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MORSE THEORY AND THE HOMOLOGY OF LAGRANGIAN GRASSMANNIANS

TETSUYA OZAWA

Abstract. We apply Morse homology theory to compute the integral homology groups of the Grassmannians

Λpnq and rΛpnq of unoriented and oriented Lagrangian planes in the real 2n dimensional symplectic space.

It is shown that all torsion coefficients of homology are 2, and thus HkpΛpnq;Zq – Zapkq ‘ Z2
bpkq and

HkprΛpnq;Zq – Zrapkq ‘ Z2
rbpkq. The exponents apkq, bpkq, rapkq and rbpkq are expressed explicitly in terms of

generating function.

1. Introduction

Morse theory provides useful methods for extracting the information about topology of manifolds from

the context of the local behaviors of smooth functions. A fundamental idea is to construct a chain complex,

called Morse complex. If the gradient flow satisfies certain transversality condition, the gradient lines between

two critical points with Morse indices of difference one are isolated. The Morse complex is a chain complex

whose chain group is generated by critical points and whose boundary map is defined by counting isolated

gradient lines with sign (see Section 2). For a finite dimensional closed manifold, the homology group of

the Morse complex is isomorphic to the singular homology group of the manifold (for the proof, see [2], [3]

and the references given there). The idea of Morse complex, whose origins can be traced to the works of R.

Thom, S. Smale and E. Witten (see, for instance, [4]), has been expanded by A. Fleor [5], K. Fukaya [6] and

others.

A Morse function is called perfect if the boundary map of its Morse complex is a zero homomorphism. In

that case, all the critical points represent independent homology cycles. For instance, if a Morse function

has no critical points of odd indices, the homology group of the manifold can be fully read by counting the

critical points, which is called Morse lacuna principle, and played a crucial role in the discovery of Bott’s

periodicity theorem. On the other hand, the Grassmannians of both unoriented and oriented planes in the

real vector space are examples of manifolds which do not admit perfect Morse functions, because they have

torsions in the homology groups. Nevertheless, they admit Morse functions whose Morse complexes have a

fairly simple structure, and allow us to compute matrix representations of the boundary maps (see [8] and

[9]).

The Grassmannians Λpnq and rΛpnq of unoriented and oriented Lagrangian planes in the real symplectic

spaces play important roles in classical mechanics, geometric optics and quantum mechanics, etc. Their

topological structures have been deeply studied by several authors (see, for example, V. Arnol’d [1] and A.

Vassiliev [10]).

Although Λpnq and rΛpnq do not admit perfect Morse functions, there exist functions on them whose Morse

complexes faithfully reflect the topological structure of the manifolds. The function introduced in Section 3

is one such example. We analyze the Morse complex of this function, and using combinatorial method, we
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compute the homology group, and finally obtain the generating functions of the free and torsion ranks of the

integral homology groups of Λpnq and rΛpnq in explicit form (see Theorems 8.3 and 9.7).

2. Overview of the Morse homology theory

Consider a Morse function f of a closed Riemannian manifold. If the stable manifolds W spxq and unstable

manifolds Wupyq intersect transversally for all critical points x and y; W spxqXJWupyq, the function f is called

a Morse-Smale function. In that case, a gradient line is isolated if the end points have the Morse indices

differing by one. If the manifold is closed there are a finite number of critical points and a finite number of

isolated gradient lines. In order to define an integral Morse complex of a Morse-Smale function, we fix an

orientation for each unstable manifold, which also fix a co-orientation of the stable manifold. According to

the orientations of unstable manifolds we define the sign of isolated gradient lines.

Definition 2.1. Let γ be a gradient line between critical points x and y with Morse index k and k ´ 1

respectively, and take a local transversal slice S of γ at the midpoint γp0q in the unstable manifold Wupxq.

Let tv1, ¨ ¨ ¨ , vk´1u be a basis of the tangent space Tγp0qS such that t
dγ
dt p0q, v1, ¨ ¨ ¨ , vk´1u is an oriented basis

of Tγp0qW
upxq. We define the sign sgnpγq “ 1 or ´1 according to whether or not the order of vectors

tv1, ¨ ¨ ¨ , vk´1u agrees with the co-orientation of the stable manifold W spyq.

Denote by Crtkpfq the set of all critical points of f with Morse index k, and by Cpfqk the Z-module

formally generated over Crtkpfq. Let νpx, yq denote the number of isolated gradient lines γ from x to y

counted with sign;

νpx, yq “
ÿ

sgnpγq,

and define a homomorphism Bk : Cpfqk Ñ Cpfqk´1 by

Bk xxy “
ÿ

yPCrtk´1pfq

νpx, yq xyy .

The graded complex MCf “ pC˚ “
À

k Cpfqk, B˚ “
À

k Bkq is called the Morse complex of f . For the proof

of the following theorem, see for instance [2, Ch. 3] and [3].

Theorem 2.2. Let f : M Ñ R be a Morse-Smale function of a closed Riemannian manifold M . Then

the map B˚ defined above satisfies B˚
2

“ 0, and the homology group H˚pMCf q is isomorphic to the singular

homology group H˚pM ;Zq.

Remark 2.3. The Smale transversality requires W sppqXJWupqq for all pairs pp, qq of critical points of f . On

the other hand, the partial transversality requires W sppqXJWupqq only for pairs of critical points with Morse

indices of difference one. We remark that, in order to define the Morse complex, it is sufficient that the

gradient vector field satisfies the partial transversality. This is ensured by perturbation argument of gradient

vector fields, since the existing transversality continue to hold in sufficiently small perturbations.
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3. Definition of the Morse function f

3.1. An embedding of the Lagrangian Grassmannian. Let Matpk, ℓq be the space of k ˆ ℓ matrices

with real entries. The complex structure J of R2n, and the subspace Epnq Ă Matp2n, 2nq are defined by

(1) J “

ˆ

0 ´In
In 0

˙

, Epnq “ tA ; AT “ A, AJ ` JA “ 0u,

where In P Matpn, nq is the unit matrix. Using the linear symplectic form ω on R2n defined by ωpu, vq “

´uTJv, we regard R2n a linear symplectic space.

Define a submanifold Lpnq by

Lpnq “ tX P Epnq ; X2 “ 1u.

