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I. INTRODUCTION

This paper is a brief note on some mathematical questions conceming a rest state 9'o

for a general polytropic moving in a bounded rigid vessel under the action of an extemal

potential force. Prccisely, we prove the uniqueness of yo , the existence of global (in

time) motions starting (at the initial time) from small perturbations to 9s , and their

behavior at large time (stability of 9s ).

As well known, the problem of the global (in time) existence ard of the asymptotic

behavior of a non-steady compressible flow has attracted the auention of several authors

(cf. Matsumura and Nishida (1980, 1982, 1983), Valli (1983), Valli and Zajaczkowski

(1986), Padula (1986), Coscia and Padula (1990)). Moreover, also the existence and the

uniqueness of a solution of steady compressible fluids, recently, rcceived several con-

triburions (cf., e.g., Padula (1981, 1983a, 1983b, 1987), Fujita Yashima (1986), Valli

(1987), Beirao da Veiga (1987), Matsumura and Nishida (1989), Farwig (1989)). How-

ever, several important physical questions still remain unsolved.

In particular, therc have bcen no results on the global existence and large-time be-

havior of the solutions for <<large extemal forces> except some one-dimensional results.

Here, we intcnd to fumish an answor to the following one:

In a fuunded rigid fixed vessel, let a viscous heat-conducting fluid fu subject only to

a larye potential force. Does any perturbation to the rcst state eventually vanish?
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Such a question for compressible fluids meets, in general, a crucial difliculty: the

rcst state may include a vaccum part. In this relation we remark that the constitutive
form prcscribed on the pressurc appears o play a fundamental role. In fact, da Veiga
(1987) provides necessary and sufficient conditions on the constitutive equations ofthe
pressurc for the existence of the rest state, with a positive density, for general barotropic
fluid. The objective pursued here is just to prove, in the same class of constitutive as-

sumptions on the prcssure, that the rest state, with a positive density, is unique and is
asymptotically stable. To this end, throughout this paper, we technically manipulate the

thermodynamical relations and energy forms. Then, we derive the well-posedness of the

steady problem, starting from strowing the uniqueness of ttrc rcst state without smallness
of the extemal forces. Next, the well-posedness and asymptotic stability for the unsteady
problem around the rest state is achieved by a slight modification of the classical energy
method, in the form used first by Matsumura and Nishida (1980) (also cf. Galdi and

Padula (1990)).

An existence and rcgularization theorem of steady flows of heat-conducting gases in
prcserce of large potential forces and small non-potential forces, is given in Novotny
and Padula, in prcparation.

The plan of the paper is the following. In secr.ion 2 we srare the problem, and in
section 3 we prove existence and uniqueness of comprcssible heat-conducting stationary
flows satisfying ttre suitable constitutive assumptions, subject to the action of an extemal
potential force. In section4 we prove a cricial energy identity which enables us to state an

universal stability criterion (cf. Senin (1959)). Prccisely, the exponential stability of rhe

rcst statc holds for anylarge extemal force and for any regular flow which is uniformly
bounded in time. Next, in section 5 we prove a global existence theorem of rcgular flows
subject to large extemal potential forces for <sufficiently> small initial perturbations.

2. STATEMENT OF THE PROBLEM

IJt Q be a bounded three dimensional domain of R3 having smoorh boundary

dQ . The basic e4uation goveming the flow of a viscous heat-conducting comprcssible
fluid arc

(2.1)

ρt+▽・(ρo)=0,

(ρu).+▽・(ρ

“
Θu+r)=ノ

,

(ρ (1/21u12+e))t+▽・

・
(ρ・ (1/21u12+c)_κ▽θ+r..)=ρu・ ノ,

ρ(ι ,■)≧ 0, r=PI_μ O― λ(▽・u)f.

Herc, p, 0 and e denote the unsteady density, temperature and the intemal encrgy
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pcr unit mass, rcspectively, furthermore, u is the velocity, x represcnts the diadic sym-

bol, / the extemal force, p the pressure, @;,i = (0u;/fui) + (fu1/fu;). Moreover,

the constant coefficients ), p are the shear and bulk viscosity and r the tlrermal con-

dictivity. From thermodynamical consideration we assume

(i) 3\+2y,20, p>0, E)0,

(ii) 3 smoothentropy S(p,0) suchthat

de=θ d S― Pd(1/ρ), e=C(ρ ,θ), p=メ ρ,θ );

(iH) e=Cυθ, cυ = positivc constant = spccinc hcat at constant volumc;

(iV)P=メ ρ,θ),p>O and Pρ >O for ρ>O and θ>0.
Condition(lli)iS thC polytropy condition and it is usuauy made.Moreovct wc aS―

sumc,

ノ=―▽φ, φ=φ (■ )

Wc have(ci COurant and Fncdrichs 1948).

