
CHAPER I■ 1

g"SILINEAR mVE DATIttS

In this chapter, the initial value probleus to the quasi-
llnear wave equaEions are invesEigaled. The existence theoreE

for a unique locaf solution in Eime is established in 5 3,2.
In 5 3.3, nanipulating the energy est.iuates alone, we obtain a

unlque global solution in time of the quasilinear dissipative
wave equation with suitably sEa1l initial data. Furthermore in
5 3.4, using a combination of the decay rate estimates for the
solutions of Ehe linearized equaEions and the energy

estiEates, we obEain a unique global solution in tiEe of the
quasilinear wave equation with suiEably high nonlinearity and

sEall iniEial data.

5 3.1 Equations ard Historical Rsnarks

I€t us consider tlp hitial value probfqn to the quasilinear wave

equations

(3.1)
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ii) a.,.,(a) = a,-.(a) l<i,i<n.
t.l .) L.

iii) there exist positive constants yp and v (<7) such ttrat

^n,lEl2. L a..(u)L.t.. v-lltl2
^' :-1 vrJ

for all E e { arrd, y € Rz+z satisfi.ing lul :tg.
ivl b(g) e c'(a'+2).

v) b(a) = 0.

In particular, vJe say "dissipa.tive" in this chapter wten D tras the form

(3.3) b(u,D .u) = au. * E(u,P .u)-&,tt'r,t

rtere s is scne positive clnstant axA\fy) satisfies bf ol = o xd 1prT1

(0) = 0.

the equations (3.1) descri-be a mathsnatical rDdel of vilcrations of

nonli-near strjlg,film ard, generaly speaking, nodel of wave propergation

jr a nediun with nonl-inear structure (cf. t 1 1 16U1 , . They also have a

relation to the eq\rations for heat florar with nercry (cf. [ 4 ] I34l t35l ) .

In fact, tte sirrplest nDdel for teat flctrs with nerory is represented by

Y ( ot(0) > 0 ) ,

where e and q represerrt absolute tsr[Erature and heat f1o,l req:ectively.

When rarc take a(t) = 6ft),tlE equation (3.4) is reduced to the usual qua-

silijlear heat equation
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0--(o(0-)).-=0,ttr

and wtren h,e take a(t) = e-dt ,the equation (3.4) is ildeed reduced to

the guasilinear dissipa.tive wave equation

0.. - (o(e )) + o0. :0.xxttL

lte local solution in tfuie of the initial v-alue problan (3.1)-(3.2) is

iflrestigated in Dioru:e [ 5 ]. So we are interested jl a g1oba1 solution

in tinE in wlnt follcnrrc. First note that tlrc guasilinear problan(3.1)-

(3.2) dose not generally have srooth global solutions, no matter hckr

srpoth the initial data are. (cf [I9] t20l t311 ), In t]ris thesis we treat

only the soot}r global solutions for suitably "snal-I " initia1 data.

For the sanililear wave eqlEtions

utt - .L. oi.;(*,t)rr.r. + b(u,Dr-ru) = 0,
,'.) t- .J

there lnve been rnany results, for exanple, Ebjlara [ 6 ] [ 7 ] rClassey[lO] [IlJ,
Heinz and WahI tl2l , Lions and Strauss [33] ,Matsrnmlra [36] ,].bra$,etz ard St-

rauss [44] , Nakao [45] - [52] , Rabjrcr^ritz [57] , Rauch [59] , Sattinger [62] , @aI

t53l t54l ,Strauss [57] [68] and wahlt74l-t761 .

On the other hand, for the guasilinear and nonl-jlear wave eqrEtions, there

have been a felv pa;:ers, for o{arple, Rabjrcrritz [58] ,Nistlida [55] ,l,latsum]ra

t371 t38l and Klainerrnan t 271 . Tb be precise, RabjncHitz obtained tlle tinE

per i.sdic solution of the nonlinear dissipa.tive b,ave eguation

ン
ιι ~ 2“
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チ αν
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D`Jtンソ '
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ceI0,1), te l:d> 0s

for suitably snaI1 6. By ttre arguents of Risnnn inv-ariants, Nistrida

obtained a global solution irr tjrrE of the dissipa.tive liave equation

1ur,-b(u*)),+ dut)= 0, c e R-, t a 0, a > 0,

for suitably snall fuLitial data. But his argrrrent is not applicable

to the rm.flti-space dinersiona-l cases. For t]re rni.ti-space dinensional

cases, Matsurura obtained a global solution irr tine of ttre dissipative

wave eguations (3.1)-(3.3) for suitably snall jnitial data. Ttrc proof

is based exclusively on the erergy estirates alone. ltEse results are

sr.rnnarized in g 3.3. Eurtlrcrnore jn S 3.4,it is prorred ttnt ,if the guasi-

Ij-near wave eqr:ation (3.1) has suitably high nonli-nearit1,, a global solu-

tion in tirE of (3.1)-(3.2) is obtaijled for suitably snall initial data.

