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oAT■ ONS OF CMPRESSTRTF ttIDS

In this chapter,Ehe initlal vaLue problem Eo the equations

of motion for coopress ib 1e, heat-conduct ive, iso t rop ic Newtonian

fluids is investigaEed. In 5 4.2,the existence theoren for a

unique 1ocal solution in time 1s established. And the a priori
energy estimates are iEproved ln 5 4,3. In 5 4.4,using the

energy estlmaEes alone,we obtaln a global solution in tiue of

the equatlons of polytropic ideal gases (special cases of iso-
Eropic Newtonian fluids) for suitably sEall inltial data.

Furthernore in 5 4.5,using a combination of the decay rate es-

timates for the solutions of the linearized equatlons

and the energy estimates,we obtain a global solutlon ln tioe
of the original equations of isotropic Newtonian fluids for
suitably small lnitial data.

g 4.1 Equations and llistorical RenErks

the nrction of the general isotropic Nevrtonian fluids is descri-bed

by the five conservation lcr'rs (cf 12811291) t

(4.1)
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vrtrere t > 0, r= (a,ar,rr) e R3,

p .' density, u = ful ,r2 ,r3 ) .' velocity, 0 ,' absolute tsn5Erature,
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p = p(p,o) .' pressure, t = (l,f ,f) .' outer force, p = p(p,e) .' viscosity

coefficient, yr =yt(p,O) .' second viscosity ctefficient, K: Kfp,0) i

coefficient of heat c.ondusEion, c, = cr(Q,o) .' heat capacitlu at constant
,, ; ; 9 ,; 9

voltmre arrd v = \ tui. + ut .)' + yt(ut .)" .' dissipa.tion funqtion. Here
J1.J

ard in what follcrrs,we use the sumEtion ocnvention wten we are not confused.

the existence theorsns of r:nique Iocal solution in tine of (4.1) are

obtailed by lJash [53],Itaya t15l t16l for the jnitial vah:e problern, and

by Tani t70l I71l l72l for the first hitial boundary rralue problen and

the free bourxdary problsn. on the other hand, tlle existence theorsn of

global solution ijl tilrE is not kncnm i:r general. Recently sc[rE onedi-

nensional nDdel eguations are jnvestigated on the global existence in

ttue by l(anel'[2il,rtaya [I7] [18] , Tani [59],Kazhjj*rov and Sheluk]r-in [25]

1261 . Precisely speak jng, IGnel, ' obtained the globa] solution irt tire

for the rodel equation

イ

ー

ー

‥

ヽ

―

―

、

υt=ち '

zι
 = _rp rυ

リリ
ェ 

チ uイン
/υ

り
″ ,

ι > θj″ (ノ ,

wit]. the ilitial data

(u - i,u)(r,0) : (uo(n) - i,ro(r)) < ul (al ),

for scne positive constant i. rt contairs the barotropic nodel fur tlre

I-agrrangian crcordi-nate , p = az/r)y, y -- constant I 7 and a,u -- cionstants

> 0. Itaya obtaired ttre global solution iJI tirrE for ttre isothernal gas

nodel equation
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I p(t'o) : ps(a) e 81n,
J

I u(c,o) : uo(a) , B'*,

wtrere 0 < 91 1po(x) < O,<-, elrg, are scrlE constants, o e (0,1) and

uo* e L1 {Rl ). As to t}re irritial-bor:ndarlr value problan, Tani obtained

the 91oba1 solution in tinE of the gereralized Br:rger's eguation

, p*+(pu)^=0,
Ilu
' ur*uu*:Lurr, t>0,e€10,11, u .' constant > 0.,

with the initial and boundary data

with the initia.l data

u(a,o) =uo{r) e $zfr (oe(0,1)),

o(r,0): pol.) € 81fr (0<pl 1po(c).ozr*),

u( 0,t ) = u(1,t) = 0.

lbreover KazhiJ<hov and Shetuktr-il obtained the gtlobal solution in tirIe

of the onetirrensional eqr:ation of (4.I)

2^Pt+Pur:u,

u. + R(oe) = u(ou )

e- * y9 
"^ = | ( <(oo)- * uru?- t,""V*"V

t > 0, & e l0 ' 
1l ' y, r, c, and r? .' constants > ,r

with the initiaL and boundary data
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(u(a,0),0(c,0)) = (uo(r),00(r)) € fr2n k< (0,1)),

o(r,0) = po(a) € i31fr (0 < p11po(t) 1pz. -),

u(O,t) = u(1,t) = ee(0,t) = 0r(1,t) : 0,

where the systern is descrilced in the Lagrangian croordjnates.

For the initial value problern of (4.1),the global solutions il tine have

not been la:crrn even ijl the one spa.ce-dfuension. Just recently, Matsrnm-rra

and Nistr-ida t39l t40l irrvestigated tlre g1oba1 o<istence for (4.I) irr the

three spaoe-djnerrsion. Fi-rst in [39],they assure t}Ie follo,vilg conditions

on (4.1) ;

i) the fluid is ideal gas 3 p = EpO , (fi .'gas constant > 0),

ii) the gas is po\rtropic t e : crO,where e represents ttE internal

energy and cy is constant,

iii) U,U- and K are positve constants a\d f :0.

Ttrcn r,';e have

R.v = t_l ( y : ratio of slrecific heats ),

Lty the thernndynanical relations, and cansequently the equation (4.I) is

written ijt the form

gr+(Qu!)r.=0'
J

e.D ,1 * uiri +9o +Ee = L{(u(ri *ui ) + (u,ui ) I.
" *i a *i *i P 'j *i'j *j 'i'

o, + uior. + ft-l)ouJ- = +L ((Ko- ). + y).
J 'j 

fiP *j *j

Using the energDr estirates aLone (cf 1211[37]),they obtained a globa1

solution jn tinE for the initial value problen (4.2) wittr ttre j-rlitial data
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(4.3) (p (o,0),u(*,0 ),0 (x,0 ) ) = (po(r),uo(r),0s(r))

satisflzilg ttr,at (ps - 6,uo,0o - O)is suitably sna1l in a3 (a3 ) r.*rere f[,6)

are scnE positive constants. ltreir energy [ethod can also be aprplied to

the follcr"dng barotropic nodel equation for ideal isentropic fluids and

equation of ragnetohlalrodlznalrtcs :

Barotropic l,lcde1

or+ (Quu)*.:0 ,
J

n iL 1 u i tt+ttt -iu. + u'u + -D : Lu^t' "'^*j p,ri O'"rrai' I '*irj

wtere p : p(p),p'(p) > 0 for p > 0 and U,).rr = constants > , .'

Equatj-ons of l4agnetohydrodlmamics

ρサ 
チ rρンθリ

ェ. = 
θ J

θ

2: + ν′

t   :P“じ   廿
レ
iプ

。
.   

世
:L′ィit,」

   
ζJX3ノ う

B: + ζ▽XEノ
Z = 

θ ,

」
ι = σO rF+ ν×Bり

づ = イ▽×rll:ヱ Bリ リ
t ,

d-.=o,p=p(p),
J

wtere B .' nragnetic fieId, E .' elecEric field, ./ ; density of electric

current, oo .' electxic corductivity, uo .' rErgnetic pemeability,

V, v', Uo, o0 .' positive constants arfr, pt(p) > 0 for p > 0.

F\.rrEher:rDre in I40l , using a ccrd:intion of the decay rate estirates for

the solutions of the Li-nearized eqr:ations and the energy esti-

rates, they suceeded to obtai-n a global solution i.rr tinE of the original

- 64 -



equation (4.I) with ttte irtitial data (4 . 3) r:nder tfie follo,vJ-ng assrnrp-

tions i

i)器 ,器 ,ο7'・ '

ii)∫ =θ ,

κ > θ and 口′ +争 口 ≧θ  for  rρ ,oり  > θ,

iii) (po - 6,rro,0o - 6) is suitably snarl in P4 n r'1 .

Itrcy also shqaed the asyrq)totic behavior of the solution i

ll tp - f,,u,e - 6t rtt ll , : crutf3/a .

!{e sunrarize a-Il these resu-Its in ttris cknpter. Refer a■ so to Kawa―

shirna-Matsum:ra-Nishida l24l ,for the interesting problens on the aslnp-

totic behavior of the solutions of the eguations of colpressii:Ie fluid ,

especially on its relations to that of the solutions of the equations

of inccnpressi-ble fluid and Boltznam eguations.

