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MORSE THEORY AND THE HOMOLOGY OF LAGRANGIAN GRASSMANNIANS

TETSUYA OZAWA

ABSTRACT. We apply Morse homology theory to compute the integral homology groups of the Grassmannians
A(n) and 7\(n) of unoriented and oriented Lagrangian planes in the real 2n dimensional symplectic space.
It is shown that all torsion coefficients of homology are 2, and thus Hy(A(n);Z) =~ Z**) @ Zy*®*) and
Hy(A(n); Z) = 78 @ Zy*®) | The exponents a(k), b(k), (k) and b(k) are expressed explicitly in terms of
generating function.

1. INTRODUCTION

Morse theory provides useful methods for extracting the information about topology of manifolds from
the context of the local behaviors of smooth functions. A fundamental idea is to construct a chain complex,
called Morse complex. If the gradient flow satisfies certain transversality condition, the gradient lines between
two critical points with Morse indices of difference one are isolated. The Morse complex is a chain complex
whose chain group is generated by critical points and whose boundary map is defined by counting isolated
gradient lines with sign (see Section 2). For a finite dimensional closed manifold, the homology group of
the Morse complex is isomorphic to the singular homology group of the manifold (for the proof, see [2], [3]
and the references given there). The idea of Morse complex, whose origins can be traced to the works of R.
Thom, S. Smale and E. Witten (see, for instance, [4]), has been expanded by A. Fleor [5], K. Fukaya [6] and
others.

A Morse function is called perfect if the boundary map of its Morse complex is a zero homomorphism. In
that case, all the critical points represent independent homology cycles. For instance, if a Morse function
has no critical points of odd indices, the homology group of the manifold can be fully read by counting the
critical points, which is called Morse lacuna principle, and played a crucial role in the discovery of Bott’s
periodicity theorem. On the other hand, the Grassmannians of both unoriented and oriented planes in the
real vector space are examples of manifolds which do not admit perfect Morse functions, because they have
torsions in the homology groups. Nevertheless, they admit Morse functions whose Morse complexes have a
fairly simple structure, and allow us to compute matrix representations of the boundary maps (see [8] and
[9)-

The Grassmannians A(n) and A(n) of unoriented and oriented Lagrangian planes in the real symplectic
spaces play important roles in classical mechanics, geometric optics and quantum mechanics, etc. Their
topological structures have been deeply studied by several authors (see, for example, V. Arnol’d [1] and A.
Vassiliev [10]).

Although A(n) and A(n) do not admit perfect Morse functions, there exist functions on them whose Morse
complexes faithfully reflect the topological structure of the manifolds. The function introduced in Section 3

is one such example. We analyze the Morse complex of this function, and using combinatorial method, we
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compute the homology group, and finally obtain the generating functions of the free and torsion ranks of the

integral homology groups of A(n) and A(n) in explicit form (see Theorems 8.3 and 9.7).

2. OVERVIEW OF THE MORSE HOMOLOGY THEORY

Consider a Morse function f of a closed Riemannian manifold. If the stable manifolds W*(z) and unstable
manifolds W*(y) intersect transversally for all critical points  and y; W*(z)® W*(y), the function f is called
a Morse-Smale function. In that case, a gradient line is isolated if the end points have the Morse indices
differing by one. If the manifold is closed there are a finite number of critical points and a finite number of
isolated gradient lines. In order to define an integral Morse complex of a Morse-Smale function, we fix an
orientation for each unstable manifold, which also fix a co-orientation of the stable manifold. According to

the orientations of unstable manifolds we define the sign of isolated gradient lines.

Definition 2.1. Let v be a gradient line between critical points z and y with Morse index k and k — 1
respectively, and take a local transversal slice S of y at the midpoint v(0) in the unstable manifold W*(x).
Let {v1,---,vr_1} be a basis of the tangent space T’ )S such that {%Z(O)7 V1, ,Uk—1} 1S an oriented basis
of TyW"(x). We define the sign sgn(y) = 1 or —1 according to whether or not the order of vectors

{vi,-++ ,vg_1} agrees with the co-orientation of the stable manifold WW*(y).

Denote by Crtg(f) the set of all critical points of f with Morse index k, and by C(f); the Z-module
formally generated over Crtg(f). Let v(x,y) denote the number of isolated gradient lines v from z to y

counted with sign;

v(z,y) = ) sen(y),

and define a homomorphism oy : C(f)r — C(f)k—1 by

wlmy= Y vy .

yeCrtr_1 (f)

The graded complex MCy = (Cy = @, C(f)k, 0« = @y, k) is called the Morse complex of f. For the proof
of the following theorem, see for instance [2, Ch. 3] and [3].

Theorem 2.2. Let f : M — R be a Morse-Smale function of a closed Riemannian manifold M. Then
the map 0y defined above satisfies 05> = 0, and the homology group H, (MCy) is isomorphic to the singular
homology group H.(M;Z).

