
CHAPIER II

BASIC ESTIMATES

The quasilinear partial differential equations studied
ln this thesis are essentially first-order hyperbolic
equations, second-order hyperbolic equations and second
order parabolic systeEs. In this chapter,vre establlsh the
basic energy estimates and existence theorems for Ehe

corresponding linear equations of these types.

5 2.1 Basic Lsnnas

First we note tv,o basic lsnnas playjng an iry)ortant role thoughout

this thesis.

Lsma 2.1 (Sobolevrs Lsrna) Set I/ = ln/21 + I ard let m be a

nonnegative integer.

i) Sr:ppose f e ,{*'. Tlren we have

Fξ ノ
+σ ard l∫ 1嘔″σ≦θl f‖肋

where σ( lθ,″ ― rη/2ノリ.

ii)Suppose f G ″″ r″ く ″り.  Then we have

Fピ け=券―夕and l∫‖ノ≦θl f l″

iii) suppose f € I{**. rtren we hanre

*"ro form+l5l"l <m+N
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Lsmra 2.2 Suppose a e bt and f e L2 . set

C"U = 6'*(af *.) - a(QU*f ,.) (l<i<n)
L1-

wtEre 06* denotes the Friedrictrsr npllifier with respect to r. Ihen rr€

have

i) ll c; Il : cll , tl6,ll f Il

ii) ll cill ., as6'+r.

For a proof of Lsmas 2.I and 2.2,se [42] for exanple. t'IexL

we nEntic'n onty tlre results of the usuat theory of Unear evoLution

equation in Banach space (See [22], tor exanple). I'los consider

( +u(t) = A(t)u(t) + F(t),tat
I

II u(o) = uo, o < t < T,

in scnE Banach s[Ece x with the norm [ ' llr'
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Lsnna 2.3 Srppose t}re follo,viag:

i) Eor every fixed , C l0,Il ,

a) A(t) is closed Iinear operator with the dcrlain D(A(t)),

b) D(A(t)) is dense in X,

c) ll r1-A(t))-1vllx1r anx- B fllvlx
for scne constant B (independent of ,),aII 7 € X and all I
such tlnt Re x > g.

ii) there exists a dlced linear subslEce -Y in X such tlnt
'bn'zt 'l

d) y is regarded as a Banach spa.ce witl: tne norm ll . ll ,
e) ll vllr:clvlll rotattve Y,tx '-Y
f) S(t)A(t)S(t)-1 = A(t) + B (t)

for scne s(t) e ct (o,T;B(r,x)) ard s(trE B(t) < C0 (0,T;B(x,x) )

\r*:€.re B(X|,X2, denotes the usual Banach stEc€ of linear

bounded olErators frcrn 11 to X2 with strong topology.

iii) For every fi-:<ed t e l1,f),

sl v c D(A(t)) arfr. A(t) e c0(0,?;B(v,x)).

ltren, the problern (2.1) tns a r:nique solution

u(t) e co(o,T;r) n ct(0,?;x)

for un € y ald F(t) e co (0,T;v).
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g 2.2 Fi-rst order Hyperbolic Equations

hb consider the initial. walue problen to the first order hy'perbolic

equations;

Ttren the follcwing energy estifiates (Proposition 2.4) and existerrce

theorqn (Proposition 2.5) can be proved.

Proposition 2.4 Iet s and / be non::egrative i-ntegers satisfying

s >_ ln/Z) +2and0<L< s. SuPpose that

a-. < Ll(o,r;If ) (7<i<n),
L@

f Q rz(o,r;nl ) a r,o 1o,r;al-l ),

-.1uoCH,

and that the problern (2.2) has a solution

1 1_1u c L2(o,r;H") n L:(o,r;H"-').

