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ABSTRACT. We study periodic solutions of the planar Newtonian N-
body problem with equal masses. Fach periodic solution traces out a
braid with N strands in 3-dimensional space. When the braid is of
pseudo-Anosov type, it has an associated stretch factor greater than 1,
which reflects the complexity of the corresponding periodic solution. For
each N > 3, Guowei Yu established the existence of a family of simple
choreographies to the planar Newtonian N-body problem. We prove
that braids arising from Yu’s periodic solutions are of pseudo-Anosov
types, except in the special case where all particles move along a circle.
We also identify the simple choreographies whose braid types have the
largest and smallest stretch factors, respectively.

1. INTRODUCTION

We consider a periodic solution
z(t) = (z0(t),...,2n-1(1)), zi(t) € R? (i=0,...,N—1)

of the planar Newtonian N-body problem with equal masses. Let T > 0 be
the period of the solution z(t). We take time to be a third axis orthogonal
to the plane. For each fixed tg € R, the trajectory of z(t) from ¢y to to + T
traces a pure braid b(z([to, to+7])) (see Section 2.3). The following question
is a starting point for our study.

Question 1.1 (Montgomery [Mon25] (cf. Moore [Mo0093|)). Is every pure
braid type with N strands realized by a periodic solution of the planar New-
tonian N -body problem?

See Definition 2.1 for the notion of braid types. Question 1.1 has been re-
solved for N = 3, as shown by Moeckel-Montgomery [MM15], yet it remains
wide open for N > 4.

A simple choreography of the planar N-body problem is a periodic solu-
tion in which all N particles chase each other along a single closed curve.
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FIGURE 1. (1) The figure-eight solution z(t) with period 7.
(2)(3) The primitive braid b := b(2([0, 1])) = 07 'o2. (4) The
braid 4% = (o] L9)3 represents the braid type of the figure-
eight.

—

We require that the phase shift between consecutive particles be constant.
If 2(t) is a simple choreography with period 7', then there exists a cyclic
permutation o of N elements {0,..., N — 1} such that

Zit+ %) = Zg(iy(t) for i€ {0,...,N —1} and t € R.

We call % the primitive period of the simple choreography z(t). For any
fixed tg € R, the trajectory of z(t) from ty to ty + % determines a braid
b = b(z([to, to + %])) that is called a primitive braid of z(t). We call its
braid type the primitive braid type of z(t) (see Figure 1).

Applying the Nielsen-Thurston classification of surface automorphisms
[Thu88], we classify braids into three types: periodic, reducible, and pseudo-
Anosov. For a braid of pseudo-Anosov type, there is an associated stretch
factor greater than 1, which is a conjugacy invariant of the braid (see Sec-
tion 2.2). We use stretch factors as a measure of the complexity of periodic
solutions to the planar N-body problem.

For each integer N > 3, let us set

QN = {w = (wl,...,wN_l) ’ w; € {1,—1} for ¢ e {1,...,N— 1}}
The main theorem of this paper is as follows.

Theorem 1.2. For each N > 3 and w = (wi,...,wn—1) € Qn, there
exists a simple choreography of the planar Newtonian N -body problem whose

primative braid type is given by the braid o7 05? - - -U%]\Sl. In particular, the
braid type of the simple choreography is given by (07 05? - "J%{EI)N, and
it is a pseudo-Anosov type if w is neither (1,1,...,1) nor (—=1,—1,...,—1).

Otherwise, the braid type of the simple choreography is periodic.

See Figure 5(1) in Section 2.1 for the generator o; of the braid group. In
2017, Guowei Yu established the existence of a simple choreography z,,(t) =
(2i(t))N5! for each w € Qy to the planar Newtonian N-body problem with



BRAIDS AND THE PLANAR NEWTONIAN N-BODY PROBLEM 3

Zp(4) /v Zo(D_r e 20(3/2)

o

FiGURE 2. The closed curve obtained from the simple
choreography z,(¢) in the case N =4 and w = (1,—1,—1).
Thick arrows illustrate the trajectory of the Oth particle z(t)
fromtzOto%zZ.

equal masses [Yul7]. The period of the periodic solution z,(t) is N, and
z,(t) fulfills

zi(t) = 20(t+1i) fort € Randie€{0,1,...,N —1}.

Moreover, the closed curve on which N particles travel is symmetric with
respect to the z-axis. The element w = (w;)Y;' € Qu determines the
shape of the closed curve (Figure 2). See Section 3 for more details. We
will prove that the periodic solution z,(t) by Yu satisfies the statement of
Theorem 1.2.

The figure-eight solution of the planar 3-body problem [CMO00] has the
same braid type as the simple choreography z,(t) in the case w = (1,—1)
(Example 4.2). The super-eight solution of the planar 4-body problem
[KZ03, Shil4] and the simple choreography z,(t) for w = (1,—1,1) have
the same braid type (Corollary 4.3). See Figure 3.

FIGURE 3. The super-eight of the planar 4-body problem.

To state the next result, we define wWmax, Wmin € 2N as follows.

Wmax = ((_1)7;71)1‘]\;_11:(17_13-‘-7(_1)]\[72)'
Wmin = (wi)zj’vqu’

where w; =

1 fori=1,...,[§]
~1 fori=[§]+1,....N -1

The simple choreography z,,..(t) travels a chain made of N — 1 loops. On
the other hand, z,_, (t) moves on a figure-eight curve and approximately
half of the N particles stay on each loop at every time. See Figure 4.

Theorem 1.3. Among all w € QN except for the two elements (1,1,...,1)
and (—1,—1,...,—1), the simple choreography z,,(t) whose braid type having



4 Y. KAJIHARA, E. KIN, AND M. SHIBAYAMA

LIPS Ao & P SRl a i e P P e 2 2 a S
(1) z,(t) for w = Wpax-

FIGURE 4. Simple choreographies z,(t) in the case N = 19.
The dots denote the initial condition. The arrows indicate
the trajectory of z,(t) from ¢ =0 to 3.

the largest stretch factor is realized by wmax, while the one whose braid type
having the smallest stretch factor is realized by Wiy -

A multiple choreography of the planar N-body problem is a periodic so-
lution such that particles travel on k different closed curves for some k& > 1.
In [Shi06], the third author established the existence of a family of multiple
choreographies to the planar Newtonian 2N-body problem. These periodic
solutions have pseudo-Anosov braid types whose stretch factors are qua-
dratic irrational [KKS23]. In this sense, the multiple choreographies given
in [Shi06] have an algebraic restriction from view points of pseudo-Anosov
stretch factors. On the other hand, simple choreographies in Theorem 1.2
do not have such a restriction. In particular, the simple choreography z,(t)
in the case w = (—1,1,1) gives us the following result.

Corollary 1.4. There exists a simple choreography of the planar Newtonian
4-body problem whose primitive braid type is given by the pseudo-Anosov
braid 01051051. The primitive braid type of the simple choreography has
the stretch factor = 2.2966 which is the largest real root of the polynomial
t* — 23 — 2t + 1 with degree 4.

For other periodic solutions that have been proven to exist, see, for ex-
ample, [Che03a, Che03b, Che08, FT04]. See also [Sim01, DPK*03,SD13] for
periodic solutions that have been obtained numerically.

The organization of the paper is as follows. In Section 2, we recall basic
results on the braid groups and mapping class groups. In Section 3, we
review the simple choreographies by Yu. Section 4 and Section 5 contain
the proofs of results and the conclusion in this paper.

Acknowledgment. The second author would like to express her deep grati-
tude to Prof. Masaya Yamaguti, whose words have long guided her approach
to mathematics: “Mathematics is not meant only for geniuses.” “What mat-
ters is not whether one has a talent for mathematics, but rather to consider
what we ought to do now, and what is most important at this very moment.
As long as we keep that in mind, we can move forward without fear.”
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2. PRELIMINARIES
2.1. Braid groups and mapping class groups. We review the basics of
the braid groups. See also [Bir74, Chapters 1, 4]. Let B,, be the braid group
of n strands generated by o1,...,0,-1. The group B, has the following
presentation.

O'iO'jO'i:O'jO'Z'O'j if ‘Z—j’zl

005 = 0;05 if ’Z—]|>1>

The generator o; corresponds to a geometric braid as in Figure 5(1). There
is a surjective homomorphism

(2.1) §:B, = S,

from B, to the symmetry group S, of n elements sending each o; to the
transposition (j, 7 + 1). The kernel of § is called the pure braid group P, <
B,,. An element of P, is called a pure braid.