In this case, the pr@f is based on a ccn :i-nati-on of tle estjlnates of decay

rate for tlre solutions of the linearized equation and the energy

estirates . Just recentty, KlaiJlerrmnn obtajned a global solution

irt tilre of the quasililear wavre equation

ν
tt ~ 
ι:」 
α
ι′
r)・
,tン
リン,.r.= 0 , & e Rn , t Z 0 ,

LJ

for ttre spa.ce dinej)sion n >_ 6 and srritably snall initial data L47 using

a crnrbi-nation of tlre decay rate estijrEtes, ttre energy estirates and the

Iformander's inplicit function theorem.
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E 3.2 Iocal D<istence

In this section,Iet us construct a wLique local- solution ill tjjrE

of tlre irritial value problen (3.I)-(3.2). Of crourse,vle srppose Assurp-

tion 3.1 here. First,Lryz Lsnna 2.1,we can choose a positive cDnstant

Eo such tlEt,if t = tflill < Hln/2)+1 satisfies I f lltu/zl*t 1Eo,
ttren r.,re h* ll f ll 3O 1lO. Iet s be a positive integer not less than

ln/21 + 2. then the solution is sought i-n the space f (O,t;t) for scne

E < Eo and t < ? wtrere, for O<tr1tr<T,f is defiled by

χ
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rtコ ,t2」力β
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ιコ:慧:ι 2イ
‖クrtり |:チュチ‖クιrtり |夕 ≦E2 rEl『。ソ}.

Next′ for υ
`ノ

rθ,Tメリ′COns■der the■ i」EКョだョar prObl帥

― ら

In order to apply Proposition 2.8 to (3.5),rrc prepa.ir

Lsma 3.1 SuptrDse As$rrption 3.1 ard up I f (O,r;O).

then !v€ trave the follcrving :

i) a...(u,D* +u) e Co{o,r; B1 )A ct to,t; f0 ).u.)

ii) 。lξ 12 ` 
じ:′  
α
じ」
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'″,tυ
ノξιξ′ ` 

ν
~11ζ

12 ,

for all ξ,“  ` Rη and θくtくτ.
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iii) Dェ
,tαぅ′

rυ ,).,ιυソ ` θorθ,τ Jヵβ
―コ
リ.

iV)|も
,ι
α
,′
rυ
''αt tυ
ノIs_ョ
`θ

力l rγθノイコ■|も,ι
υ lεノ
S~ヱイ‖υιt‖ s_1子

チ‖%,ιυ‖sり ≦θイE。りr‖ υtサ ‖9_1チ ‖%,ιυ‖sソ リ

whe“ た1ヮ =;I:γ
θ lα i≦sウ
ααじ′ωノ.

→ |{αι′0,も,t刃
―α
t′
0,%ι
"}υ
″.″ .‖ s_コ
Z ′

≦θたl rγθノr‖ υ―υ ls・ ‖νダυサls_ノ rコ チ|′,υ ‖θ+コ チ‖υ′υt‖δり
ε~2・

・‖ワ‖ε+コ ≦θrF。ソr‖ υ―υ‖sチ ‖υι―ωt‖ s_1り .

v.)ら rυJら
,tυ
り
`θ
。
(θ ,T」ノリ.

Vii)|わ
`υ

,D″
J tυ
りlε ≦θみ2 rγθノrコ■‖ν‖ε+ノ‖υι‖sノ

S~lr‖ υ‖6チ1+

チ l υ
` 
‖εノ  ≦ θrE。りζ‖ υ ‖s≠ヱ + ‖ υι ‖εり ,

Whe“ た2～′=罪γθ αi≦ε
l rン
αろυl。

Vili)‖ らrυ ,'″
,ι
υリーb rυ,,1,:υり‖s_1≦ θ%2 rγθノイコチ‖υ,υ ‖sチ‖υ′υt 16-1り

S~2.