LEMMA 2.1.勁 c dlcmodynarnical rclations(ii),(in),(市 )imply

p(ρ ,θ)=θC(ρ), σ >0, θρ(ρ)>0, fOr ρ>0;

(2.2)

S = ,S(p, 0) = c,tog 0 - lo <"{r> lr\Or.

Poof By(li)n Casily fO1lows

dS〓 (Cν /θ)dθ ―(P/ρ
2θ

)dρ ,

from which

島 =(Cυ /θ), Sa=― (P/ρ
2θ

).

By,″ =O it dCl市 crs p=θpθ ,wnh pθ tt θ(ρ)indCpendcnt of θ,and(2.2)1
fo1lows.Ncxt,intcgrating(iD wc Obtain(2.2)2 up 10 a constant.

職 Lcmma 2.1,now provcd,asscrts that thc constitutive equation of an idca1 luid

P=R″ iS included as panicular casc.

In鵬 判 uel for any sc」 ar function F denodng a physical quantity as density,tem―

peraturc,ctc.wc SCt by,=9(t,■ )ulc hnclon computed for unsteady lows while

¢=α π)rcpresents thc sarnc hnclon∞ mputcd for stcady lows.
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After lrmma 2.1 we can rewrite (2. l) as

Pr+ Y'(Pu) = 0,

(2.3) (pu)t+V.(puEu) -V-(pO+ I(V.u)/) = -Yp- pY6,

c,p(er+ u.V0) - nLl + pV .u - Y = 0,

wherc Y : (plT)@ : O + I(V.u)2 . Forgivenpositiveoonstanrs 0 nd p,wehave
append the following initial and boundary conditions

(p,u,0)(O,r) = (po, uo, Ao) (z), r € O,
(2.4) r

inf ps ) 0, inf do > 0, 
Jr^d, = lO lp;

and

(2.5) u(t,r;=9, 0(t,t1 =i, t>0, reAC-.

Since f = 6( r) and D' = const., equar.ion (2.3), (2.5) admit the triple (0,G,0)
solution to the following boundary problem

V'(40) =0, flr) >0,

(2.6) O,G .VG + VO - V .(p6 + I(V . 0)l) = -itr.O,

cui,G.Y0+fi.i-n0-P =0, re }dl,

with

01∂Ω=0, θlaQ=θ ,(2'7) 
I,oro'= to,r(= I-rot')d')

.a

3. EXTSTENCE AND UNTQUENESS OF STATTONARY FLOWS FOR LARGE
EXTERNAL FORCFS

The aim of this sectjon is to prove that under the thermodynamical assumptions
(i),...,(iv), there exist a unique stationary solurion to (2.6), (2.7) corrcsponding to any
large potential {. Since the existence has been alrcady proven (cf. da Veiga (1987)),
herc we prove in the lemma 3.1 the uniqueness.
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First norc Olat a particular solution to (2.6), (2.7) is the triple (0,0 ,0) solution to

i' oo'"'6' 
os + 4r = consr.,

' 
(3'l) t'' 

o'"'oz= lalD'
Jo

The lemma below proves t}lat it is the unique solution to (2.6),(2.7).

LEMMA3.1. Lrt ieCt(d), (A,a) eCz(d), inf A> 0, inf 0> o,thenthe
triple ( 0 0, D) solving (3.I ) is the unique solution to the boundary value problcm (2.6),

(2.7).

Prcof. Multiplying (2.6)r by E',+os, (2.6), by 0 and (2.6), by (l-
-G/o), next integrating over Q it delivers

r^
/ (A'V+ Y)dtr = 0,

Ja

(3.2) L( - (ob) (",40 vi + fi 0 - n^0- 9) o' = o',

[ ( 1; 
e,<"'o>a,) v.(aD dz= o.