4.2 Lcal D<istenc€

I€t us constnlcE a r:nique leal solution in tjrrE for ttre jritial

walue prdlan (4.I) (4.3) i-rl a neighbourhood of any constant state fprlt,

e ) = ( p, 0 ,6 ) r^trere (p, 61 are any positive constants . First, rerrrite the

systen (4.1) (4.3) by t}re change of the unkno.m and kno,*r variables as

follcr.rs t O - d i p, t, * u , e * 6 + e , p(p+p,d+e) - p(p,e) , p(6+p,

6+0) -) Ufp,0) and so on i

ρt 
チ ン′ρェ  = 

θ
θ
 J

′

ン:-14膚 .―
r)串りこ.r.=θ

ι
,

′ θ      多 ′

^- A
ts. - K0 = G

JJ

rp,ち 0ノ イθり=rp。 ,ン 。,oOん ″ (R`,θ く tく r,
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where

1 = }rp,oり  三 ll rp,oり   J l, = l′
`ρ

,oり  = ll'`ρ
,0り

  ,
p+ρ          ρ チ p

) = r々p,0り  =   K rρ
,oノ

r5+ρ りο
7`ρ

,0ノ

σθ = ∂θ rρリンソ = ~r5チρり4  ,
θ

θ
ι = θ

ι
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 響
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―
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 +ρ +ρ

+57「
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ζρ,oリ リ
cjr21′

チ ク
1ぅ

リ チ rll'(p,0リ リ
ェ
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`′

ノ),

σ̀ = θ̀rp,2,oり  = ― (0千
0ノ pe rρ ,oノ

 ン′  _ ンθO   +
イ5+ρ ノο

7(p,oノ
   C5       Cう

1

チ              {rκ (p,0リ リェ 0″ . + 
Ψ}.

イ5チρノο7rρ ,oり               ′  」

Then the solut■ons are sought in a ne■ ‐ ■dhDOd Of rθ ,θ ,θ ノ.

Defi∝ け by

′={`ρ,ち 0り |lρ lリ
ン|'101、 ≦γノJ

where γコ is some positive constant such that γコ 
く Irl■nζ ρ,0ノ . We suppose

Assumption 4.■

i)p ' °7' ・  ' μ
′ and κ Яre smooth in Cレ .

ii)等 ,器 りο7'口 'K≧ νθ and口′+:口 ≧θh。

for sulE pOsitive constant ν
θ

.
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I€t Z be a positive integer > 3. I-et us defi-ne the set

By Lsma 2.l,ue can choose a positive constant Es such

satisfies ll f ll z: Es,then ll f ll 

^o: 
rl . lten, for E <

7t21Tt the set x"(t?tz;E) is defined by

I{crd, for

(4.4)

wtrcre

xZ of the solutions.

tha:- ,if f€ Hz

Eoand.0<t1,
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ι

..j ^
J

1,. , i- p (\,e )ur .r .JJ

- Kfn.f le
JJ

In order to apply Propositions

follcruilg lefina that is proved

t*,'l fn,t,lrJ"., . ,1-J

2.5 and 2.11 to (4.4), ue prepai-r

iI the sane way as Lanrna 3.1.

=- e.x

I€rrrE 4.1 Suppose Assrnrption 4.1 and (rLD,e),(n',o',et) e xL(

o,r;E), then we have

xL{tr,tr;n) = { (p,u,o) I p e co {tr,tr;al) n c' {tr,tr;nl-l),

(u,a) € co tt,tr;ul ) A ct (t1,t.;HL-Z ) n ,r(tttz;HL+1 )

^ rt^and sra) ll (p,u,o){tt lli + | 'll t",etrt) llial dt < E" }.
t.<t<t - " ) t.

t- - z I
1(\,u,c,) e x" (0,"t;E) (t<?), consider the filear problern

nnL;(e) = G"fti,u) ,

ti,rtu) = ci (q,u,e ) ,

2,4L: -(e) = G-(n,u,r,) '

(0,u,0) (0) : (eo,uo,Ao) '

_0.L (o) =1)

Li (u)
n,q

/1t,' (e )
n,e
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By virtue of ■- 4.1′
we have

Proposition 4.2    SuppOse Assu口 ption 4.l and rρ 。,ク。,o。 ソ ξ ″
ι
 ζι>gノ .

Then there exist positive constants T and δ rδくコノ Such that′ if rη Jυ ,ζ り `

χι″,TJ″ 謳 ‖ρぃち 0。
|lι ≦δEおr scrne Fく

『。′then the l■ near p■obl(In

(4。 4)has a unique solution

(p,u,o) < xL ( o,r;t )

Proof of ProlDsition 4.2 By kopositions 2.5 and 2.11,we have a

trnique solution of (4.4) such that

p € co (o,r;aL) a ct (o,r;uL-1) ,

(u,0) < co (0,r;nL) n ct {0,r;HL-z) n Lz{0,r;aL+1 ),

and tlte energy hequalities

≦ 2ο
θrF。 りτ

r ‖ p。  ‖: + θr『。ノTE2 り J

≦。θrF。 ノtr‖ ′。,Oo l:チ τθrF。 り♂り.

It follcws from (4.5)and (4.6)that
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ltErefore, by taking 6 and t so snal,I ttnt

2 ro′ り
~コ

ο
θτ

δ
2 + 

τθ く 1 ,

we have

(p,u,o) e xL(o,r;g)

ltLis ccnpletes ttre proof of Proposition 4.2.

ret us construst the approxi:nate sequence {(p(*),u('),e't',r7roo for the

quasilirear problan (4.L) ' as follcns ;

rp rθ
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,0`″

ノ
ノイθノ = rρ 。,ン。りo。 り , ″ > コ .

In the safie vay as iI E 3.2, vre have

Theorsn 4.3 (LcaI EdstencE theorern) Su;>tr:ose Assuq>tion 4.1

arrd (po,zzo,oo) 6 ttl (LrS). then tllere exist positive constents t and

6 f6<l) such that,if ll po,zo,Oo ll 71 Or for scne E:to, then ttre initial
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value problu‖ (4.1)i haS a un■ que soluth

rρ,ン,0り ` χ
Z`θ

,TJgノ  .

R―rk    For ι > `′ it folloぃ鴻 frun I- 2.■  that

p ( θ。イθJ τ」■
2ノ
 n θlrθ

,TJ Aコ ノ ,

rン ,oり
`θ

o rθ
,T」 β

2リ ハ θ:rθ
J τ」ム

θ
ノ,

i.e.′ rρリク,oり  is an alsc2 c■ 2・lqsica■  solution.  For Z=`′ LQ- 2.■ a■so ■mplies

ρ(θ O rθ
,T」 ム

コリk'ノ ハ θl rθ
,TJぁ

σり,

イン,0ノ ( θO rθ
,T」 ヵ

σ
ノ ,  θ く oく コ/2

from"hich p is classica■ .  As to (ク,0)′ s■nce

θ ′

is uniformly parabolic i-n the sence of Petrcx.rski and silce

l J l'  C  θO rθ
,T」 ≠ゝ

ヱヂり ,

θ
jJ 

θ̀   `  θ
o rθ

,T」 Jら

°
り り

rzO,0。 り ξ Jttσ  J

it follo■s frou the nr9-ts at Chapter 9 in [8]that rン ,0ノ   is

classica■  for サ > θ.  Thllq rp,2,oり  iS also the c■ assica■  solution of

(4.1)]for ι > θ.

the sys櫛

- 71 -



4.3 A Friori Blergy Estirates

Consider the initial wal:e problen (4.1)r agai-n ;

(4.1/

where

Pθ = ρι + ′
′ρ″. 

チ ζ5 チ ρノン′  = θ 」
′             ′

Pι 言 ′: 
― )ンl′ cぅ

 

― rγチv′ リンフ

ι
Ej 

チ }ρρ″j + }Oo″j = g¢

P` = Ot   '0..″
    }`zi    g  ,

′ θ        θ

rp,ン ,oり rθ り = ζρ。,2。 ,0。 り ,

０

　

　

　

　

．
多

％
ｐ

　

　

　

　

ｇ

午 ,為 =廿 ,蛯 =能 ,

.        コ                   .
_ンθク

“′ .チpru“′
ア
“′ 

ン
iι 

チロЪι

コ

~ノ0% 
薫耳

=幕

ζK%0% Ψり.

