PULLBACKS OF SAITO-KUROKAWA LIFTS

ATSUSHI ICHINO

In this note, we announce that Tkeda’s conjecture [12] holds for r = 1
and n = 0.

1. STATEMENT OF THE MAIN THEOREM

Let xk be an odd positive integer. Let

F(r) =) ag(N)q" € Sa(SLa(Z))

N>0

be a normalized Hecke eigenform and

W)= > eV €Sh,,T4)

N>0
—N=0,1 mod 4

a Hecke eigenform associated to f by the Shimura correspondence. Let

= Y AB)P TN € 5, (Spy(2)

B>0

be the Saito-Kurokawa lift of h, where

(G W)= 2 e (M)

(n,r,m)
For each normalized Hecke eigenform

9(1) = 3 a,(N)g" € S, (SLa(2),

N>0

we consider the period integral (F|p, xp,, g X g) given by

F|h1><h1ag X g

0 TN 7N\ Kk— H
Lo Lo (3 D) o
SLy(Z)\b1 /SLa(Z)\b: 2
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Define the Petersson norms of f, g, h by
G = [ i,
SL2(Z)\b1

(g, 9) = / () Py dr.
SL2(Z)\b1

1
() =g [ WPy ar
6 Lo (4)\b

respectively.
For each prime p, let {ay, o'} and {3,,3,'} denote the Satake
parameters of g and f at p, respectively. Then

1 —ay(p)X + X2 =(1— p”/Qosz)(l — p“/20z;1X),
L—ap(p)X +p™ ' X% = (1—p'28,X)(1 — p" 78,1 X).
We put
2.0 0
P
Ay=p |0 1 0 |, B =p (%p ﬁol) .
0 O agQ p

Define the L-function L(s, Sym?(g) ® f) by an Euler product
L(s,Sym*(g) ® f) = [ [ det(1s — A, @ B, - p~) "

p

for Re(s) > 0. Let A(s,Sym?(g) ® f) be the completed L-function
given by

A(s, Sym*(g) @ f) = Te(s)Te(s — £)Te(s — 26 + 1) L(s, Sym*(g) @ f),
where I'c(s) = 2(27)~°T'(s). It satisfies the functional equation
A(4k — s,Sym*(g) @ f) = A(s,Sym*(g) ® f).
Our main result is as follows.

Theorem 1.1.

A2k, Sym?(g) ® f) = 2" {5 1) [(E lo1xp1, 9 X 9)’2'

(h, h) (9,9)

Theorem 1.1 has an application to Deligne’s conjecture [3].
Corollary 1.2. For o € Aut(C),
(Am, Sym?(g) © f))" A2k, Symi(g") © f7)
(9,9)%c*(f) {97,97)2ct(f7)
Here ¢t (f) is the period of f as in [19].
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Proof. The assertion follows from Theorem 1.1 and the Kohnen-Zagier
formula [15]

A 3 _ 2—n+lD1/2 D 2 <f7 f>
("@f,X D) ‘Ch( )‘ <h, h>7
where —D < 0 is a fundamental discriminant. O

Remark 1.3. Tt seems that Corollary 1.2 does not follow from the alge-
braicity of central critical values of triple product L-functions. Notice
that

A(2k,9® g ® f) = A(2w,Sym*(g) @ f)A(k, f) = 0.

2. PROOF OF THEOREM 1.1

Since F'is a cusp form, the usual unfolding method does not work.
Instead, we use seesaws in the sense of Kudla [16].

We may assume that ¢, (V) € R for all N € N. Let f and g denote
the automorphic forms on GLy(Ag) associated to f and g, respectively.

Let h and © denote the automorphic forms on SLy(Ag) associated to
h and 0, respectively. Here 0(7) = > vy ¢V is the theta function. Let
7 be the irreducible cuspidal automorphic representation of GLy(Ag)
generated by g.

Proposition 2.1. For the seesaw

0(37 2) SL2 X/S—\]ZQ )

0(2,2) x O(1) SL,

the identity
(Flosni, 9 X 9) = 2772(2){g, 9)(hO, &)
holds. Here gt € m and £(s) = 7=°/T'(s/2)( ().