Jo\JP s )

Summing (3.2)t to (3.2), it fumishes

(3.3) l,{-ru,errv c- 9) * 
^ @t3) lva'} dz = o

Morcover, (3.2), imPlies

(3.4y o= [ p,(i,qi.vfida= [ 46,AW.0ds.Ja-' Jo

. The particular functional dcpendcnce (2.2), of p on 0 and (3.4) allow to conclude

from (2.10)

. (3.s) l,{rr,ar* . k(o/?) tva'}dc = o

From (3.5) we infer 0 = 0, 0 = 0 nd p solution to the equation (3.1), . The

prmf of the lrmma is so completcd.
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To solve (3.1) we assume d € Ct(o) ,

(3.6) tim /' Po(s'6) 
os = +oo. .,*Ji 8

Relation (3.6) is a typical regularity assumption which infer rcgularity for the den-
sity, furttrrmorc, it generalizes the hypothesis of ideal fluids, usually adopted. We also t

assume

(3.7) tio\ [' 
PP(s'o) 

ds = -oo,r<o JV s

or

fv 
pe(s,o) 

os < +oo

(3.8) Jo a

( I /|ct l) [ i"<r>a, <F,
JA

where the function fl is defined by

(3.e; 1i Po(t,b 
os = -d(z) + sup {(r).Jo s ,

From the results of da Veiga (1987) and Lemma 3.1 it easily follows

THEOREM 3.1. L-et (3.6) be satisfied togerher with either (3.7) or (3.8). Then there
exists a unique steady solution (O,i,i) = (i,0, E; to (2.6), (2.i) and a unique 6 e n
such that

Iρ

!」
警・

とdS+φ =7, π∈Ω.

The proof is an easy consequence of assumptions made on the constitutive equation
for p and of lrmmas 3.1,3.2,3.3.

REMARK 3.1. It is worth of notice that the counterexample of da Veiga (1987) applies
equally to those fluids having constitutive equations for the pressure not obeying one of .
the rcstrictions (3.7), or (3.8). An obvious consequence of such result is that stationary
flows of arbitrary polytropic gases, in a fixed rigid vessel, cannot exisr, for arbitrary large

external potential forces, unless the total prescribed mass of the gas is sufficiently large.

REMARK 3.2. Using the function 0"( r) deflned by (3.9) the condition ( 3.8)z can be

interpreted as a (smallness) condition on the potential force field d( s) , once the total
mass is let to be small.

一ρΩ〓πｄπ
ａ

ｒ

ノ
Ω

０＞〈
ρｎ一Ωσ∈〈

ρ
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4. A UNIVERSAL STABILITY CRITERION

In this section we shall prove a crucial energy inequality which allow us to state a

universal stability criterion.

l;l,t (0,0 , e) be the steady flow whose existence and uniqueness arc given in The-

orcm 3.1. As known (cf. Okada and Kawashima (1983)), the intemal energy e when

considercdasfunctionof V = (1 /p) nd S,say e= e(V,S),hastheHessianpositive

definite for p) 0 , A > 0 . Therefore, bytheTaylorpolynomial, the form

“

.1) ρ[ε
―百―百y(V― y)_百s(S-3)l

rcsults a positive definite quadratic form. Here we set E = e(7, S) ,..., etc. Moreover'

our thermodynamical considcration infer

“

.2) Ey=-pr €s=0.

Inspircd by (a.l), using (2.2), , we can manipulate suitably ttre otal energy E as

follows

ρE=ρ {e_θ (β,フ)+ρ (β,τ)[(1/ρ )一 (1/D]+

_τ(s_s(β,D}+(ρ/2)lu12=

=(ρ/2)lu12+cν ρ[(θ ―τ)_τ log(θ /フ)]+

+[f学に響。一司
widl

ば学山一学可=

=Alcoqllzg)o2, 3( benreen fr and p,

y -Elog @/0) = CeP<') x' , 3 ( between E ard 0,

and wherc o = (g - D,u, X = (0 -b, denote the unsteady perturbation to the

rest state (0,0 ,0). It becomes enornous the differcnce between the standard energy

which is (rcgarded as) function of ttre total unsteady flow and the cnergy E deduced

in (4.3) which is function of the perturbation only. As well known, for incomprcssible

fluids therc is no difference bctween tlre kinetic energy of the total flow and tlrat of the

pcrturbation only, because it is derivcd from a linear term. The energy E given by (4.3)

will play an essential role in the sequel.

