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Abstract

A fibre bundle structure is introduced over manifolds of quantum channels. This structure
has a close connection with the problem of estimating an unknown quantum channel I'y specified
by a parameter 0. It is shown that the quantum Fisher information of the family of output
states (id ® I'g)(6) maximized over all input states &, which quantifies the ultimate statistical
distinguishability of the parameter 6, is expressed in terms of a geometrical quantity on the
fibre bundle. Using this formula, a criterion for the maximum quantum Fisher information of
the nth extended channel (id ® ['9)®™ to be O(n) is derived. This criterion further proves that
for almost all quantum channels, the maximum quantum Fisher information increases in the

order of O(n).

PACS numbers: 02.40.-k, 03.65.Yz, 03.67.-a, 89.70.Cf

1 Introduction

Let H be a finite dimensional (say dim¢ H = d) complex Hilbert space that represents the physical
system of interest, and let B(H) and S(H) denote the sets of linear operators and density operators
on H. A dynamical change I : S(H) — S(H) of the physical system, called a quantum channel,
is represented by a trace-preserving completely positive map [1] [2] [3] [4]. It is known that T :
B(H) — B(H) is completely positive if and only if (id @ T')(dag) is a positive operator, where
omE € S(HR®H) is a maximally entangled pure state and id denotes the identity map. Furthermore,

the correspondence
I'— (id®T)(6mE) (1)

establishes an affine isomorphism between the set of quantum channels on S(H) and the convex
subset

d

of the extended state space S(H ® H), where Try denotes the partial trace on the second Hilbert
space. In this way, one obtains a one-to-one affine parametrization of quantum channels [5] [6].
While the map (1) defines a faithful embedding of quantum channels into the extended state
space S(H ® H), it does not always give an optimal embedding in view of statistical estimation.
To put it more precisely, given a one-dimensional parametric family {T'p; § € © C R} of quantum
channels, the symmetric logarithmic derivative (SLD) Fisher information [7] [8] [9] of the family

Si(HR®H) = {ﬁeS(H@H); mpzlf}
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(id ® T'g)(6) does not always take the maximum at a maximally entangled input & = g [6] [10].
The problem of finding an optimal estimation scheme for a given family of quantum channels is
called a quantum channel identification problem [11]. Among others, evaluating the SLD Fisher
information of the output family (id ® I'9)®"(5) of the nth extended channel maximized over
all inputs ¢ € S((H ® H)®"), given n € N, is of fundamental importance, because it quantifies
the ultimate statistical distinguishability of the parameter #. This problem has been studied in
two special classes of quantum channels, i.e., the generalized Pauli channels [12] and the SU(d)
channels [13], and antithetical asymptotic behavior has been obtained. To be exact, the maximum
SLD Fisher information is O(n) in the former, whereas it is O(n?) in the latter, which is in a
striking contrast to the classical statistics. What about other quantum channels? Is there a class
of channels that exhibits O(n®) with a # 1,27

The purpose of this paper is to give a partial answer to this question. We show that the
maximum SLD Fisher information increases at most in the order of O(n?) for any class of quantum
channels. We further derive a simple criterion for the order to be O(n), and prove that “almost all”
families of quantum channels exhibit O(n). Here, the geometry of fibre bundle over the manifold
of quantum channels plays an essential role.

The paper is organized as follows. Section 2 is devoted to a brief review of differential geometry
of quantum statistical manifold. In Section 3, we introduce a fibre bundle structure over manifolds
of quantum channels. It is shown that the maximal SLD Fisher information is expressed by means
of the operator norm of the “horizontal lift” of the tangent vector on the base manifold (Theorem
4). In Section 4, we proceed to the problem of evaluating the maximal SLD Fisher information.
We prove that it increases at most in the order of O(n?), and derive a criterion for the order to be
O(n) (Theorem 5). We further prove that any full-rank quantum channels exhibit the order O(n)
(Theorem 8). Since the closure of the set of full-rank quantum channels is identical to the totality
of quantum channels, this result could be paraphrased by saying that almost all quantum channels
exhibit O(n). In section 5, we present several illustrative examples to demonstrate these results.

2 Geometry of quantum statistical manifold

Let us start with a brief review of differential geometry of quantum statistical manifold [14]. We
consider the set of density operators on H of rank r:

S:={peS(H); rankp =r}.

This can be regarded as a (2dr — r? — 1)-dimensional real manifold. Given a p € S and a natural
number ¢ (> r), an ordered list of vectors W = [¢1,. .., ¢4] is called an ordered p-ensemble of size
q if

q
p=>_|dj) ;-
j=1
Associated with each p € S is the set

Wip] := {W; W is an ordered p-ensemble of size ¢}.

Letting
we = Wi,
pES
we have a canonical projection

q
7T1Wq—>81[¢§17~~7¢;q] HZ@]M&M
J

)



There is a natural right action of the ¢-dimensional unitary group U(q) on WY[p]:
q ~

3 m]

k=1

This U(g)-action on W1[p] is transitive. Moreover, when ¢ = r, each W € W"[p] comprises linearly
independent vectors, and the U(r) action on W"[p] is free. Therefore the quadruple W, 7,S,U(r))
is a principal fibre bundle [15]. For later applications, however, it is essential to treat ordered p-
ensembles of a general size ¢ (> 7).

