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SiCヽ■F工CANCE AND EXPLANAT工 ON

The Eotlon of coBpressible. viscous and heat-condustLve Ne$conlan fluids

ls describeat by a systen of Partial dlfferentlal equatlons whlch Is of

hyperbolic-parabolic tyPe and. hi-ohly nonllnear. One of the flrst rathenatLcai

problems associated vrith this systen ls the lnltlal value Problem. we obtain

the existence of a unlque snooth global solutlon ln tlEe for the lnltial value

problern and also Ehe decay rate of the solutLon as tLEe tends to inflnity.

Slnce the systseE ls quasillnear sitl. resPeqt to the unknowns: densitY,

veloclty and temperature, lre need to assume that the lnitlal data are close to

the constant equllibrtuo state. The Purpose of thLs paper ls to obtain a

prioll esti.!|ates for the solutlons of these equatlons by neans of a new enelgy

Bethod. ttrls technlque, although still necessarily laborious, enables us to

sLnpllfy and unLfy ou: previous results, descrlbea brlefly ln the abstract and
:

obtalned jotntly ulth T. Nlshlda (see, e.g. MRc TsR #1991 ).

The responsi ,lesc riptlve
sur nary lies trith HRC, and not, rrith Ehe auehor of this report.



AN ENERCY METH00 FOR

OF COMPRESSIBLE VISCOuS

TEE EQUATIONS OF MOTION

AND MAT{ONDUCTIVE FLUIDS

atsu rraAkltaka

$1. Introductlon and Maln Theorem.

In previous papers [1], [2], we have

tLEe of the lnltlal value probleo. for the

Eotion of lEotroplc Ne$tonian fluiils;

luvestlgated the global solution ln

following equations governlng Ehe

(1.1)

with the
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,xr) e n3, p Is tha density, o - (ol,o2,o3) is the

velocLty, 0 ls Ehe absolute teEperature, p - p(p,0) is the pressure,

u - u(p,o) and. u'(p,0) are vlscous coefflcients, r - r(p,o) ls the

co;fficient of heat conductlon, cO - cO(0,0) ls the heat capaclty at

constant volune, and , - * G{ * 
"1. )2 * u'("i. )2 rs dissiparion

(1.2) 〈ρ′u,0〕 (0′ X〕 ‐ (,0′ u。 ′00)(x)
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runctiono  we sha■ ■ cOnsider the s● ■utions Only in a neighbourhood of any

fixed cOnstant state (p′ u,3)= (ア′o′τ) where 下′百 are any positive

constantso  Moreover′  we shal■  nlake the fo■ ■。wing natural assumptiO■ s on the

hyperbol■ c―parabo■ ■c systeln (1.1)throughout this Paper,                   _   _  _

(1)p′ cv′ ●′μ: and κ are smoOth functiOns of o=((p′ u′ o):lρ ―百1′

lul′  19-olく γO}′
(11)pp′ pe′ Cv′ V′ κ >O and μ:+:口 )。 h o′

where  γO 
く ■■n(p′ 0)。

工n lll, we succeeded in obtaining a g10ba■  sO■ution in tinle of (1.1)′

(1.2)bY using energy methods which were rather technica■ and cOmp■ ■cated

under the assumptiOng that the f■ u■ d is an idea■ and Po■ytropic gag and that

(pO ― ρ′ uO, oO ― o) is su■ tab■ y sma■■ ■●  H3  ′

yhere Hk represents the usual soborev's slraces with Ehe norn t.rt. we arso

proved the decay of the solution to the corstant state tJ, O, 6'l , but lre

were not able to estiaate the decay rate of the solution. rn [2], we obtained

both the global solution ln tine of the original problem (1.1), (r.2) anal tts

decay rate to the constant state by using a calculation of the decay rate for

the linearLzeai equations, togethe! with the energy estl-6ates. !{oreover, ue

had to lnvestlgate the precise properties of the spectrrur of linearlzed

equations, and assume that

(pO ― ρ′ uO, oO - 3) is suitably smal■  in  H4 n ■1  ・

-2-



The purpose of this paper Ls to e8ploy a Aifferent energy Eethod to

handle the nonllnearity. The present aEproach 1s slnprer and less technlcar

than the energlT form userl in (1,I, moreover ere do not requj.re all of the

precise proEertles of the llnearized equatlons obtalned. laborlously tn t2l .

