A CENTRAL LIMIT THEOREM FOR
THE STOCHASTIC CABLE EQUATION

SOMA NISHINO

ABSTRACT. We consider one-dimensional nonlinear stochastic cable equations driven by multiplica-
tive space-time white noise. Using the Malliavin—Stein method, we establish a fixed-time central
limit theorem for the spatial average of the solution, with convergence in total variation distance
under mild conditions. We further show that the spatial average is asymptotically independent of
the solution at any fixed time and position. A functional central limit theorem is also obtained
under a technical assumption, which we verify for affine coefficients.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the nonlinear stochastic cable equation
0 0? -

(1) %Zﬁﬁ—au%—a(u) W,
on [0,7] x [0, L] for constants v € R and 3 > 0, where T' > 0 is fixed and W denotes space-time
white noise on [0,7] x [0, L]. The initial condition is ug(x) = 1, and we impose either Neumann,
Dirichlet, or periodic boundary conditions. The coefficient ¢ is assumed to be globally Lipschitz.

By Walsh [25], (1) admits a unique mild solution, adapted to the filtration generated by W and
satisfying Flu(t, r)?] < co. The mild solution is given by

2) ult, ) = / wo(y) G, y) dy + / / Gros(,y) o(uls, y)) W(ds, dy),

where the stochastic integral is understood in the sense of It6-Walsh, and G denotes the heat
kernel associated with (5).
We investigate the large- L asymptotics of the spatial average

(3) Fr(t) == %/0 (u(t,z) — Elu(t, z)]) dz.

For random variables X and Y, the total variation distance is defined by
dry(X,Y):= sup |P(X € B)— P(Y € B)|,
BEB(R)

where the supremum is taken over Borel sets B € B(R). We write drv(F,N(0,1)) for the total
variation distance between the law of F' and the standard normal distribution.
For random variables X and Y such that h(X), h(Y) € L*(P), the Wasserstein distance between
their laws is defined by
dw(L(X),L(Y)) == sup |E[A(X)] - E[MY)],

heLip(1)
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where Lip(1) denotes the set of 1-Lipschitz functions, and £(X) and L£(Y) denote the laws of X
and Y, respectively. We are now ready to state the first main result of this paper. First, under the
assumption that o(1) # 0, we present a quantitative fixed-time central limit theorem with respect
to the total variation distance.

Theorem 1. Suppose that o(1) # 0. Then, for every t > 0 there exists a constant ¢ = ¢(t) > 0
such that for all L > 1,

Fr(t) c
(4) drv (m,./\f(o, 1)) < ﬁ

REMARK 1.1. Condition o(1) # 0 guarantees that Var(Fp(t)) > 0. This follows from (8), (12),
(14), (15), (37), (38) and (39).

This implies that the rescaled spatial average Fp(t)/+/Var(Fp(t)) converges in distribution to
the standard normal distribution as L — oo. Moreover, we show that the spatial average is
asymptotically independent of u(t, zg) for any fixed time ¢ and position zy. Specifically, under the
assumption that o(1) # 0, we establish the following result.

Theorem 2. Suppose that o(1) # 0. Then, for all L > 1, t > 0, and x¢ € [0, L], there exists a
constant C' such that

Fi(t) C
dw (E (m,u(t,xo)) ,E(Z,u(t,x@)) < 7T

where C = C(t) > 0 depends only on t, and Z ~ N (0,1) is independent of u(t, x).

We assume the following technical condition, which is required for the proof of the functional
central limit theorem.

Assumption 1. There exists a measurable function f,, positive almost everywhere and belongs to
LY([0,T)) for every T > 0, such that for all t € [0,T),

lim %/0 Elo(u(t,z))?] dz = f,(1).

L—oo
Finally, under Assumption 1, we state the following functional central limit theorem.

Theorem 3. Fiz T > 0. Suppose that Assumption 1 holds. Then, as L — oo,

(\/ZFL(t)> = ( /0 t e=ot=5) /7 (5) dWS>

where fy(t) is the limit in Assumption 1 and W = {Ws}sepo,m denotes a standard one-dimensional
Brownian motion, and the convergence is in law on the space of continuous functions C([0,T7).

t€[0,T) te[0,1]

REMARK 1.2. Since Assumption 1 is established only when o is affine, it follows that Theorem 3
holds only for that case, and the general case remains open.
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1.1. Model background and conceptual significance. The nonlinear stochastic cable equa-
tion arises in the mathematical modeling of neurons, where it describes the propagation of electrical
signals along their cylindrical structure. Neurons, the fundamental components of the nervous sys-
tem, operate through a sophisticated interplay of chemical, biological, and electrical phenomena. In
a common mathematical simplification, a neuron is idealized as a long, thin cylinder, similar to an
electrical cable. For such a cylinder on the interval [0, L], we assume the electrical potential u(t, x)
depends only on position x € [0, L] and time ¢. While this potential u(¢, x) is accurately governed
by the Hodgkin—Huxley equations, for specific ranges of u, these equations can be approximated
by the cable equation:

ou  B0%u
5 — = - —Qu,
(5) ot 2 0x?

with 3/2 > 0 representing the diffusion rate within the neuron and o € R being the rate of ion leak-
age through the membrane [11]. The neuron’s surface receives current impulses through synapses.
If this incoming current at (¢, x) is represented by F(¢,x), the system obeys the inhomogeneous

PDE:

ou  B0%u
Even in a resting state, occasional random impulses may occur, which implies that F' generally
contains a stochastic component. For instance, Walsh studied the case where F' is a compound
Poisson process or a space-time white noise [24]. The nonlinear stochastic cable equation with
F = o(u)W was analyzed in [25].