The readers may be warned not to confuse the right action W +— WU of unitary matrices
U € U(q) with the left action W — LW := [ngl, ... ,ngq] of linear operators L € B(H). Also it
should be noted that by using an abridged notation

W =[¢jlicj<q— WU =

1<j<q

(@
W=[ldld], W=,

(4l

the above mentioned properties can be exhibited as follows:
q
p=Y_16)d;] = p=WW*
j=1

W —S —= 7:W+— WW*
U(q) preserves each fibre <= WW* = (WU)(WU)*
This correspondence clarifies that our formulation unifies and extends the geometry of Berry’s phase
[16] [17] [18] [19] [20] and that of Uhlmann’s [21] [22] [23].

One of the most fundamental quantity on the quantum statistical manifold S is the SLD Fisher
metric. A Hermitian operator-valued continuous one-form £, : T,§ — B(H) satisfying

1
= i(Pﬁp + Lpp)

is called the SLD representation, and the bilinear form g (= g,) : 7,8 x T,S — R defined by

dp

9o(X,¥) 1= 3 Tr (L, (X)E,(V) 4 £,(Y)£,(X)

is called the SLD Fisher metric. Although the SLD representation is not unique unless r = d, the
SLD Fisher metric is invariant under the arbitrariness of the SLD representation [24] [25].

The following theorem provides an interpretation of the SLD Fisher metric of S in terms of the
fibre bundle (W1, 7, S,U(q)) [25].

Theorem 1. Let {pg; 0 € © C R} be a smooth curve on S and let q (> r) be an arbitrary natural
number. Then the SLD Fisher information J(pg) = g,,(0g,0g) at 6 = 0y € O is given by

J(po,) = 4 min Tr Wy Wy
We =00

where the dot denotes the differentiation with respect to 6, and the minimum is taken over all smooth
families of ordered pg-ensembles Wy of size q that are locally defined around 8 = 6y. The minimum
is attained if and only if

. 1
Wo = 5L, (99)Wo (2)
holds at 6 = 6.



Proof. Let us fix a local smooth family of pp-ensembles WO(O) = [¢1(0),...,0.(0)] of size r around
0 = 0p. We extend it to a family of py-ensembles of size ¢ by adding (¢ — r) zero vectors as
[61(0),...,-(0),0,...,0], and regard it as a reference family. Letting V(©) := [I, | O], where I,
and O denote the r x r identity matrix and the r x (¢ — r) zero matrix, the reference family is

written as WO(O)V(O). Given a smooth family of pg-ensembles Wy of size g, there is a smooth family
Uy of ¢ x q unitary matrices that satisfies

Wy = WOvOy,.

Then _ ) )
W = WOVOU, + w9 v O,

Since WQ(O) describes the change of linearly independent vectors [¢;(0)]1<j<, in H, there is an
operator Ly € B('H) that satisfies

W@(o) 7L*W0(0).
As a consequence
Wy = %L;WQ + WUy Us.
In order for this equation to be consistent with the change of pg, we claim

. . 1
po = WoWy5 + WoWy = §(P0L9 + Ljpe).

This shows that the operator Ly is a logarithmic derivative.
Let Ky := Ly — Lg where LQS = L,,(09). Then pgKy + K;pg = 0, and we have

.. 1 1 . 1 .\
Tr WQWG* = ZTrpg(Lg)2 + Tr (2K§W9 + WQU;U9> (2K;W9 + WaUgU.g) .
Since the second term in the right-hand side is nonnegative, we conclude that

1
min Tr Wy W} = Tr L)% = ZJ(pp).
W) o0VVe /)0( 9) 1 (Pe)

The minimum is attained if and only if
1 .
§K§W9 + WeUg*Uo =0
or equivalently
. 1
Wy = §L(§ Wy.
O

In order to obtain an intuitive geometrical insight into Theorem 1, let us regard W? as a metric
space with metric

AW, W)= |3 (60501 = @21) (165) ~ 165)

j=1



where W) = |q§§7)>7 ces |g{>((;)>} Given W € 7 1(p), we define

fw:S — W!
o +—— argmin d(W,W’).
W'er—1(o)

Theorem 1 implies that the minimal squared-distance between two near-by fibres is given by a
quarter of the SLD Fisher information, and the differential dfy maps X € T,S to X € Ty W? that
satisfies

— 1

An integral curve of the differential equation (2) is called a horizontal lift of the curve pyp.
It would be worth mentioning that when ¢ = r, the above observation leads to a connection of
the principal fibre bundle (W", 7r,S,U(r)). Let us introduce the projection
P:TyW" — TyW"
X — X,

where X is defined by

— 1

XW = §£W(X)VV’ ﬁW =7T*£7T(W).
Now we decompose the tangent space Ty VW into the direct sum

TwW" = Viy ® Hy,
where
HW = P(TWW’”), VW = (1 — P)(TWW’“) = Ker(ﬂ'*)w.