The eigenvalues of X P Lpnq are ˘1, and both eigenspaces are Lagrangian planes, and conversely for each

Lagrangian plane λ, there exists a unique X P Lpnq which has λ as the eigenspace of eigenvalue 1. Hence the

Lagrangian Grassmannian Λpnq is diffeomorphic to Lpnq. Using this diffeomorphism, we identify Λpnq and

Lpnq, and endow Λpnq with a Riemannian structure by the inner product pA,Bq “ trpABq of Epnq.

For each element Y P Lpnq, the line ε ÞÑ Y ` εA is tangent to Lpnq at ε “ 0 if and only if Y A ` AY “ 0.

The decomposition

Epnq “ tA P Epnq ; AY ` Y A “ 0u ‘ tA P Epnq ; AY ´ Y A “ 0u

is an orthogonal decomposition, and the first subspace tA P Epnq ; AY `Y A “ 0u coincides with the tangent

space TY Lpnq. Hence the map

A ÞÑ
1

2
pA ´ Y AY q

is the orthogonal projection of a vector A P Epnq to the tangent space TY Lpnq.

3.2. The Morse function and its gradient lines. Let D P Epnq be a diagonal matrix whose diagonal

entries are ´d1, ¨ ¨ ¨ , ´dn, d1, ¨ ¨ ¨ , dn, which satisfy 0 ă d1 ă ¨ ¨ ¨ ă dn;

(2) D “ diagp´d1, ¨ ¨ ¨ ,´dn, d1, ¨ ¨ ¨ , dnq.

Throughout the paper, we will investigate the Morse complex of the following function f : Λpnq – Lpnq Ñ R:

(3) fpXq “ 2 trpXDq.

The gradient vector field X ÞÑ ∇f pXq of f is the orthogonal projection of ´D to the tangent space

TXLpnq, thus the gradient flow equation is

(4)
dX

dt
“ ∇f pXq “ ´D ` XDX.

Lemma 3.1. X is a critical point of f if and only if X is a diagonal matrix with diagonal entries x1,1, ¨ ¨ ¨ , x2n,2n

satisfying xn`i,n`i “ ´xi,i “ ˘1 for all i “ 1, ¨ ¨ ¨ , n.

Proof. Decompose X “

ˆ

a b
c d

˙

P Lpnq into n ˆ n matrices. The condition that X is in Epnq implies that a

and b are symmetric and a` d “ 0 “ b´ c. Further, the equation ´D `XDX “ 0 implies that a is diagonal

and that b “ 0. Since X2 “ 1, the diagonals of a are ˘1. □
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Given a matrix X0 P Lpnq, define a curve t ÞÑ Xptq “ ´Y ptqZptq´1 by setting

(5)

$

&

%

Y ptq “
`

expptDqpI ´ X0q ´ expp´tDqpI ` X0q
˘

{2,

Zptq “
`

expptDqpI ´ X0q ` expp´tDqpI ` X0q
˘

{2.

Lemma 3.2. The curve t ÞÑ Xptq “ ´Y ptqZptq´1 is the gradient line of f with initial value Xp0q “ X0.

Proof. Since Y p0q “ ´X0 and Zp0q “ I, we have Xp0q “ X0. The derivatives of Y and Z by t equal Y 1 “ DZ

and Z 1 “ DY respectively, and pZ´1q1 “ ´Z´1DY Z´1. Thus we have

X 1 “ ´DZZ´1 ` Y Z´1DY Z´1 “ ´D ` XDX “ ∇f pXq.

□

Proposition 3.3. The map φ : R Ñ GLp2n,Rq defined by φptq “ expp´tDq induces an action of R on

Λpnq which generates the integral of the gradient flow ∇f . In other words, if V ptq is an integral curve of

the gradient vector field ∇f with initial value V p0q “ V , then V ptq equals the subspace of R2n given by

texpp´tDqv ; v P V u.

Proof. Let Y and Z be the curves given in (5), and v an eigenvector of X0 P Lpnq with eigenvalue 1. Then

it holds that Zv “ expp´tDqv. The equation

pY Z´1 ` IqZ “ Y ` Z “ expptDqpI ´ X0q

implies that pI ´ XqZ “ expptDqpI ´ X0q. Therefore, the equation pI ´ X0qv “ 0 implies

0 “ pI ´ XqZv “ pI ´ Xq expp´tDqv.

Hence, if Xptq is a gradient line in Lpnq, and if v is an eigenvector of Xp0q “ X0 with eigenvalue 1, expp´tDqv

is contained in the eigenspace of Xptq of eigenvalue 1 for all t P R. □

4. Ends of gradient lines

In this section, we set up notation and terminology to describe the critical points and isolated gradient

lines of the Morse function f : Λpnq – Lpnq Ñ R defined in (3).

4.1. A partial order of the power set of t1, ¨ ¨ ¨ , nu. Denote by rns the set t1, ¨ ¨ ¨ , nu, and for each

j P rns, denote by rj, ns the set tj, ¨ ¨ ¨ , nu. Let σ be a subset of rns. Denote by |σ| and }σ} the numbers

defined by

|σ| “
ÿ

aPσ

1, }σ} “
ÿ

aPσ

a.

For each k P rns, using the symbol such as σăk, we represent the set σ X rk ´ 1s.

Definition 4.1 (Partial order in 2rns). Define a partial order ”ą” in the power set 2rns by letting

σ ą τ if and only if |σąj | ě |τąj | for all j.

In other words, if σ “ ta1, ¨ ¨ ¨ , a|σ|u and τ “ tb1, ¨ ¨ ¨ , b|τ |u such that a1 ą ¨ ¨ ¨ ą a|σ| and b1 ą ¨ ¨ ¨ ą b|τ |,

the relation σ ą τ means that |σ| ą |τ | and ai ě bi for all i “ 1, ¨ ¨ ¨ , |τ |.

If a subset σ P 2rns contains 1, we call pσ, σzt1uq a Type I pair. If a subset σ contains k and does not

contain k ´ 1, then we call pσ, pσztkuq Y tk ´ 1uq a Type II pair with difference at k.
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Lemma 4.2. Suppose }σ} “ }τ} ` 1. The relation σ ą τ holds if and only if pσ, τq is a Type I or a Type II

pair.