1 ] i\__Ait] n
1 i i+l n oD
(1) @)

FIGURE 5. (1) o; € B,. (2) h; = F(O’l) S MCG(Dn) (3) 20,n+1-

Let Z(By,) be the center of the n-braid group B,. The subgroup Z(B,,)
is an infinite cyclic group generated by the full twist A? € B, ([Bir74,
Corollary 1.8.4]), where A € B, is the half twist that is defined by

A == (010'2 . .O'n_l)(O'lUg .. .Un_2> PN (010'2)01.

Note that A? is obtained by rotating the set of n points one full revolution.

Let X be an orientable, connected surface, possibly with punctures and
boundary. The mapping class group MCG(X) of ¥ is the group of iso-
topy classes of orientation preserving homeomorphisms of 3 which preserve
the punctures and boundary setwise. Let X, be an orientable, connected
surface of genus g and n punctures. In this paper, we consider the map-
ping class groups of an n-punctured disk D, and an m-punctured sphere
Yo,n. The group MCG(D,,) is generated by hy,...,hy,—1, where h; is the
right-handed half twist about a segment s; connecting the ith puncture and
i+ 1th puncture, i.e., h; interchanges the ith puncture and i 4+ 1th puncture
as in Figure 5(2). A relation between B,, and MCG(D,,) is given by the
following surjective homomorphism

(2.2) T: B, — MCG(D,)

which sends o; to h; for each i € {1,...,n—1}. The kernel of I is the center
Z(B,,) of By,
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Definition 2.1. The braid type (b) of a braid b € B,, is the conjugacy class
of I'(b) in MCG(D,,). Since MCG(D,,) is isomorphic to B,,/Z(B,,), the braid
type (b) can be identified with a conjugacy class in B,,/Z(B,). We may call
the braid type of a pure braid the pure braid type.

2.2. Nielsen-Thurston classification. We assume that 3g — 3 +n > 1.
According to the Nielsen-Thurston classification of surface automorphisms
[Thu88]|, elements of MCG(X,,,) are classified into three types: periodic,
reducible and pseudo-Anosov as we recall now. A mapping class ¢ €
MCG(Xy,,) is periodic if ¢ is of finite order. A simple closed curve C' in
Ygn is essential if it is not homotopic to a point (possibly a point corre-
sponding to a puncture). A mapping class ¢ € MCG(X,,,) is reducible if
there is a collection of mutually disjoint and non-homotopic essential simple
closed curves C1,...,Cj in X4, (possibly j = 1) such that C; U ---UCj is
preserved by ¢. Notice that there is a mapping class that is periodic and
reducible. A mapping class ¢ € MCG(X,,,) is pseudo-Anosov if ¢ is neither
periodic nor reducible. The Nielsen-Thurston type is a conjugacy invariant,
i.e., two mapping classes are conjugate to each other in MCG(X,,,), then
their Nielsen-Thurston types are the same.

We review properties of pseudo-Anosov mapping classes. For more de-
tails, see [FLP79,FM12, Boy94]. A homeomorphism & : 3, — X, is a
pseudo-Anosov map if there exist a constant A = A(®) > 1 and a pair of
transverse measured foliations (F*, ™) and (F~,u~) so that ® preserves
both foliations F™ and F~, and it contracts the leaves of F~ by % and it
expands the leaves of F* by A. More precisely, ® fulfills

O((FTuh)) = (FH ") and O((F~,pu7)) = (F -, +u).

The constant A > 1 is called the stretch factor of ®. For each pseudo-Anosov
mapping class ¢ € MCG(X,,,), there exists a pseudo-Anosov homeomor-
phism ® : ¥, , — ¥, that is a representative of ¢. The stretch factor A\(¢)
of ¢ is defined by A(¢) = A(®), and it is a conjugacy invariant of pseudo-
Anosov mapping classes. We understand that stretch factors measure the
complexity of pseudo-Anosov mapping classes.

A square matrix M with nonnegative integer entries is Perron-Frobenius
if some power of M is a positive matrix. In this case, the Perron-Frobenius
theorem [Sen06, Theorem 1.1] tells us that M has a real eigenvalue A(M) >
1 which exceeds the moduli of all other eigenvalues. We call A(M) the
Perron-Frobenius eigenvalue. It is known that the stretch factor A(¢) of
a pseudo-Anosov mapping class ¢ is the largest eigenvalue of a Perron-
Frobenius matrix, that is A(¢) is a Perron number. Observe that if ¢ is a
pseudo-Anosov mapping class, then ¢¥ is pseudo-Anosov for all k > 1, and
it holds

(2.3) A(@*) = (A(9)".

We recall the homomorphism I' : B,, - MCG(D,,) as in (2.2). Collapsing
the boundary of the disk to a point oo in the sphere, we obtain the n + 1-
punctured sphere ¥g 41 (see Figure 5(3)) and a homomorphism

C: MCG(Dn) — MCG(EOJHJ).
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We may identify a mapping class I'(b) € MCD(D,,) for b € B,, with ¢(T'(b)) €
MCG(Zo,n+1). We say that a braid b € B, is periodic (resp. reducible,
pseudo-Anosov) if the mapping class ¢(I'(b)) is of the corresponding type.
When b is pseudo-Anosov, its stretch factor A(b) is defined by the stretch
factor of the pseudo-Anosov mapping class ¢(I'(b)). In this case, it makes
sense to say that the braid type (b) is pseudo-Anosov, since the Nielsen-
Thurston type is a conjugacy invariant. The stretch factor A({b)) of the
braid type (b) can be defined by A((b)) = A(b).

2.3. Braids as particle dances. We consider the motion of N points in
the plane R?

2(t) = (20(t), . ... 2n_1(t)), zi(t) ERZ (i=0,...,N — 1)

where z;(t) € R? is the position of the ith point at + € R. We assume the
following conditions.

e (collision-free) z;(t) # z;(t) for i # j and t € R.
e (periodicity) There exists T > 0 such that

{20(t), ..., en1 ()} = {20(t+T), ..., 2n_1(t + T)} fort e R,

We take time to be a third axis orthogonal to the plane. Fixing ¢y € R, we
have mutually disjoint N curves

R xR
(zi(1),1).

The union of the curves forms a braid, denoted by b(z([to,to + T])). Such a
braid is sometimes referred to as a particle dance.

We turn to a periodic solution z(t) = (2¢(t),...,2n—-1(t)) of the planar
Newtonian N-body problem. Suppose that the periodic solution z(t) has a
period 7', that is T is the smallest positive number such that z;(t) = z;(t+7)
forall i =0,...,N —1 and t € R. Choosing any ty € R, we obtain a pure
braid b(z([to, to+T])) with N strands that obviously depends on the choice of
to. Although the set of base points {z(to), - .., 2zn-1(to)} of b(z([to, to+T1]))
does not necessarily lie along a straight line in the plane, it still makes sense
to consider its braid type (b(z([to, to+T1))). See [KKS23, Section 3.1]. Such
a braid type (b(z([to,to + T))) does not depend on the choice of ¢y and we
call it the braid type of the periodic solution z(t).

Suppose that z(t) is a simple choreography with period 7" of the planar
Newtonian N-body problem. Choosing any tg € R, we have

[to, to + T

—
t —

{z0(t0), ..., zn—1(t0)} = {zo(to + %), ..., 2n—1(to + %)},

and we obtain a braid b := b(z([to,to + %])) as a particle dance. We call
% the primitive period of the simple choreography z(¢) and call the braid
b(z([to,to+%])) a primitive braid of z(t). Its braid type (b(z([to,to+%])))
is called the primitive braid type of the simple choreography z(t). Clearly,
the Nth powers b of the primitive braid b equals b(z([to,to + T])), and bY
represents the braid type (b(z([to,to + T))) of the periodic solution z(t).
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2.4. Compositions of integers. A composition of a positive integer n is
a representation of n as a sum of positive integers. For example, there are
four compositions of 3:

3=3,3=1423=2+1,3=1+1+1.

(There is another notion ‘partition’ of a positive integer. A partition of n is
a representation of n as a sum of positive integers, where the order of the
summands is not taken into account.)