Then we tnve the energy estirates

(2.3t ll utt) ll.: n"'ill u, ll , +/T ( 
ItoU 

,,", ll', a" t tr t

whe“″=θ
:寧『嵯コ
‖αι
“
ノ‖εり′and∞К̈ r hat

(2.4)    2( θOrθ ,r」〃
ι
り.
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Proposition 2.5   Let s and ι be positive integers satisfying

s > [～′2] チ 2 and i く Z く _‐ .  SuppOse that

α
ι 
〔 θ。(θJ rJ″

β
リ     イコくづく′り,

F  C E2`θ J rJ〃
ι
り ∩θ。イθ,rJ〃

ι~1ノ
,

′。 c ″
ι
.

IIhen the initial va■ ‖O prob■om (2.2)has a un■ qve so■ ution

ク こ θoζθ,rJ″
Zノ
 A θlrθ ,rj〃

ι~1リ

and the energy estimates (2.3)ho■ d.

In order to prove Propositions 2.4 ard 2.5rwe prepa.ir

Isnna 2.6 Iet s and / be nonnegative i-ntegers satisf,,ing

s >- ln/21 +2arf_0<L<s. Ford € tf *A,u e flZ,we harre

LLi) .;-il drou*.t - *Iu,.l : cll o ll"ll " I, (1<i<n),
K=-l L '1.

t) ll Ao * (aDru) - a(Qu* oril ll , < cll a [ 
"ll 

u ll,

iii) ll 06 * (aD*u) - aro6* D*u) llr-0 as 6')r.

Proof of Isnna 2 .5

i) l€ shcr,r the estirnate onlY for

11(2.s) Di(aur.) - diur.
-'LL

because the other terms (1<k<Z-1) are estirrated rDre easily'

By Leilcniz I s form:la,

(2.5)= Σ

lα =ι β:α 《
ノインβαrン
α~β
%.

111β
l

0
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NOw suppose Z > [′ /2]十  ヱ.  Then′ s■nce

l rttβα‖。。
`θ

:α ls f∝

■
　
　

　

　

　

β

of I- 2.l asserts

く s ― [η/2]- 1,

l rttα
~β

%ι 13。 ≦θ‖′lι fOr βl≧ [″冽チ2J

腱 have easily the des■ red es輸蔽 for the te―
lβ lくε―レ 2]-l or

lβ l≧ [4/2]■ 2 in(2.5)。 So it suffi∝ s to esthte(2.5)on■ y fOr the

t― s― レ/2]≦ lβ ≦″ 2]チヱ.― ′■n addition′ suppose′ =翻 .Then iii)

of ■- 2.l asserts

`静

βα ξ′1

(2.6)

ｒ

ｌ

ツ

ｌ

ｉ

ｔ

ｒ

ｌ

ｌ

マ

ー

ｌ

ｔ

i`〔 早-7

r:五
ノ
α~β
ク
ェ.( z′

2

0

ん([牛 ―

,多 1,

(2.7)

2Z―η り多]・

In (2.6) and (2.7)′ s■nCe

旦
れ

１

一
２〓

ヱ

一
２

〓
ヱ
一″
子

ヱ

一
Ｐ

写 り■イ弊 -7ノ

―
芳
rS― r,チ ヱリリ く

',
we can ch@se p, ard, pz satisfying (2.6) and (2.7)
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Iherefore lvE have

(2.8) ll I L C)rlts" rlt"-fr,.|" lol=Z s-ln/zlll}l.ln/zl+t b di -L

B:o

コ
一″Ｌ

Ｐ

み
¢

ク

β
一α中

′

―

―

―

プ

ロ

一
ｐあ

Ｐ
α

β

静
′

―

―

―

ソ

で
あ

θく

一

< cll a l"N ullr.