Proof. Let σ “ ta1, ¨ ¨ ¨ , a|σ|u and τ “ tb1, ¨ ¨ ¨ , b|τ |u, and suppose that a1 ą ¨ ¨ ¨ ą a|σ| and b1 ą ¨ ¨ ¨ ą b|τ |.

We have 1 “ }σ} ´ }τ} ě
ř|τ |

i“1pai ´ biq ě 0, which implies that either |σ| “ |τ | ` 1, ai “ bi for all i P r|σ|s

and a|σ| “ 1 (i.e. pσ, τq is a Type I pair), or |σ| “ |τ | and there exists a unique k P r|σ|s such that ak “ bk ` 1

and ai “ bi for all i P r|σ|sztku (i.e. pσ, τq is a Type II pair). □
Type I and II pairs are visualized by Maya diagram and by Type I and II moves in a Maya diagram.

Definition 4.3 (Maya diagram). Arrange n boxes in a single row and number them from left to right as 1

through n. Given a subset σ P 2rns, place one ball in the kth box if k P σ. Otherwise, leave the box empty.

We call this sequence of boxes the Maya diagram representing σ.

Consider the following moves:

Type I move : Remove the ball from the leftmost box,

Type II move : Move a ball to the empty box on the left.

It is clear that moves of Type I and II correspond to pairs pσ, τq of Type I and II, respectively. It is easy to

see that if σ ą τ then the Maya diagram of τ is obtained from that of σ by a sequence of Type I and Type

II moves.

4.2. Critical points of the function f . Let te1, ¨ ¨ ¨ , e2nu be the canonical basis of R2n. For each σ P 2rns,

denote by λσ the coordinate plane spanned by vectors ei with i P rnszσ and ej`n with j P σ;

λσ “ spantei ; i P rnszσ or i ´ n P σu.

Lemma 4.4. The set of critical points of f : Λpnq Ñ R defined in (3) is given by

Crtpfq “ tλσ ; σ P 2rnsu.

Proof. Let X be a matrix obtained in Lemma 3.1. The 1-eigenspace of X equals λσ for some σ Ă rns. □
We define the complete flag F “ tFiu of subspaces Fi Ă R2n as follows: let F0 “ t0u and

(6) Fi “

"

Fi´1 ‘ Ren´i`1 for i “ 1, ¨ ¨ ¨ , n
Fi´1 ‘ Rei for i “ n ` 1, ¨ ¨ ¨ , 2n.

Let FK “ tpFiq
Ku be the opposite flag, where pFiq

K is the orthogonal complement of Fi with respect to the

canonical inner product of R2n.

Given any λ P Λpnq, let tαiu and tβiu be the sequences of indices defined by

(7) αi “ mintj ; dimpλ X Fjq “ iu, βi “ mintj ; dimpλ X pFjqKq “ n ´ iu,

and σ and τ the subsets of rns defined by

(8) σ “ tαi ´ n ; αi ą nu, τ “ tβi ´ n ; βi ą nu.

We notice that the sequences tαiu and tβiu are increasing with respect to i, and that

tαi ; αi ď nu “ rnszσ and tβi ; βi ď nu “ rnszτ

hold provided λ is a Lagrangian plane.
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Lemma 4.5. Let γ be the gradient line with γp0q “ λ, and σ and τ defined by λ in (8). Then

(1) γλp´8q “ λσ and γλp8q “ λτ ,

(2) σ ą τ .

Proof. Let tαiu and tβiu be the sequences obtained in (7) for λ. There exists a basis tviu of λ consisting of

vectors vi “ pvi,1, ¨ ¨ ¨ , vi,2nq such that vi,αi
“ 1, and vi,j “ 0 for all j with Fj Ă Fαi

. Then, by Proposition

3.3, we have

(9) lim
tÑ´8

} expp´tDqvi}
´1 expp´tDqvi “

"

ei if i P rnszσ,
ei`n if i P σ.

and find the limits γp´8q “ λσ. The limit γp8q “ λτ is found similarly.

For any subspace µ Ă R2n, it holds that

dimpµ X Fjq ` dimpµ X pFjqKq ď dimµ.

This implies αi ě βi for all i with βi ą n, from which the inequality σ ą τ follows. □

5. Local coordinate systems centered at critical points

Given σ Ă rns, define the affine space Matσ Ă Matpn, 2nq consisting of matrices pX Y q with X “ pxi,jq

and Y “ pyi,jq P Matpn, nq that satisfy

(1) if j P rnszσ, then xi,j “ δi,j for all i P rns, and yi,j “

"

yj,i for all i P rnszσ,
´xj,i for all i P σ,

(2) if j P σ, then yi,j “ δi,j for all i P rns, and xi,j “

"

xj,i for all i P σ,
´yj,i for all i P rnszσ,

where δi,j is the Kronecker delta.

Define the index sets Lσ and Rσ Ă rns ˆ rns by

(10) Lσ “ tpi, jq P rns ˆ rnszσ | i ď ju, Rσ “ tpi, jq P rns ˆ σ | i ď ju.

We fix an affine isomorphism from Matσ to Rnpn`1q{2 defined by extracting entries xi,j with pi, jq P Lσ and

yi,j with pi, jq P Rσ from pX Y q “ ppxi,jq pyi,jqq.

Define the map Ψσ : Matσ Ñ Λpnq by

Ψσ Q pX Y q ÞÑ spantviu P Λpnq,

where spantviu is the subspace of R2n spanned by the row vectors vi of pX Y q, and denote by Uσ the image

of Ψσ.

Lemma 5.1. The map Ψσ : Matσ ÝÑ Uσ is bijective, and the map Φσ : Uσ
Ψ´1

σ
ÝÑ Matσ

–
ÝÑ Rnpn`1q{2 is a

local chart of Λpnq centered at λσ. It holds that
Ť

σ Uσ “ Λpnq.

The proof and a detailed explanation of the above lemma is found in [1, Section 3.3]. See also [7].