・イ‖υ―υ‖sチ ‖υダυι ls_1ノ ≦θr『。りrll υ―υ llε 十11 υι
―υι llθ _1り・
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り‖s_1

≦ θrFOり r‖ υ‖sチョ + ‖ υ ‖s ■ ‖ υt‖ s_コリ

≦ θ6r2『。りE .

Proof of I― a 3.■

■) SInce, ` χS rθ ,■」Eり and s+ヨ > I″/2]■ 3,I-2.■ asserts
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o < co (o,r; F2 ) a c'(o,r; b1 )

wtrich proves i) .

il)  It is clonr by the definition of Fo and iii)of AssutiOn 3.■ .

iii)-ix) l{e carr give a proof by usirrg Ismta 2.I. we shc*,, on.ly vii) beca-

use the otlers are proved il the sanre way.
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For 11′we have oAsily
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も
`θ

み2 rγθノr‖ υ‖コ+‖ υι lノ .

let us estェ mate r2.  s■nce we can ons■ ly have the desired estimtttes for

畷バ r傷行:貯I璽謂叉
Σ

=・
r夢蔦■2■

as

lイン
ρκ
ツlβθ≦θ‖f ls.

IIherefore′ it suffices to consi“ r on■y the factors w■ th lρ
K″ |≧
S-1″ 2]・

ぶbゞ suppose ′ = Odd. IIhen I- 2.l imp■ ies

(3.6) (レ
pκ

コυ(Z′
ρ
Kコ

J(静
ρK2υ
t`z Pρ
K2…
…

`:五
ツ K″
チ2υ
″η    z  

ρκη+2  ,

°・  乳K(〔学-7′券]墜″υ.
″

Denote the least nmber of ヱ/υ p SatiSfy■
ng (3.7)byヱ /P ・  恥 n it follo幅

ρ

fim Σ ρκ l≦ 。|≦ s and 2≦ Σι″that
″

Σ÷=Σ `軍 ―りρ   ρ

≦
上
が
_tチ Σι″

≦ 分_ 23-η  = 券_ 券rs _ 6' く , ・
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therefore ,

T

p

thus we carr

we can take pos■ tive constants Pp  S

コ     ヱ
pp ~2・

est― te r2 as

…憂l串…‡Iヱ中
%¬

“蓬沖
い牝ωち≒…・
…‡I沖ψЪレω蛉η

` Ch2イ

Yθリ
コゴι″≦S Kil‖

 υヽ s・ヱ
κ::.‖
 υt‖ゴ
¨ 。̈
κ
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チ21‖

≦θた2行θりrヱチlυ 6+ダ‖υt‖εり
S~コイ‖υ lsチノ lυゥ‖sソ j

υ‖_.チョ

wHch proves vii). this ocnpletes the proof of LsrrB 3.1.

By virtue of Lsrma 3.1,r.ve have

ノ .

Proposith 3.2    呻 se Assut■On 3.1′
“
。イェリ ` ″

βチヨ ardン l rrり (

IIhen there ― sts a posit■ ve constant T such that′ ■f for sare F ≦ 『 。

the initial va■ue problu‖ (3.5)has a unique solution ン satisfying
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hoof of Proposition 3.2 By llroposition 2.8 and I€fima 3.1, we

have a wrique solution of (3.5) satisfidng

a' a-L'l -;u I C"(0,r;lf '' ") (0<i<2) '

and the energy ineguality

‖ンの‖Lチ ‖クιO‖ :

wh■ch ■mp■ies

(3.8) 
θ:サ:tr‖
クrtノ ‖:+コ ■‖νιrtり ‖:リ

≦ν
~2οθ rF。りτ

r‖ “。‖

`チ

ョ+‖ ン11)チ θζ『。りZ2T

≦ r ttοθ rF。りτ +  θζE。りτ りg2 .

merefOre′ tak■ng T so sma■l in (3.8)that

チ
。
θ rZ。 りT チ  θr『。ノτ  ≦ コ ′

v,e have

(3.9) u e f (0,r;s).
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Finally′ s■nce ン,′ `  χ'rθ,τ」Eノ ′ 工X)。f ■arrn 3.l gュves

θ:貿T‖
ν
tメ
ιノ‖s_コ ≦θ6rE。ノE.

ThiS 
…

letes the proof of Proposition 3.2.

