each i ∈ {1, . . . , k + 1} and a single marked point
∞ (corresponding to ∂D). Note that |Xi| = 1+mi for each i ∈ {1, . . . , k+1}
and |Xj ∩Xj+1| = 1 for each j ∈ {1, . . . , k}. See Figure 7(1).

We choose a finite graph Gm ⊂ Σ0,N+1 that is homotopy equivalent to
the N + 1-punctured sphere. The graph Gm has N loop edges, each of
which encircles a puncture (a marked point), and N + k non-loop edges.
See Figure 7(2). Let P be the set of N loop edges of Gm. The graph Gm

has N + k + 1 vertices. For each loop edge, there is a vertex of degree 3
or 4. The unmarked point ui corresponds to a vertex of degree 1 +mi for
i ∈ {1, . . . , k + 1}.

Given a mapping class ψ ∈ MCG(Σ0,N+1), one can pick an induced graph
map g : Gm → Gm (see [BH95, Section 1]). We require that g sends vertices
to vertices, edges to edge paths and satisfies g(P ) = P . We may suppose
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u
1

u2
u3

1

2

3

4 5 6

7
8

X1 X2 X3

(1)

u
1

u2

u3

(2)

∞

∞

1

2

3

4 5

6

7

8

Figure 7. Case N = 8, k = 2 and m = (m1,m2,m3) =
(2, 3, 2) ∈ Ψ7. (1) N +1-marked points in the sphere. (Small
circles indicate marked points (punctures).) (2) The graph
Gm. (Each loop edge encircles a marked point. In this case,
Gm has 8 loop edges and 10 non-loop edges.)

that g has no backtracks, i.e., g maps each oriented edge of Gm to an edge
path which does not contain an oriented edge e followed by the reverse
edge e of the oriented edge e. Then the graph map g defines an N + k by
N + k transition matrix M with respect to the N + k non-loop edges. More
precisely, for r, s ∈ {1, . . . , N + k} the rs-entry Mrs is the number of times
that the g-image of the sth edge runs the rth edge in either direction. We
say that g : Gm → Gm is efficient if gn : Gm → Gm has no backtracks for
all n > 0.

We now define ϕm ∈ MCG(Σ0,N+1). We will see in (2.8) that βm and
ϕm are conjugate in MCG(Σ0,N+1). Let fi = fm,i : Σ0,N+1 → Σ0,N+1 be a
homeomorphism such that fi rotates the marked points of Xi counterclock-
wise around ui if i is odd, and fi rotates the marked points of Xi clockwise
around ui if i is even. See Figure 8(1)(2). Define ϕi = [fi] ∈ MCG(Σ0,N+1).
Figure 8(3)(4) illustrates the N -braid bi = bm,i such that ϕi = c(Γ(bi)). We
set ϕm = ϕk+1◦· · ·◦ϕ2◦ϕ1. (c.f. [KT08, Figure 3] for ϕm = ϕ(4,2,1).) Recall
that rev : Bn → Bn is the map as in Section 2.5. By definitions of fi and
βm (see Figure 6), we can verify that ϕm is of the form

ϕm = rev(βm) ∈ MCG(Σ0,N+1).

For example, when N = 5, k = 1 and m = (2, 2) ∈ Φ4, we have

ϕm = ϕ2 ◦ ϕ1 = σ−1
4 σ−1

3 · σ2σ1 = rev(σ1σ2σ
−1
3 σ−1

4 ) = rev(β(2,2)).

Let Θ : ΨN−1 → Ω+
N be the bijection as in Lemma 2.2. Then βm = αΘ(m)

by Lemma 2.9. Moreover αΘ(m) and rev(αΘ(m)) are conjugate in BN by
Lemma 2.6. As a consequence, one sees that
(2.8)
ϕm(= rev(βm) = rev(αΘ(m))) and βm are conjugate in MCG(Σ0,N+1).

The mapping class ϕi = [fi] for i ∈ {1, . . . , k + 1} induces a graph map
gi = gm,i : Gm → Gm which has no backtracks as shown in Figure 8(5)(6).
We denote by Mi = Mm,i, the transition matrix of gi (with respect to the
N + k non-loop edges). The composition

(2.9) gm := gk+1 ◦ · · · ◦ g2 ◦ g1 : Gm → Gm
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(1)

u
i

u
i

(5)

(2)

u
iu

i

(6)

i odd i odd

i even i even

i1

i2

i3

i1

i2

i3

i'1

i'2

i'3

i'1

i'2

i'3

i1

i2

i3

i1

i2

i3

(3)

(4)

i odd

i even

1 i Ni1 2 i3

1 i Ni1 2 i3

Figure 8. Case mi = 2. (1)(2) fi : Σ0,N+1 → Σ0,N+1 when
i is odd/even. (3)(4) The braid bi corresponding to ϕi when
i is odd/even. (5)(6) gi : Gm → Gm when i is odd/even.

is an induced graph map of ϕm. By the induction on k, one can show that
gm : Gm → Gm has no backtracks. This implies that the transition matrix
of gm with respect to the non-loop edges is given by

Mm :=Mk+1 · · · ·M2 ·M1.

It is proved in [KT08] thatMm is a Perron-Frobenius matrix. Moreover one
can show that gm : Gm → Gm is efficient. As a consequence of Bestvina-
Handel algorithm [BH95], the Perron-Frobenius eigenvalue λ(Mm) of Mm

equals the stretch factor λ(ϕm) of ϕm. By (2.8), ϕm is conjugate to βm in
MCG(Σ0,N+1). We obtain

(2.10) λm(= λ(βm)) = λ(Mm).

The Perron-Frobenius eigenvalue λ(Mm) gives the stretch factor λm. □

Fixing N ≥ 3, let YN be the set of braids βm over all m ∈ ΨN−1.

YN := {βm | m = (m1, . . . ,mk+1) ∈ ΨN−1 with k ≥ 0} ⊂ BN .

By Lemma 2.9, all braids βm in YN except the case m = (N − 1) are
pseudo-Anosov. By Lemma 2.2, YN can be written by

(2.11) YN = {αω | ω ∈ Ω+
N}.

The following result identifies the braids in YN with the largest and smallest
stretch factor, respectively.

