ENDOSCOPY ON GSP(4)

HIRAGA, KAORU

This is a brief summary on endoscopies corresponding to G:Sp(4) *.

1. INTRODUCTION

In this article, F’ will be a number field or a local field of characteristic
0. We write Wy for the Weil group. Let

G =GLy x GL,
defined over F. Then the dual group of G is

G = GL4(C) x C*.

Since G is split over F, the action of Wp on G is trivial, and the L-

group LG of G is G x Wp. We define an outer-automorphism 6 of G
by
0(g,2) = (J'g'J !, detg-2),  (g9,2) € GLy x GLy,

where 2

Then 6 is defined over F'. We define an outer-automorphism 0 of é by
0(g,2) = (Jlg T 2, 2),  (g,2) € GLy(C) x C*.

Then 6 is the dual automorphism of G preserving the standard splitting
of G. We put

G=G"={(g,2) € G0(g,2) = (9,2)}

LArthur’s good article [Art04] on this subject is available froni* Arthur archive” :
http://www.claymath.org/cw/arthur/index.php
2This formulation might be different from the one in the other articles in this
book.
1



2 HIRAGA, KAORU

and we make W act on G trivially. Then G = G:Sp(4, C) and it is the
dual group of GSpin(5) = GSp(4) (split over F). We put?

G =GSp(4) ={(g,2) € G| (J'g 7"z, 2) = (g9,2)}.

(This automorphism of G is defferent from ). Then we may regard G
as the dual group of G %. The L-group G of G is G x Wp.

By the above formulation, we may regard G as a twisted endoscopic
group of G. More precisely, the group G is the first component of

twisted endoscopic data (G, *G,1,€) for (G,6), where 1 € CE’ is the
identity element and ¢ is the natural embedding of G to XG. (See
[KS99, §2.1] for the definition of the endoscopic data).

2. STANDARD ENDOSCOPY FOR GSp(4)

We put
.
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Then Ty is a split maximal torus of G and By is a Borel subgroup of G.
The standard parabolic subgroups of G are GG, By, Ps, and P;, where
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3We could define GSp(4) by putting J = < L0
-1

), but in order to avoid the

confusion, we use the same J for G and G.
We have to keep in mind that the correspondences between G and G (in the
theory of endoscopy) are defined through the dual groups.
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The Levi factors of Py and Py are

A 0
MSZ{((O J2tA—1J212>7Z>

AGGLQ,ZEGZQ},

a 0 O 0
_ 0 b bz O bir b2\ _
M; = 0 by by O ,2 || 2 € GLq, det (b21 by ) = Z e,
0 0 0 alz
0 1
where Jy = 1 0)

The Levi factors Ty, Mg, M;, and G are standard endoscopic groups
of G. There exists one more standard endoscopic group for GG. Let

1
§ = -1 _q 1] e G.
1
Then
a1 Q12
C G . bi1 b2 G
ent(s,G) = by Do 2| €
a1 @22

(This matrix is contained in G if and only if
det [ 1 12 = det b biz) _ z e CX).
ao1 A99 b21 b22

H, = Cent(s, é)

We put

and make Wr act on ﬁe” trivially. Then

~

"Heyp = Hey x W
is the L-group of
Hey = GLy x GLy/{(z, 2™ ")|x € GL1},

and
(Heyp, “Hepr, 5, €)

is a set of elliptic endoscopic data for G, where £ is the natural embed-
ding of “H; to G.
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3. TRANSFER

In this section, F' will be a local field of characteristic 0. We say
that v € G(F) is strongly reqular semisimple if T = Cent(~,G) is
a connected maximal torus of G. We write G(F')g.e, for the set of
strongly regular semisimple elements in G(F). For v € G(F')ges and
f € CX(G(F)), the orbital integral J(v, f) and the stable orbital inte-
gral J%(~, f) are defined by

J(v,f) = / flgvg™) dyg
G(F)/T(F)

Jty f) = /G/T(F) flgvg™)dg.

We write D(G) for the space of invariant distributions on G(F'). We
say that J € D(G) is stable if

J(CZG(F))) =0,
where
CEUG(F)) = {f € CR(GEN T (7, f) = 0, 'y € G(F)sreg}

and denote the space of stable distributions on G(F') by D*(G). Sim-
larly, we define D(H,y;), D' (H.y;), D(Mg), Dt(Ms), ....°> If 7 is an
irreducible admissible representation of G(F'), we write the distribution
character of 7 by J(m, -).