′
:l.ソ

,

J

θ̀ =

∝

　

・ｍ

course,we sl4)pose Assuq>tion 4.1. Let E6 be defi-ned as before. Ihen

tlris section we define xLttr,tr;t) tlrs) by

7-1x"(t?tz;E): { (p,u,o) I p c co (b?tz;H") 
^

. _.1-1 . 7.DS € Lz(tr,tr;H- -) , (u,e) € Co (tr,tr;H") 6

7

D/u,O) € L2(tf tZ;H") and

sup ll (p,u,e) tu ll2, + l"'11 o-rr"t ll2,-, * ll o^
t-<x<x^ ) t-
t- - z I

:82 (E<Eo)j.

c, { t r,t r;nL-1 ),

. 7 -9CL (tr,tr;H" " ),

rち oノ rsり ‖:あ

Itrcn we note that, although the above deffuLition of Xl ls slightly diffe-

r:ent frcm that of g 4.2,ttp entirely sane local existence theorern (Itreo-
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rem 4.3) holds even for the above xl I€t us study nore detaif a-priori

energy estijnates for (4.I) | tllan ttEt ir the prevj-ous sections. Eirst

note tlnt, if (p,u,e) € xL {o,h;to), we harre

t4.i) t, rt+t'r , ', !o ,7r, ?, I !a ,

for scne positive c.onstant vA not depeJdilg on h. llcrJ sl4)pose (p,u,g) e

xL {o,h;t) is a solution of (4.I) ' for scne E < Eo.lhen we have the

follo^ring Lemnas :

Ic- 4.4   1here ― sts a constant θrE。 ソ nOt depend■ ng on な uch

that for ヨ く ″ く ι ,

“
.8)じ

:ョ
‖苧

ヨタι
・

リン,0り ‖≦θ
“
。″‖%“,2,0り ‖″_1.

I- 4.5   There exist positive constants 
が

nd θrF。 り not dep―

ding on ″ such that for コ く ″ く ι ,

に
"m‖ イけイチ瓦‖イ竹刺0‖ 2ぉ

到 イmぽ 瘤
"中

く続刺 0ぽ +到 中
po啄 .の .

■e- 4.6   There ― st posit■ve constans ,5 and θ

`E。

り not depen―

d■ng on た such that for ヱ く ″ く ι ,

にDm‖ 《岬 ぽ 詢
珀 佃 ‖

2あ
ゴ リ嚇 酬脅到 イtO‖

2

+《釧《仇ωぽ +到 り 刺 嚇 ‖イ剣劃枷 ‖苧ち貯 0凋・
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As L€nna 4.4 is shoan i-n the sane way as I€nrna 3.2, we sho,,I Lerrras 4.5

and 4.6.

Proof of L€nrna 4.5 I{e shcr/, the staterrEnts only for (p,u,O) C

xL {o,h;u) A Ct (0,h;H'). Usillg r,ennas 2.1,2.9 and 3.5, lie estinate the equality

f-(4.r1) I- il-l tpit.il-l (tui) - {-1 rpal.{-1 (rct a.
)efrrt

= ∫― 《
―ヱ

gι oDI―コィ△クιリ ー Dl~コ g`。りη~lr△ oノ di

“

as fo■l“β ′

(4′ 12)ιヵ。′ιgたしたα″′6ι′ο οF r`.コ ヱリ≦ ll,1~コ gι ‖‖
'I・

コン‖+‖
'1~1〆

‖||'1+コ 011
多

≦Cr‖ イち‖2+‖ ィ
コ
o‖う+C~lθ  ω。ノE211%.,2,0り 11_1

for any positi、 e nuFber e  ,

(4.13)    ∫― ,1-コイPうり。?1~lr△ン
ιノ dェ

= ∫― Dl-12:・ ?1~コ
イ△′jり  ■ )|,1~1 2ι 12 チ rl■)'ノ

'1~コ
ン
1ぅ。こ
。フ

I~121た“た 
―

― }ρ4~lρα
ι
・
'1~lr△

′
jリ

 ー シ
0プ

塑~lo...,1-1`△
ツ
ι
ノ チ

多

+ `4~lrl△′
ι
リ ー γ,1~コ r△ク

ι
ソリ・プ

″~ヱ

r△′
じ
り ■

+r'1~lrr17)'ノン
1.″

ノーrl,γり,I~コィ

`.″

.ノ

。つ
1~ヱ

r△ンじリー
● θ         ● ′

_ rノ
"~ヱ r,pρ

″
づ
リ ー }ρ4~lρェ

ι
ノ。」"~コ r△ 2づリ ー
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― r'1~ヨ r)00ェ
.ソ

 ー }0,1~10″
.ソ

・,1~コ r△ν
ι
ノ  di

Z              多

≧
'力

∫|ウ 12と +可 |イち2+布デおり4~コ
ン
`j“

た
2-

―rγ希り
Fj4~1ノ′

・イ
~コン°

た″た
チruチッリ

れ%~1ノ′
・イ

~14ι

″た
と―

-2C‖ イ
コン‖2-C~コθr lィρ12チ ‖イ0112リ ー8~1"‖ りp,ン ,0り 11_1

≧多分||ウ 12・ 。311イ
コン12-`c‖ イ

コン|12-

―θc~1‖ ウ ρ,0り 12_θc-1『 ||りρリン,0り |11_コ

for any positive nttr e ′

(4。 14)    ∫― ,1-l rP`ノ・?1~コ
(△ 0ノ  di

= ∫_ ,1-20ι。,1~コ 0,た″た チ
'|,1~10ェ

た″た12 - }`Dl~1ク
θ
′・'1~lζ△0ノ 

ー

ーr4~コ
`}`4ノ

ー)`4~14.り 。
11~lr△

0ノ あ
′             ′

≧多分‖40112詢
`‖

イ・
10112-2C‖

イ
10112

-θc~コ |ウ 12-θ C~ユZIIりρ,2,0り ||`_コ

for any positive number c.

Hence′ due to (4.12)― (4。 14) ,
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“
.15)分 ‖イレ,0り |12・ 2～

`―
`Cノ
‖イ

コィ12+2・3-2り |イコ012

―θrF。りc~コ ||《 rp,クリ0ノ 12-θ rFoた
~コ

『‖%rp,2,0り |11_1≦ θ

which ittp■ies (4.9)m by tak■ ng c = νg/` and integrating (4.15)with respect

to t.   hs tulり■eteS the proof of I-4.5.

Proof of ■e- 4.6    1n this cnse′  we est― te the eqinlity

(4.16)    ∫ ?1~コ rPθノェι
。」7~lρ″ι + 1::‖}12 ,“

~コ

rPιノ・プ7~ヱρ″じ  d“
= ∫ `:,}牛

2 ?∬
~コθづ・,1-ヱρ″j  d″

as fo}lo^rs i

(4.17)    ∫ `:羊:42 ?1~lgι
。,1-コρェリ  di

≦CI'lp‖
2チ θEJコ |I Dlζρ,2'0り ||`_コ

for any positive nmber e  ,

(4.18)   ∫ ,1~l rPθり″ι・'1~ヱ
ρ“ι 
∂b

= ∫ Dl~ヱρ“tι
・

'1~lρェづ ・ ク′
'1~lρェノ″j・ ?1~コρェ  チ `5チρリプワ~ヱ z′

 “..,1~コρ“. +●        ¢ θ    Z

チ
'1~lζ

ν
l.ρ″ノ・'1~ヨ

ρ
“
.+'1~コ rρェン

1ノ
。,1~ヱρ″チ

多 ′       多         τ θ       Z

チrイ
~lrク′ρ″.ェ .リ

ー2′
4~lρ″.ェ

リ・
11~lρ″.あ

● ′       Zθ     多
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≧ 多
'チ

∫ |'1~lp″づ12 di チ ∫ ン
′
r171~ヱ prじ 12り cj 

チ

+r5チρり?∬
イン

`″

。Dl~lpr.ど“―θE‖ D″

`ρ

,40り ‖

`_コ

¢ θ    0

≧ 券:子 ‖ 71ρ  ‖2 チ
 ∫ r5チρりJ″

~コンJι
cぅ
。
'1~コ

pr」

 dr  _

―
"‖ %ζρJン,0り ||`_l J

+T,1-12j・プワ~コ prtt d″  ~  ∫ ζ5+ρりDl~コン1.ェ 
。
'1~lρ“. di 

チ
τ θ    多

チνθ‖ノρ12-θ l♂012-"‖
%rp」

′,0り ‖

`_1for scxle positive constant ν
θ  J

にD∫ T苧 め々くちゲ
= ∫ `:夕}牛

2'1~コン
:° '1~lρ″ι   器 '1~コ

ン
14. '1~ヱρ″.