A composition of n is written by a (k4 1)-tuple m = (mq,--- ,mp41) of
positive integers m; with n = Zfill m; and k > 0. Let ¥,, denote the set of
all compositions of n. For example, W3 consists of the four compositions

3), (1,2), (2,1), (1,1,1).
The cardinality of the set U, is 2"~!. To see this, consider n circles.
o1 09 03 e On

There are n— 1 spaces between them. In each space, one can choose to place
a bar or leave it empty. There exist 2”1 possible ways to place the bars,
and each configuration corresponds to a composition of n. This means that
the number of compositions of n is 2”1, For example, the four compositions
of 3 are written by

(24) o0 0 04> (3), oo 04> (1,2), o ofo<>(2,1), o]o]o<> (1,1,1)

We turn to another set that is related to compositions of integers. Recall
the set 2y as in Section 1. Given an integer N > 3, let Q} denote the set
of all elements w = (w1,...,wy—1) € Qn whose first component w; is 1:

Qj\} ={w=(w1,...,wN-1) € QN | w1 = 1}.
Lemma 2.2. There is a bijection © : Uny_1 — Q]J(,

Proof. We represent a composition m € ¥y _; by using N —1 circles together
with bars. We now define ©(m) = (w1 = l,wy...,wn_1). For each i €
{1,..., N —1}, we replace the ith circle with 1 or —1 which indicates w; = 1
or w; = —1 as we explain now. We set w; = 1. Suppose that we have
replaced the ith circle with 1 or —1. (Then w; is determined.) If there
is a bar between ith circle and (i + 1)th circle, then we set w;+1 = —w.
Otherwise, we set w;11 = w;. In other words, if m = (my,...,mgs1) is an
element of Wp_q, then

Om)=(1,...,1,—1,...,—1,.... (=D ... (-=1)F) € Q}.

mi m2 M1

Clearly, © : Uny_1 — QE is injective. To see © : U1 — QE is surjective,
we take any w = (w1 = 1l,wo,...,wn_1) € Q} By applying the reverse
operation, one can determine a composition m,, € ¥y_; so that O(m,,) =
w. This completes the proof. O
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For example, the bijection © : U3 — Qf is described as follows.

CF ‘1’3 — QI

ooo = (1,1,1),
O|O o = (17*1’71)’
o olo (1,1,-1),
olofo — (1,-1,1).
We write the n-tuple (1,1,---,1) € ¥,, correspoinding to the composition

n=14+1+4+---4+1as1,.

Example 2.3. Consider the bijection © : ¥ _; — QE
(1) The image of 1x_1 under © is

@(1]\771) = ((71)7;_1);\;711 = (1a 71, ceey (71)N_2)
(2) The image of the composition (N — 1) under © is (1,1,...,1).
2.5. Braids associated with compositions of integers. We introduce

braids au,, €., 0, for each w € Qn and S, for each composition m € ¥y _.
We first define an N-braid ay, for w = (w1,...,wy_1) as follows.

w1 w2 WN—1
(2.5) Qu i=07'057 0N -

Notice that the Nth power af of ay is a pure braid. We next define N-
braids e, and o, as follows:

(2.6) €y = H o, 0w = H o;.

i€{l,...,N—1} i€{l,...,.N—1}
i even i odd

Example 2.4. For each w € (7, we demonstrate that e,o,, is conjugate
to a, in Br. Recall that the braid group has a relation o;0; = ojo; if
li —j| > 1. We set by := e,'(ew0w)ew = 0wew. Then we have

o w5 w3 _w W W4 W2 __ [ W5 _We w3 w4 w1 _w
bo = 0w - €w = 05°03%07" - 05003 057 = (05°06°)(03° 04 07 057).

Set by := (05%05°%) by (02 0¢°). We have

bi = (05205 071 052) (057 06°) = (053 0y 05" 0¢°) (07" 0572).

Set by := (05205 05 00) b1 (052 01 085 0g%) that is of the form
by = 07105205304 020 0 = .
Thus, e,04, by, b1, and by = ay, are conjugate to each other in Bs.

The following lemma is used in the proof of Theorem 4.1.

Lemma 2.5. For each w € Qp, the braids ey,0, and o, are conjugate to
each other in the N-braid group By. In particular, (e4,04,)" is conjugate to
(aw)™ in By for each n > 1.

Proof. In the same manner as in Example 2.4, one can show that eyo,, is
conjugate to ay, in By. Take an N-braid h so that e,0, = hawh™!. Then
we have (e4,04,)" = (hawh ™)™ = h(aw)"h~t. This completes the proof. [
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We define a map (anti-homomorphism)

rev: B, — B,

B B2 Bk Bk ., M2 fi _
o, O, o oy Oi, Oi s M = +1.
. WN — . .
The image of a, = 0705?05 ;' under the map rev is given by
_ _WN-1 wo W1
rev(ae) =0y - 057070

Lemma 2.6. For each w € Qp, «a, is conjugate to rev(ay,) in By.
Proof. Suppose that N = 3. For each w € Q3, we have a,, = 0{"03? and

rev(ay,) = 05%07". Clearly, the statement follows in this case.

Suppose that N = 4. For each w € Q4, we have a,, = 07"05%05® and
rev(ay) = 03°05%07". First, we consider the braid by := o5 “*(rev(aw,))o5®.

Then we have

W (W LW W) W3 _ W2 Wl W3 _ W2 W3 W1
by = 04 (03%05%07")05? = 0520705 = 050507
Next, we consider the braid by := (0520%%) 1bo(05%0%%). It is written by

by = 07'05%05% = a,. Hence rev(ay), by and ay, are conjugate to each
other in By.

In the same argument as above, one can verify the statement of general
N. We leave the rest of the proof to the reader. O

We turn to the definition of the braid 5,,. Let m = (mq,...,mg41) be
a (k + 1)-tuple of positive integers with k > 0. Let Bm = Buny,....mpi1)
denote the braid with (1 + Zfill m;) strands as in Figure 6. If we set
N =1+ Zfill m;, then Zfill m; = N — 1 and m is a composition of the
integer N — 1.

Observe that if k =0 and m = (N — 1) € Un_1, then

Bm = B(N-1) = 0102 - ON-1.

Here are some examples written by Artin generators: 332y = 010203021057 le
Bs, Bai,1,1) = 010510302105 € Bg. See Figure 6.

[t Rk iat]

Lemma 2.7. If m = (N — 1) € Uy_1, then By, is a periodic braid.

Proof. If m = (N — 1), then (8)Y = (0102 ---on_1)" equals the full twist
A? corresponding to the identity element in the group By/Z(By). Hence
Bm 1s a periodic braid. O

2.6. Stretch factors of pseudo-Anosov braids. In this section, we study
the stretch factor of the braid (,, when it is of pseudo-Anosov type. To do
this, let f(¢) be an integral polynomial of degree d. The reciprocal of f(t),
denoted by f.(t), is defined by

(2.7) o) =t'f(3).
The following result gives a recursive formula for the stretch factor of G,,.

Theorem 2.8. Let m = (mq,...,mp41) be a (k + 1)-tuple of positive in-
tegers. If k > 0, then the braid By, is pseudo-Anosov. The stretch factor
Am = Nomy,.ymyin) 0f Bm is the largest real oot of the polynomial

Fm(t) = F(m17-~~7mk+1)(t) = tmk+1R(m1,m,mk)(t) + (_l)k—i_lR(ml,m,mk)*(t)v
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m,m, m, m_, 2 2 3 2
T BN T En N s i/AA’A’A
/ / / \
Z /
(3) (4)

FIGURE 6. (1) Bm = Bmy,..omiin)- (2) B3y 3) Bia)- (4) Buiiiy

where Ry, m,)(t) is defined recursively as follows:
Ripp(t) = t™FHt—1)—2t,
Ry om(t) = ™t = DRy, i 1)) + (=12t Ry mi 1y, (1)

See Proposition 4.1, Theorem 1.2 in [KT08] for the proof of Theorem 2.8.
The next lemma explains a relation between braids a, (see (2.5)) and Sp,.

Lemma 2.9. Let ©® : Up_1 — Qj\} be the bijection as in Lemma 2.2. Then
the identity Pm = ag(m) holds for each m € Vy_y. Moreover, B is
pseudo-Anosov if and only if m # (N —1).

Proof. The former statement is immediate by the definitions of «, and By,.
For the latter statement, we represent a composition m € ¥y_q by a (k+1)-

tuple m = (myq,..., mpy1) of positive integers with k¥ > 0 and N — 1 =
Zk+11 m;. By Lemma 2.7 and Theorem 2.8, 3, is pseudo-Anosov if and
only if k£ > 0, equivalently m # (N —1). O

For convenience of the readers, we explain how to compute the stretch
factor Ay, of the pseudo-Anosov braid S,,. For more details, see [KT08].