The transition map φστ on Uσ X Uτ

Uσ X Uτ

MatτMatσ

Ψ´1
τ

Ψ´1
σ

φστ

is obtained by elementary row operations to matrices in Matσ and Matτ .
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5.1. Stable and unstable manifolds. Let vi be the ith row of pX Y q P Matσ. Suppose yk,ℓ “ 0 for all

pk, ℓq P Rσ. Then limtÑ´8 } expp´tDqvi}
´1 expp´tDqvi is found in (9), and the same is applied for Lσ,

which proves the following :

Lemma 5.2. In the neighborhood Uσ, the unstable manifold Wu
σ “ Wupλσq and stable manifold W s

σ “

W spλσq of the critical point λσ are determined by

Wu
σ “ tyk,ℓ “ 0 for all pk, ℓq P Rσu,

W s
σ “ txi,j “ 0 for all pi, jq P Lσu,

and the functions xi,j’s with pi, jq P Lσ and yk,ℓ’s with pk, ℓq P Rσ form coordinate systems of Wu
σ and W s

σ ,

respectively.

Corollary 5.3. The Morse index of λσ equals }σ}.

Proof. The Morse index is the dimension of the unstable manifold Wu
σ , which equals the cardinality of Lσ

and equals }σ}. □

Example 5.4. As an example, consider the case that n “ 3 and σ “ t1, 3u. We have

pX Y q “

¨

˝

x1,1 0 x1,3 1 y1,2 0
´y1,2 1 x2,3 0 y2,2 0
x1,3 0 x3,3 0 ´x2,3 1

˛

‚P Matt1,3u .

The elements x1,1, x1,3, x2,3, x3,3, y1,2 and y2,2 form a coordinate system of Ut1,3u in Lp3q. Among these,

y1,2 and y2,2 form the coordinate system of the stable manifold W s
t1,3u

, and the remaining elements form the

coordinate system of the unstable manifold Wu
t1,3u

.

5.2. Isolated gradient lines. Let γ be a gradient line such that γp8q “ λτ and γp´8q “ λσ. Lemmas 4.2,

4.4 and 4.5 imply that pσ, τq is of Type I or II. Conversely, the following holds:

Lemma 5.5. If pσ, τq is of Type I or Type II, then there exist two gradient lines between λσ and λτ .

Proof. Suppose that pσ, τq is of Type I. Let γ be a gradient line between λσ and λτ . Then the sequences

tαiu and tβiu obtained in (7) coincide except at one position αk “ βk ` 1 “ n ` 1, which implies that the

Lagrangian plane γp0q is spanned by n´1 vectors of the standard basis teiu of R2n and a vector ae1 ` ben`1.

Hence there exist two gradient lines; one when a and b have the same sign, and the other when they have

different signs. Under the mapping Ψ´1
σ , the image of a gradient line γptq between λσ and λτ is a diagonal

matrix;

(11) Ψ´1
σ pγptqq “

˜

s 1
. . .

. . .

¸

,

where s is a function of t, whose derivative is non vanishing and limtÑ´8 s “ 0, so that Ψ´1
σ pγp´8qq “ λσ.

Next, suppose pσ, τq is of Type II. In this case, the plane γp0q is still spanned by n´ 1 vectors of teiu and

a vector aek´1 ` bek ´ ben`k´1 ` aen`k. There exist two gradient lines; one when a and b have the same

sign, and the other when different signs. In this case, the images of gradient lines γptq between λσ and λτ
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under Ψ´1
σ are block diagonal matrices;

(12) Ψ´1
σ pγptqq “

¨

˚

˚

˚

˝

˛

‹

‹

‹

‚

. . .
. . .

1 s 0 0 k ´ 1
0 0 ´s 1 k

. . .
. . .

where s is similar to that in (11). □

6. The signs of isolated gradient lines

Consider a function f : M Ñ R on a closed manifold of dimension n that satisfies partial transversality

condition (see Remark 2.3). Let γ be an isolated gradient line of f whose limits γp´8q and γp8q have

the Morse indices k and k ´ 1, respectively. Suppose that the unstable manifolds of γp´8q and γp8q are

endowed with orientations. Let tx1, ¨ ¨ ¨ , xku and ty1, ¨ ¨ ¨ , ynu be coordinate systems respectively of the

unstable manifold Wupγp´8qq and of a neighborhood Upγp8qq in M such that y1 “ ¨ ¨ ¨ “ yk´1 “ 0 is

the defining equation of the stable manifold W spγp8qq in a neighborhood of γp0q, compatible with the

co-orientation of W spγp8qq in this order.

Assume that γ coincides with the coordinate line of xm, in other words, dxmpγptqq

dt is nonzero and xjpγptqq

is constant in t for all j ‰ m. A local transversal slice η : Rk´1 Ñ Wupγp´8qq of γ at γp0q is given by

z “ pz1, ¨ ¨ ¨ , zk´1q ÞÑ ηpzq “ pz1, ¨ ¨ ¨ , zm´1, xmpγp0qq, zm, ¨ ¨ ¨ , zk´1q.

In order to check whether or not the basis t 9γp0q, η˚

`

B
Bz1

˘

, ¨ ¨ ¨ , η˚

`

B
Bzk´1

˘

u of Tγp0qW
upγp´8qq is positively

oriented (see Definition 2.1), the following three factors s1, s2 and s3 will be checked:

‚ s1 “ 1 or ´1 depending on whether dympγptqq

dt |t“0 is positive or negative,

‚ s2 “ p´1qm´1, where m is the index of the coordinate xm that describes the gradient line,

‚ s3 “ 1 or ´1 depending on whether the sign of the Jacobian det
Bpy1,¨¨¨ ,yk´1q

Bpz1,¨¨¨ ,zk´1q
is positive or negative.

Then the sign sgnpγq equals the product sgnpγq “ s1s2s3 (see Definition 2.1).

6.1. Orientation of unstable manifolds. Let σ be a subset of rns, and consider the neighborhood Uσ

of λσ defined in Section 5. The matrix entries xi,j with pi, jq P Lσ form a local coordinate system of the

unstable manifold Wu
σ (see Lemma 5.2), and thus a linear order of the index set Lσ gives an orientation of

Wu
σ .

Definition 6.1. Define the orientation of unstable manifold Wu
σ by choosing the dictionary ordering of the

index set Lσ; for pi1, j1q and pi2, j2q P Lσ, we define pi1, j1q ă pi2, j2q if i1 ă i2 or if i1 “ i2 and j1 ă j2.