, Eorrever, we note that because of the relative roughness of the net Eethod, the

coefficients of the varlous estiEates [ight be nore rougir than those j,n [11

alrd [2]. By Eaklng use of thLs approach, we obtain both the exlstence of

globaL sEooth solutlon ln tlEe as erell as its d.ecay rate to the constant state

for the general case (1.1), (1.2) under tbe assuEptlon that

to' - i', uO, eO - E) ls sultably snall ln E3

(the prevlous aoDroach required s4n !1). Ttris nethod. yrj.lI be app].led to an

lnitial bourdary value problen for (1.1)r (1.2) in a su.bsequent paper.

The naln result ls:

Theoren 1.1. Conslder the in-itlal value probleE (f.t), (1.2) and suppose

the initi.al data (o- - i', u-, 0- - E') " 
x3. then there exist Dosittve

congtants eO and CO such that if lpO - i, uO, eO - 6'1, < eO, the probleE

(1.1), (1.2) has the unique qlobaI solution ,.n tj-Ee satlsfylnE

_-1
(1.3) sup l(p-i, u, e -E)(t)l < co( t+t) o ,oo-i, uo, oo - 6'r,

x

and

- 3-
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Proof of TheoreE

Flrst rewrite the probleE (1.1), (1.2) by the changes of variables:

.i+ p, u +u,0 *5* e, p(;+p, Ae) +p(p.6), v(-o* o, E+e1 * p1p,g1

on resulting In

pt+(;;p)"1.+ujp*.=o
J)

ut + ujui」 + pppxl +::: OXi

コ
去ばulj+ uli)+ 口'ulk6・

j〕

xj  ′
(2.1)

(2.2)

et + uコ ox.

コ

+聾 ♂ = 1
(ρ+p)Cv Xj(Fp)、

((κ O   )  + Ψ)
Xj X」

De€lne a positive constant EO by the sobolevrs letrrna so

lf !2 < Eo l,e have suplfl < clf 12 < yO. Denote
.c-(Ld-

pk6 = 1ake,z ax ,t a*r' a*at . for alr d. ot * A + a3 = k]

t.l - l.IO. Then the solutlon of (1.1), (1.2\ ls sought

functlons x(0, +-; g1 for some E < EO, where for 0 (

X(t' tr; e) - ((p,u,0) ; O e C0{t,,-tr; x3) n c1(tr, tr;

oo e r,2 lrr, tri az), (1+E;/2D2 o e L2(t1 , tr; r.2 |

(p,u,e)(o,x) - (oo, uo, 0o)(x)

Cl(tl′  t2' Hl)

(1+tμ D21  
′

(u′ 0)c L2

Hl)

(tl′  t2' L2)

EO)}.

that for

and define

ln the set of

tl<t2<+@'

s2)

( t+r)o3p e 12lt,,, tri 12)

(u,o) e co{tr, ta, n3} n

', 1
D(u,e) e L-(tr, tr; tl-),

1'(1+r)O-(u,0) e L-(rt, t2,

and N(tl, t2) < E (E <

-4-



We define  N(tl′  t2) by

(2.3)

N2に r t2)=、
itit2い
い』X°《+tDい"X012+t2.

We prove Ttteoren 1.1 by a coEbination of a local existence result and a prlori

estiEate for the solution ln X.

Theorem 2.1。   (■oCa■ existence) COnsider the initia■ va■ ue prob■em (2.1)

for  t )tl  with the initia■  data at  t = 11  二

_Dヽ öO《)+ξ D〆→《+ⅨL00嗜 +

+J。21pru』 0′ +τ2HD3“→′+D3に』ω.争 dτ ・

〈ρ′u,0)(tl´) ● I13  .

Then there exist posltive consta-uts e., C.le.C- < E-) and 1 which are

independent of tr such that if N(t t,) < e., the probleE .(2.1)-(2.3) has

the unique solution

(ρ ′u,0)e X(tl′  tl + τ
' ClN(tl′

tl))  。

The proof of Theorem 2.1 J.s given in the sa.ure way as in [1].