189

“

.3)



“

.5)

190 A.MATSUMURA,M.PADULA

LEMMA 4.1. There exists a positive constant c depending on sup p , inf p , sup p, inf
0, sup 0 ,inf 0 and 0 such that

"-'[ {lulz+o2+x2}d"< [ pldrl-Jo'" '\ ) -Ja-
(4.4)

f
<"1{l"f +o2+x2}dr.

Ja

Keeping the form (4.3) in mind, we multiply (2 .3), by I I - G I ill and integrate

over f,) . T?rc use of the transport theorem implies after straightforward calculation

* 
lo{otr -G/0)tv.u+ 40/e21lVdl2 + Ke/q- llYi = e.

Next, we multiply (2 .3)z by u and integrate over Cl receiving

(4.6) (lrl^r;0,) ,. I{u yp+ y + pu .v6.d c = 0

It also holds

try,.".ry-ry= I,^P0",
this identity, togettrer with the conrinuity equarion (2 .3\ , provides an identity perfectly
analogous to ( 3.2),

I"(I:P'(:'D)o') t'' + v (pu)) dr = o

By this last relation we achieve the wanted identity for sigmo (analogous to (3.4))

(I{,t'|*o" -ry,}.,),*
(4.7)

- f {pr(p,6) 1pu).yp-p@<pul va}or= 0.J"I p "-' 0 \F''

By noticing that

fnoo{o,o)u-Ypdr = - Irilp,6)v 
.u dr,

Ir(r,ru,u, /n) to"> 'Yids = In-(ou) 
'Yg dr,
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adding (4.5), (4.6) and (4.7) we receive

191

(4.8)

By Poincar6 inequality, there exiss a 1 (depending on sup,,, 0,0 and lOl ) zuch

that

(4.e) (l,ruo,), * r ll (u,xl ll?< o

where ll .ll1 denotes fli(O)-norm,the L2-norm willbeindicatedby ll .ll,ttre
LP-norm will be indicated UV ll . llr, . Inequality (4.9) is sufficient to ensurc contin-

uous dependence on the data and the asymptotic decay to zero for the perturbation to

the kinetic and temperature fields along sequences of times, this is due to the parabolic

character of the equation goveming such fields. However, because of the conservative

character of tlre continuity equation, an analogous dissipative term for the perturbation to

the density field o is not evident. In the rcmaining part of this section, we shall provide

an algorithm, introduced in Valli (1983), which provides a dissipation for the tr2 -norm

of o and rcquircs few rcgularity properties on the perturbcd flow. In the wake of the

Vdli (1983), we now consider the following two auxiliary problems.

Neumann problem

Lu=o,
(4.10)

(l,tro,), * l,tOt*l nlvllz + (elilr") dr = 0.

0, 
lnrar=0.

Relation (2.4)r ensurcs that o satisfies the compatibility condition, furthermore,

(4.10)3 fixes the constant up to wihch the Neumann solution exists in such a way that

it rcsults

“

。11) ‖ω l12≦ C‖ σ‖

Stokes problem

-Aur+Vg=0,

V'ur=0,

〓

Ω

伽
一伽

J“
=恥

L・

(4.12)
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The solution of the Stokes problem satisfies the compatibility condition [aa w . n =

= 0 , because of (4.10), . Moreover, it satisfies ttrc estimate,

(4.r3) ll , l[( C ll.ll,p3o( C ll@ llz( C ll " ll,

where 
f f -llrp,a denotes the fractional norm of order I f2 on the boundary (cf. Cat-

tabriga (1961).
The momentum equation (2.3)z can be rewritren as

“

.14)

ut+u・ ▽u+▽
(メ

ρ
!里

警
£LdS)+号▽θ―

:・

・レメAゐ ―メA倒 ▽ρ-1▽・μΘ+×▽→月=∝
ρ

Multiplying(4.14)by υ―▽ω ,it dcl市crs

(lr" (u, - vo)d ,),* Ir{(, - vo) .(u .v)u+

―u・ (υ―▽0ヽ +σ√空半dS+:pメυ―▽̈▽θ+

“

.15)  _:|ら
(ρ ,の 一pρ (ρ ,の

1・
(υ ―▽0・ ▽″

+▽Θ(υ
l▽

0:(μ°+λ (▽・のD―シ
・[μO+λ (▽・u)f〕 ・(υ ―▽ω)}dπ .