′ 」    ●

_ rll■■
′りrpチ pり

 ,1-コン′
ιcぅ

。
'1~lρェι + 1:::(;Iと

 |?1-lprt12 +

チ
 黎 ,1-10″

じ
・Dl~コρ″ι + `:手:42 {_ r,1~lr、

.1.″
.リ

ー γ?1~コン1.ェ .ノ

 ー
」 ′      ′ J

― r,1~ヱ rr)撃}′ リクθ
.″ .ソ

 _ rll+口 'ノ
プ
7~1ク

1ぅ 。
5リ

 チ rPI~lr}ρ ρ

“
ι
リー }ρプ

ワ~コ

ρェ
ι
り ■

¢ 」

チr4~Fr)00″
.リ

ー)0イ
~10″

.ノ
)・ 4~lρ

“
.あ

Z             ι           ●

≧ ,1テ ∫ 絆
2'1~1′じ・プワ~lρ″ι d2 _ ∫ r':i}牛

2り

ι4~12う。'1~lρェづ チ
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件η ―∫rT為ゲ くちと
¢

チ r2口 +u′ ノ00t ソ〕
d″

チ r,::{)″ 2(2.+口 ′り
Or 20cj″ . _ :3弓  

チ g`rρ ,ν ,oノノ} と
′        θ

ン剣いちの哺ィーθ∫国が冽中と

≧
"‖ %rp,アリ||たコ～θllイ011‖ 4~12‖コ‖イρl」

(4.2■)   ―
 ∫ 絆

2'1~ヨンう。
'1~ヱ

prtt db

=  ∫ TDl-1′
じ。,1-コィン

`じ

ρc5 ≠ ′′ρ工」エリ ・ ρ“ι“̀
′

 + `5+ρ

ノン
iぅ。j d″

≧  ∫ `:手:+22′'1~1“

づ・DI~lρ″ιF′ + 編
gフ

1~コ
ンι・

?1~コ
ンit.J di

- cull o*to,ut 1l2r-,

●
多

″

ρ

コ
一プ

″

●
¢

ン
一♂

″

′

―

―

―

ソ

一〓 り{ `f♀
i♀

とρι 
― rフ

:チ:テ
ノ
2r r211チ

ロ′り
ρ
ρι +

=   ∫ r11~コン
t・

,1-lρェιり{ r;:♀:♀

上― rフ
:1:7り

2(2■■ll'ソρソレ′ρc3 チ r51pり  1、もり 十

=  ―
 ∫ rg:手fl′

り
cj′

′
'1-1ク

」・プロ~コρ″り ■ 絆
2Z` ,1~コンう。,1-lρ″. +

′             τ

子
 必 ク′″曖-1′Z′

 

ノ7-lρ″ι     _ l rJ::flfり   」″~1ク  ・プ7~ヱ′′  チ
″   ″        ″    ″ .

θ             ¢

+絆54~コ

t・
4~14・ と―"|%“リガ||二 _コ

ι
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≧―θlイン‖
2-"‖

%rρ ,2ノ ‖勇ィ.

ゆ 多∫多駅 +ポオザ‐%¨訓+ぽ ―

―θr『。り||《 r2,0り |12-θ r『。ソ『‖%rρ ,2,0り 11_1-

―θrE。り|1401111イ
~コン||ヱ ‖《ρ ll≦ θ・

Noting that

∫ 券 |IIρ 12 ・
`:1:ギ

うフ
I~12づ
・

?1~コρ″ と
,

≧チ‖イρ12-θ r『。ソ14~1ク |12,

鸞 obtam(4.10)m by■ nteFat■ng(4。 22)with respd to t.

ThiS 
―

letes the proof of I- 4.6.

Ncr^' let o be scsrE positive nunber. It{akirg

1

L o.""'(4.9) + a'"'-'(q.lo)-mn'IIF.I

we easily have

1- . 2m.-
t4.23t Lr{ azn{l - a c(Eo) )ll $tu,e) ll2 + r2'-1 ll 4pf *

tt 2m.+ 
)o 

o"'{u, - a c(Eo) - a2c(Eo) tll (+1 r",el (s) ll2 +

* o2'-1 {u, - cL c(Eo) )ll 4p("1 112 a" } :
79-
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ltrerefore, by taking o, so sna1l as

vrre have

1-aC,u4- oC.-aZC, 15-o C >0,

for scne positive constants lZ arfr, C". llc[., sr4)pose tlre fotlcwirlg

A Friori Estijnate 4.1 Ihere exist positive constants ej,e) and

c' srrch that,if E: ej and ll po,ro,0o ll :.i , it fo11crus

hftere lll . lll denotes scne senrinorm.

rtren it folIol+s frql (4 .24\ that for o < non{ e j,277176n ) ard lll p s, ?, s,

e, lll : .;,
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あ
っ
一

フ
レ

ε
０

ン，

″
チ

一

っ
一

フ
レ

ＳｐＤ

ェ

ι

　

　

θ

′

―

―

―

プ

チ

２

Ｚ
ι０

クρ

ゴ ‖的,れ %‖
2+‖ 的,れ」。‖:ノ

血 Ch 
…

 iS COrresPo2nd■ng to A Pr■ ori Est― te in Capter ■.

Thus′ if we can sb A Priori EStimate 4.1′ we can get a g■ oba■ solution

in tinE of the initial value problan (4.1)' for suitably sna}l initial

data.

4.4 cIobal D<istenoe I, Polytropic Ideal @se

In the previous section, it is shcr,red that a global solution jll tjjre

of (4.1)i can be Obta■ ned if A priori Est―te 4.l is sh― .  ■n this

section,we study an exarple irr h,tiich A Priori Estinate 4.1 is derived

only by the energy estirates.

On (4.1)',rnrc sr4>pose the follc*ring in addition to As$nrption 4.1.

Assurption 4 .2

i) Ttre fluid is an ideal gas,i.e.,

(4.25) p = R(c+il(e+e)

\4trere ,l represents gas ctonstant > 0.

ii) Ttre gas is polytropic,i.e.,

(4.26) e: cn(E+o)

wtrere cy is positive constant and e represents the internal energy

1rer r:nit rnass .

TtEn the therrodlznarLical relations inply
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(4.27) °y=γ  _ コγ
~コ，

　
　
ご specific heats > l. Substituting (4.25)― (4.27)wtrcre y is the ratio

to (4.1)', consider

ｔ

　

　

　

・¢

ι

Ｏ
」
　
　
　
　
　
　
　
ク

rr5チ pリク」リェ. = 
θ ,

′

ク′′
¢

」   畔
ρ工j

ν′0ェ ■ rγ _コ ノイ5■ 0リ ンフ
.

」               ′

(4.2):

1

*i p+p

_ ft-1)
fi(0+O)

{rllイン
l 

チ

θ

イ(Koェ 
リ
″ .

θ  ′

ンθ ソリ
エ    エ
ι   θ

チΨノ J

rll'21.り
″.},

」  ●

Oι
 
チ

rpリ ン,0り rθり = rρ 。,20,o。 ソ.

Then we have

Theorel‖ 4.9 (G■obal EXistence llheorem)    呻 se Assut■Ons 4.■

and 4.2. breover sIPose rρ 。リン0,00り ` ″
ι
 rZ>3り .  IIhen there ― st po

sid馳
…

stants co and θo such that′ if‖

“

¨ク̈ 0。 りlι ≦ cO′ then the

■n■ tia■ va■ue problun(4.2)' has a ― que solution

rρリン,0ノ  `  χ
ι

`θ

,デ
く。Jθ o ll ρ。,20,00 1 ι

リ

satisfying

(4.28) ‖rρJら 0ノ rtり |ム θチ‖,″

`ρ

Jち 0ノ rιり|lι_2→ θ as t→
…

hoof of ltreorsn 4.9 First, it is easily checked that we nlay take

(a,0,6) = (1,0,1) without Ioss of generality b1, regardjng v(6)-1 ,v,(6)-1 ,

- - - -1,?0 and ro(p) ' as U,UI,R and r. Ttren the system (4.2)r is written in the

form ;
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  + rγ

―コノイヱ+0ノ ン
].

′               ′

RO″

ι = 
ヱ子F{(llイ

ン
l′

チ

= 
締       {rKOェ jリ ェ

ι 
チ

″.},
ι

(4.29)

・ノ
」
Ｊ

μ＋

」
′

．
多

　

　

■
Ｊ

．′

″

　

　

Ψ

ン

0サ
 
■

rp,ν ,0り rθり = rp。 ,ン 。,0。 ノ .

By the previous argn-fients, it suffices to shq^r t]Ie estirates for the solu-

tions (p,27,S) e XL lO,h;O) of (4.29) which inply A prj-ori Estirate 4-1.