In the electrochemical context of the cable equation, Fp(t) represents the spatial average of the
deviation of the potential from its expectation, while u(t, xy) denotes the potential at a fixed point
xo € [0, L]. Thus, Fy(t) captures the macroscopic fluctuation, whereas u(t, zo) represents the local
state. These correspondences provide a physical interpretation of our main results. In particular,
Theorem 2 establishes that as the domain size L — oo, these two quantities become asymptotically
independent at a rate of O(1/+/L). This suggests that the macroscopic fluctuation decouples from
the local potential in the large-system limit.

1.2. Related work. In recent years, considerable attention has been paid to the asymptotic
behavior of spatial averages for solutions to stochastic partial differential equations. This area of
inquiry was first explored by Huang, Nualart, and Viitasaari in [9]. Utilizing the Malliavin—Stein
method (see [16]), they proved a central limit theorem, along with its functional counterpart, for the
one-dimensional nonlinear stochastic heat equation with space-time white noise. Following their
seminal work, analogous central limit theorems for various types of stochastic partial differential
equations have been established. For example, Huang, Nualart, Viitasaari, and Zheng studied the
d-dimensional stochastic heat equation with colored noise [10]. There has been much research on
the stochastic heat equation under different settings; see, for example, [1,2,4, 13,14, 18,19, 21].
Similar results are also known for the stochastic wave equation; see, for instance, [5] for the one-
dimensional case, [8] for the two-dimensional case, and [6,7] for the three and higher dimensions.
For other types of SPDEs, Liu and Shen studied a central limit theorem for the solution to an
SPDE related to a pseudo-differential operator that generates a stable-like process [15].
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The study most relevant to our setting is that of Pu [21], whose proof strategy we also substan-

tially rely on. Pu considered the one-dimensional stochastic heat equation

ou 10%u :

ot 2022 " W,
on [0,7]x[0, L] with Neumann, Dirichlet, or periodic boundary conditions and analyzed its solution
via its Wiener chaos decomposition. This equation corresponds to the SPDE obtained from (1)
by setting « = 0, 5 = 1, and o(u) = u. For the spatial average of this solution, Pu established the
counterparts to Theorems 1 and 3 of the present work [21, Theorems 1.1 and 1.2]. It follows from
(8), (11), and (36) that, in contrast to Pu’s setting, the term —awu decreases the covariance of the
spatial average of the solution when o > 0, whereas it increases the covariance when o < 0. In
addition, the parameter 5 > 0 affects the time scaling.

Despite these analytical differences, Assumption 1 remains essential for establishing the func-
tional central limit theorem for SPDEs on bounded domains, both in the present work and in the
work of Pu [21]. We verify Assumption 1 in Section 7 for the case o(u) = oyu + 09, where oy and
0o are constants with (o1, 0¢) # (0,0). Our argument relies on the Wiener chaos decomposition of
the solution to the stochastic cable equation (1). Verifying Assumption 1 for general o remains an
open problem, as the Wiener chaos decomposition becomes significantly more complex due to the
nonlinearity. The same method was employed in [21] to implicitly verify the condition correspond-
ing to Assumption 1 for the stochastic heat equation with o(u) = u. In contrast, in [9] and related
works, since the solution to the SPDE is spatially stationary, the limit in Assumption 1 reduces
to Elo(u(t,0))?], and thus technical conditions such as those in Assumption 1 are not required.

1.3. Structure of the paper. We outline the structure of the paper. Section 2 collects several
tools from Malliavin calculus that will be used in the sequel. In particular, we recall the Clark—
Ocone formula, the associated Poincaré-type inequality, and the Malliavin—Stein method. We also
present moment estimates for the solution to the stochastic cable equation, as well as Gaussian-type
upper bounds for the moments of its Malliavin derivatives. Section 3 establishes several auxiliary
lemmas and analyzes the asymptotic behavior of the covariance Cov|[Fp(t1), Fi(t2)] of the spatial
average F(t). Section 4 analyzes the Malliavin derivative DF(t); combined with the results of
Section 3, this yields the proof of Theorem 1. Section 5 shows that supplementary arguments
to those in Section 4 lead to asymptotic independence (Theorem 2). Section 6 establishes the
functional central limit theorem (Theorem 3) under Assumption 1, by proving suitable moment
inequalities and the convergence of finite-dimensional distributions. Section 7 verifies Assumption 1
in the case o(u) = oqu + 0¢. Appendix A summarizes the properties of the heat kernel G used in
the paper.

2. PRELIMINARIES

For any Z € L*(Q), we define ||Z]|,, := E[|Z|F]/*.
Throughout this paper, we assume that ¢ is globally Lipschitz continuous with constant K.
This implies the following linear growth condition:

lo(y)l < Mo (1 + Jy])
where M, = max{K,,|c(0)|}.
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2.1. Clark—Ocone formula. Let H be the Hilbert space L*([0, 7] x R). The family of stochastic
integrals

X(h) = /[OT] Rh(s,x) W (ds, dx)

constitutes an isonormal Gaussian process {X(h)}rez. In this context, we employ the tools of
Malliavin calculus (see, e.g., [17]), and let D denote the associated Malliavin derivative operator.
Let {Fs}scpo,r) be the filtration generated by the space-time white noise W. A key result is the
Clark—Ocone formula, which provides the following representation for any Fpr-measurable random
variable I in the Sobolev space D2

F— E[F]+ / EDy.F | F) W(ds,dz) as.
[0,TTxR

A well-known consequence of this formula, obtained via Jensen’s inequality for conditional expec-
tations, is the following Poincaré-type inequality:

T
(6) CvFG) < [ [ IDoF Il DGl dads
0 R

which holds for any pair of Fr-measurable random variables I, G € D2,

2.2. The Malliavin—Stein method. We now recall some key results from the Malliavin—Stein
method. This method merges the Malliavin calculus with Stein’s method to provide quantitative
bounds on the distance between probability measures, proving particularly effective for central
limit theorems [16].

