CHAPTER II
BASTC ESTIMATES

The quasilinear partial differential equations studied
in this thesis are essentially first-order hyperbolic
equations, second-order hyperbolic equations and second
order parabolic systems. In this chapter,we establish the
basic energy estimates and existence theorems for the

corresponding linear equations of these types.

§ 2.1 Basic Lemmas
First we note two basic lemmas playing an important role throughout

this thesis.
Lemma 2.1 (Sobolev's Lemma) Set N = [n/2] + 1 and let m be a

nonnegative integer.

i) Suppose f € HN+m. Then we have

Fep™ aa | 5 lgmo < ol £y,

where o ¢ [0,N - (n/2)).

ii) SupposefEHm(mfN). Then we have
1 1 m
ref =5-"Dad |fipcclsl,

iii) Suppose f € #'". Then we have

DgfeLp form+ 1< |a|l <m+ N



and | 0% |p<cl 7y,

where
1 la|_m1 1 _
pE[n_n’Zl_{O} for n = even
1, laf_2zm1 1 _

Lemma 2.2 Suppose a ¢ B and f € L?. Set
cs = d)G*(afxi) - a(cb(s*f‘xi) (1<i<n)

where ¢ s¥ denctes the Friedrichs' mollifier with respect to x. Then we
have

. i

Dol sclalgsl

i) JcS5h -0 ass-~o.

For a proof of lLemmas 2.1 and 2.2, see [42] for example. Next

we mention only the results of the usual theory of linear evolution

equation in Banach space (See [22], for example). Now consider

d =
oy Ult) = A(t)U(t) + F(t),

(2.1)

U0) = Ug, 0 <t <T,

in same Banach space X with the nom | « [|,.
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lemma 2.3  Suppose the following:

i) For every fixed ¢ € [0,7],
a) A(t) is closed linear operator with the domain D(A(%)),
b) D(A(t)) is dense in X,

1

c) || ( T -4r¢))” Vly< (R -8 )'1|| vy

for some constant B (independent of ¢),all ¥V € X and all A

such that Fe A > B.
ii) There exists a elmsed linear subspace Y in X such that

Llﬂ”l/d‘{“{
d) Y is regarded as a Banach space with the norm |

" _Y’
e) | v ",Z < ¢ V"X for all V € v,

v Y
f} S(t)A(t)S(t)-l = A{t) + B(t)

for same S(t) € C'(0,7;B(Y,X)) and save B(t) € C°(0,T;B(X,X))
where B(X,,X,) denotes the usual Banach space of linear

bounded operators fram X; to X, with strong topology.
iii) For every fixed ¢t € [0,7],

g) Y € D(A(+)) and A(t) € C°(0,T;B(Y,X)).
Then,the problem (2.1) has a unique solution
Uit) € ¢°(0,T;Y) 0 C(0,T;X)

for U, € Y and F(t) € C*(0,7;Y).
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§ 2.2 First Order Hyperbolic Equations
We consider the initial value problem to the first order hyperbelic
equations;
)
L(u) = u, + I ai(a:_,t)ux- = flx,t),
1=1 7

(2.2)

u(x,0) = up(x), = € K'y 0 < t <.

Then the following energy estimates (Proposition 2.4} and existence

theorem (Proposition 2.5) can be proved.

Proposition 2.4 Let s and I be nonnegative integers satisfying

s > [n/2] + 2 and 0 < 1< s. Suppose that

a, € LL0,T;H) (1<i<n),
f € I, (O,T;HZ) n L;(U,T;HZ‘I),
Up € HZ:

and that the problem (2.2) has a solution
u € L;(O,T;HZ) n L;(O,T;HZ“I).

Then we have the energy estimates

[

t
4 =
(2.3) Futt) |l < &M () g I, +/% ( Jo“ fs)||; ds ) 2}

n
where ¥ = sup ( I || a,(1) ||} ,and moreover have
0<1<T i=1

[

(2.4) uw € C°(0,T;H").