6.2. Computation of the signs. Let pσ, τq be a pair of Type I. Consider the matrix representation Ψ´1
σ of

λ P Uσ. We denote by γ˘ the gradient line with the midpoint γ˘p0q represented by the matrix with s “ ˘1

in (11). For a Type II pair pσ, τq, we denote by γ˘ the gradient line with the midpoint γ˘p0q represented by

the matrix with s “ ˘1 in (12).
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Proposition 6.2. If pσ, τq is of Type I, then

(13) sgnpγq “

"

1 for γ “ γ`,

p´1q|σ| for γ “ γ´.

If pσ, τq is of Type II, then

(14) sgnpγq “

"

p´1q}σăk´1}`pk´1q|σąk| for γ “ γ`,

p´1q}σăk´1}`pk´1q|σąk|`k´1 for γ “ γ´.

6.2.1. Proof of Formula (13). We use the local coordinate system pxi,j , yk,ℓq in Section 5. Then the coordinate

x1,1 represents the gradient line γ˘ between λσ and λτ . A local slice S of the gradient line γ˘ at the

midpoint γ˘p0q in Wu
σ is given by equating x1,1 “ ˘1. The following matrices show the transition map

φστ : Matσ Ñ Matτ between local charts pUσ,Φσq and pUτ ,Φτ q restricted to Wu
σ :

(15)

ˆ

˘1 u 1 0
˚ A 0 B

˙

φστ
ÞÝÑ

ˆ

1 ˘u ˘1 0
0 A1 ˚ B1

˙

,

where the matrix on the right is obtained by row operation from that on the left. Note that all entries of A1

are the same as A modulo second order terms.

Since we have x1,1pγ˘p0qq “ ˘1 and thus ˘
x1,1pγ˘ptqq

dt ą 0, the term s1 equals ˘1. Among the index set

Lσ, p1, 1q is the first with respect to the dictionary order. Thus we have s2 “ 1. For γ`, we easily see s3 “ 1.

For γ´, we have ´u in the first row of Ψ´1
τ pλq (the matrix on the right of (15)). The vector u contains |σ| ´1

coordinates of S, thus we have s3 “ p´1q|σ|´1, completing the proof of Formula (13). □

6.2.2. Proof of Formula (14). We continue to use the local coordinate system pxi,j , yk,ℓq in Section 5. Let

pσ, τq be of Type II, and τ “ pσztkuq Y tk ´ 1u.

The coordinate of the gradient line γ “ γ˘ is xk´1,k. A local slice S of the gradient line γ˘ at the

midpoint γ˘p0q in Wu
σ is given by equating xk´1,k “ ˘1. The following matrices show the transition map

φστ : Matσ Ñ Matτ between local charts pUσ,Φσq and pUτ ,Φτ q restricted to Wu
σ :

(16)

¨

˚

˚

˝

A 0 u B D 0 0 0
˚ 1 ˘1 v ˚ 0 0 0
˚ 0 xk,k w ˚ ¯1 1 0
˚ 0 ˚ C ˚ ˚ 0 E

˛

‹

‹

‚

φστ
ÞÝÑ

¨

˚

˚

˝

A1 ¯u 0 B1 D1 0 0 0
˚ xk,k 0 ¯w1 ˚ 1 ¯1 0
˚ ¯1 1 ˘v ˚ 0 0 0
˚ ˚ 0 C 1 ˚ 0 ˚ E1

˛

‹

‹

‚

,

where the matrix on the right is obtained from that on the left by row operation.

As in the case of Type I, the factor s1 equals 1 if γ “ γ`, or ´1 if γ “ γ´. The numbers of coordinate

functions of Uσ contained in A, u, B, v and w of (16) are }σăk´1}, k ´ 2, pk ´ 2q|σąk|, |σąk| and |σąk|,

respectively. The coordinate functions preceding xk´1,k with respect to the dictionary order of Lσ are

contained in A, u and B. Thus s2 “ p´1q}σăk´1}`pk´2q`pk´2q|σąk|.

There is a permutation of coordinates pv, xk,k, wq ÞÑ pxk,k, w, vq, whose sign is `1. There are changes of

signs for u, v and w. The coordinates in u and w change sign for γ`, and the coordinates in v change sign

for γ´, which implies that s3 is equal to p´1qk´2`|σąk| if γ “ γ`, or equal to p´1q|σąk| if γ “ γ´. Thus we

obtain sgnpγq “ s1s2s3 as shown in (14), and complete the proof. □

Example 6.3. As in Example 5.4, consider the case where n “ 3 and σ “ t1, 3u, and let τ “ t1, 2u. The

pair pt1, 3u, t1, 2uq is of Type II. We compute the sign of the gradient line γ` between λt1,3u andλt1,2u.
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The entries px1,1, x1,3, x2,3, x3,3q and py1,2, y2,2q are coordinate systems of the unstable manifold Wu
t1,3u

and the stable manifold W s
t1,3u

. The coordinate function x2,3 corresponds to the gradient line between the

critical points λt1,3u and λt1,2u. Let γ “ γ` be the gradient line with midpoint on x2,3 “ 1. In this case, it

holds that s1 “ s2 “ 1.

The transition map φt1,3u,t1,2u : Matt1,3u Ñ Matt1,2u

¨

˝

x1,1 0 x1,3 1 y1,2 0
´y1,2 1 x2,3 0 y2,2 0
x1,3 0 x3,3 0 ´x2,3 1

˛

‚ ÞÑ

¨

˝

z1,1 z1,2 0 1 0 w1,3

z1,2 z2,2 0 0 1 w2,3

´w1,3 ´w2,3 1 0 0 w3,3

˛

‚

is obtained by row operation. The unstable manifold Wu
t1,3u

and the stable manifold W s
t1,2u

are defined by

y1,2 “ y2,2 “ 0 and z1,1 “ z1,2 “ z2,2 “ 0, respectively.

A local slice of γ` at the midpoint γ`p0q in Wu
t1,3u

is given by the map

ξ : px1,1, x1,3, x3,3q ÞÑ

¨

˝

x1,1 0 x1,3 1 0 0
0 1 1 0 0 0

x1,3 0 x3,3 0 ´1 1

˛

‚.