Remark 2.3. The Smale transversality requires W (p)h W*(q) for all pairs (p, q) of critical points of f. On
the other hand, the partial transversality requires W#(p)h W*(q) only for pairs of critical points with Morse
indices of difference one. We remark that, in order to define the Morse complex, it is sufficient that the
gradient vector field satisfies the partial transversality. This is ensured by perturbation argument of gradient

vector fields, since the existing transversality continue to hold in sufficiently small perturbations.
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3. DEFINITION OF THE MORSE FUNCTION f

3.1. An embedding of the Lagrangian Grassmannian. Let Mat(k,£) be the space of k x £ matrices
with real entries. The complex structure J of R?", and the subspace E(n) < Mat(2n,2n) are defined by

(1) J=<f éj, E(n) = {A: AT = A, AJ + JA =0},

where I,, € Mat(n,n) is the unit matrix. Using the linear symplectic form w on R?" defined by w(u,v) =
—uT Jv, we regard R?" a linear symplectic space.

Define a submanifold £(n) by

L(n)={X e E(n); X*=1}.

The eigenvalues of X € £(n) are +1, and both eigenspaces are Lagrangian planes, and conversely for each
Lagrangian plane A, there exists a unique X € £(n) which has A as the eigenspace of eigenvalue 1. Hence the
Lagrangian Grassmannian A(n) is diffeomorphic to £(n). Using this diffeomorphism, we identify A(n) and
L(n), and endow A(n) with a Riemannian structure by the inner product (A4, B) = tr(AB) of E(n).

For each element Y € £(n), the line e — Y + A4 is tangent to £(n) at e = 0 if and only if YA + AY = 0.

The decomposition
E(n)={AeEMn); AY+YA=0®{Aec E(n); AY — YA =0}

is an orthogonal decomposition, and the first subspace {A € E(n); AY +Y A = 0} coincides with the tangent
space Ty L(n). Hence the map

A %(A — Y AY)

is the orthogonal projection of a vector A € E(n) to the tangent space Ty L(n).

3.2. The Morse function and its gradient lines. Let D € E(n) be a diagonal matrix whose diagonal

entries are —dy, -+, —dn, d1, -+, dp, which satisfy 0 < d; < -+ < dy;

(2) D = diag(—dy, -+ ,—dp,d1, -+ ,dy).

Throughout the paper, we will investigate the Morse complex of the following function f : A(n) = L(n) — R:
(3) F(X) = 2te(XD).

The gradient vector field X — V;(X) of f is the orthogonal projection of —D to the tangent space
Tx L(n), thus the gradient flow equation is

dX
(4) E:Vf(X):—D+XDX.
Lemma 3.1. X is a critical point of f if and only if X is a diagonal matriz with diagonal entries 1,1, -+, Tan 2n
satisfying Tniin+i = —Ti; = *1 foralli=1,--- n.

Proof. Decompose X = <(z Z) € L(n) into n x n matrices. The condition that X is in F(n) implies that a

and b are symmetric and a +d = 0 = b — ¢. Further, the equation —D + X DX = 0 implies that a is diagonal
and that b = 0. Since X2 = 1, the diagonals of a are +1. O
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Given a matrix Xo € £(n), define a curve t — X(t) = =Y (¢)Z(¢)~! by setting

Y (t) = (exp(tD)(I — Xo) — exp(—tD)(I + Xo))/2,
Z(t) = (exp(tD)(I — Xo) + exp(—tD)(I + Xo))/2.

()

Lemma 3.2. The curvet — X(t) = =Y ()Z(t)~! is the gradient line of f with initial value X (0) = Xo.

Proof. Since Y (0) = — X, and Z(0) = I, we have X(0) = Xo. The derivatives of Y and Z by t equal Y/ = DZ
and Z' = DY respectively, and (Z71) = —Z~1DY Z~!. Thus we have

X' =-DZZ'+YZ'DYZ ' = -D+ XDX = V(X).
O

Proposition 3.3. The map ¢ : R > GL(2n,R) defined by p(t) = exp(—tD) induces an action of R on
A(n) which generates the integral of the gradient flow Vy. In other words, if V(t) is an integral curve of
the gradient vector field Vy with initial value V(0) = V, then V(t) equals the subspace of R*" given by
{exp(—tD)v; ve V}.

Proof. Let Y and Z be the curves given in (5), and v an eigenvector of Xy € £(n) with eigenvalue 1. Then

it holds that Zv = exp(—tD)v. The equation
YZ '+ D) Z =Y + Z = exp(tD)(I — Xo)
implies that (I — X)Z = exp(tD)(I — Xo). Therefore, the equation (I — Xo)v = 0 implies
0=I—-X)Zv=(I—X)exp(—tD)v.

Hence, if X () is a gradient line in £(n), and if v is an eigenvector of X (0) = X, with eigenvalue 1, exp(—tD)v

is contained in the eigenspace of X () of eigenvalue 1 for all ¢ € R. O

4. ENDS OF GRADIENT LINES

In this section, we set up notation and terminology to describe the critical points and isolated gradient

lines of the Morse function f : A(n) = £(n) — R defined in (3).

4.1. A partial order of the power set of {1,---,n}. Denote by [n] the set {1,---,n}, and for each
J € [n], denote by [j,n] the set {j,---,n}. Let o be a subset of [n]. Denote by |o| and ||| the numbers
defined by

ol =21 ol =) a

aeo aceo
For each k € [n], using the symbol such as o, we represent the set o n [k — 1].

Definition 4.1 (Partial order in 2[”]). Define a partial order ”>” in the power set 2["! by letting
o>r7 ifandonlyif |os;|> |7 | for all j.

