CHAPTER IV
EQUATIONS CF COMPRESSIBLE FLUIDS

In this chapter,the initial value problem to the equations
of motion for compressible,heat-conductive,isotropic Newtonian
fluids is investigated. In § 4.2,the existence theorem for a
unique local sclution in time is established. And the a pricri
energy estimates are improved in & 4.3. In § 4.4,using the
energy estimates alone,we obtain a global solution in time of
the equations of polytropic ideal gases {special cases of iso-
tropic Newtonian fluids) for suitably small initial data.
Furthermore in § 4.5,using 2 combination of the decay rate es-
timates for the solutions of the linearized equations
and the energy estimates,we obtain a global solution in time
of the original equations of isotropic Newtonian fluids for

suitably small initial data.
§ 4.1 Equations and Historical Remarks

The motion of the general isotropic Newtonian fluids is described

by the five conservation lows (cf [28][29]);

J =
+ (pu )m. =4,

Py
J
i, g4 .1 _1 i, J " d A
(4.1) 4 u, Fuwu, + 5 P, 0 {(u(ux. + um.))m_ + (u ux.)a:.} + f7, 1<i<3,
J T J (s J Jd 1T
, Op
J e . J 1
B, +uwo +—uw =—{(kb_)_  +VY}
t . e, &. a . @, 2
Ti Py T Py i %
where ¢ > 0, x = (xl,xz,xg) € R3,

1

p : density, u fu ,ug,us) : velocity, 6 : absolute temperature,
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p = pl(p,8) ! pressure, f = (f'z,fz,f’g) : outer force, y = u(p,6/) : viscosity

coefficient, u’ = u'(p,8) : second viscosity coefficient, ¢ = k(p,8)

coefficient of heat conduction, cy = cV( 0,8) : heat capacity at constant

volure and ¥ = 127 (u;; + ui )2 + u'(ui )2 : dissipation function. Here
J 7 J

and in what follows,we use the summation convention when we are not confused.
The existence theorems of unique local solution in time of (4.1) are

obtained by Nash [53],Itaya {15][16] for the initial value problem,and

by Tani [701171]1[72] for the first initial boundary value problem and

the free boundary problem. On the other hand,the existence theorem of

global solution in time is not known in general. Recently same one-di-

mensional model equations are investigated on the global existence in

time by Kanel'[21],Itaya [17][18],Tani [69],Kazhikhov and Shelukhin [25]

[26]. Precisely speaking,Kanel' cbtained the global solution in time

for the model equation

i
uy =—(p(v))m+ p(ux/v)x s t>0, x € R,

with the initial data
(0 = Bou)(x,0) = (volm) - Dyuolx)) € H(RD),

for some positive constant v. It contains the barotropic model in the
Lagrangian coordinate : p = aZ/vY, y = constant > 7 and a,u = constants
> 0. Itaya obtained the global solution in time for the isothermal gas

model equaticn

Py * (pu)x=0,
2

a 1
u +uux+apx=}é—u N tzO,:cER,a,u:constants>0,

t xrx
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with the initial data

plaz, ()

Il

pof-'a«") € BIM:

u(z,0) = ug(z) € B,

where ¢ < Py < pofx) < Py < ®s pyrp, are some constants, o € (0,1) and
u,_ € L'(R'). Bs to the initial-boundary value problem,Tani cbtained

the global solution in time of the generalized Burger's equation
pt + (pu)x =47,

ut+uux=

° =

U t>0, x€ [0,1], py : constant > 0,

with the initial and boundary data

 u(2,0) = ug(x) € PO (o€ (0,1)),
{ (00 = polz) € B0 (0 < py < polx) < py < =),
| ul(f,t) = uli,t) = 0.

Moreover Kazhikhov and Shelukhin obtained the global solution in time

of the one-dimensional equation of (4.1)

2. _
( pt+pum—0,

u, + R(pe)m

t u(pux)m o

< Rpb 1 2
Bt + 3 U, =3 ( K(pex)x + o ),

4 4

. t >0, « € [0,1), u,K,c, and R : constants > 0,

with the initial and kboundary data
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(u(z,0),0(x,0)) = (uo(x),00(x)) € B (5 € (0,1)),

pfx,0)

pol{xz) € B:H-O (0<p15p0(x)§p2<m),

u(0,t) = u(l,t) =8 _(0,t) =0 (1,¢t) = 0,
£ X

where the system is described in the Lagrangian coordinates.

For the initial value problem of (4.1),the global solutions in time have
not been known even in the one space-dimension. Just recently,Matsumura
and Nishida [39] [40] investigated the global existence for (4.1) in the
three space-dimension. First in [39],they assume the following conditions

on (4.1) :

i) the fluid is ideal gas : p = Rpd , (R :gas constant > 0),

ii) the gas is polytropic : e cVe where e represents the internal

energy and ey is constant,
iii) u,p” and k are positve constants and f = 0.

Then we have

ey = % { v : ratio of specific heats ),

by the thermodynamical relations,and consequently the equation (4.1) is

written in the form

+ (puJ)x_ =0,

Pe
M)
T gz RO _1 z J 1, d
(4.2) uy +uu +p o, +Rex. =5 {(u(ux.+ux.)m'+ (u ua:.)x.}’
J (4 T J ) Jd T
J _1ad o [x=1)
et + ij + (v J)Buxj Ro ((ncexj)xj + ¥).

Using the energy estimates alone (cf [21](37]),they obtained a global

solution in time for the initial value problem (4.2) with the initial data
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(4.3) (plx, 0),ul(x,0),08(x,0)) = (pglx),ug(x),0,4(x))

satisfying that (p, - p,uo,8o - B)is suitably small in #° (R°) where (5,8)
are same positive constants. Their energy method can also be applied to

the following barotropic model equation for ideal isentropic fluids and

equation of magnetchydrodynamics :
Barotropic Model

J _
pt+(pu)xj_0’

. .. s ;o

ut + Wt +£p =k +Eﬂwj R

t X . prx. . p T.x .,
J T J d ]

where p = p(p),p'(p) > 0 for p > 0 and p,u’ = constants > 0 :

Equations of Magnetochydrodynamics

J =

pt+(pu)x--0,
J

. .. ¢ s .
ut + wlu® +1p =B T + (JxB)°
t x . p fx. O x.r. o] x.x.

J 2 Jd d T
B:;+ (VxE)* = 0 R
7 = 0o (E + wB)’ = (vx(137B))"

Bi' =0, p=rplpl
J
where B : magnetic field, E : electric field, J : density of electric
current, oy : electric conductivity, uy : magnetic permeability,

B, U, Mo s Op ¢ positive constants and p'(p) > ¢ for p > 0.

Furthermore in [40] ,using a cambintion of the decay rate estimates for
the solutions of the linearized equations and the energy esti--

mates, they suceeded to obtain a global solution in time of the original
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equation (4.1) with the initial data (4.3) under the following assunp-—

tions ;

iy 9. 9p r g L
i) ap,ae,cv,u,K>0andu +3u20 for (p,8) > 0,

ii) f=0,

1ii) (po - psuss8 - B) is suitably small in #7 n LI,

They also showed the asymptotic behavior of the solution ;
| (o - Pous8 - B2(t) |, < Cra8)™%%,

We summarize all these results in this chapter. Refer also to Kawa-
shima-Matsumura-Nishida [24],for the interesting problems on the asymp—
totic behavior of the solutions of the equations of carpressible fluid ,
especially on its relations to that of the solutions of the eguations

of incampressible fluid and Boltzmann equations.