Applying row operation to this matrix, we obtain the transition map φt1,3u,t1,2u ˝ ξ whose Jacobian is equal

to

det
Bpz1,1, z1,2, z2,2q

Bpx1,1, x1,3, x3,3q
“ det

¨

˝

1 0 0
0 ´1 0
0 0 1

˛

‚“ ´1,

which implies that s3 “ ´1, and sgnpγ`q “ s1s2s3 “ ´1.

The following is a consequence of the proof of Proposition 6.2 (see Remark 2.3):

Corollary 6.4. The gradient flow satisfies the partial transversality condition, that is, Wu
σ and W s

τ intersect

transversally for all pairs pσ, τq with }σ} “ }τ} ` 1.

Proof. In the proof of Proposition 6.2, in order to find the value s3, we have computed the Jacobian

det
Bpy1,¨¨¨ ,yk´1q

Bpz1,¨¨¨ ,zk´1q
, whose nondegeneracy implies the transversality of the stable and unstable manifolds. □

Let νpσ, τq denote the coefficient of the boundary map B : ZxCrtpfqy Ñ ZxCrtpfqy;

Bxλσy “
ÿ

}τ}“}σ}´1

νpσ, τqxλτ y.

Proposition 6.5.

νpσ, τq “

$

&

%

2, if pσ, τq is of type I and |σ| is even,

p´1q}σăj´1}2, if pσ, τq is of type II with difference at odd j,
0, otherwise.

Proof. There exist isolated gradient lines between λσ and λτ , provided pσ, τq is of Type I or Type II (see

Lemma 4.2 and 4.5). Thus the coefficient νpσ, τq equals 0 for other pairs. By Lemma 5.5, for pairs pσ, τq of

Type I and II, there exist two gradient lines γ˘ between λσ and λτ , and the coefficient νpσ, τq is the sum

sgnpγ`q ` sgnpγ´q. The formula of the proposition is deduced from Proposition 6.2. □
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7. Morse complex MCf

7.1. Colored Maya diagram. In a Maya diagram, treat each pair of even-numbered box and the box

immediately to its right as a domino. A Maya diagram of length n has tpn ´ 1q{2u dominos. Depending on

whether the number of balls in a domino is 0, 1 or 2, assign it a color white, gray or black. When n is even,

a Maya diagram has the rightmost single box, to which assign a color white or black depending on whether

it contains no ball or one ball. This assigns to a Maya diagram a color sequence.

Example 7.1. The subsets σ “ t1, 3, 4, 5, 7u and τ “ t2, 4, 5, 6u P 2r8s are represented by the Maya diagrams

‚ ‚ ‚ ‚ ‚ and ‚ ‚ ‚ ‚ ,

and have the same color sequence c “ (gray, black, gray, white). They satisfy σ ą τ and }σ} “ }τ} ` 3. The

Maya diagram of τ is obtained from that of σ by two Type II moves, each in a gray domino, and one Type I

move.

7.2. Decomposition of the Morse complex MCf . By Proposition 6.5, the coefficient νpσ, τq of boundary

map is zero if τ is obtained by a Type II move of the ball in an even numbered box of σ. In other words,

if the movement of balls go beyond the dominos, we have νpσ, τq “ 0. Conversely, for a Type II move with

νpσ, τq ‰ 0, σ and τ share a common color sequence.

Let Ic be the subset consisting of σ P 2rns with color sequence c. Then 2rns is the disjoint union of those

subsets; 2rns “
Ť

c Ic. Proposition 6.5 shows that the Morse complex MCf decomposes as a direct sum into

subcomplexes

(17) MCf “
à

c

Cc,

and that the homology group of MCf is the direct sum of the homology groups of these subcomplexes.

We say that the parity of a color sequence c is even or odd according to whether |σą1| is even or odd for

some σ with color sequence c. Let σc be the element σ P Ic with the maximum }σ}.

Proposition 7.2. Let c be a color sequence. Suppose the parity of c is even, and let j be the number of gray

dominos in c. If j “ 0, then

(18) H}σc}´kpCcq “

"

Z for k “ 0, 1,
0 otherwise,

and if j ą 0, then

(19) H}σc}´k´1pCcq “

#

Z2
pj
kq for k “ 0, ¨ ¨ ¨ , j,

0 otherwise.

Suppose that the parity of c is odd, and that c has j gray dominos (j ě 0). Then

(20) H}σc}´k´1pCcq “

#

Z2
pj`1

k q for k “ 0, ¨ ¨ ¨ , j ` 1,
0 otherwise.

Proof. Let p be a positive integer, and Bp the chain complex defined by

Bp : 0 ÝÑ Z ˆp
ÝÑ Z ÝÑ 0.
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By Proposition 6.5, a Type II move of a ball in a domino corresponds to B2. A Type I move of a ball

corresponds to B2 if |σą1| is even, and to B0 if |σą1| is odd. Then it is straightforward to verify that the

complex Cc is isomorphic to Bp b B2
bj with p “ 0 or 2, up to a shift of degree. Their homology groups are

easily computed by the Künneth formula. □

Example 7.3. Figure 1 shows a diagram of subcomplex Cc which is isomorphic to B0 b B2
b2. The solid

line arrows connect Type II pairs, and the broken line arrows connect Type I pairs. The color sequence c of

t1, 3, 5u is (gray,gray), and the parity of c is even. We have H8pCcq “ H6pCcq “ Z2 and H7pCcq “ Z2 ‘ Z2.

t1, 3, 5u

t1, 2, 5u t1, 3, 4u

t1, 2, 4u

t3, 5u

t2, 5u t3, 4u

t2, 4u

σc “

Figure 1

8. The homology group HkpΛpnq;Zq

Proposition 7.2 shows that all the torsions of H˚pΛpnq;Zq “
À

c H˚pCcq are equal to 2. Let apkq and bpkq

be the free and 2-torsion ranks of the k dimensional integral homology group HkpΛpnq;Zq; HkpΛpnq;Zq –

Zapkq ‘ Z2
bpkq. Let Apxq and Bpxq be the generating functions

Apxq “
ÿ

apkqxk, Bpxq “
ÿ

bpkqxk.

Lemma 8.1.

Apxq “ p1 ` xq

m
ź

ℓ“1

p1 ` x4ℓ`1q,

where m “ tpn ´ 1q{2u.

Proof. Let A be the subset of 2rns defined by

A “ tσ P 2rns ; σ has no gray dominos, and |σą1| is even u.