The subspace Hy has the property that Hyy = Ry«Hw, where Ry denotes the right action of
U € U(r). Thus there is a unique Ehresmann connection A in which Hy becomes the horizontal
subspace:

1
dW =WA + §£WW

The curvature form F(A)(X,Y) := —A([X,Y]) becomes

WF(A)(X,Y) = YW + ﬁ(m[x?])w

-[X,
{iLx. 2] = 3l Ll D) bW

NG

where p := m(W) and Lx := Ly (X). It is shown that the curvature F(A) is closely related to the
torsion of the exponential connection V(¢) of the base manifold S. For more information, see [14].

3 Fibre bundle over quantum channels

Let us proceed to geometry of manifolds of quantum channels. It is well known [3] that a quantum
channel T": S(H) — S(H) is represented in the form

= Ajp4;
J



where A = {A,}, is a finite collection of operators satisfying
S AzA; =1
J

This is sometimes referred to as the operator sum representation. When a quantum channel I' is
represented in this way, the ordered collection of operators A = {A;}; is called a generator of T'.
The number J of operators in a list A = {A4;,...,A;} is called the size of A. Given a quantum
channel T, let G[I'] be the set of generators of I'. It is further decomposed as

gir) = |J guIrl.

qzr

where G9[I"] denotes the set of generators of size ¢, and the minimal size r is called the rank of T
Let us recall the following fundamental characterization [4].

Proposition 2. Two collections of operators {A;}i<j<r, {Brhi<i<x (J < K) give the same
quantum channel if and only if there is a matriz Q = [Q;r] € C'*E such that QQ* = I; (I;
denotes the J x J identity matriz) and By = Zj A;Qjk.

Corollary 3. Let r = rankI'. Then A € G[I'| belongs to G"[T'] if and only if A is a linearly
independent set of operators. Further, A € G"[T] is unique up to an r X r unitary matriz.

Proposition 2 is easily seen by recalling that a generator A of I of size ¢ is obtained by rearranging
the components of columns of a d? x ¢ matrix A that satisfies

éAA* — ({d @) (Gan).
Here the operator (id @ I')(6arx) is identified with its d? x d? matrix representation. This fact also
implies that rankT" = rank (id ® I')(6arg). See [5] [6] for details.

Corollary 3 shows that by regarding the set of minimal generators G"[I'] as the fibre over T', one
can define a principal fibre bundle over the set of all quantum channels of rank r. The structure
group is U(r). This principal fibre bundle was first introduced in [14]. In view of applications to
quantum channel identification problems, however, it is useful to treat fibre spaces G4[I'] of general
size ¢ (> r), as demonstrated below.

Let us recall the quantum channel identification problem which allows extensions of the channel
[11]. Suppose that we have an unknown quantum channel that belongs to a parametric family
{Ty ; 0 € ©} of quantum channels, and that we wish to estimate the true value of the parameter 6
as accurate as possible. Our task is to find an optimal input & € S(H ® H) to the extended channel
id ® 'y and an optimal measurement for estimating the parameter 6 of the family (id ® I'y)(¢) of
output states. In what follows, we restrict ourselves, for the sake of simplicity, to the case when
0 is one-dimensional. In this case, the problem amounts to finding an input & that maximizes the
SLD Fisher information J((id ® T'y)(5)) of the output family. When the optimal input depends on
the true value of 6, we make use of an adaptive estimation scheme [26].

Now there is a delicate problem concerning the existence of the SLD of (id ® I'y)(5). First of
all, the family {T'g}¢ must be differentiable in some sense. Here we assume the following.

(RC1) T'y has a generator A(0) = {A;(0) }hi<j<r, € G7°[Tg] with r¢ := max{rankT'y; 6 € O}
such that each component A;(#), (1 < j < rg), is continuously differentiable in 6.

If this condition is satisfied, we simply call the family {T'9}g smooth. Note that (RC1) is stronger
than the requirement that I'g(o) is continuously differentiable for all o € S(H). In fact, (RC1) is
much closer in spirit to the condition that y/I's(0) is continuously differentiable.



We next observe the following fact: the rank of the output state (id ® I'p)(d) may vary as 6
changes, even if rank 'y is constant, and the family (id ® I'p)(6) may not have an SLD at a point
where the rank changes. Let us call such a point singular, and denote the set of singular points of
(id ® I'9)(6) by Osing(d) (C ©). To surmount this difficulty, we first assume the following.

(RC2) The set Oging () is a finite set for all 6 € S(H ® H).

This condition ensures that Theorem 1 is applicable to the evaluation of the SLD Fisher information
J((1d®Tg)(d)) at 0 ¢ Oging(6). Moreover, since the function § — J((id ® I'y)()) is continuous at
0 ¢ Osing (), one would expect that the SLD Fisher information at a singular point 6y € Oging ()
might be defined by

J(((d ® Ty, )(5)) := lim J((id ® T'p)(5)). (3)

—6o

In order to put this idea into practice, we further assume the following.