- 12 -



Proposition 2.5 Iet s and I be positive integers satisfying

s> [n/2] + 2and I < 1 < s, Suppose that

a, € C°(0,T;H°) (1<i<n),
F o€ Ly0,m:85) nctco,mEtY),
ug € HZ.

Then the initial value problem (2.2) has a unique solution
v € 0,78 n o,

and the energy estimates (2.3) hold.

In order to prove Prcpositions 2.4 and 2.5,we prepair

Iema 2.6 Let s and I be nonnegative integers satisfying

& > [n/2] +2and0§ L < s, ForaEHSanduEHZ,wehave
oLk x .
i) £1|| Dm(auxi) - anuxi i <C|a "s" U ﬂl (1<i<n),
i) | ¢g* (aDu) - aldxDw I, < claf fulg

iii) || ¢g* (aD ) - aldg* D u) “Z ~0as &= 0.

Proof of Lemma 2.6
i) we show the estimate only for

A l
(2.5) Dfau ) - al’u
T, x X,
because the other terms (I<k<l-1) are estimated more easily.

By leibniz's formula,

3 B ,3 ,a-B
2.5 = £ I (E=Faz=""u
la|=1 B<a R” ax dx z
1<|8|
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Now suppose 1 > [#n/2] + 1. Then,since 1) of Lamma 2.1 asserts
| &Ba | <Clal,  for |8 <s- [n/2] - 1
'3z B° - g - 5 ?
ax

| (B_JG-Bux_ [ po < ¢l uj, for [8] > (w2l + 2,
1

we have easily the desired estimate for the terms |B|<s-[n/2]-1 or
|8l>[n/2]1+2 in (2.5). So it suffices to estimate (2.5) only for the
terms s-[n/21<|B8|<In/21+1. Now,in addition,suppose n = odd. Then iii)

of ILama 2.1 asserts

3 4B P1
(8.:::) a € I

(2.6)
:1. [ JﬁL - as-n l]
o3 € n n 7 277
3 ,0~B D2
(B:Jc) U, € L
(2.7)
1 1-|B|+2 21-n 1
pZ 6 [ 7 - 27:‘. i 2 ]

In (2.6) and (2.7),since

Jﬂ 2s-n 1-|Bl+1 2l-n
( n  on )+ n T oo )

3

Dok

=1 _1 _
=3 " { s (2 + 1)) <
we can choose p; and p, satisfying (2.6) and (2.7} as

1z
2 2

o
3 Jka
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Therefore we have

2.8) | = I )28y () f
|a|=t s-[n/21<|B|<[n/21+1 B o=z oz’ =y !
B<at

1A

1
3 - i
cI( JVE)B“”QI dx ) p1 J|r——)°° xilpzdm ) p2

I A

C“ a ISH U "1

For »

even,we can prove (2.8) similarly. Thus i) of Lemma 2.6 is proved

for 1

1v

[n/2] + 1. We can also give a proof for the case 7 < [n/2] by

ILama 2.1 in the same way as above.

ii) and iii) It suffices to show ii) and iii) only for

A
(2.9) D:c {¢6¢ (aux.) - a(cbd* ux_) 1.
2 A
By Leibniz's formula,

d 0 3 o
2.9y = ¢ { ¢6*(a(-53:—) u, - a(¢6*(§-£) ux.)
a|=t i i

B 8 ,0-B . g .3 ,0-B
+ I T “(ax) u"‘i) () (ax) uxi}

la|=1 B<a
1<|B|

B){¢5*(( =)

+ £ z (B){ (-——)B (a o= B(cbé ® U -, }
|al=2 B<a Z
12| 8]
=TI, + I, + Ii.
Since

aGHSCBI,
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lemma 2.2 implies
| o | <cl a||31|| ul,,
| I: | 0 as 6~ 0.

By fundumental properties for the Friedrichs' mollifier and the same

arguments as in i),we have

| 2 |

A

clulylal,

| I | 0 as &~ 0,

b s | <clu-ogxul,llal,,
SC"u'Z"aaSJ
| Zs | » 0 as & » 0.

