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ABSMIM

It is cc[I[rDn-Iy krto^rn that a pyioti estirEtes play an jJrportant role

iI tle study of glcbal existence in tjne for tlre initial v-alue prcblens

to t}le quasili-near partial differential- eqrEtions . In tllis tltesis, tr,rD

rethods of obtairring a pt iori estfunates for suitably solutions

are proposed ; orE is oclrposed of only energy estfunates in tlle strEce of

square sumErble fi:ncLions, and ttle ottrer i-nvolves a ccnioination of ttre

estjrnates for t]1e decay rate of tIrc lirearized equations ard the energy

estirates. these fletflods are concretely applied to t}Ie pure irdtial
value problers to quasiliJrear equations of wave propagation and ones of

ccnpressi-bIe fluid. In each problen, it is proved that a rrr-ique solution

exists globalty in tire for suitably smll initial data. Also, the

asynptotic belr,avior of tle solution as , -+ + - is i-nrrestigated.
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工銀

Tlere are many interestilg but not fr-r-lly jrrvestigated qr:asilirear

partial differential equations in matlrsratical physics. Arong these

eqtrations, ue will focus or:r attention on tlre quasilinear equations of

r4a\re protrEgation ancl ones of curpressiJcle viscous f luj-d. One of ttle

fwrdanEntal rnatlsnatical problens associated erith ttlese equations is the

pure initiaI value problem. Especially our nDst interestirrg tlere is

existence of "global solutions in tille". Sinc-e ttrc equalions are highly

nonLirear with reslEct to the unkrs,firs, we abandon to seel< gldal solu-

tions in general, ard restrict ourselves to seek globa1 solutions wtrich

are suitably close to oonstant equitibritm states. Ttrerefore rrle nEry say

that v,E shall investigate stability of constant equiliJrriun states.

V*ren we clnstnlct a global so.IuLiqr in ti:re by continuation of local

solutions in tirre, i.,e reed "a priori" estirates for tle solution. ltrere

have been many rethods to derive a priori estirnates. $ao rnain rlEtlpds

of ttem, especial-ly irr mutti-space-dinensiornl- cases, are tle energy

retiod to construct and estinate an energy form of the solution skiIlfu1ly,

and tlp rethod to estijrEte the decay rate of the soluticrrs of t}Ie li_rearized

equations and absorb nonlinearity by using these estirates of decay rate

(cf . [I4] t33l t44l ts7) 162) t63l t64l t57l t681 t73l ) . But t]rey aL1 harze been

applied to the "sqn-i1inear" equations. In t}-is tlresis, by usiag ttre fact

that ttE solution is suitably close to tlle constant equili_brirnn state,

we irrprorze tle energy netlrod so that it rnay be applied to ',quasilinear,,

equations. In fact it is ap6:lied to the quasilirear dissipative warre

equations and tle equations of ideal- polytropic gase, and their global.

solutions in tirrE are obtafured for the initial data which are suitably
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close to ttE constant eguiliJcriun states. zurthenrDre, by usi-ng a oorr

bination of this erErgy rrEtltcd and tle estirates of decay rate for tle

sol-utions of tlre lirearized eqr:ations, rre obtairr tlrc global solutions

ill tiJrE of the equations of the generel isotropic lle{^rtonian fluid and

tle qr:asitilear wa'/e equations with suitably high nonlirrearity for tle

iltitiaf data wtrich are suitably close to tlle constant equiliJcriun states.

Also, as a conse(Ilence of tlre a priori estirnates, tlle sol-utions are Proved

to decay to the constant egdlibriun states as tire terds to infirity.

ltr-is nethod to cbtain the snall but globat solutions irr tjJre for these

particular ronti.rlear probLqrs is ratfEr general ancl can be applied to

many systefiE of ncnlinear partial differential equations ' if tlrc solution

of tlE linearized equation has an appropriate decay rate as tirE tends

to infinity and if the eqr:ations are arcnable to ordinarlz energy estjnntes.

ltris tlesis is devided to four Parts. In CtEpter I, vre will nention

what kind of locaf e)<istence tteorem and a priori esLirate guarantee

existenc€ of a global- solution in Lijre, and roughly nention our netlpd-s

to derive a priori estirEtes. Prepa.iriflg the basic energy estirEtes and

existence ttEorsns for the linear equations in Chapter II, rrle will i-nve-

stigate the quasilirear wave equations iI Chapter fII and tjre equations

of ccnpressi.ble viscous fluid in Chap@r rV.