Proposition 2.1. Let F = §(v) for some v € Dom(d), where Dom(4) is the L*(Q)-domain of the
adjoint of the Malliavin derivative operator. Suppose that F' € D2 with E[F? = 1. Then, the
following inequality holds:

dry(F,N(0,1)) < 24/Var((DF, v)%).
The following proposition, which is a generalization of Proposition 2.1, was proved in [23].

Proposition 2.2. Let m > 1 be an integer. Let F' = §(v) for some v € Dom(d) and let Y =
(Y1,...,Yn) be a random vector. Suppose that F € DY? with E[F?| = p?, and Y; € D'? for each

j=1,...,m. Then there exists a constant C' > 0, depending only on p?, such that

m

dw(L(X,Y),L(Z,Y)) < ' {\/Var(@ﬂ v)n) + Z \/EKU,DYJ')?{]} ,

where Z ~ N (0, p?) is independent of Y.

The proof of the functional CLT in Theorem 3 requires a multivariate version of Proposition 2.1,
which we state below.

Proposition 2.3. Let m > 2 be an integer. Let F' = (Fy, ..., F,,) be a random vector where each
component has the form F; = §(v;) for some v; € Dom(d) and F; € D2, Let Z denote an m-
dimensional centered Gaussian random vector with a given covariance matriz (C; ;)1<ij<m. Then,
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for any function h € C?*(R™) with bounded second partial derivatives, we have

|[E[h(F)] = E[R(Z)]| < 5 Hh”Hoo ZE — (DF,, v;)u|],
i,j=1
where h(x)
nmy .
17" ]|o := xS | o |

2.3. Moments and Malliavin derivative of the solution. Recently, Pu proved that the mo-
ments of u(t, x) are uniformly bounded for all L > 1 in the case where « = 0 and = 1 [21, Lemma
2.3.]. Similarly, a corresponding result has been obtained for the case a € R and 5 > 0.

Lemma 2.1. Fiz T > 0. Then for all k > 2, there exists cpy, > 0 such that

(7) sup sup lu(t, )|k < erp < oo.
L>1 (t,x)€[0,T]x[0,L]
Pu also proved that the moments of the Malliavin derivative of u(t,z) satisfy a Gaussian-type
upper bound uniformly over L > 1 in the case where @« = 0 and § = 1 [21, Lemma 2.4.]. This
result can similarly be extended to the case & € R and § > 0.

Lemma 2.2. Fix T" > 0. Then, for all k > 2, there exists Cpy > 0 such that for all L > 1,
(t,x) € [0,T] x [0, L], and for almost every (s,y) € (0,t) x R,

Do u(t,)lle < Crilpn)(¥)pse—s(x —y) (Neumann/Dirichlet case)
oY | Cralpo,(y)Gis(z,y) (periodic case)

where pi(z) denotes the Gaussian heat kernel, defined in (35). In particular, we have u(t,z) €
Mo DY for all (t,x) € [0,T] x [0, L].

3. ASYMPTOTIC BEHAVIOR OF THE COVARIANCE

In this section, we analyze the asymptotic behavior of the covariance of the spatial integral of
the solution to (1).

Since (36), by the same arguments as [21, Lemma 3.2. and Lemma A.4.], we obtain the following
supporting lemma.

Lemma 3.1. Fiz T > 0. Denote for (t,z) € (0,7] x [0, L],
L
(8) To(t,x) = Gi(z,y) dy, and Zo(0,z) = 1.
0
Then
sup sup To(t,z) < el
L>1 (t,2)€[0,T]x[0,L]
and for all t > 0,
1 L
lim —/ To(t,x) doz = e,
L Jo

L—oo

and for all t1,ty > 0,
1 L
lim Z/ To(ty, )Ty (to, x) dz = e~ hrtt2),
0

L—oo
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The following lemmas are prepared for the proof of Proposition 3.1.

Lemma 3.2. In the case of Neumann or periodic boundary conditions,

limsup sup |E[o(u(t,z))?] —o(1)?| = 0.

t=0 1>1 2¢(0,1)
Proof. Fix T' > 0. For every (t,z) € [0,T] x [0, L],
Blo(u(t, )] — o(1)?
=\ffKU(UUhx))—-U(lﬂ(a(uahx))+-0(1ﬁﬂ
< VE[o(u(t,x)) — oDV Ello(ult, 2)) + o (1)]?]
< VE[KZJult,z) — 1]V E[20 (u(t, ))? +2cr( )?]
< Ko/EfJult, 2) = 1PJy/AM2(y + 1) + 20(1)%

where K, is the Lipschitz constant of o, and M, is the constant in the linear growth condition.
From (2) and It0’s isometry, we get

Elfu(t,z) — 1]

/ Gi(z,y) dy — 1

o) +2// Goo(, 9 Elo® (u(s,y))] dsdy

<2 +4M2(1+CT2 // G s(z,y)* dsdy.