Theorem 2.10. Among all braids in YN \ {β(N−1)}, the braid β1N−1 =
β(1,1,...,1) realizes the largest stretch factor, while the smallest stretch factor
is realized by β(n,n) if N = 2n+1, and by β(n−1,n) (and β(n,n−1)) if N = 2n.

To prove Theorem 2.10, we need the following results.

Proposition 2.11 (Proposition 1.1 in [KT08]). For k > 0, we consider (k+
1)-tuples of positive integers m = (m1, . . . ,mk+1) and m′ = (m′

1, . . . ,m
′
k+1).
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Suppose that m′
i = mi + 1 for some i and m′

j = mj if j ̸= i. Then we have
λm′ < λm.

Using Proposition 2.11 repeatedly, we obtain the following.

Corollary 2.12. For k > 0, we consider (k + 1)-tuples of positive integers
m = (m1, . . . ,mk+1) and m′ = (m′

1, . . . ,m
′
k+1). Suppose that mj ≤ m′

j for

all j. Then we have λm′ ≤ λm. The equality holds if and only if m = m′,
i.e., mj = m′

j for all j.

Proposition 2.13. For k > 0, we consider a (k + 1)-tuple of positive in-
tegers m = (m1, . . . ,mk+1) and a (k + 2)-tuple of positive integers m′ =
(m′

1, . . . ,m
′
k+1,m

′
k+2). We assume that m′ is of the form

m′ = (m1, . . . ,mk+1,m
′
k+2),

i.e., mj = m′
j for all j = 1, . . . , k + 1. Then we have λm < λm′.

Proof. Consider the graph maps gm : Gm → Gm and gm′ : Gm′ → Gm′

as in (2.9). Note that Gm is a subgraph of Gm′ by the assumption on m′.
Let Mm and Mm′ be the transtion matrices of gm and gm′ , respectively.
Let λ(Mm) and λ(Mm′) be the corresponding Perron-Frobenius eigenvalues.
By (2.10), it is enough to prove that λ(Mm) < λ(Mm′). Under the suitable
labeling of non-loop edges of Gm′ , the matrix Mm′ can be written by

Mm′ =

[
Mm A
B C

]
,

where A,B and C are block matrices with nonnegative integer entries and
C is a square matrix. Assume that A = 0 and B = 0. Then any power
Mk

m′ ofMm′ is not a positive matrix, which contradicts the fact thatMm′ is
Perron-Frobenius. Hence, either A or B is a non-zero matrix. Consider the

square matrix D with the same size as Mm′ of the form D =

[
Mm 0
0 0

]
.

Then D ̸=Mm′ since either A or B is a non-zero matrix. Since A,B,C ≥ 0,
we have 0 ≤ D ≤Mm′ , i.e., 0 ≤ Dst ≤ (Mm′)st for each st-entry. Then the
Perron-Frobenius theorem ([Sen06, Theorem 1.1(e)]) tells us that if λ is an
eigenvalue of D, then |λ| < λ(Mm′). Thus, we obtain λ(Mm) < λ(Mm′).
This completes the proof. □

Proof of Theorem 2.10. We consider the braid βm associated with a (k+1)-
tuple m = (m1, . . . ,mk+1). Suppose that m is a composition of N − 1.
Clearly, k+ 1 ≤ N − 1 and βm = β(m1,...,mk+1) ∈ YN . By Corollary 2.12, we
have the inequality

(2.12) λ(β(m1,...,mk+1)) ≤ λ(β1k+1
) for all integers m1, . . . ,mk+1 ≥ 1.

The equality holds if and only if m = 1k+1. The inequalities k+ 1 ≤ N − 1
and (2.12) together with Proposition 2.13 tell us that

λ(β(m1,...,mk+1)) ≤ λ(β1k+1
) ≤ λ(β1N−1).

Thus, β1N−1 ∈ YN realizes the largest stretch factor.
Next, we turn to the braid in YN with the smallest stretch factor. Let

β(m1,...,mk+1,m) be the braid associated with a (k+2)-tuple (m1, . . . ,mk+1,m).
Suppose this (k+2)-tuple is a composition of N −1. Then β(m1,...,mk+1,m) ∈
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YN . Note that the braid β(m1,...,mk,mk+1+m) associated with the (k+1)-tuple
(m1, . . . ,mk,mk+1 +m) ∈ ΨN−1 is also an element of YN . Proposition 2.13
tells us that

(2.13) λ(β(m1,...,mk,mk+1)) < λ(β(m1,...,mk,mk+1,m)).

By Corollary 2.12, we have

(2.14) λ(β(m1,...,mk,mk+1+m)) < λ(β(m1,...,mk,mk+1)).

By (2.13) and (2.14), the stretch factor of β(m1,...,mk,mk+1+m) ∈ YN is smaller
than that of β(m1,...,mk,mk+1,m) ∈ YN . This means that for the braid with
the smallest stretch factor, it is enough to consider elements βm ∈ YN
associated with the compositions m ∈ ΨN−1 of the form m = (m,n). The
inverse β−1

(m,n) of β(m,n) satisfies ∆β−1
(m,n)∆

−1 = β(n,m), where ∆ is the half

twist. Hence β−1
(m,n) and β(n,m) are conjugate in BN . In particular, we have

λ(β−1
(m,n)) = λ(β(n,m)). Since a pseudo-Anosov braid b and its inverse b−1

have the same stretch factor, we conclude that

λ(β(m,n)) = λ(β−1
(m,n)) = λ(β(n,m)).

(The equality λ(β(m,n)) = λ(β(n,m)) also follows from Lemma 3.12.) Hence,
we restrict our attention to the pairs (m,n) with m ≤ n. The following
inequalities are proved in [HK06, Proposition 3.33].

λ(β(n,n)) < λ(β(n−k,n+k)) for k = 1, 2, . . . , n− 1,

λ(β(n−1,n)) < λ(β(n−k−1,n+k)) for k = 1, 2, . . . , n− 2.

Thus, if N = 2n + 1 (resp. N = 2n), then the smallest stretch factor is
realized by β(n,n) (resp. β(n−1,n) and β(n,n−1)). This completes the proof. □

By Theorem 2.10, we are interested in the computation of the stretch
factors of β1N−1 and β(m,n) with |m− n| = 0 or 1. Examples 2.14 and 2.15
are useful.