SCT.,IE },IqTNTIONS

O IP (1<p<-1 : ttre I-ebesgr:e spa.ce of neasurable functions on Rn (n=

1,2,., ) wtose p-th powers are integrable , witJ: tlre norm

ll f ll - = r[ 6r*tp 4,1t/nLY fin

For p=2,we sⅢly write‖ 。|.

にi)食
た 仕=θ ,ユ′ り :the Banach space of burded cont■ nuous fund■ ons

on R′ such that all their partia■ derivatives of order くた 

“

st and nre

moreover bounded cclnt■ nuc11lq, with the no..lt

‖f‖が三|。iダ
Sr lrttαf缶ノJ

″

mere α=にコ,αν…りαノリαl=腫コ
αη and

r?-tar : 
^ 

lo l 1rn-ol .-o2 ----^-onti;/ .) = o' J/&1 e2 ""dTn.

(iii) 3k+o (k=0,1,2,..,0<o<7) : the lfdlder spa.ce of $ 
ft-finctions 

suctr

that ttreir partiaL derivatives of order k are uniformly lblder contjrtuous

with an exponent o, with the rDrm

‖∫したぉ
三‖∫唯た¶数

(")bt z`♂ and f=げコ伝り,∫2佗ノJ……ら伝ル Then'ζf d―掟s a vectOr
corposed of all k-th partial derivatives with respect to z,i.e.,

― V■ ―



,シ ={r)α鳥:α l=た口
`ι `′

}.

Especia■ly腱嘔ite,2f hstead Of,:f.ク・DをθねnOtes the“ual h∝r
product ofを and,:θ′ard'をЛ iS def籟

"

|'ζfl 三 rDじf・フζ∫リ
コ/2

(vl al (L=0,1,2...) : the soborev slEce on { of r,2 -nvrctions wtrose

partial derivatirres of order <./ are also tr2-fi:nctions , with ttre norm

|∫‖z三
%く見くι∫'1∫12とメ

/2

RN

(vi) Let B be a Banach spa.ce, k be a nonnegative i-nteger and 7 be sore

positive cc,nstant. Then,
LI,

tf (o,r;a) lrespechively L:(o,I jB) ) : tIrc Banach space of fwEtions f(t)
on l0,Il q*rich have t}re values jn I for evertr fi:<ed t cl),Il and are

k-tires contin:or:sly (resp. bourdedly) differentiable with reslEct to ,

in B-topology.

Lr(O,T;B) : the Banach spa.cre of funcEions f(t) on [0,7] wtr-ich are square

surnnble on l0,T) in 8-topology.

(vii) C , C. , C(X) , Ci(X) (i=0,1,2,..) denote scre constants. !^le write

c. rvtrcn r,,e liant to disti-nguish it frcrn the others, afi, c(X) wten h,e must
1.

to arplrasize its dependence on a quantitlz X. Also, h.(r) (i=0,1,2,..J denote

scrIe cantinuous nonnegative arld nondecreasilg fi:nctions on r > 0,

― V■■ ―



C}NPIB, I

ImL EXI… AND GIOmL EXISTE「 E

In thls chapter,we abstractly Eention what kind of local
existence theorem and a priori estiDate are sufficient to gua-

rantee a global solution in tine for suitably sna1l iniEial
daEa and how to construct the global solutlon by a coubination
of EheE. Especially ln 5 1.2,we roughly nention how to derive
the desired a priori estiEate in this t.hesis.

g I.I Iocal D<istence and Global Dristence

Iet Bt,Bz ard 83 be scrre Banach slEces r,rith the norms ;1 . lla,, f . ilr,
and ll . ll ,, such trnt

83 q 82 q Bt, ll u llr, 5 ll u lla,: ll u lB, for u e Be.

let N(. ) be a contj-nr:ous oIEratlr frcrn 82 to Br such thaL N(0) -- ,. Ihen

r4re crcnsider the follcruijlg nonli-near evolution equation in 8l;

Olr purpose is to obtain a global- solution jJI tfurc of (I,t) satisfying

u € co (0,1-;Bz) n ct (0,+-*iBr).