Set

s: (1+0)/(l+p1\-1 -t,

define a u0 (p,u,s) by

(4.30) E0{p,u,s) = r\ rrupl - 1-.rp)(1+s) +

イコ+ρ ノン
`ン

じ +Rsp + 
為  

イコチρノs2
コ

一
２

チ

Then we note

Lsrma 4.10 Ihere exj_st positive constants p,

such tllat f is positive defiflite,i.e.,

(4.31) ,tr92+lul2+02 ) 1 E0 {p,u,s) , u-1 1p2*1u12*e2 )

where v and p, depend only on y and Ee.

(ρ
2`ヱ

/2)and

for lpl < p"
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Proof of■e-4.10    First we note that for lρ l ≦コ/2

(4.32)    o2 ` θrg,2`γ―コリr s2 ■ rγ―コノ2ρ 2 ノ .

Next by lrean value theorell we m"

青 rrヱ
チρりγ- 1 - γρノ =も手p2 +γ

R`γ -2り
 p`rヱチξρりγ

~3 ,

for sare ξ
` rθ

リコノ.Therefore when lρ l≦ ヱ/2,(4.30)hs the esthate

い 許"μ静 け為 ―鼎 脚 直

- ,bo,.+Arh-allplt rl"l #- Ipl"z ] *f,,iui

_2
zfi i r, - zvll-zl ,lt-zl1pl - q-ufi-l/z)qt*L rltllrltpzt *

2 ^, ,. s zlol 1it+ zrr-utr-t/ztrt - 7lifr ) j + vu u

R z "2 1ii
1 a , , * (.(_1) q_1/z) ) + Zu u

provided lpl : pz = orq).

Inequalities (4.321-@.33) give the first one in (4.3I) . Ttre secord

i-nequality is trivial.
ttlis ccrq)Ietes the proof of Ienna 4 . I0 .

Iet us estjmate E0 {p,u,s). I'rcrn (4.29),(p,u,s) satisfy
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ρι + rriチρリン
フ
リ
ェ
′

ン
tチ ィ′

:ち  
デ暑( (1+o)\ (t+s) ) r. :

L

{(u(u" + ut ) + (utut ) }
JLJJl-

(4.34)

隆 Cmute

奇 Sゲ

r瀞

Ψ =θ .

“

.

′

ρ,c 
りρ

`cθ   ′

ヱ

ヱチρ

ε
サ
十ク′θ

Kt k-1 )
R

t-1
R( 1+p)\

Э
一膨

Eθ rp,2,sソ = riチρリァ
じ

く

lrり″.― 口4.li.―
′     」      t7  t7

K`γ -1ノ rコチsり rγ イコ+ρ りγ
~1

ri+pり
2

κrγ―コリζヱチεり
 Э

“」

s c5+

Ψ
ρ
:」

SCj   

Ψ

製

Ｐ
一

み
θ

Ｆ

一
２

チ
０
　

，
２

¢ Z
ア ン  +

rμチロ
′りrν

` 

り
2 _

′

-1リ

告
イコ+sり rriチρり

γ~1- 1り  +

rコ■ρノノ +亨曇r rコ
チρノε }ε

t

κ

`ユ
`字 ‐・

.5 cj

+ ns + fi-n "Z\ot 
* { f7 rr*of -

by use of (4,34) ......

o o -Ks s -
.t LJ ,J

ctla r( p,u, s ) 12
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(4。 35) ≦ ]イ リ″.― し1ン1.―
ri+:り rィ

`ノ

2-
′      θ       θ  ′              ′

_2え rγ _コノε″.ρ″.~そ'_s,チ "|%rρ
,ン,6り

2

θ  ′      ′  θ

where Σ r り    Ireans the tenrts ■n d■vergent foェ lu of functions of pリ ン,S
“′     ′

and their aOrivatives 血 ch w■ 1l disappear afttor ■ntegration in ェ′and

where[′ 口'and tt denOte i=口 (θ ,θ り′口
′
=ll'rθ ,θ り andそ =κ rθ ,θ り .

In nЯЯition to (4.35)′we calcu■ ate (cfo PrOof of Lemma 4.6)

ζ
 tt ρェιρェリ ・ 器

2ρ

″づ
′ι ノι

= r ρ
“ι + 器

2 

ンj りprtt チ
 器

2ρ

″づ
ク
t 
チ

・  rJ:手
f/′

ノ
pp″

ィ
ン
う
ρι + r,:岩}牛

2り

Oρ″
じ
2じ Ot

=  ●●●●●●  らy 26σ οf r`.``り  ・・・・・・

≦
 ; 

イ リc3  器

γ+ヱ

ρ。
5 

。
5  

重lI;:覧
f争

⊆奎
=2 ρcj cぅ

チ拙13イ
ク

`jノ

2チ

"%“ ,ンタJ2チ 錮1残ol%ρ
l

(4.36)   ≦
  」 r 

ノ
c5 - 25::′  p c5Scj - 2:IFTρ cぅ

p cj +

+薦
Fr``′

り2チ
"|%“

リク,Sり 12+α イ01%ρ ・
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くＯ
Ｐ

くθあ∂‘‘α
Ｐ

チｒ
υ

２
υ

‘

′

―

―

―

プ

●
多

％
●
多

％

コ

一
２

＋Ｓ′ρ

θ

Ｅ

′

―

―

―

プ

ａ
一計

７３４

Mak■ng

lre obtain the follcming enerqy ineguality

then

チ
 絆

2%`′
づ
 り  d″ 手

+ ∫ 「21′

`i′
 + `]+17リ

イン
` 

ノ2 チ 22(γ―コノ・9“
 pa・  チ

c‐               θ  θ

+βrfttρ″ιSェづ+f「 %%― 希イン
lυ
り2と

≦
"‖ %`ρ,2,0り ‖

`.
IIherefore if we take β sO u‖all that

β く 7ιπ r ll::」」こ」LI: ,  ri+予 ′ノr2'■「′ソ ,  4κ (211+口 'ソ  リ,

多 ` ρ
2 + 

あ
θ

2ノ
 ■

 多
′
t′じ

 + ,ρ
ェ
tρ

″
ι

` 
『

θ
 rρ ,2,sノ  十 βr ' ρ″jρ″ι ・  2「 +「 '2ρ

″jク

ι
 り,

「ν
税  + 

そγr 777T;Z「「
S c5S c3 チ ρ C5p Cj リ

` :ク

l′
ク
i′ + r「

・ u′
 _ 5F:FTり rァ

:Jノ

2 チ マs c5s cj チ
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+ ( zi.(^t-l) * +- )s- o^ + { lry-t)z * 4 tp- p-
2p+v' *i *i zv+v' *j *j

Thus after integration ill t h,e obtajn

∫ 子 r ρ
2 + 

論 ノ 62 り ■ 多ンじクリ チ ,pc5ρ c3  d″

チ
 ∫:∫ 

ロン
1′
′
i′ 

≠ そγ̀
 
ρ工ιρ工ι + 777:ア Z「173ェιε工ιり diと

≦
 | 『

θ
 rρリンリSリ  チ βr tt ρ″じρ″ι + 器

2ρ

“ι
Zじり d″

 |ゥ
=θ  

チ

と
２

１
０２ρＤ

″

凌
　
　
ι
＝

θ

′

―

―

―

プ

″
―１１
り
　
　
　
　
”

り

　

　

　

　

　

　

＋

０
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２
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Ｏ
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／
１

　
　

　

　

　

　

　

〈
０

，
″
　
　
　
　
¨

ン

ι

　

　

θ

　

　

　

　

０

ｒ

ｌ
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ρ

“
　

　

釧
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く

一

と
０
´

Ｔβ
　
　
　
と

２
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２

１

●

　

　

　

＝

，
工
　
　
　
Ｊ

＝

　
　
　
川

洋
―
―
句
　
　
　

，０

チ
　
　
　
　
　
μ

２
　
　
　
　
●

＝̈
‐‐
　
　
　
　
　
　

νヽ
ェ

ι

　

　

　

　

　

　

＝

ｒ

　

　

　

ｔ
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ｐ
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ｌ
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チ

２
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＝
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＝
＝
＝
　
　
　
　
　
　
　
く

一

と
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´
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着

２
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２

コ
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ｌ
ｌ

，
ェ
　
　
　
リ

ｔ
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０
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タ

＋
　
　
　
　
　
μ

ρ

Ｏ
一
　
　

　
　

　
　

　
　

′
―

＝
＝
　̈
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ェ

ι

　
　
　
　
　
　
　
　
＝
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θ

恥

可＋

チ

２

１
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＝
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０

ｔ

　
　
　
　
　
　
　
　
　
　
　
　

，

ソ
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，
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＝
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Th■s is the desired est■ mate,dch ■mplies A priori Estimate 4.1.