(RC3) For each o € S(H), the function

O — mln’IY o ZA (4)
=6,

is continuous at all §y € ©, where the minimum is taken over all smooth families of generators
A(0) € G[T'y] that are locally defined around 6 = 6.

Note that under (RC1), the function (4) is always upper semicontinuous. Moreover, given a pure
state & € S(H ® H), the right-hand side of (4) with ¢ := Tr1& gives the SLD Fisher information
J((id ® 'y )()) at each Oy ¢ Oging(F); see (5) below. The condition (RC3) is, therefore, essential
only at §y € Oging (7). We shall call a family {I'g}¢ piecewise regular if it satisfies (RC2) and (RC3).

Let us now proceed to the problem of maximizing the SLD Fisher information J((id ® T'p)(5))
over all input state & € S(HQH). A direct evaluation of the SLD Fisher information J((id®Ty)(5))
as a function of input state & is often infeasible because of computational difficulty. The following
theorem gives an alternative way of evaluating the maximal SLD Fisher information.

Theorem 4. Let {T'y; 0 € © C R} be a smooth, piecewise reqular one-parameter family of quantum
channels, and let ¢ (> max{rankTyp}¢) be an arbitrary natural number. Then

q
J(deT )=4
By (4O T0)@) =43y D 4,0

=0,

for all 8y € O, where || - || denotes the operator norm of H, and the minimum is taken over all
smooth families of generators A(0) = {A4,(0)}1<j<q € G?[Tg] that are locally defined around § = 6,.

Proof. Since the SLD Fisher information J((id®Ty)(5)) takes the maximum at the extreme bound-
ary J.S(H ® H) [11], we can restrict ourselves, without loss of generality, to pure state inputs
& = |¥) (1|, where v is a unit vector in H ® H. Letting A(f) = {A;(0)}1<;<q be a smooth family
of generators of I'p, we have

= ({d®@Ty)(5) = > _(I® A;(0)) )| (I @ A;(0))".
j=1



This shows that [(I ® A;(6))1]1<;<4 is an ordered pp-ensemble of size g. Moreover, the transitive
right action of unitary group U(q) on the fibre G¢[T'y]:

{4;(0)hi<j<q — {Z Ak(0) “kj}
k=1

naturally induces a transitive right action on the fibre W9[pg]:

1<5<q

(T ® Aj(0)d] << — lZ((I ® Ax(0))9) Ukjl :

k=1

According to Theorem 1, therefore, the SLD Fisher information J(pg,) at 90 ¢ Osing(0) is given by

1 d d
= J(pe,) = min Tr — (I® A T® A
I = min H@H;](w( ® j<e>>w><d9< o
0=00
min THeH ) (¥ ®Z
6=0,
= Inm Try o ZA , (5)
6=0¢

where o := Try |¢)(¢| € S(H), and the minimum is taken over all smooth families of generators
A0) = {A;(0)}; € G4(T'y) that are locally defined around § = 6#y. Now, because of (RC3), we
see that (3) is actually well-defined for any pure state input & = [))(¢/|. This observation further
ensures that, under the definition (3), the formula (5) holds for all §, € ©.

In order to evaluate the minimum in (5), let us introduce a smooth reference generator B(0) =
{Bj(#)}1<j<q.- Then there is a smooth family of ¢ x ¢ unitary matrices U(6) = [u; ()] such that

A;(0) = Bi(0)us; (6).

k=1

Let zpe := (1/v=1) 3, Ugjue; = (1/v/=1)(UU*) .. Then Tz = weg, so that the matrix X = [zp]
is Hermitian and /—1X belongs to Lie algebra u(g). Now

Z A;AJ = Z <Z Bkukj + Bkit]ﬁ) (Z BgUgj + Bzing>
J ¢

] k
o BfB¢ — BiBy \ -
k ke ke m

As a consequence, (5) is rewritten as

1

= J(pa) = mi X 7

17 (Do) e oo (0, X) (7)
where

. BB, — BB, .
folo, X) := TroB; By | + Tro—E—C k=% |\ o/ + (Tr o B, Be) TiemTem | -
(0, X) Xk: ; %: = %: %: i Be)

(®)



Now we are ready to prove Theorem 4. The function fy(o, X) is linear (affine) in o, and is convex
in X because the coefficient matrix [Tr o Bj Beli<k.e<q is positive semidefinite. Consequently, the
maximal SLD Fisher information can be evaluated as follows.