This completes the proof of Lemma 2.6.

Proof of Proposition 2.4 First,suppose that

f € LODO(O,T;HZ),

(2.10)
u € L0(0,T;H ) LL(0,TH ).

Then we estimate the equality

i % % A
(2.11) T J D (L{u))+D u dx = L
YR x 0

k. k
JDxf-Dxudx

by virtue of Lemma 2.6 as follows;

7 Z
5 J DKL upru do = 7 J peokw 0k + (0Fnew) - poRw))DRu dx
o x Y=0 x" Tx x x x

A n
= rf{ J Dku 'Dku + I a.Dku 'Dku de +
k=0 xrt = i=1 X xi x
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7

+J (D ) - apu )eDfu do)

2 ol X
i=1 *i T

d [ 1,k K
> 1 _tJ F0u|? d= - Z.J @0 | 0¥l de - clal ] ul,
k kit T

3

1 dt
> Ltz ca ful,,

and

Lol ke k
R B MY P

Therefore (2.11) implies

1
L quii-clalduly, <hsllel,
that is
Chuly-aliul, <7l
dt [ 7 - [Ad
which implies
ML ¢ -CMT
@12)  Nurt) by < ™ Nuo ly+ | MY g0 | an )

B |

tA

t
M Yo Uy # V8 ([ N g00 N5 ax )
0

Let us show that (2.12) holds even for f € L,(0,738°) n 10(0,7;8° %) and

u € 1300,m;8) n i, RN, Denote ¢, f and 95 u by fg and
us respectively. Then we note
fg € L2 (0, T;H ),

o0 oo
ug € Lo(0,T;H ) N LL(0,T;E )

c cv0,T;H ).
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Applying $s% tO L{u) = f,
Lug) = fs + Cg

where

19
I

L(ué) - ¢6‘kL(u)

n
iil{ a;(bgx uxi) T (aiuxi) }.

By (2.12),we have

CMt ¢ %
{2.13) | ug () "Z <e | Uo g ”Z +VE ( JO(" Fs(t) “Z+" Cs(T) { 7)2dt) L
Since
Vugce) |, > Fut) |, suwp | Cov) ||, > 0,
§ A l o<1<t § [A
t t 2
| Fart) |3 dr » W Fex), dt as & » 0.
8 A l
0 0
for every fixed ¢,we have (2.3) by taking § » 0 in {(2.13). Finally let
us show u € C”(O,T;Hl). Similarly as above,
L(:u(3 - uGr) = fc‘i - f'o" + CG - 05,,
which gives
| (ug - ugr) () I, < cm |l uog = uog” N, +
1
t 2 2 2 3
" fjo I £ - £ 1y + 0G5l + I 6 1y a0,
which implies

sup || (ug - ug.)(t) I, >0 as 8,8 + 0.
0<t<T
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Therefore by nhoting that
0 A
u € C°(0,T;H°),
we reach
A

u € C%0,T;H").

This completes the proof of Proposition 2.4.

Proof of Proposition 2.5 First let us show the statements for
I = 1. For the moment,suppose f € C° (O,T;Hl). Then since lemma 2.1
asserts

a; € ¢ (o, 7; 81,
we immediately have a unique solution
0 1 1 2
u € CY(0,7;H ) N C(0,T;57)

fram the arguments of Chapter 6 in [42]. In fact,Lemma 2.3 can be applied
to (2.2) by setting

2 1

, X=1I°,Y=H,
| U=u , F=7F
A n 2 2

AU = - L aiux,D(A)={U€L|AU€L},

i=1 i,
-1
L S=1+A B= I (ah~h)LA"3 ,
1=1 1
where
n

N = (2m) 2 j eim'g|£|U(E) dE.