Fina■ ly the decay estimate (4。 28)Onsily follcws fran

ｐ

θ

ク
　
＞

一

Ｓ
　

，

トイfし″po暉 チ
柳 R∫確り‖免ヱ到 り 研づ晰とく+∞

4.5 Global E<istence II, Isotropic Ner,rtonian

In this section, returnilg to ttre origi-na] problern

(4.1)]

ρι 
チ rr5チρソン

θ
リ
ェ. = 

θ ,
′

2:・ ノ
C ttp″ι蒜

Oι
 
チ 2′ Ocぅ

   織

′
:′

rρリン,0り rθり = rp。リン0,00り J

{tvtuar.+
J

(f,+e)c,

4.ノェ
ι  」

`ζ

KO  ノ
″
」

(tt'uJ ) ]
JL

″.チ
Ψり ,

」

we seek a global solutiul ェn t■me ■n the set χ
ι

rθ ,チ∞」
『

り  where for F く E。

xl {tr,tr;r) = { (p,u,0) lpe co {tr,tr;aL ) a ctttr,tr;ttl-l ),
(u,0) e co (tr,tr;uL ) A ct (t1,t2;HL-') n L2(t1,t2;Hl+1 ) ard.

^ft.sup ll {p,u,e) tt) lli + | 'll pr"t lli *t.<t<L. " ) t^

Here vle note ttnt, although this difiniti qt of xL

fr€rn ttEts i-n tl1e previous secEions, all results

Then r+e have tle follcrrring nain theorsn in this

ll ru,ot ts) lll*, a" : s2 j.

is slightly different

hold even for this xZ.

chapter.
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ltrcorern 4.1I (Global D<istence ltreorern) Suppose Assrnrption 4.1

and the hitial data

rρ 。,2。 ,oOり `  ″
ι
 ハ 五

コ for ι ≧ `′

and set

o7 = ll oo'uo'oo ll 7 + ll po,uo,oo llrl

ltren there exist positive constants eo and Co such ttrat , if Q, < es ,

then t}le initiaf value problern (4.1)r tns a unigue solution

(p'u,e) e xL (0,1-,;CoQL),

and it has tle decay rate

(4.3s) ll {e,u,e) (t) ll z < coor{t+t)-3/4.

In particular, if

(4.39) U , ut and r do not dePnd ot p,

then ttre above asserEion holds for L > 3 aLso.

By the argurents iI the previor:s sections, it suffices to stlo^/ the fo1lo-

wing a priori estjrrEte wtr_ictr irrplies A riori Estinate 4.I and tie decay

rate estirate (4.38) .

Proposition 4.12 Urder the sare assrnptions il Ttreorqn 4'II'

there e><ist positive constants ej,e) arA C' such ttlat ' if AL : ei 8d

E < rl , then the solution (p'u'I) € xL (o,h;E) has the decay rate estirate

(4.40) ll tp,u,o) (t) ll z < c'QL(l+t)-o/' '
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for L = 4 il general and Z : , in the case of (4.39) wtrere ei,et arrd C'

do not depend on ft.

Proof of Proposition 4.12 !$e can shcrv; Proposition 4.I2 by in-

vestigating decay rate for tlre solutj-ons of the lilearized equations.

Rs^rrite the systern (4.1) ' so that all the nonlirrear terms appear at the

right hand side of eguations ;

ρダ54=ノ ,

多

にO14■%ダ 帆 ―砒ι―輛π↓=ノ ,

レ    多    θ ′      `′

Oι
 
チラ♂1. 

― え0ェ

“
 =∫` り

θ      θ θ

rρ,2,0り ζθり = (p。 リン0'00り  ,

where

pコ
 = }prθ ,θり = pprθ

,θり

 , ぅ2 = }O rθ J θり = PO(θ
,θり

 ,

P3 = }g rθ ,θり = :::キ
;::::, 

「 =trθ ,θり = 世I`与
|と

と
'

こ′ =1'`θ J θノ = 世」」

::」

2と

' 
そ =2rθ ,θり = -1111;::;:一 J

and

∫
ρ = ―ρ21. ― ′

′
ρェ   J

′        ′

(4。 42)    F」 = 4-「ノν
l」 cj 

チ 4-「力」′―口′リク′
ι c6 ~ 8ρ

~う
コリρ″ι - 00-,2'0■ι ~

- 9■ ―



_ノン

〆=

チ ru“
.ィ

`
′

κりOr.″
.

」 ′

●
多

７

″
ロ＋θ

」
¢

ンチ・ｏ
　
」
′

一

り
」θ
　

縦 - 4ン
3-ラ gノ

ン
i. 

―
θ

u" )/ (otn ) .T.
J

u'j e + k
JJ

o″
.響

り/(pゃりο
7

′

Set

(4.43)

醐

(4.44)

α = J Pρ
`θ

,θり  ,  β

、IPρ  
θ,θり

  ρ

ρ

●
2

イツ 0

θ

― αЭ
″ .

多

θ

pO ζθ,θ ノ

ρ

, Fryノ

 ̈αЭ
″ .

′

「δ
ι′△ チ ritu′ノЭ

`ェ

多 t7

- βЭ″.

′

ヽ

―

―

―

―

―

∫

′

ノ

ヽ

―

‐

‐

り

／

●
″

′

′

‐

‐

‐

‐

ヽ

ヽ

〓
４

θ

βЭ

κ△

lten lye can write (4.41) jn the form

Q.45\ U, = AU + F(U) ,
L

or in the Fourier transform of (4.451

A.461 U. = A(E)U + F(U) 'D'

wttere
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(4.47)

Novr 1et

of A(E)

(4.48)

*t xs(E)

f(x)=0.

A(E) : - ioij lel'

arnlize the spectnm of A(E). T,tre

given by

characteristic equation

ヽ

―

―

ノ

／

た
こ

θ

　

　

　

α

　

　

　

θ

●
多

／

／

‐

‐

＼

L?LL .

+ (i+i,)E,8.

0

iBE,.

llql2

¨
　
　
・Ｓ

det | )J - A(E) |

-- rr+[ltlz l2{ x3 + (i+zi+i')lEl2x2 *

+ ritzi+i,11q14+{az+Bz)lel2 lx * o2i1t1a }

= tx+ilEl2 t2frxt

= -ilEl2 and denote

Itrcn lre have

W Xi(t,) (0<i<2) tlre rots of ttrc equation

I-emna 4 . t3

t\ Xj(a) deperds on only lql ""d ),j(0) :0 (0<i<3).

ill Re )..(U < 0 for alt lgl , o (O<j<s).

ii!) rank (^a(E,)r - A(Q) :3 fot all lEl except at rost one point

ot 16l > o.

iv) Ilrere e)dst positive Gcnstants ,1 , ,Z such that xj(Q (0<i<3)

has the Taylor (resp. Lar-rent) series expansion

(4.4s) 
^ 
j(E) : ,i, lr,l"^(.")

(resp. rr(E) = i_rtr;n^(h)) )

ror 16l < ::, (resP. l1l , "z\.
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Itre Taylor series ex5:ansion has the form

2-

λ
θ

rξり = ―

 沖

λヱ
ζξノ = ιV冤

2チ
β
2

lq12 + orlElst ,

拉

２一
】こ

(4.50)

(4.5■ )

(4.52)

オ           イ

λ
2`ξ

り = λ
l rξ

り  ( λ  represents

絲
『

刊ψ

oomplex canjugate。 ),

λ

`rξ

リ= - ul6l

arrd the Laurent series oq>ansion has the form , it V * Zi + i' ,

λ
た

rε り =-5i7FT +θ rlζ l~コ ノ ,

vフ ー維 詰 耐 悦

+ r2[チ
5'一えりα

2.r21+:7り
β
2

(2こチi′ りr21+「 ′-2リ

rθくた,ι ,″く2リ

チ οrlζ l~ヱ リ ,
, ,9

).*(l) = - (21t+yt)lll-

-, ,9),r(t)=-ulql-,

if Z = 2: チ :′ ′

λ
た

rξ り =

λ
ι

rζり =

λ
″

rξり =

λgrξ り=

オ

λιrξり ,

一「 lξ 12

2-_L +o(lEl-r)
K

- ilr,lz + i.Bl€l o(lEl-1) ,チ
２
」
・粂

，

　
　

　
　

　
　

　
　

一
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v) xj + xk, i+k for all lll expept at rDst four points or lgl > o.

vi) Ttrcre exist positive c@stants B, and g, such ttEt for att lE l<r"r,

- S^ltl2 . Rn ).,{t,) , - g,lElz (o<j<3).
,J-

vii) There exists a positive constant B, such ttrat for aU lEl:rj

Re \,(8,) < - B^ (0<j<3).
JZ

viii) ltre rnatrjx ponential etA(E) las the spectra1 resolution

(4.s3) eil(e) - l, ""xt(E)r.rrti=o " r-
for aLl |6| except at nl3st four points ot l1l > 0.

