CHAPTER III

QUASILINEAR WAVE EQUATIONS

In this chapter, the initial value problems to the quasi-
linear wave equations are investigated. The existence theorem
for a unique local scolution in time is established in § 3.2.
In § 3.3, manipulating the energy estimates alone, we obtain a
unique global scolution in time of the quasilinear dissipative
wave equation with suitably small initial data. Furthermore in
§ 3.4, using a combination of the decay rate estimates for the
solutions of the linearized equations and the energy
estimates, we obtain a unique gleobal solution in time of the
quasilinear wave equation with suitably high nonlinearity and

small initial data.

§ 3.1 Ecuations and Historical Remarks

Let us consider the initial value problem to the quasilinear wave

equations
" )
(3.1) Upp = g a..(u,Dx,tu)um.x. + b(u,Dm,tu) =0 =z &R ,0<t<T,
1,d=1 T d

with the initial data

(3.2)

ule,0) = ug(x) , ut(m,O) = wuy{x) ,

where we suppose the following :

Assumption 3.1

i) a;:(y) & R 1<i,5<n
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ii) aij(y) = aji(y) 1<i,j<n.

iii) There exist positive constants vy 0 and v (<1) such that

2 n -1,.,2
vlg]® < I a; (y)EE; < v [

£l
1,J=1 +d

2

for all £ ¢ F' and y ¢ R satisfying |y| < y,.

iv) bey) € Y.

v) b(0) = 0.
In particular,we say "dissipative" in this chapter when 3 has the form

+ %(u,D u)

(3.3) blu, D ,u} = qu e ¢

x,t t
where o is sanme positive constant and %(y ) satisfies %(0 ) = ¢ and (py%}
(0) = 0.

The equations (3.1) describe a mathematical model of vibrations of
nonlinear string,film and,generaly speaking,model of wave propergation
in a medium with nonlinear structure (cf.[1][65]). They also have a
relation to the equations for heat flow with memory (cf. [ 4]1[341([35]).

In fact,the simplest model for heat flow with memory is represented by

Las)
h

t
- J a(t-s)qx(s) ds ,
a

(3.4)

-o(em) { c'(0) >0 ),

L
Il

where g and g represent absolute temperature and heat flow respectively.
When we take g(t) = §(t),the equation (3.4) is reduced to the usual qua-

silinear heat equation
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8, - (o(6, )) =0,
x' 'z

t
and when we take q(t) = e_at ,the equation (3.4) is indeed reduced to
the quasilinear dissipative wave equation

8, - (068 ) +ab, = 0.

tt
The local solution in time of the initial value problem (3.1)-(3.2) is
investigated in Dionne[ 5]. So we are interested in a global solution
in time in what follows. First note that the quasilinear problem(3.1)-
(3.2} dose not generally have smooth global solutions,no matter how
smooth the initial data are.(cf [19][20]1[31])., In this thesis we treat
only the smooth global solutions for suitably "small" initial data.

For the semilinear wave equations

u .Z. aij(x,t)ux z + b(u,D_ u) =0,

tt 2. x, t
Ly 7g

there have been many results,for example,Ebiharal[6][ 7],Glassey[10] [11],
Heinz and Wahl[12],Lions and Strauss[33],Matsumural36] ,Morawetz and St-
rauss[44] ,Nakao[45]-[52] ,Rabinowitz[57] ,Rauch[59] ,Sattinger([62],Segal
[63] [64] ,Strauss[67] [68] and Wahl[74]-[76].

On the other hand,for the quasilinear and nonlinear wave equations,there
have been a few papers,for example,Rabinowitz[58] ,Nishida[55] ,Matsumira
[371[38] and Klainerman[27]. To be precise,Rabinowitz obtained the time

periodic solution of the nonlinear dissipative wave equation

2

-u_ Foau, = sf(x_,t,Dx’ u,Dm’tu) R

t
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x & [0,1]1, t € Rl,a>0,

for suitably small ¢. By the arguments of Riemann invariants, Nishida
cbtained a global solution in time of the dissipative wave equation

utt—(o(um))x+au =0, x ¢ RI, t>0,a>0,

t
for suitably small initial data. But his argument is not applicable

to the multi-space dimensional cases. For the multi-space dimensional
cases, Matsumra obtained a global solution in time of the dissipative
wave equations (3.1)-(3.3) for suitably small initial data. The proof