For n = even,$re can prove (2.8) sirrLilarly. ltrus i) of Lqna 2.6 is proved

for 1 2 In/21 + 1. !{e can aLso give a proof for the case / < tn/21 by

L€Ima 2.1 il tlle sare way as above.

ii)and iii)   It Suffices to show ii)and iii)on■ y fOr

(2.9)     Dι  {φδ
■ rα2″

jリ

 ー α rφ
δ
ホz″
づ
り )。

野  LehiZls fomlla′

(2.9)= loi=ι〔 φδホrα rもき,α′″ぅ 
― α rφδホrもごり

αン
“ι
リ

チ

 |。i=ι  β:α  r:ノ
{φδ*rr:晨ノ

βα
`:F'α

~β
′
rぅ
リ ー riF,βαr:き

'α

~%″

j〕

ユ≦lβ l

+ lα

i=ι  β:α  r:り
{ r:妥ノ
βα r:桂ノ
°~β

`φ
δ
菫ン ー クリ″

ι }

ヱ≦lβ l

= Ir + Iz * Iz.

since

a e rf c B',
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Iarna 2.2 irplies

ll 1, ll : cll " ll3 ,ll " 1r

ll r, ll * 0 as 6 -> 0.

By furdurEntal properties for tlre Ftiedrichs' npllifier ard the sane

argurEnts as irt i) ,rre hanre

ll 1. ll : cl u llr\ a ll",

ll r, ll * 0 as 6'+ 0,

ll r, Il : cll z - 06,r " lll " ll",

: cll " lll " 1",

il r, ll * 0 as 6 -+ 0.

Ihis ccfipletes the pr@f of Lerma 2.6.

Proof of Prcrposition 2.4 First, suppose tllat

f e Lo (o,r;HL ),
(2 .10 )

u e Lo (o,T;H*) a L:(o,TiH-).

Then r.ve estirate tle equal-ity

by v■rt11・ of l- 2.6 as follo■ お ,

た:θ∫4化位〃。,lμあ=進θ∫Zωiガ。つl′イ拳0-Zrタリ
。フ
lμ
と

= 
た:θ
{ I Diレι

・
'12 + じ[コ 

α
tD12rぅ
。Di′ di +

激メ
″
レＤ

ｆ

ｌ

Ｊ

θ

Ｚ
Σ
ト
〓とん

″
ＺＺ

メ
″

′

―

―

―

リθ

ι

Σ

〓
た

１１２
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and

た:θ∫ク・4ンと≦‖∫lι‖“lz.

Therefore (2.l■ ) 由口plies

多分‖ν‖:― θl α i61ン Iι ≦|∫ lι lン Iι ,

that is

多‖クlι ―釧‖ν lι ≦lf‖ιリ

which implies

O.12)|ク rtノ lι≦οθ″しイ‖ンo lzチ∫:ο
~θ物竹
if行りlιとリ

≦。"tr‖ン。lι +″イ∫:‖ f缶り‖,どτ予り.

■et us sbゞ that(2.■ 2)holdS even for f(Z2rθ ,rノ Zノ ∩Zぎθ,rノ
ι~も 調

ン(ι o rθ ,rノ Zノ ハZlrθ ,■〃
ι~う。 Denote φδネf and φδホ′by fδ ard

′δ reSpd■ve■y.Then we note

fδ  C ttl`θ ,rJ〃
∞
り,

Zδ (Zl`θ ,r」ノノハ五ムrθ ,r」∫リ

c θOrθ ,r」〃
∞
り.
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App■y■ng Oδ ネ tO Z`ク リ = ∴

五(2δり = fδ + 
θ
δ

where

θ
δ = z r2δ

リ ー φδ
ホZr′リ

れ

= tlコ { αι
`φ

δ
ホン
″
ι
リ ー φδ tt 

ζαづ
′

“
.り
 ).
¢

By(2。 12)′ル腱 have

OD♭ ρ 勝 %♭ %時 チπζ和 鳥ω 町Ⅶ甲つい
多
}・

SInce

|クδrtり lι →‖イサリ‖′θittt‖
θδrり ‖ι→θ,

《障ρ喝と'(MidTas_
for every fL(dt′ we hヽ輸 (2.3)by tak■ ng δ→ θ ■n(2.■ 3)。 FIna■■yユet

us she 2 C θOrθ ,r」〃
ι
り。  Sim直 1月 r■y as abve′

五イン
δ 
― ク
δ
′り = ∫δ 

― fδ′ 十 θδ 
― θ
δ
′J

which g■ves

l ζνδ
―′δ
′りrtり ‖z≦ θrrり {‖ ン。6-2oδ

′‖ιチ

口hich ■mplies

θittr‖
rν 6_2δ
′りrtり ‖ι→θ aS δ,δ

′→θ.