In other words, if ¢ = {a1, -+ ,a),} and 7 = {b1,--- ,b};} such that a; > --- > a|,| and by > --- > b},
the relation o > 7 means that |o| > |7| and a; = b; foralli=1,--- |7].
If a subset o € 2[" contains 1, we call (o,0\{1}) a Type I pair. If a subset ¢ contains k and does not

contain k — 1, then we call (o, (6\{k}) U {k — 1}) a Type II pair with difference at k.



MORSE HOMOLOGY OF LAGRANGIAN GRASSMANNIANS 5

Lemma 4.2. Suppose |o| = |7| + 1. The relation o > 7 holds if and only if (o,7) is a Type I or a Type II

pair.

Proof. Let o = {ai1,--- ,a,} and 7 = {by,--- ,b;}, and suppose that a; > --- > a,| and by > --- > .
We have 1 = ||o|| — |7]| = ZLTzll(ai —b;) = 0, which implies that either |o| = |7| 4+ 1, a; = b; for all i € [|o]]
and a|,| = 1 (i.e. (0,7) is a Type I pair), or |o| = |7| and there exists a unique & € [|o|] such that aj, = by +1
and a; = b; for all i € [|o|]\{k} (i.e. (o,7) is a Type II pair). O
Type I and II pairs are visualized by Maya diagram and by Type I and IT moves in a Maya diagram.
Definition 4.3 (Maya diagram). Arrange n boxes in a single row and number them from left to right as 1
through n. Given a subset o € 2™, place one ball in the k" box if k € 0. Otherwise, leave the box empty.

We call this sequence of boxes the Maya diagram representing o.

Consider the following moves:

Type I move : Remove the ball from the leftmost box,

Type II move : Move a ball to the empty box on the left.

It is clear that moves of Type I and II correspond to pairs (o, 7) of Type I and II, respectively. It is easy to
see that if ¢ > 7 then the Maya diagram of 7 is obtained from that of ¢ by a sequence of Type I and Type

IT moves.

4.2. Critical points of the function f. Let {e1, - ,e2,} be the canonical basis of R?". For each o € oln]

denote by A, the coordinate plane spanned by vectors e; with ¢ € [n]\o and e;;,, with j € o;

Ao = span{e;; i € [n]\o or i —n € o}.

Lemma 4.4. The set of critical points of f: A(n) — R defined in (3) is given by
Crt(f) = {Ay; o € 2},
Proof. Let X be a matrix obtained in Lemma 3.1. The 1-eigenspace of X equals A, for some o c [n]. O

We define the complete flag F = {F;} of subspaces F; = R?" as follows: let Fy = {0} and

Fi—{ Fio1 ®Rep_ita fori=1,---.,n

© Fi_1 ®Re; fori=n+1,---,2n.

Let 7+ = {(F;)*} be the opposite flag, where (F};)* is the orthogonal complement of F; with respect to the
canonical inner product of R?™.

Given any A € A(n), let {a;} and {B;} be the sequences of indices defined by
(7) o; = min{j; dim(An Fj) =i}, B = min{j; dim(A n (F5)5) = n — i},
and o and 7 the subsets of [n] defined by
(8) oc={a;—n;a;>n}, 7={B8;—n;pi>n}
We notice that the sequences {«;} and {8;} are increasing with respect to 4, and that
{ai;as <np=[n]\c and {Bi; B <n}=[n]\7

hold provided A is a Lagrangian plane.
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Lemma 4.5. Let vy be the gradient line with v(0) = A, and o and T defined by X in (8). Then

(1) '7)\(*00) =X, and '-YA(OO) = Ar,

(2) o>r.

Proof. Let {c;} and {B;} be the sequences obtained in (7) for A. There exists a basis {v;} of A consisting of
vectors v; = (v;1,- -+, Ui 2n) such that v; o, = 1, and v; ; = 0 for all j with F; < F,,. Then, by Proposition
3.3, we have

. _ =1 B e if i € [n]\o,
o) i, fexp(=tD)us| " exp(-eDpo = { ¢ HEED
and find the limits y(—o0) = A,. The limit y(o0) = A, is found similarly.
For any subspace x < R?", it holds that
dim(p n Fy) + dim(p 0 (F;)*) < dim p.

This implies a; > §; for all i with 8; > n, from which the inequality ¢ > 7 follows. O

5. LOCAL COORDINATE SYSTEMS CENTERED AT CRITICAL POINTS

Given o < [n], define the affine space Mat, < Mat(n,2n) consisting of matrices (X'Y) with X = (z; ;)
and Y = (y; ;) € Mat(n,n) that satisfy

if s , o yji forallie [n]\o,
(1) if j € [n]\o, then z; ; = 6, ; for all i € [n], and y, ; = { 2y, forallico,

z;; forallieoao,

(2) if jeo, theny,; ; =90, forall i € [n], and z;; = { s forallie [n]\o,

where §; ; is the Kronecker delta.

Define the index sets L, and R, < [n] x [n] by
(10) Lo ={(i,j) € [n] x [n]\o | i <j}, Ro ={(i,j) € [n] x o [ i<}
We fix an affine isomorphism from Mat, to R™"*1)/2 defined by extracting entries z; ; with (i, ) € L, and
Yij with (i,7) € Ro from (XY) = ((2i;) (yi5))-

Define the map ¥, : Mat, — A(n) by

U, 3 (XY) — span{v;} € A(n),

where span{v;} is the subspace of R?*" spanned by the row vectors v; of (X Y), and denote by U, the image
of U,.
Lemma 5.1. The map ¥, : Mat, — U, is bijective, and the map @, : U, Z., Mat, — R™(n+1)/2 g ¢

local chart of A(n) centered at \,. It holds that | J, Us = A(n).

