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Abstract. Let G be a finite group. Let D(G) denote the set of dimensions of
spheres which possess effective smooth G-actions with exactly one G-fixed point
and let A denote the set of non-negative integers. For a non-negative integer d, let
dA denote the set of non-negative integers which are multiples of d. It is interesting
to study whether there is an integer d(G) such that D(G) is cofinal with d(G)A,
namely D(G)∖ F coincides with d(G)A∖ F for some finite subset F of A. In this
paper, we show that if G has d(G) then d(G) is equal to pm or 2pm for some prime
p and a non-negative integer m. We also determine d(G) for many finite groups G.

1. Introduction

Throughout the paper, G is a finite group, manifolds are smooth manifolds possibly
with boundary, G-actions on manifolds are smooth actions. For a manifold X with
G-action, we call the G-action a one-fixed-point G-action (resp. fixed-point-free G-
action) if the G-fixed-point set of X is a singleton (resp. the empty set). For a G-set
X, let XG denote the set of G-fixed points in X. R. Oliver [20, 21] studied finite
groups G which possess fixed-point-free G-actions on disks. We call a finite group G

an Oliver group if there is a fixed-point-free G-action on a disk. For a disk X (resp.
a sphere Y ) with G-action, we call the G-action on X (resp. Y ) linear if there is
a real G-representation V with G-invariant inner-product such that X (resp. Y ) is
G-diffeomorphic to the unit disk D(V ) (resp. sphere S(V )) of V , and we call the
G-action on X ∂-linear if the G-action on the boundary ∂X of X is linear. For a
disk X with ∂-linear fixed-point-free G-action, the G-action on the homotopy sphere
Σ = X

⋃
∂ D(V ) obtained by gluing X and D(V ) along the boundary is a one-fixed-

point G-action, where V is a G-representation such that S(V ) is G-diffeomorphic to
∂X. Using equivariant connected sum of copies of Σ, we can obtain a one-fixed-point
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G-action on the sphere of same dimension as Σ ([12, Theorem 1.1]). Conversely, for

a sphere Σ with one-fixed-point G-action, the G-action on the disk X = Σ ∖
◦
D(x0)

is fixed-point-free and ∂-linear, where {x0} = ΣG, D(x0) is a G-invariant closed disk

neighborhood of x0 in Σ, and
◦
D(x0) is the interior of D(x0). Therefore we can say

that the study of ∂-linear fixed-point-free G-actions on disks is equivalent to the study
of one-fixed-point G-actions on spheres.

We have seen in [6, Theorem A] that there is an effective one-fixed-point G-action on
a sphere (of some dimension) for an arbitrary Oliver group G. Note that if there is an
effective fixed-point-free G-action on the disk of dimension n then there is an effective
fixed-point-free G-action on the disk of dimension m for any m ≥ n. However, it is
not true for dimensions of spheres with effective one-fixed-point G-action. Let S(G)1

denote the family of spheres with effective one-fixed-point G-action and let S(G)∗1

be a complete set of representatives of all G-diffeomorphism classes of G-manifolds
in S(G)1. Let R(G) denote the family of real G-representations and let R(G)∗ be a
complete set of representatives of all isomorphism classes of real G-representations.
Let R(G)1 denote the family of tangential G-representations Tx(X) at x ∈ XG, where
X ranges over S(G)1, and let R(G)∗1 be a complete set of representatives of all iso-
morphism classes of real G-representations in R(G)1. We suppose R(G)∗1 ⊆ R(G)∗.
Let Dim(G, 1) denote the set of dimensions of spheres with effective one-fixed-point
G-action, i.e.

Dim(G, 1) = {dimX | X ∈ S(G)1} = {dimV | V ∈ R(G)1}.

Let N and Z denote the sets of natural numbers and integers, respectively, and set
N = {0}∪N. For a, b ∈ Z, let [a..b] denote the set of integers m satisfying a ≤ m ≤ b,
and let [a..∞) denote the set of integers n satisfying a ≤ n. For a subset S of Z and
an integer k, let k S and S+k denote the sets of integers kx and of x+k, respectively,
where x ranges over S. It is easy to prove the next remark.

Remark 1.1. If G is an Oliver group of odd order then Dim(G, 1) ⊆ 2N.

The remark is slightly generalized in Proposition 6.5.
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By [14, Theorem 1.1] and [17, Theorem 1.1], it holds that

Dim(S5, 1) = {6, 10, 11, 12} ∪ [14..∞),

Dim(SL(2,F5), 1) = {7} ∪ [10..∞), and

Dim(TL(2,F5), 1) = {14, 18, 19, 20} ∪ [22..∞).

For subsets S and T of N, we say that S is cofinal with T if S ∩ [a..∞) = T ∩ [a..∞)

holds for some a ∈ N. We write S ≈ T when S is cofinal with T . It would be likely
that there exists a positive integer n such that Dim(G, 1) ≈ nN. If the integer n
exists, then we denote it by δG.

First, we state a result of the case where G is an extension of a nontrivial perfect
group.

Theorem 1.1. Let G be a finite group with a normal subgroup N such that G/N is
a nontrivial perfect group. Then Dim(G, 1) ≈ N, i.e. δG = 1.

Second, we state a result of a case in which |G/[G,G]| is not a prime power, where
[G,G] is the commutator subgroup of G.

Theorem 1.2. Let G be an Oliver group such that |G/[G,G]| is divisible by two or
more odd primes.

(1) If |G| is even, then Dim(G, 1) ≈ N i.e. δG = 1.
(2) If |G| is odd, then Dim(G, 1) ≈ 2N, i.e. δG = 2.

The next two results which describe the feature of δG are interesting.

Theorem 1.3. Let G be an Oliver group. If Dim(G, 1) is cofinal with δG N, then
δG = 2m, pm or 2pm, where m is some non-negative integer and p is some odd prime.

Theorem 1.4. Let p be an odd prime and m ∈ N. For each n ∈ {2m, pm, 2pm}, there
exist infinitely many (with respect to orders) Oliver groups G such that Dim(G, 1) ≈
nN, i.e. δG = n.

The proofs of Theorems 1.1–1.3 are given in Section 8. Theorem 1.4 follows from
Theorem 1.2, Examples 7.3, 7.4, 7.7, Dirichlet’s result (Corollary 5.6) and Proposi-
tion 5.8.

The following sections of the present paper are organized as follows. In Section 2 we
describe supplementary explanations and results to Section 1. In Section 3, we define
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a preferable G-representation and describe a realization lemma of one-fixed-point G-
actions on spheres (Lemma 3.2) which is useful to study R(G)1. In Section 4 we discuss
algebraic elementary facts which are frequently used in the study of Dim(G, 1). At the
end of the section, we prove a key lemma (i.e. Lemma 2.2). In Section 5 we prepare
known algebraic facts and give basic results helpful for the study of Dim(G, 1). In
Section 6 we give several results in the theory of transformation groups which will be
used in Section 7. Particularly, Lemma 6.11 would be interesting. In Section 7, we
study Dim(G, 1) of various Oliver groups G and determine δG for those groups. In
addition, we will show that δG = 1 for all G = Sn with n ≥ 5 and G = GL(2,Fq)

with q > 4 in Examples 7.5 and 7.8. In Sections 8 and 9, we complete the proofs of
theorems in Section 1 and the proofs of propositions in Section 2, respectively.

We remark that there is still left a problem asking whether δG = 1 for any nonsolv-
able group G.

Notation

Throughout the paper, let E denote the trivial group and let Fq, An, Sn, Cn,
D2n, GL(2,Fq) (resp. SL(2,Fq)) stand for the field consisting of q elements, the
alternating group on n letters, the symmetric group on n letters, a cyclic group of
order n, a dihedral group of order 2n and the general (resp. special) linear group of
2×2-matrices on the field Fq, respectively. In addition, TL(2,F5) stands for the group
SmallGroup(240, 89) in GAP [5] (a nontrivial double covering of S5).

2. Supplements for the introduction

Firstly, we recall that a finite group G is an Oliver group if and only if there never
exists a normal series P ⊴ H ⊴ G such that P and G/H are of prime-power order
and H/P is cyclic ([20]). It follows that G is an Oliver group if G is nonsolvable, and
that a nilpotent group G is an Oliver group if and only if G possesses three or more
non-cyclic Sylow subgroups. It is readily shown that the smallest (with respect to the
order) Oliver groups are isomorphic to A5.

To describe our results, we recall several definitions. Let S (G) denote the set of all
subgroups of G. A subset F of S (G) has the (partial) order ≤ such that H ≤ K ⇔
H ⊆ K, where H, K ∈ F . Let max(F ) (resp. min(F )) denote the set of maximal
(resp. minimal) elements of the ordered set F . Let S (G)∗ be a complete set of
representatives of G-conjugacy classes of subgroups of G. For a subset F of S (G)
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closed under taking conjugations by elements of G, we set F ∗ = F ∩ S (G)∗. Let
p be a prime. Let Pp(G) denote the set of all subgroups P with p-power order of
G, where we allow the case P = E. Set P(G) =

⋃
q Pq(G), where q runs over the

set of all primes. Let G∩p denote the intersection of all normal subgroups of G with
index p. Therefore G∩p is normal in G and G/G∩p is a (possibly trivial) elementary
abelian p-group. Let G{p} denote the smallest normal subgroup N of G such that
the order |G/N | of G/N is a power of p (possibly |G/N | = 1). We call the subgroup
G{p} of G the Dress subgroup of type p, cf. [2, Proposition 1 (d)]. Let L p(G) denote
the set of subgroups L such that L ⊇ G{p}. Therefore, G belongs to L p(G) for any
prime p. We set L (G) =

⋃
q L q(G), where q runs over the set of all primes, and set

M (G) = S (G)∖L (G). Let P(G) denote the set of primes q such that G{q} ̸= G. Let
Gnil (resp. Gsol) denote the smallest normal subgroup N such that G/N is nilpotent
(resp. solvable). We remark that Gnil coincides with

⋂
q G

{q}, where q ranges over the
set of all primes. It is readily seen that for a prime p, the Sylow p-subgroup of G/Gnil

is canonically isomorphic to G/G{p}. It follows that P(G) coincides with the set of
primes q dividing |G/[G,G]|.

To obtain effective one-fixed-point G-actions on spheres, we use the equivariant
surgery theory, for which we need ‘gap condition’ between dimensions of fixed-point
sets of subgroups of G. Let V be a real (or complex) G-representation. For a subset
F ⊆ S (G), we say that V is F -free if V H = {0} for all H ∈ F . For H ∈ S (G),
let UG(H) denote the set of K ∈ S (G) satisfying K > H. We set U G(H) =

{H} ∪ UG(H). Let H be a subgroup of G. We say that V satisfies the gap condition
(resp. weak-gap condition) at H if the inequalities

2 dimV K < dimV H (resp. 2 dimV K ≤ dimV H)

hold for all K ∈ UG(H). We say that V is a gap representation (resp. weak-gap
representation) if it satisfies the gap condition (resp. weak-gap condition) at all H ∈
P(G).

Definition 2.1. We call a real G-representation V a stably weak-gap representation if
there is an L (G)-free weak-gap G-representation W such that V ⊕W is a weak-gap
representation. The G-representation W is called a weak-gap stabilizer of V .