How to compute Ap,,. We take a composition m = (mq,...,mg41) € Yn_1
with & > 0. Theorem 2.8 tells us that ¢(I'(8p,)) € MCG(Xg n+1) is a pseudo-
Anosov mapping class. We identify B, with ¢(I'(Gm)). We view an N + 1-
punctured sphere Yo y11 as a sphere with m; + 1 marked points X; circling
an unmarked point wu; for each ¢ € {1,...,k+ 1} and a single marked point
oo (corresponding to D). Note that | X;| = 1+m, foreachi € {1,...,k+1}
and |X; N X,41| =1 for each j € {1,...,k}. See Figure 7(1).

We choose a finite graph G, C Yo n4+1 that is homotopy equivalent to
the N + 1-punctured sphere. The graph G,, has N loop edges, each of
which encircles a puncture (a marked point), and N + k non-loop edges.
See Figure 7(2). Let P be the set of N loop edges of Gy,. The graph Gy,
has N + k + 1 vertices. For each loop edge, there is a vertex of degree 3
or 4. The unmarked point u; corresponds to a vertex of degree 1+ m; for
ied{l,....k+1}.

Given a mapping class ¢ € MCG(Xg,n41), one can pick an induced graph
map g : Gy — G, (see [BHI5, Section 1]). We require that g sends vertices
to vertices, edges to edge paths and satisfies g(P) = P. We may suppose
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K3
X X X , L
(o]
7 3
8 To uz ?8
o O ~ O
4 5

(1) 2)

FIGURE 7. Case N = 8, k = 2 and m = (my,mg,m3) =
(2,3,2) € U7. (1) N + 1-marked points in the sphere. (Small
circles indicate marked points (punctures).) (2) The graph
Gm- (Each loop edge encircles a marked point. In this case,
Gm has 8 loop edges and 10 non-loop edges.)

that g has no backtracks, i.e., g maps each oriented edge of G,, to an edge
path which does not contain an oriented edge e followed by the reverse
edge € of the oriented edge e. Then the graph map g defines an N + k by
N + k transition matrix M with respect to the N + k non-loop edges. More
precisely, for r,s € {1,..., N + k} the rs-entry M, is the number of times
that the g-image of the sth edge runs the rth edge in either direction. We
say that g : Gpm — G, is efficient if ¢" : Gy, — G has no backtracks for
all n > 0.

We now define ¢, € MCG(X0,n4+1). We will see in (2.8) that (B, and
¢m are conjugate in MCG(Xg n4+1). Let fi = fm,i: XoN+1 — Lon+1 be a
homeomorphism such that f; rotates the marked points of X; counterclock-
wise around u; if 7 is odd, and f; rotates the marked points of X; clockwise
around w; if ¢ is even. See Figure 8(1)(2). Define ¢; = [f;] € MCG(Xo n11)-
Figure 8(3)(4) illustrates the N-braid b; = by, ; such that ¢; = ¢(I'(b;)). We
set ¢m = P10+ -0pg0pr. (cf. [KTO8, Figure 3] for ¢pm = d(42,1)-) Recall
that rev : B, — B, is the map as in Section 2.5. By definitions of f; and
Bm (see Figure 6), we can verify that ¢, is of the form

Om = rev(fBm) € MCG(Xg n41)-
For example, when N =5, k=1 and m = (2,2) € &4, we have

bm =20 ¢1 =0y 03" - 0201 =rev(o10205 05 ") =rev(Bag).

Let © : Uy_1 — QE be the bijection as in Lemma 2.2. Then 3, = Qae(m)
by Lemma 2.9. Moreover ag(m) and rev(ag(m)) are conjugate in By by
Lemma 2.6. As a consequence, one sees that
(2.8)
¢m (= rev(Bm) = rev(ag(m))) and By, are conjugate in MCG (o, n+41).
The mapping class ¢; = [f;] for i € {1,...,k + 1} induces a graph map
9i = gm.i : Gm — G, which has no backtracks as shown in Figure 8(5)(6).

We denote by M; = My, ;, the transition matrix of g; (with respect to the
N + k non-loop edges). The composition

(2.9) Jm = 0gkt10---0g20g1 : Gy — Gy



BRAIDS AND THE PLANAR NEWTONIAN N-BODY PROBLEM 13

t % i
Y is i
3 1 o i
i ! 1

1
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ipiyiz N
(1) odd (3) i odd (5) i odd
T i U; i
i Lis S - Jc’)j\?@ﬁ
T 12

0 ( l i3

15 1 ijiyiz N i i3
(2) i even 4) i even (6) i even

FIGURE 8. Case m; =2. (1)(2) fi : o n+1 — Xo,n+1 When
i is odd/even. (3)(4) The braid b; corresponding to ¢; when
i is odd/even. (5)(6) g; : Gy — Gy when ¢ is odd/even.

is an induced graph map of ¢,,. By the induction on k, one can show that
Jm : G — G has no backtracks. This implies that the transition matrix
of g, with respect to the non-loop edges is given by

My == My 1 -+ - My - M;.

It is proved in [KTO08] that My, is a Perron-Frobenius matrix. Moreover one
can show that gn, : Gm — Gy, is efficient. As a consequence of Bestvina-
Handel algorithm [BH95|, the Perron-Frobenius eigenvalue A(My,) of My,
equals the stretch factor A(¢m) of ¢m. By (2.8), ¢y, is conjugate to Sy, in
MCG(Xo,n+1). We obtain

(2.10) Am (= A(Bm)) = M Mm).
The Perron-Frobenius eigenvalue \(M,,) gives the stretch factor Ap,. (]
Fixing N > 3, let Y be the set of braids 3, over all m € ¥y _1.
YN i ={Bm | m=(mi,...,mgy1) € Yny_1 with £ > 0} C By.
By Lemma 2.9, all braids (B, in Yx except the case m = (N — 1) are
pseudo-Anosov. By Lemma 2.2, Yy can be written by
(2.11) Yy = {aw | w e Q).
The following result identifies the braids in Yy with the largest and smallest
stretch factor, respectively.

Theorem 2.10. Among all braids in Yn \ {Bny—1)}, the braid B1y_, =
B(1,1,...,1) realizes the largest stretch factor, while the smallest stretch factor
is realized by By ) if N =2n+1, and by B_1 ) (and B, n-1)) if N = 2n.

To prove Theorem 2.10, we need the following results.

Proposition 2.11 (Proposition 1.1 in [KT08]). For k > 0, we consider (k+
1)-tuples of positive integers m = (m1, ..., myy1) andm’ = (my,...,mj_ ).
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Suppose that m; = m; + 1 for some i and m; =mj if j # 1. Then we have
Am/ < Am-

Using Proposition 2.11 repeatedly, we obtain the following.

Corollary 2.12. For k > 0, we consider (k + 1)-tuples of positive integers
m = (mi,...,mgy1) and m' = (m},...,my ). Suppose that m; < mj for
all j. Then we have \py < Am. The equality holds if and only if m = m/,
i.e., mj =m/; for all j.

Proposition 2.13. For k > 0, we consider a (k + 1)-tuple of positive in-

tegers m = (mq,...,myy1) and a (k + 2)-tuple of positive integers m' =
(M, ..., My, My o). We assume that m' is of the form
m' = (mq,... ,mk+1,m;€+2),

i.e., mj = mg forallj=1,....k+ 1. Then we have \py < A/

Proof. Consider the graph maps gm : Gm — Gm and gpy : Gy — G
as in (2.9). Note that Gy, is a subgraph of G,y by the assumption on m/'.
Let M, and My, be the transtion matrices of g, and g.,/, respectively.
Let A(M,,) and \(M,,,/) be the corresponding Perron-Frobenius eigenvalues.
By (2.10), it is enough to prove that A(My,) < A(M,,/). Under the suitable
labeling of non-loop edges of G/, the matrix M, can be written by
M, A
Mm’ = |: B C :| )

where A, B and C' are block matrices with nonnegative integer entries and
C is a square matrix. Assume that A = 0 and B = 0. Then any power
M, ﬁl, of M, is not a positive matrix, which contradicts the fact that M, is
Perron-Frobenius. Hence, either A or B is a non-zero matrix. Consider the
My, O

0O o
Then D # M, since either A or B is a non-zero matrix. Since A, B,C > 0,
we have 0 < D < My, i.e., 0 < Dg < (Myy)s for each st-entry. Then the
Perron-Frobenius theorem ([Sen06, Theorem 1.1(e)]) tells us that if A is an
eigenvalue of D, then |A| < A(My,). Thus, we obtain A(My,) < AM( My ).
This completes the proof. O

square matrix D with the same size as My, of the form D =

Proof of Theorem 2.10. We consider the braid (,, associated with a (k+1)-
tuple m = (my,...,mgy1). Suppose that m is a composition of N — 1.
Clearly, k+1 < N — 1 and Bm = Bin,,..., € Yn. By Corollary 2.12, we
have the inequality

(2.12)  AMBimy,mpsn)) < A(Bry,,)  for all integers my, ..., mgq > 1.
The equality holds if and only if m = 1;1. The inequalities k+1 < N —1
and (2.12) together with Proposition 2.13 tell us that

)‘(/B(ml,...,mk+1)) < )‘(ﬁlk+1) < )\(BlN—l)'

Thus, 81, _, € Yn realizes the largest stretch factor.