The proof and a detailed explanation of the above lemma is found in [1, Section 3.3]. See also [7].
The transition map ¢,, on U, N U,
Us nU;

\11;1/ \\I,jl
SDrrT

Mat, Mat,

is obtained by elementary row operations to matrices in Mat, and Mat...
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5.1. Stable and unstable manifolds. Let v; be the i*® row of (XY) € Mat,. Suppose yx, = 0 for all
(k,0) € Ry. Then limy_,_ |exp(—tD)v;| =t exp(—tD)v; is found in (9), and the same is applied for L,,

which proves the following :

Lemma 5.2. In the neighborhood U,, the unstable manifold W* = W*(\,) and stable manifold W3 =
W#(As) of the critical point A, are determined by

Wy ={yre =0 forall (k,{) € Ry},

Wo ={x;; =0 forall(i,j) € Ly},

and the functions z; ;’s with (i,7) € L, and yy¢’s with (k,£) € R, form coordinate systems of W2 and W2,

respectively.
Corollary 5.3. The Morse index of A\, equals ||o|.

Proof. The Morse index is the dimension of the unstable manifold W*

o

which equals the cardinality of L,

and equals |o|. O

Example 5.4. As an example, consider the case that n = 3 and ¢ = {1,3}. We have

0 € Mat{Lg} .
1

The elements 1,1, 1,3, Z23, 3.3, Y1,2 and ya 2 form a coordinate system of Uy 3y in £(3). Among these,
y1,2 and y2 2 form the coordinate system of the stable manifold VV{S1 ap and the remaining elements form the

coordinate system of the unstable manifold W{“l_g}.

5.2. Isolated gradient lines. Let 7 be a gradient line such that (o) = A\, and y(—0) = A\,. Lemmas 4.2,
4.4 and 4.5 imply that (o, 7) is of Type I or II. Conversely, the following holds:

Lemma 5.5. If (0,7) is of Type I or Type II, then there exist two gradient lines between A\, and \;.

Proof. Suppose that (o,7) is of Type I. Let v be a gradient line between A, and A;. Then the sequences
{a;} and {B;} obtained in (7) coincide except at one position ay = Bx + 1 = n + 1, which implies that the
Lagrangian plane (0) is spanned by n — 1 vectors of the standard basis {e;} of R?" and a vector ae; + be, 1.
Hence there exist two gradient lines; one when a and b have the same sign, and the other when they have

different signs. Under the mapping W, !, the image of a gradient line () between A\, and A, is a diagonal

)

where s is a function of ¢, whose derivative is non vanishing and lim;_,_, s = 0, so that W, 1(y(—0)) = A,.

matrix;

(11) WS (1)) = ( ’

Next, suppose (o, 7) is of Type II. In this case, the plane «(0) is still spanned by n — 1 vectors of {e;} and
a vector aep_1 + bey — be,1p—1 + ae,ii. There exist two gradient lines; one when a and b have the same

sign, and the other when different signs. In this case, the images of gradient lines v(t) between A\, and A,



8 TETSUYA OZAWA

under W ! are block diagonal matrices;
1 s
(12) v (v() = 0 0 —s 1 k

where s is similar to that in (11). O

6. THE SIGNS OF ISOLATED GRADIENT LINES

Consider a function f : M — R on a closed manifold of dimension n that satisfies partial transversality
condition (see Remark 2.3). Let v be an isolated gradient line of f whose limits y(—o0) and ~y(o0) have
the Morse indices k and k — 1, respectively. Suppose that the unstable manifolds of v(—o0) and ~y(o0) are
endowed with orientations. Let {z1,---,zx} and {y1, - - ,yn} be coordinate systems respectively of the
unstable manifold W*(vy(—0)) and of a neighborhood U(y(x)) in M such that y; = -+ = yp_1 = 0 is
the defining equation of the stable manifold W*(vy(c0)) in a neighborhood of 7(0), compatible with the
co-orientation of W#(y(c0)) in this order.

Az, (y(t))
dt

Assume that v coincides with the coordinate line of z,,, in other words, is nonzero and z;(7(t))

is constant in ¢ for all j # m. A local transversal slice 1 : R¥=1 — W¥(y(—00)) of 7y at v(0) is given by

z= (217"' 7216*1) — 77(2) = (Zlv"' aszl’xm(v(o))azmv"' azkfl)'

In order to check whether or not the basis {¥(0), 7. (%), C M (m%)} of T (o)W (y(—00)) is positively
oriented (see Definition 2.1), the following three factors s1, sy and s3 will be checked:

dym

e 51 =1 or —1 depending on whether %h:() is positive or negative,

e so = (—1)™"1 where m is the index of the coordinate x,, that describes the gradient line,

5(917"-,yk:—1)
(21, ,2k—1)

e s3 =1 or —1 depending on whether the sign of the Jacobian det is positive or negative.

Then the sign sgn(vy) equals the product sgn(y) = s1s283 (see Definition 2.1).