Example 2.14. Let us compute the stretch factors of β13 , β14 and β15 .

(1) By recursive formulas of Rm(t) and Fm(t) (see Theorem 2.8) and
the definition of f∗(t) (see (2.7)), we obtain

R(1)(t) = t3 − t2 − 2t,

R(1,1)(t) = t(t− 1)R(1)(t) + 2tR(1)∗(t) = t5 − 2t4 − 5t3 + 2t,

F(1,1,1)(t) = tR(1,1)(t)−R(1,1)∗(t) = (t− 1)(t+ 1)3(t2 − 4t+ 1).

Hence, the largest real root of the third factor t2−4t+1 of F(1,1,1)(t)

is equal to λ(β13) = 2 +
√
3.

(2) A computation shows that

R(1,1,1)(t) = t(t− 1)R(1,1)(t)− 2tR(1,1)∗(t)

= t7 − 3t6 − 7t5 + 5t4 + 12t3 + 2t2 − 2t,

F(1,1,1,1)(t) = tR(1,1,1)(t) +R(1,1,1)∗(t)

= (t+ 1)4(t4 − 7t3 + 13t2 − 7t+ 1).
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The largest real root of the second factor of F(1,1,1,1)(t) gives the
stretch factor λ(β14) ≈ 4.39026.

(3) Lastly, we compute

R(1,1,1,1)(t) = t9 − 4t8 − 8t7 + 16t6 + 31t5 − 18t3 − 4t2 + 2t,

F(1,1,1,1,1)(t) = tR(1,1,1,1)(t)−R(1,1,1,1)∗(t)

= (t− 1)(t+ 1)5(t2 − 3t+ 1)(t2 − 5t+ 1).

Hence, the largest real root of the last factor t2−5t+1 of F(1,1,1,1,1)(t)
gives us λ(β15) ≈ 4.79129.

Example 2.15. A computation shows that

R(m)(t) = tm+1(t− 1)− 2t = tm+2 − tm+1 − 2t,

R(m)∗(t) = tm+2R(m)(
1
t ) = 1− t− 2tm+1.

By Theorem 2.8, the stretch factor of β(m,n) is the largest real root of

F(m,n)(t) = tnR(m)(t) +R(m)∗(t) = tn(tm+2 − tm+1 − 2t)− 2tm+1 − t+ 1.

In Table 1, we list the smallest and largest stretch factors among all
pseudo-Anosov braids in YN .

Table 1. Smallest and largest stretch factors in YN \ {β(N−1)}.

N min
β∈YN\{β(N−1)}

λ(β) max
β∈YN\{β(N−1)}

λ(β)

3 λ(β12) =
3+

√
5

2 λ(β12) =
3+

√
5

2

4 λ(β(1,2)) ≈ 2.29663 λ(β13) = 2 +
√
3

5 λ(β(2,2)) ≈ 2.01536 λ(β14) ≈ 4.39026

6 λ(β(2,3)) ≈ 1.8832 λ(β15) ≈ 4.79129

7 λ(β(3,3)) ≈ 1.75488 λ(β16) ≈ 5.04892

8 λ(β(3,4)) ≈ 1.6815 λ(β17) ≈ 5.22274

9 λ(β(4,4)) ≈ 1.60751 λ(β18) ≈ 5.345

10 λ(β(4,5)) ≈ 1.56028 λ(β19) ≈ 5.43401

3. Simple choreographies by Yu

In this section, we explain simple choreographies of the planar N -body
problem obtained by Yu [Yu17]. His main theorem is:

Theorem 3.1 ([Yu17]). For every N ≥ 3, there exist at least 2N−3 +

2⌊(N−3)/2⌋ different simple choreographies for the planar Newtonian N -body
problem with equal masses, where ⌊·⌋ denotes the integer part of a real num-
ber.

In the end of this section, we will explain the meaning of “different simple
choreographies” in the statement of Theorem 3.1.

We identify the plane R2 with the complex plane C. The planar N -body
problem with equal masses is described by the following differential equation:

z̈j =
∑

k∈{0,1,...,N−1}\{j}

− zj − zk
|zj − zk|3

(j ∈ {0, 1, . . . , N − 1})(3.1)
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where z = (zj)
N−1
j=0 ∈ CN . The N -body problem has a variational structure.

That is, the critical points of the functional

A[a,b](z) =

∫ b

a
L(z, ż)dt

correspond to weak solutions of the N -body problem, where

z ∈ H1([a, b],CN ) := {x : [a, b] → CN | x, ẋ ∈ L2([a, b],CN )}
and

L(z, ż) =
1

2

N−1∑
j=0

|żj |2 +
∑

j,k∈{0,1,...,N−1},
j<k

1

|zj − zk|
.

Theorem 3.1 was proved using this variational structure. More precisely,
he showed the existence of a minimizer of A[0,N ](z) in the N -periodic func-
tional space

ΛN := H1(R/NZ,CN )

under symmetric and topological constraints.
Firstly, we explain the symmetric condition. Let G be a finite group and

define three actions τ , ρ and σ as follows:

τ : G→ O(2), (the action of G on the time circle R/2πZ),
ρ : G→ O(2), (the action of G on two-dimensional Euclidean space), and

σ : G→ SN , (the action of G on the index set {0, 1, . . . , N − 1}),

where O(2) and SN represent the two-dimensional orthogonal group and the
symmetric group of N elements, respectively. For each g ∈ G, we define its
action as follows:

g(z(t)) = (ρ(g)zσ(g−1)(0)(τ(g
−1)t), . . . , ρ(g)zσ(g−1)(N−1)(τ(g

−1)t).

Set

ΛG
N = {z ∈ ΛN | g(z(t)) = z(t) for all g ∈ G},

Λ̂N = {z ∈ ΛN | zi(t) ̸= zj(t) for i ̸= j}, and

Λ̂G
N = ΛG

N ∩ Λ̂N .

The set Λ̂N implies that each element has no collision. As a consequence, a
critical point of A[0,N ] in Λ̂G

N is also a critical point in Λ̂N if the N masses
are equal. This fact follows from the Palais principle:

Proposition 3.2 (Palais principle, [Pal79]). Let M be a Hilbert space with
an inner product ⟨·, ·⟩, and let G be a group such that each g ∈ G is a linear
operator on M satisfying

⟨gx, gy⟩ = ⟨x, y⟩ for any x, y ∈M.