4,2 Local Existence
Iet us construct a unigque local solution in time for the initial
value problem (4.1) (4.3) in a neighbourhood of any constant state (p,u,
8) = (p,0,8) where (p,8) are any positive constants. First,rewrite the
system (4.1) (4.3) by the change of the unknown and known variables as
follows ; p>p +p, u>u, 88 +8, plptp,8+8) > p(p,6) 5 ulptp,s

8+6) + u(p,6) and so on ;

] a
Dt'f'uJDm.-_—G 3
J
1 N AT TN - At
Up = MUy o, h )um..r.—G 2
(4.1)" Jd vd

n, 4

et—xex'm_-a 5
Jd d

(p,u, 0(0) = (posug,B0l, & € Rs , 0

I A
ot

1A
~3
[
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where

u(p.‘e) U'(p,e)
W= W(p,0) = - S W =Wrp,0) = ——
p+op p+p
Klp, 6}
K =¥(p,8) = —
(p+p)cV(p,e)
¢ = o, = ~Goro)ud
J
, . p. (p,6) Palp,6) .
G’L=G’L(p,u,8) =- £ ——>p A A 8 - wut 4+
- . - . R
p+p i pfp T J
1 T, .d J
+ = {(u(p,e))x‘(uxf ux_) + (u’(p,e))m.(ux.)} R
P+P J J T T dJd
(6+6)p,(p,0) ,
G4 = G4(p,u,9) = - — 0 Uy, - uJE)x +
(p+p)cv(p,6) ) )
1
+ — {(K(p,e))m 6, + ¥}.
(p#p)e,(0,8) J"d

Then the sclutions are sought in a neighbourhood of (2,0,0).

Define & by
=1 (0,u,8) | |ol,lul,l6] <y, 1,

where vy, is same positive constant such that y, < min(p,8). We suppose

Assumption 4.1

i)p,cv,u,u'andnaresmoothin(}'.

i) 2,8 o L, k>v,andu’ +2u>0in O
ap.’ ae’ V, a i 0 3 p—

for same positive constant v 0
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Let I be a positive integer > 3. Let us define the set XZ of the solutions.

By Lemma 2.1,we can choose a positive constant E, such that ,if f¢€ H2

satisfies | f (|, < Eo,then | f”BO < v;- Then,for E < E, and 0 < t,

t2 < T, the set Xz(tl,tg;E) is defined by

1-1

Z 1),

A

. = 0 LI 1
Xt tgE) = { (p,u,8) | p € COUE,t,5H ) N CH(E,E

93

& . [A 1 . =2 . 1+1
(u,8) € ¢ (tl’tZ’H) N C (tj’tg’H )N Lz(tl,tz,b’ J

2 (%3 2 2
ard  swp || (p,u,8)(t) |2 +j | ceerce) |2, d < 23
t <<t t

Now, for (n,v,z) € XZ(U,T;E) (1<), consider the linear problem

Lg(p) = Go(n,v) s

4 G (n,v,t)

I, =
n,C(u)
(4.4)
4 4
=G sV, 3
LW,C(B) (m,v,z)
{p,u,8)(0) = (py>u0,90/
where
0 _ J
Lv(p) =p, * e,
J
z _ .t T _ e J
Ln,c(u) = uy u(n,ﬁ)ux.x' (u+u')(n,l_;)ux.x. R
d ()
4 _ N
Ln,c(e) = Bt K(n,r;)ex.x. .

Jd d

In order to apply Propositions 2.5 and 2.11 to (4.4), we prepair the

following lemma that is proved in the same way as Lemma 3.1.

Iemma 4.1 Suppose Assunrption 4.1 and (n,v,%),(n’,»’, ') € XZ(

o, ;E). Then we have
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i) vl € 00,185 A Oo,1;85 L),

T
J I & mvice) |5 ds < C(E,JEY |
0
i1) Ynae) 5 B'ae) L Ko € 0Bl

. 2 2 L 2 2
inf o ( Wt [E]IV]S + Qi) Al g ) |€.V71° ) 2 vy lg] GE
x € R

0<t<T
inf 4 Rin,z) > v, , for some positive constant v, and all E,Vef?g.»
x e R
0<t<t
i14) 0.3 , DN', DX € CO(0,;H L)
iii) Dy, Du', DK 5Ts s

Ly Y v
” Dxu HZ—I E) “ Dx”,||2—1 b “ DxK ”2_1 < C{EGJE ,

iv) ¢ tuwsg) L G € o0, EL)

I ¢t I ¢ < C(EJE ,

(P -1

. . r
v) || 7 - v'J)nxJ_ ;2 CEMv -2 |y,

T
vi) J 1 °nvie) - ntwtitsr ||5_, ds
g

T
< C(Ey)( sup || n(t) - n'(t)||§_1 + J | (v - v’)(s)||§_1 ds ),
- 0<t<t 0

. 2 2

vii) || Gt - e Do (|, Il GITee) - W e |
< C(Eo)“ m=-n'c-1t" ||Z'—1 3

viii) || 6*(n,v,2) - G vt ||, L, (1 <i<d)

< C(EQ)H Mm-nfv-vho-¢" HZ_] :
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By virtue of Lemma 4.1,we have

Proposition 4.2 Suppose Assumption 4.1 and (pg,ug,8q/) € HZ (1>3).

Then there exist positive constants T and § (§<1) such that,if (n,v,z) €

XZ(O,T,'E) and || pg,uo, 8o ||1 < ¢ for same E < E,, then the linear problem

(4.4) has a unique sclution

(p,u,B8) € XZ(O,T;E’) .

Proof of Proposition 4.2 By Propeositions 2.5 and 2.11,we have a

unique solution of (4.4) such that

p € C°(0,T;HZ) s 01(0,1;53“1) s

A I+1

(0,00 € €00, GEY n 0,182 A Lh(o,t:E)

and the energy inequalities

t
(4.5) | pct) ”i < 25t 0o II2 + tj Il %re) N? ds )
a
< 25FT ) oy |12+ crBoE® )
(4.6) 2, o :
: I (w008 (|5 # 97| Il (w,0)(e) ||, ds
g

t 4 R
eC(Eo)t( “ Ug, 99 ”? + J z ” G?/(S) ”i-—l ds )
1=1

1A

eC(E’o)T

A

{ ” ug,eg ”? + TC(EQ)E’Z J .

It follows fram (4.5) and (4.6) that
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gz, (* 2
sup || (p,u,8)(t) |5 + J | (u,8)(s) || ds
o<t<r 2 0 i+1

CT 2

< 20072 | posugs80 |5+ 1CE

< (20v')7 1862 4 10 2P,

Therefore, by taking § and T so small that

2(v’)-leCT62 + 10 <1,

we have

(p,u,6) € X (0,1;E) .

This completes the proof of Proposition 4.2.

Let us construct the approximate sequence {(p(m),u(m),e(m))}zzo for the

quasilinear problem (4.1)' as follows ;

(p(O),u(O),e(O)) -0 m=0;

0 (m)} 0, (m=1) (m-1)
L (m_l)(p ) =G {p s J s

U

z (m), _ i, (m-1) (m-1) _(m-1) .
b me1) gomep) ) = G0 0 (Igied)
(0™ ,u™ 0 )00) = (po,u0,80) , m> 1.