1x) Pi(U (0<j<3) has the estirnate

‖%cり ‖
`θ

 fOr lξ l`も andに |ン 2,

where‖・‖denOtes the natr■ x norln.

X)By md■ fiCation of the right hand s■de of (4.53)′ (4.53)makes

sense even neЯ r the po■nts of a mu■tiple eigenvalue′  and ο
し4 ζξノ has

the estimate

lll Jn(r,t 11 . ctt+t)ln-gzt ror 16l > r, .

xi) Eor lEl . "r,P j(E) (0<j<3) has the follcniing extrxnsion corre-

sponding to (4.49) ;

P:(E) = 7 V.fr(d r,t ,
Jn=0t

wlrere o = ElEl-l fr tplo ) frst are ort]rcgonaL projections and are

given by
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e(oa 
) rrl

e(ro 
) r^l

e[o)r^t

e[o)t,t

θ

δ
ttθ  ― ω

じ
、j

θ

ヽ

―

―

―

ノ

ノ

θ

　

　

　

θ

　

　

　

θ

／

ノ

ー

ー

ー

、

〓

θ

二
。
2+β 2

θ

-αβ

α +β
2

2
CT

99
2(o"+8" )

wi
2/o" +8"

O,B

z ( a'+B' )

2
α

2 ro2チβ
2リ

αω
ι

2■ヽ
2+β 2

αβ

2(α
2+β 2リ

-2ジ

'先

7

堕
2

-万

矛 ≒ ァ

―α6

。
2+β 2

θ

2
α

α +β
2

α3

2rα
2+β 2ノ

βωづ~ 2■

ミ
2チ

β
2

β
2

2 rα
2手

β
2ノ

oB

z(o2+82 )

funn:m6{d fb

:2
6

z 1r2 *g2 )

物

2■、
2+β Z

堕
2

瀞
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Proof of I-enrna 4 . 13

i) It is clear.

ii) ff we suppose iv) for a nrrrent, it suffices to sho^/ t}raL f (ik) + 0

( k : real) .fipse

E/^'1,1 - -' L3 I o

J t,^, - - uN - (i+zi+v,)ltl"k' + i(i(zi+i,1161'+ta"+B" )lEl" )k
. 2-tr14 - n+ c Klst

Ifrcn we have

く α

め

　

目
一　
　
　
♂

　

¨
　

・
　

梵

一
κ

　

　

α

　

　

・ｙ

　

一
Ｋ

　

　

ａ

岬

　
　
　
　
　
　
　
　

・ｓ

ヽ

ヽ

―

―

―

ノ

／

．

２

た

　

　

こ

ξ

　

　

　

ｌ

θ

　

　

　

β

　

　

　

ノ

．
多

　

　

　

一
μ一

一
Ｋ

which

iii)

Consider■ng the mL∝ {イロ+:りこたこノ′̈ Can

じαξ
′

riチ :′りこたこ′

tβξ
′

ρnsily see

rdnk(xl(E)r-A(E))<3.

sjnce IEI > 0,ue rnay suppose E, * 0 without loss of generality '

consider the rn-ilor
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ιαξコ

ィ:チ17ノξ

`じβξヱ

dοι ″= lξ 12ξ

`{そ

α2 - r。 2+β 2り

[ - 5 riチ:′ノr2-1り lξ 12),

2-
if :,与

1'≦
 ]≦  R ,

ヽ

、

―

ノ

／

・

つ
″こ

Ｓ

ｉ

　

　

　

ｌ

）こ

　

　

　

　

ノ

θ

　

　

　

６

　

　

　

一
Ｖ

．
０
　
　

　
　

　

¨
一
κ

つ
０１

　
　
　
　
　
　
　
ヱ

”
ｔ

　
　
　
　
　
　

こ̈

―
ｌ
　
　
　
　
　
α

　

　

　

　

θ

〓
μ

　
　
　
　

・
多

¨
／

／

‐

ヽ

ヽ

〓″

ごοι″ ≠ θ   for a■ ■

2
and if i > κ or 口 く

 ヵ
リ

dοι″チθ forに 2

Ir.l ,6,

チ 
そα

2_lrα 2+β 2リ

urロチロ′りrk-1リ

wtrich inply iii).

iv) !^le apply tirc follo*irtg lama (Appenctix jn tl3l I tD f (D : 0.

L€rmE 4.14 l-et p('c,n) be a polynonial i-n tr,vo variablesT and r1

wtrich has the form

p rT,η り = ο
″

rnり T″ チ ο
″_l rηりτ

″~1 +.....●
●チ Oθ

`η

り,

where″ >コ and ο rTり =θ o WO Can then write
―         ″

″

p rT,ηり = ο
″

rnり

 ] rT 
― ■

′̀
η

リツ ,                                    1

where each Tプ for sare FOSitive■ nteger p■ s an analytic funct■ on of f
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L
r^tren 0 < l1l < 6,with no essential singularity at rP = o,that is,

- !,
t;(n) : L ar(r()n (Puiser:x series ) .o k=N ''

Here l/ may be a positive or negative iJlteger or ,.

In a neighbor:rhood of lEl : o,vre rnay set

.r=r, n_- lEI and p(t, = f(x).

Substitutirg

_l_
(4.s4) 

^;(E) 
: ; 

^(.k) 
(El P tk! k=l'l t

into ffl) = , directly, vle can see ,V =.I and p : l,arfr, cat aeter.:oe ,f {k).J

in turn. Ilere we cmit the tedior:s calcuLations. Iherefore the Puisetrx

series (4.54) coincides with the Taylor series in this case.

s5rn-i1arly, irr a neigrftourhood of lEl -- @ ,$re IIEy =et n : 16l-1.

v) Denote ttle point of inflection of f(X) by

λ丼一学 |こ 12

where γ=21+1'. Then we can write frλ り in the form

f(x) : (x - x*)a + ft(x*)(x - x) + f(x*)

where

F′

`λ

スリ =1:上
2{ `rα

2+β 2リ
 ー lξ 12r'2_,γ+γ

2り
 },

(4.55)

″り=ダ 砕ψに認ψ″とψlξ12瘤″とヵ2_晨りβぅL
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,y (4.55)′when we set

配 =鮮 ,

it is cl“ r that″λり =θ hs One real r∞ t and ttЮ culり■ex roots耐 ch

are conjugate of each other br θく ξlく lζ θ′that is′ threeこfttrent

roots.so suppseに |こ にlθ h What fOll"s.腱 ∞te the λ nch gives

the minima■  va■ue and the raunal va■ ue of Frλノ by λ+ and λ_ respective■y.

Then they Яre g■ven by

λ
チ   

λォ 古 早

frλ
+り
 =ヂ

`

縫 re

θヱ
`ζ

ノ = r'チγノr2-2γノr22-γノlξ 13 ■ θ rr22_γりα
2_rk+γ

りβ
2ノ

lξ l ,

92(ξノ = 2r r22_Rγ+γ
2り

lξ 12 _ 3(α
2+β 2ソ

 ノ
3/2.

Not■ng htgiυ ―g`ω iS the plyn― a■ ofに 12醐

θ

`rξ

ノ ー θ

`rξ

り = - 27'2γ 2rそ
_γり21ξ lθ

 + ιου″ ο滋′ tο r″  for ' チ γ,

= ヨθθβ
22`lξ

l` チ ιουο′ οdο′ サο′″  for ' = γ,

itお1lcws that g`rυ ¨

`ω

 eXCept tt nost hee phts of lξ l>α

Sinoe the mu■tiple roots appear only when

frλ
+り

 = ⊥
5'l r gl(ξ

リ ア g2(ξノ リ = θ,

い C・earは ,′ωしiθ
¨ d・ferent each other except… 糞hee

po■nts ofに |>θ・ FInaLly let uS Investigate a poss■ bility that λgr=リ

∞■nc■des w■th one of{λ」にりりiθ
.

s (a2+g2 ) ,

gヱ

`こ

リ チ g2rζリ ノ,
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By

frλ g rξノ= ―口lξ 12り  = 「 rγ -1ノ イ1-そりlξ lθ  チ r2α
2_lro2チ

β
2ノ

ノlξ l`,

We haVe Frλ
ノ

F θ eXCept at IIDst one pomt Ofに |>θ ・ Ihus it is proved

that{λ′にりりiθ are different each other except tt mstお 町phts of

lξ l>θ・

vi) and vii) Ttrey are easily proved by ii) and iv).