/0 Gylz,y) dy — 1

Since we assume Neumann or periodic boundary conditions, using (40) and semigroup property of
G, we have

Blju(t, ) — 17}
t
<2t AP 20+ ) [ Ga(o0) ds
0

In the case of Neumann boundary conditions, using (41), we get

¢ ¢
1
Gop—sy (2, ) ds < K. e2o‘|T/ — ds
/o 20-) (2, 7) ds < For 0o VArB(t —s)

t
- K 2| T ]
2re w3

Then, we have
Elfu(t,z) - 1]
t
™3
In the case of periodic boundary conditions, using (39) and the following identity [21, A.17]

Zpr(j) = Ze’z’"”%z for all r > 0,

JEL nez

< 2le — 1? + AMZ(1 + ¢.5) Kope®®”
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we have

2(t—s) (.’L’, $) ds

IA s—
o\w\o\Q

et ' D P (L) ds

JEZL

—2at s prt o

JEZL

67204(1573) Z 674[3(1573)71'2n2 ds

nel

< 62|()¢|Tz:/ —4B(t—s)m2n? ds

neL

1— 6—45157r2n2

2\04|T
T

nez

Then,

Elfu(t, z) — 1J7]

_at 2 2 Je2lalT 1 — e~ #Atmn?
<2le — 1P +AMZ(1+ 5, > ——

2
neZ 457]- n
Applying the Lebesgue dominated convergence theorem, we get
1 — 6*451571'2”2 1 — 674Bt7r2n2
li _ = lim ————— = 0.
=50 4p8m2n? 50 4pm2n? !
neZ neZ

Therefore, in the case of Neumann or periodic boundary conditions,

limsup sup |E[o(u(t,z))?] — E[o(1)%]| = 0.

t=0 1.>1 z¢[0,1)

Lemma 3.3. In the case of Dirichlet boundary conditions,

lim sup
t—0 L>1

i /0 Elo(u(t,2))2] dz — o(1)?] = 0.
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Proof. Fix T' > 0. For every (t,z) € [0,7] x [0, L],

1 Elo(u(t,z))?] dz — o(1)?
i

- ‘%/ El(o(u(t,r)) —o(1))(o(u(t,z)) + o(1))] dz

< \/ 7| Bllotutt.a) — o) dw\/ 7| Bllotutt.a) + o)) do

< \/%/0 BIK2|ut, ) — 1 dx\/%/o ERo(u(t,2))? +20(1)?] dx

< K\/% /OLEHu(t,a;) — 1) day JAMZ (G, +1) + 20(1)2,

From (2) and It6’s isometry, we get (9). Since we assume Dirichlet boundary conditions, using
semigroup property of G and (41), we have

Elfu(t, z) — 17

L t
<2 / Gt(x>y) dy — 1| + 4Ma2(1 + C?F,Z)/ GQ(t—S)(x>x) ds
0 0

2

L t
<2 / Gi(z,y) dy — 1| + 4M3(1 + 02T72)K2Te2|a|T/
0 0

1
VATB(t — s) ds
t
%.

L 2
<2 / Gi(z,y) dy — 1| +4M2(1+ 6%72)K2T62|Q|T
0

By (38), we get

L
/ Gy(z,y) dy
0

i —_ —_ n 'n.27r2 t
= Qe_atZsin (nzx) 1= (=1 e T
n=1

nm
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Then, applying the L?([0, L])-orthogonality of the functions {z + sin(nmz/L)}>°,,

1 [t L 2
—/ / Gilwy) dy—1| da
L Jy 0
<1 [F 1T— (=1)"\? _n2e2s
:46_2at;Z/0 sin? (n_zx) dx (#) e L?ﬁ
=1 [ 1— (=) _u2x2s
+1—4eat;Z/0 sin (?) dx#e 2L26

0o 1y 2 2.2 ) 1\ 2 2
= ¢ 2t Z (—1 ( 1) ) e_Tﬂ +1—4e Z (—1 ( 1) ) e~ 2L§Bt,
nm nm

n=1 n=1

(10)

Now, for every L > 1,

N e ) A e A
S () e (T
n=1 n=1

1— _1T'L 2 n27r2t
- () e E
nim

n=1

N (1= (1) ez
< - -
_;( C )wb |

R B
< T A ).
_;( C )w |

Applying the dominated convergence theorem,

21— (=1)"\?
lim (ﬁ) e Pt 1] = 0.

t—0 nm
n=1

Combining the above with the following identity

I e

n=1 k=1
yields
21— (=D)"\? _e22e 1
li - > — | =0.
oy 3 (4, )
Similarly, we get
21— (1) ? n2e2a
li - 7 ——|=0
tmg;(nw>€”

These together with (10) imply

1 [t ?
limsup — /
taOLZlL 0

L
/ Gi(z,y) dy — 1| dz=0.
0
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Therefore, we have
1 [k
limsup—/ Elju(t,z) — 1)?] dz = 0.
t—0 >1 0

This completes the proof.
OJ

The following results provide the asymptotic behavior of the covariance function of the renormal-
ized sequence of processes FF,(t) as L tends to infinity. By using Lemma 3.2 in the case of Neumann
or periodic boundary conditions, and Lemma 3.3 in the case of Dirichlet boundary conditions, we
can prove the following proposition.