■
つηと

２

　

●
ιδ

θ＋

２

　

ιδ
θチ鳥一鳥

ｔ

　

　

θ

ｒ

ｌ

Ｊ

＋
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Therefore by notirg tlrat

u € co (o,r;ul ),

hre reach

1

u e co (o,T;H" ).

thj-s ccfl[)letes the proof of Proposition 2.4.

Proof of Proposition 2 .5 First l-et r:s shcr,,.r tlle st-atsrEnts for

L = 1. Eor the rnrrE!'rt, sr4)pose f e co (0,T;H1 ), Then since Lsm|a 2.1

asserts

a. e co(o,T;81+o),

rae irrnediately trave a r.rrique solution

u € co (o,r;nl ) n ct {o,r;r'2 )

frcrn the ar$nrents of CtEpter 6 in 142). In fact, L€fina 2.3 can be applied

tD Q.2) by setting

―

―

. ,2 "_.1

D-fu - L+ t L - Jt

n
AU = - L a.u

n
S=1+A,B: L

,o
D(A) = {u e L'l AU € L'},

_1(a.lt - lw.) It -Z1, L ti-

wtrere

IW=

Eor f € Lz(o,T;Hl )

walue problem;

０

′

―

―

―

ソ

■
２
゛

■つ´

i"'EE1ir(.t dE.

n Co ( o , T ; 12 ), h,e lrury consider the followilg initia1
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t61oI U + L A.U = r^I X . - t i. -0
(2.141 I L:r L

tr
I u6rol : uo € H7,
L

wlere fO = QO*f. Sinc€

fo € co (o'r;n1 ) '
we have frcrn the above argunents that

,6 e co lo,T;H1 ) a c'(o,T;L2 ),

and

ll r,6 - ,6')(") llr: /tnchtrltoll ,ru -ru,,r-t 1l art+

r,,'trich i:rplies

sup li {u6 -u6 )tt) l1 ,*o as 6,6'*r.
0<t<?

Tlnls rre trave a solutiqt of (2.2\

u € co(o,r;t/ ) n c'1o,r;r,2 )

eren for f e Lz(o,r;a1 ) a co (o,r;i ). Ttre r.u'rigr:eness follo,rs frcrn the

energy ileguality suctr as (2.3) irmediately.

Next, suppose that the statslents of Proposition 2.5 hold for L = k

Q1k1s- 11. Ttren,if we shcrn, tlle staterents for L = k + 1, vle ccnplete

tlre prmf of Proposition 2.5. Differerrtiatjng (2.2) with respecE to r,

n
j L(ur.) = fr.* .L-(ol*.ur.,

(2.I5) ( J J L:l J L

I ur.(o) = uo*. (l<i<n).
JJ

Si-nce ue can obtain

″

|じニコ
rαノ句
ν
%‖た≦
θ‖α‖

s‖
ル|だ

- 20 -



h the s¨ way as→ of I-2.6′鸞note that if{′ r.}狂ヱこθ
o ω,rJメん

ι

∫L′
 

チ
 ι[コ `α
ιノ″.2..( Z2rθ ,rJ″

た
ノ n θorθりrJヵス

~ヱ

リ.
′  τ

IIherefore, by constructing the appro―ate seqtlence rク  リ
r″ノ
ィ″>θナ as

″ .        ―

0

r2  り
`θ

ノ
 = ン。″.     r″ = θノリエ

      」θ

リノ = √
"′  + ι:コ

rαιり.5rク
“ぅ
ノ
`″

~ヱリ

θり = 2。″.    イ
″ ≧ コリ,″.        

