Nearly holomorphic modular forms and
differential operators

Atsuo YAMAUCHI
2004 Oct. 25th and 26th in Hakuba

1 The case of elliptic modular forms

This lecture is a review of [3], [7], [8] and [9] in case of Siegel modular forms.
As is well known, the elliptic Eisenstein series of weight 2 is non-holomorphic.
In [1], Hecke showed that
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where ¢y, a, € C and a positive integer N. Using this, we can consider a
non-holomorphic modular form f as
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with holomorphic functions f; on $.



We can define differential operators Dy and E (with k € Z) as

0 k
Duf =2y 1 i

Ef =2V-1- Im(z)za—]_c.
0z
Then for any C'*°-function f on $) and any o € SL(2,R), we have

(Dif)|k20c = Dy(flrev),
(Ef)k—20 = E(flra).

For f asin (1.1), we obtain
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It can be proved that f € C($,C) can be written as (1.1) if and only if
Ertlf =0.

Now we can define the space of nearly holomorphic (elliptic) modular
forms as

fley = f for any v € T,
NiT)=qfeC®(H,C)| EP*f=0,
f is finite at every cusp,
for any congruence subgroup I' of SL(2,Z). Then any f € N{(T') is written
as (1.1).
2 Nearly holomorphic Siegel modular forms
For a positive integer m, put
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Om ={Z € C"'"Z = Z and Im(Z) is positive definite } .



Then $,, is an m(mTJrl)—dimensional complex manifold. As is well known,
Sp(m,R) acts on 9, by

a(Z) = (AuZ + Bo)(CoZ + Do),

A, B,
C. D,

m?

where o« = (
. Set

> € Sp(m,R) with A,, Ba,Co, Dy € R and Z €

wla,Z) = CoZ + D,,
n2Z2) =2v—1(Z—Z)=2-1Im(2).
For any rational representation (p, X) of GL(m,C) (i.e. p: GL(m,C) —
GL¢(X)), any a € Sp(m, R), and a function f : §,, — X, we define another
X-valued function f|,a on 9, by

(flo)(2) = p(ula, 2)) " f(a( 2).

In case p(a) = det(a)*, f|,a is written as f|pa.
Put
T:Tm:{ueCz}tu:u}.

For f € C®($,, X), define Hom(T, X)-valued functions Df, Df, D,f and
Ef by

where u = (uzj)lgi’jgm eT.
Let us define representations p® 7 and p® 7 of GL(m, C) on Hom(T, X)

by
{(p®@T)(a)h} (u)
{(p@m)(a)h} (u)

for h € Hom(7', X).
Then by a formal computation, we obtain

Dy(flpe) = (Dpf)lpera,
E(flpe) = (Ef)|porc,
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p(a)h(taua) for any u € T,
p(a)h(a tuta™t) for any u € T,



for any a € Sp(m,R) and any f € C*(9,,, X).
The k-th iterates of D, and E take values in

Hom(T, Hom(7,... ,Hom(7, X)---)).

This vector space can be identified with the space of all multilinear maps of
T* into X, which we denote by MJ, (T, X). We define representations p® 7%
and p ® 7% of GL(m,C) on MJ, (T, X) by

{(p@ﬁ)(a)h% (uy, ... up)
{(p@7*)(a)h} (u1,... k)

for h € MJ,(T,X) and (uq, ... ,u;) € T*. Then clearly

(Dpgre-1 Dper Dy)(flp) = (Dpgrr—1 -+ Dpgr Dpf)| porr s
Ek(flpa) - (Ekf>|p®7rka7

(a)h(tawa,. .. tauga),

=
= pla)h(a uta™, ... a tugta™t),

for any a € Sp(m,R).

We can view that 7 (resp. 7) is a representation of GL(m,C) on T" by
7(a)u = taua (resp. w(a) = a 'ula™?), and p ® 7% (resp. p ® 7*) can be
identified with p ® (7®%) (resp. p ® (7®%)). Then we identify the space
M, (T, X) with X @ T®* or Hom(T®*, X).

But actually, the images of D,g k-1 D,grD, and E* take values in

h(ue(l), c. ,he(k)) = h(ul, . ,uk) }

(T, X) = {h € ML(T, X) for any € € &,

which is identified with X ® Sym*T or Hom(Sym*T’, X).
Put B
r(Z) = (ri(Z)hzigem = (Z = 2)7".

Then we have the following lemma.

Lemma 2.1. Assume that f € C®(9,,, X) and EPT'f = 0 for some non-
negative integer p. Then f can be written as a polynomial of {Tij}1<ij<m of
degree at most p, with coefficients in holomorphic functions on ,,.

Note that, if f is written as a polynomial of {Tij}1<l.j<m of degree p with
coefficients in holomorphic functions on $,,, D,f (resp. Ef) is written as
that of degree p+ 1 (resp. p —1).



For a non-negative integer p and a congruence subgroup I' of Sp(m,Z),
we denote by NP(I"), the space of all f € C*°($,,, X) satisfying the following
properties (1)—(3).

(1)  fl,y=f forany v €T

(2) EPTIf=0.

(3)  f is finite at every cusp if m = 1.