If W is a weak-gap stabilizer of V , then W⊕n, n ∈ N, are also weak-gap stabilizers of
V . We call a finite group G a gap group if there is an L (G)-free gap G-representation.
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If G is a gap group, then all L (G)-free real G-representations are stably weak-gap
representations. T. Sumi [26, Theorem 1.4] showed that if |P(G)| = 2 and G is
nonsolvable, then G is a gap group. On the other hand, P. Mizerka [8, Theorem 7.3]
showed that there are nongap solvable Oliver groups G satisfying P(G) = {2, p} for
odd primes p.

Let V be a real (or complex) G-representation. For a normal subgroup N of
G, we have the orthogonal decomposition V = V N ⊕ VN as real (or complex) G-
representations with respect to a G-invariant inner-product on V . For F ⊆ S (G)

such that min(F ) consists of normal subgroups of G, let V F denote the smallest
G-subrepresentation of V containing all V N for N ∈ min(F ), let VF denote the
orthogonal complement of V F in V . We define the real G-representation V (G) as
R[G]L (G), namely

(2.1) V (G) = (R[G]− R)−
⊕
p

(R[G/G{p}]− R),

where p ranges over the set of all primes. The definition (2.1) gives

(2.2) dimV (G)H = (|G/H| − 1)−
∑
p

(|G/HG{p}| − 1).

Since G/Gnil is nilpotent, for any H < K ∈ S (G), there is a sequence H ≤ K0 ◁K1 ◁

· · · ◁ Kr = K such that HGnil = K0G
nil and |Ki+1/Ki| = |Ki+1G

nil : KiG
nil| = pi,

where pi are primes, for all i ∈ [0..(r − 1)]. Using (2.2), we can easily prove that
dimV (G)H ≥ |K0 : H| dimV (G)K0 and dimV (G)Ki ≥ |Ki+1 : Ki| dimV (G)Ki+1 for
all i ∈ [0..(r − 1)] (cf. [6, Lemma 2.10]), and therefore we obtain dimV (G)H ≥ |K :

H| dimV (G)K as is stated in [6, Theorem 2.3 (2.3.2)].
Let PH (G) denote the set of pairs (P,H) such that P ∈ P(G) and H ∈ UG(P ),

and let PH2(G) denote the set of (P,H) ∈ PH (G) satisfying

(i) PG{q} = G for all odd primes q and
(ii) |H : P | = |HG{2} : PG{2}| = 2.

Remark 2.1 (see [6, Theorem 2.3] and [16, Proposition 1.9]). For any Oliver group G,
V (G) has the following properties.

(1) dimV (G)H = 0 for all H ∈ L (G).
(2) dimV (G)H ≥ 2 for all H ∈ M (G).
(3) dimV (G)H ≥ |K : H| dimV (G)K for all H < K ∈ S (G).
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(4) V (G) is an L (G)-free weak-gap representation.
(5) If 2 /∈ P(G) or |P(G)∖ {2}| ≥ 2, then V (G) is a gap representation.
(6) For (P,H) ∈ PH (G), the equality dimV (G)P = 2dim V (G)H holds if and

only if (P,H) ∈ PH2(G).

For further information of V (G), see [19]. For a stably weak-gap realG-representation
V , we can choose a weak-gap stabilizer W of V such that

dimW ≡ 0 mod dim V (G).

Let R be a set or family of real G-representations and F a set of subgroups of
G. Let Dim(R) denote the set of dimV , where V ranges over R. Let RF denote
the set or family consisting of V ∈ R such that V is F -free. Let Rw.gap (resp.
Rs.w.gap) denote the set or family consisting of V ∈ R such that V is a weak-gap
(resp. stably weak-gap) representation. The next lemma is fundamental in the study
of one-fixed-point actions on spheres.

Lemma 2.1. Let G be an Oliver group. If W lies in R(G)w.gap
L (G) (possibly W = {0}),

then V (G)⊕W lies in R(G)1 ∩R(G)w.gap
L (G).

This lemma is proven in Section 3.
For a subset A of N with A ̸= {0}, let gcd(A) denote the greatest common divisor

of integers in A ∖ {0}. For the sake of convenience, we set gcd(A) = ∞ in the case
where A ⊆ {0}. For simplicity of notations, we set

Dim(G, 0) = Dim(R(G){G}), d(G, 0) = gcd(Dim(G, 0)),

Dim(G,w) = Dim(R(G)w.gap
L (G)), d(G,w) = gcd(Dim(G,w)),

Dim(G, s) = Dim(R(G)s.w.gap
L (G) ) and d(G, s) = gcd(Dim(G, s)).

By definition, we see Dim(G,w) ⊆ Dim(G, s) ⊆ Dim(G, 0) and d(G,w) ≥ d(G, s) ≥
d(G, 0).

If G is a nontrivial group, then there are {G}-free real G-representations of dimen-
sion 2|G| as well as of dimension |G| − 1. It is easy to see that if G is a nontrivial
finite group of even (resp. odd) order then d(G, 0) = 1 (resp. 2). In the case where
G is an Oliver group, V (G) lies in R(G)w.gap

L (G) and therefore d(G,w) divides dimV (G).
The next lemma is obtained by elementary arguments but plays important roles in
the study of Dim(G, 1).

Lemma 2.2. Let G be an Oliver group and set d = d(G,w). Then the following holds.
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(1) The integer d(G,w) coincides with d(G, s).
(2) Dim(G, 1) ∩ dN is cofinal with dN.
(3) There is an integer N such that

Dim(G, s) + dN ⊆ Dim(G, 1).

In particular, if there is an L (G)-free, stably weak-gap real G-representation of di-
mension relatively prime to dimV (G), then Dim(G, 1) is cofinal with N.

The proof is given in Section 4.
Let G be an Oliver group. We note that P(G) = ∅ if and only if G is perfect. In the

case, Theorem 1.1 implies δG = 1. In the case where |P(G)∖ {2}| ≥ 2, Theorem 1.2
says δG = 1 (resp. 2) if |G| is even (resp. odd). Remark that if G is nilpotent then
|P(G)| ≥ 3 and therefore δG = 1 (resp. 2) for G of even (resp. odd) order. We discuss
other cases in the following three propositions.

Proposition 2.3 (Case 1). Let G be an Oliver group such that |P(G)| = 2 and
2 ∈ P(G). Then Dim(G, 1) ∩ 2N ≈ 2N. If there is an L (G)-free, stably weak-gap
real G-representation of odd dimension, then Dim(G, 1) ≈ N.

Proposition 2.4 (Case 2). Let G be an Oliver group such that P(G) = {p} for
an odd prime p. Therefore V (G) is an L (G)-free gap real G-representation. Set
d = |G/G{p}|.

(i) Suppose |G| is even. Then Dim(G, 1) ∩ dN ≈ dN.
(ii) Suppose |G| is odd. Then Dim(G, 1) ∩ 2dN ≈ 2dN.

Proposition 2.5 (Case 3). Let G be an Oliver group such that P(G) = {2}. Set
d = |G/G{2}|.

(i) Suppose |G{2}| is even. Then Dim(G, 1)∩dN ≈ dN. If there is an L (G)-free,
stably weak-gap real G-representation of odd dimension, then Dim(G, 1) ≈ N.

(ii) Suppose |G{2}| is odd. Then Dim(G, 1) ⊆ 2N and Dim(G, 1) ∩ 2dN ≈ 2dN.
If there is an L (G)-free, stably weak-gap complex G-representation of odd
dimension, then Dim(G, 1) ≈ 2N.

We have a remark on Oliver groups G with δG = 1.

Proposition 2.6. Let G be an Oliver group.
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(i) If Dim(G, 1) is cofinal with N, then there is an L (G)-free real G-representation
of odd dimension.

(ii) Suppose G is a gap group and P(G) ̸= {p} for any odd prime p. If there is a
{G∩2}-free real G-representation of odd dimension, then Dim(G, 1) is cofinal
with N.

(iii) Suppose P(G) = {p} for an odd prime p. If there is a {G}-free irreducible
real G-representation of odd dimension relatively prime to p, then Dim(G, 1)

is cofinal with N.

We prove Propositions 2.3–2.6 in Section 9.

3. Preferable G-representations and G-actions on spheres

Let G be an Oliver group and let V be a {G}-free real G-representation. We invoke
several properties on V below in order to obtain aG-map f : (X, ∂X) → (D(V ), S(V ))

such that X is a disk with fixed-point-free G-action, ∂f : ∂X → S(V ) is a G-
diffeomorphism, and f : X → D(V ) is a homotopy equivalence rel. ∂. Let G 1(G)

denote the set of subgroups H of G such that H/P is a cyclic group for some P ∈
P(H) such that P ⊴ H. Let Ω(G) denote the Burnside ring. For each H ∈ S (G),
we have the homomorphism χH : Ω(G) → Z defined by χH([X]) = χ(XH), where X
is a finite G-CW complex and χ(XH) is the Euler characteristic of XH . In the case
where G is an Oliver group, then there is β ∈ Ω(G) satisfying

(3.1) χG(β) = 0 and χH(β) = 1 for all H ∈ M (G).

We can write β in the form

β =
∑

H∈H ∗
bH [G/H] (bH ∈ Z ∖ {0})

for some H ∗ ⊆ S (G)∗ ∖ {G}. Define Iso(G, β) by

Iso(G, β) = {gHg−1 | H ∈ H ∗ and g ∈ G}.

Set

F (G, 1) = {H ∈ max(M (G)) | NG(H) = H}.

For a G-set X and H ∈ S (G), let X>H denote the set
⋃

K∈UG(H)X
K .

Definition 3.1. Let G be an Oliver group and V a real G-representation. We call V
preferable if the conditions (A1)–(A4) below are satisfied.



10 M. MORIMOTO

(A1) dimV ≥ 5.
(A2) For any P ∈ P(G)∖ F (G, 1), the following holds.

(i) dimV P ≥ 5,
(ii) V satisfies the weak-gap condition: dimV P ≥ 2 dimV L for all L ∈ UG(P ).
(iii) If dimV P = 2dim V H , where H ∈ UG(P ), then |H : P | = 2 and

dimV H > dimV L + 1 for all L ∈ UG(H).
(iv) If 2 dimV H = 2dim V K = dim V P , where H, K ∈ UG(P ) (possibly

H = K), then ⟨H,K⟩ (the smallest subgroup of G containing H and K)
belongs to M (G).

(A3) For any H ∈ G 1(G), it holds that dimV H ≥ 1 and dimV H > dimV >H .
(A4) V is L (G)-free.

We remark that if V is a preferable G-representation and W is an L (G)-free weak-
gap G-representation (possibly W = {0}) then V ⊕ W is preferable. Remark 2.1
immediately implies that the G-representations V (G)⊕n with n ≥ 3 are preferable. In
this paper, we employ the following two lemmas which are fundamental in the study
of R(G)1.

Lemma 3.1. For any Oliver group G, V (G) is a preferable G-representation.

The lemma is a corollary to [19, Theorems 1.1 and 2.2]. However we can obtain
the lemma from Remark 2.1. For the sake of reader’s convenience, we give a proof in
Appendix I.

Lemma 3.2. Let G be an Oliver group. If V is a preferable real G-representation,
then V lies in R(G)1.

A preferable real G-representation is admissible in the sense of [15, Definition 1.1]
and therefore the above lemma is a corollary to [15, Theorem 1.2]. However the lemma
follows also from arguments in [9, Section 2], [11, Sections 4, 5], [13, p. 502] and [12,
Theorem 1.1]. For the sake of readers’ convenience, we give a proof of the lemma in
Appendix II.

Now we are ready to prove Lemma 2.1.