1 1
- J((ideTI o = = J((ideT ~
4&6&216%%71) ([d® Lo, )(5)) 4568391?;{(@%) ((id ® Ty, )(5))
= max min o, X
ce€S(H) V=IXeu(q) fGO( )
= min max [y, (0, X)

V—1X€u(q) c€S(H)

= I’Illl’l ZA . (9)

0=00

In the second equality, the relation (7) and the surjectivity of the partial trace Try : O.S(H®H) —
S(H) are used. In the third equality, on the other hand, a version of minimax theorem [27, Corollary
37.3.2] is used, which asserts the exchangeability of min and max when either of the domains of the
arguments is compact. O

In what follows, we abbreviate the formula (9) as

Jomax (0 T0)(2) =4 min |57 4;(0)"40)). (10)

Several remarks are in order. First, Theorem 4 gives a complete answer to the question raised
by Sarovar and Milburn [28] of how to express the maximal SLD Fisher information in terms of
generators. Originally they intended to find an expression for the maximal SLD Fisher information
max,es(x) J (Lg(0)) of unextended channels. Actually the formula (10) only gives its upper bound:

J(To(0)) < 4 Ay . 11
max J(To(0)) < 4min Z (11)

In fact, an argument similar to the proof of (7) leads to

—J(To(|){w])) = min  fo(|) (|, X 12

Collw)wh) = _min o) (w. X) (12)
for any |¢)(¢| € 0.S(H). Therefore, the obvious inequality

max min 0,X) < max min o, X 13

0€0.S(H) /=1Xe€u(q) f@( ) c€S(H) V/=1X€u(q) f ( ) ( )

leads to (11). It is important to notice that the inequality (13), and hence (11), is not always
saturated. This is because the function o — miny fy(o, X) does not in general take the maximum
at the extreme boundary 0.S(H), although the function o — fy(0, X) always does for any X. (A
simple example which may help intuition: the function f : [-1,1] x R — R : (a,7) + 22 + ax,
which is affine in @ and convex in z, has a single saddle point at (a,z) = (0,0).) These observations
clarify the importance of extending the channel into the form id ® I'y. In Section 5, we demonstrate
these subtleties in more detail.

Second, the similarity between Theorems 1 and 4 clarifies a parallelism between the geometry
of optimal estimation scheme for quantum states and that for quantum channels: we need only



change the Hilbert-Schmidt norm into the operator norm. In particular, by comparison with the
exposition presented after the proof of Theorem 1, Theorem 4 could be interpreted as expressing
the maximal SLD Fisher information by means of the operator norm of the “horizontal lift” of the
tangent vector dyg on the base manifold. Since the maximal SLD Fisher information quantifies the
statistical distinguishability of quantum channels by means of an optimal estimation scheme, we
might as well call the quantity (10) the SLD Fisher information of the quantum channel I'g, and
shall denote it as J(id ® I'g).

4 Application to quantum channel estimation problems

Given a family of quantum channels T'g, how fast does the SLD Fisher information J((id ® Is)®")
of the extended channel (id ® T'y)®" increase as n increases? It has been shown that J((id ®
['9)®") = O(n) for generalized Pauli channels [12], and that J((id ® I'g)®") = O(n?) for unitary
channels [13]. In this section, we prove that “almost all” families of quantum channels T'y exhibit

J((id @ Ty)®™) = O(n). i
We start with the following sufficient condition for J((id ® I'p)®") = O(n).

Theorem 5. For any smooth, piecewise regular one-parameter family of quantum channels T'q, it
holds that J((id ® T'9)®™) < O(n?). Moreover, if Ty has a generator A(6) that satisfies

D AzA; =0,
J

then J((id @ T9)®") = O(n).

Corollary 6. A smooth, piecewise regular one-parameter family of quantum channels I'g exhibits
the additivity of the SLD Fisher information J((id ® I'9)®™) = nJ(id @ Ty) if Ty has a generator
A(0) that satisfies both

D ATA; =0 and J(id®Te) =4|> A4,

J J
We next show the following.

Lemma 7. Let I be a full-rank quantum channel. Then
rank (id @ T')(|¢) (|) = d - (Schmidt rank of ¢)

for any v € 'H ® H, where the Schmidt rank of ¥ is the number of nonzero components in the
Schmidt decomposition of V.

Lemma 7 implies that any one-parameter family of full-rank quantum channels is (piecewise)
regular, in that Oging () = 0 for all & € .S(H ® H). Taking account of this fact, we finally reach
the following important consequence.

Theorem 8. Any smooth one-parameter family of full-rank quantum channels T'y exhibits j((id ®
F9>®n) = O(n)

The affine isomorphism I' — (id ® I')(6p ) mentioned in Section 1 establishes a one-to-one
correspondence between the set of full-rank quantum channels on S(H) and the set of full-rank
density operators in S;(H ® H). Therefore, the closure of the set of full-rank quantum channels is
identical to the totality of quantum channels. This observation prompts us to interpret Theorem 8
as asserting that the SLD Fisher information is of O(n) for “almost all” quantum channels.

10



4.1 Proof of Theorem 5 and Corollary 6

By a suitable rearrangement of the constituent Hilbert spaces H, we identify (id ® T'y)®" with
id®" @ T$". Given a smooth family of generators A(6) = {A;(0)}1<;<4 of Ty, let A§1) = A; () for

j€{l,...,q}, and let inductively

Afz”l) =AM AS) for p:= (1, p2) €{1,...,¢}" x{1,...,q}.