Proposition 3.1. There exists 6 > 0, for every ti,ty > 0,

1 2 t1 Ato AO
(11) liin inf Cov [\/ZFL(tI)7 \/EFL(t2>} > 0(2) / p—altitta—=2s) g
—00 0

Proof. Using the mild form in (2) and Itd’s isometry, we have

Cov [\/EFL(tl), \/ZFL(tQ)]

1
_1 / Cov [u(ty, 2), ults, y)] dedy
L Jio,

<12> 1 t1/At2 L
I / / / Gr—s(2,2)Gry—s(y, 2) E[o(u(s, 2))?] dzdsdady
L [0,L]2 Jo 0

1 t1N\to L
1 / / To(ty — 5, 2)To(ts — 5, 2) Elo(u(s, 2))%] d=ds,
0 0
where Z; is defined in Lemma 3.1. Moreover, we obtain

Cov [VLF,(t), VLFy(t)]
1 t1A\to L
= ZA /0 [IO(tl — S, Z)Io(tg — S, Z) — e—a(t1+t2—25)} E[J(u(s, Z))Q] dzds
t1Ato 1 L
+/ e—a(t1+t2—2s)_/ E[J(u(s, Z))Q] dzds.
0 L J,
By (7),

1 t1A\ta L
‘Z / / [Zo(tr — 5, 2)To(ta — 5, 2) — e 1272 Elo(u(s, 2))°] dzds
0 0

1

t1Ato L
< 2M§(1 + 0%72)/ f/ To(t, — 5,2)To(ty — 5,2) dz — p—a(t112-25)
0 0

where M, > 0 is the constant in the linear growth condition for ¢. Hence, applying Lemma 3.1
and dominated convergence theorem, we obtain

1 t1A\ta L
E/ / [Zo(ts — 5,2)Zo(t2 — s, 2) — e_a(t1+t2_2s)] Elo(u(s, 2))?] dzds
0 0

— 0 as L — oo.

ds,
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Then, we have

thiicgf Cov [\/ZFL(t1)7 \/EFL(tz)}

t1Ato 1 L
(13) = liminf/ e_o‘(t1+t2_28)—/ Elo(u(s, 2))?] dzds
0 0

L—oo L

In the case of Neumann or periodic boundary conditions, from Lemma 3.2, there exists 6 > 0, for
every L > 1 and (s, z) € [0,0] x [0, L],
o(1)?

5

In the case of Dirichlet boundary conditions, from Lemma 3.3, there exists § > 0, for every L > 1
and s € [0, 4],

(14) Elo(u(s, 2))*] =

1 [F 1)2
(15) —/ Elo(u(s, 2))?2] dz > 2
L/ 2
These together with (13) implies (11). O

Under Assumption 1, the following proposition can be proved by the same argument for all three
cases of boundary conditions.

Proposition 3.2. Suppose that Assumption 1 holds. For every ty,ty > 0,
t1Ato
(16) lim Cov [\/ZFL(tl),\/ZFL(tQ)] = / emotith=29) £ () (s,
— 00 0

where the function f, is defined in Assumption 1.

Proof. By the same argument as in the proof of Proposition 3.1, for every ¢;,¢5 > 0,

ngl;lo Cov [\/ZFL(TH), \/EFL(tzﬂ

t1Ato 1 L
= lim e_o‘(t1+t2_25)—/ Elo(u(s, 2))?] dzds
L—oo 0 L 0
This together with Assumption 1 implies (16). OJ

4. PROOF OF THEOREM 1

Using stochastic Fubini’s theorem, we have

(17) Fult) = [ onato) Wis.dy) = os0) as.

where
UL,t(Say)
1 L
(18) = zl(o,t)(S)l[o,L](y)U(U(S,y))/0 Gis(z,y) dz
1

= T Lon(s)lon(y)ouls y)Lo(t - 5,y),
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and ¢ is the adjoint of the Malliavin derivative operator.

We prepare the following proposition for the proof of our main results. Since the proof of
Proposition 4.1 relies on Lemma 2.2, it should be noted that the argument is split into cases
midway through: the case of Neumann or Dirichlet boundary conditions, and the case of periodic
boundary conditions.

Proposition 4.1. For every T > 0, there exists Ap > 0 such that
Ar
sup Var ((DFL(t),vr7)y) < 5 for all L > 1.

t,7€[0,T]

Proof. From Proposition 1.3.2 of [17] and (17), we have

t oL
D, . Fr(t) = Lo (r)vre(r, 2) + Lo (r)/ / D, ur.(s,y) W(ds,dy).
r JO

Hence, using the stochastic Fubini’s theorem, we obtain

(DFL(t),vLr)y

(VLt, VL7 )y //ULTTZ (// D, vp4(s,y) W(ds, dy))dzdr
(VL VL7 )y // (/ /ULTTZ VD, vr(s,y) dzdr)W(ds,dy).

Therefore,

Var ((DFy (), vr,1),,) < 2@ + o7 ),
where

(1)531,3:,7 = Var <<'UL,t> 'UL,T>H) )
t L TAS L
(IDSLQ;,T = Var </ / (/ / v (1, 2) Dy (S, y) dzdr) W(ds,dy)> )

0o Jo 0 0

From (18),

1
<1>(L)”

= Var (/ / (s,9))*Zo(t — 5,9)Zo(T — 5,9) dyds)

— _4 Cov [o(u(s1,11))? o (u(s2,y2))?]