is based exclusively on the energy estimates alone. These results are
summarized in § 3.3, Furthermore in § 3.4,it is proved that ,if the quasi-
linear wave equation(3.l) has suitably high nonlinearity,a global solu-
tion in time of (3.1)-(3.2) is obtained for suitably small initial data.
In this case,the proof is based on a cambination of the estimates of decay
rate for the solutions of the linearized equation and the energy
estimates., Just recently,Klainermann cbtained a global solution

in time of the quasilinear wave equation

_ 7
Uy - .Z.aij(Dm,tu)ux.m._O’xGR s >0,
Tad Y]

for the space dimension » > 6 and suitably small initial data by using
a cambination of the decay rate estimates,the energy estimates and the

Bormander's implicit function theorem.
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§ 3.2 Local Existence
In this section,let us construct a unique local solution in time
of the initial value problem (3.1)-(3.2). Of course,we suppose Assump—

tion 3.1 here, First,by Lemma 2.1,we can choose a positive constant

1 n+2 H[n/Z] +1

E, such that,if f = {f }i=1 € satisfies | 1 | [n/2]+1 < By,

then we have | f “:BO <Yy letsbea positive integer not less than
[n/2] + 2. Then the solution is sought in the space XS(O,T;E) for some

E < Ey and 1 < T where,for OStIStZET'Xs is defined by

PrttE) = {u| u e et (0cice)  and

2 2

P4
arg u, () ||S) < E

sup (|| ulz) |

£,<t<t,

(E<E,) }.

Next,for v & X°(0,1;E),consider the linear problem

n
Lv(u) Uy, - Z._ aij(v,Dx’tv)ux'x' = - b(v,Dm,tv) »
1,J=1 1
(3.5)

ulx,0) = ug(z) , ut(:r,O) =u(z) , ¢ € o s 0 <t < T,
In order to apply Proposition 2.8 to (3.5),we prepair

Iemma 3.1 Suppose Assumption 3.1 and v,w ¢ Xsfa,T;E).

Then we have the following :

. ¥) 0
i) a;;(v,D, v) € oo, BT o, ).

g

ii) v|g|? < T oag (D wIEE, < vigl?,

7
1sd J

for all §,x € R' and 0<t<T.
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i)

‘. -1
0 .
iii) Dx,taij(v’px,tv) £ C (O,T,Hs ).

iv) | D:Jc, taij (v, D:c_, t -1

3 0
where h,(y,) = sup g | (e (y)].
T lvlsyy el ¥
v | {ey;0,0, ) - aij(w’Dx,tw)}vxixj I,

Schl(yo)(" V- ||S+ | v 1+ | v

t"wt "s- s+1

. 0 .
vi) b(v,Dx’tv) € CO(0,1:H ).

g-1
+" vt "S) (" v I|S+1

vii) | b(v,Dx’tv) ||8 < Chyly ) (1] v | 5

* " vt Ils)I < C(Eo)(" v ”S.’.I * " Ut ”3) M

where kz(Yo) = sup b |(%—)°°b(y)[.
4] <yylal<s Y

viii) | b(v,Dx, L) - b(w,Dthw) 4 < Cho (vp) (1#|| vsw || #]) Vs

ol

| v-w I|s * " vtﬁwt "3_1
k(3

i . (v, D - b(v,D

ix) | 12,,;:':1%‘7 (v, e, tv)w:rimj (v, 2, ) ||S_1

1A

COEJ(fwll gyt ol + vl 4

tA

Ce (EyJE .

Proof of Lemma 3.1

Since v € X°(0,7;E) and s + 1 > [n/2] + 3,lemma 2.1 asserts

- 40 -

s-1
< Chyfy, ) (1+]) DtV 127 (v llgg *

8=-2
+ | Vs, ]|s) .

+

. 2
Ve "8-1) ’

) < CLE (|| v-w ”s *lvw, |-

2



v € CU(O,T,‘Bg) N 01(0,15131)

which proves i).
ii) It is clear by the definition of E; and iii) of Assumption 3.1.

iii)-ix) We can give a proof by using Lemma 2.1. We show only vii) beca-
use the others are proved in the same way.

