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In this report, we describe a theory of pullback formula for vector valued Siegel modular
forms. The main tools are the Eisenstein series and a differential operator which sends a
scalar valued Siegel modular form to the tensor product of two vector valued Siegel modular

forms. We investigate (DEp+q
k )

(
Z 0
0 W

)
precisely, where Ep+q

k is the Eisenstein series

and D the differential operator.

In Section 1, we describe pullback formula for scalar valued Siegel modular forms. In
Section 2, we define vector valued Siegel modular forms. In Section 3, we describe the
differential operator explicitly and “Fundamental Lemmas”. In Section 4, we give a general
theory from Fundamental Lemmas. In Section 5, we describe results in special cases. In
Section 6, we consider a way of computation of DEp+q

k .

1. Introduction

In this section we introduce pullback formula and its applications for scalar valued Siegel
modular forms.

Let En
k be the holomorphic Eisenstein series of degree n and weight k, i.e.,

En
k (Z) :=

∑
(C,D)

det(CZ +D)−k

where (C,D) runs over a complete set of representatives of the equivalence class of co-
prime symmetric pairs of degree n. The right-hand side converges absolutely and locally
uniformly for k > n+ 1. Therefore En

k is holomorphic for k > n+ 1.
Next, we define the non-holomorphic Eisenstein series of degree n and weight k by

En
k (Z, s) := det(Im(Z))s

∑
(C,D)

det(CZ +D)−k |det(CZ +D)|−2s
.

Here s is a complex variable. The right-hand side converges for k+2Re(s) > n+1. As is
well known, En

k (Z, s) has meromorphic continuation on the whole s-plane and satisfies a
functional equation. (see Langlands [13], Kalinin [9], Mizumoto [14])
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For the holomorphic Eisenstein series, Garrett [7] proved the following formula:

Ep+q
k

(
Z(p) 0
0 W (q)

)
= Ep

k(Z)Eq
k(W ) +

min(p,q)∑
r=1

Cr

d(r)∑
j=1

D(k, fr,j)[fr,j ]
p
r(Z)[θfr,j ]

q
r(W ),

where Cr is a constant, d(r) is the dimension of the space of cuspforms of degree r and
weight k, {fr,1, fr,2, . . . , fr,d(r)} is an orthonormal basis consisting of eigenforms, [f ]pr de-

notes the Klingen type Eisenstein series attached to f ([10]), and (θf)(z) := f(−z). For
an eigenform f and a complex variable s, D(s, f) is defined by

D(s, f) :=
∑

T∈T(r)

λ(f, T ) det(T )−s,

where T(r) is the set consisting of all elementary divisor forms of degree r and λ(f, T )

is the eigenvalue on f of the Hecke operator
(
Γr

(
T 0
0 T−1

)
Γr

)
. Here Γr is the Siegel

modular group of degree r. Using this formula, Böcherer [1] studied Fourier coefficients of
Klingen type Eisenstein series.

On the other hand, in [4], Böcherer showed that D(s, f) is equal to

ζ(s)−1
r∏

j=1

ζ(2s− 2j)−1 L(s− r, f, St)

where ζ is the Riemann zeta function and L(∗, f, St) the standard L-function attached
to f . Furthermore, in [2], introducing a differential operator Dk,ν which sends a Siegel
modular form of weight k to the product of two Siegel modular forms of weight k + ν,

Böcherer showed Garrett’s pullback formula for (Dk,νE
2n
k )

(
Z 0
0 W

)
and proved

L(m, f, St)

πnk+m(n+1)−n(n+1)/2(f, f)
∈ Q(f)

if the Fourier coefficients of f belong to Q(f) and m is an integer such that m > n and

(1.1) 1 ≤ m ≤ k − n and m+ n is even.

Here (·, ·) denotes a (non-normalized) Petersson inner product and Q(f) a totally real finite
extension of Q. Furthermore Mizumoto [14] proved the same result when (1.1) and

n ≡ 3 (mod 4) or n = 1 if m = 1.

For the non-holomorphic Eisenstein series, Böcherer [3] showed the following identity:(
f,E2n

k

((−Z 0
0 ∗

)
, s
))

= (Γ-factor) · L(2s+ k − n, f, St) · f(Z),

and proved meromorphic continuation and functional equation of standard L-functions.
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2. Vector valued Siegel modular forms

Let n be a positive integer. Let (ρ, Vρ) be a polynomial representation of GL(n,C) on a
finite-dimensional complex vector space Vρ. We fix a Hermitian inner product ⟨·, ·⟩ on Vρ

such that
⟨ρ(g)v, w⟩ = ⟨v, ρ(tg)w⟩ for g ∈ GL(n,C), v, w ∈ Vρ.