Define

Σ = {x ∈M | gx = x for g ∈ G}.
Suppose that f : M → R is of class C1, G-invariant, and Σ is a closed
subspace of M . If p ∈ Σ is a critical point of f |Σ, then p ∈ Σ is also a
critical point of f .
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Example 3.3. Let G be the cyclic group, i.e., G = ⟨g | gN = 1⟩(=: ZN ),
and its actions are given by:

τ(g)t = t− 1, ρ(g) = id, and σ(g) = (0, 1, . . . , N − 1).(3.2)

Then, for any z ∈ ΛZN
N ,

zj(t) = z0(t+ j) for t ∈ R and j ∈ {0, 1, . . . , N − 1},(3.3)

and this implies that a critical point of A[0,N ] in ΛZN
N describes a simple

choreography if it has no collisions.
Example 3.3 is a standard setting in proofs of the existence of periodic so-

lutions using the Palais principle. However, it is also known that the global

minimizer in ΛZN
N is only the rotating regular N -gon. Thus, additional con-

straints are needed to obtain nontrivial periodic orbits through minimizing
methods.

Example 3.4 (Setting in [Yu17]). Set

DN = ⟨g, h | gN = h2 = 1, (gh)2 = 1⟩,
where the actions of g are the same as in (3.2) in Example 3.3, and

τ(h)t = −t+ 1, ρ(h)z = z̄, and

σ(h) = (0, N − 1)(1, N − 2) · · · (n, N − 1− n),

where n = ⌊(N − 1)/2⌋. Thus, any z ∈ ΛDN
N satisfies the following three

properties. Firstly, the actions of h imply:

zj(t) = z̄N−1−j(1− t) for t ∈ R and j ∈ {0, 1, . . . , N − 1}(3.4)

and combining (3.3) and (3.4) yields:

zj(t) = z̄N−j(−t),
especially,

Re(żj(0)) = −Re(żN−j(0)).(3.5)

Secondly, the actions of gh indicate:

z0(t) = z̄0(−t) for t ∈ R.(3.6)

By (3.6), we get Im(z0(0)) = 0.

Clrarly, ΛDN
N ⊂ ΛZN

N . Since the set ΛDN
N contains an element representing

the rotatingN -gon, which is the global minimizer in ΛZN
N , we need additional

assumptions.

Definition 3.5 (The ω-topological constraints, [Yu17]). For any ω ∈ ΩN ,

z ∈ ΛDN
N is said to satisfy the ω-topological constraints if

Im(z0(j/2)) = ωj |Im(z0(j/2))| for j ∈ {1, . . . , N − 1}.

The periodic orbits obtained in Theorem 3.1 satisfy the ω-topological
constraints and following monotonicity.

Theorem 3.6 ([Yu17]). For each ω ∈ ΩN , there exists at least one simple

choreography z = (zj)
N−1
j=0 ∈ Λ̂DN

N satisfying (3.1), the ω-topological con-
straints and the following properties:

(1) Re(ż0(t)) > 0 for t ∈ (0, N/2), and
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(2) Re(ż0(0)) = Re(ż0(N/2)) = 0.

Remark 3.7. Since the periodic orbits in Theorem 3.1 are collision-free,
(3.3) and (3.4) imply Im(z0(j/2)) ̸= 0 for any j ∈ {1, . . . , N − 1}.

Let zω ∈ ΛDN
N satisfy the properties of Theorem 3.6 for ω. If zω ∈ Λ̂DN

N ,
then it draws a trajectory that transits between line segments parallel to
the x- or y-axis. The shape of the trajectories can be easily understood by
showing examples as below.

For zj : R/NZ → C, z : R/NZ → CN , and t1, t2 with 0 ≤ t1 < t2 ≤ N ,
define

zj([t1, t2]) = {zj(t) | t1 ≤ t ≤ t2}, j ∈ {0, 1, . . . , N − 1},
and

z([t1, t2]) = {z(t) | t1 ≤ t ≤ t2}.
We think of z([t1, t2]) as the N oriented curves in the complex plane C.

Note that if z(t) is a solution of (3.1), so is z̄(−t). Thus we get

z0([0, N ]) = z0([0, N/2]) ∪ z̄0([0, N/2]).(3.7)

Moreover, by the property (2) of Theorem 3.6, z0([0, N ]) forms a smooth
closed curve.

Remark 3.8. Set ω0 = ωN = 0 and

z0((t1, t2)) = {z0(t) | t1 < t < t2}.
The proof of Proposition 3.1 in [Yu17] implies that for j ∈ {0, . . . , N−1}, the
trajectory z0((j/2, (j+1)/2)) crosses the x-axis exactly once if ωjωj+1 = −1,
and does not cross the x-axis otherwise.

Example 3.9. SetN = 3 and ω = (1,−1). Figure 9(1) represents z0([0, N/2]).
Each arrow precisely indicates z0([i/2, (i+ 1)/2]) for i = 0, 1, 2 and ω =
(1,−1) shows whether the trajectory passes through the positive or nega-
tive side of the y-axis. By (3.7), the case ω = (1,−1) gives a periodic orbit
like the figure-eight [CM00]. On the other hand, Figure 9(2) describes the
trajectory zω([0, 1/2]) and each arrow represents z0([0, 1/2]), z1([0, 1/2]) and
z2([0, 1/2]), respectively. The indices of the particles are determined from
(3.3). See also Figure 9(3) for zω([1/2, 1]).

(1) (2) (3)

z (0)0

z (1/2)0

z (1/2)2

z (0)2

z (0)1

z (1/2)1

z (1/2)2

z (1)2

z (1/2)0

z (1)0

z (1/2)1

z (1)1

z (0)0

z (3/2)0
z (1/2)0

z (1)0

+1

-1

x-axis

y-axis

Figure 9. Case N = 3, ω = (1,−1). (1) Thick arrows
indiate z0([0, N/2]). (2) zω([0, 1/2]). (3) zω([1/2, 1]).
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Example 3.10. Set N = 4 and ω = (1,−1, 1). As in the previous ex-
ample, Figure 10(1) represents z0([0, N/2]). Figures 10(2) and 10(3) depict
zω([0, 1/2]) and zω([1/2, 1]), respectively. While the figure-eight consists
of two connected loops, a trajectory forming three such loops is called the
super-eight, and the existence of a periodic solution with this shape in the
four-body problem has been established in [KZ03,Shi14].