M1 2

Then {A,(Ln) sped{l, ..., q}”} is a generator of I';y". Let

P S o T
pe{l,....q}"
and
Boi= > AMAD.
HE{L,...,q}™
Since B, + 0 = 0, we see that
r = X (a0 a)] o (4 42)]

1,42
= 0, I+I®"®a1 —26,® B

and that
bn = 3 oo (Al 0 a)]" [a & 4]
1,02

= B.®I+I°"® M.

Substituting the solution
Bn = Zp@(i—l) ® B @ 18—

i=1

of (15) into (14), we have

an = Z I%®a, @I -2 Z I®Q B ®I% 6 @ I%.
i,5 >0 i,5,k>0
i+j=n—1 i+jt+k=n—2
As a consequence, the operator norm of «,, is evaluated as
2
el < 7 lleall +n(n = 1) |5
Combining inequality (17) with Theorem 4, we have

nJ(id® ) < J((id®[y)®") < 4 %; lanll < 4n|loq]l + 4n(n — 1) || 812,

(15)

(16)

(17)

where the last side is evaluated for an arbitrary generator A(f) of I'y. Theorem 5 and Corollary 6

now follows immediately.

11



4.2 Proof of Lemma 7
Let v € H ® H be represented in a Schmidt decomposition

d
¢:Z\/07i€¢®fm
i=1

where o = (o, ..., aq) is a probability vector, and {e; }1<i<q and {fi}1<i<q are orthonormal bases
of H. When v is represented in this way, we denote it as ¢»®. Thus

(d@D)(Jv*) () = Z vaiaj lei){ej| @ T(|fi)(f;

)

= (D*®I)- ((deI)([v“)} ") (D*® 1),
where

d
D :=Vd Y aile) (el

i=1
and v = (1/d,...,1/d) denotes the uniform distribution. Since I is full-rank, the operator (id ®
) (|¢™) (") is strictly positive. As a consequence,

rank (id ® T)(|9*) (¢“|) = rank (D® @ I) = d - rank D“.

4.3 Proof of Theorem 8

We show that any family 'y of full-rank channels has a generator A(f) that satisfies §; = 0.
Let B(0) = {B;(0)}1<j<a2 be an arbitrary smooth reference generator of I'y of size d?, and let

A(0) = {A;(0) }1<j<az be
A;(0) = Bi(0)ux; (9),
k

where U(6) = [ug;(0)] is unitary. Then

B = ZA§AJ‘
J

> (z}; Bjuy; + Bkukj> * (%: Bluzj>

J

= Y BiBi+vV-1) Bj;Bu, (18)
k Kkt

where xy, = (1/v/=1) X2 tnjue; (= Tag). Tt suffices to prove that for each 6, there is a Hermitian
matrix X = (zp¢) that satisfies

> BiBuww =V-1»_ B},Bn. (19)
ke m

Since I'g is full-rank, the generator {B; }1< ;<42 forms a basis of the space B(H) of linear operators
on H, and there exist complex numbers {A;}1<p<qz and {ur}1<p<q2 that satisfy

Zk:,\kBk =1, zk:ukBk = g ;B;Bm.
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Let o
The 1= Apte + Nefi-

Then Tky = Tyk and

g - (g1 (o) (5o (0

4 k

S (BB~ BB

m

V=1>_ B} Bn.

5 Examples

In this section, we present several examples to demonstrate the results obtained in Sections 3 and
4.

5.1 Depolarizing channel

Let o1, 02, 03 be the standard Pauli matrices. A depolarizing channel Ty : S(C?) — S(C?)
is a full-rank channel defined by the generator B(#) = {B;(0)}o<j<3 with the parameter space
© = (—1/3,1), where

V1436 V1—-46
Bo) =0 Bi0) = ey (1<)<3).
It is known [11] that
1
J(T = ——— 20
Jax, JWe(0) = 7 —ga 9 (20)
and 3
J((d®Ty)(0)) = —7—. 21
seals ) Jd©T0)@) = T—Fa55 (21)
Let us investigate these results in the light of the inequality (13).
We make use of the Stokes parametrization for o € S(C?) as follows:
1
U:§(I+a01+b02+003), (a®> + V% 4% <1). (22)
By a direct computation, the function (8) is explicitly minimized with respect to X as
1 ) 2 2 2
3(1+6) —2(a® + b2 + 2) (23)

min - fo(o. X) =

JTIXcu(4 41 -0)(1+06)(1 + 36)

When o is restricted to the extreme boundary 9.S(C?) where a? + b2 + ¢* = 1, we have

1
min  fy(o, X = ——.
/—IX €u(4) o(0, X) 0€0.5(C2) 4(1-0)(1+9)

This relation, combined with (12), reproduces (20) as follows:

1
J(T - J(T =4 i X)=—
) (To(o)) oA (To(o)) oA flxlélu@)fe(g’ ) )

13



On the other hand, when no restriction is imposed on o € S(C?), we have

3

max min )fg(O',X) = =00 +30)

0€8(C?) V=IX cu(4

This leads to (21). Moreover, the maximum is attained if and only if o = I /2. Since

u u_I u __ 1 L . .
TI‘1|’¢ ><¢ |_§a <¢ —ﬂ;ez(gfz)a

we see that the maximum in (21) is attained at a maximally entangled pure state.
Note in passing that

and
3., . 3
N BB =— 2 ]
o ; i7T T (1= 0)(1 + 30)

We therefore conclude from Corollary 6 that the SLD Fisher information is additive:
J((id @ T9)®") = n J(id @ Ty)).