Let Γn := Sp(n,R)∩M(2n,Z) be the Siegel modular group of degree n, and Hn the Siegel

upper half space of degree n. For g =

(
A(n) B(n)

C(n) D(n)

)
∈ Sp(n,R) and Z = (zµν)1≤µ,ν≤n ∈

Hn, we put
g⟨Z⟩ := (AZ +B)(CZ +D)−1, j(g, Z) := CZ +D,

δ(g, Z) := det(CZ +D), ∆(g, Z) := (CZ +D)−1C,(
∂

∂Z

)
:=

(
1 + δµν

2

∂

∂zµν

)
1≤µ,ν≤n

.

Here δµν is the Kronecker’s delta. And for a Vρ-valued function f : Hn → Vρ,

(f |ρg)(Z) := ρ(j(g, Z))−1 f(g⟨Z⟩).

We write |k for ρ = detk.
A C∞-function f : Hn → Vρ is called a Vρ-valued C∞-modular form of weight ρ if it

satisfies f |ργ = f for all γ ∈ Γn. The space of all such functions is denoted by M∞
ρ . The

space of Vρ-valued Siegel modular forms of weight ρ is defined by

Mρ := {f ∈ M∞
ρ | f is holomorphic on Hn (and its cusps)},

and the space of cuspforms by

Sρ :=

{
f ∈ Mρ

∣∣∣ lim
λ→∞

f
((Z 0

0 iλ

))
= 0 for all Z ∈ Hn−1

}
.

If ρ = detk, we write Mn
k
∞, Mn

k , and Sn
k for M∞

ρ , Mρ, and Sρ, respectively. For f ,
g ∈ M∞

ρ , the (non-normalized) Petersson inner product of f and g is defined by

(f, g) :=

∫
Γn\Hn

⟨
ρ(
√

Im(Z))f(Z), ρ(
√
Im(Z))g(Z)

⟩
det(Im(Z))−n−1 dZ

if the right-hand side is convergent.
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3. Differential operators for Siegel modular forms

Let Wj be a j-dimensional vector space

Wj := Ce1 ⊕ Ce2 ⊕ · · · ⊕ Cej ,

where e1, e2, . . . , ej are indeterminates. Let T l(Wj) be the l-th tensor product of Wj for
a positive integer l, i.e.,

T l(Wj) := Wj ⊗ · · · ⊗Wj︸ ︷︷ ︸
l-times

,

and ρ′j the standard representation of GL(j,C) on T l(Wj). We put ρj := detk ⊗ρ′j .

Let Wj
∗ and Wj∗ be copies of Wj , i.e.,

Wj
∗ := Ce1∗ ⊕ Ce2∗ ⊕ · · · ⊕ Cej∗,

Wj∗ := Ce1∗ ⊕ Ce2∗ ⊕ · · · ⊕ Cej∗,

where e1
∗, e2

∗, . . . , ej
∗, e1∗, e2∗, . . . , ej∗ are indeterminates. For w ∈ Wj and v ∈ T l(Wj),

w∗ ∈ Wj
∗, w∗ ∈ Wj∗, v

∗ ∈ T l(Wj
∗) and v∗ ∈ T l(Wj∗) are defined in the obvious way.

And ρ′j
∗
, ρj

∗, ρ′j∗ and ρj∗ are defined similarly.
On the other hand, we put index sets

I∗ := {1∗, 2∗, . . . , l∗}, I∗ := {1∗, 2∗, . . . , l∗} and I := I∗ ∪ I∗

and we consider a polynomial ring

C[e(α)j | j ∈ Z>0, α ∈ I],

where e
(α)
j is indeterminate for any j and α.

We fix positive integers p and q. For a symmetric matrix S of size p + q and positive
integers a, b, we define

Sab := (e
(a∗)
1 , . . . , e(a

∗)
p , 0, . . . , 0)S t(e

(b∗)
1 , . . . , e(b

∗)
p , 0, . . . , 0)(= Sba),

Sa
b := (e

(a∗)
1 , . . . , e(a

∗)
p , 0, . . . , 0)S t(0, . . . , 0, e

(b∗)
1 , . . . , e(b∗)q ),

Sab := (0, . . . , 0, e
(a∗)
1 , . . . , e(a∗)

q )S t(0, . . . , 0, e
(b∗)
1 , . . . , e(b∗)q )(= Sba).