」′

.16)′ we haVe for a■ land by apply■ ng Proposition 2.5-with ι = た to (2

″ >2 that

{r* .)(^) e co (o,r;r*) A ct (o,r;*-1 ),
J

く

く

Thus we have

“
r.C θ

Orθ
,r」刀ち

′

wh■ch oonsequently ■mply

ン e θorθ ,rJ″
た手ゴ
リ

ThiS 
―
letes the proof of

r%り続~1々サリ‖発
」

‖
づ:l rαι
ノ
cjrr2 c3り

r″-1り _ ィン″
′
ノイ
7η~2リ
リrTり |(

インェ.り
r′η―コリ

rτリ ー (2ェ
 
ノイ″~2り rτり ‖チ ′τ.

′                θ

∩θlrθ,助♂
~1ノ
  rヱ く′くり,

A ct (o,r;t*).

Proposition 2.5.

」:ヱ
|| イク

“プ

リ
r′ηり
rιリ ー

OToθ
″「′:コ∫:
θrrり∫: 」:コ‖

dτ
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g 2.3 Secord Order H14:erbolic Equations

I^Ie consider the j-nitia1 value prcblsn to tlle second order hlzperbotic

equations i

, ″

where the functions α
じ」 Satisfy

αι′  C  LLrθ
,」FJ」:ゝ
コ
リ     ζヱ≦ιり′≦′り,

(2.18)         α   = α .               (ゴくじ,′くηり,多θ    θO                ―   ―

νlξ 12 ≦
 づ,1=コ
α
ガ
イエ
'tノ
=じ

ξ
′ ≦ 
ν
~11ξ
12,

for scre positive constant o (≦1)and all ξ ( P′ ′″ ( Rれ and θくしくr.

Then the fo■bin"ner9y est■ mates (PrOposition 2.7)and ― Stence

theoru  (ProPOSitiv11 2.8)can be prOved.

Prcposition 2.7 Iet s and Z be nonnegative integers satisfiring

s > ln/21 +2and0:L1s- Suppose that

D- +a;; € L\(o,T;rf-l ) (1<i,icn),
.t t t/ t-.)

f e Lo (0,T;Hl ),

uo e HL+l ,u1 e HL,

and noreover sr4)pose that t}re problsn (2.17) has a solution

u € L"(0,T;H"'- ") (0<i<2).

■く
一

ｔく

¨

θ

¨
　
　
♂

″
　
　
　
‘
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Ihen we have the energy est― te

い" ‖201`+コ ■|クtの ‖:

where″ =sη r免ヱ‖%′ガ0嘔θくサくr づ,[                 
ノ′aⅨl.υreover have

(2.20)   2 c θorθ ,rJ〃
Zチ Iリ
 ハ θl rθ J rJ″

ι
ノ.

Proposition 2,8 Iet s and Z be positive iltegers satisfying

s Z ln/z) + 2 and 1 < L < s. S'pIDSe that

a-.. € co(o,r;bo ) (1<i,i<n),
LJ

D- *a".; € co (o,T;If -1 ) (1<i,i<n),
&t w u.J

f e co (o,r;aL ),

--L+1 - -.Luo € H ' ur e fi .

Tfren ttre irritial- v-altre problern (2.L7) has a wrique solution

u € C"(0,?;H"'- ") (0<i<2)'

and t}Ie energy estirate (2.19) trolds.

h the salle h,ay as LeIrnE 2.6,ue can obtain

τ
ｄ

２

ι
ＴＦ

ｔ

　

　

θ

ｆ

ｌ

Ｊ

チ

２

ι
ク＋

チ

２

ι
２

ｔ

Ｗ
θ

０

つ
乙一

νく

¨

Lsmla 2.9 Iet s and Z be ronnegative integers satisfiring s > ln/21

+ 2 and 0 < L< s. For every fixed , aJd, u(t) G HL+l ,, (t) e HL,a(t)€
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⊃た:ュ 1強 0%ιザ
~4%・
“.‖● ′