We say that v € G(F) is strongly 8-regular §-semisimple if

G =1{9€Glgr0(9)" =~}

is an abelian torus, and write G(F )Jo—sreg for the set of strongly 6-
regular f-semisimple elements in G(F). For v € G(F)g_geg and f €

C>®(G(F)), we define the twisted orbital integral by
T, f) = / Flgv0(9)™") dyg.
G(F) /G (F)

If 7 is an irreducible admissible #-invariant representations of ~C~¥ (F), we
denote the twisted character of ™ by J~0(7T, -). We write D?(G) for the
space of f-invariant distributions on G(F). Then J%(v, -),J%(r, -) €
DO(G).

* 5We have D(H) = D*'(H) for H = Hoy, Mg, My, T.
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We want to define the endoscopic transfer of distributions

Trang - DYG) — DY@,
Tran$, : D¥(H) — D(G), for H = Hey, Ty, Mg, My, G.

For H = Ty, Mg, M;,G, the endoscopic transfer Tran% is defined by

the parabolic induction®. So it remains to define Trang and Tran%e”.
Let

Agiat Cls(G) — Cly (G, 0),
Ana Cly(H) — Clys(G),

be the map defined in [KS99, Theorem 3.3A], where Cl,(G,6) is the
set of f-conjugacy classes of #-semisimple elements in G(F) and CI(G)
(resp. Cl(H,y)) is the set of conjugacy classes of semisimple elements
in G(F) (resp. Huu(F)). We say that v¢ € G(F)seg is a norm of
Ve € G(F)g_seg if 75 is contained in the image of the G(F)-conjugacy
class of ¢ under A, et Similarly, we say that vg_,, € He(F)sreg 1S &
norm’ of v € G(F )sreg if Yo 1s contained in the image of the H.(F)-
conjugacy class of yg,, under Ap,, /. We say that v¢ € G(F)seg is
strongly G-reqular semisimple if v¢ is a norm of some Y& € G(F)g_sreg,
and vu,,, € Heyt(F)speg s strongly G-regular semisimple if g, is a norm
of some Yg € G(F)sreg- We write G(F)s_,, for the set of strongly G-
regular semisimple elements in G(F)seq, and Hey(F)g_geg for the set
of strongly G-regular semisimple elements in Hey(F)geg. In [LS87],
Langlands—Shelstad defined the transfer factor A(vm,,,v¢) for 7o €
G(F)seg and its norm v, € Heu(F)a—sreg, and in [KS99, Chap.4-
5], Kottwitz—Shelstad defined the transfer factor A(yg,va) for 74 €

G(F)p_sreg and its norm v € G(F) If v¢ € G(F)
a norm of vz € G(F)g_smg, then we put A(yg,v5) =0, and if vy, €

Hji(F)G—sreg 1s not anorm of 7g € G(F)geq, then we put A(vp,,, va) =
0.

ell

G—sreg* G—sreg 1s not

In order to define the endoscopic transfer, we need the following
conjectures.

6Endoscopic transfer Trang does depend on the fourth component £ of the en-
doscopic data. For H = Ty, Mg, M;,G, we take £ to be the natural embedding,
then Trang matches with the transfer defined by the parabolic induction.
7Usuaully, the term ”image” is used.
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Conjecture 3.1 (Transfer conjecture for (G,@)). For any function
f¢ € C*(G(F)), there exists f¢ € C’OO(G(F)) which satisfies

JSt 7 fG Z A 7G7 ’}/G 7G7 fG) v")/G S G(F)éfsregﬂ

where the sum runs over the 0-conjugacy classes in é(F)g_sreg.

If fé and f¢ satisfy the above equation, then we say that fé and
f€ have matching orbital integrals.

Conjecture 3.2 (Transfer conjecture for (G, Hey)). For any function
¢ € CX(G(F)), there exists fHn € C°(Hy(F)) which satisfies

JSt(PYHelH fHE”) = Z A(7H61177G)J(7H6”7 fG)a v’yHe” S Hell<F)G—sreg>

G

where the sum runs over the §-conjugacy classes in G(F )seg-

If f¢ and fHeu satisfy the above equation, then we say that f¢ and
fHew have matching orbital integrals.

For F = R,C, the transfer conjecture for standard endoscopy is
proved by Shelstad (see [She82]), and the transfer conjecture for twisted
endoscopy is proved by Renard [Ren03]. If F'is a p-adic field, then the
transfer conjecture for (G, Hey) is proved by Hales [Hal89], and the
transfer conjecture for (G,G) is essentially proved by Hales [Hal94]
(see [Walpp] for descent).