This is in accordance with the result obtained in [12].

5.2 Rank-two quasi-unitary channel

Let Ty : S(C?) — S(C?) be a one-parameter family of rank-two channels defined by the generator
B(0) = {B1(0), B2(0)} with the parameter space © = [—7/2,7/2), where

B1(0) = 12 exp(v—1001) = % (Icosf 4+ v—10ysinb)
BQ(@) =

g9.

S-S

We show that
max J(Ty(0)) =2, (V0 € ©) (24)
ceS(C?)

and

Jodmx | J(A®T)(E) =2, (W €6). (25)

These results imply that the use of entanglement does not help enhance the distinguishability in

this channel.
We first prove (25) by a direct application of Theorem 4. Let us set

X:[y_\“_ﬁz yJ”FZ] (26)

Then (6) becomes

> A4
F

<1+x2+2y2+2z2+w2>
5 I —xoq

+ ((x +w)ycosd — zsinb) oo + ((x + w)ysin 0 + z cos ) o3,
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and its maximal eigenvalue is

o T4+ 22 +2y2 + 222 + w? +2/22 + 22 + (v + w)%y?
> AjAj| = :
, 2
j
Obviously this takes the minimum at z = y = z = w = 0, and (25) follows immediately from
Theorem 4.

We next prove (24) and (25) in a unified manner based on (13). Let ¢ € C2®C? be a unit vector
such that o = Try|1) (1| is represented as (22), and let py := I'y9(c). Then by a direct computation,
we obtain 2 22 )

3 —
min  folo,X) = S @C IO T goipy o L (27)
V=1Xecu(2) 4 16 det pg

at 6 ¢ Oging (V) (¥]) = {0; det pg = 0}, where

1
det pg = 3 [2— (b” +c?) — (b° — ¢?) cos26 — 2bc sin26)] .

Note that Oging(|1)(¥]) # 0 if and only if b* + ¢* = 1.
We first assume that b* + ¢ < 1: in this case Oging(|1)(¥]) = 0. With (b,c) fixed, (27) is
monotone decreasing in a?, so that

HEST)(E)) = 4 min  fofo,X)

< 4 min o, X =2—7r?sin?(0 — ¢) < 2. 28
< 4 o] O-9<2 ()

Here we have set (a,b,c) = (0,7 cos ¢, rsin ¢) in the second equality.

We next assume that b? + ¢ = 1: in this case, we need to pay special attention to the fact
that Oging([¢)(¥]) # 0. Let us fix a point 0y € © arbitrarily, and let us take a unit vector
g € C? @ C? such that o¢ := Try|o) (1| is represented by (a,b,c) = (0, cosfy,sinfg). Then
det Tg(00) = sin?(6 — ) /4, so that 8y € Oging(|t0) (¥o]). On the other hand, we see from (27) that

J(([d @ Tg)(|tho) (tol)) = 4 ﬁn)l(igm) foloo, X) =2 —sin®*(0 — 6p) (29)

for all 6 ¢ Oging(|%0)(to]). Taking the limit § — 6y, and using the convention (3) at a singular
point, we have J((id ® I'g,)(|tbo) (¢0])) = 2. This implies that the formula (29) holds for all § € ©.
In summary, we see from (28) and (29) that

J((i[d @ To)([9)(¥])) <2

for all p € C?> ® C? and # € ©. Moreover, this upper bound is achieved, for instance, by a tensor
product state ¢ = ¢1 ® ¢2, where ¢ and ¢, are unit vectors such that |¢2){¢ps| is specified by the
Stokes parameter (a,b,c) = (0, cos,sind). This completes the proof of (24) and (25).

Finally, we prove that 3; # 0 for any generator A(#) of I'y. To this end, we show that the
equation (19) does not have a Hermitian solution X = (zx¢). By a direct computation using the
parametrization (26) of X, (19) is reduced to

(m—;—w) I+ (ycosB)og+ (ysinf) oz = %Ul.

Since {I, o1, 09, o3} is linearly independent, this equation does not have a solution.

15



5.3 Full-rank quasi-unitary channel

While Theorem 8 asserts that J((id ® I'9)®") = O(n) for any family of full-rank channels T, it
does not always imply the additivity J((id @ 'y)®") = n J(id @ Ty). In this section we demonstrate
the superadditivity by an example.