I-et us c.onstruct the

approxirate sequence

local solution of (3.■ )― (3.2)。   We cOnsmct the

レの尊θ aSお l・Ows,

rη=θノ,

′

Ｊ

ヽ

ｌ

ｔ

2rθ
ノ = θ

Zン
r″―ヱリ
r2

ク
`″

り =20

r″ソ
リ = ― b rν  

″~1り
,)ェ
リι
z 
″~1リ
リ

`″

-1リ
リ ンt    = νl ・

(n>ヱ リ,
(3.■ 0)

Iet t be as j.rr

r (0)

)"\ ,:;:r
trroposition 3.2

1 ,(m)
t:.11l I

1 
"uo\ ,< r<r

Proposition 3.2. Ttren, since it evidently holds

e f (o,r;u),

z::り ζιり ls_ヱ   ` 
θ6E ,

asserts for all ″ > ョ ,

` 
χ
S rθ
J τメFリ リ

1l "(fi) 
rtt ll"-1 : c"E.

Nёxt′ it follows f■ un (3.6)that fOr″ > 2

. (m) (m-1) , , (n-1) ^ (m-L ), -,(u.''- u.'- ) = L (a^,:(u'" '',D^ *u"'") -ln-l) -. .: LJ ct Lu LrJ

- o-,.,(u('-2),D- .u(^-2) l )r(!-^1) - ,o,r(m-l),D- *r('-1) )t,J "n*j
". (m-2) ^ (n-2),

-b(u' -'.D ,u )),' ttx

,r(m) _ u(n-1),(0) : 0 , (u(r)_ u(r-l) )r{o) = o
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By apply■ng Propsition 2.7 with Z = s t。  (3.■ 2)and using I- 3.1

and (3.ll)′  t・e Obta■n

O■助  ‖α
ω -2伽Jり の |:チ ‖像

0-2衡 刊
ノ
ι
O‖ :4

ll a(*) - u(^-1) ) ,rrt) 11 

"_,
. c(l tu(n) - u(m-l) , (t) ll s + ll tuh) - u('-1) ) r{t) 11 

"_, 
*

+ | tu(n-1)- ,(n-2) trtl ll" + ll rrh-tt- u('-2) )r{t) 11 

"_r),
which irrplies that there exists a u < Ci (0,-;tf-i ) (0<i<2) such ttnt

(3.14) u(m) .' Ll strongly :o ci (o,r;tf-i ) (0<i<2).

Gr ttrc other hand,it follows frcrn (3.11) tlrat for every fi:<ed t e lO,rl

there e>dst a subsequence {mr(t)} and pr(f,) , ,f*1 , Dz(t) e tf , ur(t) e

f-l satisfying

,(mr(t) ) -+ u r(L) weaxly in f+1,

(3.15) u(mj(t) ) * 7)2(t) rreakly ln f

,(n.r(t) ) .> u-(t) r.eakry in 6s-i.*ttu - 3'"

IIhen it fo■■es frcln(3.14)that υ
コ
`ι

り =ン rtり , ,2 rι ノ = ンサイ
tり and υgrtノ =

ン
t,rtり
.  Thl・  we obtain a solution of (3.■ )― (3.2)satisfying

ν ` Zι rθりτj力
β・
1-jり
  rθくうく2り  ,

θiサ受Tr‖
2 rιり‖:+1+‖ 2trtノ ‖:ノ ≦E2.
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θく
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(3.16)
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Finally′ b́y applying Proposition 2.7 to (3.■ 6), we obtain a solution

u ( f (0,r;E),

and the uniqueness easily follcr/vs frcrn the errergy estinates such as (3.13).

Ttrus r"ae arrive at

meorem 3.3 (Local EXistence llheorun)   Suppose Assumption 3.l and

the■nitial dataク 。(力
β+コ , 21( .7s rs>[均 /2]+2ソ . Then there ex■sts a

positive oonstant T such that ′ if

‖201:チダ‖ク1‖卜けJ2 for scre Fく EO,

then the initial va■ ue probluH(3.1)― (3.2)has a uniqve solut■ on

ン ` 】〆6 rθ J τ」Eり .

5 3.3 Globa1 Dristence I, Quasilinear Dissipa.tive Waves

I-et us crcnsider the fo1]od-ng ilitial v-al-ue problen to the quasi:-

linear dissipa.tive wave equations :

″

(3.1):    zrクリ ニ ァ
ゥt 
―

 jり ;=コ

α
弯
`ク

リ
'″」
ι
2ノン
t t5 
■ ク
サ 
十 brン,'″

,tク
リ = θ ,

.(F,ι >θ ,
with

(3.2)     2r″ ,。り = ン。rrソ リ ンtr″,θノ = 21 rrノ  リ

where we suppose Assumpt■on 3.■ and in addition

AssErption 3. 2

i) (D b) (o) = o.
u
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il)brン,)、
,tン
ソ =わ
コ
イクリ チ b2r).,ι り 」

み
コ
イクリン ≧ θ .