≦θ‖?,σα ls_コ |もンlι   rコ≦じ,たれり,

コ進ノα%4%ι・拳ι性コ罐ル仇ι九鼈ヱ

≦θ‖%,tα ‖s_1‖ ら,ι
ン‖:  ζコ≦t,」≦ηり,

iii)‖ φδホrαク″.″ .ソ
ーα
`φ
δネ

`″

...り lz
¢ ′ ● 」

≦θr‖ α lβヱ+‖
'″

α lS_ヱ ノ|ク ‖ι.l  rコくじ,′くηノ,

・V)‖φδホrα%.″ ノーαr,δホン%%り
lι
→θ as δ→θ  イコジ,ciK4り .

● θ

Proof of Propsitim 2.7  腱鰤ぃ (2.19)only for 2 c Lこ rθ,rJ

″Pノ because′ for ν〔4rθりr"ι
+1~ち

(θダ≦2り′We mtt use the sttilar
ar… tS On the IIDl■ ifier φ

δ
ホ  as ■n the proof of ProPosit■ On 2.4.

■n this case′ uslng I- 2.9′ ルc estute the eT」 a■ity

た:θ∫ ,irzr2リリ
。
?[ンt di = た:θ

as follo17s,

見∫ク・42tと≦‖f‖ι‖Zι lι

〓と丸
″

“Ｚ
メ

″

ｒ

ｉ

ｌ

ｌ

′

『２

●κ

∫ ?ifoDl′ t と

≦劉∫‖:チ 訓2ι l;′
and
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= 見 ∫ '12ιι・'1ンι ~ ι:」 ,lrα j′2“ι●5ノ
。,12t ど″

=l'多∫をι12チ Σα…,たク.メンとイ,′ 
¢′ ″ ″j  ″ Cj

チ
 ιJ;,た∫ (αι′Diン″ι。3 - D[rαι′ン″t cjリノ・D12ι di

+ t,;,た∫ rα t」りc5,I′ェι・D12t ― ;rαι′りtD12.5・ ,1ン″ぅ d″

≧多:iFZι rtノ ー釧‖ら,サン‖

`where Iア
zrtノ
 is defined by

Itprefore we have

とι力々̈
θ

ι

●
多
″
ん
エ

ｔ
●
′

●
多
α

〓

′

Σ

．
Ｊ●

チ

２
ｔ

ｔん
″

′

―

―

―

プ
θ

ι

Σ

〓
た

〓
ｔＦ

Ｔ∂
２

ι
τｆ

τ″
θ
¨
０

ｔ

　

　

θ

ｆ

ｌ

プ

＋

,ァ
Zι rt,― θrコ瘤り|も

,ι
ンrtり ‖:≦ ‖∫ζtり ‖:.

(2.21)   olも
,tZrtり
‖;`『ιrιノ≦ν

~コ

|%,ιンrιり‖

`,腱have

:告Fr Zι
rtル |ン rtノ ‖2リ ーθイコ″ノr Eι rιリチ‖イιノ12リ

≦ |″″ |:

which implies

(2.22) Eι rιノ手‖″rιり|12≦ ο
θ
`ヱ

秘りtr Eι ζθッチ‖ン。12+
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Thus the desired esti.rnate (2.19) follovrs frcrn (2.21) ard (2.22\ irruediately.

Eirnlly we can strc[^/ the regularity (2.20) in t]re sane way as il the proof

of (2 .41 .

this cdrpletes the proof of foposition 2.7.

Prof of Proposition 2.8 Set

'= (",,)' " = (",',)' '= (r)

t0 I \o=tl
| , o..r'\ 7ii"ti"*''' o /

ltren we can rel.rrite (2.17) in t}re form

r {uttl : A(t)u(t) + F(t),tdD

e.n\ {
| ,rol = ,o , o : t : r.