Fi-rst we chose a positive constant Ee ard restricE ourselves to seek
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only a soluLion satisfying

sup ll u(t) llo. . ro
t>0

so tllat tle equation (1.1) may keep to be a convenient type to be stuaied

for all t > 0, for o<arq>Ie, strictly hyperbolic tlpe or uniformly para-

bolic t1pe. I€t E be a positive nrnrber not nore tlran 86. Tten let us

defire the set of solution X(tt,tz;E) for 0 < tt < tz < + - by

(1.2) χrι l,t2」 Eノ =〔 J l υこιノ ( θortlJ ι2」 B2ノ ^ θlrtl,ι 2JBlり ard

sンP  l υrtノ
ιlくしくt2

ζく
『
。ノ }.‖B2 ≦E

IEt us consider a problan what kjJld of local existence theorern and a prio-

ri esti:nate are sufficient to guarantee a g1oba1 solution U X(0'1-;Eo)

of (1.1) . One ans^rer is fur the follo'rirgs :

Iocal E<istence For every nonnegatirre mrrlcer fo, consider tlle

initial value prdlern

(1.3)

ttren tlrere o<ist positive constants t and 6 (6<l) which do not depend

on h suctr that if

11 u, llrr : 6E for scne E (<Eo) '
then the problem (I.3) has a unique solution

υ ( χrた ,た+TJ Zノ .
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A Priori EstirBte Sr:ppose that tlle initiaL v-alue problern (1.1)

has a solution

U € X(0 
'h;E 

)

for scre h at:d, E (<Eo). Itren tlrere exist positive constants Co,el and

ez which do not de5Erd on ft such ttrat if E < e1 and ll uo lla, : e2, we

hare

u € x(o,h;co ll uo ll ,^1.

Enark I Sinc€ lIfU, dose not include , explicitly, it suffies

to sts^r I aI Dd-stence otr].]-y for h : 0.

Iik['/, onc.e loca1 Ecisterre and A Priori Estijnate are proved, vre have

Glcbal E<istenoe ltEre er.ist positive oonstants c0 and e0 such

that if ll Uo lla, < e0, then t.I:e problern (I.1) has a r:nique solution

u € x(0,1_;co ll uo llarr.

In fact,we rnay take es as

εO =″ιη ` δCl, 
全
:十
, C2 ノ.

Then, by local Existence with み = θ and E = cl, We have a local solution

υ ( ,frθ ,τ J elり .
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ev ll u, llr, : .o < e2 and ll uo lla, : 6erlco,LE!E!_E,]E@. Jnpries

u € x(o,r;co ll uo llar) c x(0,r;6e 1).

Therefore, by usirg Local Existence wittt fo = r and E: el again, we have

び (χイθ,2■ Jε lリ

vthich irrplies

υ C χrθ ,2τ J δelリ

b1, virtue of A kiori Estirate again. Repeating the sane argflnrEnts,

ue har,e Global D<istence.

Occasionlly rwe have a case that it is converdent to seek a solution

jn nore restricted space tlnn :n C0(0,1--;82). For suctr cases,r.le may take

scne suitable spce X(ty,t2l witn the norm ll . ll "r* * ! satisfying
+t t l, t,2,/

χrサ 1」 t2り  c; θ
Orι
l,サ 2,32り ,

tlill:ι 2‖

υrtノ |IB2≦ ‖υ‖χrtl,t2だ

lυ ‖χrtl,ι 2ノ ≦lυ ‖χrtl,tノ
チ‖υ‖Xrt,t2り f°r ,1≦ ι≦t2,

andコodify (■ .2)as

(1.4)    χrtl,t2JEノ =〔  171 1 υ(χ rtl,t2り n θ
lrι
l,ι 2JBlノ and

l」 ‖χrtl,t2ノ ≦E r≦
]。ソ }.
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, . 6e, 6e'eo = m1.n I t , 2il, ., t,

Local D<istence ard A Priori Estimate ilply clobat Sristence also in the

case (1.4) . In fact,by Lcal E<istence wit]. E = er/Z ard. h = 0 tve have

υ  ∈ χ rθ ,T」 e1/2り .