By using the transfer conjecture, we can define the endoscopic trans-
fer by

(Trang J6) (/) = Jo(f9), Ja € D*(G),
where fé and f¢ have matching orbital integrals, and

(Trangeu JHeu)(fG) = ']Heu(fHeu)v Jh., € DSt(Hell)’

where f¢ and fH# have matching orbital integrals.®

4. LOCAL A-PACKETS

In this section, we still assume that F'is a local field of characteristic
0. We put

LF _ WF> F= R7 Ca
Wgr x SUy, F = p-adic field.
8For H = Ty, Mg, My, G, we can also define Trang by using the functions with
matching orbital integrals, and this matches with the definition using the parabolic
induction.
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We fix a 1 dimensional character
x: Lp — C*.
We say that a semisimple representation®
Y Lp x SLy(C) — GL,(C)
is x-self dual if
W x =,

and x-self dual representation v is called symplectic (resp. orthogonal)
if there exists A € GL,(C) such that

A=y AT =,
'A=—A (resp. "A = A).
If
Y Lp x SLy(C) — La

is an A-parameter such that
LF L LG — Lé & (CX

is equal to x, where pry is a projection of G = GL4(C) x C* x W to
C*, then

o Lp —5 16— LG 2L GLy(C)

is a x-self dual symplectic semisimple representation of degree 4, where
pry is a projection of LG = GL4(C) x C* x Wr to GL4(C).

Lemma 4.1. If ¢ and ¢’ are A-parameters on G = GSp(4), then 1
and ' are equivalent as A-parameters if and only if vy and ), are
equivalent as 4 dimensional representations of Ly x SLy(C), where 1y
and 1, are defined as above.

Remark 4.2. Although the existence of the global Langlands group
is still hypothetical, we can prove the global analogue of Lemma 4.1
under the assumption that the Langlands group exists.

By Lemma 4.1, we may identify A-parameters on G with 4 dimen-
sional semisimple y-self dual symplectic representations. In the foll-
wing, we will identify A-parameters with 4 dimensional semisimple
x-self dual symplectic representations.

For an A-parameter

Y Lp x SLy(C) — L@,

9n this article, we always assume that the restrictin of ¥ to SLs is algebraic.
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we put
Sy ={s € Sp4,C)| Intsop =1},
Sy =S4/ Sy,
where - means the identity component. We denote by Z, the image

of the center {£I,} of Sp(4,C) in S;. For s € Sy, we put
LH, = Cent(s, &)°y(Wy) C LG.

Then “H, is isomorphic to the dual group of a quasi-split reductive
group H, '°. Since 9 factors through * H,, we can define an A-parameter

Yu, : Lp x SLy(C) — “H,.
If F'is a p-adic field, we define a homomorphism « : Lp — Lp X

1
2

a(th):thx(|w| ||_1), wXxt e Wr x SU,.
w|" 2

Similarly, if F' =R, C, we define o : Ly — L x SLy(C) by

1
a(w) = w X <|w|2 ]w[‘é) ., we Wp.
For an A-parameter v, we put

dp=voa: Lp - Lp x SLy(C) - L.

Then ¢, is an L-parameter. Similarly, we get an L-parameter ¢y,
from 1y,. By the Local Langlands correspondence for GL, [HTO1,
Hen00], the L-parameter ¢, defines an irreducible admissible represen-

tation 7, of G(F), since ¢, defines an L-parameter Lp Yeig g,
Similarly, if Hy, # GSp(4), in other words s # 41, the L-parameter
¢y, defines an irreducible admissible representation 7y, of H,(F).

We put II4(G) = {7y}. If Hy # GSp(4), we also put Iy, (H,) =
{7, }-
Conjecture 4.3 (Conjecture for GSp(4)). For an A-parameter

Y Lp x SLy(C) — L@,
there exists a finite set 11,(G) of irreducible admissible representations
of G(F) satisfying the following conditions.
(1) There exists a non-zero stable virtual character J () which is con-

tained in the subspace of D(G) spanned by {J(m)| 7 € I, (G)}.

10Since G = G'Sp(4), this holds.
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(2) There exists a non-zero constant ¢ € C* such that
Trang J() = c- (7).

(3) There exists a map
y(G) — 1(Sy/Zy),

where I1(Sy/ Zy) is the set of equivalence classes of irreducible rep-
resentations of Sy/Zy. We write (-, m) for the irreducible char-
acter of Sy/Z, which is defined by m € I1,(G) through the above
map.

(4) For s € Sy, there exists a non-zero constant ¢ € C* such that

Trang J(yy,)=c- »  (ssy,m)J (),
ﬂ'EHw(G)
where sy = 1 (1 X <_1 _1>) ,(Ix (7'_)) € Lp x SLy(C)),
and J(Yn,) = J(myy, ) if He # GSp(4).
(5) The conjectural L-packet Il (G) of ¢y is contained in 11, (G).
(6) There exists a unique Tyen in Iy, (G) whose associated standard

representation is generictl.