6.1. Orientation of unstable manifolds. Let o be a subset of [n], and consider the neighborhood U,
of A\, defined in Section 5. The matrix entries z; ; with (¢,j) € L, form a local coordinate system of the
unstable manifold W (see Lemma 5.2), and thus a linear order of the index set L, gives an orientation of

W,

Definition 6.1. Define the orientation of unstable manifold W* by choosing the dictionary ordering of the

index set L,; for (i1,71) and (is, j2) € L,, we define (i1, j1) < (ia, jo) if i1 < is or if iy = iz and j; < jo.

6.2. Computation of the signs. Let (0, 7) be a pair of Type I. Consider the matrix representation W, 1 of
A € U,. We denote by v+ the gradient line with the midpoint 74 (0) represented by the matrix with s = +1
n (11). For a Type II pair (o, 7), we denote by 4 the gradient line with the midpoint v (0) represented by
the matrix with s = +1 in (12).
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Proposition 6.2. If (o,7) is of Type I, then

(13) Sgn(’y) = { (1_1)|0'| ;z:z Z 1t7

If (o,7) is of Type II, then

_1)H0'<k—1H+(k_1)|0'>k| f07" ¥ =74,
(14) sgn(y) = { (—1)lo<k-al+E=Dlo=kl+h=1  for o — .
6.2.1. Proof of Formula (13). We use the local coordinate system (z; ;, yx,¢) in Section 5. Then the coordinate
21,1 represents the gradient line i between A, and A;. A local slice S of the gradient line 1 at the
midpoint v+ (0) in W2 is given by equating x1,; = 1. The following matrices show the transition map

Yor : Mat, — Mat, between local charts (U,, ®,) and (U, ®,) restricted to W:

1wl 0 Y (1 tul£l 0
(15) ( Alo B>H<O A s B’)’

*
where the matrix on the right is obtained by row operation from that on the left. Note that all entries of A’

are the same as A modulo second order terms.

Since we have x1.1(v+(0)) = £1 and thus i% > 0, the term s; equals 1. Among the index set
Ly, (1,1) is the first with respect to the dictionary order. Thus we have sy = 1. For v, we easily see s3 = 1.
For v_, we have —u in the first row of ¥1()) (the matrix on the right of (15)). The vector u contains |o| —1

coordinates of S, thus we have s3 = (—1)I?I=1, completing the proof of Formula (13). O

6.2.2. Proof of Formula (14). We continue to use the local coordinate system (z; j,yx¢) in Section 5. Let
(0,7) be of Type II, and 7 = (o\{k}) v {k — 1}.

The coordinate of the gradient line v = 4 is @p—1%. A local slice S of the gradient line v1 at the
midpoint 4 (0) in W is given by equating xj_1 ; = £1. The following matrices show the transition map

Yor : Mat, — Mat, between local charts (U,, ®,) and (U, ®,) restricted to W

A0 w B|D 0 00 A Fu 0 B |D 0 0 0
(16) * 1 4+1 wv|=x= 0 0 0 gor | * Thk 0 Fw |+ 1 F1 0

* 0 xpp w|* F1 1 0 * F¥1 1 4+v | 0 0 0 [

+ 0 * C| = + 0 F * * 0o = 0 = FE

where the matrix on the right is obtained from that on the left by row operation.

As in the case of Type I, the factor s; equals 1 if v = v,, or —1 if v = v_. The numbers of coordinate
functions of U, contained in A, u, B, v and w of (16) are |o<g—_1|, k — 2, (k — 2)|o=k]|, |o=k| and |o>g],
respectively. The coordinate functions preceding zj_; ) with respect to the dictionary order of L, are
contained in A, u and B. Thus sy = (—1)I7<t-1l+(E=2)+(Fk=2)lo=k],

There is a permutation of coordinates (v, zy x,w) — (2 k, w,v), whose sign is +1. There are changes of
signs for u, v and w. The coordinates in u and w change sign for v, , and the coordinates in v change sign
for v_, which implies that s3 is equal to (—1)*=2Flo=kl if v = ~, | or equal to (—1)I>*l if 4 = 4_. Thus we

obtain sgn(y) = s18283 as shown in (14), and complete the proof. O

Example 6.3. As in Example 5.4, consider the case where n = 3 and ¢ = {1,3}, and let 7 = {1,2}. The
pair ({1,3},{1,2}) is of Type II. We compute the sign of the gradient line v, between A¢; 33 and 3.
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The entries (z1,1,%1,3,%2,3,233) and (y1,2,y2,2) are coordinate systems of the unstable manifold Wﬁ,?,}
and the stable manifold W{SLB}. The coordinate function x5 corresponds to the gradient line between the
critical points A(; 3y and Agy2y. Let v = 74 be the gradient line with midpoint on x5 = 1. In this case, it
holds that s; = s5 = 1.