■et s be a positi"■nteger not less■an[″2]チ 2 ard χSrθ,手∞」zり be

the set of solutions definod in 5 3.2.  Ihen tt have

theorern 3.4 (clobal D.istence ltreorsn) Suppose Assrnq)tions 3.I,3.2

and the initial data zo , If*1 , ,, < f (s-ln/21+2). Itren there exist

positive constants es and C. suctt tllat , if

ll zo ll s+r + ll ,' ll s 1 eo,

then the initial rralue problen (3.1)'-(3.2) has a unique solution

u I xs (0,t-;cs(ll ug ll 
"*, 

* ll u, ll 
") 

,

satisflri-ng

(3.17) ll u{t) ll Oo 
, ll Dtu(t) ll 

"_t 
* 0 as t - + *.

Sinc€ the local e><istence is established iI ltreorsn 3.3,it suffic-es to

shcfuJ the follcnzing a priori estimate:

Protrnsition 3.5 Sq)pose Assrnrptions 3.1,3.2 ard the initial data
o-L 1uo C If '' ,ur e If Moreover sr4)pose ttnt (3.1)r-(3.2) has a solution

u e f (0,h;8, for sqre h ar1d E < tr'o. Then there exist positive constants

er and do not depending on ft such that , if E ! eY ue have

u I f (o,h;cs(ll us ll 
"*, 

* ll ", ll ? ,

and when h = ta r
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ll u(t) ll 6n + ll Dru(t) ll"_, -> 0 as t -> 0 .

By the argurEnts in Grapter l,tte local existence tlleorem (ltreorsn 3.3)

and a priori estjnEte (kolnsition 3.5) ccnplete the proof of theorqn3.4.

Before prov.ing Proposition 3.5,Iet us nuke scne preparations.

Ncrw defijle E,{u(t)} for 0 < } < I by
A

Eがν
"ノ
}=遅θ∫夕|'lμ 12手λ?[ン・,17ιチ,|,17ゥ 12+

チ
;ι
:」

αι′̀
ク

リ%,tガ plク“が4′“jと
。

口b have the folle■ng ■
…
 in the sale way as I― s 2.9 and 3.1.

Iamn 3.6  Suppose Assut■ Ons 3。 l and 3.2.IIhen′ forク (ノ

イθ,た」Zり  ′ We have the folle■ngS :

i) Ihere ― sts a positive constant ,コ  not depe.ding on λ Such that

,コイ|ンの‖飢 +‖ ンιω‖ク

ゴλ{ン rtノ〕≦ν]ヱ rlク rtり ||:.1+‖ 2trtノ ‖夕 for θ≦t≦ 力・

コ遅ルガち七・をし」ゴら洲%μべ・
iii)た

:ヱ
‖キo,%,ι″‖≦θω。り『‖%,tン‖s・

市)||ら
2r%,ι
クリ||≦ θrE。り‖も,t′ ‖

2・

V)   | ンιι ‖s_1 ` θrE。ノF .

‐|ダ″
Lヱ
ゴリ‖州2 mereズ″=だちのあ・
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Proof of ProPositiOn 3.5    Wb sb the stat― ts on・y fOr ン ε

ノ rθ,た ,Eり O θtt rθ,そ〆りζθくづく2り because for′ ξ ノ rθ ,み JFノ ′We may use

the ar9-ts fOr the ‖υ■lifier φδホ as 
■n the proOf Of Proposition 2.4.

Then′  we:first estェ mate

遅θ ∫ ?irzrンノノ・?1クι di

as follol′ s :

＋
ｔん
″」′」ι

″
θ
●●

九

″
　

　

　

　

あ

Ｌ
　
　
　
Σ
．”
　
　
％

鵡一　々
」．　赫一

２
　
　
　
　
　
　
　
　
・

ィ

　

　

　

　

　

ι

　

　

　

２

Ｌ

　

　

　

　

　

ι

　

　

　

ｌ

み
″　
丸
″　
貌

―

　

　

　

―

　
　

　

　

　