(2)

z (1/2)1

z (1/2)2

(1)

z (0)0

z (3/2)0z (1/2)0

z (1)0

z (2)0

z (0)0

z (1/2)0

z (1/2)3

z (0)3

z (0)1

z (0)2

(3)

z (1/2)1

z (1/2)2

z (1)3

z (1/2)0

z (1/2)3

z (1)2

z (1)0

z (1)1

+1

-1

+1

Figure 10. Case N = 4, ω = (1,−1, 1). (1) Thick arrows
indiate z0([0, N/2]). (2) zω([0, 1/2]). (3) zω([1/2, 1]).

As seen above, each simple choreography in Theorem 3.1 travels a chain
made of several loops. Moreover, Remark 3.8 implies that the number of
loops is uniquely determined for each ω. For example, when ω = (1,−1),
the trajectory traces a chain made of two loops, whereas ω = (1,−1, 1)
results in a chain of three loops. More precisely, each trajectory of zω traces
a chain consisting of 1 + |ω| loops, where |ω| is defined by

|ω| = # {j ∈ {1, . . . , N − 2} |ωjωj+1 = −1} .

In particular, if ω = (1, 1, . . . , 1), then |ω| = 0 and zω traces a circle.
As shown in Examples 3.9 and 3.10, if N is odd, then the periodic orbits

zω for ω ∈ ΩN are drawn based on 1-solid and 1-dotted horizontal line, (N−
1)/2-solid and (N−1)/2-dotted vertical lines (Figure 9(1)). When N is even,
the orbits are drawn based on 2-solid horizontal lines, (N − 2)/2-solid, and
N/2-dotted vertical lines (Figure 10(1)). The trajectory zω([(i/2), (i+1)/2])
consists of N oriented curves and jumps from solid to dotted from t = i/2
to t = (i+ 1)/2 if i is even (see Figures 9(2) and 10(2)) and from dotted to
solid if i is odd (see Figures 9(3) and 10(3)).

Remark 3.11. We provide remarks on the figure-eight and the super-eight.

(1) The figure-eight, a simple choreography for the 3-body problem with
equal masses, was discovered by Moore [Moo93] as a numerical solu-
tion and later its existence was proven mathematically by Chenciner
and Montgomery [CM00] using variational methods in a function
space with a certain symmetry.

(2) The existence of the super-eight, another simple choreography for
the 4-body problem with equal masses, was established by several re-
searchers. Gerver first discovered it numerically, Kapela and Zgliczyński
[KZ03] provided a computer-assisted proof for its existence, and the
third author [Shi14] later gave a variational proof.
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(3) The reason why we write ‘like the figure-eight’ and ‘like the super-
eight’ in Examples 3.9 and 3.10 is that the obtained orbits in Theo-
rem 3.6 only have symmetry with respect to the x-axis (see (3.6)),
whereas the figure-eight and super-eight have symmetry with respect
to both the x- and y-axis. Moreover, it is not clear whether the verti-
cal solid and dotted lines are evenly spaced. However, by considering
additional symmetries, we obtain the same periodic solutions as the
figure-eight and super-eight. See [Yu17, Section 3] for more details.

To clarify the number 2N−3 + 2⌊(N−3)/2⌋ in Theorem 3.1, we define ele-
ments −ω, ω̂ ∈ ΩN for each ω = (ω1, . . . , ωN−1) ∈ ΩN as follows.

−ω := (−ω1,−ω2, . . . ,−ωN−1), and

ω̂ := (ωN−1, ωN−2, . . . , ω1).

(1) zω(t). (2) z−ω(t).

(3) zω̂(t).

Figure 11. Case N = 5, ω = (1, 1,−1, 1).

We say that elements ω,ω′ ∈ ΩN are equivalent and write ω ∼ ω′ if
ω′ ∈ {±ω,±ω̂}. Figure 11 shows examples of simple choreographies zω(t)
corresponding to equivalent elements ω, −ω and ω̂. The number of elements
in ΩN up to the equivalence relation ∼ is given by

2N−3 + 2⌊(N−3)/2⌋.

Thus, this number represents the number of simple choreographies up to
the equivalence relation ∼ obtained in Theorem 3.6. See Figures 12, 13, 14
and 15 in the case N = 3, 4, 5 and 6, respectively. Moreover, Theorem 3.1
follows immediately from Theorem 3.6.

Figure 4 shows particular examples of simple choreographies zω(t) for
ω = ωmin,ωmax in the case N = 19.

Lemma 3.12. Suppose that ω and ω′ are equivalent. If the braid αω is
pseudo-Anosov, then αω′ is also pseudo-Anosov. Moreover, αω and αω′

have the same stretch factor.

Proof. Let ω = (ω1, . . . , ωN−1). Suppose that ω′ = −ω. The braid α−ω is
the mirror of αω, i.e., α−ω is obtained from αω by changing the sign of each
crossing in αω. Then the assertion holds, since the pseudo-Anosov property
and the stretch factor are preserved under the mirror.
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(1) ω = (1, 1). (2) ω = (1,−1).

Figure 12. Simple choreographies zω(t) up to the equiva-
lence ∼ in the case N = 3.

(1) ω = (1, 1, 1). (2) ω = (1, 1,−1).

(3) ω = (1,−1, 1).

Figure 13. Simple choreographies zω(t) up to the equiva-
lence ∼ in the case N = 4 .

Suppose that ω′ = −ω̂ = (−ωN−1,−ωN−2, . . . ,−ω1). Then

α−ω̂ = σ
−ωN−1

1 σ
−ωN−2

2 · · ·σ−ω1
N−1.

On the other hand, the inverse of αω = σω1
1 σω2

2 . . . σ
ωN−1

N−1 is given by

α−1
ω = σ

−ωN−1

N−1 σ
−ωN−2

N−2 · · ·σ−ω1
1 .