Theorem 2.2. (a priori esti-Eates ) supoose that the lnitj.a1 value

Problem (2.11, (2.21 has a solution

(p′ u,0)EX(0,T,E)

-5-



for some T>0 ana some

e2 and e3 (e2,e3 < e1)

T such that if lo-,u-,0-UUU

the a pri-ori estimate

(p,u,8) e x(0,T, C, i9o,uo,0o tr)

Proof of TheoreE 2.2. Take

n:.n ( e, , er,

We oay use the standard continuation argi:.Bents of

(0,ntl , n = 1,2,... !o get the globa1 solutlon.

existence theoreE, the atefinltlon of e- and the
U

lOO,uO,oO13 < eO, te have a local so].utl.on

(p′ u′ 0)cX(0,T, ct lPo'uo'oo lg)

lpo,uO,eO 13 <By  cl lρ
O′
uO′ o013 く ClCO く 83  and

gェves

(p′ u,0)c X(0′ τ, C21pO′ uO,o013)

く cl  and the loca■

rrhich are indeoendent of

a local .solutlon on

In fact, by the local

assunption

e2, the a prlorl estimate'

E く EO。

and  C2

13 く C2

Then

( cz.:

and

・
１

一
Ｃ
２

Ｃ
３

一
Ｃ
ｌ

CO =

Then by

tr- t'

Ｃ

　

　

　

ｅＷ

2 1ρO'uO,o013 
く C2CO

have again

existsence theorem with

2T, clc21'0・ ′uO′ 0013)
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Noting that

re also bave

x2(0,2.) a o2(o,r) + x2(t,2t)

lprurの cЖ∝為%偏、ハげ%り 。

Now by

that

(2.4)

(ρ′u,0〕  c X(0,2τ , C21°
0'・ 0′
0013)  ・

Thus we c力 n continue to use the sane ・・・gu口ents on  inτ ′ (n+1)τ】  and

10′  (n+1)τ1  3uCCe● 3iVe■y  n = 2′ 3,... .  Fina■■y the estimate (1.3)fo■■oWs

fro● Nttrenberg:3 ineq■ a■ lty 13】

C2ノfTCl lρ
O′
uO′ 0013 く COtti cO く c3′   the a priori estinate shows

Lg
sup lp,u, ol < c !p,u, o!4 lo2(p,u, e) t4

$3. A Prlorl Estinates

ie present here an energy Eethod to obtaln a prLori estlnates for sEall

solutlons of equatlons uith dlssipatin. Pirst lre reerrLte the systeu (2. 1) so

that all the nonllnear terns appear at the right. hand side of equatlons,

-7-



LO =

L・  =

f4 =_u〕 0

Ak(t)

+私1‐ fO ′
]

+ plρ
x. + p20xl

il($u')u' - f-x. x.rl

ｐｔ
　
ｉ
ゝ

― ■~ 
口 xx
]  〕

= f4  ′

(3.1)

lrhe=e

and

L4 = Ot + P3ulj - 10xjxj

Pl=pp(0,0)万 ,P2‐ PO(0,0)万 ′ ,3=・ 0(°
,0)不 Cv(0′ 0)

I‐ ●(0,0)ノ F′ I:=μ !(0,0)ノ百′
'ョ

κ(0′ 0)ノF cv(0′ 0〕 ′

fO = ― pulj   ujpxj  `

fi三 ―ujulj l(,1~pp/(3年 p)oxl+(p2‐ pe/(3‐ p))ex.+

+(μ
ppxjナ ロ00xj)(ul」

+ul.)/(■ p〕 +

十(μ
ttPx.+μもOx.)° lj/(石

+p)+(■/(31p)-1)uljxj+

+((口+μ :'/(卜 p)― (卜11))ul x ′
エ コ

ｘ
．コ
　
．

-{(p3 - $r e)e r./ 
( oro)cv)oi. * (*oP*.

ll

|

+ κ
00x )OX /(p+o】

Cv
〕     コ

Define, for k,1′ 口 =0′

κ)0
X.X

3  ]

1,2′ 3′

+ (κ/(o+ρ )Cv ― + V/pCv

∫
==DkfOp

, okp + oifl . okol*lokf4.okga*p3

Dtfi . Dto dx'xlgn(e) 
= I

csttl = /

Dmfli   onρ xi   
蒜

。   っ
tul . 