Furthermore Sa∗b∗ , Sa∗b∗ and Sa∗b∗ denote Sab, Sa
b and Sab, respectively. This notation

will be used in Section 6. Now, we consider a product

Sa1a2Sa3a4 . . .Sa2r−1a2rSb1b2Sb3b4 . . .Sb2r−1b2rS
a2r+1

b2r+1
S
a2r+2

b2r+2
. . .Sal

bl

for some r ≥ 0, where (a1, a2, . . . , al) and (b1, b2, . . . , bl) are permutations of (1, 2, . . . , l).
This product can be expressed as∑

1≤i1,i2,... ,il≤p

1≤j1,j2,... ,jl≤q

(coefficient)e
(1∗)
i1

e
(2∗)
i2

. . . e
(l∗)
il

e
(1∗)
j1

e
(2∗)
j2

. . . e
(l∗)
jl

.

We identify e
(1∗)
i1

e
(2∗)
i2

. . . e
(l∗)
il

e
(1∗)
j1

e
(2∗)
j2

. . . e
(l∗)
jl

with e∗i1⊗e∗i2⊗· · ·⊗e∗il⊗ej1∗⊗ej2∗⊗· · ·⊗ejl∗.

Then this product belongs to T l(W ∗
p )⊗ T l(Wq∗).

A linear combination of these products is called a homogeneous polynomial of S.
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Examples of homogeneous polynomials:

l = 1

S1
1 .

l = 2

S1
1S

2
2 , S1

2S
2
1 , S12S12.

l = 3

S1
1S

2
2S

3
3 , S1

1S
2
3S

3
2 , S1

2S
2
1S

3
3 , S1

2S
2
3S

3
1 , S1

3S
2
1S

3
2 , S1

3S
2
2S

3
1 ,

S23S23S
1
1 , S23S31S

1
2 , S23S12S

1
3 , S31S23S

2
1 , S31S31S

2
2 ,

S31S12S
2
3 , S12S23S

3
1 , S12S31S

3
2 , S12S12S

3
3 .

Let P(S) be a homogeneous polynomial of S. We put

P (X1, X2) = P
((

X1

X2

)
t
(
X1

X2

))
,

where X1 ∈ M(p, d,C) and X2 ∈ M(q, d,C). Here d is a positive integer. Then we have

(C1) P (a1X1, a2X2) = ρ′∗p (a1) ⊗ ρ′q∗(a2)P (X1, X2) for any a1 ∈ GL(p,C) and a2 ∈
GL(q,C),
(C2) P (X1g,X2g) = P (X1, X2) for any g ∈ O(d).

If

(C3) P (X1, X2) is pluri-harmonic for each X1 and X2,

and d := 2k, then we have the following theorem:

Theorem (Ibukiyama [8, Theorem 1]) For a C∞-function f : Hp+q → C, g1 ∈ Sp(p,R)
and g2 ∈ Sp(q,R), we have

((P(∂)f)|ρ∗
p
g1|ρq∗g2)|Z=Z0

= (P(∂)(f |kg∗1g2∗))|Z=Z0
,

where for g1 =

(
A

(p)
1 B

(p)
1

C
(p)
1 D

(p)
1

)
and g2 =

(
A

(q)
2 B

(q)
2

C
(q)
2 D

(q)
2

)
, we define g∗1 :=

A1 0 B1 0
0 1q 0 0
C1 0 D1 0
0 0 0 1q

 and g2∗ :=


1p 0 0 0
0 A2 0 B2

0 0 1p 0
0 C2 0 D2

, and we put ∂ :=

(
∂

∂Z

)
and

Z0 :=

(
Z(p) 0
0 W (q)

)
.

Applying the above theorem to f(Z) = δ(g,Z)−k or f(Z) = δ(g,Z)−k |δ(g,Z)|−2s

det(Im(Z))s, we have the following lemmas:
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Fundamental Lemma 1 (holomorphic case) If P(S) is a pluri-harmonic homogeneous

polynomial of S, then there exists a homogeneous polynomial Q(X) of X such that

P(∂)(δ(g,Z)−k) = δ(g,Z)−kQ(∆(g,Z))

for any g ∈ Sp(p+ q,R) and Z ∈ Hp+q, and Q(X) has the following form

Q(X) =
∑

(coefficient)Xa1

b1
Xa2

b2
. . .Xal

bl
.