Then ∆α−1
ω ∆−1 = α−ω̂, that is α−ω̂ is conjugate to α−1

ω . Clearly, if αω is
a pseudo-Anosov braid, then α−1

ω is also a pseudo-Anosov braid with the
same stretch factor as that of αω. Hence, the assertion follows since α−ω̂ is
conjugate to α−1

ω .
Finally, we suppose that ω′ = ω̂. Since α−ω̂ is the mirror of αω̂, the

assertion follows from the above two cases. This completes the proof. □

4. Proofs

Let Zω be the braid type of the simple choreography zω(t) for each ω ∈
ΩN . For the proof of Theorem 1.2, we first prove the following result which
tells us a representative of Zω.

Theorem 4.1. For each ω = (ω1, . . . , ωN−1) ∈ ΩN , the primitive braid type

of the simple choreography zω(t) is given by α−ω = σ−ω1
1 σ−ω2

2 · · ·σ−ωN−1

N−1 .

In particular, the braid type Zω of zω(t) is represented by (α−ω)
N .
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(1) ω = (1, 1, 1, 1). (2) ω = (1, 1, 1,−1).

(3) ω = (1, 1,−1, 1).

(4) ω = (1, 1,−1,−1). (5) ω = (1,−1, 1,−1).

(6) ω = (1,−1,−1, 1).

Figure 14. Simple choreographies zω(t) up to the equiva-
lence ∼ in the case N = 5.

Proof. The simple choreography zω(t) associated with ω ∈ ΩN has the pe-
riod N and the primitive period 1. Choosing a small ϵ > 0, we consider a
primitive braid b(zω([ϵ, ϵ + 1])) of zω(t) (see Section 2.3). Figure 16 illus-
trates b(zω([ϵ, ϵ+ 1])) in the case ω = (1,−1). For simplicity, we write

b[ϵ,1+ϵ] := b(zω([ϵ, ϵ+ 1])).

We now prove that the braid type ⟨b[ϵ,1+ϵ]⟩ is given by α−ω (see (2.5) for
the braid α−ω). By (3.3) and (3.4), it holds

zj(0) = z̄N−1−j(1) = z̄N−j(0) for j ∈ {0, 1, . . . , N − 1}.
Hence we have

Re(zj(0)) = Re(zN−j(0)) for j ∈ {0, 1, . . . , N − 1}.
If ϵ > 0 is small, then Re(zj(ϵ)) ̸= Re(zN−j(ϵ)) by (3.5). Moreover by
the properties of the simple choreography zω(t) (see Section 3), if i, j ∈
{0, . . . , N − 1} with i ̸= j, then Re(zi(ϵ)) ̸= Re(zj(ϵ)).

Let us set Re(zi(ϵ)) = pi and let ai = (pi, 0) ∈ R× {0} be the projection
of zi(ϵ) ∈ C ≃ R2 on the first component. Then {a0, . . . , aN−1} ⊂ R × {0}
is a set of N points, which is denoted by AN . Consider the projection of
the braid b[ϵ,1+ϵ] onto the xt-plane. Note that the projection contains at
most double points, since the periodic orbits is a simple choreography and
the closed curve z0([0, N ]) on which N particles lie contain at most double
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(1) ω = (1, 1, 1, 1, 1). (2) ω = (1, 1, 1, 1,−1).

(3) ω = (1, 1, 1,−1, 1). (4) ω = (1, 1, 1,−1,−1).

(5) ω = (1, 1,−1, 1, 1). (6) ω = (1, 1,−1, 1,−1).

(7) ω = (1, 1,−1,−1, 1). (8) ω = (1,−1, 1, 1,−1).

(9) ω = (1,−1, 1,−1, 1). (10) ω = (1,−1,−1,−1, 1).

Figure 15. Simple choreographies zω(t) up to the equiva-
lence ∼ in the case N = 6.

(1)

(2)

(3)

a0 a2

a1 t=

t=1/2+

�

�

t=1+

x

y

t

(4)
z (0)0

z (   )0

z (1/2)0

z (1/2)2

z (0)2

z (0)1

z (1/2)1

z (1)2

z (1)0

z (1)1

�z (   )1

�z (   )2

z (1/2+  )1

�z (1/2+  )0

�z (1/2+  )2

z (1+  )0 �

z (1+  )1 �z (1+  )2 �

�

�

�

time

Figure 16. Case N = 3, ω = (1,−1). (1) zω(ϵ). (ai is
the projection of zi(ϵ) for i = 0, 1, 2.) (2) zω(

1
2 + ϵ). (3)

zω(1 + ϵ) = zω(ϵ). (4) Braid b[ϵ,1+ϵ] = b(zω([ϵ, ϵ+ 1])).



BRAIDS AND THE PLANAR NEWTONIAN N-BODY PROBLEM 25

(1)

(2)

z (1)0

a0 a2 a1

t=

t=1/2+

(3)

t=1+

x

t

a0 a2

a1

�z (   )0

�z (   )1

�z (   )2

�z (1/2+  )2

�z (1/2+  )0

�z (1/2+  )1

�

�

�

Figure 17. Case N = 3, ω = (1,−1). (1) zω([ϵ,
1
2 + ϵ]).

(2) zω([
1
2 + ϵ, 1 + ϵ]). (3) Projection b[ϵ,1+ϵ] on the xt-plane.

b[ϵ,1+ϵ] = e−ω · o−ω = σ2 · σ−1
1 in this case. Small circles

indicate the double points.

points. At each double point of the projection, we indicate the over/under
crossings determined by the braid b[ϵ,1+ϵ], as shown in Figure 17(3). Then the

result is a braid (with base points AN ) denoted by b[ϵ,1+ϵ] = b(zω([ϵ, ϵ+ 1])).

We also call the braid b[ϵ,1+ϵ] the projection of b[ϵ,1+ϵ]. Note that b[ϵ,1+ϵ] has
the same braid type as b[ϵ,1+ϵ].

Claim. For each ω ∈ ΩN the braids b[ϵ,1+ϵ](= b(zω([ϵ, ϵ+ 1]))) and α−ω

are conjugate in BN .