For f € L2 (O,T;HI) n C° (o,T;Lz),we may consider the following initial

value problem;
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(2.14) =1 "7

WB0) = uy € H,

where ch = ¢6*f‘ Since
0 1
fae cY (0, T;H ),
we have from the above arguments that
8

u- € C°(0,T;H1) n clfo,T;Lg),

and

[

# t =
[ROREEAICTN /feCMt(JOH (Fs ~Fgr) (1) |12 dr)’

which implies

sup | ORIy ||1 ~0 as 6,8 » 0.
0<t<T

Thus we have a solution of (2.2)
v € C0,T;HN) A 10,717

even for f ¢ Lz(O,T;HI) n cto, T;Lg). The uniqueness follows from the
energy inequality such as (2.3) immediately.

Next,suppose that the statements of Proposition 2.5 hold for 7 =
(1<k<s-1). Then,if we show the statements for I = k + 1, we coamplete
the proof of Proposition 2.5. Differentiating (2.2) with respect to z,

n

{ L(um J f;c + _Z (ai)x U, s

(2.15) J J o=l Jt

u, (0) = uo, (1<g<n).
d )

Since we can obtain

n
[ E (“i)xjuw,; T s clalll ol

- 20 -



in the same way as i) of Lemma 2.6,we note that if {ux }2_1 € (° (O,T;Hk),
L i

n
foo# I (a) u € L(0,TsH) N coc0,mHL).
£ . . T Xr. X,
J 1=1 J 7
Therefore, by constructing the approximate sequence ( U, )(m} (m>0) as
; Z

(m=0J,

n fm-1)

(m)
L((ux.) ) = fx. + .E (ai)m.(um.)
J Jd =1 d T

()™ 0) = ug (m> 1),
X Z . -

J J
and by applying Proposition 2.5 with I = & to (2.16), we have for all

(2.16)

m > 2 that
)™ € 0,7 N creo, T,
J
n
0wy, )™ e - ) ) 12
. X . X .
Jg=1 J J
n (t "
< cre™ J |2 tap (o 3 )T E )2 e
g=r'o i=1 " %; % %5
e (m-1) (m-2) 2
< C(T)J L (u ) (t) - (u_ ) (t) |3 dr.
- . Z. x. k
0 j=1 J J

Thus we have
u, € 00,78 A creo,mEY) (1<4<mn),
J
which consequently imply

w € %0,y n oo, TR,

This campletes the proof of Proposition 2.5.
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§ 2.3 Second Order Hyperbolic Equaticns
We consider the initial value problem to the second order hyperbolic

equations;
n
L(u) = Uy = L aij(x,t)um.x. = flz,t),
1yd=1 1 g
(2.17)

ulxz,0) = uy(x), ut(.r,O) =uyfx), = & Rn, 0 <t<T,

where the functions a?lj satisfy

a,. € N0, BY)  1si o,
(2.18) ap; = di (1<i,j<n),
n
vgl? < 3 a; (m g < Vgl

?:,J'=1 td
for some positive constant v (<7) and all £ € 7',z € R’ and 0<¢<T.
Then the following energy estimates (Proposition 2.7) and existence

theorem (Proposition 2.8) can be prowved.

Proposition 2.7 Iet s and 7 be nonnegative integers satisfying

§ > In/2] + 2 and 0 < 1 < s. Suppose that

D

e, t937 € L:O(O,T;HS—I) (1<i,4<n),
k]

Z

f € LX0,T;8°),

w, € B u e B
and moreover suppose that the problem (2.17) has a solution

w € 1t mE ) (o<ica).
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Then we have the energy estimate
2 2
(2.19) Huce) 15, + I u (8 I3

t

=2 C(I+M)t 2 2 2
< VELSTHUTy g2 {|Z+J0 | rev 42 e,

n
where ¥ = sup (I |l D_,
0<t<T  1,7=1 ?

(2.20) u € c°(0,msE"t

aij(t) ||S_1 ) ,and moreover have

I) N ¢l (O,T;HZ).