‐

ε
Σ
御
　
　
〓Σ
た
　
　
＋

８１Ｊ^

=;争
 rl llDlク t12 

チ
 ι:′
α
ι′
Di“
工
ι
・D12c5 d″ ノ チ

+ り,;,た ∫(αι」仇tc5- DirαιJンr,C5リリ
。Diンι  d″ +

+ り,;,た  ∫rαづ′りc5'iν″づ・Dタンι 
―
 lrαづ′りtDi′″.・ Diンr   di +

●     」

+ 発 |IDi′ι12 dエ チ ∫ biクt + ら2クι + た:ヱ Dl.・ ?iンt  di

≦ ,多÷ r l llDL′ t12 ・
 ι:′
αι′D12″づ
・,12cj + B rνり d2 リ チ

+‖ Zt l:― θrF。ソ
『 |'″,tン ||:・
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l,Iext r.,e estirate

た:θ ∫ '1`五 r′ノノ・?[ン  di

as fo■1ぃ相 :

(3.19)た
:θ14“ `′
ソフ・みと

= 見 ∫ 'カンιし '12  - づ:」  irαづ′′″jcぅ  
°
?lン
 チ

チDi″
t。
つ∬′チ,11。 ,シ あ

=多
犠l Dl′ t。 4′

+券 キ
2と り_‖ ν

t‖ :チ

・じ,;,た  ∫ αι′'1クェぅ
。,1′ェ」 + `αι′'12“t cj― Dlrαι′′″t cjノノ・'1ン チ

+ rαι′毎,1ク″′
°
'1ク
 di チ
 ∫ わコン + b22 +た :ヱ Di・・Diク どエ

ご分犠∫つl′ι。42チ多14212とリー‖2t‖ :チ

チν‖ヤ ‖:― θω。ソコ||%,ιν‖:・

Iherefore′ tak■r.g some positive nher λ `λくコノ′ it follows frun (3.18)

and (3.19)that

＋

０
一
　

Ｓ
Ｔ

ι
′λ

一　
　
　

　
　
　

　
　

く

一

コ／
ｌ
　

　

　

　

　

　

　

τ∂

ι

　

　

θ

′
―
―
―
ブ
　
　
　
　
つ
Ｏ
　

Ｓ

↓
　

却
　

　

”

τ

　

　

■
　
　

　

　

ン

と

　

　

　

，
．
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Ｅ

τ

　

　

　

　

　

　

θ

ク

　
　
　

　
　
　

　
　

一

３

　

　

　

　

２

ｓ

＋

　
　

　

　
　

　

Ｔ

切

　

　

　

　

　

乃

″

′
　
　
　
　
　
　
　
＝
＝
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ｒ
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ν
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π
一
　

　

　

　

　

＋
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Taking E so snalL as

θ9E ≦ ;′
ηιη rコ _λ ,。λノ,

we obtain

(3.20) I E,{u(r)} * | ,rur.,D a, f1=t *
^)r=o
1 lL .

+ f nin{t-x,v^,)rl ,*,ruh) llf, dt < o

Ihus vre arrive at

‖“υ‖:ノ ‖ンサ0‖舞 oプZメンの〕

≦ νIコイ『λ{Z rθり〕チ ∫ B r2 rθソリ ∂i リ

≦θ
2r‖ ン。‖s.〆 ‖′1‖ sり

2.

Fina■ ly the inequality (3.20) directly implies the decay of the Z2-no..ll

of the so■ ut■on :

ll Dtu(t) ll 

"_t 
* o as t-> i-,

and the Nirenbergrs ircquaLity ( t I )

ll " ll ao 1 cl1 pln/2)+t,ll"ll ,ll l-" , o : n/2ln/z)+1),

gives tte decay of the maxjjrltnn norm of the solution :

llu{t) ll^" '+ o as t '+ +-
JJ"

Ihis ccnpletes the proof of Proposition 3.5.
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3.4 clobaL Edstence II, Ouasifinear wave Equations

Let us consider the follcwi-ng irritial value prob1dn to the quasi-

linear wave eguations :