Formula (18) implies Apxq “
ř

σPA x}σ}. Factorization of
ř

σPA x}σ} is completed through combinatorial

arguments concerning colored Maya diagrams: the factor 1 ` x4ℓ`1 is derived from the ℓth domino of σ P A,

which is either white (giving the term 1) or black (giving the term x4ℓ`1), but not gray, since σ is in A.

Furthermore, Apxq has the factor 1 ` x, since each σ P A may or may not contain 1. This establishes the

formula of the lemma. □
The formula for Bpxq can be obtained in the same way as Apxq by combinatorial argument with formulas

(19) and (20). It is also possible to obtain it through Z2-perfectness of the Morse function f combined with

the universal coefficient theorem, since all torsion coefficients of MCf are 2 (see Equations (19) and (20)).
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Lemma 8.2. The Z2-Poincaré polynomial of Λpnq equals
śn

i“1p1 ` xiq.

Proof. All coefficients of the boundary maps of the Morse complex MCf are zero modulo 2 by Proposition

6.5, and thus the boundary map of MCf b Z2 is trivial. In other words, all the critical points of f represent

independent Z2-cycles. Hence, the combinatorial equation
ř

σP2rns x}σ} “
śn

i“1p1`xiq yields the formula. □
The universal coefficient theorem is applied to obtain

HkpΛpnq;Z2q –
`

HkpΛpnq;Zq b Z2

˘

‘ TorpHk´1pΛpnq;Zq,Z2q,

which implies
n

ź

i“1

p1 ` xiq “
`

Apxq ` Bpxq
˘

` xBpxq.

This together with Lemmas 8.1 and 8.2 proves the following:

Theorem 8.3. The integral homology group of the Lagrangian Grassmannian Λpnq has only 2-torsions;

HkpΛpnq;Zq – Zapkq ‘ Z2
bpkq.

The generating functions Apxq “
ř

apkqxk and Bpxq “
ř

bpkqxk are given by

Apxq “ p1 ` xq

m
ź

ℓ“1

p1 ` x4ℓ`1q, Bpxq “

n
ź

ℓ“2

p1 ` xℓq ´

m
ź

ℓ“1

p1 ` x4ℓ`1q,

where m “ tpn ´ 1q{2u.

9. Oriented Lagrangian Grassmannians

The Grassmannian rΛpnq of oriented Lagrangian planes in R2n has the obvious two-sheeted covering map

π : rΛpnq Ñ Λpnq. Suppose that rΛpnq is endowed with a Riemannian metric such that π is a local isometry.

Let MC
rf be the Morse complex of the function rf “ f ˝ π : rΛpnq Ñ Λpnq Ñ R.

For a subset σ P 2rns, the n vectors

vi “

"

en`i if i P σ,
ei if i P rnszσ

span the Lagrangian plane λσ. Let rλσ,` denote the oriented Lagrangian plane where tv1, ¨ ¨ ¨ , vnu is a

positively oriented basis, and rλσ,´ the Lagrangian plane with opposite orientation. The critical point set

Crtkp rfq of index k is given by

Crtkp rfq “ trλσ,ϵ ; σ P 2rns with }σ} “ k, ϵ P t`,´uu.

The orientation of the unstable manifold ĂWu
σ,ϵ “ Wupλσ,ϵq is so chosen that the map π|

ĂWu
σ,ϵ

: ĂWu
σ,ϵ Ñ Wu

σ is

orientation preserving (see, for the definition of orientation of Wu
σ , Definition 6.1).

9.1. Ends of the isolated gradient lines in rΛpnq. Let pσ, τq be a Type I or Type II pair, and γ˘ the two

gradient lines connecting λσ and λτ in Λpnq. There exist four gradient lines in rΛpnq that cover γ˘. Suppose

γ1 and γ2 are the two leaving rλσ,` among those four.

Lemma 9.1. If pσ, τq is of Type I, then γ1 and γ2 have different ends rλτ,` and rλτ,´ at t Ñ `8. In contrast,

if pσ, τq is of Type II, then they have the same end rλτ,`. (See Figure 2.)
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pσ,`q

pτ,`q

pσ,´q

pτ,´q

σ

τ

π
pσ,`q

pτ,`q

pσ,´q

pτ,´q

σ

τ

π

Figure 2. The left shows the case of Type I, and the right shows the case of Type II.

Proof. Let pσ, τq be of Type I. Suppose that γ1 and γ2 are represented by the matrix in (11) with s ą 0

and s ă 0, respectively. The gradient flow is induced by the action of the matrix expp´tDq on R2n (see

Proposition 3.3). By multiplying the first row by a scalar, we see that γ1 and γ2 converge to rλτ,` and rλτ,´

as t tends to 8, respectively.

For a Type II pair pσ, τq, γ1 and γ2 are represented by the matrix in (12) with s ą 0 and s ă 0, respectively.

To find the limits γip8q, we exchange the pk ´ 1qth and kth rows, and multiply by ´1 the pk ´ 1qth row if

s ą 0, or the kth row if s ă 0. In either case, we find the limits γip8q equal to rλτ,`. □

9.2. Coefficients of the boundary map. Let νppσ, ϵq, pτ, δqq be the coefficient of the boundary map rB :

ZxCrtp rfqy Ñ ZxCrtp rfqy;

rBxrλσ,ϵy “
ÿ

}τ}“}σ}´1,δ“˘

νppσ, ϵq, pτ, δqqxrλτ,δy.

Proposition 9.2.

νppσ, ϵq, pτ, δqq “

$

’

’

&

’

’

%

1 if pσ, τq is of Type I and ϵδ “ ´,

p´1q|σ| if pσ, τq is of Type I and ϵδ “ `,

p´1q}σăj´1}2 if ϵδ “ ` and pσ, τq is of Type II with difference at odd j,
0 otherwise

Proof. The proposition follows immediately from Proposition 6.2 and Lemma 9.1. □

9.3. Decomposition of the Morse complex MC
rf . We decompose the Morse complex MC

rf in the same

way as MCf in (17). For a color sequence c, denote by rCc the subcomplex consisting of all chains xrλσ,ϵy with

σ P Ic. Proposition 9.2 implies that if σ and τ have different color sequences, then νppσ, ϵq, pτ, δqq “ 0. Hence

the Morse complex MC
rf decomposes into subcomplexes rCc, and H˚pMC

rf q is the direct sum
À

c H˚p rCcq. Let

σc denote the element σ P Ic with the maximum }σ}.