Proposition 2,8 Iet s and 7 be positive integers satisfying

g>[n/2] +2and 1 <1 <s. Suppose that

a;; € C0.1:8%) i),

0 -y, ..
D %55 € C (0,T;H° 1) (1<i,4<n),
£ o€ co0,7HY),

wo ¢ HL, ui € B

Then the initial value problem (2.17) has a unique solution

I+1-1

u € CU(0,T;H ) (0<i<2),

and the energy estimate (2.19) holds.
In the same way as Lamma 2.6,we can obtain

Lemma 2.9 ILet s and I be nonnegative integers satisfying s > [n/2]
+ 2and 0 < I< s. For every fixed ¢ and u(t) € HZH,u {t) ¢ Hz,a(t)E

A7 and p_,a(t) € 1 we have
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A
i) z | :f.)j;(cmm 2/ " aD?;ux z |
k=1 %5 %5

<cloal, ;ipul, (1<i,5<n),

1 A
L. k k k %
ii) z | a, D, Du, i ;*t I I aDu. *Du. I 7

=0 Y57 L =0 7 J L

i 2 . .
< C“ Dm,ta "8—1 ” D.'J’:,tu ”Z (IET’QJSnJJ

iii) || og ¥ fau, . ) - aldexu . ) ”Z
g ' g

<C(|}a "B glMoal, 0 [uwl,,; (1<i,j<n),

iv) llog * (auxixj)‘- alfgx u”%;”’j) |, >0ass~+0 (122, 4<n).

Proof of Proposition 2.7 We show (2.19) only for u € L;"o( a, T,-
") because ,for u € L:’O(O,T;EZH_?’) (0<i<2) ,we may use the similar
arguments on the mollifier ¢ 5 % as in the proof of Proposition 2.4.
In this case,using Lemma 2.9,we estimate the equality
L x

v | D% )pfu, dx = ; pReepky . de
ol = u x 't - %=0 a:f Tt

as follows;

k. .k
: [ heofu, as < 150 0w, 1,

1 b 1 ]
and

z J R enuw) o, dr =
% x xt
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k k
+ z (aij)ijxuxi Dxut - 2(a ). D u Dxu da

where EZ( t) is defined by

ik 2 X x
E,(t) = = J |D"u, (£)|¢ + £ a, .(£)Du_ (t)Du_ (t) dr.
k=0 x t y) .=1‘LJ x X, x .

sd 7 J

Therefore we have

d . 2 2
T Bt - o o uie) |15 < |1 |3

Noting that (2.18) gives
(2.21) vl o uter |2 < B 080 < v I D Luce) ||
. s ¢ 1 S B < ., t 72

we have

d

2 2
gl Bo(t) + [uit) |° ) - ct1at) ( By(t) + [ ult) | )

a
<bree) |
which implies

(2.22) B (t) + || uce) |2 < LT

2
7 (B, (0) + [ uo |7+

t
. I e—C(1+M)'r]

| Feo 4 dr ).
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Thus the desired estimate (2.19) follows from (2.21) and (2.22) immediately.
Finally we can show the regularity (2.20) in the same way as in the proof
of (2.4).

This completes the proof of Proposition 2.7.

Proof of Proposition 2.8 Set
U Up 0
U= ( s Up = ( s F = 3
ut Ui f
0 1
A=
5. .32 0
g
Tsd )

Then we can rewrite (2.17) in the form

d _
ST U8) = AB)U(E) + F(t),

(2.23)
U0) =Us , 0<t<T,

Although we amit the details (cf [ ]),Lemma 2.3 is applied to (2.23) by

setting

B
I
—
o
e
L")
by
Il
o
.
N
p
[l
"—'—q.\
[~ o
Y
S—
-

S=AM~4,B=0

where A is same positive constant determined later,and consequently we

obtain a unique solution
U e c'o,T;¥) N CH0,T5X),

that is
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w € 0, T;EY) (0<i<z).

Thus we can prove Proposition 2.8 for I = I. For I > I, we can give a
proof in the same way as in the proof of Proposition 2.5.