The transition map ¢y 3y (1,2) : Matyy 3y — Mat oy

10 0 x3|1 y12 O 21,1 zig 0|1 0 wigs
—y12 1 x23|0 g2 0 |— 21,2 z22 0[]0 1 wog
z13 0 x33|0 —mx23 1 —wy3 —wz3z 1|0 0 wsgz

is obtained by row operation. The unstable manifold W{‘i 3} and the stable manifold VV{S1 9} are defined by
Y12 = Y2,2 = 0and 21,1 = 21,2 = 222 = 0, respectively.
A local slice of v, at the midpoint v, (0) in W{“L?)} is given by the map
11 0 13 |1

0 0
& (z11,21,3,233) — 0 1 1 1]/0 0 0
13 0 2330 -1 1

Applying row operation to this matrix, we obtain the transition map @1 3 (1,2) © £ whose Jacobian is equal

to
1 0 O
0
detM —det| 0 -1 0 |=-1,
o(z11,%1,3,23,3) 0 0 1
which implies that s3 = —1, and sgn(yy) = s18283 = —1.

The following is a consequence of the proof of Proposition 6.2 (see Remark 2.3):

Corollary 6.4. The gradient flow satisfies the partial transversality condition, that is, W2 and W intersect

transversally for all pairs (o,7) with |o| = ||7| + 1.

Proof. In the proof of Proposition 6.2, in order to find the value s3, we have computed the Jacobian

Iyasyk—1)
det (21, 2K-1)

Let v(o, 7) denote the coeflicient of the boundary map ¢ : Z{Crt(f)) — Z{Crt(f));

whose nondegeneracy implies the transversality of the stable and unstable manifolds. O

Koy = Z v(o, ) ).

[rl=loll-1
Proposition 6.5.
2, if (o,7) is of type I and |o| is even,
v(o,T) = (—1)”"<J—1H2, if (o,7) is of type II with difference at odd j,
0, otherwise.

Proof. There exist isolated gradient lines between A, and A, provided (o,7) is of Type I or Type II (see
Lemma 4.2 and 4.5). Thus the coefficient v(o, 7) equals 0 for other pairs. By Lemma 5.5, for pairs (o, 7) of
Type I and II, there exist two gradient lines v+ between A, and A;, and the coefficient v (o, 7) is the sum

sgn(y4) + sgn(y-). The formula of the proposition is deduced from Proposition 6.2. d
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7. MORSE COMPLEX MCy

7.1. Colored Maya diagram. In a Maya diagram, treat each pair of even-numbered box and the box
immediately to its right as a domino. A Maya diagram of length n has |(n — 1)/2] dominos. Depending on
whether the number of balls in a domino is 0, 1 or 2, assign it a color white, gray or black. When n is even,
a Maya diagram has the rightmost single box, to which assign a color white or black depending on whether

it contains no ball or one ball. This assigns to a Maya diagram a color sequence.

Example 7.1. The subsets o = {1,3,4,5,7} and 7 = {2,4,5,6} € 2[%] are represented by the Maya diagrams

(o] Tefefe] [e] | and [[e] JefeJe[ ] ]

and have the same color sequence ¢ = (gray, black, gray, white). They satisfy ¢ > 7 and ||o|| = | 7| + 3. The
Maya diagram of 7 is obtained from that of o by two Type II moves, each in a gray domino, and one Type I

move.

7.2. Decomposition of the Morse complex MC;. By Proposition 6.5, the coefficient v(o, 7) of boundary
map is zero if 7 is obtained by a Type II move of the ball in an even numbered box of o. In other words,
if the movement of balls go beyond the dominos, we have v(o,7) = 0. Conversely, for a Type II move with
v(o,7) # 0, o and 7 share a common color sequence.

Let I. be the subset consisting of o € 2™ with color sequence ¢. Then 2" is the disjoint union of those
subsets; 2[" = (. Ic. Proposition 6.5 shows that the Morse complex MCy decomposes as a direct sum into

subcomplexes

and that the homology group of MCy is the direct sum of the homology groups of these subcomplexes.
We say that the parity of a color sequence ¢ is even or odd according to whether |o~1] is even or odd for

some o with color sequence c. Let 0. be the element o € I, with the maximum |o|.

Proposition 7.2. Let ¢ be a color sequence. Suppose the parity of c is even, and let j be the number of gray

dominos in c. If j =0, then

|z fork=0,1,
(18) Hyo.|-k(Ce) = { 0 otherwise,
and if 7 > 0, then
7,(1) fork=0,---,j
19 Hig|-x-1(Cc) =4 =2 T ds
(19) toel—k-1(Cc) { 0 otherwise.
Suppose that the parity of ¢ is odd, and that ¢ has j gray dominos (j = 0). Then
7.0 fork =0, ,j+1
(20) HHU H—k—l(cc) _ 2 =% yJ s
¢ 0 otherwise.

Proof. Let p be a positive integer, and B, the chain complex defined by

B,:0—7Z-"%7—0.
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By Proposition 6.5, a Type II move of a ball in a domino corresponds to Bs. A Type I move of a ball
corresponds to By if |0=1] is even, and to By if |o0=1] is odd. Then it is straightforward to verify that the
complex C. is isomorphic to B, ® B2®7 with p = 0 or 2, up to a shift of degree. Their homology groups are
easily computed by the Kiinneth formula. O

Example 7.3. Figure 1 shows a diagram of subcomplex C, which is isomorphic to By ® B2®?. The solid
line arrows connect Type II pairs, and the broken line arrows connect Type I pairs. The color sequence ¢ of

{1,3,5} is (gray,gray), and the parity of ¢ is even. We have Hg(C.) = He(C.) = Zo and H7(C.) = Zo @ Zs.

oo ={1,3,5}

VAN

{3,5} {1,2,5} {1,3,4}

SN X/

{2,5} {3,4} {1,2,4}

{2,4}

FIGURE 1

8. THE HOMOLOGY GROUP Hy(A(n);Z)

Proposition 7.2 shows that all the torsions of Hy(A(n);Z) = @, H«(C.) are equal to 2. Let a(k) and b(k)
be the free and 2-torsion ranks of the k dimensional integral homology group Hy(A(n);Z); Hip(A(n);Z) =
79%) @ 7,P™®) | Let A(z) and B(z) be the generating functions

Az) = Za(k‘)xk, B(z) = Zb(k’)xk.