V■■■) 野  ili)and

four pomts ofに |.

V)′ 4 rξノiS S並―s“■e fOr al■ に|>θ eXCept at mst

Therefore ο
t4 rε ノ can be written ■n the foェl lt(cf.[301)

。"rξ
り = nt^.i(E)p.(t)- J'θ

３

Σ

〓
●
′

where

(4.56) Pι (ξり =
4 rξ ノ ー λ

′̀
こ

ノI

λ
じrξリ ー λ

′̀
ζ

リ

ix) and xi) lVe can see ix) and xi) by substituting (4.50)-(4.52) into

(4.56) directly. rn parEicular for p = 7qT i,=io".
, o*o^

xo(E) - xr(o = ( i - -s-a sE( + o(lEls),
o'+B'

we need to calcurate txjs) fell ** $:'' (E)] v*rich are given as

も判 ギ +訃 静 州φ ,

テムう♂‖_雫′‖2-矛款…
与4輌邦リピチ

■
″

●

θ
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チ
袂

ピ 刊 引う,

λ2= λ
コ .

X)  In a neighbourhocA■ of λ
た = 

λ
ι ζチ λ

″,チ λη, λ
″

≠ λ
れ
り′ we may modify

(4.53)as

。
t4rξり = 。λたι (I ― Pm―  Pれリ チ ο

λ″
ι
 Pmチ σ

λ
″
ケ
P4 +

チ r努 り1生itiダt;半考:多iづ
lrr4(ξ リーλた

Iノ J

"は
ch コ甲plies in this ne■ ghbourhnd

‖ο
tt rこノ

‖≦θ
`ゴ

+ιル
~β

2ι .

Simi■arly we may md■ fy (4.53)in a neighbollrhood of λ
た = λι = λ

″
≠ λ

η
as

etA(E) - n\kt(t - p ) + e\ntp +'n' ' '-n

チ r 
°
λ
ι
t ~ 

°
λ
た
し
 り̀И

 rξリ ー λ
η
Iり

 r4ζ ξリ ー λた
Iり  ■

チ青 〔r≧
lii―:―fl:二

ち―́ZLi:_:_il,1ち・場尋。

・ζ′rζ ソ ー λた
Iり

`И

 rζり = λι
Iり  J

耐 h a neighbourhood of λ
θ
=λ

ヱ
=λ 2=λ

`as

。
tス rξり = 。λθ

ι

・
 + r」

≒
(;三

|`(羊
どち(4 rξノ ー λσ

Iリ  チ

― ■02 -



チ
ヌτ「

:卜ぅ「『
{reL(:lil→

|)ユ

ι
ノ ー r`l{::|]|そ

:gFり
}r4rξ リ ー λθ

Iノ r4rtノ  ー λョ
Iノ  チ

+洗Ittr響ル(≒イ ル裁 {

r°

λ2t ~ °λθ
ι
リ ー r°

λコ
ι ~ °λθ

ι
り〕]r4rξ ノ ー λθ

Iリ イスイξり  ̈λ
IIノ

イスイζノ ー λ2・
り.

助

“
′h al■ cases′ we have

‖。
t4rξ り

‖ ≦
θrみιり̀

ο

~β
2ι .

This culり letes the proof of L― n 4.■ 3.

― define 夕
｀
F by

ｒ
Ｓ

∂こ́

〈
Ｆ

ｒ
ｓ”チ´

こ″●
θ

′

―

―

―

プ

７
υ¨

Ｔ
，

４〓Ｆ捌
０

ltren,by virEue of Lennra 4.I3,the follovring estirnates of decay rate for
tA_e I'.i

I-ernna 4 . 15

i) For F e L2 a Ll ,

ll ntAr I . cn+t)-s/a(ll r il + ll F ll/.

ii)Forren2ni,

IDェθttF‖ +‖
'`ο

t4F‖

`θ

r卜ιノ~5/`r‖ F‖
2・ ‖F‖

ノ
ノ.
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Proof of Lelnna 4.15 I,e shcn only i) because ii) is proved in

the sare way. By Plancherel's theordn,

(4.s7) ll ntAr ll2 : 11 ntA(E)ir6t 112

=  ∫
lξ l≦

rョ
 

ごζ チ
 |lξ

l>′ 
′ξ =  ‐7コ 

■ 12 .

By I- 4.13′ Iヱ and 12 are est―
ted as fo■ ■us ,

(4.58)    Iコ
 ≦

 F′ :θ∫
lξ l:  

ο2R°λ」rξりtl,(ζり12 どξ
`′

コ

珂
1引ソコ

‖ゲ喝国%鋼 rsr ttυ p2

≦ θζコチιり
~3/2‖

 F ‖
:コ

 J

】こ′
２

こ
Ｓ

〈
Ｆ

つ
一

一こＰ
．′

，こ

θ

λι

０

θ

３

Σ

〓
●Ｊ

′

―

―

―

リ

〓

生
９
´ｒ

Ｓ
Ｆ

′

―

―

―

プ

ｔ

０
一

Ｏ
ｐ

つ
ι一

σ

θ

ｔチθく

一
０
●

Ｉ９Ｅ
υ

４

. c ( t+t)o e-28 zt ll, ll'.

Ttrus (4.57)- (4.59) give

ll ntAp ll , c(t+t)-3/4( ll r il + ll r ll r,.L'

This ccfiptetes the proof of Lsma 4.I5.

B1z virtue of Lsrna 4.15,,we can establish the a priori estirnates for ll u ll ,.
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Eor this purpose,we pepai-r the follcrvirg lenna wlich is verified ky

LsErE 2.f iI ttre sane way as iI the previous chapters.

rsma 4.16 For (p,u,o) ( xL (0,t-;to),there er.ists a constant

C(Ee) such that for every fixed t

I F@) ll J + ll E(u) I < c(Eo)ll u ll3 ,
(4.50)

ll D&Fo) 11 + n o%ot ll < c(Eo)ll u llzll u llE ,

and particularly irr tlre case of (4.39),

(4.61) ll DEF(U) 11 + 11ofurut ll < c(Eo) ll u llerll u lla * ll u,o ll/.

Iilr^, we are ready to establish the estinates for ll u ll ,. First the

eqr.Etion (4.45) can be v',ritten ill the form

By Lenrnas 4.15 and 4.16,we have jn general

“
.64) ‖,ェυζ̀

ノ

‖+‖
?`y`ι

り‖

Ｓ
ｄ

ＳυＦ
И６一

ι

０

ι

　

　

θ

′

―

―

―
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＋θυ”
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ｔｙ２６４

あ
り
乙
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０

Ｓυ
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一
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ε
∂

‘
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つ
４

つ
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／
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ｒ
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一

ｒ
υ
　
　
　
　
　
　
　
　
　
　
　
　
ｌ
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一
　

　

　

　

　

　

　

　

３
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一

“
　
　
　
　
　
滝

ι

　

　

　

　

　

　

　

コ

ル
　
　
ι
ｒ

θ

ｒ

　

　

　

　

　

ｌ

ル

　

α

チ

　

　

　

　

　

　

＋

Ｚ

　

　

　

　

　

ι

Φ

　

　

　

　

　

Φ

黎
　
　
　
砕

一　
　
　
　
　
　
　
　
一

ｔ

　

　

　

　

　

ｔ
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＋

θ

　

　

　

　

　

θ
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一
　

　

　

　

　

く
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and ェn particu■月r for the case of (4。 39)′

(4.65) 1%υ  rtノ |チ ‖イυrιり
|

IIherefore when we def■ne″ rιノby

″rιり= Sψ  rヱチsり
3/`‖ υ(Sノ ‖2'

θくsく 0

it fo■lovs from (4.63)― (4.65)that

″rtソ ≦  θ Φ
ι +  θ 67rtノ リ

2 +  
θ EMζ サリ ,

wh■ch 。■s■■y コmplies

M(t) <coL tor o7 17ei errra t.ae)'

tllat is,

ll {p,u,o)til ll , . c'Qr(1+t)-3/4 tor 07 1el and E < e)'

TtLis cqpletes tlre proof of Prcposition 4'12'
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