n
(3.1) L(u)=u..- Z a..(u,D .u)u + b(u.D .u)=0.cD ; ;_t LJ - &rt r".x: - r,t

ut.)-t u I

ac{(n=2or3),t>0,

with

(3.2) u(o,0) = us(r) , ur(r,0) = ur(x) ,

lvtEre we sl4)pose Assurption 3.I and iI addition

Assumption 3.3   峰  ― st a poS・tive constant p Such that for

l′ ≦γθ ardた =θ,ち
2,…

1考
`α
ヵrタノーαι′rθノリ `θ′|″

ω(P~たJθり
,

|つ;bυ ≦釧υl雄
は 1~た 'の

letイ 腱the Banach space wiぬ the nonn‖・‖ヱD″ Of theノ
ーhcths

hav■ng all the m■th derivatives of五
ヱーfunctions.   Define o5 by

Φ5=‖ ク・‖5+‖
νo lち
`チ
‖ク1‖
`+‖
211ム

`・

Then we hve

Theoru‖ 3.7 (Global EXistence TheoruL)  Consiaor the initia■ va■ll●

prob■un (3。 1)― (3.2)for η = ` (resp. ′ = 2)and suppose Assumptivlls 3.■ ′

3.3′ ク。(〃5n B`and 2,( ノn3f・ めreover suppose P>2(resp.p>`).
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Ihen there exist positive constants e6 and Cs such that,if 0, 1 eo ,

then tlre irritial rralue problen (3.1)-(3.2) has a wrique solution

u e x4 (0,*;coer) ,

which has the decay rate estinate

ll uft) ll b2 
+ ll ur(t) llg r 1 co ( t+t)-l

(resp. 1 cotl+t)-1/21.

Remark. I\e can get the analogous resu-Lts for n > 4 arfr, p > 2, but

we onit tlle ar$[ents here.

l€ shcr,/ the statenents only for n : 3. Since the local existence theorsn

(lleeorern 3.3) is established, it suffices to shq^, the follcr.dlg a priori

estinate.

Propsition 3.8 Srmose Assuq)tions 3.I and 3.3 with p > z,arfr,

tlnt there is a solution of (3.1)-(3.2) satisfiring

u e x4 {o,h;to) for sortF- h > o.

Then there exist positive constants ed ard Cd not depending on 7i suctr

ttEt , if 05 : 6d , then tlle solution has the estimate

Zu e x' (0,h;clO.)

‖ク
`し

ノ‖
β2+‖
ン
trι
ノ‖
」,1≦
θgrコ +ιり

~コ

.

and
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By the argurEnts JI Ctrapter r, the local existence ttreorern (Iheorem 3.3)

and a priori estirate (Proposition 3,8) cqq)lete tlre proof of Ttrcorsn 3.7-

Proof of ProtrDsition 3.8 Proposition 3.8 is proved blz a cqnbina-

tion of t}le decay estirates for the sofutions of the ljJlearized equations

and tlre LZ -energy estirates. without Ioss of generality , by

a linear change of coordinates r^e nray consider the follcr.ring instead of

(3.1):

n^(3.21) L(u) =urr- Lr- 
_, \ . dtj(",r.,tr)rr_,r., + b(u,Dr,ru) :0 ,
LtJ-! L J

wterc 2.0, satisfies tor lyl : ya *d k = 0,1,2,...,

lo! a.,,(y)l . tlal'*(P-k'o) .'a LJ"'-

tibr", lve can write (3.21) in the form

$.22\ u(t) = cos f,A x zs + {Lf * r, +

Itsin(t-s)A . - tu
* I ------- x ( L A-.: - D)(S) dS 

')g " i,i t-r

(3.23) u/t) = - A sin tlt * uo + cos tL * ut +

あＳ
ｂ

一●
′
●
Ｚ

ヽ
α

●
′

で
乙
　
　
，

●
¢

ネＡＳ一
ιε００

ι

　

　

θ

ｒ

ｌ

リ

チ

生，ｔ
〈
′ｒ

Ｓ

ｒ
Ｓ″多

θ

′

―

―

―

′

ク
υ一

Ｔの乙
三′Ａ

where
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cos tA * f = (ht)-3lei''E(.o" tlEl)?G) dE ,

ard so on.

Iet us prepa.ir the folloting :

Lemrra 3.9 For / 6 r.2 n tl ,

l οοS凱 ホF‖
`θ

‖f‖ ,

‖雫 *∫ |ダ ‖∫|十 ‖f‖
zヱ

九

For  ∫ ` ″
5 ハ BI ,

‖οοS 4ホ ∫‖ぉヱ
チ‖ツ ネf‖s2

≦θイ‖f‖
`+|∫
‖コ,3り

.