。
lfO  dx

2卜F'     Xl

-3-



Then w€ have the follovlng:

Lerla 3.1. There exisE positlve constants v and C rrhich are independent

of t such that

V , .ts t.l.'t 't(i)k !D^(p,u,0)(t)12 +, /f lok*1fo.0)(t) la tlt <

(li)E rDBp(t) l2 * , f! IoEp(t) 12 dt <

< c( rDEoo12 + tD.-1uot2 + tpE-lu(t) t2 +

*/! ro"ro,el(t) 12 + lat-l(.)l * lct-l(t)lttt), 1<B<3 ,

(tii)!,k tl rok { p, o, e ) t. ) r 
2 + v ,ff .s nrk*1to,0) ( t) r2at

(iv)tr,n tlloEp{t) l2 *, /f ttto'p{t) l2at <

< c(tf,lot-1o(t lt2 + lr rr-1 ,o;or t) !2 * .t-l rDt-lu(t) !2 +

+ r!!oE(u,e)(t)12 + lrf,c'-1(r)l + l.!gn-1(r) ldr

L - 1,2, k - 2,3

くC(:Dk(pO′ uO′ 00)12+∫
::Ak(■ )ldτ

),0く kく 3 ′

-9-



Lema 3.2. There exist a positive constant c !,rhich is lndependent of t

such that

13.21ばれ6 1 α lpOruO名
f■店[0は い`々J・ lBtl刊 +

+ lcrt t) I ) + (r+t2)le3(-)la")

Eoo]i_gE_IEgggg. For (1)* and (111)r,k, we Eay estiEate the equallty

l'o .' la o*rool . okp * ,*(rt) . o*"1 * fi ok("4) . oke d*u.

= 1ot ,gekt . )a. ,

which lmplies after lntegrating by part.s

tt r・

≒

IDkρ 12+:ID｀ 12+≒ IDk釧 缶 |[i+

+∫
:τ
2∫
前計 ｀ 12+(卜 ぃ IDkuij12+暑 τ

tlDい 1劇
毎 dτ

=f:tr2-1“ _6LO)∫
≒

:Dkρ 12+:lD｀ 12+≒ IDkOI毎 +

+ τ
tAk(τ
)dτ  ′

where  61′
j  represents K,oneckeris delta.  These lllequa■

ities prove (1)k

and (1■ 1)2.k  easlly.

Next for (■ 1)口 and (lV)2,“ we nay estinate the equa■ ity

- 10-



店子∫♂ (4Fげ
■
+蒜 D面 (占 ・D…

■ …

=∫:て'B町
1(・
)dτ ′

which im,■ies after integrating by parts

J叫正+希 D｀1‐Ъ
.司]+

+壻 ≠ ∫
希
い物
2+轟

′D耐ヽ
.・
D耐 %.―

_薪 ぃ̈、ゃ
2改と_

‐げ■“
叫`∫事 +希♂子…Ъぽ+

″
+cn-1(τ チτ・ +BD「

1(.)τ
・ dで .

These equa■ites imp■ y (■■)口 and (iv〕 ュ′..

Proof Of Lemma 3.2.  For any po3itVe cOnstant  c > o′   consider the forE

巾 還00k+Cfl田ェ+・21..ち川+∴口撃+
.' + e4(L1L) 2,2.* 65{10)2,3 + e6{tli)r,,

By taking € sulrably snall in (3.3), we can easily proee (3.2) by (3.3).
Next let us estiEate the nonlinear terms.

-11-



Leluta 3.3. suppose (p,u,0) € x(0,!r E) for some E ( E^. Then, for anv

positL.re constant e, there exists a positive constant C(e) vhlch ls

indeDendent of t such that

4 j, ,t+tr)(lei(t)1 +;ast11 I * 1"st.)l) + (t*t2)13(r)at

. . 
"2(o,a) 

+ Ec(e)N2(o,t) .