Proof of Lemma 2.1. Let W ∈ R(G)w.gap
L (G). It is clear that V (G) ⊕W ∈ R(G)w.gap

L (G).
Lemma 3.1 shows that V (G)⊕W is a preferableG-representation. Therefore Lemma 3.2
implies that V (G)⊕W ∈ R(G)1. □
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4. Proof of Lemma 2.2

For integers a1, . . . , an ∈ N, let N(a1, . . . , an) denote the set of all integers m =

a1x1 + · · · + anxn satisfying m > 0, where x1, . . . , xn ∈ N. For a finite set F =

{a1, . . . , an}, we mean by N(F ) the set N(a1, . . . , an). Let A be a subset of N. We say
that A is additively closed if a+ b belongs to A whenever a, b ∈ A.

Lemma 4.1. Let m and n be relatively prime natural numbers and set N =

max {(m− 1)(n− 1), 1}. Then [N..∞) is contained in N(m,n).

Proof. Let m and n be relatively prime natural numbers. If m = 1 or n = 1 then the
conclusion of the lemma is obviously true. Thus we assume that m ≥ 2 and n ≥ 2.
Then N is equal to (m − 1)(n − 1). If a natural number x lies in N(m,n) then we
have the inclusions

x+min(m,n)N ⊆ x+mN+ nN ⊆ N(m,n).

Therefore, for the proof of Lemma 4.1, it suffices to show that mn−m−n+k belongs
to N(m,n) for all k ∈ N with 1 ≤ k ≤ min(m,n)− 1.

Let k be a natural number such that 1 ≤ k ≤ min(m,n) − 1. We have clearly
mn −m − n + k = (m − 1)(n − 1) + (k − 1) ≥ 1. There is a pair (a, b) of integers
a and b such that am − bn = k. In the rest of the proof, we can suppose a > 0 and
b > 0 without any loss of generality (otherwise, we replace m and n with n and m,
respectively). In addition, we choose the natural number a as small as possible. Then
it holds that 1 ≤ a ≤ n − 1. Since bn + k = am ≤ (n − 1)m = mn − m, we get
1 ≤ b ≤ m− 1. The number

mn−m− n+ k = mn−m− n+ am− bn

= (a− 1)m+ (m− 1− b)n (≥ 1)

belongs to N(m,n). □

For m, n ∈ N, a, b ∈ N, the integer am+ bn is equal to d (a(m/d) + b(n/d)), where
d = gcd(m,n). Therefore we get the next corollary.

Corollary 4.2. Let m, n ∈ N, d = gcd(m,n) and N = max {(m/d− 1)(n/d− 1), 1}.
Then the set d [N..∞) is contained in N(m,n), i.e. N(m,n) ∩ [dN..∞) = d [N..∞).

This has the next corollary.
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Corollary 4.3. Let a1, . . . , an ∈ N and set d = gcd(a1, . . . , an). Then there exists
an integer N such that d [N..∞) is contained in N(a1, . . . , an), i.e. N(a1, . . . , an) ∩
[dN..∞) = d [N..∞) (= (dN) ∩ [dN..∞)).

Proposition 4.4. Let A be an additively closed subset of N. Then there exists a finite
subset F of A such that N(F ) = A.

Proof. Set d = gcd(A). There is a finite subset F0 = {a1, . . . , an} of A such that
gcd(F0) = d. We have N(F0) ⊆ A ⊆ dN. Corollary 4.3 says that (dN) ∖ N(F0) is a
finite set, and therefore F1 := A∖ N(F0) is a finite set. Then the union F = F0 ∪ F1

satisfies N(F ) = A. □

Proposition 4.5. Let A be an additively closed subset of N and set d = gcd(A). Then
A is cofinal with dN, i.e. there is an integer N such that d [N..∞) is contained in A.

Proof. In the proof of Proposition 4.4, we showed that (dN)∖ A is finite. Therefore
there is an integer N such that d [N..∞) is contained in A. □

Proposition 4.6. Let A and B be subsets of N such that A ⊆ B. Suppose that A is
additively closed. Then there is an integer k such that

(4.1) (A ∩ dN) ∩ [k..∞) = (B ∩ dN) ∩ [k..∞) = (dN) ∩ [k..∞)

for any multiple d of gcd(A).

Proof. For a multiple d of gcd(A), we have the equality gcd(A)N∩ dN = dN. There-
fore it is sufficient to prove (4.1) in the case d = gcd(A). Suppose d = gcd(A). Then
A = A∩ dN. By Proposition 4.5, there is an integer k such that (A∩ dN)∩ [k..∞) =

(dN) ∩ [k..∞). In addition, it is clear that

A ∩ dN ⊆ B ∩ dN ⊆ dN.

Therefore we obtain the formula (4.1). □

Proposition 4.7. Let A be a subset of N and x ∈ N such that kx and (k + 1)x both
belong to A for some k ∈ N. Then gcd(A + x), gcd(A + kx) and gcd(A + (k + 1)x)

all coincide with gcd(A). Set d = gcd(A). If A is additively closed, then A + kx and
A + (k + 1)x are additively closed and A, A + x, A + kx and A + (k + 1)x all are
cofinal with dN.
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Proof. It holds that
gcd(A+ x) = gcd(A+ x ∪ {kx+ x, (k + 1)x+ x})

= gcd(A+ x ∪ {(k + 1)x, (k + 2)x}) = gcd(A+ x ∪ {x})

= gcd(A ∪ {x}) = gcd(A ∪ {kx, (k + 1)x})

= gcd(A).

Similarly, we can prove gcd(A+ kx) = gcd(A) and gcd(A+ (k + 1)x) = gcd(A).
Suppose A is additively closed. Then it is clear that A + kx and A + (k + 1)x are

additively closed. Proposition 4.5 implies that A, A+ kx and A+(k+1)x are cofinal
with dN. Note that A+ kx ⊆ A ⊆ dN. It implies that (A+ kx) + x ⊆ A+ x ⊆ dN.
Since A+ (k + 1)x ≈ dN, we conclude A+ x ≈ dN. □

Proposition 4.8. Let A ⊆ B and C be subsets of N such that A is additively closed
and let x be an element in A ∩ C such that A + x ⊆ C. (Therefore xN ⊆ A ∩ C.)
Suppose that for each element y ∈ B, there is m(y) ∈ N such that y +m(y)x belongs
to A. Then the following holds.

(1) gcd(A) = gcd(B).
(2) A ≈ B ≈ C ∩ gcd(A)N.
(3) There exists N ∈ N such that B +Nx ⊆ C.

Proof. It holds that

gcd(B) = gcd(B ∪ {x}) = gcd(A ∪ {x}) = gcd(A).

Recall that gcd(A + x) = gcd(A), A + x ⊆ A ⊆ B ⊆ gcd(B)N and A + x ≈ A ≈
gcd(A)N. Therefore we get B ≈ gcd(A)N. Since A+ x ⊆ C ∩ gcd(A)N ⊆ gcd(A)N,
we get A+x ≈ C∩gcd(A)N ≈ gcd(A)N. We have showed that A ≈ B ≈ C∩gcd(A)N.

Note that Y := B∖A is a finite set. For N = 1+
∑

y∈Y m(y) (≥ 1), it is clear that

B +N x = (A ∪ (B ∖ A)) +N x

= (A+N x) ∪ ((B ∖ A) +N x)

⊆ C ∪ C = C.

□

Proof of Lemma 2.2. Let G be an Oliver group. Set A = Dim(G,w) ∖ {0}, B =

Dim(G, s) ∖ {0} and C = Dim(G, 1). It is clear that A and B are additively closed
and A ⊆ B. Set x = dimV (G). Then Lemma 2.1 shows that x ∈ A∩C and A+x ⊆ C.
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By the definition of weak-gap stabilizer, for each y ∈ B, there exists m(y) ∈ N such
that y + m(y) x lies in A. It is clear that d(G,w) divides x. Therefore Lemma 2.2
follows from Proposition 4.8. □

In the above proof we used the result that V (G) is preferable. However, in order to
prove Lemma 2.1, we need merely the fact that V (G)⊕k is preferable for some k ∈ N
(because setting x = k dimV (G), the above proof works well).

5. Preparation from Algebra

We begin this section with recalling several known facts in algebra which will be
used in the subsequent sections. Let IrrR(G) (resp. IrrC(G)) denote the family of
irreducible real (resp. complex) G-representations and let IrrR(G)

∗ (resp. IrrC(G)
∗)

denote a complete set of representatives of isomorphism classes of irreducible real
(resp. complex) G-representations.

Lemma 5.1 ([23, 2.4 Corollary 2]). The equality∑
W∈IrrC(G)∗

(dimW )2 = |G|

holds.

Lemma 5.2 ([23, 6.5 Corollary 2]). The dimension of any irreducible complex G-
representation divides |G|.

Corollary 5.3. Let W be an irreducible real G-representation of odd dimension. Then
the complexification of W is an irreducible complex G-representation, and therefore
dimW divides |G|.

Lemma 5.4 ([23, 8.5 Theorem 16]). Let G be a supersolvable group. Then each
irreducible complex G-representation is induced from a one-dimensional representation
of a subgroup of G.

Lemma 5.5 (P. G. L. Dirichlet, cf. [22, Chapter VI, p. 61]). Let a, b ∈ N. If a and b
are relatively prime, then there exist infinitely many primes p such that p ≡ a mod b.

Corollary 5.6 (P. G. L. Dirichlet). Let p be a prime and m ∈ N. Then there exist
infinitely many primes q such that q ≡ 1 mod pm.
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In the rest of this section, we prepare basic facts on the representation theory which
will be needed in the subsequent sections.

Proposition 5.7. Let H, K and L be subgroups of G, let W be a real K-representation,
and set V = indG

KW . Then the following holds.

(1) If WK∩a−1La = {0} for all a ∈ G, then V L = {0}.
(2) If W satisfies the weak-gap condition at K ∩ a−1Ha for all a ∈ G, then V

satisfies the weak-gap condition at H.

Proof. By the Mackey decomposition, we have

resGLV =
⊕

LaK∈L\G/K

indL
L∩aKa−1ca∗res

K
K∩a−1LaW.

Therefore dimV L =
∑

LaK dimWK∩a−1La, which shows the claim (1).
Next we are going to show dimV H ≥ 2 dimV L forH ∈ S (G) and L ∈ min(UG(H)).

dimV H − 2 dimV L =
∑

HaK∈H\G/K

dimWK∩a−1Ha −
∑

LbK∈L\G/K

2 dimWK∩b−1Lb.

For arbitrarily fixed b ∈ G, either LbK = HbK or LbK = HbK ⨿
∐mb

i=1Hab,ibK

(mb ∈ N, ab,i ∈ L ∖ H) holds. We remark that LbK = HbK holds if and only
if |L : H| = |K ∩ b−1Lb : K ∩ b−1Hb|. Let A (resp. B) be a complete set of
representatives b of L\G/K such that |L : H| = |K ∩ b−1Lb : K ∩ b−1Hb| (resp.
|L : H| ̸= |K ∩ b−1Lb : K ∩ b−1Hb|). Then we have

dimV H−2 dimV L =
∑
b∈A

(dimWK∩b−1Hb − 2 dimWK∩b−1Lb)

+
∑
b∈B

(
dimWK∩b−1Hb +

mb∑
i=1

dimWK∩b−1a−1
b,iHab,ib − 2 dimWK∩b−1Lb

)

≥
∑
b∈B

(
mb∑
i=1

dimWK∩b−1a−1
b,iHab,ib − dimWK∩b−1Lb

)
.