Now

| bv.o, 00 |

3
< i blw,o, 0 | + 1 | (ggﬂab(v,L&btv) I
<laf<s
7
< | J (y+D,b) (ty) du | +
0 y=(v,£&atv)
ZI 3 pKI Z2 3 ng
+ T z Cg (vyD_ w) Nl (=} "vI (=) “v, es
<[a|<s I<f|p |<]a] PP BT o1 ¥ g8t
L 1 2
1<zt <ol
l P
nte K
3 n+2
e T (5 v |
Kn+2_1 n
=I,+1, ,

where gp(y) represents one of { (%EJBb(y) 5 |8l < o] Y} and o = o, 2P, s
1 2

cesp s I<k <l and I<men+2.
Kn+2 m-m
For Il,we have easily
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I sty ol + v ).

let us estimate I2. Since we can easily have the desired estimates for

the terms with zZm= 1 in Ié,we may suppose zzm > 2. Furghermore , if

K

[pK | < s - In/2]1 - 1 , we can estimate the factor (%EJ "¢ by Lemma2.l
m

as

p

) Km
| & el < cl

Al -

Therefore,it suffices to consider only the factors with ]pK | > s - [n/2].
m
Now suppose n = odd. Then Lemma 2.1 implies

P pD P pp
(3.6) Ayl e 1T, Ay e, o 2
* am é L] ax t é ERE RS
P ppK
(ﬁ_g n+2v ¢ I n+o ,
sx x
n
where
1 [me| as-n 1
(3.7) = ¢ | -, =] (1<men+2).
pp n an g - -
Km

Denote the least number of 1/pp satisfying (3.7) by I/Pb- Then it follows

from Zjo, | < [a| < s and 2 < IZ  that

m
lp_ |
i _ Km 2s-n
I 5 =L { ~ 5 )
P P
Ia| 2s-n

< n an sz
< & gs-n _ 1 l{s _ EJ < 1
= n n T2 n 2 2"

- 42 -



Therefore , we can take positive constants pp as

1 1
z "E"- =5 .
p p
Thus we can estimate | 5 as

A L
1 pK' n+e DK
3, 1 ) n+2
Iy Chytysll T G0 oo 1 A
K= Kppg™? i

1/
Z, o o Fo

2, <1
ChszO)Z Il (J|(§EJ v|
Klv:J

1A

n+2
cersees ] (J|(ﬂ—)
=1

1 2 z111+2

Chptyg) 2 W ol g0 [ ogilgeereee o 1ol
Izt <8 kp=1 kg~ Kppo ]

1A

s-1
(|

A

C'hz (Yo) (1+|I v ” S+I+" vt “S) +|| v

Ul gertll 2 Ul s

which proves vii). This campletes the proof of Lemma 3.1.
By virtue of Lerma 3.1,we have

Proposition 3.2 Suppose Assumption 3.1,u,(x) € HS+1 and u, (x) €

H°. Then there exists a positive constant ¢ such that,if for some E < By

v € ¥°(0,1;E) ,
sup || v (¢) “3—1 < C4E ,
O<t<t

2 2 2
o lgpy + I g < GE

then the initial value problem (3.5} has a unique solution y satisfying
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u € XS(O,T;E) s

sup || u () || ., < CeE ,
O<t<r tt s-1
where C; = Cg (E,) is as in Lemma 3.1.

Proof of Proposition 3.2 By Proposition 2.8 and Lemma 3.1, we
have a unique solution of (3.5) satisfying
u & C%(O,T;H3+1—z) (0<i<2) ,

and the energy inequality

, 2 2
| wit) ||S+1 + | u, (t) ||s

t
< v 2L g jE e o (1 JOC(ED)EZ ds )

which implies
2 2
(3.8) sup (]| ult) “s+1 + | u (t) ||8)
O<t<t

\)-290 (ED )T ( ||

P A

2 2
uo 12,, + w12 + c(BIE

eC (Eo)T

(% + OB )1 JES .

1A

Therefore,taking ¢ so small in (3.8) that

28 BIT 4 oge <1,

we have

(3.9) u € X°(0,1;E).
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Finally,since u,v € XS(O,T;E), ix) of Lemma 3.1 gives

sup || u (8} |, < Ce(BoJE .
OStET

This carpletes the proof of Proposition 3.2.