Next, we turn to the braid in Yy with the smallest stretch factor. Let
B(mi,...;mp1,m) De the braid associated with a (k+2)-tuple (m1, ..., mg1,m).
Suppose this (k +2)-tuple is a composition of N —1. Then By, . m;,1.m) €

mk+1)
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Y. Note that the braid By, ....m,my,.+m) associated with the (k+1)-tuple
(my,...,mg,mrr1 +m) € Uy_q is also an element of Yy . Proposition 2.13
tells us that

(213) )‘(ﬁ(ml,.l.,mk,mkﬂ)) < )‘(/B(ml,...,mk,mk+1,m))'
By Corollary 2.12, we have

(2'14) )\</8(m1,--~7mk7mk+1+m)) < )\(/B(m17~~~7mk:mk+l))'

By (2.13) and (2.14), the stretch factor of B, . my. mps1+m) € Y is smaller
than that of B, . mymu,,m) € YN. This means that for the braid with
the smallest stretch factor, it is enough to consider elements S, € Yy
associated with the compositions m € Uy _; of the form m = (m,n). The
inverse B(_l ) of Bm,n) satisfies Aﬂ(_ml”n)A_l = B(n,m), Where A is the half

m,n
twist. Hence B(ni n) and B, ,) are conjugate in By. In particular, we have
)\(ﬁ@in)) = AMBn,m))- Since a pseudo-Anosov braid b and its inverse b~
have the same stretch factor, we conclude that

(The equality A(B(m,n)) = AMB(n,m)) also follows from Lemma 3.12.) Hence,
we restrict our attention to the pairs (m,n) with m < n. The following
inequalities are proved in [HKO06, Proposition 3.33].

)‘(ﬁ(n,n)) < )‘(B(n—k,n—‘rk)) for k = 1727"'an_ 17

A(/B(n—l,n)) < A(ﬁ(n—k—l,n—f—k)) fork=1,2,....,n—2.
Thus, if N = 2n + 1 (resp. N = 2n), then the smallest stretch factor is
realized by By, ) (resp. Bn—1,,) and B, ,—1)). This completes the proof. [J

By Theorem 2.10, we are interested in the computation of the stretch
factors of B1,_, and B, ) with |m —n[ =0 or 1. Examples 2.14 and 2.15
are useful.

Example 2.14. Let us compute the stretch factors of f81,, 51, and 51;.

(1) By recursive formulas of Ry, (t) and Fp,(t) (see Theorem 2.8) and
the definition of f.(¢) (see (2.7)), we obtain

Ryy(t) = ¢ —*—2t,
Rap(t) = t(t—1)Ru)(t) +2tRgy, (t) =t — 2t — 5¢° + 2t,
Faiy®t) = tRuy®t) — Ray, ()= -1)(F+ 1)3(t% — 4t 4 1).

Hence, the largest real root of the third factor t> —4t+1 of Fain()
is equal to A(B1;) = 2 + V3.
(2) A computation shows that
Rai)t) = t{t—1)Rq () —2tRq 1, (1)
= 7 —3t5 — 75 + 5% 4 1263 + 2% — 2t,
Faiin(t) = tRa11)®#) + Ry, ()
= (t+ DY =T+ 132 — Tt +1).
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The largest real root of the second factor of F{;;;)(t) gives the
stretch factor A(f1,) ~ 4.39026.
(3) Lastly, we compute

Ruqan(t) = 7 —4t® —8t7 +16t° + 317 — 187 — 4> + 2¢,
Faia,)®) = tRu1,10)®#) — Raan, ()
= (t—-1)(t+1)°# =3t +1)(t* — 5t + 1).

Hence, the largest real root of the last factor t2—5t+1 of Foia,1,)®)
gives us A(f1,) ~ 4.79129.

Example 2.15. A computation shows that
Ripy(t) = ™t —1)—2t =™ — ¢ — 2,
Ripy, (1) = t"PR,(3) =1—t -2t
By Theorem 2.8, the stretch factor of S, ) is the largest real root of
Flnm) (1) = "Ry (t) + Ry, (8) = (™2 — 47T —2¢) — 2™ — ¢ 4 1.

In Table 1, we list the smallest and largest stretch factors among all
pseudo-Anosov braids in Y.

TABLE 1. Smallest and largest stretch factors in Yy \ {Bn_1)}.

N 5€YNI\I{Hﬁr(lN—1)} AB) BEYNI\I}{%?N n} A(B)
3 >‘(612> - 3+2 > (612) = 3+\[

4 [ MBug) ~ 229663 | A\(Br,) =2+ \/
5 | MBa,2)) ~ 2.01536 | A(B1,) ~ 4.39026
6 | MBaz) ~ 1.8832 | A(B1,) ~ 4.79129
7 [ M(Bras) ~ 1.75488 | A(B1,) ~ 5.04892
8 | MBz,a) ~ 1.6815 | A(B1,) ~ 5.22274
9 [ MB) ~ 1.60751 | A(Bi,) ~ 5.345

10 | A(Ba5)) = 1.56028 | A(B1,) ~ 5.43401

3. SIMPLE CHOREOGRAPHIES BY YU

In this section, we explain simple choreographies of the planar N-body
problem obtained by Yu [Yul7]. His main theorem is:

Theorem 3.1 ([Yul7]). For every N > 3, there ewist at least 2V 73 +
2lIN=3)/2] qifrerent simple choreographies for the planar Newtonian N -body
problem with equal masses, where |-| denotes the integer part of a real num-
ber.

In the end of this section, we will explain the meaning of “different simple
choreographies” in the statement of Theorem 3.1.

We identify the plane R? with the complex plane C. The planar N-body
problem with equal masses is described by the following differential equation:

(3.1) 5 = 3 —L::’g (je{0,1,...,N —1})

ke{0,1,...N—1}\{j i
Ity ]}
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where z = (zj)jy:_ol € CN. The N-body problem has a variational structure.
That is, the critical points of the functional

b
A (2) = / L(=, 2)dt
correspond to weak solutions of the N-body problem, where
z € H([a,b],CY) := {z: [a,b] - CV | &, & € L*([a,b],CN)}

and
N_

—_

L(z,2)=

N |

1
.12
e Y i
— : |25 — 2kl
j=0 §,k€{0,1,...,.N—1},
i<k

Theorem 3.1 was proved using this variational structure. More precisely,
he showed the existence of a minimizer of Ajg xj(2) in the N-periodic func-
tional space

Ay = H' (R/NZ,C")

under symmetric and topological constraints.

Firstly, we explain the symmetric condition. Let G be a finite group and
define three actions 7, p and o as follows:
7: G — O(2), (the action of G on the time circle R/27Z),
p: G — O(2), (the action of G on two-dimensional Euclidean space), and
0: G — Sy, (the action of G on the index set {0,1,..., N —1}),
where O(2) and Sy represent the two-dimensional orthogonal group and the

symmetric group of N elements, respectively. For each g € G, we define its
action as follows:

9(2(1) = (p(9) Zo(g-1)0) (T(g™ ), -, p(9) Z0(g-1y(n—1)(T(g1)E).
Set
A ={z € Ay | g(z(t)) = z(t) for all g € G},

Ay ={z € An | z(t) # z;(t) for i # j}, and
AS = A9 N Ay,

The set Ayx implies that each element has no collision. As a consequence, a
critical point of Ajg nj in A% is also a critical point in Ay if the N masses
are equal. This fact follows from the Palais principle:

Proposition 3.2 (Palais principle, [Pal79]). Let M be a Hilbert space with
an inner product (-,-), and let G be a group such that each g € G is a linear
operator on M satisfying

(92, 9y) = (x,y) for any x,y € M.
Define
Y={xeM|gzx=ua forgeG}.
Suppose that f: M — R is of class C', G-invariant, and ¥ is a closed

subspace of M. If p € X is a critical point of f|s, then p € ¥ is also a
critical point of f.
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Example 3.3. Let G be the cyclic group, i.e., G = (g | ¢ = 1)(=: Zy),
and its actions are given by:
(3.2) T(g)t=t—1, p(g)=1id, and o(g)=(0,1,...,N —1).
z

Then, for any z € ALY,
(3.3) zj(t) = z0(t+j) fort e Rand j € {0,1,...,N — 1},
and this implies that a critical point of Ap n) in AJZVN describes a simple
choreography if it has no collisions.