Since b−1a−1
b,iHab,ib < b−1Lb, we see dimWK∩b−1a−1

b,iHab,ib ≥ dimWK∩b−1Lb, which
shows dimV H − 2 dimV L ≥ 0. □

For a finite group A and m ∈ N, we mean by A×m the m-fold direct product
A × · · · × A of A. For groups P and Q and a homomorphism ψ : P → Aut(Q), we
say that ψ is free if the non-equality ψ(g)(x) ̸= x holds for any g ∈ P ∖ {e} and
x ∈ Q∖ {e′}, where e and e′ are the identity elements of P and Q, respectively. It is
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clear that if ψ : P → Aut(Q) is free then φ : P → Aut(Q×m) is free for m ∈ N, where
φ = ψ×m (= ψ × · · · × ψ m-fold).

Proposition 5.8. Let p be an odd prime, n ∈ N and P a cyclic group of order pn.
Then there exist infinitely many elementary abelian 2-groups T with homomorphism
φ : P → Aut(T ) such that φ is free.

Proof. Consider the regular representation V = F2[P ] of P over F2. Since |P | is
odd, there is a P -invariant inner-product on the F2-vector space V . Let N be the
subgroup of P of order p. We have the orthogonal decomposition V = V N ⊕ VN as
P -representations over F2. Let ψ : P → AutF2(VN) be the associated homomorphism
with the F2-linear P -action on VN . Set Q = VN as an abelian group. It is clear that
ψ : P → Aut(Q) is free and therefore φ : P → Aut(T ), where φ = ψ×m and T = Q×m,
is free for every m ∈ N. □

We mean by a subquotient group H/K of G the quotient group H/K of subgroups
K ⊴ H ∈ S (G).

Proposition 5.9. Let p be a prime, let G be a finite group not of prime-power order
with P(G) = {p} and set N = G{p}. Invoke the following hypotheses:

(1) G/N and N are abelian groups.
(2) |N | is not divisible by p.
(3) Any element of G∖N has p-power order.
(4) The order |H/K| is a power of p for any cyclic subquotient group H/K of G

such that |H/K| is divisible by p.

Let m be the integer given by |G/N | = pm. Then for an arbitrary V ∈ IrrC(G)L (G),
there is W ∈ IrrC(N) such that V ∼= indG

NW as complex G-representations. Therefore
Dim(IrrC(G)) = {1, pm}, Dim(IrrC(G)L (G)) = {pm}, and Dim(R(G)L (G)) ⊆ pm N.

Proof. We have L (G) = U G(N). Let V ∈ IrrC(G)L (G). Then V N = {0} and
V = VN . Remark that for any non-abelian subquotient group H/K of G, where
K ◁ H ∈ S (G), (H ∩ N)/(K ∩ N) is an abelian subgroup of H/K which is not
contained in the center of H/K. By the argument same as the proof of [23, Chapter 8,
Theorem 16], we can see that there are a subgroup H and a one-dimensional complex
H-representation W such that V ∼= indG

HW as complex G-representations. Since N is
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abelian and V is irreducible, for the proof of H = N , it is sufficient to show H ⊆ N .
To prove the property H ⊆ N , we will find a contradiction under the assumption

H ∖N ̸= ∅.

Let K be the kernel of the representation W , namely K is the maximal subgroup
of H satisfying WK = W . By definition, K is a normal subgroup of H. Since
dimW = 1, the group H/K is cyclic. Since dimV N = |G/(HN)| dimWH∩N = 0,
we get WH∩N = {0}. Therefore H ∩ N ∖ K ̸= ∅. The hypothesis (2) implies that
|H/K| is not a power of p. Furthermore the hypothesis (4) implies that |H/K| is
not divisible by p. Let P be a Sylow p-subgroup of H. Then H = (H ∩ N) ⋊ P ,
K = (K ∩ N) ⋊ P and the canonical homomorphism (H ∩ N)/(K ∩ N) → H/K is
an isomorphism. Since K ∩ N = K{p}, we see K ∩ N ◁ H and obtain H ′ = K ′ ⋊ P ,
where H ′ = H/(K ∩N) and K ′ = (H ∩N)/(K ∩N). Observe the homomorphism

ψ : H ′ → H/K
∼=−→ (H ∩N)/(K ∩N) = K ′.

The kernel of ψ is P , which implies P ◁H ′. It means H ′ = K ′×P . Set H ′′ = K ′×Cp

for a cyclic subgroup Cp with order p of P . Since the group H ′′ is a cyclic subquotient
group of G, the hypothesis (4) shows that K ′ is the trivial group, which says H ∩N =

K ∩ N as well as H = K (contradiction). It completes the proof of H = N , which
shows dimV = pm.

The above fact shows the equality Dim(IrrC(G)L (G)) = {pm}. SinceG/N is abelian,
we have Dim(IrrC(G)) = {1, pm}.

Next let V be an L (G)-free real G-representation of positive dimension. Let VC
be the complexification of V . Then we have dimR V = dimC VC. Since dimC VC is
divisible by pm, so is dimR V . □

Lemma 5.10 (due to S. Tamura). Let p be a prime, G a nontrivial finite group, and
N a normal subgroup of G satisfying the hypotheses (2) and (3) of Proposition 5.9.
Then the hypotheses (4) of Proposition 5.9 is fulfilled.

Proof. Let H/K be an arbitrary cyclic subquotient group of G such that |H/K| is
divisible by p. There is an element h ∈ H such that the coset hK is a generator of
H/K. Since |H/K| is divisible by p, the order of h in H is divisible by p. By the
hypothesis (2), h lies in G∖N . By the hypothesis (3) the order of h in H a power of
p, and therefore |H/K| is a power of p. □
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Proposition 5.11. Let p and q be distinct primes. Let P be a nontrivial abelian p-
group, F an elementary abelian q-group, and φ : P → Aut(F ) a free homomorphism.
Then the group G = F ⋊φ P satisfies the hypotheses (1)–(4) of Proposition 5.9.

Proof. It is clear that G satisfies the hypotheses (1)–(3). By Lemma 5.10, G satisfies
the hypothesis (4). □

The next fact follows immediately from the above proposition.

Corollary 5.12. Let p and q be distinct primes. Let P be a nontrivial cyclic p-group
and φ1 : P → Aut(Cq) a monomorphism. Let G be the group (Cq × Cq)⋊φ P , where
φ = φ1 × φ1 : P → Aut(Cq × Cq). Then the group G satisfies the hypotheses (1)–(4)
of Proposition 5.9.

For a realG-representation V , we denote by Sub(V ) the set of allG-subrepresentations
of V . Remark that V (G) is an L(G)-free weak-gap representation and that V (G) is
isomorphic to

⊕
W W⊕aW for some aW ∈ N, where W runs over IrrR(G)

∗
L (G). It is

clear that

gcd(Dim(R(G)L (G))) = gcd(Dim(Sub(V (G)))) = gcd(Dim(IrrR(G)L (G))).

Without difficulties, we can see that

d(G, s) = gcd(Dim(Sub(V (G)⊕n)s.w.gap))

for sufficiently large n ∈ N. If G is a gap group, then we have
d(G, s) = gcd(Dim(R(G)L (G)))

= gcd(Dim(Sub(V (G))))

= gcd(Dim(IrrR(G)L (G))).

The following three propositions are concerned with L (G)-free G-representations
of odd dimension.

Proposition 5.13. Let L be a nontrivial group of even order. Then there is W ∈
IrrR(L){L} of odd dimension. In addition, gcd(dimW, dimR[L]L) is equal to 1 for the
representation W .

Proof. Set V = R[L]L. Then we have dimV = |L| − 1 (an odd integer). The equality

1 +
∑

W∈IrrR(L)∗{L}

aW dimW = |L| (aW ∈ N)
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implies that there is W ∈ IrrR(L){L} of odd dimension. By Corollary 5.3, dimW

divides |L|. Therefore gcd(dimW, dimV ) divides gcd(|L|, |L| − 1) = 1, which shows
gcd(dimW, dimV ) = 1. □

Corollary 5.14. If G is a nontrivial perfect group, then there is an L (G)-free ir-
reducible real G-representation W of odd dimension and gcd(dimW, dimV (G)) = 1,
and therefore d(G, s) = 1.

Proposition 5.15. Let G be an Oliver group such that G{2} = G (i.e. 2 /∈ P(G))
and Dim(G, 1) is cofinal with N. Then V (G) is an L (G)-free real G-representation
of odd dimension.

Proof. Since Dim(G, 1) is cofinal with N, |G| is even (cf. Remark 1.1). Observe the
equality

dimV (G) = (|G| − 1)−
∑

p∈P(G)

(|G/G{p}| − 1).

Since 2 /∈ P(G), the integers |G/G{p}| − 1 above are even. Since |G| − 1 is odd, we
conclude that dimV (G) is odd. □

Proposition 5.16. Let G be a finite group not of prime-power order and let V be a
{G∩2}-free real G-representation of odd dimension. Then V contains an irreducible
component of odd dimension. Moreover, for an arbitrary irreducible component W of
V such that dimW is odd, W is {Gnil}-free (therefore L (G)-free).

Proof. Since dimV is odd, there is an irreducible component W of V such that dimW

is odd. By hypothesis, W is {G∩2}-free. Set N = Gnil. We have the orthogonal
decomposition W = WN ⊕WN with respect to a G-invariant inner-product on W .
Since W is irreducible, we get W = WN or W = WN . Assume W = WN . Since
W is {G∩2}-free and G/N is nilpotent, dimW is even (contradiction). Therefore, W
coincides with WN , namely W is {N}-free. □

Proposition 5.17. Let G be an Oliver group and V a real G-representation. If
2 dimV H ≤ dimV P for all (P,H) ∈ PH2(G), then V is a stably weak-gap represen-
tation.

Proof. By [6, Theorem 2.3], V ⊕ V (G)⊕k, where k = dimV , is a weak-gap represen-
tation. □
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Proposition 5.18. Let G be an Oliver group, N a normal subgroup of G and φ

the canonical projection G → G = G/N . Suppose that G is a gap group or N ⊆
G{2}. Let R be a non-empty subset of R(G)L (G) such that Dim(R) ̸= {0}. Set
d = gcd(Dim(R)). Then d(G, s) divides d, and therefore the sets Dim(G, s)∩ dN and
Dim(G, 1) ∩ dN are cofinal with dN.

Proof. LetW be an element of R and set V = φ∗W (the induced realG-representation).
Since φ(G{p}) = G

{p} for any prime p, V is an L (G)-free stably weak-gap G-
representation. Therefore d(G, s) divides d. □

Proposition 5.19. Let G be a finite group such that |P(G)| ≥ 2. Then there is an
L (G)-free stably weak-gap irreducible real G-representation of dimension 2. Therefore
d(G, s) is equal to 1 or 2.

Proof. Since |P(G)| ≥ 2, there is a normal subgroup N of G such that G/N is a
cyclic group of order pq for distinct primes p and q. Let φ be the canonical projection
G → G/N and let W be a free real G/N -representation of dimension 2. For all
P ∈ P(G/N) and H ∈ UG/N(P ), the inequality 2 dimWH ≤ dimW P holds clearly,
i.e. W is a weak-gap G/N -representation. Therefore φ∗W is an L (G)-free stably
weak-gap irreducible real G-representation of dimension 2. □

Proposition 5.20 (cf. Proposition 2.4). Let G be a finite group not of prime power
order. Suppose P(G) = {p} for a prime p. Then d(G, s) divides 2|G/G{p}|. Further-
more if |G{p}| is even, then d(G, s) divides |G/G{p}|.