Iet us construct the local solution of (3.1)-(3.2). We construct the

ﬁﬂ)}w

as follows ;
=0

approximate sequence {u«
=0 (m=0),

) (m>1),

Iet 1 be as in Proposition 3.2. Then,since it evidently holds

u(o) € xX°(0,1;E),
(0)
supll u, " (t) ||, . < C¢E ,
veter |t g1

Proposition 3.2 asserts for allm > 1 ,

™ e xP0,uE)

(3.11)

(m)
sup || u,, ()| . , < C4E.
Ofth tt s-1

Next,it follows from (3.6) that for m > 2

(m) (m=-1) u(m—l) D u(m-l)

L ("' - u )= T {a,.(l R ) -
[ L (m-1) i x,t
(m-2) {m-2) (m-1) {m=1) (m-1)
(3.12) 4 - aij(u ,Dx’tu ))uximj - (b(u ,Dx,tu ) -
{m=2) {m=2)
- bl{u ’Dx,tu J),
{ @™m0y =0, @™o W) 0) <0,
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By applying Proposition 2.7 with 7 = ¢ to (3.12) and using Lemma 3.1

and (3,11), we obtain

u(m-l)

3.1 (m)_ (m=-1} 2 (m)_ 2
(3.13) || (u u 2e) |5+l (u RETN

7
< I ™ w2 ) 12 4 g ™ W2 g 12, do
, -

(m)__ (m=1)
I ™= ) o) |

(m)  (m-1) (m) (m-1)
<ol '™ - u ) | g+ Il (0™ - NCIN P

(m-1) (m=-2) (m-1) (m=2)
-u - u

) (t) ”3-1)’

+ || (u el |l + | ru

which implies that there exists a 1 ¢ ci(a,T;HB‘i) {0<i<2) such that
(3.14) ™ L, strongly in (¢P(o,1;55%)  (o<i<z).

On the other hand,it follows fram (3.11) that for every fixed ¢ € [g,7]
there exist a subsequence {mj(t)} and vl(t) € HS+1, v2(t) 3 HS, vg(t)e

71 satisfying
w580 5y (1) weakly in g,
(.15 M)y (e) weakly in B,

”i?j(t)) > vy(t) weakly in g5 71

Then it follows from (3.14) that Ul(t) = u(t) , vgft) = ut(t) and vg(t) =

utt(t)' Thus we obtain a solution of (3.1)-{3.2) satisfying

w € tFeo,E ) (0<ica)
(3.16)

2 2 EB
sup (| u(t) || + W (2) || ) < .
Ofth a+1 t 8
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Finally, by applying Proposition 2.7 to (3.16}, we obtain a solution

u & XS(O,T_;E'),

and the uniqueness easily follows from the energy estimates such as (3.13).

Thus we arrive at

Theorem 3.3 (Local Existence Theorem) Suppose Assumption 3.1 and
the initial data u; € H3+1, U; € # (sz[n/Z] +8). Then there exists a

positive constant t such that , if
Vo 12, + Nw 12 c @ m?  for sme £ < 5, |

then the initial value problam (3.1)-(3.2) has a unique solution

u € XS(O,T;E).

§ 3.3 Global Existence I, Quasilinear Dissipative Waves
Iet us consider the following initial value problem to the quasi-

linear dissipative wave equations :

7
] = - =
{(3.1) Liu) = Upy _ E._ aij(u,Dx,tu)um.x. +ou, * b(u,Dm,tu) o,
1,g=1 T J
x € Rn,t > 0 ,
with
(3.2) ulz,0) = uplz) , ut(a:,()) = u,;(x) ,

where we suppose Assumption 3.1 and in addition

Assumption 3.2

i) (D b)(0) = 0.
Y
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ii) b(u,D

z,t =

u) = bl(u) + bz(Dm,t

bl(u)u >0 .

let s be a positive integer not less than [r/2]1 + 2 and XS(0,+m;E) be

the set of solutions defined in § 3.2. Then we have

Theorem 3.4 (Global Existence Theorem) Suppose Assumptions 3.1,3.2
and the initial data u, € 70, u, ¢ B° (s_[n/21+2). Then there exist

positive constants ¢, and ¢, such that , if

Do lypy + ol < e0s

then the initial value problem (3.1)'-(3.2) has a unique solution
3
u € X (Oyte5Colffug g + hoaily) s
satisfying

(3.17) [} wct) ”130 s Dxu(t) “s-l + 0 as t =+ + oo,

Since the local existence is established in Theorem 3.3,it suffices to

show the following a priori estimate:

Proposition 3.5 Suppose Assumptions 3.1,3.2 and the initial data
Uy € H5+I,u, e I’ . Moreover suppose that (3.1)'-(3.2) has a solution
u € Xs(o,h;E) for some h and E < E,. Then there exist positive constants

e, and ¢, not depending on %~ such that , if F < ¢,, we have
u & XS(O,h;Co(" Up “s+l + || w "s) )

and when ; = 4,
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u(t) + | D uct) | ~ 0 ast > 0.
Bo z e-1

By the arguments in Chapter I,the local existence theorem (Theorem 3.3)
and a priori estimate (Proposition 3.5) camplete the proof of Theorem3.4.
Before proving Proposition 3.5,let us make same preparations.