This completes the proof of Proposition 2.8.
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2.4 Second Order Parabolic System
We consider the initial value problem to the following prabolic

system for u = {u* }1 -7

i Z k,Z k i .
L(u) =u, - ¥ a; (z,tlu = fAx,t), (I<i<p)
t Ifkfp L,m L =72
(2.24) 1<1,men

u'(x,0) = uglx),1<i<p, x € B,0 <t < 1T,

where the functions a?’

T ¢ 10,1 B,
gsm %
ki _ Kk,i
(2.25) @ = G
AN
al,m T Yl,m,

and the system (2.24) is strongly parabolic system in the following sence;

. ky 7 At 2,2
(2.26) inf T oa;? (x,t)ELE VTV > v|g|%|v]
ze ’B ik lm B brms "=
0<t<T

for same positive constant v,all £ € ' and Vv € 7. By virtue of (2.25)

and (2.26),we have the Girding inequality (cf.[42][54])

(2.27)

|
_—_—
~1
S
R
-
3
&
=

’ 2
vl - ek dd 1yl
(2.28) J 5 a%’; uz LU de
st g
2
R Y P WP P

)Bl
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for some positive constant v’ and all u € #%. Then the following energy
estimates (Proposition 2,10} and existence theorem (Proposition 2.11)

can be proved.

Proposition 2.10 ILet s and 7 be nonnegative integers satisfying

s> [n/2] + 2and 0 < 1 <s. Suppose that
€ 100,87 ) (14, k<p, 1<1,men),

f € L;(O,T;HZ),

+1
Uy & H 3

and moreover suppose that the problem (2.24) has a solution

w € 1200,7:8%) A Lio, el

Then we have
0 1+2
{(2.29) u € (0, TH ) N L(0,T;H ),

and the energy estimate

2
(2.30) lurt) §7,,+ J Iurt) |2 149 @

t
< LMLy |2 s [0 el se0 12 ao,

k,i k1
where = sup (x| D a;’ " (¢) I,_; *+ Zha (t) 1l 4,
0<t<T Lom BO

Proposition 2.11 ILet s and I be positive integers satisfying
s > [n/2] + 2and 1 < 1 < s. Suppose that

Kyl

dpet e 0,1 B7) (158, kep, 1<l men),
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kyi

Gt e e 0, 7;85) (1<K, i<p, 1<1,men),
’ <2,ms

D a
X
f € ¢° (O,T;HZ),

uo € HZ+1_

Then the initial value problem (2.24) has a unique solution

1~ 1+8

u € c”(o,T,-HZ”) N Ccl(o,1;H Iy A Ly (0, T;H7C)

and the energy estimates (2.30) hold.

Proof of Proposition 2.10 It suffices to show (2.30) only for

u € L:D(U,T;Hm). First,by using (2.27), we estimate the equality
J Yt dx = J b d

as follows;

,

L 1 1 2 z
Futde < (I FI°+ ul®)

and

-

1d a . 2 2
35-&?J ) ? dx v w2 - e u |2,

Therefore we have

2 . Z 2 2
@30 LhulP e ul?-camlul® <) rIf
Next,using i) in Lemma 2.9 and (2.28),we estimate the equality

1 . . 1 . .
5 J Dh(Llfu))-Dzr-Au1) do = T J DZfi-pz(-Aui) dac
h=0 ! % h=0

- 30 -



as follows;

e
T J st ety dm < N0l
Ts

2 -1 2
<efluljo+e I £} foranye> o0,
and

h, 1 # Z
I J Dx(L (u))°Dx(—Au ) dzx

iR
_ hoi k.2 _h k .
—EJ-DutD(Au)+EaZ,meuxx Dx(Au)+
Im
h kz k k,7 hk
+Z{D mex)_al,m x }D(:‘_\.u)dm
I'm Zm
1+1
Id h 2 ’ 2 2
E'EEEJ kil D ul® de+ v wll,, - caan| uly,,
Therefore we have
2 ’ 2 2
(2.3 Z=(|u nm Hul® )+ @ -ellul],,-czmluly,;
-1 2
2€ “f“z

Taking ¢ small as € < V' in (2.32) and combining (2.31) with (2.32),

we reach

d 2 ’ 2 2 2
Er " U ”Z+I v |[ u ”Z+2 - C(I"'M)“ U ”Z-{-l < C" f”z

from which the desired energy estimate (2.30) follows immediately.