Then, if r+e take eq as

1trcn A Priori Estinate inplies

υ ∈ χ
`θ

,τ」θ。lυ。‖33ノ

c χrθJTJδ e1/2ノ .

υ C χrT,2τJ e1/2リ

Iherefore,notjng ttnt

‖υ‖χω,2τノ≦‖υ‖石θ,Jチ ‖υ‖χ街」2J

く δc1/2  チ c1/2

く Cl,

we have

υ 〔 χζθ」2τJ elり .

-5-



Ilrcn A Priori Estinute irplies

U € X ( 0,2r; 6et/2).

TLrus, repeatjrg the sarne argunents,we have Global D.istence j_n tle cace

(r.4) .

g l-. 2 A Eiori Estirnates

Although Iocal D<istence is usually obtained alongr the linear

theory, there are no general nethods to derive an estinate

as A Priori Estirate. In this thesis,$re use an energy nethod and a ccnr

bination of the estirEtes of decay rate for the lillearized equation

and t]rc energlz esLirates. Our energy nethod is, roughly speaking,

to fjrd a suitable energy form Er (U) associated with a strusture of (1.1)

satisfying

(1.s) cl'll u lla, 1Et(u) 1c,ll u llr, ro' ll u lla, 1to

vitrere Cr is scne positive constant, and to get the energlz ineguality for

ttle solution u e x(0,h;E) of (I.I) srrch as

vrtrcre v is scne positive constant ar:d Ez(U) is arrother nonnegative erergy

form. If (1.5) is obta-ined,A riori Estirate is easily proved by (1.5)

ard taking E snal1 in (1.5).
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Usually we may not exlEct to get such cuvenient ineguality as (1.6) .

lbre generally,let us assurE that (I.5) has the form

1t(I.7) Et(a(t)) - Et(Uo) + I v(1 - O(E))Ez(U(s)) ds
)0

rt
: I norlllurst lllt as

)0

wtrere lll . lll ls scrre seminorm. then A kiori EstfuEte fotlcrus fron (I.7)

again, if the follorring estinates hold ; for U e X(0,h;E)

In fact, (1.8) gives

《期的胸あ≦山叱だけ。あ

:Tr+ iluolla,.

I\lc,!', suppose *Bl N(U) is Frechet differentiable at U = 0 and denote the

Frechet derivative aL U = 0 by /. then ue revrrite (1.1) in the form

( Ut-AU=N(U) -AU

(1.e) l
It U(0) = Uo

or il tlre form

ＳｄＳυ４一ＳｙⅣ
４Ｓ一
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if 1 generate the senign:or.p ntA io Br. Ttrere are marny various cases

that lie can obtain the estirates of decay rate such as (1.8) by using (1.10).

So,lve rrEntiqr only the sirrplest case. I-et us assuIIE

lllntA rlll l c,ll r llr,rutfl, ( L>k,L> 1)
(I. II)

ll tot - eF lla, f c- lllrlll.ll r llr, ror ll r lln, : so.

B1z applying (1.1f) to (1.10), we have for U € X(0,h;E)

1,

*E M(t) : sup (t+t)"lllu(tl lll . Then it follcr,s fron (1.I2) tlnt
0<1<t

,tt
M(t) < call uo ll n.* c'*EM(t)tt+tf I t*t-")-L(t+")-k d"

' D3 ) 0

l crll uo \ur* crttr{t)
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wtlich inplies

イ″≦島 ‖L IB3

≦2θ 3‖ υO IB3 f°r『 g/2θ 5

which oonse■lently g■ves

‖lυ rtノ |‖ ≦2θ 3rコ +tノ
~た

‖υ。IBO fOr Z≦ ヱ/2θ 5・
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