(7) The irreducible character (-, Tyen) is the trivial character of Sy Zy.
Remark 4.4. The condition (4) implies that

> (sp.m)J ()

TI'EH,LZ, (G)

is a stable distribution.

In the following, we assume that y is trivial. It is easy to see that
an A-parameter 1 is elliptic if and only if ¢ is a 4 dimensional irre-
ducible y-self dual symplectic representation or the direct sum of two
2 dimensional irreducible y-self dual symplectic representations 1,
such that ¥, % 1. If ¥ is a 4 dimensional irreducible y-self dual sym-
plectic representation, then Sy /2, = {1}. If ¢ is the direct sum of two
2 dimensional irreducible x-self dual symplectic representations 1, 1,
such that ¢ % 1y, then Sy /2, ~ Z/27.

Example 4.5 (Yoshida lift type). Let ¢ = 1y @ 19, where 1)1 and 1)y
are irreducible 2 dimensional y-self dual symplectic representations of
L such that ¢y % 1y. (Therefore (SLy(C)) is trivial). Then II,(G)

should consist of two square integrable representations 7y, 75, where

HBecause there exists a only one regular unipotent orbit in G:Sp(4, F), it is not
necessary to choose a generic character.
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Tgen 1S & generic representation. (If /' = R then , is a holomorphic dis-
crete series representation). The irreducible character (-, m,,) should
be trivial, and (-, m,) should be the other (non-trivial) character of
Z/27. If the image of s € Sy in Sy/Z, is not the identity element,
then Hy ~ H.; and vy, defines an irreducible square integrable repre-
sentation 7y, of H,(F). The virtual character

J(Tgen) + J (1)
should be stable, and
Trangs J(mpy.) = J(Tgen) — J(mh)
for a suitable choice of the scalar factor of the transfer factor.

In the following, we take a suitable scalar factor of the transfer factor
so that the above equation holds.

Example 4.6 (Saito-Kurokawa lift type). Let @ = 1y @ by, where ¢y
is a 2 dimensional irreducible y-self dual symplectic representation of
L and 15 is the 2 dimensional irreducible (algebraic) representation
of SLy(C). Then Sy/Z, ~ Z/2Z, and II,(G) should consist of two
irreducible admissibile representations of G(F). First, we consider the
L-packet I, w<G)' Since ¢y factors through “Mg, the L-parameter ¢,
determines an irreducible essentially square integrable representation
7 of Mg(F'). Then the Langlands subquotient mgy of Indgs s should
be the unique element in Ilg, (G). Hence

{msr} = 1y, (G) C Hy(G).

What is the other representation in I1,,(G)? Let ¢ be the irreducible 2
dimensional representations of Ly which corresponds to the Steinberg
representation of G Lo(F') if F is a p-adic field, and the weight 2 discrete
series representation of GLy(F) if F = R. Put ¢’ = ¢y @ ¢}. Then
Sy = Sy. Since ¢ is of Yoshida lift type, we should have II,(G) =
{7gen, Tn}. Let s € Sy, be an element whose image in Sy /2y, is not the
identity element. Then, as in the case of Yoshida lift type, we have
LH, ~LH,, and v’ (resp. 1) determines an irreducible representation
Ty, (resp. Ty, ). Since

Tranjy (ma) = J (T, ) + S (g, ),
Tran]\G@ J(mar) = J(msi) + J(Tgen),
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should hold, we should have'?
Tran$, J(¢u,) = Tran J(my,.)
= Tran, (Tran]\Hjs J(mar) — ‘](WWHS)>
= TranJ\G/IS J(mar) — Tran$, J (T, )
= J(msi) + J(Tgen) = (S (Tgen) = J (7n))
= J(msk) + J(m3).

Because the image of s, in S;/Zy is not the identity element, this
means that

Iy(G) = {msx, ™0}
and (-, mgk) should be the trivial representation of Sy/Z, ~ Z/2Z

and (-, m,) should be the other (non-trivial) representation of S;/Z,.
(If F =R, this follows from the result of Shelstad [She82]).