Now define E’l{u(t)} for 0 < A < 1 by

4 |2

E {u(t)} = Z[— Du
A k=0l 2

+ KDku . Dku L
z

k 2
ety [Pl

+ L v oa..(u,D u)Dku -Dku dx .
A X, T Tx, T X.
Tsd T J

We have the following lemma in the same way as Lemmas 2.9 and 3.1.

Ierma 3.6 Suppose Assumptions 3.1 and 3.2. Then , for y € x°

(0,h;E) . we have the followings :

i) There exists a positive constant y_ not depending on i such that

1
2 2
vl utt) o, + u 02) |12

2

2
spy * Hu (B (l)  for 0 <t < h.

-1
< E{u(e)} < v (|l uct) |

2
s °

L]

i) 1§ (a0 Dlu_ Dl , < CRJE| D u|
k=0 TJ .‘Bj xX .‘.'CJ. iy I - &I,

s s k

iii) ¢ || pp(u,D ) || < C(EQJE| D ul|

k=1 t 8

) || b0, ) || < C(E)|| D, ,u 1.

[

t
vi) B ||, < CEJ| u ||2 where B(u) = J b (v) dv .
L
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Proof of Proposition 3.5 We show the statements only for u €
XS(O,h:E) n Ci(o,h;Hw) (05i52) because for u € XS(O,h;E) , We may use
the argquments for the mellifier ¢61t as in the proof of Proposition 2.4.

Then, we .first estimate

&8
% %
r J D))l do

as follows :

8 k
(3.18) s J D (L(u))- o~ o
0

k=
_ k k k k
= i J Dxutt Dxut - I Dx(atJux_x.) Dxut +
Tsd T J
+ ]Dku 2 4 Dpedfu, =
xt xr xt

IIDku [2 b L oa, D Du dx ) o+
xt St e e, Tx X,
Tyd 7

k k k
+ I J(a..D u - D(a..u J)eDu, de +
) 1J x xixJ x L z .z ; ot

+ I {a..) Dku -Dku - —{a Dku Dku de +
.o i x, xx, xt ] t rx, T x.
15,k J z Z J

ko2 T
+ T J|Dxut| dx + I b, + bou, + kE D bDu, dz

) f!Dku |2 + T a. Dku -Dku + B(u) de ) +
* 't i3 i1 x x. X x.
sd T J

2
|

2
+ |l w, | - CEJE| Dy g llge

- 50 -



Next we estimate

8
7 J K)o dx
x X

k=0
as follows :
ok k
{3.19) T J D (L{u))«D u dx
wep) z
k *
=7 J Du, . »Du - T Difa..u JeDu +
X tt Tx iyd x g z; y
+ Dku -Dku + Dkb-Dku de
xt x x x
_d_ k * 1,k 2 2
-Fa { TR A L R B [
+ I [ a.. ku -Dku + (a..Dku - Dk(a..u ))-Dku +
.2 ij xx, xx, i e x.x., "z i a.x. x
1,35k i J OS] g

8

k k L, &k
+ (ai.) Du -Dxu de + J blu + b2u + T Dxb.Dxu dx

Jlwwws L1
- d k k 1,k 2 3
EEE(EJDxut'Dxu"'?IDx“ dr ) - fjug g+
2 2
+ vl D u ”s - C(EyJE|| Dx,tu Hs .

Therefore,taking some positive number ) (i<I), it follows fram (3.18)
and (3.19) that

=%

t
b1
[ £, {u(t)} + J B(u(1)) dx ] + jo (1= wy (o) |5 +

=0

2 2
+avf pult) | - ¢ El Dy gu(T) |5 dr < o.
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Taking F so small as

1 .
CoF < ol min(I-),vAJ,

we obtain
=0
(3.20) [ E{ult)} + J Blu(t)) dz 1| +
=0
+ Lo (1-X )'t D 2
& min(1-}, VA 0|| e, 4T/ IS dr<o.