0,tn7)2 J{0,2)2
X Zo(t — s1,51)Zo(T — 51, 91)Zo(t — S2,y2)Lo(T — S2,y2) dyidyadsids,.
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By Lemma 3.1, Holder’s inequality and Minkowski inequality, we have

1
e

464‘Q|T S1/\82
/0 /OLP/ /HU u(s1, 1)) Drz0 (u(s1, 41) 12
t/\'r

ot s%ya)Dma( (s2,11)) 2 d=clrdysclyodss s
4et T M2 (1 + ¢ sz
< ALt [ [ [ iDatutsn ) Dot )
0,:A7)2 Jo,2)2 Jo R

X dzdrdy,dysdsdss,

where M, is the constant in the linear growth condition for ¢. From the chain rule of Malliavin

derivative for a Lipschitz function with constant K, [17],

Dr,zg(u(sa y)) = Go,u(s,y)Dr,zu(Sa y);

where Gy (s, is @ random variable bounded by K,. Then, we obtain

1
e
464\a|TM2 14ec 2K2 S$1/AS2
5 S o [ ipetsi D sutsa, )l
[0,tAr]2 J[0,L)2 R
X dzdrdy;dy.ds;dss,

where K, is Lipschitz constant of o. In the case of Neumann/Dirichlet boundary conditions, by

Lemma 2.2, we have

1

of),

464\a|TM2(1 + CT4)2K207214 51/As2
< IA / / /p,B(s1—r) (yl - Z>p6(sg—7")(y2 - Z)

[0,tar)2 Jjo,L R
X dzdrdy;dy.ds;dss
464\a|TM2(1 4 CT4)2K2CI214 51AS2
IA /Ot /OL]2 / Pa(s1+sa—2r) (Y1 — Y2)
AT]2
X dzdrdy,dysds;dss,

where the equality holds by the semigroup property of Gaussian heat kernel p,(z). By using the
identity

(19> /p6(81+82—27')(3/1)dy1 =1,
R
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we obtain
1
o},

464|a\TM2(1 +CT4) K2012~4 51/As2
> TA / / / PB(s1+s2—2r) (yl)
[0,¢AT]2 J[0,L] JR JO

X dzdrdy;dysdsidss
464|a\TM2 14c KQCQ 51AS2
o 3 T4) T4 / drds;dss
L [0,tA7]2
AT3e T M2(1 + o74)2K2C3,
S L3 .
In the case of periodic boundary conditions, from Lemma 2.2, we have

o)

Lt

4€4|o¢\TM2<1 4 cra )2KZC2 s1/As2 L
>~ L4 I / / / Gs1—r(y1>z)GSQ—r(y2aT)
[0,tnT])2 J[0,L]2 JO 0

X dzdrdy;dysdsidss
4€4|a|TM2 1+ec 2K2 51As2
ol 5 1) Ko Cra / e 12 1) qrd s dsy
L [0,tAT]2
4T3e6|°“TM3(1 + cr4)? KﬁC%A
S L3 )
where the equality follows from (40).

We proceed to estimate @fjﬁ. By Ito’s isometry, we have
2
L
[0
= —/ / / / Io(1 — 11, 20)Zo(T — 72, 22) L5 (t — 5,)
[0,7As]? J[0,L]?

Elo(u(r1, 2)) (D, 0 (u(s, y))) o (u(rz, 22)) (Dy, -s0 (u(s, 1)) dz1dzadrydradyds.
By Lemma 3.1, Holder’s inequality and Minkowski inequality,

vL,T(r, 2) Dy 2vr(s,y) dde

2
)

4|aT// /[OTAS /OL]2 o (w(ri, 20))]all Dy oy o (u(s, ) |14

X |lo(u(r, 22)) |4l Dy 200 (uls, y))|la dzidzedridradyds

4|a\TM21
< +era)” / / / / | Dy, 9)) s
[0,7As)? J[0,L]?

X ||D7«27z2 (u(s,y))||4 dzrdzodridredyds,
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where M, is the constant in the linear growth condition for ¢. From the chain rule of Malliavin
derivative for a Lipschitz function [17], we obtain

2
)

4|a|TM21
< Ll L Dol
[0,7As]2 J[0,L]2

X |G u(sy)Dra (5, y) |la dzydzedridradyds

4|a|TM2 1+CT4 2K2
< A
TAS)?

X || Dyy 2yt (s, Y) |4 dzpdzodridredyds,

where K, is Lipschitz constant of o and G, (s,) is a random variable bounded by K. In the case
of Neumann /Dirichlet boundary conditions, applying Lemma 2.2, we have

@(2)

Lt

_ M2+ era)*K2C3,, /t /L [ ]
N L1 o Jo Jpras? Jio,1)2

X p,@(s—rl)(y - Zl)pﬁ(s—rg)<y - 22) dzleerldTQdde

_ T M2 (1 4 cp4)?K2C3 /t/ / /
N LA o Jorrs2 Jo,0)2 Jr

X Pa(s—r) (Y — 21)PB(s—rs) (¥ — 22) dydzidzadridraods

B 4|aTM2(1+cT4)2K20%4// /
L [0,7As]2 J[0,L]2

X pﬂ(2s—r1—r2)(zl - ) dZ1dZQdT1d7’2dS7

where the equality holds by the semigroup property of Gaussian heat kernel p;(z). By using the
identity (19), we obtain

2
e

4|a\TM2(1+CT4)2K20%4 L
s e L
L [0,7As]2 JO JR

X PB(2s—r1— TQ)(ZI — 22) dzld'z?drldr2ds
elldTpr2(1 + ¢ 2K202
_ ( T4) T4 drld’r’gds
L3
[0,7As]?
T eHIT M2(1 + cp4)? KgC%A
> L3
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In the case of periodic boundary conditions, applying Lemma 2.2 and identity (40), we have
2
)

_ M2+ era)?K2CE, /t /L [
N LA o Jo Jioras2 Jo,Lp2
X Gs_ry (Y, 21) Gy (Y, 29) dzydzodridredyds

e4|a\TM2 14c 2K202 t
= 0( TA) z T’4/ / e~ (2s—r1=r2) dri;drads
0 J[0,7As]?