Let rB˘ be the chain complexes defined by

rB˘ : 0 ÝÑ Z2 B˘
ÝÑ Z2 ÝÑ 0, where B˘ “

ˆ

1 ˘1
˘1 1

˙

.

Proposition 9.3. Suppose a color sequence c has no gray dominos. Then

(21) H}σc}´kp rCcq “

"

Z for k “ 0, 1,
0 otherwise.

If c has j gray dominos with j ą 0, then

H}σc}´kp rCcq “

#

Z2
pj
kq for k “ 0, ¨ ¨ ¨ , j,

0 otherwise.

Proof. When c has no gray dominos, the complex rCc is isomorphic to rB` or rB´ depending on whether |σc|

is even or odd (see Proposition 9.2). In either case, the homology group Hkp rB˘q is Z for k “ 0, 1.
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Suppose j ą 0. It is also straightforward, by Proposition 9.2, to verify that rCc is isomorphic to rB˘ bB2
bj

(see the proof of Proposition 7.2), whose homology group is computed by the Künneth formula. □

Example 9.4. Figure 3 shows a diagram of subcomplex rCc which is isomorphic to rB˘ b B2. The solid line

arrows connect Type II pairs, and the broken line arrows connect Type I pairs.

pt1, 3u,`q

pt1, 2u,`q pt3u,`q

pt2u,`q

pt1, 3u,´q

pt1, 2u,´q pt3u,´q

pt2u,´q

pσc, ϵq “

Figure 3

We compute the integral homology group of rΛpnq using a similar method to the case of Λpnq.

Lemma 9.5. The Z2-Poincaré polynomial of rΛpnq equals
śn

i“1p1 ` xiq.

Proof. By Proposition 9.2, the coefficients νppσ, ϵq, pτ, δqq of the boundary map of MC
rf bZ2 are 0 for Type II

pairs pσ, τq, and 1 for Type I pairs. If pσ, τq is a Type I pair, 4 critical points pσ,˘q, pτ,˘q form a subcomplex

isomorphic to rB˘ b Z2, whose homology group has one generator each in degree 0 and 1. Thus all degree

i cycles in H˚pMC
rf b Z2q can be paired bijectively with all elements σ P 2rns with }σ} “ i. Hence the

combinatorial equation
ř

σP2rns x}σ} “
śn

i“1p1 ` xiq completes the proof. □

9.4. The homology group H˚prΛpnq;Zq. We remark that rΛp2m`1q is diffeomorphic to Λp2m`1q. Actually,

there exists a fibration ζ : Λpnq Ñ S1 whose fiber is SUpnq{SOpnq, which gives an isomorphism on the

fundamental groups. The pull back of this fiber bundle by the double cover S1 Q z ÞÑ z2 P S1 equals rΛpnq.

If n is odd, the fibration ζ is trivial, and thus Λpnq and rΛpnq are diffeomorphic to S1 ˆ
`

SUpnq{SOpnq
˘

.

Corollary 9.6. The integral homology group of rΛp2m ` 1q has only 2-torsion;

HkprΛp2m ` 1q;Zq – Zc̃pkq ‘ Z2
d̃pkq.

The generating functions rCpxq “
ř

c̃pkqxk and rDpxq “
ř

d̃pkqxk are given by

rCpxq “ p1 ` xq

m
ź

ℓ“1

p1 ` x4ℓ`1q, rDpxq “

2m`1
ź

ℓ“2

p1 ` xℓq ´

m
ź

ℓ“1

p1 ` x4ℓ`1q.

All that remains is to compute H˚prΛp2mq;Zq.

Theorem 9.7. The integral homology group of the oriented Lagrangian Grassmannian rΛp2mq has only 2-

torsion;

HkprΛp2mq;Zq – Zrapkq ‘ Z2
rbpkq.

The generating functions rApxq “
ř

rapkqxk and rBpxq “
ř

rbpkqxk are given by

rApxq “ p1 ` xqp1 ` x2mq

m´1
ź

ℓ“1

p1 ` x4ℓ`1q, rBpxq “

2m
ź

ℓ“2

p1 ` xℓq ´ p1 ` x2mq

m´1
ź

ℓ“1

p1 ` x4ℓ`1q.
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Proof. Maya diagrams of σ P 2r2ms have single boxes in the leftmost and rightmost. Let rA be the subset of

2r2ms defined by

rA “ tσ P 2r2ms ; σ has no gray dominosu.

Then Formula (21) yields the equation rApxq “
ř

σP rA x}σ}. The factorization of this polynomial is obtained

by combinatorial arguments, where the factors 1 ` x and 1 ` x2m relate to the leftmost and rightmost boxes

of σ, and 1 ` x4ℓ`1 to the ℓth domino of σ’s in rA, which are white or black.

The formula of rBpxq is derived from rApxq by Lemma 9.5 and the universal coefficient theorem. □
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[5] A. Floer: Morse theory for Lagrangian intersections, J. Diff. Geom. 29 (1988), 513–547.
[6] K. Fukaya: Morse homotopy and its quantization. In : Geometric topology (Athens, GA, 1993). 2. AMS/IP Stud. Adv.

Math. Amer. Math. Soc., Providence, RI, 1997, 409–440.

[7] L. Nicolaescu: Morse theory on Grassmannians, An. Stiint. Univ. Al. I. Cuza Iasi, Sect. I a Mat. 40 (1994), No.1, 25–46.
[8] T. Ozawa: The Z2-Betti numbers of oriented Grassmannians, Osaka J. Math. 59 (2022), 843–851.

[9] T. Ozawa: Integral Morse complexes on the real Grassmannians, Osaka J. Math, 61 (2) (2024), 147–162.
[10] V.A. Vassiliev: Lagrange and Legendre characteristic classes, ASCM 3, Gordon and Breach, New York, 1988.
[11] E. Witten: Supersymmetry and Morse thoery, J. Diff. Geom. 17 (1982), 661–692.

Department of Mathematics, Meijo University, Tempaku-ku, Nagoya, 468-8502 Japan

Email address: ozawa@meijo-u.ac.jp