Proof. Set N = G{p}.
Firstly suppose that |N | is even. Then V = R[N ]N is an {N}-free gap real

N -representation and there is an {N}-free gap real N -representation W such that
dimW ≡ 1 mod dim V . It says that d(N, s) divides 1. Since indG

NV and indG
NW are

contained in R(G)s.w.gap
L (G) , d(G, s) divides |G/N |.

Next suppose that |N | is odd. Then since N is solvable, there is a normal subgroup
M of N such that |N/M | = q, where q is a prime ( ̸= p). We have a free real N/M -
representation U of dimension 2. Let φ be the canonical projection N → N/M .
Then φ∗U lies in R(N)s.w.gap

{N} . Therefore indG
Nφ

∗U is an L (G)-free stably weak-gap
G-representation of dimension 2|G/N |, which shows d(G, s) divides 2|G/N |. □
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6. Preparation from topological transformation groups

For Oliver groups G having δG, we need information more than Lemma 2.2 to
determine δG. In this section, we prepare several results which are helpful to estimate
δG.

For a prime p, let Zp stand for the ring (or sometimes the module) Z/(p). A compact
connected manifold X is said to be Zp-orientable if Hn(X, ∂X ;Zp) ∼= Zp for n =

dimX. A compact manifoldX is said to be Zp-orientable if each connected component
of X is Zp-orientable. Remark that any compact manifold X is Z2-orientable. Let us
recall a classical result in the theory of transformation groups.

Proposition 6.1. Let X be a homology sphere with G-action and H a subgroup of
G. If a Sylow 2-subgroup Q of H is normal in H, then XH is orientable (therefore
Zp-orientable for any prime p).

Proof. Since XQ is a Z2-homology sphere, XQ is orientable. Since H/Q has odd order,
XH = (XQ)H/Q is orientable. □

The next lemma is a new generalization of [10, Lemma 2.1].

Lemma 6.2. Let p be a prime, G a nontrivial cyclic group of p-power order, and X
a connected closed G-manifold. If X is Zp-orientable, |XG| = 1, and |XH | < ∞ for
all H ∈ S (G)∖ {E}, then X is a singleton, i.e. |X| = 1.

Proof. Contrarily assuming that dimX > 0, we will find a contradiction. Let x0 be
the G-fixed point of X and set V = Tx0(X). Let U be a closed disk neighborhood
with linear G-action of x0 in X. Therefore U is G-diffeomorphic to D(V ). Let Σ

be the pinched G-space X/(X ∖
◦
U) and let f : X → Σ be the canonical projection.

Then Σ (resp. x0) can be identified with S(R ⊕ V ) (resp. (1, 0), where 1 ∈ R and
0 ∈ V ). Let y0 be the G-fixed point in Σ identified with (−1, 0) ∈ S(R⊕ V ). Let H
be a subgroup of G such that H ̸= G, E, and let x be an arbitrary point in X with
isotropy subgroup H, i.e. Gx = H. Then Tx(X)K = {0} for all K ∈ S (H) with
K ̸= E. It implies that there is an H-map gx : S(Tx(X)) → S(V ). We can identify a
small closed H-disk (resp. G-disk) neighborhood ∆(x) (resp. ∆(y0)) of x (resp. y0)
in X (resp. Σ = S(R ⊕ V )) with D(Tx(X)) (resp. D(V )). We can choose ∆(ax)

so that ∆(ax) = a∆(x) for a ∈ G ∖ H. Set Z = X ∖
⋃

x

◦
∆(x), where x runs over
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⋃
H ̸=G,E X

H and
◦
∆(x) is the interior of ∆(x). Then f is G-homotopic to a G-map

f ′ : X → Σ = S(R⊕ V ) such that

(1) the restriction of f ′ to a small neighborhood ∆(x0) of x0 is the identity map,
(2) the restrictions f ′|x : ∆(x) → ∆(y0) of f ′ are the radial extension of gx for all

x ∈
⋃

H ̸=G,E X
H ,

(3) f ′(X ∖
◦
∆(x0)) ⊆ Σ∖

◦
∆(x0), and

(4) the restriction f ′|Z of f ′ to Z is transverse regular to y0 in Σ = S(R⊕ V ).

For z ∈ f ′|Z−1(y0), let degz(f
′) denote the local mapping-degree of f ′ at z, namely

degz(f
′) = 1 (resp. −1) if f ′ is an orientation-preserving (resp. orientation-reversing)

map from a small neighborhood of z to a small neighborhood of y0. If p is odd then the
G-action on X is orientation preserving. Therefore

∑
u∈Gz degu(f

′) = 0 (∈ Zp), for all
z ∈ f ′|Z−1(y0). In addition,

∑
u∈Gx deg(gu) = 0 (∈ Zp) for all x ∈ XH (H ̸= G, E).

Therefore the mod-p mapping-degree deg(f ′) is equal to 0. However this contradicts
the fact deg(f ′) = deg(f) = 1. □

Remark that G/G∩p is an elementary abelian group. Lemma 6.2 gives the following
results.

Proposition 6.3 (cf. [10, Lemma 2.1]). Let G be a finite group and X a connected
closed G-manifold such that XG = {x0}. Set V = Tx0(X). Then the equality V G∩2

=

{0} holds.

Proof. Assume V G∩2 ̸= {0}. Then there is a normal subgroup L◁G such that |G/L| =
2 and V L ̸= {0}. Clearly, XL is Z2-orientable. Let Y be the connected component
of XL containing x0. Then dimY > 0. set P = G/L. We have Y P = XG = {x0}.
Lemma 6.2 says Y = Y P (= {x0}), which contradicts dimY > 0. Therefore, we
conclude V G∩2

= {0}. □

Corollary 6.4. Let G be an Oliver group. For an arbitrary real G-representation V

in R(G)1, it holds that V G∩2
= {0}, i.e. R(G)1 ⊆ R(G){G∩2}.

Proposition 6.5. Let G be an Oliver group. If G{2} has odd order, then Dim(R(G)1) ⊆
2N.

Proof. Set L = G{2}. Let V be a real G-representation in R(G)1. We have the
orthogonal decomposition V = V L⊕VL as G-representations. Since |L| is odd, dimVL
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is even. By Corollary 6.4, we have (V L)G
∩2

= {0}, which implies that dimV L is even.
Putting these together, we see that dimV is even. It shows that Dim(G, 1) ⊆ 2N. □

Proposition 6.6. Let G be a finite group, Q a Sylow 2-subgroup of G, p an odd
prime and X a connected closed orientable G-manifold. Suppose that Q ⊴ G, XQ is
orientable and XG = {x0}. Set V = Tx0(X). Then the equality V G∩p

= {0} holds.

Proof. Assume V G∩p ̸= {0}. Then there is a normal subgroup L ◁ G such that
|G/L| = p and V L ̸= {0}. Since Q ⊴ L, XL (= (XQ)L/Q) is orientable (there-
fore Zp-orientable). Let Y be the connected component of XL containing x0. Then
dimY > 0. Set P = G/L. Then, by Lemma 6.2 we see Y = Y P = {x0}, which
contradicts dimY > 0. □

Recall that if X is a Zq-homology sphere with G-action and Q is a q-subgroup of G
for a prime q then XQ is a Zq-homology sphere and therefore XQ is orientable. We
obtain the following corollaries from the above proposition.

Corollary 6.7. Let G be an Oliver group such that a Sylow 2-subgroup of G is normal
in G. For an arbitrary real G-representation V in R(G)1 and any prime p, the equality
V G∩p

= {0} holds, and therefore R(G)1 ⊆ R(G){G∩p}.

Corollary 6.8. Let G be an Oliver group such that a Sylow 2-subgroup of G is normal
in G. If G∩p coincides with G{p} for all p ∈ P(G), then R(G)1 ⊆ R(G)L (G).

Let V1 and V2 be real G-representations and F a set of subgroups of G. We say
that (V1, V2) is an F -matched pair if resGHV1 is isomorphic to resGHV2 for every H ∈ F .
The next lemma is a classical result in the theory of transformation groups.

Lemma 6.9 (due to P. A. Smith and T. Petrie). Let G be a finite group, p a prime
dividing |G|, P a p-subgroup of G, X a Zp-homology sphere with G-action, and x1,
x2 ∈ XG. If dimXP > 0 then (Tx1(X), Tx2(X)) is a {P}-matched pair.

Proof. By the Smith theorem, XP is a Zp-homology sphere. Since dimXP > 0, XP

is connected. Therefore, resGPTx1(X) is isomorphic to resGPTx2(X). □

Corollary 6.10. Let G be a finite group, X a homology sphere with G-action, and x1,
x2 ∈ XG. If the inequalities dimXP > 0 hold for all P ∈ P(G), then (Tx1(X), Tx2(X))

is a P(G)-matched pair.
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Using Lemmas 6.2 and 6.9, we obtain the next interesting result.

Lemma 6.11. Let G be an Oliver group and N a normal subgroup of G such that
G/N = Cpm (a cyclic group of order pm) for a prime p and m ∈ N. Let X be a
homology sphere with G-action such that XG = {x0}. Suppose the following conditions
are fulfilled.

(1) Each element of G∖N has p-power order.
(2) The connected component containing x0 of XL is Zp-orientable for any L ∈

U G(N).

Then it holds that Tx0(X)N = {0}.

Proof. Set V = Tx0(X) as a real G-representation. Assume V N ̸= {0} (we will
find a contradiction). There is a (unique) maximal element M ∈ U G(N) satisfying
V M ̸= {0}. It is clear that M◁G, G/M is a cyclic group of order pk for some k ∈ [1..m]

and V L = {0} for all L ∈ UG(M). Let Y be the connected component of XM with
x0 ∈ Y . By hypothesis, Y is Zp-orientable. If dimY L = 0 for all L ∈ UG(M),
then Lemma 6.2 says Y = {x0}, which shows V M = {0} (contradiction). Therefore,
under the assumption that there is L ∈ UG(M) satisfying dimY L > 0, we will find a
contradiction. Let K be a (unique) maximal element of UG(M) such that dimY K > 0

(obviously M < K < G). Let x1 be a point in Y K such that dimWK = dim Y K for
W := Tx1(X) (as a real K-representation). Since Y is connected, we have resGMV

∼=
resKMW . Let g be an element of K∖M . Since g ∈ G∖N , the order of g is a power of p.
Let P be the cyclic group generated by g. We have dimXP ≥ dimY P ≥ dimY K > 0.
By the Smith theorem, XP is a connected Zp-homology sphere. Therefore we get
resGPV

∼= resGPW . It follows that resGKV
∼= resGKW and dimV K = dimWK > 0

(contradiction). □

Corollary 6.12. Let G be an Oliver group such that P(G) = {p} for some prime p.
Set N = G{p} (= Gnil). Suppose that

(1) G/N is a cyclic group of p-power order,
(2) each element of G∖N has p-power order, and
(3) a Sylow 2-subgroup Q of N is normal in N if p is odd.

Let X be a homology sphere with G-action such that XG = {x0}. Then Tx0(X)N =

{0}. Therefore R(G)1 is contained in R(G)L (G).
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Proof. Let L ∈ U G(N). If p is odd then, since Q is normal in L, XL = (XQ)L/Q is
orientable. If p = 2 then XL is Z2-orientable. Therefore it follows from Lemma 6.11
that Tx0(X)N = {0}. □

7. Examples of Oliver groups with determinable δG

In this section, applying Lemma 2.2, we determine the integers δG of several inter-
esting Oliver groups G.