In the same way as in § 3.2, we have
Theorem 4.3 (Local Existence Theorem) Suppose Assumption 4.1

and (pg,ug,Bg) € HZ (1>3). Then there exist positive constants 1 and

8 (8<1) such that,if || po,ue, 8 ”z < 8E for some E < E,, then the initial

- 70 -



value problem (4.1)' has a unique solution

(0,u,0) € X (0,7;E) .

Remark For 7 > 4, it follows fram Lemma 2.1 that
0 2 1 1
pe C0,T; 8% A Cro,t; RS,

(u,0) € C°(0,T;,82) A~ CH0,T; BO) s

i.e.,(p,u,8) 1is an also classical solution. For 7=3,Lemma 2.1 also implies
p € C°(0,1; ,Cﬂlm) n crio,t; 1),
(u,0) € (0,1 %), o0<o<1/2,

from which p is classical. As to (u,9),since the system

i_'\-v?; _ oy J _ i
Uy = WUy o (1 )ux.m._G’
Jd J ()

" 4
et_Ke:x:.:c._G 3
Jd J

is uniformly parabolic in the sence of Petrowski and since

I+g

e o, AT )

=7
"
—

¢, ¢f € 0,1 8%,
(10,80) € B,

it follows from the arguments at Chapter 9 in [8] that (u,8) is
classical for ¢ » 0. Thus (p,u,8) is also the classical solution of

(4.1)' for £ > 0.
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4.3 A rriori Energy Estimates
Consider the initial value problem (4.1)' again ;

i -
+ (p + plu,

0 _ J
P = pt-!-u p.'L'.
J J
i_ 1 vy ] n _
P’ = U, H, {1+ )u:n.:x. +pppx_ +peex. g
4.1 JJ v v v
4 _ " v o F o 4
Prsf, -k, o P4, =9 o
g d J
(ps1s0)(0) = (posups8p)
where
p r (6+6J)p
n, " ) Ny 3]
ppE'_?&—s pe-'_: _ s PSE 3
pHp ptp (ptple,,
i g, ; j
o —_— 1]
g = -u'u + - (ux.(u +ux.)+px.ux.)’
J pfp dJd J z T
1
( Ko 8, * Y J

Of course,we suppose Assumption 4.1. Let %, be defined as before. Then
2-1)‘

in this section we define Xz(t tg,E) (1>3) by
[/
0 . ) .
{ (pyus8) | p € COUtLt, B ) N CHE,tg5H
1-2),

Z ) =

XUt 5t g5E) =

D € Ly(t. ,t HZ_I) (u,8) € C'(t_,¢t 'HZ) N Uttt H
P R L - 3 A A 172

P
Dx(u,e) € Lz(tl,tg,H) and
2
+ ] D:c(u,e)(s) ”Z ds

t
2 2
L 120680 |2,

sup || (pou,0)(8) |5 +
1

t,<tet,
2

< E ( E<Ey ) }.
Then we note that,although the above definition of X~ is slightly diffe-

rent from that of § 4.2,the entirely same local existence theorem (Theo—
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rem 4.3) holds even for the above XZ Iet us study more detail a—priori
energy estimates for (4.1}' than that in the previous sections. First

note that,if (p,u,8) € X?'(O,h;E[,), we have

, 4] 3"
(4.7) ¥, o) L, ¥, P,s Py Pz 2 Vs

for some positive constant Vs not depending on k. Now suppose (p,u,H) €
XZ(O,h;E) is a solution of (4.1)' for soame £ < E,. Then we have the

following Lemmas :

Lemma 4.4 There exists a constant C(F,) not depending on i such
that for 71 <m< 1,
S I
iEj” D g (p,u,8) || < C(BIE| D (0,u50) ||, _; -

(4.8)

Iemma 4.5 There exist positive constants Vv, and C(E,) not depen—

dingonhsuchthatforlfmfl,

t
@.9) | el ce) ||¥ v4J I D0 w00 (50 (|7 ds
g

t
2 2 2
< If;(un,eo) I|“ + C(Eo)(J‘OH Dfmn(p,u,e)(s) | "+ EIf D (p,u,8)(s) ||m_1ds).

Lemma 4.6  There exist positive constans v, and C(E,) not depen-

5
dingonhsuchthatforlfmfl,

t
2 2 2 -1 2
(4.10) | sz(t)|| + v5J0||DZp(8)|| ds < CEHllposrall ., + | DZ u(t) ||

t
2 2 2 -
+ [Oru D(u,0) ||° + Ell D (psu,8) ||+ 1 D20 Ml LIl Do I 2 I || ;) (s)ds}.
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As Lemma 4.4 is shown in the same way as Lemma 3.2, we show Lemmas 4.5

and 4.6.

Proof of Lamma 4.5 We show the statements only for (p,u,8) €

XZ(O,h_;E) N leo,h;Hw). Using Lemmas 2.1,2.9 and 3.5, we estimate the equality
(4.11) J- Lty Lemy - ™1 pt ) (ae) de
T x x x

- [- Ity - gt (80) e

&X

as follows ;
(4,12) the right hand side of (4.11) < I [ A’j;-lgl il DT-I” I+ |l DZ—194 W DZH'B I
i
<edll T 1%+ | e %) + e emaER || b_to,u,00 12,

for any positive number £
(4.13) J- L) () da

= |- Dm_lu’L'lfn_I(Aul) + ?IIDm_I u7'|2 + (’1\1'+’L\I’)Dm_1u'7 -Dm_lul -
X t a X x mia:j x :ck:ck

-p e ) - Bl e 0wty 4
1

px rs

+ (D:_I(?IAui) - rL\IDZ_I(Au?:))-J?Jm:c-lmui) +

-7, oA J‘ o -1 g . -7 i
(DZ ((u+u')uximj) - (u+u')D§ u“i”j) DZ (au®) -

+

-1 A N -] -1 i
(o (pppxi) - ppDZ pmiJ'Dz (hu®) -
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-1 voom-1 -1 T
- (peemi) - pgl, exi) o) de

2
| -

dt

X

1d 2 m+l | 2 N -] d
> E———-J [DZuI dz + VSJ |Dx ul® + (u+u’)|D: uij )

AP TSI (Y (s

+ fﬁ%ﬁ'} Dm'luj -Dm_lui dx -
& @ T

.2
17k

+1 2 -1 2 2 -1 a
- sl O (17 - eer e 1F + W D8 1) - e CEll D tp,u,00 1),

1d 2 1 2 +7 2
> L 12 s ol O || - el 07 ) -

- ce™? || Do, 8) I1? - ce7g) ORI

for any positive nunber £ ;

(4.14) J_ Dg'lfp4)-pz'1(ae) dx

-1 -1 "\ =y 2 0 -1 4 . -7
J_ DZ et D: exkxk * KIDZ emkxkl - p3 X uxj Dz (487 -

-1 g "\ -1 g -1
-~ (psuxj) - B0 uxj) D77 (08) dx

14 2 +1, 002 1,2
T N 1%+ vl e |1 - 2efl 00 |17 -

v

3l

-1 2 -1
- (e “ D:u I| - Ce E” Dx(p:use) Hng,l._l

for any positive nurber e.