Lemma 8.1.

Alz) = (1+ ) ﬁ(l + 23,
=1
where m = |(n —1)/2].

Proof. Let A be the subset of 2l defined by
A = {0 e 2" 5 has no gray dominos, and |o~1] is even }.

Formula (18) implies A(z) = Y, _,2!°l. Factorization of 3 _, 2!°! is completed through combinatorial

4+1 ig derived from the ¢ domino of o € A,

arguments concerning colored Maya diagrams: the factor 1+ x
which is either white (giving the term 1) or black (giving the term z**1), but not gray, since o is in A.
Furthermore, A(x) has the factor 1 + x, since each o € A may or may not contain 1. This establishes the
formula of the lemma. O

The formula for B(z) can be obtained in the same way as A(z) by combinatorial argument with formulas

(19) and (20). It is also possible to obtain it through Zs-perfectness of the Morse function f combined with

the universal coefficient theorem, since all torsion coefficients of MC; are 2 (see Equations (19) and (20)).
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Lemma 8.2. The Zy-Poincaré polynomial of A(n) equals []]_, (1 + z°).

Proof. All coefficients of the boundary maps of the Morse complex MC; are zero modulo 2 by Proposition
6.5, and thus the boundary map of MC; ® Zs is trivial. In other words, all the critical points of f represent
independent Zy-cycles. Hence, the combinatorial equation ), _on zlol = [T, (142" yields the formula. O

The universal coefficient theorem is applied to obtain
Hk(A( ) Zg) (Hk(A( ) Z) ®Z2) (—DTOI"(kal(A(ﬂ); Z),Zg)7

which implies
n

[ ] +2") = (A(x) + B(z)) + 2B(x).
i=1
This together with Lemmas 8.1 and 8.2 proves the following:

Theorem 8.3. The integral homology group of the Lagrangian Grassmannian A(n) has only 2-torsions;
Hi(A(n); Z) = 2°%) @ 7,,°®
The generating functions A(x) = . a(k)z® and B(z) = Y. b(k)z* are given by

A((t) = (1 + LE) ﬁ(]_ + x4€+1)’ B(CU) _ (1 + m ﬁ 1+ x4€+1
(=1

=

n

—

=2

where m = |(n —1)/2].

9. ORIENTED LAGRANGIAN GRASSMANNIANS

The Grassmannian /N\(n) of oriented Lagrangian planes in R?” has the obvious two-sheeted covering map
7 : A(n) — A(n). Suppose that A(n) is endowed with a Riemannian metric such that 7 is a local isometry.
Let MC; be the Morse complex of the function f=form: A(n) > A(n) —> R.

For a subset o € 2["]| the n vectors

v = €n+i ifie g,
) e ifi € [n]\o
span the Lagrangian plane A,. Let 3\”7+ denote the oriented Lagrangian plane where {vq,---,v,} is a

positively oriented basis, and XU’, the Lagrangian plane with opposite orientation. The critical point set
Crtg(f) of index k is given by
Crtg(f ) = {AM, o € 2" with lo| = k,ee {+,—}}.

The orientation of the unstable manifold WZ,‘E = W*"(Xs,e) is so chosen that the map |, : Wge — W is

orientation preserving (see, for the definition of orientation of W, Definition 6.1).

9.1. Ends of the isolated gradient lines in /N\(n) Let (o,7) be a Type I or Type II pair, and v+ the two
gradient lines connecting Ay and A, in A(n). There exist four gradient lines in A(n) that cover v4. Suppose

~v1 and v, are the two leaving Xo,+ among those four.

Lemma 9.1. If (0,7) is of Type I, then v1 and o have different ends X77+ and XTV, att — +00. In contrast,
if (o,7) is of Type II, then they have the same end XT7+. (See Figure 2.)



14 TETSUYA OZAWA

=0 O =()

(T7 +) (T7 _) T (T7 +) (
FI1GURE 2. The left shows the case of Type I, and the right shows the case of Type II.

Proof. Let (o,7) be of Type 1. Suppose that v, and <, are represented by the matrix in (11) with s > 0
and s < 0, respectively. The gradient flow is induced by the action of the matrix exp(—tD) on R?" (see
Proposition 3.3). By multiplying the first row by a scalar, we see that v and ~2 converge to XT,+ and XT),
as t tends to oo, respectively.

For a Type II pair (o, 7), 71 and 7 are represented by the matrix in (12) with s > 0 and s < 0, respectively.
To find the limits ~;(00), we exchange the (k — 1)*® and k*® rows, and multiply by —1 the (k — 1)*® row if
s> 0, or the k'" row if s < 0. In either case, we find the limits ~;(c0) equal to XT,JF. O

9.2. Coefficients of the boundary map. Let v((c,¢),(7,9)) be the coefficient of the boundary map ¢ :

~ ~

ZLCrt(f)) — Z{Crt(f));
ey = >, v((0,€), (7.8)Ar5).