5. GLOBAL MULTIPLICITY FORMULA

In this section, F' will be a number field. Let Lz be the conjectural
Langlands group. We fix a 1 dimensional character y of Wg. Then y
determines a 1 dimensional character of the center of G(F), which we
also denote by x. We denote by 74 the right regular representation of
G(Ap) on Ly, (G(F)\G(AF)), x), where L3, (G(F)\G(AF)), x) is the
subspace of L?(G(F)\G(AF)),x) consisting of the discrete spectrum.
Let

¢: Lp x SLy(C) — "G
be an elliptic A-parameter such that pryo matches with the character
Lp — Wr X, €%, where pry : LG — C* is the projection from
LG = GL4(C) x C* x Wp to C*. We denote by ¥.;(G,x) the set
of equivalence classes of such elliptic A-parameters. As in the case of
the local A-parameters, we define S;,/Z,. For any place v of F, the
A-parameter ¢ should give a local A-parameter

Yy 1 Lp, x SLy(C) — LG.
Let m, € I1,(G). Then, since there exist natural homomorphisms
Sy — Sy,
Su/Zy — Sy /2y

we can define (s,m,) for s € Sy. For each place v of F, we take
an irreducible admissible representation m, of G(F),) so that m, are

12Since Tranf;s matches with the parabolic induction, we have Tranffs =

Trangg o Tranll\ffjs. In general, we cannot composite the endoscopic transfers.
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unramified for almost all places v of F. Then, for 7 = ®/m, and
5 € Sy, we put

I, (s,m), ifm, €1l (G) for all places v of F,
<Sv 7T>1ZJ = .
0, otherwise.

As in [Art90, (4.5)], we define a character
6111 . S¢/Z¢ E— {:l:l}
Conjecture 5.1. The multiplicity of m = ®'m, in rgse 18

1
Z ﬁsw/zw SGZ 61!’(5) (s, 7T>¢)'

VeV (Gx) Sy /2y

Remark 5.2. Since Sy, /2y, are abelian groups, Remark 4.2 and Con-
jecture 5.1 imply that 74, is multiplicity free.

Remark 5.3. By conjectural correspondence between the irreducible
n dimensional representations of Lz and the irreducible cuspidal auto-
morphic representations of GL,(F'), we can formulate Conjecture 5.1
without using the conjectural Langlands group Lp.

In the following, we assume that x is the trivial character.

Example 5.4. If ¢ is an 4 dimensional irreducible x-self dual symplec-
tic representation of Lp x SLy(C), then S;,/Z, = {1}. Therefore any
irreducible representation 7 = ®'m, of G(Af) such that m, € I, (G)
for all places v of F' should appear in 7g..

Example 5.5 (Yoshida lift type). Let ¢ = 1y @ 19, where ¢; and 1y
are 2 dimensional irreducible y-self dual symplectic representations of

Ly such that 1y 2 1. Then
Sy/ 2y ~1L)27,

and the character €, is the trivial character of S;,/Z,. Assume that
there exist two places vy, ve such that ,,,1,, are elliptic. Then for
i = 1,2, we have Sy, /2y, =~ Z/2Z and 11y, (G) = {Tgen.v;> Thv; }-
Moreover, we assume that Sy, /2y, = {1} for v # vy,v,. Then for
v # V1, v, the A-packet I, (G) consists of a single representation m,.
For such an A-parameter 1, Conjecture 5.1 says that

/
71-57'37%’01 ® Wgen,vg ® ®U;ﬁv1,vg Ty,
/
Thvy & Th,vo ® ®v7£v1,v2 Ty
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appear in rg;,. and
/
Tgen, vy & Th,vg ® ®U7£v1,1)2 Ure
/
Th,u ® Tgen,va ® ®v7év1,v27TU

do not appear in rgs..

Example 5.6 (Saito-Kurokawa type). Let ¢ = 1y @ 1), where 9 is
a 2 dimensional irreducible y-self dual symplectic representation of L
and 1y is the 2 dimensional irreducible (algebraic) representation of
SLy(C). Then

Sy/Zy ~ 127,
and

trivial character, if e(3,9) =1,

€y = .. . 1 .
non-trivial character, if e(5,11) = —1.

We assume that 1 satisfies the similar conditions in Example 5.5.
Hence 1y, , ¥, are elliptic, and

Z)27, ifv=wvy,0vy
S Z — Y ) )
v/ o, {1} otherwise,

and
{WSK,vaﬂ-h,v}a if v= U1, V2,

I, (G) =
. (C) {7}, otherwise.

In this case, Conjecture 5.1 says that
TSK v ® ﬂ-SK,vg ® ®i}7év1 71;2771)7

/
Th,vy & Th,vo ® ®v7év1,v2 Ty

appear in rg.. if and only if e(%, ) =1, and
/
TSK v ® T h,vy ® ®v7év1 ,1)27-(“7
/
Th,v ® TSK,va ® ®v7§v1,v2ﬂ-v

appear in rg.. if and only if 6(%, ) = —1.
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