Thus we arrive at

2 2
| wect) "3+1 + | ut(t) ”s

1A

-1
vy E’A{u(t)}

tA

vyl E,{u(0)} + J B(u(0)) dx )

1A

o 2
Filluo | yy + 1w Il 02

Finally the inequality (3.20) directly implies the decay of the LZ—norm

of the solution :
I D u(t) "s—l +~ 0 as t > 4w,

and the Nirenberg's inequality ([ 1)

< clf /2 %)

|l g €l 2L

w |17, o = ns2cin/2141),
gives the decay of the maximum norm of the solution :
||u(t)|lBO > 0 as t > 4w,

This campletes the proof of Proposition 3.5.
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3.4 Global Existence II, Quasilinear Wave Equations
Let us consider the following initial value problem to the quasi-

linear wave ecquations :

(3.1) Lu)

i
&
9
Q
.
=
(%)
)
g
p—
&
8

+
L d
i
=
"
)
&
| —
I
<
")

:céRn(n=20r3),t30,

with
(3.2) ula,0) = ug(x) , ut(:c,()) = u;(x) ,

where we suppose Assumption 3.1 and in addition

Assumption 3.3 There exist a positive constant p such that for

ly] < Y, and k = 0,1,2,..,

k max{p-k, 0}
[Dy(aij(y) - aij(-()))l < Cly| ,

|D§b(y)| < Clylmax(pﬂ-—k, 0).

2

let Brlﬂ be the Banach space with the norm || « of the r~-functions

" I,m
having all the m—th derivatives of Ll—functions. Define ¢ 5 by

¢5= || “o ”5+ " Ug "1,4 + “ (31 “4 + " (3] ”1’3 *

Then we have

Thecorem 3.7 (Global Existence Theorem) Consider the initial value

problem (3.1)-(3.2) for n =.3 (resp. n = 2) and suppose Assumptions 3.1,

3.3, u, € H5n Bi and u; € H4 N B?. Moreover suppose p > 2 (resp.p > 3)-
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Then there exist positive constants ¢, and C, such that,if & 5 S €0 s

then the initial value problem (3.1)~(3.2) has a unigue solution
4
u € X (0,"'00,'00@5) 3

which has the decay rate estimate

1

futt) Co(14t)

I A

o+ I8 1L

(resp. < Cy(1+t) /%y,

1A

Remark. We can get the analogous results for n > ¢ and p > 2, but

we anit the arguments here,

We show the statements only for » = 3. Since the local existence theorem
(Theorem 3.3) is established,it suffices to show the following a priori

estimate.

Propsition 3.8 Suppose Assumptions 3.1 and 3.3 with p > 2,and

that there is a solution of (3.1)-(3.2) satisfying
u € X4(0,h;E’D) for sare h > 0.

Then there exist positive constants ¢{ and ¢} not depending on % such

that , if @5 < ¢f + then the solution has the estimate
¢ '
u € X (U,h;Co<I>5)
and
' ~1
i Co (I+t) .

| wit) | + flu )|

a{32 131
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By the arguments in Chapter I, the local existence theorem (Theorem 3.3)

and a priori estimate (Proposition 3,8) complete the proof of Theorem 3.7.

Proof of Proposition 3.8 Proposition 3.8 is proved by a cambina-
tion of the decay estimates for the solutions of the linearized equations
and the Lg-energy estimates. Without loss of generality , by
a linear change of coordinates we may consider the following instead of
(3.1)

{2

"]
Au - ' g_ aij(u’Dx,tu)ux.x. + b(“’Dx,t
1,d=1 ]

(3.21) L{u) = u u) =0,

tt

where 'C\fij satisfies for |y| < Y, and k = 0,1,2,...,
k max(p-k, 0)
|Dy aij(y)l < Cly| .

Now we can write (3.21) in the form

sin th

(3.22)  u(t) = cos th xuy + —

*ul +
ts*zlrra(t-s)if\x "\
+ J e * (X a; . - b)(s) ds ,
0 1,5 7
(3.23) ut(t) =~ A sitn th xuy + cos th % u; +
¢ "y
+ J cos(t-sJA % ( T aij - bl(sg) ds ,

g Tsd

where

Au = (2ﬂ)_3J eix.g|£|ﬁ(5) dg
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cog th ¥ f = (211)_3Jeim'§(cos t|g|)}\'(£) & ,

and so on.