Irl=llol—1,6=+

Proposition 9.2.

1 if (o,7) is of Type I and €6 = —,
B (—1)lel if (o,7) is of Type I and e = +,
v((0,6): (,9)) = (—1)lo<i-1l2 if €6 =+ and (0,7) is of Type II with difference at odd j,
0 otherwise
Proof. The proposition follows immediately from Proposition 6.2 and Lemma 9.1. g

9.3. Decomposition of the Morse complex MC 7 We decompose the Morse complex MC 7 in the same
way as MCy in (17). For a color sequence ¢, denote by C. the subcomplex consisting of all chains (A, ) with
o € I.. Proposition 9.2 implies that if o and 7 have different color sequences, then v((c,¢€), (7,9)) = 0. Hence
the Morse complex MC decomposes into subcomplexes C., and H, (MC f) is the direct sum @, H (CNC) Let
o. denote the element o € I, with the maximum |o].

Let gi be the chain complexes defined by

5o e on RS
By:0 Z Z 0, Whereai—<i1 1 )

Proposition 9.3. Suppose a color sequence ¢ has no gray dominos. Then

5y | Z fork=0,1,
(21) Hyo,-1(Cc) = { 0 otherwise.

If ¢ has j gray dominos with j > 0, then

H (5)= ZQ(i) fOT’kZO,"',j,
ol —ki*e 0 otherwise.

Proof. When ¢ has no gray dominos, the complex C, is isomorphic to g+ or B_ depending on whether |o|

is even or odd (see Proposition 9.2). In either case, the homology group Hy, (gi) is Z for k =0,1.
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Suppose j > 0. It is also straightforward, by Proposition 9.2, to verify that C, is isomorphic to 5¢ ® B,%7
(see the proof of Proposition 7.2), whose homology group is computed by the Kiinneth formula. O

Example 9.4. Figure 3 shows a diagram of subcomplex C, which is isomorphic to 5¢ ® Bsy. The solid line

arrows connect Type II pairs, and the broken line arrows connect Type I pairs.

(‘7676) :({173}7+) ({173}’_)

\ ~< - \
\ R Pid
v R P
\ PR
\ - ~~.
\ - -
v L T~ ~

({12} +) (3L +) (1,2} -) {3} -)

\ ~< P \
\ I~< P \
\ Sl - \
\ ~<l \
\ - S~ \
\ - ~< \
~ L ‘~\$ ~

({2}7+) ({2}7_

FIGURE 3

We compute the integral homology group of A(n) using a similar method to the case of A(n).
Lemma 9.5. The Zy-Poincaré polynomial of A(n) equals [T, (1 +2%).

Proof. By Proposition 9.2, the coefficients v((o, €), (7, d)) of the boundary map of MC;®Zs are 0 for Type II
pairs (o, 7), and 1 for Type I pairs. If (o,7) is a Type I pair, 4 critical points (o, +), (7, =) form a subcomplex
isomorphic to gi ® Zs, whose homology group has one generator each in degree 0 and 1. Thus all degree
i cycles in Hy(MCj ® Zp) can be paired bijectively with all elements o € 2l with [o| = i. Hence the
combinatorial equation Y. opmy 2171 = TTi_; (1 + #%) completes the proof. O

9.4. The homology group H, (K(n), Z). We remark that /N\(2m+1) is diffeomorphic to A(2m+1). Actually,
there exists a fibration ¢ : A(n) — S whose fiber is SU(n)/SO(n), which gives an isomorphism on the
fundamental groups. The pull back of this fiber bundle by the double cover S* 3 z — 22 € S! equals K(n)
If n is odd, the fibration ¢ is trivial, and thus A(n) and A(n) are diffeomorphic to ST x (SU(n)/SO(n)).
Corollary 9.6. The integral homology group of /~\(2m + 1) has only 2-torsion;

He(A@2m +1);2) = 22 @ 7,4®).

The generating functions C(z) = Y é(k)a* and D(z) = Y. d(k)z* are given by

m 2m-+1
Clz) = (1+a) H(l + 2t D(a) = 1_[ H 24+
=1 3 i

All that remains is to compute Hy (A(2m); Z).

Theorem 9.7. The integral homology group of the oriented Lagrangian Grassmannian 7\(2m) has only 2-
torsion;
Hy(R(2m); Z) = 250 @ 7,°®
The generating functions A(x) = Y a(k)a* and B(z) = Y b(k)z* are given by
1

m— 2m m—1

g(m) = (1+2)( 2m H 4é+1 ), E(m) _ H(l +ac H 4e+1

=1 =2 =1
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Proof. Maya diagrams of o € 2[2™ have single boxes in the leftmost and rightmost. Let A be the subset of
2[2m] defined by

A= {o € 221 & has no gray dominos}.
Then Formula (21) yields the equation A(z) = Dive i zl?l. The factorization of this polynomial is obtained
by combinatorial arguments, where the factors 1 4+ x and 1 + 2™ relate to the leftmost and rightmost boxes
of o, and 1 4+ z**! to the ¢** domino of ¢’s in fT, which are white or black.

The formula of B(z) is derived from A(z) by Lemma 9.5 and the universal coefficient theorem. O
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