13
- T366|Q‘TM3(1 + cT74)2K30%74
p— L3 .
This completes the proof. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. Applying Proposition 4.1 with ¢ = 7, we have

A
sup Var (<DFL(25>,UL¢>H) < L_§
t€[0,T]

for all L > 1. Then, by using (17) and Proposition 2.1,

dry (FL—(“,N(o, 1))
Var(Fp(t))

(20) <2,|Var << DFL(1) ULt > >
- Ve 0) Ve ED) /

2v/A
= TR Var(F(t)

From Proposition 3.1, the asymptotic behavior of the variance is given by

1 1)? tAS
(21) Var(F(t)) 2 —ﬂ/ e~20t=9) {3,
L 2 J,

as L — 0o. Consequently, using this result along with o(1) # 0 and (20), we can deduce (4). O

5. PROOF OF THEOREM 2

Since the following proof employs Lemma 2.2, the argument is split into cases midway through:
the case of Neumann or Dirichlet boundary conditions, and the case of periodic boundary condi-
tions.
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Proof. Using (17) and the Proposition 2.2 with m = 1, we have

Fr(t)
dw <£ (W,u(t,xo)> ,E(Z,u(t,xo)))

’ DFL( ) VLt VLt
<C JVM << \/Var i \/Var 0) >H> + |E <W,DU(t,$O)>H

_ C/ \/V&T(<DFL(t), UL,t>H) I \/EKUL,t; Du(t, l‘o)>§{]
Var(FL(t)) Var(FL(t))

From (18), we can obtain

(vr, Du(t, z0))n

t oL
1
:/ / La(u(s,y))Io(t—s,y)DS’yu(t,xo) dyds.
0o Jo
Then, using Holder’s inequality, we get

EKUL,U Du<t’ $0)>3—L]

= [ [ ][ oot moutsn ) Doyttt o)

o Jo Jo
X To(t — s1,y1)Zo(t — S2,92) dyrdsidyadss

<[ ][ Blettsnmlilotuts vl

||D51,y1 (t,$0)|| ||D527y2 (t7$0)||4zo(t - 81791)10(15 — 52,Y2) dyrdsidyadss.
By Minkowski’s inequality, Lemma 7 and Lemma 3.1,

Ef(ve,s, Dult, 0))3]
_ 4ePMEI(L + c14)”

L
t L t L
x / / / / 1 Ds et 20) 14| Das gt (t, 20) s dgndlsdyndise.
0 0 0 0
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In the case of Neumann/Dirichlet boundary conditions, using Lemma 2.2, we have
EKULJ’ Du(t’ ZL‘0)>?H]
462\a|tM2(1 + ¢ 4)2034

/ / / / Pp(t—s1) $0—y1)p5(t 52)(1‘0—92) dy ds;dyadssy

462‘0‘|th + ¢4)?C?
~ (L2 t4 t4/ / dSldSQ

B 462‘a|tt2M3(1+Ct,4) Ct2,4
= T3 .
In the case of periodic boundary conditions, using Lemma 2.2 and (40), we get
E[<UL¢7 Du(t, l’o)ﬁ{]
462\altM2(1 + c4)?CEy

/ / / / Gi—s1 (0, Y1) Gi—sy (20, y2) dy1dsidyads,

462\altM2 1+ ct4) CZ,

t gt
X / / e t=s1)gmalt=s2) (g s,
0o Jo

_ AP + 0’ Cy

Hence, by setting
D, = 464la‘tt2M3(1 + Ct74)2ct274’

we can obtain
E[(’UL’t, Du(t, x0>>g{] <

in the case of Neumann/Dirichlet/periodic boundary conditions. Therefore, combining the above
with Proposition 4.1 and (21), we have

Fr(t)
dw (E (W,u(t,xo)> ,E(Z,u(t,x@))

<o {\/Var (DF(0),ve)n) | \/E[(UL7t,Du(t,:vg)>§{]}

Var FL )) Var(FL(t))

VA 1 VD,
)) L3/2 Var(Fp(t)) L
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This completes the proof. ([l

6. PROOF OF THEOREM 3

We prepare the following proposition for the proof of Theorem 3. To proceed with the argument
using the properties of the heat kernel for Neumann or periodic boundary conditions (40) and the
expression for the Dirichlet heat kernel (38), the proof splits midway into two cases: the case of
Neumann/periodic boundary conditions, and the case of Dirichlet boundary conditions.

Proposition 6.1. For every T > 0 and k > 2, there exists Ary > 0 such that for allty,ts € [0,T1,
(22) | FL(ta) — Fr(t) e < Applts — ti|/2L7 Y2

uniformly for all L > 1.