Fundamental Lemma 2 (non-holomorphic case) If P(S) is a pluri-harmonic homoge-

neous polynomial of S, then there exists a homogeneous polynomial Q(X, s) of X such
that (

P(∂)(δ(g,Z)−k |δ(g,Z)|−2s
det(Im(Z))s)

)
|Z=Z0

=
(
(δ(g,Z)−k |δ(g,Z)|−2s

det(Im(Z))s)Q(∆(g,Z)− 1

2i
(Im(Z))−1, s)

)
|Z=Z0

for any g ∈ Sp(p+ q,R) and Z ∈ Hp+q.

Remarks.
(1) In the holomorphic case, we need not restrict Z to Z0. And Q(∆(g,Z)) depends only
on the upper-right (or lower-left) block of ∆(g,Z).

(2) ∆(g,Z)− 1

2i
(Im(Z))−1 = − 1

2i
(j(g,Z))−1 Im(g⟨Z⟩)−1t(j(g,Z))−1 .

(3) Q(X) and Q(X, s) exist independently. We expect Q(X) = Q(X, 0).

Example of pluri-harmonic homogeneous polynomials:

l = 1
S1
1 .

l = 2

S1
1S

2
2 − 1

d
S12S12, S1

2S
2
1 − 1

d
S12S12,

S1
1S

2
2 + S1

2S
2
1 − 2

d
S12S12, symmetric tensor valued case,

S1
1S

2
2 − S1

2S
2
1 , alternating tensor valued case.

l = 3

S1
1S

2
2S

3
3 − 1

(d+ 2)(d− 1)
{(d+ 1)(S23S23S

1
1 + S31S31S

2
2 + S12S12S

3
3)

− (S23S31S
1
2 + S23S12S

1
3 + S31S23S

2
1 + S31S12S

2
3 + S12S23S

3
1 + S12S31S

3
2)}.
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4. Applications

We assume that representations of GL(n,C) are irreducible. First we fix a Young
diagram (λ1, λ2, . . . , λν) which belongs to Zν and satisfies λ1 ≥ λ2 ≥ . . . ≥ λν ≥ 0,
ν ≤ min(p, q) and λ1 + λ2 + · · ·+ λν = l. Let

c :=
∑
σ∈H
τ∈V

sgn(τ)τσ

be the Young symmetrizer of (λ1, λ2, . . . , λν). Here H is the horizontal permutation group
and V is the vertical permutation group. The Young symmetrizer c belongs to the group
algebra C[Sl] where Sl is the l-th symmetric group.

As is well known, C[Sl] acts on T l(Wj) in the obvious way. When C[Sl] acts on
T l(W ∗

p ) (resp. T l(Wq∗)), we express an element σ of C[Sl] as σ∗ (resp. σ∗). We put

V ∗
p := c∗(T l(W ∗

p )) and Vq∗ := c∗(T
l(Wq∗)). Then (ρ∗p, V

∗
p ) and (ρq∗, Vq∗) are irreducible.

From Fundamental Lemma 1, we have the following:

Theorem (Garrett’s pullback formula) (Garrett [7], Böcherer [2], Böcherer-Satoh-
Yamazaki [5], [12]) Let k be even and k > p + q + 1. If V ∗

p ⊗ Vq∗-valued polynomial
P(S) is pluri-harmonic homogeneous of S, then

(P(∂)Ep+q
k )

(
Z 0
0 W

)
=

min(p,q)∑
r=ν

Cr

d(r)∑
j=1

D(k, fr,j)[fr,j ]
p
r(Z)∗ ⊗ [θfr,j ]

q
r(W )∗.

Here Cr is a constant satisfying

2r(r+1)−(rk+l)+1irk+l

∫
Sr

⟨ρr∗(1r − SS)v∗,Q(

(
∗ 1r
1r ∗

)
)⟩det(1r − SS)−r−1 dS = Crv

∗

with Sr := {S ∈ M(r,C) | S = tS, 1r − SS > 0}, d(r) is the dimension of Sρr
,

{fr,1, fr,2, . . . , fr,d(r)} is an orthonormal basis consisting of eigenforms, Klingen type Eisen-
stein series [f ]pr is defined by

[f ]pr(Z) :=
∑

γ∈Γn,r\Γn

f(prpr(Z))|ρp
γ

where Γp,r :=




A
(r)
1 0 B

(r)
1 B2

A3 A4 B3 B4

C
(r)
1 0 D

(r)
1 D2

0 0 0 D4

 ∈ Γp

 and prpr

(
Z

(r)
1 Z2

Z3 Z4

)
= Z1, and (θf)(z)

:= f(−z). And for an eigenform f , D(f) is defined by

D(f) :=
∑

T∈T(r)

λ(f, T ) det(T )−k,

where λ(f, T ) is the eigenvalue on f of the Hecke operator
(
Γr

(
T 0
0 T−1

)
Γr

)
.