Before proving Lerna 3.3, we note that l€Ernas 3.2 and 3.3 easlly iutply

the d.esiled. a priorj. estiEates. In fact, t e Bay first choose e so sEall and.

next choose E so small that rre have

or'(0,.) < c!oo,uo,ooIl for E<e2

Proof of Leltlrta 3.3. Because there are urany terns to esttRate, we plck up soBe

"-"*r"". 
tr. t"r"lnlng terEs wIIt be estiaated ln the saEe vay. First 1et

us pick up

(3.4) If I ro, *u'.

in /! ^ot-1a.. 
By uslng Nrrenbergts lnequality (2.4) efficiently rre estiaate

(3.4) as follows;

!∫
: ∫ fOp dXdτ l = l∫ : ∫ 

― p2ulj ― ujppxj dxdτ l

ョげ:∫手ul dxdτ l

〕

-12-



く
:∫:(Supl。いi。 1 lm:dで
X

5              3

(c∫:ぃ 14 Dul D2"4dτ

l                    1                      3

k CE(ζ up:p12)8(sup(1+・ )lDu 12)2(su`√ 1・ T｀
21D2p12)8

τ           τ                  で

5

X ∫: (1+τ ) 4 dτ

く 。N2(0,t) .

Nexc let us conslder the guantlty

(3.s) Ii f f' r3{ooj)*. . o3p dxat
l

appearins In If -'^'t.lu, or I! .2"2f-lu. . we estlmate (3.5) as follows;

(3.s) = I! / .2to*.oi * ool l- - - . p- - - dxdt
1 *5 *k*!*. *!*k*"

= I! I "'ojr'o*j ' ot, * r"2o*.**olc*, . p***r*. *

+ 3t2o oj o * r2o D3oj . D3o *-x x x x 'x x x xj k I B k lE J

+ τ
2(D3ρ
 . D3p)ulj + 3■

2pxkolJxtxnρ
XkXtXm +

+ 3τ ρxkxj l■ Xhρxkx,Xn   
τ p D3ulj   D3ρ  dxdτ

三 
・ 1 + ・ 2 + 

工
3 + 
工
4 + 
工
5 + 
工
6 + ・ 7 + ・ 8  '

-13-



喝|=眈 ぽ」(事凛 dxdr
コ

= |∫: ∫ 
― て2.1  」LI;Qll dxdτ l

コ

. 
"" /: 12 to3p{t)!2a-. cg*2(o,t)

に2し に7!く∫:∫ C τ2.3ρ 12+ざぃ2p12.2J2改 dで
1        1

くc N2(0,t)+シ :τ
2(∫
ID2p14dx)2(∫ ID2u14dx〕

2dτ

くc N2"ハ 十:∫:T2D2ぽ D2Ji dτ

くc N2“川+:←uメ
"τ

2HD2■
)←uメ
"τ

2HD2口
1)x

<, u2(o,t) + ce-lreoN2{o,t)

:工 31′
 !・ 4!′  !・ 51  and  l工 61  are estimnted in the same way as  l工 1!′

lr.l = l/! I ,' , o'o . o3oj. a*a"1
l

, ft ,'=oplpl lo3pl lo4ola.
x

7

. . *2(0,.) * ceBo e-11r2(o,tl /! .'(r*",- iu-

=xlで
2“
+τ
2)-2dτ

τｄ
２

ρ

３

Ｄ

３

一
２

ｐＤ

１

一
２

ｐ

２

τ
一
εＣ＋

２

ｕ

４

Ｄ

２

τＣ
ｔ

-t4-



Proceeding

< e u2(o,t) + c(e)Br2(o,t)

ln this EitnEe! proves I€@a 3. 3 .
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Energf Bethod, tnitial value Problem, Eguation of Eotion, comPress ilcle ' viscous
and heat-conductive fluids, Global solutions in tine

viscotrs and heat-conductive, NerEonian fluids are derived by means of a new

energy method. 'Itlis technique enables us to simPlify and unify our Previous
r"=,rits on the global existence in tsiJne and unigueness of smooth solutions of
these equatj.ons for sufficiently smooth and "small" initial data and t'o obtain
their rate of decay.
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e lriori esti,atses for solutions of the quasilinear hyperbolic-parabolic equa-
tions governing the initial value problem descriling the Eotion of compressible,