Altlrough $re cnLit the details (cf t I ),I-enma 2.3 is applied to (2.23) bY

settillg
,rf , lHz l,:lrr) 'Y:D(A)=[rr)

5=lr-A,B=0

wtrere tr is scrre positive constant detenn-i-ned later, and consequently we

obtai-n a r:nique solution

u € co(o,r;v) n cr(o,T;x),

tllat is

-26-



2 c θ¢rθ,rJ″
2-ι
ノ  イθくづく2り .

Thllq we can prove Proposition 2.8 for ι = ヱ. For Z > コ′ we can give a

proof ■n the salc"ay as ■n the prnf of Propsition 2.5.

IIhis completes the proof of Proposition 2.8.
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(2.24)

2.4 Second Order Parabolic Slzsten

I,[e consider the irritial value problan to the foflouilg prabolic

systern for u = {u"}|=t t

where the functions αケ:' SatiSfy fOr i≦じ,た≦P,コ≦Z,″≦″

α
}:' ( 
五ムrθ,r」βコノ,

(2.25)   α
::′
=硫:',

α
::携 = 

α
::傷 ,

and the system (2.24) is strOngly parabolic system ■n the follow■ng sence,

(2.26) 

“宅ち
ηι,ごι,″
α
;:勇
rr,ιりξιζ″/′ ≧νに12172

0<t<T

for scne positive constant v,aLl 6 € { afi, V e fl. By virtue of (2.25\

and (2.26),r,,e rave the cSrdj-ng fuiequality (cf .l42ll54l)
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for scfllrE positive constant v' and aII u e H2. ltren t]re folLowj.ng energy

estilates (Propositidr 2.10) and existence theorern (Profnsition 2.I1)

can be prorred.

koposition 2.10 I€t s ard Z be nonnegative iltegers satisfying

s > ln/21 + 2 ar:d.0 < L < s. Sq)pose tfEt
1" ; - a-1

D-a')'!. e Li(0,T;tf -) (1<i,k<p,1<l,m<n),
i L,m

1

f < L2(o,r;H"),

--l+7uo e 11

and noreover srppose that ttre problem (2.241 Yas a solution

^ 7r1 - 7-1u e L:(o,r;H"'') A L:(0,?;H"-').

TLen vle tnve

(2.29) u G Co(0,T;HL+1 ) n Lz(0,T;Hl+2 ),

and the energy esti:rate

where M = 
^sup ^6ll oro!'i rtl ll 

"-, 
+ r I al','n(t) ll a 0) 

.

0<t<r

Proposition 2.I1 I€t s and Z be positive integers satisfl,ing

s > ln/21 +2and7<L<s. SLppose that

"1': € co {o,r; $1 ) (1<i,k<p,1<L,m<n),
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２
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Dェαみ:ι  〔 θ
。
(θ ,E;力
β~コノ   rコくた,ιくP,2く ZJ′″く″り,

f こ θo rθりrJ〃
ι
りJ

ンo 〔 〃
ι+1・

IIhen the initia■ va■ue problclЦ (2.24)has a 血 que solution

′ ξ θoζθ,rJ″
ι+コ
ノ ハ θl rθ ,rJ〃

ι~1ノ
 ハ E2rθ ,『」〃

ιチ2リ

and the energy est―tes (2.30)ho■d.

Prof of Proposition 2.I0 It suffices to strcm (2.30) onLy for

u € L|(0,T;H* ). Pirst, by using (2.27\ , we estirate the equatity

as folIcr,rs;

and

ltrerefore vle have
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¨

(2.31) :lテ‖ク12.2。′‖21`― θ(1抑り|ン 12`‖ F‖ 2.

Next., usijlg i) in Isrma 2.9 and (2.28) ,we estirnate tle equaLity

ヵ:θ ∫ D“ r五 `ィンリリ
。
'を

r―△クづノ ∂″ = み:θ∫ ,lFう
。
?を
r―△ンιり d“
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as follcrrs;

and

,:rl U'4(-ui) d'c I ll r ll 7ll 
u ll4,
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therefore r+e have

(2.32) fu ttl"l?*r- I ull2 t + (2v'- e)ll"ll?.*z- c(1+M)ll"ll?.*t

: "-'ll t ll?'