Hence,due to (4.12)-(4.14) ,
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(4.15)

- o) | Do, 0) |17 - c(Bo)eTEN D_(0,u,8) [1Z_, < 0

g—t | s |12+ 20v, - 32 || D |12 4 2v, - 2e) || e |7

which implies (4.9)m by taking € = \)3/4 and integrating (4.15) with respect

to ¢.
Proof of lemma 4.6

(4.16) JD’”“I(POJ Nl
X xi &£

-2

_ [ lp*p)

v’ Tx

as follows ;

J (5tp)°

(4.17) s I

xZ .
1

Dm-lgi.pm

This completes the proof of Lemma 4.5.

In this case, we estimate the equality

(54+0)° m-1, 4 1
+ LEERL g Lept ) gy e
X a£l X .

2u+p’
uFu ;

-1
P, dzx

7

Trighf e,

1

2 -1 2
< el D’;p %+ cEe “1| D (psu,8) ||m_1

for any positive number ¢ ;

-1, 0 -1
(4.18) JD[IC’ (P )xi'DZ Py

-1
a J D.:c Pr. .t
7

+1f£'

-1, 4
# o, )
T J

-1
Ty Py,
i
1,4 -1
(u'm.px.) DZ P
()

- uJDm"Ip
x

dx
'L'

+ uJDmnlp
r X,
J T 1

-7 J m-1
+E{xn (pxiux.) D:r: Pp. *

&£ .
i 1

)'ﬁ;-lpx die

g z
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-1
2.0 ey
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+



1
22

J 1o

B~

)

- -7 J
T J

1d 2
> 52 | 0o |

-1
% e

2
- CE|} D_(psu,0) ||,

T

+ J (5+p)13’;-1u

+
3

(4.19) J %E)Tg Dmm-l(pi).Dr;-lpxi dae
el g
- (Dz_lf(ﬁ¥ﬁ')u ’ J) - (u+u’)Dm

+

- dt | Sutu’ x

+—p—P—D’"'1 "d”'

2usp’ Tx

vl

for some positive constant v

&

S QL_J (p+ 9 Pl Dm-

3

’L

x.t
’L
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-1 Y -1 -1
(Dz (peexi) - pBD: exi) } D: P

as - | (Bt

2 Joam-1_ 2
pxl dr+ju(lﬂz p“’—.i' Jp *

-1
7o U P
g

-1 7
x X,
Jd dJ

J

2
dr - CE D _(p,u,8) ”m—l

de -
i

-1
0o

lo+o)p, g

Sptu’ x

Z

)+(Dm

dax

2 2 2
Po|? - cli o 1| - call o, (.00 )2,

# iﬁtﬁl {- (Dm_l(ﬁut.

(g Q) Dm—lui.nm—l
z z Px

- -14 w1
dx - J (p+o)D§ uximj DZ Py dx

Z

T

+

+



(p+p) -1 z =1
(4.20) - J (G L Pe. dc
_ -1 7, . m-1 (9+g _ o, ptp. 2 !
= - J (lf"x u D’; Py ){ T Pt Zun )70 (2utu )ppt +
+ (2uru’) 6, )} dx
_ -1 1, m-1 2(p+p)}  ,_ptp J = od
= [ (DZ u Dg ){ (2u+u (2114' ,) (2u+u')p)(u pxj + (p-lfp)yxj) +
p+p ' v 4
+ (2u+u ) ( Su+u ) ( K@ e, ~ Py * G (p,u,08})} dx
d d J
2 —_
> - ¢El| D_(psu,8) |12, - cj |26] |77 2u| || d
Z 2 -1
> CE|f D (p,u) |5, - Cll o8 f, I 2w 1, e |l
_ +) -1 1, 1
(4.21) J ~—p—p—2u+u o P ¢ dx
= _QtQ_)_ 1%, - J J -
B I Sputu! DZ jﬂ ;c.pm. FURy o TR Y (p+p)ux'x- dx
T J Jd T v T
(p+p) J m-1 1, 1 {ptp)° m-1 1, -1 ,j‘
-sz oy wery ,LJ+2+"UZ g :Jct:chm

2
~ CE|| D_(psu) ||,

-, 2 , . = 2 .
- | e I e, e (RO T,

!
) Au+u xj & x Tx

+ éQiL)ruJDm_Iul Dm_ dxr - J (LM—) ATy Ly
uHu X xJ ?: PATEET J. X x xi

(Q+Q) -1t =17 _ 2
* sy’ DZ u.:r:j DZ u.ri dz - CE|| D:c(p’u) “m-l‘
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2 2
> - Dgu 1“ - celip o) I _, -

Hence,due to (4.17)-(4.21) ,we have

- 2 .
i [1 2 . (pp)° 1 4, m-1 2
(4.22) dt J 2 Idxnpl * o Dp Drxn pxi dx + \)6‘” d;p “ -

2 2
C(Ee) || D (w00 |7 - C(EoIE D_(o,u, 0 ||°_, -

2 -1
cED N o8 N N D"l el < 0
Noting that
- 2 .
1 2 (p+p) -1z m-1
| 3 1701% ¢ B T, s

7 2 -1 12
_;:Z”DZpH —C'(E’o)“D;n ull®

we obtain (4.10)m by integrating (4.22) with respect to ¢.

This campletes the proof of Lemma 4.6.

Now let o be some positive number. Making

[/

5 o®Ma.9) + o™ 4100
m m
m=1
we easily have
L am " 2 om-1 7 2
(4.23) mil{ oa“(1 = o 0(Be) I D (u,8) || + o™ | Do |7+

t
# ], - weme - ofema I w0 ) 112
0

# o v, - o ctEe) J|| Plots) 1P de 3 <
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t
< 0,0l posuos8o 12+ uce) 12+ [ 1o 0000000 117 do +

o
¢ 2
+ EJ | D_(p,u,8)(s) ”Z ds } .
0 x -1
Therefore, by taking o so small as
1-afc \)—OLC—OLZC Ve a0 >0
3 4 . 3 5 >
we have
4.24) || (o u,80 () ||% + ‘. "Bl Dpll? .+ || D (u8) |2 ds
‘ P>, A 0 7 z° -1 xz A
2 2 (F 2
< C0 |V posuas8o I + | (psu,0)08) |7 + f D (w00 | ds ) .
0
for same positive constants v, and C ” . Now suppose the following
A Friori Estimate 4.1 There exist positive constants 51',52' and

¢' such that,if & < e/ and | posuosBo || < €5 + it follows
2 [F 2
I (psus8)(E) || + J | D (u,0)(s) ||° de
0
: 2 ¢ 2
f c (”‘po,uo,eo "I + F 0“ Dx(p,u,e) ” 1-1 dS ),

where |||« J]|] denotes scome seminorm.

v

Then it follows from (4.24) that for F < min(e 7y ) and ||| DosiUgs

' 7
1'2(C" +C
eO "l f 62',
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t
2 2 2
I Cosus0) () 11 + Jo“ Dpte)|I5_;, + Il D _(u,6)(e) "z ds

< ¢ || pasuosBo "2"' | posuosB0 ”§ )

which indeed is corresponding to A Priori Estimate in Capter I.