Example 7.1 (Perfect group). For the special linear group G = SL(2,Fq) with q > 4,
Dim(G, 1) is cofinal with N, i.e. δG = 1.

Proof. Since G is a perfect group, it follows from Corollary 5.14 and Lemma 2.2 that
Dim(G, 1) is cofinal with N. □

Example 7.2 (Case 2 (i)). For the small group G = SG(1176, 220) given by GAP,
Dim(G, 1) is cofinal with N, i.e. δG = 1.

Proof. We remark that |G| = 1176, P(G) = {3}, |G/G{3}| = 3, G has a form G =

((C2
×3 ⋊ C7) × C7) ⋊ C3 and G has a quotient group F = (C2

×3 ⋊ C7) ⋊ C3 and a
subquotient group K = C2

×3⋊C3. Moreover K has a quotient group L isomorphic to
C2

×2. Remark that V (G) is an L(G)-free gap representation and G is a supersolvable
group. Since G fits to Proposition 5.20, d(G, s) divides 3. There is an L(G)-free
complex G-representation W of dimension 7. The realification of W is an L(G)-
free stably weak-gap representation of dimension 14. Therefore we get d(G, s) = 1.
Lemma 2.2 shows Dim(G, 1) ≈ N. □

Example 7.3 (Case 2 (ii)). Let p be an odd prime, let m ∈ N, let q and r be distinct
odd primes such that q − 1 and r − 1 are divisible by pm, set P = Cpm , let φq :

P → Aut(Cq) and φr : P → Aut(Cr) be monomorphisms, set Cqr = Cq × Cr, set
φqr = φq × φr : P → Aut(Cqr), let G be the semi-direct product (Cqr × Cqr) ⋊φ P ,
where φ = φqr × φqr : P → Aut(Cqr × Cqr). Then G is an Oliver group of odd order,
P(G) = {p}, G/Gnil ∼= Cpm , Gnil = Cqr × Cqr, and Dim(G, 1) is cofinal with 2pm N,
i.e. δG = 2pm.

Proof. It is clear that |G| is odd, P(G) = {p}, Gnil = G{p}, L (G) = U G(G
{p}),

G/Gnil ∼= Cpm and Gnil = Cqr × Cqr. It follows that G is an Oliver group and
V (G) is an L (G)-free gap G-representation. Using Corollary 5.12, we can see that



26 M. MORIMOTO

G satisfies the hypothesis (4) of Proposition 5.9. Therefore we obtain the equality
Dim(IrrC(G)L (G)) = {pm}. Since |G| is odd, we obtain Dim(IrrR(G)L (G)) = {2pm},
which shows d(G, s) = 2pm. By Corollary 6.12, R(G)1 ⊆ R(G)L (G) (= R(G)s.w.gap

L (G) ).
We get Dim(G, 1) ⊆ 2pm N. On the other hand, Lemma 2.2 says that Dim(G, 1) ∩
2pm N is cofinal with 2pm N. Therefore we conclude that Dim(G, 1) is cofinal with
2pm N. □

Example 7.4 (Case 2 (i)). Let p, m, q, r, P , φq and φr, Cqr, φqr be as in Example 7.3
and let F be a nontrivial elementary abelian 2-group, i.e. F ∼= C2×· · ·×C2. Suppose
there is a free homomorphism φ2 : P → Aut(F ) (cf. Proposition 5.8). Let G be
the semi-direct product (Cqr × Cqr × F ) ⋊φ P , where φ = φqr × φqr × φ2 : P →
Aut(Cqr × Cqr × F ). Then G is a gap Oliver group of even order, P(G) = {p},
G/Gnil ∼= Cpm , Gnil = Cqr×Cqr×F , and Dim(G, 1) is cofinal with pm N, i.e. δG = pm.

Proof. Set N = G{p}. It is clear that P(G) = {p}, Gnil = N , L (G) = U G(N),
G/N ∼= Cpm , N = Cqr × Cqr × F and |N | is even. Furthermore F is a Sylow 2-
subgroup of N (as well as of G) and normal in G. It follows that G is an Oliver
group and V (G) is an L (G)-free gap G-representation. Using Proposition 5.11 (and
Corollary 5.12), we can see that G satisfies the hypothesis (4) of Proposition 5.9.
Therefore we obtain the equality Dim(IrrC(G)L (G)) = {pm}. We can easily see that
Dim(IrrR(G)L (G)) = {pm, 2pm} and gcd(Dim(R(G)L (G))) = pm. By Corollary 6.12,
R(G)1 ⊆ R(G)L (G) (= R(G)s.w.gap

L (G) ). We get Dim(G, 1) ⊆ pm N. On the other hand,
Lemma 2.2 says that Dim(G, 1) ∩ pm N is cofinal with pm N. Therefore we conclude
that Dim(G, 1) is cofinal with pm N. □

Example 7.5 (Case 3 (i)). For the group G = Sn with n ≥ 5, Dim(G, 1) is cofinal with
N, i.e. δG = 1.

Proof. Since G is nonsolvable, G is an Oliver group. It is known that Dim(S5, 1)

is cofinal with N, see [13, 14]. Here we consider the case where n ≥ 6. It is clear
that P(G) = {2}, G{2} = An and L (G) = {G,G{2}}. Note that |G| ≡ 0 mod 4,
|G/G{2}| = 2 and |G{2}| is even. Proposition 5.20 shows that d(G, s) = 1 or 2. By the
equality

2 +
∑

W∈IrrC(G)∗
L (G)

(dimW )2 = |G|,
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there is an L (G)-free irreducible complex G-representation U of odd dimension.
It is known [4, Part I, Chapter 4] that every L (G)-free irreducible complex G-
representation of odd dimension has the real type. It says that U = C⊗RW with some
real G-representation W . Since G = Sn is a gap group [1, 18], W is an L (G)-free,
stably weak-gap G-representation of odd dimension. Therefore we get d(G, s) = 1.
Lemma 2.2 says that Dim(G, 1) is cofinal with N. □

Example 7.6 (Case 3 (ii)). Let m be a positive odd integer divisible by at least 2

distinct primes, and G = D2m × D2m, where D2m is a dihedral group of order 2m.
Then G is an Oliver group, P(G) = {2}, G/Gnil ∼= C2 × C2, Gnil = Cm × Cm, where
Cm is the cyclic subgroup with order m of D2m, and Dim(G, 1) is cofinal with 2N, i.e.
δG = 2.

Proof. It is clear that P(G) = {2}, Gnil = G{2} = G∩2 = Cm × Cm, G/Gnil ∼=
C2 × C2 and L (G) = U G(G

∩2). We can see without difficulties that G is an Oliver
group. Since G = D2m × D2m, it is easy to see that Dim(IrrC(G)L (G)) = {2, 4},
Dim(IrrR(G)L (G)) = {2, 4}, and d(G, s) = 2. Lemma 2.2 says that Dim(G, 1) ∩ 2N
is cofinal with 2N. On the other hand, by Corollary 6.4 we get Dim(G, 1) ⊆ 2N.
Therefore Dim(G, 1) is cofinal with 2N. □

Example 7.7 (Case 3 (ii)). Letm ∈ N, let q and r be distinct odd primes such that q−1

and r− 1 both are divisible by 2m, set F = C2m , let φq : F → Aut(Cq) and φr : F →
Aut(Cr) be monomorphisms, set Cqr = Cq × Cr and φqr = φq × φr : F → Aut(Cqr),
and let G = (Cpq × Cpq) ⋊φ F , where φ = φqr × φqr : F → Aut(Cpq × Cpq). Then G

is an Oliver group, P(G) = {2}, G/Gnil ∼= C2m , Gnil = Cqr × Cqr, and Dim(G, 1) is
cofinal with 2m N, i.e. δG = 2m.

Proof. It is clear that P(G) = 2, Gnil = G{2}, L (G) = U G(G
nil), G/Gnil ∼= C2m ,

Gnil = Cqr × Cqr, and G is an Oliver group. Set N = Gnil and let K = N ⋊φ|C2
C2

be the normal subgroup of G with index 2m−1. Proposition 5.9 says that an arbitrary
L (G)-free irreducible complex G-representation V is isomorphic to indG

NW for some
nontrivial one-dimensional complex N -representation W and Dim(IrrC(G)L (G)) =

{2m}. Remark that indG
NW coincides with indG

K(ind
K
NW ) and there is a real K-

representation of which the complexification is isomorphic to indK
NW . It follows that

Dim(IrrR(G)L (G)) = {2m}. Since V ⊕ (indG
NR[N ]N)

n, where n = dimV , is a weak-
gap G-representation for any V ∈ IrrR(G)L (G), each element of R(G)L (G) is a stably
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weak-gap G-representation. Therefore we get d(G, s) = 2m. Lemma 2.2 says that
Dim(G, 1) ∩ 2m N is cofinal with 2m N.

On the other hand, Corollary 6.12 shows the inclusion R(G)1 ⊆ R(G)L (G). It shows
Dim(G, 1) ⊆ Dim(G, s) ⊆ 2m N. Therefore Dim(G, 1) is cofinal with 2m N. □

Example 7.8 (Cases 1–3). Let q be a prime power > 4. For G = GL(2,Fq), Dim(G, 1)

is cofinal with N.

Proof. Remark that Gnil = SL(2,Fq) is a perfect group. In addition, we have |G| =
(q − 1)2q(q + 1) and |G/Gnil| = q − 1. By [25, Theorem B, Proposition 3.4 ] and
[26, Theorem 1.4], G is a gap group. Set d = Dim(G, s). By the character table of
GL(2,Fq) (which is given in [7]), we see that there are L (G)-free irreducible complex
G-representations of dimensions q − 1, q, and q + 1, respectively. It implies that
d = 1 or 2. If q is a power of 2, then V (G) is odd-dimensional, which implies d = 1.
Suppose q is a power of an odd prime. Then there is an L (G)-free irreducible real
G-representation W of dimension q. Since d divides q as well as 2, we obtain d = 1.
Therefore Lemma 2.2 says that Dim(G, 1) is cofinal with N. □

8. Proofs of theorems in Section 1

We devote this section to proving Theorems 1.1, 1.2 and 1.3.

Proof of Theorem 1.1. Let G be a finite group with a normal subgroup N such that
G = G/N is a nontrivial perfect group. It follows from [24, Theorem 1.2] that G is
a gap group. Let φ be the canonical projection G → G. By Corollary 5.14, we have
d(G, s) = 1. Since φ∗R(G)s.w.gap

L (G)
⊆ R(G)s.w.gap

L (G) , we obtain d(G, s) = 1. Lemma 2.2
says that Dim(G, 1) ≈ N. □

Proof of Theorem 1.2. Suppose that |G/[G,G]| is divisible by two odd primes p and
q. Then P(G) ⊇ {p, q} and V (G) is an L (G)-free gap representation. Since there
is a normal subgroup N of G such that G/N is a cyclic group of order pq, there is
an L (G)-free real G-representation of dimension 2. It shows that d(G, s) = 1 or 2.
Lemma 2.2 says that Dim(G, 1) ∩ 2N ≈ 2N.

Suppose that |G| is odd. Then it holds that

Dim(G, 1) ⊆ Dim(R(G){G}) ⊆ 2N.