Fix a fundamental discriminant —D < 0 with —D = 1 mod 8 such
that A(k, f,x_-p) # 0 (and hence ¢,(D) # 0). Such a discriminant
exists by [21], [2]. Let mx be the base change of 7 to the imaginary

quadratic field £ = Q(v/—D).

Proposition 2.2. For the seesaw

§f42 X é\f@ 0(37 1) )

SL, 0(2,1) x O(1)
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the identity
(00, g) = (V=1)"D e, (D)7 (f, )~ (h, )T (g, )
holds. Here gl € mc and

/ gk (h)f(h) dh.
Ag GL2(Q)\ GLa(Aq)

The following proposition follows from the regularized Siegel-Weil
formula by Kudla and Rallis [17] and the integral representation of
triple product L-functions by Garrett [5], Piatetski-Shapiro and Rallis
[18].

Proposition 2.3. For the seesaw

Sp3 RK/Q 0(27 2) X 0(272) )

T

Ry /g SLa x SLy 0(2,2)
the identity
A(26, Sym®(g) @ f)A(s, f,x-p) = =2 D~%¢(2) L (gf. £)°
holds.

Now Theorem 1.1 follows from Propositions 2.1-2.3 and the Kohnen-
Zagier formula [15].

3. THE GROSS-PRASAD CONJECTURE

In this section, we interpret our result in terms of the Gross-Prasad
conjecture [6], [7], which has been refined in a joint work with Tamotsu
Ikeda [11].

Let H; = SO(n + 1) and Hy = SO(n) be special orthogonal groups
over a number field £ with embedding ¢ : Hy — H;. Let m; >~ ®,m;,
be an irreducible cuspidal automorphic representation of H;(Ay). We
assume that

HOHlHO(kv)(ﬂ'l,w 770,'0) 7& 0
for all v.

Conjecture 3.1 (Gross-Prasad). Assume that w1 and my are tempered.
Then the period integral

(o, Fo) = / P (u(ho)) Folo) dho
Ho(k)\Ho(Ag)
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does not vanish for some Fy € m; and some Fy € 7y if and only if

1
L (5,7'('1 X 7T0> # 0.

To relate our result to the Gross-Prasad conjecture, we would like
to remove the assumption that m; and 7y are tempered, and give an
explicit formula for the period integral in terms of special values. We
put
L(S, T X 7To)

Pr 1,70 (S) = 1 1 ’
L (3 + 3, 7T1,Ad) L (s + 3, o, Ad)
where Ad : “H; — GL(Lie(* H;)) is the adjoint representation. In [11],
we conjectured that the identity

[(Filmo, Fo)l* o, (1)
<F17F1><F0>F0> T2

holds up to an elementary constant, and gave an example for n = 5
with non-tempered 71, my. Also, this conjectural identity is compatible
with the results of Waldspurger [20] for n = 2, Harris and Kudla [§],
9] for n = 3, Bocherer, Furusawa, and Schulze-Pillot [1] for n = 4.
We now discuss the case n = 4. Let m (resp. mo) be the irreducible
cuspidal automorphic representation of SO(3,2)(Ag) ~ PGSp,y(Ag)
(resp. SO(2,2)(Ag) =~ [GLa(Ag) x GL2(Ag)lo/Ag) generated by F
(resp. g X g). Let 7 (resp. o) be the irreducible cuspidal automorphic
representation of GLy(Ag) generated by ¢ (resp. f). Then

L(s,m) = L(s,0)C (s + %) ¢ (s - %) |
L(s,m0) = Lis,x x ).

By Theorem 1.1 and the result of Kohnen and Skoruppa [14],

|<F|f)1><f]17g><g>|2 —Pp 1
(F,F){g.9)* N2/
This identity might hold even if F' is not a Saito-Kurokawa lift. Using

Dokchitser’s computer program [4] and Katsurada’s formula [13] for
(F, F), one might check it numerically.
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