By taking the dcHvative widl rcspcct to the dme of“ .10),“ .12)wc obtain

△ωt=σt=―▽ 。
(ρu),

弊1鍮
=0,

一△りt+9t=0,

▽・りt〓 0,

りtl“ =▽ωtl槻

This,in tum,innplies

“
.1。    ||▽

鳴IK θ llρ u ll≦ C(Ψρ
)||“

‖,

‖7」t ll≦ θ‖q ll≦ σ‖▽・(ρ・ )‖ ,
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“

.17)

and

[ " ( f 
Pe(s-'6) o") 0,, r il o ilz,Jn \J, s /

with 1 apositiveconstantdependingon D,sup f ,inf ff. Aftersuchconsiderationsit

is easy to deduce from (4.15) and (4.16) the

(lr" (u., - va.,)d,), *, ll o ll2(

Assunllng

“

.18)    ▽ρ∈L∞ ([0,ブ CЮ ),ι
3(Ω

))

we deduce

五Ⅳ酬Ⅷ回」▽の山≦
≦C(||▽ω‖ι6+‖ り‖ι6)‖ ▽ρ llι 3‖ ▽u ll≦

≦σ‖σ llll u l11‖ ▽ρ llι 3≦ ε‖σ l12+

+脩
)‖
勁同研,

兎同‐O引山釧Ⅷ‐Oの に
≦σ‖u ll:[(Sup ρ)+‖ ▽ρ llι 31

and cmploying(4.17),wc reach the fouOwing csdmatc

に。
 帆

レ 0-D→
t+州

聰 釧 珊 瑚 哺 ,

here thc constant C depends also on tt L3_nOnn of▽ρ.Ncxt,we add to(4.9)relatiOn

“

■9)multiplied by a posilvc constant α.For α suFncicndy Smau,wc achicvc dlc

hndalncntal energy cstimatc

にり い E+飢くυ―▽朝→t十

+γ
(|l 
σ l12+‖ u ll:+‖ θ ll:)≦ 0.

計
　
　
‐θ

ｄ

　
　
　
　
ｌ

ｈ
ν
　
　
　
　
＋

ω

　

　

　

２

１

▽

　

　

＝

―
ｌ
　
　
　
　
ｕ

＋
　
　
　
　
＝
＝
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Ｃ

Ｍ
　　い

Ｄ

　

　

　

＞

●
　
　
　
　
　
ｕ

Ⅳ
　
　
＜ρ
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▽

χ

　

　

＝

ｑ

　

　

ト

兎

兎

σ

　

　

θ

＜
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＋
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f
I {rn+ q(w-u.Vo)} ds,) C (ll" l!'+ llu ll2 * llx ll'?), '

JD

employing Gronwall's lrmma in (4.17) we reccive

ll(o,u,x) ll2 (,) ," Ir{pE+ 
cru'(ur- vr^r)}dr (

“

.21)

S Ce-" Irfo, + au .(u- vo)) orl,=o

¬ c inoquality“ .21)proVCS the any sufncicndy rcgular pcrturbation to the rest dc―

cays exponentiauy in time For eyc7 1=藤 parerJ2′ 比嵐t nisis resumed in thc main

meOEn1 0f dlis sEction

■EOREM 4.1.Suppose the regular solution(ρ ,■ ,θ)Of(2.3),(2.4),(2.5)satiSncs

Ψρ(ι
'・
)<+∞ ,iJρ (t,・)>0,

(4.22)   l『 θ(t'π)く +∞,iギ θ(t,・)>0,

Sup lu(t,π )|<+∞ , and ▽ρ∈ L∞ (10,∞ );ん
3).

t,多

hn thc solulon tendsto ulc stalonary solulon(ρ ,0,め expOncndJlyin hc L2_

nomlin tt sensc of“ .21).

LctuscxpliciJyobservcdlathcabovcthcoremdocsnotrcquircsmalincssoFcxtcmal

forccs and ofdlc initial data,as wcH.価 slaticr statement has an imponant conscqucncc

bccaux,in ordcrto prove stability,itis enough to provc that ttc class ofregular unstcady

low wi山 山c uniforln(in timc)cStimatcs(4.22)is non empty.獅 s wi」 bc hc contcnt

of the next scction.