Therefore we conclude that Dim(G, 1) ≈ 2N.
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Suppose that |G| is even. Set L = G{p}∩G{q}. Since |L| is even, the L-representation
U := R[L]L is odd dimensional. It follows that indG

LU is an L (G)-free weak-gap G-
representation of odd dimension. Therefore we get d(G, s) = 1. Lemma 2.2 says that
Dim(G, 1) ≈ N. □

Proof of Theorem 1.3. Let G be an Oliver group such that Dim(G, 1) ≈ δG N, where
δG ∈ N. By Lemma 2.2, we see that δG divides Dim(G, s).

If P(G) = ∅, then G is a nontrivial perfect group and therefore δG = d(G, s) = 1.
If |P(G)| ≥ 2, then Proposition 5.19 says that d(G, s) = 1 or 2, and therefore δG = 1

or 2.
Suppose P(G) = {r} for some prime r. Then |G/G{r}| = rm for some m ∈ N.

Proposition 5.20 says that d(G, s) divides 2rm. Since δG divides d(G, s), we get δG =

2a, rb or 2rc for some a, b, c ∈ N. □

9. Proofs of propositions in Section 2

In this section, we prove Propositions 2.3–2.6.

Proof of Proposition 2.3. Suppose P(G) = {2, p}, where p is an odd prime. There is
a normal subgroup N of G such that N ⊇ G{2}∩G{p} and |G/N | = 2p and there is an
L (G)-free irreducible real G-representation W of dimension 2 such that WN = W ,
WG{2}

= {0}, and WG{p}
= {0}. Let (Q,H) ∈ PH2(G). If dimWH > 0, then

dimWQ > 0 and therefore Q ⊆ N , which contradicts the condition QG{p} = G re-
quired in the definition of PH2(G). It means that the inequality 2 dimWH ≤ dimWQ

holds. Proposition 5.17 says that W is a stably weak-gap representation. Moreover
we can easily see that W is L (G)-free. Therefore d(G, s) = 1 or 2. Lemma 2.2 says
that Dim(G, 1) ∩ 2N is cofinal with 2N.

Suppose that there is an L (G)-free, stably weak-gap real G-representation of odd
dimension. Then it follows that d(G, s) = 1. Lemma 2.2 says that Dim(G, 1) is cofinal
with N. □

Proof of Proposition 2.4. The proposition follows from Lemma 2.2 and Proposition 5.20.
□

Proof of Proposition 2.5. Suppose P(G) = {2}. Set L = G{2} and d = |G/L|. Then
Proposition 5.20 says that d(G, s) divides 2 d (resp. d) if |L| is odd (resp. even).
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(i) Subcase: |L| is even. Since d(G, s) divides d, Lemma 2.2 says that Dim(G, 1) ∩
dN ≈ dN.

Let us consider the case where there is an L (G)-free weak-gap G-representation V
of odd dimension k. Then d(G, s) divides k and 2d. Therefore we get d(G, s) = 1. By
Lemma 2.2, Dim(G, 1) is cofinal with N.

(ii) Subcase: |L| is odd. Proposition 6.5 says that Dim(G, 1) ⊆ 2N. Since d(G, s)
divides 2d, Lemma 2.2 says that Dim(G, 1) ∩ 2dN ≈ 2dN.

Suppose that there is an L (G)-free weak-gap complex G-representation U of odd
dimension k. Let V be the realification of U . Clearly, dimV = 2k. Then d(G, s)

divides 2d and 2k, which implies that d(G, s) = 1 or 2. By Lemma 2.2, Dim(G, 1)∩2N
is cofinal with 2N. Since Dim(G, 1) ⊆ 2N, Dim(G, 1) is cofinal with 2N. □

Proof of Proposition 2.6. Let G be an Oliver group.
(i) Suppose Dim(G, 1) is cofinal with N. By definition, we have Dim(G, 1) =

Dim(R(G)1). Corollary 6.4 says that R(G)1 ⊆ R(G){G∩2}. Therefore there is V ∈
R(G){G∩2} of odd dimension. By Proposition 5.16, there is an L (G)-freeG-representation
of odd dimension.

(ii) Suppose that there is a {G∩2}-free real G-representation V of odd dimen-
sion. By Proposition 5.16, there is an L (G)-free irreducible real G-representation
W of odd dimension. Additionally suppose that G is a gap group. It implies that
R(G)L (G) = R(G)s.w.gap

L (G) . If |P(G)| ≥ 2, then d(G, s) divides 2 as well as dimW , which
shows d(G, s) = 1. If P(G) = {2}, then d(G, s) divides 2|G/G{2}| as well as dimW ,
which shows d(G, s) = 1. If P(G) = ∅, then G is perfect and therefore d(G, s) = 1.
Proposition 2.3 says that Dim(G, 1) is cofinal with N.

(iii) Suppose that P(G) = {p} for an odd prime p. Then G is a gap group.
Set N = G{p}. We consider the case that there is a {G}-free irreducible real G-
representation V of odd dimension relatively prime to p. Then dimV divides |G|.
Let us prove that V is L (G)-free. Assume V N ̸= {0}. Since V is irreducible, the
equality V = V N holds. Since dimV divides 2 |G/N | and is odd, dimV = pa is for
some a ∈ N. Since (dimV, p) = 1, we get dimV = 1. Since G/N is of odd order, we
get V G = V (contradiction), Therefore V is L (G)-free. Note that d(G, s) divides

gcd(dim V, dimV (G)) = gcd(dim V, |G| − |G/N |) = gcd(dim V, |G/N |) = 1,

i.e. d(G, s) = 1. Proposition 2.3 says that Dim(G, 1) is cofinal with N. □
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Appendix I: Proof of Lemma 3.1

Let G be an Oliver group. We will prove that if P ∈ P(G) satisfies dimV (G)P ≤ 4

then P belongs to F (G, 1).
We begin with the assumption that there is P ∈ P(G) ∖ F (G, 1) satisfying

dimV (G)P ≤ 3. Remark 2.1 (2) says that dimV (G)P = 2 or 3. Therefore, by
Remark 2.1 (2) and (3), we conclude that P ∈ max(M (G)) and NG(P ) = P , i.e.
P ∈ F (G, 1) (contradiction).

Therefore, assuming that there is P ∈ P(G)∖F (G, 1) satisfying dimV (G)P = 4,
we will find contradictions. Since P /∈ F (G, 1), there is H ∈ UG(P ) ∩ M (G).
By Remark 2.1 (3), we see that dimV (G)H = 2 and |H : P | = 2 (therefore H ∈
max(M (G))). Since dimV (G)P = 2dim V (G)H , Remark 2.1 (6) shows that (P,H) ∈
PH2(G). It implies that P(G) = {2} or {2, p} for some odd prime p.

In the following, we mean by Gi, i ∈ [0..∞), the characteristic subgroups G0 = G,
G1 = Gnil, G2 = G1

nil, G3 = G2
nil, . . . of G.

Case A. Suppose P(G) = {2, p}. Since PG{p} = G, p divides |P |. Say |G| = 2apbm,
where a, b, m ∈ N such that m is not divisible by 2 nor p. Then |G/G{2}| = 2a

′

and |G/G{p}| = pb
′ for some a′ and b′ ∈ N such that a′ ≤ a and b′ ≤ b. Clearly,

P is a Sylow p-subgroup of G and therefore |P | = pb and |H| = 2pb. Note that
dimV (G)P = 2am− 2a

′
= 4. It implies that m = 1 or 3.

Subcase A.1. Suppose m = 1. Then a′ = 2 and a = 3, and therefore |G| = 8pb,
|G/G{2}| = 4 and |G/G1| = 4pb

′ . Burnside’s theorem says that G is solvable. Since G
is an Oliver group and |G| is not divisible by distinct three primes, G is not nilpotent
(therefore G2 < G1). Let P ′ be a Sylow p-subgroup of G1. Since |G1 : P

′| = 2, P ′ is a
normal subgroup of G1. Therefore we see P ′ = (G1)

{2} < G1 and P ′ is a characteristic
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subgroup of G. In addition, P ′ = P ∩ G1 and P/P ′ is a Sylow p-subgroup of G/P ′.
Note that every element of P/P ′ commutes in G/G1 with all elements of the 2-group
G{2}/G1, where G{2} = G{p}, and that every element of P/P ′ commutes with the two
elements of the group G1/P

′ of order 2. By elementary calculation, we can see that
every element of P/P ′ commutes with any element of a Sylow 2-subgroup of G/P ′. It
means that G/P ′ is nilpotent, which contradicts the definition that G1 = Gnil is the
smallest normal subgroup N of G such that G/N is nilpotent.
Subcase A.2. Suppose m = 3. Then we see a′ = a = 1, |G| = 6pb, p ≥ 5, |G/G1| = 2pb

′

and |G1| = 3pb−b′ . It is clear that G is solvable and non-nilpotent and P is a Sylow
p-subgroup of G. Note that P(G1) = {3}, {p} or {3, p}. For a while we assume
that P(G1) = {3} or {3, p}. Then P ′ := (G1)

{3} is a characteristic subgroup of G.
Therefore P ′ ⊆ P and P ′ = P ∩ G1. Since p ≥ 5, every element of P commutes
with the three elements of (G1){3}/P

′, where (G1){3} = (G1)
{p}. By elementary cal-

culation, we can see that P/P ′ is a normal subgroup of G/P ′. Therefore we get the
sequence P ◁G{2} ◁G, where G{2}/P ∼= C3, which shows that G is not an Oliver group
(contradiction). Now we assume that P(G1) = {p}. Then we have G2 = (G1)

{p} and
|G2| is divisible by 3. Let k be the largest integer such that |Gk| is divisible by 3.
Since |G1/Gk| is a power of p, we see k = 2. We observe G3 ◁ G2 ◁ G1 ◁ G. Note that
G1/(G2)

{3} ∼= C3 ⋊ P ′′, where P ′′ is a p-group. Since the conjugation action of P ′′ on
C3 is trivial, G1/G

{3}
2 is nilpotent, which contradicts the definition of G2 (= (G1)

nil).
Case B. Suppose P(G) = {2}.
Subcase B.1. Suppose P = E. Say G = 2am, where m is an odd integer ≥ 3. Then
we have dimV (G)P = 2am− 2a

′
= 2a

′
(2a−a′m− 1) = 4. It implies that a′ = 1, a = a′

and m = 3. Therefore we get |G| = 6, which shows that G is not an Oliver group
(contradiction).
Subcase B.2. Suppose that there is an odd prime p dividing |P |. Say G = 2apbm,
where m is an odd positive integer not divisible by p. Remark that P is a Sylow
p-subgroup of G. Then we have dimV (G)P = 2am − 2a

′
= 2a

′
(2a−a′m − 1) = 4.

It implies that a′ = 1, a = a′ and m = 3, and therefore |G| = 6pb. Clearly G

is solvable, and furthermore non-nilpotent. Assume that P(G1) = {p}. Then the
sequence G3 ◁ G2 ◁ G1 ◁ G satisfies that |G/G1| = 2, |G1/G2| = pb

′ , 3 ∈ P(G2) and
|G3| = pa

′′ , where a′′ ≥ 0. Since m (= 3) is not divisible by p, we see that p ≥ 5.
Clearly, P ′ := (G2)

{3} is a characteristic p-subgroup of G and therefore P ⊇ P ′. Note
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G1/P
′ ∼= C3 ⋊P ′′, where P ′′ = P/P ′. Since the conjugation action by elements of P ′′

on C3 is trivial, G1/P
′ is nilpotent, which contradicts the definition of G2.