Thus,if we can show A Priori Estimate 4.1,we can get a glcbal sclution

in time of the initial value problem (4.1)' for suitably small initial

data.

4.4 Glohal Existence I,Polytropic Ideal Gase
In the previous section,it is showed that a global solution in time

of (4.1)' can be obtained if A Priori Estimate 4.1 is shown. In this

section,we study an example in which A Priori Estimate 4.1 is derived

only by the energy estimates.

On (4.1)',we suppose the following in addition to Assumption 4.1.
Assumption 4.2
i) The fluid is an ideal gas,i.e.,

(4.25) p = R(o+p) (8+8)

where R represents gas constant > 0.

ii) The gas is polytropic,i.e.,
(4.26) e = c,(5+6)

where ey is positive constant and e represents the internal energy

per unit mass.

Then the thermodynamical relations imply
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(4.27) o, = —&

where vy is the ratio of specific heats » 7. OSubstituting (4.25)-(4.27)

to (4.1)', consider

- J _
pt+((p+p)u )x-—(),
7
ui +wWut o+ B(6+6) 0. + R8_ = —l—-{(u(uz +ul )) o+ (utud )
X . - X . £ . - X . XL . X . r. X.
4.2)" d o +p 7 1 ptp J i g J
o, + wlo_ + (y-1) (0400 =01 e )+,
X . H - . X.
J J  Rip+p) J 7

\ (p,u,8)(0)

(Postp,6q/-

Then we have

Theorem 4.9 (Global Existence Theorem) Suppose Assumptions 4.1

and 4.2. Moreover suppose (pg,iug,0p/) & HZ (1>3). Then there exist po-
sitive constants g, and ¢, such that,if || (pg,uq,6,/ ”Z < gy ,then the

initial value problem (4.2)' has a unique solution

(psu,8) € X1(0,+m;co|lpo:uo:eo ”1)
satisfying

(4.28) | (psu,8)(t) "£§0 + | Dy o580 (E) ||, o+ 0 @s ¢ > 4 .

Proof of Theorem 4.9 First,it is easily checked that we may take
(p,0,8) = (1,0,1) without loss of generality by regarding p(ﬁ)-l,u'(ﬁ)—l,

RS and kB(5)"! as u,u’,k and . Then the system (4.2)' is written in the

form ;
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-y + (1+p)ui =0,

Pt Pee .
J
Z J i R(1+6) _ 1 7 J wd
up Fwn 1+p Py, * f8, = I+p {(U(ux.+ ux.))x.+ fu ux.)x.}’
J Z A J i g J 7t

(4.29)

J - Jd - _{x=1)
o, + exj + (y 1)(1+e)umj B(1vo) {(Kex.)xi + ¥},

(p,u,e)m) = (po,uo,eg) .

By the previous arguments,it suffices to show the estimates for the solu-

tions (p,u,0) € Xz'((),h;E) of (4.29) which imply A Priori Estimate 4.1.

Set
s = (18)/(1p) Y1 2 1,

and define a E’O(p, u,s) by
0 It Y
(4.30) E' (p,u,g) = vy ((I+p}' - 1 = yp)(1+s) +

+ % (1+p)M?’u'L + Rsp + (1+p)32 .

_8
2(y-1)

Then we note

Lamma 4.10 There exist positive constants Py (p2§1/2) and

such that EO

is positive definite,i.e.,

(4.31) v(p2+|u|2+62) < E’O(p,u,s) 5v_1(pg+|u|2+62) for |p| < o,

where v and Py depend only on y and E,.
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Proof of Lemma 4.10 First we note that for |p| < 1/2

2

@32 o® < e’

(62 4 v-10%% ) .

Next by mean value theorem we have

% ((1+4p)Y- 1 - yp) = 32'5 o + ﬂ;—'}fl@— 0 (14£0)77%

for some £ € (0,1). Therefore when |p| < 1/2,(4.30) has the estimate

2
0 Yy 2 s”_ _xly-2| Hiy-3|,. 3
{4.33) E (pyu,g) > R{ 2 p +ps+ 2(y-1) 8 2 |D| -
2 -2 -3, 3 1 2 1 i
—(%—p +X—’—z.—[-2|Y ||p| )|S|~2(Y—l) lels™ ¥+ un
2
> %{ & (1 - 31%‘—2—1- 2|Y—2||p| - (Y—I)(wr-z/ZJ(YQ(—bg‘—ZL 2|7'31|p|102) +
2 ..
8 2 1 17
* 2(y-1)(y-1/2) (1 - (y-1/2) )h+ 74
R 2 52 1 11
I gy vy 5 oo 2 B Bl

provided |p| <Py = pg(\().
Inequalities (4.32)-(4.33) give the first one in (4.31) . The second
inequality is trivial.

This campletes the proof of Lemma 4.10.

Iet us estimate Eo(p,u,s). Fram (4.29),(p,u,s) satisfy
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J _
{ Py + ((1+p)u )xj =0,

Wk wdut o+ B ((14p)Y(148)) =
- 1+p x

g i
= J J
(4.34) = 1+p {(u(u j+ u 1) + (u'u J _} R
J J 3
J _ y-1) K{y- 1)(1+s) _
¢ *u °z . R s 1+p 5%, * P )x.
J J (I+p) Jd J

- KY(;-I) ( 1 Z'Sx + (! 1)(1+S) )p -

(1+p) J (1+p) j J
\
XLy oy,
R(1+p)Y

We campute

2% (1+p) Lod Y -1

5z psuy8) = (1+p u’ u + { wut o+ Y_1(1+s)((1+p) - 1) +

R .2 R_ Y R
+ Rs + Fye1) }pt + { -1 ((1+p)' - (1+p)) + v (I1+pls }St
= a0 s8san by use Of (4_34} L N A )
i 4 b d a2 kly(lp)Y i1
B T L L 1+p x.Pz, ”
Jd J Jd dJ Jd Jd d

k(y=1)(1#8) (v (1+0)Y 1o 1)
2 a8 L x.
(1+p) 75 7%

- 2
_ K (§i£§+8) Pre S + CE|Dx(p,u,S)|
Jd J
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RN
(4.35) < ZE() R T (u+p')(ux-) -
J d Jd J

- - 2
- &(y-1)s, p, -8, 5 + CE'|Dx(p,u,s)|
Jd d JdoJ

where ¢ ( ):c means the terms in divergent form of functions of p,u,s
J J

and their derivatives which will disappear after integration in z,and

where 11,1’ and « denote p = n(0,0),nu' = u'(0,0) and K = ¢(0,0) .