5.ON THE EXISTENCE OF REGULAR GLOBAL FLOWS                 ・

In dlis叡∝tion wc shau prOvc thc existcncc of global on time)reJar 10WSin a

suitably smal ndghbOun00d Ofthc stcady low(aO,θ ),and,COnscqucndy,provc mc

cxponential asymptotic stability of」 hc stcady low for any largc cxtcmal potcntial forcc.

To do that,wc h」 her assumc d℃ followings:

(5.1)    φ∈″4(Ω
),
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(5.2)     (ρ 。,30,θO)∈ ″
3(Ω

)

and ule cOmpatibility conditions

u。
|∂Ω =0,    θOI∂Ω =θ ,

(5.3)

ut(0)|∂Ω=0,  %(01∂Ω=θ ,

whcre tt(0,■ )and θt(0,π )arc dCtCnnincd by thc cquations(2.3)and the inidal data

(2.4).Our main dlcorem in this scction reads as follows.

THEOREM 5.1.Supposc(5.1)‐ (5.3)hold,and let p sadsfy(3.6)togettr宙 th ddler

(3.7)or(3.8).Then thCt e対 st poddvc constantt ε。,β ,and a,dcpCndhg on戸 ,θ

and‖ φ l14'SuCh thatif‖ ρO― β,uO,%― θ l13≦ εO'thCn thc inidd boundary vduc
problem has a uniquc globalin timc soludon(ρ ,■ ,θ)SatiSfyhg

(ρ ,u,θ )∈ (C° ∩L∞)([0,+∞);″
3(Ω

)),

(5.4)  wρ
(ι ,τ)>° , iギ θ(t,・)>0,

and as thc asyコ nptotic bchavior

(5.5)     Sup l(ρ ―p~,■ ,θ ―τ)(t,■ )|≦ c00~β・

PooF First,we nodcc dlat once wc gct山 〕global solution satisfying(5.4),thc Sta―

bility critcrion in scction 4 and the Sobolev type incquality

Sup l(ρ ―p~,u,θ 一θ)|≦

≦σ‖(ρ ―p~,u,θ ―D‖
1/4‖ ρ_a“ ,θ ―び||〕

/4,

casly imply ttc cxponenda stabilty(5.5).To obt」 n th globalsolu●on satisfying(5.4),

WC SCt

ρ=ρ +σ,   θ=θ +χ
,

and rewnte dlc oHginal problem(2.3‐ 6)in thC fOuOwing fom

轟σ+▽・(加)=ん。(%u),

(5.6)    (・
)'~(μ /D△ u― [(μ +λ )/コ▽▽・u+▽〔(θσρ(D/Dσト

+(1/Э▽(θ(Dχ )=ん(σ ,■ ,χ ),

χt+[θθ(D/(Cυ の]▽・u_〔κ/(cυ D]△ χ=ん 4(σ ,u,χ ),
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widl

(5.7)   (σ ,tt,χ )(0,π )=(σO,●0,χ O)=(ρ。―a uO,θO― τ)∈ ″
3,      |

and

(5.8)    ●|“
〓χl∂Ω=0,

WhCК 農=多 +u.▽ 山ヽC Lagrangan dcnvativc,hnhcmoκ ,

ん0(σ,u)三 ―σ▽・■
,

ん(σ ,じ ,χ)≡ ―u・ ▽u_[σ/(p~+σ )コ (μΔu+(μ +λ )▽▽・じ)+

一▽
(J「

皓

眸メめ司 dS― 眸メDバ Dlσ
)+

+(≦考f≧ -7)▽χ+

+KσρO▽β―

"メ

β+のバβ+→Ⅵβ+司 ‰
ん4≡ (~u・ ▽χ)+[(フθ(D/%p~l― σσ(β +σ)/Cυ (β +σ ))]・

・(▽・■)+[Ψ /Cッ (β +σ )]― たσ△χ/CJχβ+σ )・

In thc wake ofthe results by Masumura and Nishida(1980,1982,1983),thc CXiS―

tence of a rcgular global solulon to(5.6‐ 8)will bC thC conscqucnce of hc following

suitable《 apnο″》cstimates.