Given € € [0,1/3), let I'§ : S(C?) — S(C?) be defined by

3
(7)== (1 =3¢) UptUy +€Zaﬂag‘

i=1

where

Uy := eXp(ﬁ901) =JcosO++v—1o;sinf

with § € (—n/2,7/2). The channel I'y is full-rank if and only if € # 0. For sufficiently small
¢ > 0, the channel is regarded as an “almost” unitary channel, perturbed by a fixed depolarizing
noise. When € = 0, on the other hand, the channel is reduced to a genuine unitary channel, and it
enjoys J((id ® T9)®") = O(n?) [13]. It is therefore probable that J((id ® T'5)®") > n J(id ® T5) for
sufficiently small €.

We first show that 0(1 — 3619 . 0
Jiderg) = 2= 6)(1:;;“’5 <),

(30)
Let us take
By(0) := V1 — 3e Uy, Bi(0) :=eo; (1<i<3)

as a reference generator to define fo(7, X). It then follows from (9) that J(id ® T'5) is the quadruple
of the saddle value of fy(7, X). It can be shown that the function (7, X) — fg(7, X) has a unique

saddle point (79, Xo), where
R )
T0 ‘= 9 0 1

and
0 0 0 1
X e e(l—3e)cosf | 0 0 0 O
0= 1—2¢ 0000
1 0 0 O

The formula (30) is then obtained by computing 4fg¢(79, Xo). Note that max: J((id ® I'§)(7)) is
attained by a maximally entangled 7 € 9.S(C? ® C?) because 7y is the barycentre of S(C?).

In order to prove the superadditivity of J((id ® I'£)®™), it suffices to show that there is a
1 € (C? @ C%)®? that satisfies

J ((d @ T5)®*([u) () > 2J(id @ T5).

As in Section 4.1, we identify (id ® I'5)®? with (id®? ® T'5®?). Let {e;}i=1,2 be the standard basis
of C?, and let

_ _ 1 ~
fi=me1®er, faoi=—=(e1®ex+ea®er), fz3:=ea®eo.

V2

Then {fi}1<i<3 forms an orthonormal basis of an irreducible subspace of C? ® C? under the SU(2)
action. It is known [13] that when e = 0, the maximally entangled vector

1o~ -
1/’ME-=%;fi®fi
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gives an optimal (more precisely, an admissible) input state to the extended channel (id®2 ® I‘2®2).
Therefore, we can expect that for sufficiently small €, ¥y;p would give a nearly optimal input
to the extended channel (id®? ® I'5¥?). By computing explicitly the SLD of the output state
(id®? @ T5%?)(|Yme) (Yme|) at 6 = 0, we obtain

32(1 — 32)%(3 — 15e + 20e?)

J((4% © T3 (ware) heel) |, = =g o (31)

Comparing (31) with (30) at # = 0, we see that

J (4% @ T52) () onsl) |, > 20(deTs)|
for 0 <& < (9 —+/21)/40 (= 0.110---). This completes the proof of the superadditivity.
Incidentally, (30) and (31) suggest that J((id ® I'5)®™) would be of the form

J((d ®T5)®") = lfinozn).

Deriving the explicit formula of J((id ® I'5)®") is a challenging open problem.

6 Concluding remarks

We introduced a fibre bundle structure over manifolds of quantum channels. Under mild regularity
conditions, it was shown that the SLD Fisher information .J (id ® Ty) of a one-paremeter family
of quantum channels I'y is expressed by means of the operator norm of the horizontal lift of the
tangent vector on the base manifold. Using this formula, we proved that J((id @ T'y)®") = O(n) for
any family of full-rank channels I'y. This result asserts that for almost all quantum channels, the
maximum SLD Fisher information increases in the order of O(n). We presented several illustrative
examples for the sake of demonstration.

There are many open problems left. Among others, investigating the order of J((id ® I's)®")
for channels I'y of ranks in-between would be of primary importance. We observe that the solution
(16) also leads to the following evaluation:

n(n =1 |B]° = nllarll < el < nln 1) |8 +n o (32)

for any generator A(f) of I'y. This suggests the following dichotomy: the order of J((id ® I'g)®™) is
either O(n) or O(n?), and is O(n) if and only if I'y has a generator A(f) that satisfies 3; = 0. If this
were true, the rank-two quasi-unitary channel investigated in Section 5.2 would give an example of
non-unitary channel that exhibits J((id ® Ty)®") = O(n?). Unfortunately, because

J(([d®Te)®") <4 min el

(32) does not conclude anything about this conjecture at present.

Another important subject is to establish a perturbation theory of quantum channels. In an
experiment, noise from the environment is inevitable. According to Theorem 8, a slight perturbation
applied to a unitary channel induces a transition of the increasing order from O(n?) to O(n). Does
this mean that the O(n?) increase of the quantum Fisher information cannot be detected by an
experiment? Actually, given a family I'g of perturbed unitary channels, the SLD Fisher information
J((id®T%5)®") would be continuous in the magnitude ¢ of perturbation for each n, as demonstrated
in Section 5.3, and there is a hope for detecting the O(n?) increase approximately. A detailed
analysis of the transition from O(n?) to O(n) is, therefore, important not only from a theoretical
point of view but also from an experimental point of view.
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