In addition to (4.35),we calculate (cf. Proof of Lemma 4.6)

a .
z (1+p) Z
( 2 P .Pp. 2utu’ Pe ¥ )t
177 Z
(1+0)% 1 (140)% 4
= P, * 2utu’ U )px.t * PATS TR Pr ¥t *
7 Z i
(14p)% i (1+p)% i
* )ppxiu Pe t o )epxi“ 9,
= L BE BN B AN ) by use Of (4.34) .9 eR
Y+1 Y
< T () - R(1+p) s - By(1+p) ' (1+8) +
- = x. 2n +u’ x. x. 2utut Pr Pa
J Jd Jd Jd J

+

3 .
{1+p) 2 2 2
LT0L (uij) + CE|D_(pyu,8)|° + CE{D8|]D_p|

2u+u!
430 < n(), -—L—p 5 By o 4
J J o Zpru d 2wt g
+ )%+ CE|D (p,u,s)[2 + CE|D26||D p| .
- - £ . £Xx £ £X
Zutp ! J
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Making
J (4.35) + R(4.36) dx (0 < 8 < 1),
we obtain the following energy inequality

2 .
3 0 1 (1+p) 7
(4.37) % J E {pyu,8}) + B pxipxi + ER pxiu ) dx +

-1 1 - =, d 2 -
+ J M U + (u+u )(ux_) + 2K(Y—1)8x'px. +
Jd d J Jd d
Ry i 2
*BO———p. 5, F P, P _1- (ui )4 da
2urp’ 2 2 2urp’ Y9 Y9 gt T

2
cE| D_(pu,8) |2 .

P A

Therefore if we take B so small that

_._’2 o . - —
8 < min (B i ey, K
8(1+p2)

then

2 1 2 1 i1 B8
8(p +(Y-1)(Y-1/2)S)+8uu +

2 .
i 14
tp,u,8) + B¢ 30, P, * £:—*?")-p ut ),
71 Byt L

1A




BR s o+ (Rey-1)7 + BBy o
2utn’ 7 Butu’ Jd

+ ( 2k(y-1) +

Thus after integration in t we obtain

R, 2 1 2 1 7241, 8
f 8 (o + (v-1)(y-1/2) ° )t guu 4 4 pxjpmj dx
ﬁ i i,z 1
+ +xyl p. . p. +———F— 38 _ s ) dxdt
o Mt T )Py T T
0 (140)% %
< | E (psus8) + 8l 5 0., p t e ST P, U ) dx +
- WU Ty =0

-+.

¢ 2
B J { D_(psu,8) “1 dt
0

2 t 2
Cll pososBo ||7 # CE [Ou D, (psu,8) || dr

1A

which implies

2 2 [t 2
| (osuse)(e) ||° + | Do) |7+ || D (osus8)(t) |7 dr
0

rA

2 ¢ 2
Cll posuos®o || + CE j | D l0,u,8)(x) || dr
0

that is,

2 2 ([t 2
| (0,082 1|1 + || Dot | +J0||Dx(p,u,6)("r)|| dr

A

t
cll posias00 5 + 8 [ (1D (000 0) |12 .
0
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This is the desired estimate which implies A Priori Estimate 4.1,

Finally the decay estimate (4,28) easily follows from

2 [ 2 2
sup || (p,u,8)(t) |5 + J | o_pr) |l + || D_(u,8) (1) || dT < + .
£>0 A 0 = 1-1 x A

4,5 Global Existence II, Isotropic Newtonian Fluids

In this section,returning to the original problem

- J _
( Py * ((p+plu ):c._ g,

J
eyt L ot el ) s and )y
t x. - . - . x.x. x. e ?
4.1 { d  ptp TT ptp J T g Jd
(0+0)p, .
et + uJe.’L‘ + T'—e ui = — 1 ((Kex )x + ¥) 3
J o lptple, T3 (ptpley, Jd

\ (pJuJe)(o) = (Do,uuseo):

we seek a global solution in time in the set XZ(0,+m;E) where for % < Ey

A [

-1
X7t tpE) = { (0,u,8) | 0 € CO(t ,tp5H

}on Cl(tl,tng ),

A -2 1+1
Q . 1 . .
(1,8) € CO(t,toiH ) N C (E5t0sH ") N Ly(t,t,50 ) and

t
sup || (osu,0)(¢t) ||§ + J 1|| ofs) ||‘§ + || (u,8)(s) ||§+1 ds < £ ).
t <t<t, t,

Here we note that,although this difinition of X z is slightly different
from thats in the previous sections,all results hold even for this X L

Then we have the following main theorem in this chapter.

- 89 -



Theorem 4.11 (Global Existence Theorem) Suppose Assumption 4.1

and the initial data
A 1
(posugsBe) € H n L° for 1l > 4,
and set

@Z = " po,uo,eo "Z + || Do:uuseo ”LI .

Then there exist positive constants ¢, and ¢, such that , if ¥, < €0 s

then the initial value problem (4.1)' has a unique solution
(p,u,0) € X' (0,405C30,),

and it has the decay rate

(4.38) || (p,u,0)(2) ||, < Co®1(1+t)_3/4.

In particular, if

(4.39) U u' and ¢ do not depend on p,

then the above assertion holds for 7 > 3 also.

By the arguments in the previous sections,it suffices to show the follo-

wing a priori estimate which implies A Priori Estimate 4.1 and the decay

rate estimate (4.38).

Proposition 4.12 Under the same assumptions in Theorem 4.11,
there exist positive constants g:;,gé and ¢' such that , if @Z < g;; and

r , then the solution (p,u,8) € XZ(O,h_;E) has the decay rate estimate

Efsg

(4.40) || (w8 (2) 1|, < Croy(142)” %,
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for I = 4 in general and I = 3 in the case of (4.39) where el',',sé and C'’

do not depend on 4.

Proof of Proposition 4.12 We can show Proposition 4.12 by in-
vestigating decay rate for the solutions of the linearized equations.
Rewrite the system (4.1)' so that all the nonlinear terms appear at the

right hand side of equations ;

7
i, = - - -, g 7
u, + p,p + pob - Hu —(u+u’)u =f ,
- J - _ 4
et+p3u:c. Kex.a:._f )
\ J Jd d
(0,Us0}(0) = (pgstigs6g)
where
p (0,0) p,{(0,0)
- _f\; _ _r\_' _ e
pl = pp(oao) = ” > p2 pe(O,U) = — 3
P p
bp,(0,0)  _
Eszgs(o:O) :_e_'_'_':: 1_l=?1)(0,0) =M0:_0),
CV(U,O)Q p
’ -
}__l'z?j'(o_,O) =H (C-?;O) s K'—'(‘KJ(O,O) = K(0!0) s
P cV(O,O)p
and
_ J J
fO = -pu - u Dx ]
J )
Z no- 1 Vo= Ny =y N = -y _Z -
= (u-ptu + (u-pHu-ptu - (p -p,lp (Dn—Polt
4.42) T MU x5 z% o F1Px, 6 F2 "z,
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Set

(4.43)

(4.44)

p _ N . . _
= (- |<)E)m.;U - (psmpg)ui' - uJex + (Kx.ex'ﬂ’)/(pﬁ))cv .

o4

A

U

iz i, s
u, + (ux_(ux + umi) + uxiuxj)/(pw) s

J Jg 7d

Jd J J Jd 7

pe (0,0) é
P (0, 0) 3 B = _ 3
p 5 J cV(O, 0)

{,fp (0,0) ]/p (0,0) fo
p P
u‘:‘,

, P = 7

515,0) [6770,0)
J V— 5 vV . f.4
: 5

0 - od 0
x,
Jd
-.1J - = a2
- ad us @A + (p#p )ax = - B3
Z 7
0 - B3, KA
J

Then we can write (4.41) in the form

(4.45)

U

t

or in the Fourier transform of (4.45)

(4.46)

where

~

U

t

~

= A(E)U + Pu)

- 92 -



0 1a5j 0
(4.47) A(E) = - 10 ﬁ5£j|g|2 + (' IEE iBE
. k | A k
0 3 lel?
Now let us analize the spectrum of A(f{). The characteristic equation
of A(E) is given by
(4.48) det | AI - A(E) |

| e] 220 2% ¢ (resiei ) £ BN 4

+ Rzt [E) 1 8%) )P0 + ofR|E|? )

oilgl %o .