THEOREM 5.2.hrcc対 st positivc constants εl(smau)and cl dcpcnding on万 ,θ

and‖ φ‖4 SuCh dlatif(σ,u,χ)∈ X(0,7)iS a solution of(5.6-8)forsOmc r>0

and

Sup‖ (σ ,u,χ )||:(1)<ε l,
o<tくr         .

then it holds

濯 rⅨ
%ち妙峰0+ITⅢ 珊 0瑚 ←

"晴
q醐 ≦

≦σl{||(σ O,・0,χo)|ほ },
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where

x(0,f) = {(o, u,x) : 6 € Co(t0,Tl: H3),

(u,x) € co(to,T):H1) n12(to,rl;H4)l .

Poof First by the same estimates (4.22) deduced in the stability criterion Theorem

4.1, for e, properly small we receive

7T
sup_ ll(o,u,x) ll' e) * Jo [ll " ll'(r)+ ll(u,x) ll? (t)]at g

(5.9) o<'<r

( Cr ll (oo, uo,Xo) ll2 .

Next, we add the nonlinear term -u . Vo at the right hand sides of (5.6), in doing so

we can deduce a very nice basic energy equality. In fact, multiplying by (AG eG) /A o
rclation (5.6)r ,by pu relation (5.6), andby (ic,lDx relation (5.6)r ,integrating
over 0 and summing the resulting equations it delivers

に1雫ぱ+'ぱ +勢司→t+

+Iレ耐…洲アイ+割山=

(5.10

=ブ
:(ん

0-u.vσ )1⊆Ll三≧σd"+

. Ll* ,*!n,*)0,
Here we emphasize that the equality (5.10) holds without the smallness cordition of

I I d llo , which is the crucial difference from the previous arguments. Then, keeping (5.9-

10) in mind, we may follow the corresponding lines of Matsumura and Nishida (1982),

to obtain the rcmaining estimates of higher derivatives. In what follows, let us show

that we can simplify the arguments by using the auxiliary Neumann and Sokes problem

(4.10), (4.12). Multiplying w - Yw by ( 5 .6), and combining it together with (5.10),

in the same way as in section 4, we have

Eo(o,u,x)(r) + , 
Ir'lro ll2 (r)+ ll(u,x) llf 1r;] ar5

(5.11)    <
u ll:(7)‖ σ l12(→ +Ⅲ

　

Ｌ

√
ノ
ｏ
　

４
＞

Ｃ

　

ル

＋
　
　
い

ｏ

＞

　

＝

乳 (%,uO,χ

+‖ ん。|12(→ + (")l d,,
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for some positive constants a, u and C depending on V, 6 and p (eventually on

ll d ll. ), wherc the quadratic enerBy form Eo(o, u, X) has the form

(5.13)

(5.12)

which is山可uSt linearized∞untcrpan to thc lincar fom ρE+α JQ(υ ―▽ω)・ ud π
htroduced h ution 4.Hcに ,wc httErno“ dle terln‖ ul階 ‖σlF h山C nght hand

sidc of(5.11)cOmes fЮ m the o」 y onc non lincartcm u・ ▽σ in dlc lett hand side of

(5.6).¶luS,taking εl pЮpeny smau,wc havc by(5.H)tに basic csdmatc forthc lincar

(eXCCpt onc terln)systCm(5.6-8)widl g市 en λO,た ,ん 4

E。 (σ ,■ ,χ )(ι)=

=五 17ぱ +

.-::?.ll 
(o'u'x) ll'(t) * Ir' lU'll' (t)*

+ ll (u,x) ll? (t)l dt < c {ll ("o,uo,xo) ll2 +

* lr' l|ho ll2 {o+ ll (r,h4) ll'-, rtl1ar}

I*t d represent a linearly independent system of smooth first-ordcr partial deriva-

tives (vector fields) on O which are tangential to 0O . Applying 0 to the equations

(5.6-8) and following the same procedurc as (5.11-13), for properly small et, it is
strai ghtforward to obtain

.r_li!rll 
a(o,u,x) ll2 (t) * lr' lltao ll2 (t)+

+||∂(・ ,χ)||:(1)ldt≦ C{||(σ O,・0,χ O)||:+
(5.14)

* lr' llto ll2 {t).+ ll(u,x) ll? ttl*

+||(ん 0,ん ,た4)IF+||∂ん。IFl dt}・

h fact wc may esdmatc tt fom E。 (∂σ,∂ u,∂χ)whiCh Comes from the p‖ ncipal

littar part of∂ (5.6),and CStimatc ttc commutator of∂ and thc p‖ncipal part of(5.6)

which produces only lower ordcr tcrlns.