Let us prepair the following :

Iemma 3.9 For f ¢ L2r\ Ll,

| cos ta % £l <clFi

in t
| SR s <o+ sl g
L

For f ¢ HJF\Bi,

gin EA

| cos tA*f[lBI+|IT*fIIB2

<ol fly+ I Fll -

4

For f ¢ H4r\ Bl’

| Asin tA*f",Bl + || cos tA*J"HBZ

<l Fl g+l Fil -

Iemma 3,10 For u ¢ X4(0,h,°E’u)and 1<, <8,

n "y
I g (s De, tu)uxi:cj I 37 I g (u, Dx_. t

I b(u,Dm’ Y "3 + | b(u’Dm, Y | 1,3

+ || u

fc(”“”iag f;”ﬁl
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For the proof of Lemma 3.9,refer to [74] for example, and the proof of
Lamma 3.10 follows from Lerma 2.1 in the same way as in the previous
sections. Applying Lemma 3.9 and 3.10 to (3.22) and (3.23) , we have

-1
(3.24) I wie) | + | u, () "31 < C(1+#t) 70, +

32
+ C(E )[t(1+t s)_l(ﬂ uls) || + || u,ts) | )P gs
9 . 3
0 Ba t Bl

t

(3.25) | wit) | < Co. + C(ED)I ()| uts) || + || w,(s) | yp-1
- 776 0 ;32 t I31

ds.

If p > 2,the inequality (3.24) gives

(3.26) M(t) <C &, +C me) P2 s

b

where

M(t)

sup (I+8) (|} uts) | + | w, (), ).
0<s<t B bRl

Hence , if @5 is suitably small ,say @5 < gy » we have M(t) < C®5 [l.e.,

-1
(3.27)  [furt) ||, + | u (e ",G’l < C(1+t) e,

ﬁ2

Substituting (3.27) into (3.25), we cbtain

0 wrt) |

1A

t
co, if c(1+s)” P ek T g5
)

1A
&
o
8\]
o

Thus we obtain
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Proposition 3.11 There exist positive constants ¢, and ¢”
such that ,if @5 <€) v then the solution u € X4(0,h;ED) has the

estimate

. -1
| wlt) "132 + | w 2) | 51 < O (I#t) o,
(3.28)
| wit) | < ¢’ o

where ¢, and ¢~ do not depend on h.
Next the L2—energy estimates are given by

Proposition 3.12 Suppose that the solution u € X4 (0,h;E,} has
the estimate (3.28). Then there exists a positive constant ¢“ not de-

pending on % such that
E(t) - E_(0) < ¢" P71
o 5 - 5 3
where Es(t) is defined by

4 3 ..
E(t) = I J ;— |0, (£)|% + % (6" & )00 (2)DTu_ (t) dx.
=0 x t i,4=1 }J . x :ct. x :ch

Noting Assumptions 3.1, we get Proposition 3.8 immediately by Proposi-
tions 3.11 and 3.12. To show Proposition 3.12,we need the following
lemma that is proved in the same way as Lemmas 2.6 and 3.1.

Icmma 3.13 For the solution i € X4(0,h;Eo) and 9 < m < 4,

||(Dm(au ) - &, .0 )Dmu| +
L

z,ya:.r 1,,73::1::1:
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" "
| (aij):c .Drxnux..jnxux. " 1 * I (aij)tpzux..ﬂzux. I 1
J 7 Jg L 1 J L

-1 3 3 2
<ol P2+ g 15+ g, I hu 2,

B2+||ut||31 tt”ﬁ

(. ".80 < C(Ey) (|| u ||b2 # |Fuy ”BI).

Then estimating the iquality

4 ¢t

ZIJ{Dm(u -—Au-—Za’..u + b)}0u de dt = 0,
x tt . X, xt

m=0-0

by using Lemma 3.13 in the same way as in the proof of Proposition

3.5 , we consequently have

1

t
E_(t) < E_(0) + C(Eyp) J (| urs) | + | u ts) || )P ds
& 5 0 )32 t BI

1A

” -7
E(0) + C @Fg ,

which implies Proposition 3.12.

This completes the proof of Proposition 3.8.
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