Proof of Claim. We consider the trajectory zω([0,
N
2 ]). See Figure 18. We

focus on the motion of 0th particle z0(t). Recall that z0(t) satisfies the two
conditions (1) and (2) in Theorem 3.6. Between t = 0 and t = N

2 , the 0th
particle passes by all other N − 1 particles. More precisely, for each j =
1, . . . , N − 1, when z0(t) and the (N − j)th particle zN−j(t) pass each other,

they lie on the same vertical line at t = j
2 , i.e., Re(z0(j/2)) = Re(zN−j(j/2)).

The ω-topological constraints (Definition 3.5) tell us the following inequality
about the imaginary part:

Im(z0(
j
2)) > Im(zN−j(

j
2)) if ωj = 1,

Im(z0(
j
2)) < Im(zN−j(

j
2)) if ωj = −1.

This means that z0(t) passes over zN−j(t) at t = j
2 if ωj = 1. Otherwise,

it passes under zN−j(t) at t = j
2 . These together with the choreographic

condition (3.3) enables us to read off the braid word from b[ϵ,1+ϵ], as we will
see now.
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(1) (2) (3)

z (0)0

z (1/2)0

z (1/2)2

z (0)2

z (0)1

z (1/2)1 z (1)2

z (1)0

z (1)1z (1/2)0

z (1/2)2

z (1/2)1 z (1)2

z (1)0

z (3/2)0

z (1)1

z (3/2)1

z (3/2)2
+1

  -1

time

z0 passes over z2 z0 passes under  z1
at t=1/2 at t=1

Figure 18. zω([0,
N
2 ]) when N = 3, ω = (1,−1). In this

case, the 0th particle z0(t) passes over z2(t) at t =
1
2 . Then

it passes under z1(t) at t = 1. (1) zω([0,
1
2 ]). (2) zω([

1
2 , 1]).

(3) zω([1,
3
2 ]).

Recall that oω, eω are braids for ω = (ω1, . . . , ωN−1) ∈ ΩN as in (2.6).
We claim that b[ϵ,1+ϵ] is written by

b[ϵ,1+ϵ] = e−w · o−w =
∏

i∈{1,...,N−1}
i even

σ−ωi
i

∏
j∈{1,...,N−1}

j odd

σ
−ωj

j .

See (2.6) for braids e−w and o−w. In fact, if j is odd and ωj = 1 (resp.

ωj = −1), then the braid word σ−1
j (resp. σ+1

j ) in o−w appears in b[ϵ,1+ϵ] by

the fact that z0(t) and zN−j(t) meet at the same vertical line at t = j
2 with

the inequality Im(z0(
j
2)) > Im(zN−j(

j
2)) (resp. Im(z0(

j
2)) < Im(zN−j(

j
2)))

Similarly, if i is even and ωi = 1 (resp. ωi = −1), then the braid word σ−1
i

(resp. σ+1
i ) in e−ω appears in b[ϵ,1+ϵ]. See Figures 17(3).

By Lemma 2.5, e−wo−w(= b[ϵ,1+ϵ]) is conjugate to α−ω. This completes
the proof of Claim.

By Claim, the primitive braid type of the simple choreography zω(t) is
given by α−ω. Thus the braid type Zω of zω(t) is given by (α−ω)

N . This
completes the proof of Theorem 4.1. □

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Given ω ∈ ΩN , we consider the simple choreography
z−ω(t) corresponding to −ω ∈ ΩN . By Theorem 4.1, α−(−ω) = αω (resp.

the Nth power (αω)
N ) represents the primitive braid type (resp. braid type

Z−ω) of the solution z−ω(t). This together with Theorem 3.6 implies the
former statement of Theorem 1.2.

We turn to the latter statement. By Lemma 3.12, we may assume that
ω = (1, ω2, . . . , ωN−1) ∈ Ω+

N . Suppose that ω = (1, 1, . . . , 1). In this case,
by Example 2.3(2) and Lemma 2.7, the braid type Zω is periodic.

Suppose that there exists i ∈ {2, . . . , N − 1} such that ωi = −1. Let
Θ : ΨN−1 → Ω+

N be the bijection given in Lemma 2.2. Then Θ−1(ω) ∈ ΨN−1

is a composition of N − 1 corresponding to the (k + 1)-tuple of positive
integers with k > 0. Recall that βΘ−1(ω) = αω by Lemma 2.9, and this is a
pseudo-Anosov braid by Theorem 2.8.
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The Nth power (αω)
N that represents the braid type Zω is also pseudo-

Anosov, since the pseudo-Anosov property is preserved under the power.
This completes the proof. □

We recall the elements ωmax,ωmin ∈ ΩN defined in Section 1. The element
ωmin can be written by ωmin = Θ(m) by using the bijection Θ : ΨN−1 →
Ω+
N , where m = (n, n) ∈ ΨN−1 if N = 2n + 1 and m = (n, n − 1) ∈ ΨN−1

if N = 2n.

Proof of Theorem 1.3. Suppose that ω ∈ ΩN is neither (1, 1, . . . , 1) nor
(−1,−1, . . . ,−1). Then the braid αω ∈ BN is pseudo-Anosov by Lem-
mas 2.9 and 3.12. By Lemma 3.12 again, αω and α−ω have the same stretch
factor. By definitions of ωmax and ωmin, we have αωmax = β1N−1 . Moreover
αωmin = β(n,n) when N = 2n + 1 (resp. αωmin = β(n,n−1) when N = 2n).
The assertion follows from Theorems 2.10 and 4.1. □

Example 4.2. Suppose that ω = (1,−1) ∈ Ω3. The braid type of the figure-
eight solution of the planar Newtonian 3-body problem is the same as that
of the simple choreography zω(t). See Remark 3.11(1)(3). Hence, (α−ω)

3 =
(σ−1

1 σ2)
3 is a representative of the braid type of the figure-eight solution.

By (2.3), its stretch factor λ((σ−1
1 σ2)

3) equals (λ(σ−1
1 σ2))

3 = (3+
√
5

2 )3.

Corollary 4.3. The super-eight solution of the planar Newtonian 4-body
problem has the pseudo-Anosov braid type with the stretch factor (2+

√
3)4.