For f (  ″̀ ⌒ B` ,

‖Astη tAネ ∫L8コ チ‖οοS tAネ f‖ヵ2

≦θr‖ ∫‖
`手
‖∫‖ちノ・

I- 3.10  Forン  ` χ̀rθ ,た」『 。
りand コ くうJ′ く 3 ,

‖〕づ′r・
/J'″
,tν
ノン″じ“υ
‖g+‖ 傷ι′rち ,1,tクリ

`″

づ“υ
‖1'3J

‖brン,'″
,ι
′ノ‖
`チ
‖br′,Dr,t2り |ヱ ,3

≦θr1 2 132■ ‖νι‖カノ
p~ヱ

`‖

ク15+‖ ′t‖ノ
2・
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５
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コ
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っ
´

“
　

　

　

カ
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コ
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ι

　

　

　

　

リ
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＝
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ｔ＋
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コ

２

　

　

ι
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ハ
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―
句

＝

　
　
　
」
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チ

４つ
‘

３

For the pr@f of Idrra 3.9,refer to [74] for exanple, and ttre proof of

Lgnna 3.10 follcrrs frcrn Lsrna 2.1 i-n the saIIE way as in tlre previous

sections. Applyi-rrg L€firna 3.9 and 3.10 to (3.22\ and (3.23) , we have

If′ > 2′ the ■neT」nlity (3.24)gives

(3.26)   ″
`ι

り ` θ Φ5 + 
θ  r″ rtリリ

p―コ
 j

where

″
`ι

り三 S2P r」 +sり r‖ 2 rsり 1弁 2・ ‖ンt rSり
!Δ
ノ.

θくεくt

Hёnce ′ if o5 is slll十 nhly slrnll ′say●5 ≦ el ′ We ha、
e″ rtり ≦ θ05 ′i・ e.′

(3.27) ‖′rtノ ‖
ヵ2■
‖アメιり‖タヱ

`θ

rヨチιり
~も

5,

substituting (3.27) into (3.25)′ we obta■ n

≦ θcマ
~2Φ

t5 
・

Ｓ
ｄ一Ｐ

お
Ｓ

ι
ンチ

β
Ｓン

ｔ

　

　

θ

′

―

―

―

プ

ｒθ＋
５のく

一

ｔ′
５Ｚ^３

ε
ｄ一弓一

Ｐ一
Ｓチθ

ｔ

　

　

θ

ｒ

ｌ

リ

＋

一

０θく

一

ｔ′

勁 1lq we obtah
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Proposition 3.■ l    llhere ― st positive constants ci and θ
′

such that ′if 05 ≦ el ′ then the solutiull  ン ` χ̀`θリカメE。ソ   has the

estimate

(3.28) 
‖ンrtり ‖32+‖

ン
trι
りlヵコ≦θ

′
rコ .り

~コ

。5,

‖z`ιり|≦ θ
′
Φ5,

where cl and θ
′
 do not depend onみ 。

Next the ■
2-energy estimates are given by

Propsit■ on 3.■ 2   Suppose that the so■ ution ン ` χ̀ rθ ,力」E。 ノ has

the estimate (3.28).  IIhen there exists a positive constant θ
′′
 not de―

po.d■ng on ヵ Such that

F5rιリ ー E5rθり ` θ
″
Φ:~1 ,

where F5(ι り iS defined by

Ibting Assurptions 3.1, !'re get Proposition 3.8 funediately by Froposi-

tions 3.I1 and 3.12. To shor Proposition 3.l2,r.ae need the follcwing

Ismla ttrat is proved i-n the sare way as Lsmas 2.6 and 3.1.

r.emna 3.I3 For the solution u e x4{o,h;lo, ard , < n < 4,

ll t{(d,,u- - ) -U,,*,- ^ ).d!-", ll, +
" LJ - LJ L

ゐｔ
ａ′
丸
″

ι

●
τ
ｒん
″

ｔ
●
Ｊ
●
多

ヽ
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Ｊ●

〓

‘

Σ
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ｌ
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＋

２
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―

―
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作
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ゴ‖2‰ 2チ ‖%13/4`‖ ン‖:チ ‖%‖

`チ

‖%ι愧θ‖
ク‖ク'

ll"illlgo < c(Eo) rll " llp , + ll "rllUl.

Iher estirnatillg the iquality

4 ttriIltilr"..-Lu- t 2..u +b)\.ilu. dndt=0.^l-l r tt 'Lt r.t. r tn:u' u) L'J ' L J

by using LeJrma 3.13 in the sane way as jI ttre proof of Proposition

3.5 , we conseguently have

wtrich irrplies Proposition 3.12.

ItLis Gxrpletes the proof of koposition 3.8.

+ ll rZrl*.(",0.4,,r11, * ll Ao;,r4"*r.4,*rll 
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