Example 3.3 is a standard setting in proofs of the existence of periodic so-
lutions using the Palais principle. However, it is also known that the global
minimizer in A]ZVN is only the rotating regular N-gon. Thus, additional con-

straints are needed to obtain nontrivial periodic orbits through minimizing
methods.

Example 3.4 (Setting in [Yul7]). Set
Dy =(g.h|g" =h*=1,(gh)* = 1),
where the actions of g are the same as in (3.2) in Example 3.3, and
T(h)t=—-t+1, plh)z=2, and
o(h)=(0O,N—-1)(1,N—-2)---(n,N —1—n),
where n = [(N — 1)/2]|. Thus, any z € AﬁN satisfies the following three
properties. Firstly, the actions of A imply:
(3.4) zj(t) =zZn_1-;(1 —t) fort e Rand j € {0,1,...,N — 1}
and combining (3.3) and (3.4) yields:
zj(t) = Zn—j(-1),

especially,

(3.5) Re(%(0)) = —Re(2n—;(0)).
Secondly, the actions of gh indicate:

(36) Zo(t) = Zo(*lf) for t € R.

By (3.6), we get Im(z0(0)) = 0.
Clrarly, AgN C A]ZVN . Since the set Af,N contains an element representing

the rotating N-gon, which is the global minimizer in AL~ , we need additional
assumptions.

Definition 3.5 (The w-topological constraints, [Yul7]). For any w € Qy,
z € AﬁN is said to satisfy the w-topological constraints if

Im(20(j/2)) = wj|Tm(20(j/2))| for j € {1,...,N — 1},

The periodic orbits obtained in Theorem 3.1 satisfy the w-topological
constraints and following monotonicity.

Theorem 3.6 ([Yul7]). For each w € Qy, there exists at least one simple
choreography z = (zj)j-vz_ol € A]l\)[N satisfying (3.1), the w-topological con-
straints and the following properties:

(1) Re(20(t)) > 0 fort e (0,N/2), and
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(2) Re(20(0)) = Re(20(N/2)) = 0.

Remark 3.7. Since the periodic orbits in Theorem 3.1 are collision-free,
(3.3) and (3.4) imply Im(z(j/2)) # 0 for any j € {1,...,N — 1}.

Let z,, € AgN satisfy the properties of Theorem 3.6 for w. If z,, € [\gN ,
then it draws a trajectory that transits between line segments parallel to
the z- or y-axis. The shape of the trajectories can be easily understood by
showing examples as below.

For zj: R/NZ — C, z: R/NZ — CV | and t1,ty with 0 < #; < to < N,
define

Zj([tl,tg]) = {Zj(t) |t1 <t<ts}, j€{0,1,...,N—1},
and
z([tr, t2]) = {2(t) | t1 <t < ta}.

We think of z([t1,2]) as the N oriented curves in the complex plane C.
Note that if z(t) is a solution of (3.1), so is Z(—t). Thus we get

(3.7) 20([0, N1) = 20((0, N/2]) U 20([0, N/2]).

Moreover, by the property (2) of Theorem 3.6, zo([0, N]) forms a smooth
closed curve.

Remark 3.8. Set wg = wy = 0 and

Zo((tl,tg)) = {Zo(t) ’ t1 <t < tg}.

The proof of Proposition 3.1 in [Yul7] implies that for j € {0,..., N—1}, the
trajectory zo((j/2, (j+1)/2)) crosses the z-axis exactly once if wjw;ji1 = —1,
and does not cross the z-axis otherwise.

Example 3.9. Set N =3 and w = (1, —1). Figure 9(1) represents 2z ([0, N/2]).
Each arrow precisely indicates zo([i/2, (i +1)/2]) for i = 0,1,2 and w =
(1,—1) shows whether the trajectory passes through the positive or nega-
tive side of the y-axis. By (3.7), the case w = (1, —1) gives a periodic orbit
like the figure-eight [CMO00]. On the other hand, Figure 9(2) describes the
trajectory z,([0, 1/2]) and each arrow represents zo([0,1/2]), z1([0, 1/2]) and
22([0,1/2]), respectively. The indices of the particles are determined from
(3.3). See also Figure 9(3) for z,([1/2,1]).

y-axis

Zo(1/2)~g Zi(1)

2,00 Zo(1/2);
Z(1/2) Zy(1)

21(172)

o . :
Zo(1) Z(1/2)  Zi(0) (12 Zy(1)
(1 (2) (3)

FIGURE 9. Case N = 3, w = (1,—1). (1) Thick arrows
indiate zo([0, N/2]). (2) z,([0,1/2]). (3) zw([1/2,1]).
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Example 3.10. Set N = 4 and w = (1,—1,1). As in the previous ex-
ample, Figure 10(1) represents zo ([0, N/2]). Figures 10(2) and 10(3) depict
2, ([0,1/2]) and z,([1/2,1]), respectively. While the figure-eight consists
of two connected loops, a trajectory forming three such loops is called the
super-eight, and the existence of a periodic solution with this shape in the
four-body problem has been established in [KZ03, Shil4].

50(1/2)

1
jo(s/z) Z0(1); Z3(0) 100

Z1(12)  zy(1/2)8
20 z3(1)

iZ1(1/2)

E (1)

\ Zy(0) H :
Zp(0) T Zy(2 Y ¢ C
0 'Zo(l)/y T Z20(2) z3(1/2)% Z 202 Z3(1/2)F oy 20172
(1) (2) (3)

FiGURE 10. Case N =4, w =

(1,—1,1). (1) Thick arrows
indiate zo([0, N/2]). (2) zw(]0,1/

1,1
- (3) zu([1/2,1]).

As seen above, each simple choreography in Theorem 3.1 travels a chain
made of several loops. Moreover, Remark 3.8 implies that the number of
loops is uniquely determined for each w. For example, when w = (1, —1),
the trajectory traces a chain made of two loops, whereas w = (1,—1,1)
results in a chain of three loops. More precisely, each trajectory of z,, traces
a chain consisting of 1 + |w| loops, where |w| is defined by

’w’:#{jé{1,...,N—2}|ij]'+1:—1}.

In particular, if w = (1,1,...,1), then |w| = 0 and z,, traces a circle.

As shown in Examples 3.9 and 3.10, if N is odd, then the periodic orbits
z,, for w € Qu are drawn based on 1-solid and 1-dotted horizontal line, (N —
1)/2-solid and (N —1)/2-dotted vertical lines (Figure 9(1)). When N is even,
the orbits are drawn based on 2-solid horizontal lines, (N — 2)/2-solid, and
N/2-dotted vertical lines (Figure 10(1)). The trajectory z,,([(i/2), (i+1)/2])
consists of N oriented curves and jumps from solid to dotted from ¢ = i/2
tot=(i+1)/2if i is even (see Figures 9(2) and 10(2)) and from dotted to
solid if 7 is odd (see Figures 9(3) and 10(3)).

Remark 3.11. We provide remarks on the figure-eight and the super-eight.

(1) The figure-eight, a simple choreography for the 3-body problem with
equal masses, was discovered by Moore [M0093] as a numerical solu-
tion and later its existence was proven mathematically by Chenciner
and Montgomery [CMO00] using variational methods in a function
space with a certain symmetry.

(2) The existence of the super-eight, another simple choreography for
the 4-body problem with equal masses, was established by several re-
searchers. Gerver first discovered it numerically, Kapela and Zgliczyriski
[KZ03] provided a computer-assisted proof for its existence, and the
third author [Shil4] later gave a variational proof.
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(3) The reason why we write ‘like the figure-eight” and ‘like the super-
eight’ in Examples 3.9 and 3.10 is that the obtained orbits in Theo-
rem 3.6 only have symmetry with respect to the x-axis (see (3.6)),
whereas the figure-eight and super-eight have symmetry with respect
to both the z- and y-axis. Moreover, it is not clear whether the verti-
cal solid and dotted lines are evenly spaced. However, by considering
additional symmetries, we obtain the same periodic solutions as the
figure-eight and super-eight. See [Yul7, Section 3] for more details.