1l

Set Ag(i) —ﬂlglz and denote by Ai(E) (0<i<2) the roots of the equation

Fix) = 0. Then we have

Lemma 4.13

i) kj(E) depends on only |&| and Aj(OJ = 0 (0<4<3).

ii) Re Aj(g) < ¢ for all |g| > 0 (0<j<3).

iii) rank (A (E)I - A(g)) = 5 for all |£| except at most one point
of |g| > 0.

iv} There exist positive constants r,
has the Taylor (resp. Laurent) series expansion

< r, such that Aj(g) (0<j<3)

(4.49) a(e) = o g™
J n=1
(resp. A,(E) = L |£|_nk((n)) )
J n=-2 J

for |g| < », (resp. [E] > »,).

1
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The Taylor series expansion has the form

a2E 2 3
KO(E) =-—5 3 |E| + O(IEI ),
o B

- - -2
r
A (e) = iV al#e? || - A 112 s o0l
2(a +R7)
(4.50)
*
Azfg) = AI(E) { A* represents complex canjugate.},
- 2
voAg(E) = - plg]”™

and the Laurent series expansion has the form , if ¢ # 2y + 1’ ,

& 1
A (E) = - = +0(]E]T),
2utu
-2 @2 -1
X (8) = - x|g|l” - —== 4 oflg| "), (0<k,1,m<2)
U -K
(4.51) {
- - 2 (2ﬂ+ﬁ'-2)a2+(2ﬁ+ﬁ')§2 -1
Ag(8) = - (2u+n ') |E|7 + = —= + 0(|E] ),
(2u+u ') (2p+u -/
-1 8

L Az(8) =~ ulg]” .

ifEIZi.—l'PU'r

(A = -2 +orlel™h
K

2
_ e -1
(4.52)# r,(8) = - klg]” + iBle] - 3:'+ ofle|™") ,

K

*
AL(E) A (8D,

- 2
Msfg) - ulg]” .
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V) Aj # Ay, 5 J#k for all |£} except at most four points of |&] > 0.

vi) There exist positive constants B 0 and 81 such that for all |E|§r1,
- B [g|2 < Re A _(E) < - B |£|‘2 (0<j<3)
0 - J - 1 ==
vii) There exists a positive constant g , such that for all [g|>r1

Re Aj(g) < - 82 (0<j<3).

tA(E)

viii) The matrix ponential e has the spectral resclution

g RN}

(4.53) JHACE) _ P (E)

P.(E)
g=0 I
for all || except at most four points of |g| > 0.

ix) Pj(g) (0<7<3) has the estimate

Wz ce0lf < forfel <») and [g] >

1 27

where |j - |

| denotes the matrix norm.
x) By modification of the right hand side of (4.53),(4.53) makes

tA(E)

sense even near the points of a multiple eigenvalue, and e has

the estimate

Il ) < cr1rt)’e Bt for | >r, .

xi) For |g| < 7, ,PJ.(F;) (0<j<3) has the following expansion corre-

sponding to (4.49);

= ng(n)
. = P. 7 (w) ,
pJ(g) nio|£| 5w
where ( = g]g['l and {Pgw (w}} are orthogonal projections and are

given by
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Proof of Lemma 4,13

i) It is clear.

ii) If we suppose iv) for a moment,it suffices to show that f(ik) # 0

( k : real).Suppose

Feik) = = ik° - (egin €)% + tkcznm ) |£] 1488 £ Don

+ a2E|£|4 = 0.

Then we hawve

E(2ﬁ+ﬂ’)|£|4 + (a2+82)|£|2 = %8 ,
and
Zr|g|? = ezt |g| 5l
which imply
2 2 2 22 2
E(2ﬂ+ﬁ'}|£| +a + B = :—9:—:' <o
K+2u+u '

which is a contradiction.Thus we have ii}.

1ii)

- g .
- ulg] 1a5j
A (E)T - A(E) = | ok (W' )ERE -
0 LRE ;

Considering the minor {(ﬁ+ﬁ')£k£j},we can easily see

rank ( As(EJI - A(E)) < 3.

i8E,,

-2
(k-u) | &]

Since |g] > 0,we may suppose §, # 0 without loss of generality. Then

consider the minor
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- sl fak 0
- . - =2 :
M = wgl {u+u )51 1,851

0 ige,  (k-w)E)®

Since

&
o
=
|

= g% Ra” - %480 - D) - [€) D,

det M # 0 for all [g]| > 0,

2
o

and if Uy >k or § < 53
o +B

k]

-2 =,23 .2
det M # 0 for ]£|2 # Ea_"jm 'fB_)
Mutn ') (k=)

which imply iii).

iv) We apply the following lemma (Appendix in [13]) to f(A)} = 0.

Lema 4.14 Iet p(1,n) be a polynomial in two variables T and n

which has the form

plt,n) = cm(n)'rm + cm_l(n)rm_l Foeevsvast co(n),

where m > 1 andcm(T) = 0. We can then write
m
plt,n) = cm(n) 111 (1 - Tj(n)) s

1
where each 1. for same positive integer p is an analytic function of F
d
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1
when 0 < |n| < &,with no essential singularity at np = 0,that is,

I
T.Mn) = I ak(rrp)k {Puiseux series).
J k=N

Here N may be a positive or negative integer or 0.

In a neighbourhood of |£| = 0,we may set
T=X n=|E]l and p(t,n) = f(X).

Substituting
1

@.54)  ae) = 1z A el B)K
7 g

into f(A) = ¢ directly,we can see N = 1 and p = 1,and can determine )\J(.k)

in turn. Here we aunit the tedious calculations. Therefore the Puiseux
series (4.54) coincides with the Taylor series in this case.

-1
Similarly,in a neighbourhood of |£]| = « ,we may set n = || .
v) Denote the point of inflection of f(X) by
KEY g2
)\* = - z IE‘
where y = 2p+u’. Then we can write f(A) in the form
FIN = (0= A5 # FIO 0 = A+ FOA)

where

2 - —
FrN,) = J-gl{ s6248%) - 1£)2 @ty ),
(4.55)

4 - - 2 - 2 - .2
fix,) =-£%J' {(k+y) (r-8y) (2e=Y) |E]" + 9((2c-Y)a - (c+y)B™) }.
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By (4.55),when we set

2 3(02+8%)
lEely =2 =%
KKy +Y

it is clear that f(A) = 0 has one real root and two camplex roots which
are conjugate of each other for ¢ < |g|<|g|0,that is ,three different
roots. So suppose |Z| > |£|0 in what follows. Denote the A which gives
the minimal value and the maximal value of f(A} by A+ and A_ respectively.