Proof. We take ω = (1,−1, 1) ∈ Ω4. Figure 19 illustrates the braid b[ϵ,1+ϵ]

corresponding to the simple choreography zω(t). The (primitive) braid type
of the super-eight solution for the planar 4-body problem is the same as that
of zω(t). See Remark 3.11(2)(3). Thus the braid type of the super-eight is
pseudo-Anosov by Theorem 1.2. The primitive braid type of the super-eight
is given by α−ω = σ−1

1 σ2σ
−1
3 . By Lemma 3.12, braids α−ω and αω = β(1,1,1)

have the same stretch factor that is equal to 2 +
√
3 (see Example 2.14(1)).

Therefore, by (2.3), the braid type of the super-eight has the stretch factor
(2 +

√
3)4. □

Proof of Corollary 1.4. We consider the case N = 4, ω = (1,−1,−1). Fig-
ure 20 illustrates the braid b[ϵ,1+ϵ] corresponding to zω(t). See also Fig-
ure 2. The primitive braid type of the simple choreography zω is given by
α−ω = σ−1

1 σ2σ3. If we take −ω = (−1, 1, 1) ∈ Ω4, the braid α−(−ω) =

αω = σ1σ
−1
2 σ−1

3 represents the primitive braid type of the simple chore-
ography z−ω(t) corresponding to −ω. Since by Lemma 3.12, braids α−ω

and αω = β(1,2) have the same stretch factor, Theorem 2.8 tells us that
λ(α−ω) = λ(β(1,2)) ≈ 2.2966 is the largest real root of

F(1,2)(t) = (t+ 1)(t4 − 2t3 − 2t+ 1),

that is the largest real root of the degree 4 polynomial t4 − 2t3 − 2t + 1.
Thus, the simple choreography z−ω(t) has the desired properties. □
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t=

t=1/2+

t=1+

(2)

z (0)0

z (1/2)0

z (1/2)2

z (0)2

z (0)1

z (1/2)1

z (1)2

z (1)0

z (1)1

(1)

z (0)3

z (1)3

z (1/2)3

a0 a3 a1 xa2

t
ε

ε

ε

time

Figure 19. Case N = 4, ω = (1,−1, 1). (1) From the
bottom to the top: zω(0), zω(

1
2) and zω(1) = zω(0). (2)

b[ϵ,1+ϵ] = e−ω · o−ω = σ2 · σ−1
1 σ−1

3 in this case.

t=

t=1/2+

t=1+

(2)

z (0)0

z (1/2)0

z (1/2)2

z (0)2

z (0)1

z (1/2)1

z (1)2

z (1)0

z (1)1

(1)

z (0)3

(1)

z (1/2)3

a0 a3 a1 xa2

tz3
ε

ε

ε

time

Figure 20. Case N = 4, ω = (1,−1,−1). (1) From the
bottom to the top: zω(0), zω(

1
2) and zω(1) = zω(0). (2)

b[ϵ,1+ϵ] = e−ω · o−ω = σ2 · σ−1
1 σ3 in this case.

5. Conclusion

We notice that if b ∈ BN is a primitive braid of some simple choreography
of the planar N -body problem, then the permutation ŝ(b) ∈ SN is cyclic (see
(2.1) for the definition of the homomorphism ŝ : BN → SN ). The following
question is a choreographic version of Question 1.1.
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Question 5.1. Let b be a braid with N strands whose permutation ŝ(b) is
cyclic. Is the braid type ⟨b⟩ given by a primitive braid of a simple choreog-
raphy of the planar Newtonian N -body problem?

Theorem 1.2 tells us that Question 5.1 is true if a braid b is of the form
b = αω for ω ∈ ΩN . We are far from solving Questions 5.1 and 1.1, yet we
present an interesting example in this work. In fact, the simple choreography
of the planar 4-body problem which satisfies the statement of Corollary 1.4 is
intriguing in the sense that the braid σ1σ

−1
2 σ−1

3 reaches the minimal stretch
factor among all pseudo-Anosov braids with 4 strands [SKL02].

Table 1 in Section 2.6 shows that min
β∈Y5\{β(4)}

λ(β) = λ(β(2,2)) ≈ 2.01536.

We note that there exists a pseudo-Anosov 5-braid whose stretch factor
is smaller than that of the 5-braid β(2,2). Ham-Song [HS07] proved that
σ1σ2σ3σ4σ1σ2 is a pseudo-Anosov braid which realizes the minimal stretch
factor δ5 ≈ 1.7220 among all pseudo-Anosov 5-braids, and δ5 is the largest
real root of t4 − t3 − t2 − t+ 1.

We finally ask the following question.

Question 5.2. Does there exist a simple choreography of the planar Newto-
nian 5-body problem whose primtive braid type is given by a pseudo-Anosov
5-braid with the minimal stretch factor δ5 ≈ 1.7220?
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Séminaire Orsay, With an English summary. MR568308 (82m:57003)

http://dx.doi.org/10.1016/0040-9383(94)E0009-9


30 Y. KAJIHARA, E. KIN, AND M. SHIBAYAMA

[FM12] Benson Farb and Dan Margalit, A primer on mapping class groups, Princeton
Mathematical Series, vol. 49, Princeton University Press, Princeton, NJ, 2012.
MR2850125 (2012h:57032)

[FT04] Davide L. Ferrario and Susanna Terracini, On the existence of collisionless
equivariant minimizers for the classical n-body problem, Invent. Math. 155
(2004), no. 2, 305–362. MR2031430

[HK06] Eriko Hironaka and Eiko Kin, A family of pseudo-Anosov braids with small
dilatation, Algebr. Geom. Topol. 6 (2006), 699–738. MR2240913

[HS07] Ji-Young Ham and Won Taek Song, The minimum dilatation of pseudo-Anosov
5-braids, Experiment. Math. 16 (2007), no. 2, 167–179. MR2339273

[KKS23] Yuika Kajihara, Eiko Kin, and Mitsuru Shibayama, Braids, metallic ratios and
periodic solutions of the 2n-body problem, Topology Appl. 337 (2023), Paper
No. 108640, 21. MR4620860

[KT08] Eiko Kin and Mitsuhiko Takasawa, An asymptotic behavior of the dilatation
for a family of pseudo-Anosov braids, Kodai Math. J. 31 (2008), no. 1, 92–112.
MR2414236
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