This campletes the proof of Proposition 2.10.

Proof of Proposition 2.11 We show the statements only for I = 1
because for 7 > 7 we give a proof in the same way as in the proof of

Proposition 2.5,
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For the moment,we more suppose f‘?’ € 0 (O,T;Hw) andalz’;’? € C(0,T; B )
Then, setting
2 1z i
X=L",U=u={ul,Uy ={u},
_patsky k,i .2
A={aA7" ={ T a7 93 .}

,m 72 Z1%m

(5, pra) = v = £,

F

S =)xI -4, B=20,

where ) is some positive constant determined later,we can write (2.24) as

U, = AU + F,
(2.33)

U(0) = Uy, 0<t<T,
and consequently we can apply Lemma 2.3 to (2.33). Thus we can obtain
a solution
0 2 1 2
(2.34) w € C°(0,T;HY) N C(0,T;L7),

By Proposition 2.10, (2.34) implies that u € I,(0,T;H°) and the energy

estimate (2,30) with 7 = 7 holds. Next,we are going to obtain a sclution

for f* € C°(0TH)ak1' € 0,7 B ) and D _a k'L € ¢ (0,771
Now extend a% ?’as
sm
k’L k,7
Z (x,t) = az,m(m,T) t> 7,
Ealz’t(x,()) t <o
3
Then define £ and a. ~*°
en ine f(‘i aéjz’mby
i _ ) Kyt _ k,
Fo =% 1 a5 10 %*‘ba*az .

where ¢§ # is the Friedrichs' mollofier with respect to t. We note that
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f5 € ¢ (0,1;8),a, ?; € "(0,7; B,

sup 3| fi(t) - £(¢) |, > 0as 8+ 0,

0<t<T
ki ki
sup L(|| a. ° (t) ~a ° (t) | +
o<t<T §,1,m l,m |31
i Dfag Bie) —a Pl ) 0as s,

ky i -
and (2.26) holds also for ag 7).+ By u® = {u%**},denote the solution to

the initial value problem ;

kyi 8,7 _ A
g -1 a5, 1,m u:czcc B fé’
(2.34) &
ua(()) = Ug,Z € Rn, 0<t<T.

From the previous arguments,we have a solution of (2.34) such that

u6 € ¢° (O,T;Hz) N ! (O,T;LZ) N Lz(O,T;Hs),

T
(2.35) sup || W) ||§ + v J I u® (1) ||§ dt
0<t<T 0

T
< LT g 5+ [ ell o0 1 .
0

Furthermore,for any § and 8> 0
§ 8,1 k,i , & s k
(- - u )t_zad,l,m (u- - u ) =
- i ket
- fs - fsr + Z(aé’ Z,m a
ol -8 J) =0,

which implies,noting (2.35),
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sup || 0l - w8 )ee) llg + v ! I 0l - w8 ) |[§ dr
0<t<T 0

ki ki, 67,k
8,L,m _ %87 ,1,m x

2
)uxZ (1) |[1 dt

A

T
LC(1#M)T Jo“ (fs = g ) (1) M? + Il (a

m

I A

T ’
Cr1+M)T 2 2 § a
. Jon (£5 = £ 20 12+ | fag - agr0 |21 %0 |2 &

2 2
C(T) sup (|| Folt) - Farlt) |2+ || anlt) - aco(t) ||9))
peter 8 8 1 8 8 1

1A

+ 0 as 6,8 - 0.

Thus we have a solution u# as a limit of u(S such that

u € CO(0,T;H2) N CY0,T;08) N Ly(0,7:8°).

The uniqueness follows from the energy inequalities immediately.

This campletes the proof of Proposition 2.11.
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