Taking e srall as e < v' i-n (2.32) arrd ccnilcililg (2 .31) with 12.32\ ,

r.e reach

fr tt " tl?*t * u' ll " lll*z - c(l+M)ll " ll?*t : cll f ll?

frcrn which the desired energy estirate (2.30) fofto,vs inrediately.

this cqlpletes the proof of Proposition 2.I0.

Proof of koposition 2.11 !E strc*, the statsrEnts c'nLy for Z = 7

because for L > .7 rre give a proof in tlp sane way as il ttre prrcf of

Proposition 2.5.
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For the nu―t′
“
rore suppse′〔θo ω,r」ノリ颯均挽

'(〆

ω,嚇助・
Then′ sett■ng

χ = z2 , υ = 2 = {クづ},υ。 = {2f},

4 = {И
づ
'た } = { 

ι:,η
α
::l Эlι

,″

},

F={f},D(A):y:H2,

s = l1 _ A, B = 0,

where tr is scne positive constant determjned later,rrre can lfI ite (2.241 as

( ut = AU + F'
(2.33\ I

)r U(0) = Us' 0<L<I,

and consequently we can apply Ianra 2.3 to (2.33). Ttri:s ue can obta.in

a solution

(2.341 u € co (o,r;nz) n cr {o,r;r,2).

By Proposition 2.L0, (2.34) pfies tlnt z/ € L2(0,7;H3 ) and the energy

estfinate (2.30) with Z = I trolds. Next,!',e are going to obtain a solution

ror f e co ro,r;ul ),a11,i, , t, (o,r; g,1 t *a o*"!1,i € co (0,r;rf-1 ).

l{c,v, extend o\'L u.Lrfr

k,i, ., _ ^k,ir_.,( ai';(c,t) = ai',- (r,r) t > r,
)
I -k,i,^ ^, ,L = al'*(x,O) L<0.

rhen define fo ** "u,l:}W
f! = ou* f , "o,l:,", = o!* ou* "!','*

wtlere 0; + is the ftiedrichs' nollofier wittr respest to ,. I{e rpte t}Et
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し
、 ( θo rθ,rJ〃
∞り,αδ夕

':携

 
ε d∞ rθ ,r」■∞り,

ΣI《
`ι

リー′ζιり|ダ θ as δ,θ,

Σ
`‖

 αδ,ウ :'rιリ ー α  ::'(tり  ‖メョ1 +

チ ‖ )ェ rαδ,::ι
rιリ ー α

  ケ:'rtリツ Is_コ  
ノ → θ nq δ , θ,

罰 (2.26)ho■ dS alsO for αδリウ:′・By′δ=レδ」ち′denote the solution to
thle五 tial value problt.‖  ′
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¨
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¨

θ

_ " 6, i k,i ..6,n _ i,( "x _ " *6, L,n ^rrr, _ J 6,(2.34\ I
I u6 tol : uo,r € {,0.t.r.

Frcm the previous argmEnts,we have a solution of (2.341 slrch tlEt

,6e co (o,r;t?) a ct{o,r;tz) n L2(0,r;HJ ),

(2.35)

F\rrtherflDre, for any 6

θ:`:『‖
ンδ rιノ‖;+ν

≦。
θrl.‐ l′りrr‖ ′。|;
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- 2δ
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wtr-ictr inpties,notjng (2.35) ,
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θ

≦ θrrりθiサ受rr‖  Fδ
rιリ ー fδ′rtノ  ‖

` 

チ ‖ αδrtノ  ー αδ′rtノ  121リ

→ θ as δ,δ
′ → θ.

Ihus we have a solution ク as a limit of ン
δ
 such that

u e co (o,r;t? I A ct (o,r;r,2 ) A rz(o,T;u3 ),

the uniqueness follorrs frcrn the energy inequalities fuflediately.

This curpletes the pr@f of Proposition 2.11.
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