To clarify the number 2V=3 4 2l(N=3)/2] i Theorem 3.1, we define ele-

ments —w, @ € Qy for each w = (wy,...,wn-1) € Qn as follows.
—w = (—w1,—wa,...,—wn-1), and
W = (wN_l,wN_g, . ,wl).

(3) z&(t)-

Ficure 11. Case N =5, w = (1,1,—1,1).

We say that elements w,w’ € Qun are equivalent and write w ~ W' if
w' € {tw,+®}. Figure 11 shows examples of simple choreographies z, (%)
corresponding to equivalent elements w, —w and @. The number of elements
in Qxn up to the equivalence relation ~ is given by

oN=3 | 9l(N=3)/2]

Thus, this number represents the number of simple choreographies up to
the equivalence relation ~ obtained in Theorem 3.6. See Figures 12, 13, 14
and 15 in the case N = 3,4,5 and 6, respectively. Moreover, Theorem 3.1
follows immediately from Theorem 3.6.

Figure 4 shows particular examples of simple choreographies z,,(t) for
W = Wmin, Wmax in the case N = 19.

Lemma 3.12. Suppose that w and w’ are equivalent. If the braid o, is
pseudo-Anosov, then oy is also pseudo-Anosov. Moreover, o, and o,
have the same stretch factor.

Proof. Let w = (w1,...,wn—1). Suppose that w’ = —w. The braid a_,, is
the mirror of ay,, i.e., a_,, is obtained from «, by changing the sign of each
crossing in ay,. Then the assertion holds, since the pseudo-Anosov property
and the stretch factor are preserved under the mirror.
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(1) w = (1,1). 2) w = (1,-1).

FIGURE 12. Simple choreographies z,(t) up to the equiva-
lence ~ in the case N = 3.

(3) w = (1,—1,1).

FIGURE 13. Simple choreographies z,(t) up to the equiva-
lence ~ in the case N =4 .

Suppose that w’' = —& = (—wy_1, —wWN_2,...,—w1). Then
L TWN-1_—WN-2 | _—w]
a_g =0 oy oy
: WN — . .
On the other hand, the inverse of oy, = 05052 ... 05" " is given by
-1 _ _—WN-1_—WN-2 _—wi
Gy =ON-_1 ON-2 oy -

Then Aaj A~ = a_g, that is a_g is conjugate to ag!. Clearly, if ay, is
a pseudo-Anosov braid, then a_! is also a pseudo-Anosov braid with the
same stretch factor as that of cy,. Hence, the assertion follows since a_g is
conjugate to a;l.

Finally, we suppose that w’ = @&. Since a_g is the mirror of ag, the
assertion follows from the above two cases. This completes the proof. O

4. PROOFS

Let Z,, be the braid type of the simple choreography z,,(t) for each w €
Qpn. For the proof of Theorem 1.2, we first prove the following result which
tells us a representative of Z,,.

Theorem 4.1. For each w = (w1, ...,wn—1) € Qn, the primitive braid type
of the simple choreography z.(t) is given by a_y, = o Loy “?--- 0';[“:1\1]71
In particular, the braid type Z., of z.(t) is represented by (a_,)V.
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7N

(6) w=(1,—1,—1,1).

FIGURE 14. Simple choreographies z,(t) up to the equiva-
lence ~ in the case N = 5.

Proof. The simple choreography z,,(t) associated with w € Qu has the pe-
riod N and the primitive period 1. Choosing a small € > 0, we consider a
primitive braid b(z,([¢, € + 1])) of z,(t) (see Section 2.3). Figure 16 illus-
trates b(z,([€, € + 1])) in the case w = (1, —1). For simplicity, we write

b1+ 7= b(zw([6, € + 1))

We now prove that the braid type (b 1) is given by a_y, (see (2.5) for
the braid a_,,). By (3.3) and (3.4), it holds

Zj(O) = ZN_l_j(l) = ZN_J'(O) for j € {0,1,...,N —1}.
Hence we have
Re(z;(0)) = Re(zn—;(0)) for j € {0,1,...,N —1}.

If € > 0 is small, then Re(zj(e)) # Re(zn—;(€)) by (3.5). Moreover by
the properties of the simple choreography z,(t) (see Section 3), if i,j €
{0,..., N — 1} with i # j, then Re(z;(¢)) # Re(z;(e)).

Let us set Re(zi(€)) = p; and let a; = (p;,0) € R x {0} be the projection
of z(€) € C ~ R? on the first component. Then {ag,...,an_1} C R x {0}
is a set of N points, which is denoted by An. Consider the projection of
the braid by 144 onto the zi-plane. Note that the projection contains at
most double points, since the periodic orbits is a simple choreography and
the closed curve zp([0, N]) on which N particles lie contain at most double
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(1) w=(1,1,1,1,1)
/ //J

(3) w %/(1,1,1,—1,1).

~1,1,1).

() w= (1.1,

(9) w=(1,-1,1,-1,1).
FIGURE 15.
lence ~ in the case N = 6.

2(146) Z,(1+€)

\aw

e

2) w=(1,1,1,1,1).

(4) w :/(/1,1,1,

~1,-1).

{ Do

(6) w=(1,1,—1,1,—1).
(8) w=(1,-1,1,1,—1).

Ao

(10) w = (1, -1, -1, —1,1).

Simple choreographies z,,(t) up to the equiva-

, s Zi(1) ¢
time \7;.”\ /‘3”\ y
A
(3) Z5(1) t=1+¢&
Z(1) zy(1+e)
aa 297 e
2
- /5:8) Z,(1/2) Zz(E’)
Zy(€) Z5(0)
(1) > L q =¢
20} <N
Z0 Zyz) 4)
FIGURE 16. Case N =3, w = (1,—1). (1) zw(e). (a; is
the projection of z(e) for i = 0,1,2.) (2) zu(3 +¢€). (3)

2Zw(l+€) = z,(€). (4) Braid b[e,1+6] =b(z

w([e, e+ 1))).
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Zy(1/2+8) I4
f &E\,\fm/ﬁe) t=1+&
2) . = e .
2(1/2+8)  Zy(1)
t=1/2+¢&
4 g)
20(8) 2('
(1) : /:‘ a * O_w
ap /azé/
Zi(e) =
ay aa; x
3)

FIGURE 17. Case N = 3, w = (1,—1). (1) zuw([e, 5 + €).
(2) zw([3 + €, 1 +¢€]). (3) Projection by 1, on the xt-plane.
b[€71+€] = €_p 0_yp = 09+ Ufl in this case. Small circles
indicate the double points.

points. At each double point of the projection, we indicate the over/under
crossings determined by the braid b 1 4.}, as shown in Figure 17(3). Then the

result is a braid (with base points Ay) denoted by bic 11 = b(2w([€, € + 1])).

We also call the braid by 1, the projection of by 1. Note that b 1, has
the same braid type as bjc14-

Claim. For each w € Qy the braids by 11(= b(2w([e, € +1]))) and a_,
are conjugate in By.

Proof of Claim. We consider the trajectory z,([0, %]) See Figure 18. We
focus on the motion of Oth particle zo(¢). Recall that z(t) satisfies the two
conditions (1) and (2) in Theorem 3.6. Between ¢t = 0 and ¢ = %, the Oth
particle passes by all other N — 1 particles. More precisely, for each j =
1,...,N—1, when zo(t) and the (/N — j)th particle zy_;(t) pass each other,
they lie on the same vertical line at ¢ = %, i.e., Re(20(j/2)) = Re(2n—;(j/2)).
The w-topological constraints (Definition 3.5) tell us the following inequality
about the imaginary part:

Im(zo(%)) > Im(zN,j(%)) if wj =1,
3 3) ifwj=-L

This means that zo(f) passes over zy_;(t) at ¢ = % if w; = 1. Otherwise,

it passes under zy_;(t) at t = . These together with the choreographic

condition (3.3) enables us to read off the braid word from by 1., as we will
see NOw.
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2(372) Z(1)

Z1(172)  Zy(1) Z0(3/2)

2(112) Zy(1) Z1(3/2)  Zyp(1)

» time

(1) Z) passesover Z,  (2) Z passes under Z; 3)
att=1/2 at =]

FIGURE 18. 2,([0,5]) when N = 3, w = (1,—1). In this
case, the Oth particle zo(t) passes over zo(t) at t = 1. Then
it passes under 21 (t) at t = 1. (1) 24([0, 3]). (2) zw([2,1]).
(3) zw([1, 3])-

Recall that o, e, are braids for w = (w1,...,wy_1) € Qn as in (2.6).
We claim that by 1 is written by

—w; —wj
Dle14q = €-w 0w = H o H o7

ie{l,...,.N—1} jed1,...,.N—1}
1 even 7 odd

See (2.6) for braids e_,, and 0_. In fact, if j is odd and w; = 1 (resp.
w; = —1), then the braid word aj_l (resp. a;-rl) in 0 appears in by 1, by

the fact that zo(t) and zy_;(t) meet at the same vertical line at ¢t = £ with

the inequality Im(zo(%)) > Im(zy—;(3)) (resp. Im(zo(%)) < Im(zn—;(3)))

Similarly, if ¢ is even and w; = 1 (resp. w; = —1), then the braid word o, 1
(resp. O';rl) in e_y, appears in by 1. See Figures 17(3).