αｄｕω▽
一υα＋χ

（
崎

一
２ θ

＋ｕ

〈
ρ

一
２
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Next we muldply(5.6)2 by ρut and(5.6)3 by cッρχt,intcgratc ovcr Ω t0 0btain

ぶr兎 ‖▽イ・ λ+洲7硝 &+

+Irtta嘲句醐≦σ伽れ,‰湖晴+

(5.1つ   +0毅
r ll(σ '° IF(の 十

五

r ilん

IF+|l σ lF+||(u,χ )1艦 ldt},

。習塁rブ:κ
lVχ 12d τ+ITブ

[acυ
lχ t12dπ dt≦

≦σ和る晴+ITⅢ珊到れ旧→,

where we uscd dlc fact

兎げ(7ういI(7ういい =

=(プ1(雫σ
)∇
・ud・

),一二 (I笠キ12≧)▽
・

Lct a= η・」l11:Iilililifitt_。 rdcr partial dcrivative on Ω,WhCre η
is a sm∞ dl vector ncld on Ω which coincidcs widl alc ullt outcr nomal to∂Ω on

thc boundary.Opcradng a Ю(5.6)l and COmЫ面ng tt fom"・ (5.6)2(Eた rЮ

Matsulnura and Nishida(1982)),wc Can have

[(λ +2o/a∂r(讐
)+び

Gρ(D∂7σ =―β・・■+“mS Of∂2u+

(5.16)     + tcms of ∂∂ru+ terlns of σ+ Ars卜ordcr tcrlns of(u,χ )+

+ρπ・ん+じms of(ん 0,みん0).

`        Multiplying∂
rσ by(5.16)and taking εl propcrly slnall,wc dcdu∝

0深r llみ
σ lF(の +Irllaσ lF(の dι ≦

|

°D 
≦ο

和
%晴 +ズ

TⅢ

研 ・ l au晴 個 毎

+||(し ,DI暉 +||ん。1暉
+||ん IFl(の dι

}・
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■lus,combining the estimates(5.13‐ 17)togcalCr with the standard elliptic estimates,

it yidds

‖χ ll;≦ ο‖△χ lF≦ C(||▽・u l12+‖ χ
`|12+‖

ん4112),

(5.18)     ‖u l13≦ C(||[μ△u+(λ +μ)▽▽・u]‖
2≦

≦C(|l ut l12+‖ (σ ,u,χ)||:+‖ ん|12),

wc havc,for propcrly mall εl,

。翌r ll(%° '妙 1暉 (め +ズ
r llσ

l暉
+||(・ ,妙 1唯 ](ι)dι ≦

(5。 19      ~~

≦σ
和臨 励 晴+Ir‖ 仁→ FⅦ 祐旧①

■
.

For rcmaining higLr dcrivativcs, arter obtaining thc corrcsponding cstimatcs of

(σ ,u,χ)t,(∂σ,∂u,∂χ)and(∂
2σ

,∂
2.,∂2χ

)1。 dle月「1‐estimates(5.19),CStimating

a(5.16),∂ a(5.16),イ (5.16),and thC Cl‖plchy in(5.18),we can indly have

O料 ‖(%哺 |ほ 0+JrⅢ σ晴0+||(ち妙艦Oldι ≦

●20  ≦σ
{|l oO押

ぃχO)晴 +I『 Ⅲ O,ん4)1陽 +‖ ん。旧 ① dt+

+ズ
r]|。

LQん 4)晴 十‖aん0晴 ]① dl,

ユ :TttlsSm』
助 ・ WC° ml山 C dctaiヽ は た r Ю MaSumu¨ d Mshda o982).

ITⅢ にり 同 祐向 い Qり 隅Ⅶ a祐 問oに
(5.21)

≦σttbほら嘲 艦0・ Ir同 Ⅶに妙旧0に

a.騰_棚lilp胤::篤tttl七器』富
剣面ma∝ h Th∞にmm
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