We denote by N 7 the union of N P(I) for all congruence subgroups I' of
Sp(m,Z). If m is odd, the Eisenstein series of weight (m + 3)/2 is contained
in N 130 (See, Proposition 4.1 of [8].)

Consider a subspace Y of Sym*T which is stable under the action of
GL(m,C) by Sym"*r (resp. Sym”r) and denote by Dz/f (resp. EY f), the
restriction of (D ,g,x-10---0D,)f (resp. E¥f) toY for any f € C®($,,, X).
In this case D) f and EY f are Hom(Y, X )-valued.

Since det? is a subrepresentation of Sym™r, there exists a one-dimensional
subspace Y of Sym™7T such that

(Sym™7)(a)vy = det(a)?vy,

for any a € GL(m, C), where 0 # vy € Y. Hence we can define the differen-
tial operator A, : C*°(9),,, X) = C®($H,,, X) by

(Apf) = (Dpgri-r0---0Dpo f)(vy).
Then we have
det(u(a, Z))_Q(Apf)lpa = A, (flpa),
for any o € Sp(m, R). If p(a) = det(a)*, then A, is essentially same as Maass

operator M}, which is concretely written in [2]. (Strictly, A, = const x
det(Im(Z))~* My.)
3 Holomorphic projection

Given a rational representation (p, X) of GL(m,C), we define a contraction
map Ox : ML (T, M, (T, X)) = X by

HXgOZZQQ<C1,... »Cly C1s - - ’ck)’

where ¢y, ... ,c; run independently over the standard basis of 7. Then we
have
Oxo(p@rh@7*)(a) =0x0(pe" 7" (a)
= p(a) ofx,

ot



for any a € GL(m, C).

Theorem 3.1. (Proposition 3.4 of [7], Proposition 3.3 of [8])

Let p(a) = det(a)?po(a) for a € GL(m,C) with v € Z and a rational repre-
sentation (po, X) of GL(m,C). Let f € NP(T') with a congruence subgroup
I' of Sp(m,Z). If v is larger than an integer N(po,p) depending omly on pg
and p, then

p
f - Z(HX © Dp®7rl®7'l*1 ©---0 Dp®7rl®7' © Dp®7rl)(gl)7 (31>
=0

with holomorphic modular forms g; with respect to I' and the representations
!
pRT.

For example, elliptic Eisenstein series of weight 2 can not be written as
(3.1). But any nearly holomorphic (scalar-valued) elliptic modular form can
be made from holomorphic ones and E, (non-holomorphic Eisenstein series of
weight 2) by using differential operators Dy, It is because nearly holomorphic
elliptic modular form of weight k is contained in N, ,f 2 or N, ,ékfl)/ ? according
to the parity of k. In case of f € NP(I') (k> 2p), it can be written as

p
f:ZDk—2O"'ODk—2logl
1=0

with holomorphic modular forms g; of weights k — 2/ with respect to I'. On
the other hand, f € N3, (I') can be written as

p—1
f:C'D2p—20"'OD2OE2+ZD2p—QO"'OD2p—2logl
1=0

with a constant ¢, (non-holomorphic) Eisenstein series Fy € N3(T'), and
holomorphic modular forms ¢; of weights 2p — 2] with respect to I'.
Define an operator L, : C*°($),,, X) = C*(9,,, X) by

L,=—0x0D,g,0FE.

Then clearly we have
(Lpf)lper = Ly(flpar),



for any o € Sp(m,R). Hence we have L,(N?(T")) C NP(T). Moreover, the
image of L, is orthogonal to any cusp forms with respect to p.

In case p(a) = det(a)*, we write L, by Lj. Using this Ly, we can make an
orthogonal projection of nearly holomorphic modular forms to holomorphic
ones as follows.

Theorem 3.2. (Theorem 3.3 of [9], Proposition 15.3 of [10])
Let p, k be non-negative integers such that
3
k>m+p or k<m—|—Tp.

For any irreducible subspace Y of Sym'T with respect to Sym'r, put
ay =ik —(m+1)+ (1 —1i)cy),

where —1/2 < ¢y < 1 denotes a rational number depending only on Y (not
on k). Put A; = [[y(1 — ay'Ly) for 0 < i < p, where Y runs over all the
irreducible subspaces of Sym'T (with respect to Sym'r), and % = [[_, A;.
Take any f € NP. Then 2f is a holomorphic modular form of weight k and
[ =2Af+ Lyt witht € N7

Note that < f,g >=< 2 f, g > for any holomorphic cusp form g of weight
k.

This theorem essentially uses the fact that the space Sym‘T is a direct sum
of irreducible (rational) representations of GL(m,C), and each irreducible
constituent has multiplicity one. (See, §12 of [10] and [6].) The author
doesn’t know how to generalize this theorem to the case of vector-valued
modular forms. In fact, let p be a rational representation of GL(m, C) on a C-
vector space X. Then the irreducible decomposition of the space X ® Sym'T
does not satisfy the property of multiplicity one in general.

Professor Boecherer conjectures that both holomorphic projections of
Theorems 3.1 and 3.2 are equal. It means that 2(f in Theorem 3.2 coincides
with go in Theorem 3.1 for any scalar valued modular form f (of sufficiently
high weight.)
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