By Lemma 2.5, €_w0—w(= bl 14¢) is conjugate to a—,. This completes
the proof of Claim.

By Claim, the primitive braid type of the simple choreography z,(t) is
given by a_,. Thus the braid type Z, of z,(t) is given by (a_,)". This
completes the proof of Theorem 4.1. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Given w € )y, we consider the simple choreography
Z_w(t) corresponding to —w € Q. By Theorem 4.1, a_(_y) = ay (resp.
the Nth power (ay,)") represents the primitive braid type (resp. braid type
Z_,,) of the solution z_,,(t). This together with Theorem 3.6 implies the
former statement of Theorem 1.2.

We turn to the latter statement. By Lemma 3.12, we may assume that
w= (Lwa,...,wn-1) € QL. Suppose that w = (1,1,...,1). In this case,
by Example 2.3(2) and Lemma 2.7, the braid type Z,, is periodic.

Suppose that there exists ¢ € {2,...,N — 1} such that w; = —1. Let
O : Un_1 — QF be the bijection given in Lemma 2.2. Then O }(w) € Un_4
is a composition of N — 1 corresponding to the (k + 1)-tuple of positive
integers with & > 0. Recall that Sg-1(,) = @ by Lemma 2.9, and this is a
pseudo-Anosov braid by Theorem 2.8.
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The Nth power (aw)N that represents the braid type Z,, is also pseudo-
Anosov, since the pseudo-Anosov property is preserved under the power.
This completes the proof. O

We recall the elements wax, Wmin € 2n defined in Section 1. The element
Wmin can be written by wpyiy = O(m) by using the bijection © : U1 —
Qf, where m = (n,n) € Un_1 if N=2n+1land m = (n,n—1) € Uy_;
if N =2n.

Proof of Theorem 1.3. Suppose that w € Qp is neither (1,1,...,1) nor
(=1,—1,...,—1). Then the braid a, € By is pseudo-Anosov by Lem-
mas 2.9 and 3.12. By Lemma 3.12 again, oy, and a_,, have the same stretch
factor. By definitions of wyax and wpin, we have ay,_ .. = B1,_,. Moreover
Qe = Bmmn) When N = 2n + 1 (resp. aw,;, = Bmn—1) When N = 2n).
The assertion follows from Theorems 2.10 and 4.1. O

Example 4.2. Suppose that w = (1, —1) € Q3. The braid type of the figure-
eight solution of the planar Newtonian 3-body problem is the same as that
of the simple choreography z,,(t). See Remark 3.11(1)(3). Hence, (a_y,)3 =
(o1 159)3 is a representative of the braid type of the figure-eight solution.

By (2.3), its stretch factor A((o] '02)?) equals (A(0] 'a9))? = (3+72\/5)3

Corollary 4.3. The super-eight solution of the planar Newtonian 4-body
problem has the pseudo-Anosov braid type with the stretch factor (2+ \/3)4.

Proof. We take w = (1,—1,1) € €. Figure 19 illustrates the braid by 1
corresponding to the simple choreography z,,(t). The (primitive) braid type
of the super-eight solution for the planar 4-body problem is the same as that
of z,(t). See Remark 3.11(2)(3). Thus the braid type of the super-eight is
pseudo-Anosov by Theorem 1.2. The primitive braid type of the super-eight
is given by a_,, = 01_10203_1. By Lemma 3.12, braids a—, and aw = B(1,1,1)
have the same stretch factor that is equal to 2 + /3 (see Example 2.14(1)).
Therefore, by (2.3), the braid type of the super-eight has the stretch factor

(2 +V3)% a

Proof of Corollary 1.4. We consider the case N =4, w = (1,—1,—1). Fig-
ure 20 illustrates the braid by ;1 corresponding to zu(t). See also Fig-
ure 2. The primitive braid type of the simple choreography z,, is given by
Oy = 01_10203. If we take —w = (—1,1,1) € (U, the braid a__,) =
0y = 0104 103_ ! represents the primitive braid type of the simple chore-
ography z_,(t) corresponding to —w. Since by Lemma 3.12, braids a_,,
and o, = f(1,2) have the same stretch factor, Theorem 2.8 tells us that
AMa—w) = A(B(1,2)) = 2.2966 is the largest real root of

Flagy(t) = (t+ 1)t —26° — 2t + 1),

that is the largest real root of the degree 4 polynomial t* — 2t3 — 2t + 1.
Thus, the simple choreography z_,,(t) has the desired properties. O
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time () ta
A t=1+¢& 1{.- -
Z3(1) ()
Zp(1) \
/ /

€_w
20(1/2) Z1(1/2)
t=1/2+¢
Z3(1/2) 25(1/2) 0w
Z3(0)

2(0)
=€
2)(0) ap  aza a x
Z(0)

(D (2)

FIGURE 19. Case N = 4, w = (1,—1,1). (1) From the
bottom to the top: 2w (0), 2w(3) and 2w (1) = 2,(0). (2)
ble,14¢] = €—w *0—w =02 - 01_103_1 in this case.

Z(1)
time
T Z3(1) a0 I+ la
t=1+¢ |- — -
Zy(D) R
Z(1/2,
Z001/2) 2(1/2) € _w
t=1/2+¢& / \
Z3(1/2
e Z1(1/2) o
—w
Z3(0)
=&
Zy(0) 2(0) ay as a a x
Z(0)

(D 2)

Ficure 20. Case N =4, w = (1,—1,—1). (1) From the
bottom to the top: 24,(0), 2w(3) and zw(1) = 2,(0). (2)
b[€71+€] —=€_w 0_p =09 01_103 in this case.

5. CONCLUSION

We notice that if b € By is a primitive braid of some simple choreography
of the planar N-body problem, then the permutation §(b) € Sy is cyclic (see
(2.1) for the definition of the homomorphism § : By — Sy). The following
question is a choreographic version of Question 1.1.



BRAIDS AND THE PLANAR NEWTONIAN N-BODY PROBLEM 29

Question 5.1. Let b be a braid with N strands whose permutation §(b) is
cyclic. Is the braid type (b) given by a primitive braid of a simple choreog-
raphy of the planar Newtonian N -body problem?

Theorem 1.2 tells us that Question 5.1 is true if a braid b is of the form
b= ay for w € Q. We are far from solving Questions 5.1 and 1.1, yet we
present an interesting example in this work. In fact, the simple choreography
of the planar 4-body problem which satisfies the statement of Corollary 1.4 is
intriguing in the sense that the braid o104y 103_ ! reaches the minimal stretch
factor among all pseudo-Anosov braids with 4 strands [SKLO02].

Table 1 in Section 2.6 shows that BEYIJ{I{%@)})\(B) A(Ba,2)) ~ 2.01536.
We note that there exists a pseudo-Anosov 5-braid whose stretch factor
is smaller than that of the 5-braid $(32y. Ham-Song [HS07] proved that
010203040103 is a pseudo-Anosov braid which realizes the minimal stretch
factor d5 ~ 1.7220 among all pseudo-Anosov 5-braids, and J5 is the largest
real root of t* — 13 — 2 —t 4 1.

We finally ask the following question.

Question 5.2. Does there exist a simple choreography of the planar Newto-
nian 5-body problem whose primtive braid type is given by a pseudo-Anosov
5-braid with the minimal stretch factor é5 ~ 1.72207
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