Subcase B.3. Suppose that P is a nontrivial 2-group. Then H is a Sylow 2-subgroup
of G. Say |G| = 2am, where a ∈ [2..∞) and m is an odd integer in [3..∞). Then it
holds that dimV (G)P = 2m− 2 = 4, which shows m = 3 and |G| = 2a3. Therefore G
is solvable and non-nilpotent. It is easy to see that P(G1) ∋ 3 and G is not an Oliver
group (contradiction).

We have completed the proof of Lemma 3.1.

Appendix II: Proof of Lemma 3.2

Let G be an Oliver group and V a preferable real G-representation. In this appen-
dix, we prove that there is a sphere Σ with effective one-fixed-point G-action such
that Tx0(Σ)

∼= V , where ΣG = {x0}. For a G-space X, let Iso(G,X) denote the set
of all isotropy subgroups Gx at x in X, where x runs over X. Since G is an Oliver
group, there is β ∈ Ω(G) satisfying (3.1). Let Y be the (closed) unit disk D(V ) with
respect to a G-invariant inner-product on V . Let y0 denote the origin of V and I the
closed unit interval [0, 1] in R. As in [9, Section 2], [11, Section 4], there is a G-framed
map fff = (f, b), where

f : (X, ∂X) → (Y, ∂Y )

is a degree-one G-map and

b : εX(R)⊕ T (X)⊕ εX(R2m) → εX(R)⊕ f ∗T (Y )⊕ εX(R2m)

is a G-vector bundle isomorphism for some m ∈ N, such that ∂f = f |∂X coincides
with id∂Y and XG is the empty set. In addition, for each M ∈ max(M (G))∗, there is
an M -framed cobordism FFFM = (FM , BM) rel. ∂ from resGMfff to resGMidididY , where

FM : (WM , ∂0WM , ∂1WM , ∂01WM) → resGM(Z, ∂0Z, ∂1Z, ∂01Z),

Z = I × Y , ∂0Z = {0} × Y , ∂1Z = {1} × Y , ∂01Z = I × ∂Y , and

BM : T (WM)⊕ εWM
(R2m) → F ∗

MresGMT (Z)⊕ εWM
(R2m)

satisfying the conditions (1)–(4) in [13, p. 502]. For each H ∈ M (G)∗ such that
dimV H > 0, we fix an orientation o(Y H) of Y H and give the induced orienta-
tion o(XH) from o(Y H) by bH . Then the mapping-degree of fH : (XH , ∂XH) →
(Y H , ∂Y H) is one for H ∈ M (G)∗ such that dimV H > 0. The condition (A3) implies
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that

P(G) ⊆ G 1(G) ⊆ Iso(G, V )∖ {G} ⊆ Iso(G,X).

Moreover, we can suppose without loss of generality that

(Q1) for each H ∈ S (G)∗ ∖ {G}, f−1(y0)
H contains points aH,+ and aH,− with

isotropy subgroup H satisfying the following conditions.
(Q1.1) For each aH,ϵ, where ϵ ∈ {+,−}, f is a diffeomorphism on a neighborhood

of aH,ϵ to a neighborhood of y0.
(Q1.2) For each aH,ϵ with dimV H = 0, where ϵ ∈ {+,−}, dfaH,ϵ

: TaH,ϵ
(X) →

Ty0(Y ) is orientation-preserving (resp. orientation-reversing) if ϵ = +

(resp. −).
(Q1.3) For each aH,ϵ with dimV H > 0, where ϵ ∈ {+,−}, dfaH,ϵ

: TaH,ϵ
(X) →

Ty0(Y ) and dfH
aH,ϵ

: TaH,ϵ
(XH) → Ty0(Y

H) both are orientation-preserving
(resp. orientation-reversing) if ϵ = + (resp. −).

The hypothesis implies

(Q2) Iso(G,X) = S (G)∖ {G} ⊇ Iso(G, β).

Let (−β)% be an element of Ω(G) having the form

(−β)% =
∑

H∈Iso(G,β)∗
cH [G/H] (cH ∈ N)

with

cH ≡ −bH mod 2|G||K̃0(Z[G])|

for all H ∈ Iso(G, β)∗. For ω ∈ Ω(G) having the form

ω =
∑

H∈S (G)∗∖{G}
dH [G/H] (dH ∈ Z),

we use the notation ([G/G] + ω)X and ([G/G] + ω)f for the G-connected sums (1 ⊣
ω)X and (1 ⊣ ω)f in [11, p. 116], respectively.
Step 1. We will modify fff so that

(Q3) fM : (XM , ∂XM) → (Y M , ∂Y M) is homotopic rel. ∂ to a diffeomorphism

for all M ∈ F (G, 1) such that dimV M > 0.

Claim 1. Let M ∈ F (G, 1)∗ such that dimV M > 0. Then fff can be modified, by
G-surgeries on fff rel. ∂ of isotropy type (M)G so that fff satisfies (Q3) (therefore XM

is diffeomorphic to Y M).
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Proof. Recall that NG(M)/M is the trivial group, X>M is a finite set, and WM
M

is a cobordism from XM to Y M rel. ∂. By G-surgeries on fff rel. ∂ of isotropy
type (M)G, we can suppose without loss of generality that XM is connected. If
dimV M = 1 then XM is diffeomorphic to the disk D1 of dimension 1 and fff satisfies
(Q3). If dimV M = 2 then XM is diffeomorphic to an orientable connected surface
with boundary S1. Therefore, by G-surgeries on fff rel. ∂ of isotropy type (M)G, we
can modify fff so that fff satisfies (Q3).

Now suppose dimV M ≥ 3. We can modify FFFM so that WM
M is connected. Note

that dim(I ×X>M) = 1 and dimWM
M ≥ 4. There is an embedding ψ : I ×X>M →

WM
M ∖∂01WM such that ψ|{0}×X is the canonical inclusion to ∂0WM and FM ◦ψ(t, x) =

(t, g(t, x)), where g(t, x) ∈ Y M , for all t ∈ I and x ∈ X>M . By the reflection method
(see Proof of [13, Lemma 6.1]) (therefore by G-surgeries) we can modify fff so that fff
satisfies (Q3). □

Step 2. We will modify fff so that

(Q4) χ(XH) = 1 for all H ∈ G 1(G)∖ (F (G, 1) ∪ P(G)).

If dimV H is odd, then we have χ(XH ∪∂ Y
H) = 0 and χ(XH ∪∂ Y

H) = χ(XH) +

χ(Y H)− 2, and therefore χ(XH) = 1.
Let {H1, · · · , Hk} be the set of subgroupsH ∈ G 1(G)∗∖(F (G, 1)∪P(G)) such that

dimV H is even (≥ 2). We can assume without loss of generality that if Hi ⊇ gHjg
−1

holds for some i, j ∈ [1..k] with i ̸= j and g ∈ G, then i < j. Suppose that i is the
smallest integer in [1..k] such that χ(XHi) ̸= 1.

Claim 2. Set fff ′ = ([G/G] + (−β)%)fff . Then fff ′ can be modified by G-surgeries on fff ′

rel. ∂ of isotropy type (Hi)G so that χ(X ′H) = 1 for all H = Hj, j ∈ [1..i], where
X ′ = ([G/G] + (−β)%)X.

Proof. As in [11, pp. 117, 118], we get χ(X ′Hi) ≡ 1 mod 2|G|. Say dimV Hi = 2u

with u ∈ N. Then χ(S2u) = 2 and χ(S1×2u
#S1×2u

) = −2, where S1×2u
= S1×· · ·×S1

(2u-fold). Therefore, we can modify fff ′ by G-surgeries on fff ′ rel. ∂ of isotropy type
(Hi)G so that χ(X ′Hi) = 1. □

Hereafter we suppose that fff satisfies (Q4).
Step 3. Next we will modify fff so that

(Q5) XP is 1-connected and f : XP → Y P is a Z(p)-homology equivalence
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for any P ∈ P(G)∖ (F (G, 1) ∪ {E}), where p is the prime dividing |P | and

Z(p) =
{ a

b
∈ Q

∣∣∣ a ∈ Z, b ∈ N such that b is not divisible by p
}
.

Let {P1, · · · , Pk′} be the set of subgroups P ∈ P(G)∗ ∖ (F (G, 1) ∪ {E}). We can
assume without loss of generality that if Pi ⊇ gPjg

−1 holds for some i, j ∈ [1..k′] with
i ̸= j and g ∈ G, then i < j. Suppose that i is the smallest integer in [1..k′] such that
(Q5) is not satisfied for P = Pi. By G-surgeries on fff rel. ∂ of isotropy type (Pi)G,
we can suppose without loss of generality that fPi : XPi → Y Pi is [n/2]-connected,
where n = dimV Pi and [n/2] is the greatest integer not exceeding n/2. Let t be the
integer such that |G| = 2tu for some odd integer u.

Claim 3. Set fff ′ = ([G/G]− β)2t+3fff . Then fff ′ can be modified, by G-surgeries on fff ′

rel. ∂ of isotropy type (Pi)G, so that fff replaced with fff ′ satisfies (Q5) for all P = Pj,
j ∈ [1..i].

The proof is same as [11, Section 5, Case 2]. Therefore we can suppose without loss
of generality that fff satisfies (Q5) for all P ∈ P(G)∖ (F (G, 1) ∪ {E }).
Step 4. We will modify fff so that X is contractible. We may suppose that f : X → Y

is [n/2]-connected, where n = dimV . Let t be the integer such that |G| = 2tu for
some odd integer u.

Claim 4. Set fff ′ = ([G/G] + (−β)%)fff and fff ′′ = ([G/G] − β)2t+3fff ′. Then fff ′′ can be
modified, by G-surgeries on fff ′′ rel. ∂ of isotropy type (E)G, so that X ′′ is contractible,
where fff ′′ = (f ′′, b′′) and f ′′ : (X ′′, ∂X ′′) → (Y, ∂Y ).

The proof is same as [11, Section 5, Case 3]. Therefore we can suppose without
loss of generality that f : (X, ∂X) → (Y, ∂Y ) is a homotopy equivalence satisfying
∂f = id∂Y .
Step 5. Let X be a disk with fixed-point-free G-action such that ∂X = ∂Y (=
∂D(V )). It is clear that the G-action on X is effective. Then Σ0 = X ∪∂ Y is a
homotopy sphere with G-action and ΣG

0 = Y G = {y0}. Note that max(P(G)) is
the set of all Sylow subgroups of G. Clearly the greatest common divisor d of the
set {|G/P | | P ∈ max(P(G))∗} is one. Theorem 1.1 of [12] says that by taking
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appropriately G-connected sum
Σ0 #G,(P1)G (G/P1 × Σ1)#G,(P1)G · · · #G,(P1)G (G/P1 × Σr1)

#G,(P2)G (G/P2 × Σ1)#G,(P2)G · · · #G,(P2)G (G/P2 × Σr2)

· · · · · · · · · · · · · · · · · ·

#G,(Pn)G (G/Pn × Σ1)#G,(Pn)G · · · #G,(Pn)G (G/Pn × Σrn),

where Σi’s are copies of Σ0 and {P1, . . . , Pn} = max(P(G))∗, we obtain a sphere Σ

with one-fixed-point G-action such that Tx0(Σ)
∼= V , where ΣG = {x0}.

We have finished the proof of Lemma 3.2.
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