Then they are given by

A=A+ lgl-/?zz-zy+Y2)|g|2 - 3(a’48%)

3
‘I—??— ( QJ(E) -7-g2(‘c:) J,

£ =
where
- - 3 - 2 - B
g;(8) = (k#y) (k=2 (2~Y) |E|” + 9((2=y)o - (k+y)B") |E| ,
g,(8) = 2( (v’ |e)? - sa”re®) V2,

Noting that g?(g) - gg(g) is the polynamial of |g|2 and

- 2722Y2(2—7)2|£|6 + lower order term for k # v,

2 2
gI(E) - gz(g)

10882E4|E|4 + lower oder term for k = vy,

it follows that g?(g) # gg(i) except at most three points of |g]| > 0.
Since the multiple roots appear only when

3
_lel” < _
F0,) = g (ay(8) F g4(E) ) =0,

it is clear that {Aj(g)}jfo are different each other except at most three
points of |£| > 0. Finally let us investigate a possibility that As(g)

coincides with one of 0\;(8)} ;2.
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Forger= i1el%) = Ber-n) 8081 ° + RaP-fira®e8%)) |e) 4,

we have f{)\S) # 0 except at most one point of |£| > ¢. Thus it is proved

that {Aj { EJ}JEO are different each other except at most four points of

lg| > 0.
vi) and vii) They are easily proved by ii) and iv).

viii} By iii) and v), 4(E) is semi-simple for all |¢]| > ¢ except at most
four points of |g]. Therefore ¢ (%) can be written in the form (cf.[30])

3

JHA(E) _ 3 EAL(E)

P.(E)
=0 J

- AL(E)T
A(E) )\J(E)

(4.56) P.(g) = T A
J#L A () = Ai(E)

ix) and xi) We can see ix) and xi) by substituting (4.50)-(4.52}) into

2
(4.56) directly. In particular for j = 2“ = K ,since
a B
A (E) = AL(E) = ( §i - e Nel? + oclg)®)
0 3 2182

we need to calculate {Aés) (g)} and {)\17(.4) (£)} which are given as

- - =2
_ ' 4 5
g e ROAIKE 214 o011,

y =
0 (aZep?)?
S22 KiLFU ) 12 .81 = =y =2, T 3
A, = 2/ o #B87 || - le]” - (D -k) S+’ ) E| S +
? l l 2 ;oc +B
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N
pr+§ );u K) |£|4 + 0(|£[5) ,
2(a +8")

) In a neighbourhood of Ak = AZ (# Am,¢ hn, Am #+ An), we may modify

(4.53) as

At At

etA(g) —MP (1 -P - P )+ P+ MR+
m n m n

e)\zt _ e)\kt (A(E) - AmI)(Afg) - )\nI)

+ ( )

(A(E) = )\kI),

which implies in this neighbourhood
<A || < cozrereBab .
Similarly we may modify (4.53) in a neighbourhood of X

k=)\z=)\m¢)\nas

AR _ Mt P) + e“ntpn >

P At (A(E) - ) _I)
s &Lz ek " cacg) - A I) +
1 e)‘mt - e)\kt e)\lt - eAkt Alg) - AnI
Ly {7 S ) - Y ) }( o ).
mn m k A k m 7

<(A(E) ~ AkI)(A(EJ ~ )\ZI) s

and in a neighbourhood of AO = Al = A2 = k3 as

ALt ALt
el -¢ed0 _
U J(A(E) Af)+

1 0

etA(E) = eAOtI +
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Aot - ot At of

1 € el =g
. te )= JY(A(g) = A T)(A(E) - A D) +
PR B MY L S S i 1,
L - -
As m Az Agm A As T A A, - Ap -,
Aot _ At At Aat
el -2 0 et - ™0

( Ay - A ) - A - Ag IMAE) = X D) (A(E) = A I)(A(E) - X ,T).

Thus,in all cases,we have
et || < ceasereBat,

This completes the proof of Lemma 4.13.

Now define ¢%4F by

etA ezx-g+tﬁ(£)"

F = (2n)'3[ F(E) dE .

Then,by virtue of Lemma 4.13,the following estimates of decay rate for

etAF :

Lemma 4.15

i) For F € LG LI,

t4 ~3/4
| e

F| < Cl1+t) MeEL+ £ -
- L

ii) For 7 € B2 n 17,

| DxetAF I+ I pEetF | < ceaet) %

£ (R PR R Y
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Proof of Lemma 4.15 We show only i) because ii) is proved in

the same way. By Plancherel's theorem,

I

3

th . 2.

J Il = e AJ(g)FE(E)|" |F(g)[2 dg
J=0

dg+J dg = I, + 1

J|E|5P1 |E|>r

By Lemma 4.13,I1 and I2 are estimated as follows ;

3

(4.58) I,<C3 J ZREN; (B0 p ey ® g
Jg=0 lglfrl
2 -28 |g|2t 2 2
< c[ 1212282151t q1) ¢ sup |Feed| )
|&l<r, £
<care)”E PP,
L
(4.59) 1, < c(1#2)007 %" J |Fre)|? de

cc16087%82% | £ | 2.

rA

Thus (4.57)-(4.59) give
I e | < C’(1+t)_3/4(|| Fl+F PE
L

This campletes the proof of Lemma 4.15.

By virtue of Lemma 4.15,we can establish the a priori estimates for | v | o

- 104 -



For this purpose,we pepair the following lemma which is verified by

Lema 2.1 in the same way as in the previocus chapters.
Lerma 4.16 For (p,u,8) & XZ(O,M;EOJ,there exists a constant
C(E,) such that for every fixed ¢
| Fw) |, + | FW) | < cE)| U5,
(4.60) L
2
| D FV) |+ | DFU) || < CEI U N UN,

and particularly in the case of (4.39),

2
@.60) |0 Fw) |+ | DR | < CEIN U N Uy | wo ]l

Now we are ready to establish the estimates for || v || 9 First the

equation (4.45) can be written in the form

t
e(t—s)A
0

(4.62)  Ut) = eUt0) + [ F(U(s)) ds .

By Lemmas 4.15 and 4.16,we have in general

t
(4.63) | uce) | < o160, + J c(1et-6)" 4 vre) |2 s
g

2
(4.64) || puce) || + | Duce) |

t
c1st)" %0 + J ct1rt-8)"" 4| ute) || () Uted || g+ UCs) | ) ds
, A

1A

1A

t
c(1+t)'5/4cpZ + CE [ (1+t-8)"""%) ute) |, ds,
0
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and in particular for the case of (4.39),
(4.65) | pure) | + || Dluce) |

c(1+t)'5/4¢

1A

¢ -5/4
L+ CJ0(1+t-s) | Uts) || (|| Uls) || p#If (ws8)(s) ||,) ds

5/4 -5/4

cl1+t)”

1A

t
¢Z + CE J0(1+t—s) | U(s) "2 ds +

t t
- ch (1+t-8) 72| uts) || ds)1/2(J | (w02 (s) |5 dsy™/?
0 0

-5/4

t
c(1+t)'5/4¢ + CE J (1+t-8)
0

1A

7 | uis) ||, ds +

t
+ CE (J (11t-0)"%%|| u(s) || 2 ds)?/2.
0

Therefore when we define M(t) by
uee) = sup (140 uce) |,
0<s<t
it follows from (4.63)}-(4.65) that

Mt) < cop+ o M(e)2 4+ cBME)

which easily implies

M(t) < C @Z for @Z < EEE and E < aeé R
that is,
-3/4
| (psu,0)(t) "2 < C'o,(1+2) /% for 9, < g; and E < €

This completes the proof of Proposition 4.12.
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