7



From Fundamental Lemma 2, we have the following:

Proposition (see Böcherer [3], Takayanagi [15, 16], [11]) Let n = p = q. For an eigenform
f ∈ Sρn

, then (
f, (P(∂)E2n

k )
((−Z 0

0 ∗

)
, s
))

= 2n(n+1−2s)−(nk+l)+1ink+lc(s, ρn)D(k + 2s, f) f(Z)∗

where c(s, ρn) satisfies∫
Sn

⟨ρn∗(1n − SS)v∗,Q(R, s)⟩det(1n − SS)s−n−1 dS = c(s, ρn)v
∗

with

R := − 1

2i

(
S −2i1n

−2i1n 4S(1n − SS)−1

)
.

Conjecture There exists a non-zero constant c depending only on ρn such that

c
(s+ n− k

2
, ρn

)
= c ·

n∏
j=1

Γ(s+ k + λj − j)

Γ(s+ n+ k + 1− 2j)
.

Conjecture If m is a critical point in the sense of Deligne [6] and all Fourier coefficients
belong to Q(f), then

L(m, f, St)

πnk+l+m(n+1)−n(n+1)/2(f, f)
∈ Q(f).

5. Special cases

1. Symmetric tensor valued case (Böcherer-Satoh-Yamazaki [5], Takayanagi [15])
Young symmetrizer

c :=
∑
σ∈Sl

σ.

Pluri-harmonic homogeneous polynomial

P(S) := c∗c∗

[l/2]∑
µ=0

(−1)µ2l−2µ

µ! (l − 2µ)! (k + l − µ− 1)µ
S12 . . .S2µ−1,2µS12 . . .S2µ−1,2µS

2µ+1
2µ+1 . . .S

l
l ,
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where the Pochhammer symbol (a)µ := Γ(a+ µ)/Γ(a).
In this case,

Q(X, s) = c∗c∗

[l/2]∑
µ=0

a(l, µ, k, s)X12 . . .X2µ−1,2µX12 . . .X2µ−1,2µX
2µ+1
2µ+1 . . .X

l
l

and
Q(X) = Q(X, 0),

where

a(l, µ, k, s) :=

[l/2]∑
h=µ

(
h

µ

)
(−1)h−µ+l(2k − 2 + 2h)l−2h(−s)h(k + s)l−h

h! (l − 2h)! (k − 1 + h)l−h
.

2. Alternating tensor valued case (Takayanagi [16], [11])
Young symmetrizer

c :=
∑
σ∈Sl

sgn(σ)σ.

Pluri-harmonic homogeneous polynomial

P(S) := c∗c∗S
1
1S

2
2 . . .S

l
l .

In this case,

Q(X, s) = c∗c∗

l∏
j=1

(
−k − s+

j − 1

2

)
X1

1X
2
2 . . .X

l
l

and
Q(X) = Q(X, 0).

3. Weight (k + 2, k + 1, . . . , k + 1︸ ︷︷ ︸
l−2

, k, . . . , k︸ ︷︷ ︸
n−l

)

Young symmetrizer

c :=
∑

σ∈{id.,(12)}
τ∈Sl,τ(2)=2

sgn(σ)σ.

Pluri-harmonic homogeneous polynomial

P(S) := c∗c∗(S
1
1S

2
2 − l

2(2k − (l − 2))
S12S12)S

3
3 . . .S

l
l .

In this case,

Q(X, s) = c∗c∗

l−1∏
j=1

(
−k − s+

j − 1

2

)

·
{
(−k − s− 1

2
+

l

2(2k − (l − 2))
)X1

1X
2
2 +

ls

2(2k − (l − 2))
X12X12

}
X3

3 . . .X
l
l

and
Q(X) = Q(X, 0).
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6. Computation of P(∂)Ep+q
k

For simplicity, we put

δ := δ(g,Z), ε := det(Im(Z)), ∆ := ∆(g,Z) and E :=
1

2i
(Im(Z))−1.

We note that

∂δ = δ∆, ∂ε = εE,

∂α1α2∆α3α4 = −1

2
(∆α1α3∆α2α4 +∆α1α4∆α2α3),

∂α1α2Eα3α4 = −1

2
(Eα1α3Eα2α4 + Eα1α4Eα2α3),

for α1, α2, α3, α4 ∈ {1∗, 2∗, . . . , l∗, 1∗, 2∗, . . . , l∗}. Using these relations, we obtain that

∂1
1(δ

−k |δ|−2s
εs) = (δ−k |δ|−2s

εs)((−k − s)∆1
1 + sE1

1),

∂1
1∂

2
2(δ

−k |δ|−2s
εs) = (δ−k |δ|−2s

εs)
{
((−k − s)∆1

1 + sE1
1)((−k − s)∆2

2 + sE2
2)

− 1

2
((−k − s)(∆1

2∆
2
1 +∆12∆12) + s(E1

2E
2
1 + E12E12))

}
More generally, to describe P(∂)(δ−k |δ|−2s

εs), we introduce “links” and “chain decom-
position”.

We fix an index set I. We call a non-ordered pair (α1, α2) with α1, α2 ∈ I and α1 ̸= α2

a link, and define a set of links L(I) by
L(I) := {{(α1, α2), (α3, α4) . . . , (α2r−1, α2r)}

| α1, α2, . . . , α2r ∈ I, αi ̸= αj(i ̸= j) for some r}.
For L = {(α1, α2), (α3, α4), . . . , (α2r−1, α2r)} ∈ L(I), L denotes the set {α1, α2, . . . , α2r}.
We remark #L = r and #L = 2r.

For L1, L2 ∈ L(I) with L1 = L2, L1 and L2 are called chainable if we can express as

L1 = {(α1, α2), . . . , (α2r−1, α2r)}, L2 = {(β1, β2), . . . , (β2r−1, β2r)}
with

βi =

{
αi+1, for i = 1, 2, . . . , 2r − 1,

α1, for i = 2r.

If L1 and L2 are chainable, so are L2 and L1.
For L1, L2 ∈ L(I) with L1 = L2, we can express L1 and L2 as

L1 =

γ⊔
j=1

ℓj , L2 =

γ⊔
j=1

ℓ′j (disjoint union)

such that ℓj and ℓ′j are chainable for each j = 1, 2, . . . , γ. The decomposition of L1

is called the chain decomposition of L1 with respect to L2. The number γ is called the
number of chains and denoted by γ(L1, L2).

Let I := {1∗, 2∗, . . . , l∗, 1∗, 2∗, . . . , l∗}. For L = {(α1, α2), (α3, α4), . . . , (α2r−1, α2r)}
and a symmetric matrix S of size p+ q, we put

SL := Sα1α2Sα3α4 . . .Sα2r−1α2r .

Then we have the following:
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Lemma For L0 ∈ L(I), we have

∂L0(δ−k |δ|−2s
εs)

= (δ−k |δ|−2s
εs)

∑
L∈L(I)

L=L0

(
−1

2

)#L0−γ(L,L0) γ(L,L0)∏
j=1

((−k − s)∆ℓj + sEℓj )

= (δ−k |δ|−2s
εs) ·

(
−1

2

)#L0 ∑
L∈L(I)

L=L0

γ(L,L0)∏
j=1

((2k + 2s)∆ℓj − 2sEℓj )

where

L =

γ(L,L0)⊔
j=1

ℓj (chain decomposition with respect to L0).

In particular,

∂L0(δ−k) = δ−k ·
(
−1

2

)#L0 ∑
L∈L(I)

L=L0

(2k)γ(L,L0)∆L.

Remarks.
(1) In holomorphic case (s = 0), it is enough to calculate the number of chains γ(L,L0)
and we need not show chain decomposition explicity.
(2) We put

γ(L,L0)∏
j=1

((2k + 2s)∆ℓj − 2sEℓj ) = (2k + 2s)γ(L,L0)(∆− E)L + (remainder terms).

Suppose that P(S) is pluri-harmonic. Then from Fundamental Lemma 2, P(∂)(δ−k |δ|−2s

εs) does not depend on remainder terms.
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[3] S. Böcherer, Über die Funktionalgleichung automorpher L-Funktionen zur Siegel-
schen Modulgruppe, J. Reine Angew. Math., 362 (1985), 146–168.
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