Proof. From (3),

(23) A =1 [ [ bt = satutsn) Wids.d)

We assume that t; < 5. Applying Burkholder’s inequality, for all k£ > 2,

| FL(t2) — Fr(t)]?
<% ( / / T3(t2 — 5,9) o (uls, )} dyds
i /0 /0 (Zo(ta = 5,9) = To(ts — 5,9))" o (uls, y) I dyds) ,

where zj is the constant in Burkholder’s inequality. By using (7), Minkowski’s inequality and the
change of variables,

|FL(ta) — Fr(t) |}

< BV Loy < / / .
2y o / (Falta = 5.) = To(ts = 5.9))° dyds)
222M21+m (/ /12 s
+/o /o (To(ts =t + 5,) = To(5,9))’ dyds),
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where M, is the constant in the linear growth condition for ¢. In the case of Neumann/periodic
boundary conditions, using Zy(t,y) = e~ *(see Lemma 3.1 and (40) in Lemma A.1),

| FL(t2) — FL(t1)|I7

2 2M2 1 2 to L
< “k o(L;' ) (/ / o 20(t2—s) dyds
t1 0
t1 L
+ / / (e—a(t2—t1+8) _ 6—&5)2 dde) ]
0 0

From the following inequality

]e_a(tr“) -1 < |a|e|a|T|t2 —ty| for ty,t5 € [0, 7],

we have
| Fr(t2) — Fr(t)]}

- QZkM2(1+ch) (/ / ¢2eIT qyds
/ / e a2ty — 1) dyds)

< 222M2(1 + crp)?
- L
< 222 M2(1 + cry,)?
- L

In the case of Dirichlet boundary conditions, using the representation of Dirichlet heat kernel (38),

To(ta —t1 + 5,y) — Zo(s,y)

2N . /nmw L nrz _n2x2(tg—ty+s) _n2x2s
= T E sin (Ty> sin <T> dz [elta—tits)g 2L2 — e e 2L
— 0
n=1
e~ nmw 1 — cos(nm 2,2 n2x2(ty—ty)
— E SiIl ( y) ( >6_n2L23 eia(t27tl)e_ 21,2 _ 1 .

(€2|a|T|t2 . t1| + T64\a|T‘a‘2|t2 . t1‘2)

(€2|a|T + T2e4|a\T’a|2) |f;2 . t1|.

L L nmw

n=1

Then, applying the L?([0, L])-orthogonality of the functions {y — sin(nwy/L)}°2,, we obtain

t1 L
/ / (Zo(ta — t1 + s,y) — Lo(s,y))* dyds

o Jo

h = [t 1 — cos(nm) 2 22, 272 (ty—t1) 2
-4 —2as -2 <nﬂ-y> d — 73 —a(ta—t1) ,— 2 -1 d
/ e Z/ sin A Y — e L e e 2L S
) - 1 — COS 7’L7T 2 _n?x2s —alta—t ) _n?r%(ty—ty) 2

2L e ¢ E e 17 |e *R2Th 2L? —1| ds

0 n=1

00 2
_ 1 _ _n2n2(ta—t1)
8L/ g2 g 53¢ e—t2—t1) g 2L2 —1| ds.
0 — nim
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By using the following inequality

n27r2(t2—tl)

6—a(t2—t1)e—T . 1‘

< e—a(t2—t1)6_”2"22<£§—t1> _e_n%?;z%—tl) N 6_% B ‘
= 6_% ‘e_a(tr“) — 1’ + 6_% — ‘

< lale®|ty — ;] + 67% - 1' for t1,t5 € [0, 77,

we have

/tl /L(Io(tg —t1 +8,y) — Zo(s,y))* dyds

n27r2(t27t1) 2
o|T alT _
< 16Le2l E D / T ds (\042 0Ty — 2+ o= 222 — 1 )
n?n2(ty—t1) 2
= L|a|2T64""'T|t — )+ 16L62|"‘|T§ jnw gt
Using the fact that 1 —e ™ < 1Az for all z > 0,
16 2|a|T d n2n?(ty—tq) 1 2
el s le 2L2 —
Z -
2

_n?r2(ty—ty)
e 27,2 —

L2 n27r2t1
:16L62‘Q|T§ s | 1—e 22
1 nemensm
n=

- 1 27T2<t2 - tl) 2 L2
< 16L 2|a|T 1
- ; n*m? 212 n2m2
162l T 2 L4
Moreover, we obtain
16€2|a|T o0 L
Alts —t)?
e
1662|a|T 5 L4 1
< I Z [ta — t1|” + gy Z 7
n<|ta—t1|=Y/2L/m n>|ta—t1|~1/2L/m
< 167117 (Lyt Y2 4 L4/ Ly )
= I 2 — 11 o ot |-1/2 L (2) yh Y
176
= —62|0‘|T|t2 _ t1|3/2.

3T
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Then, we have
t1 L
/ / (Zo(tz =t + 5,9) — Lo(s,y))* dyds
o Jo
16 176
< —L|oz|2Te4|O“T|t2 — 4+ 3—62'“'7’|1t2 —t,]/?
T
16 176
S ( Lla’ T2 4la|T + 3_T1/2€2|aT) |t2 o tl‘
s

Hence, from (24) and Lemma 3.1, we obtain

1FL(t2) — Fr(t1)]I;

22’%M2 1+CTI<; (/ / dyds
+ / / (Zo(ta — t1 + s,y) — To(s,y))? dyds)
o Jo

222 M2(1 + cry,)? 16 176
< k a(L2 T,k) <L€2|a|Tlt2 _ t1| + (gL‘a’2T2€4a|T + 3_7TT1/262|QT> |t2 B t1|)

222M?2(1 2 16 176
< “k a(L+ crk) <62a|T+E|a|2T2@4|aT > — T2 2|a|T) [ty — tq].

Therefore, in the case of Neumann, Dirichlet, or periodic boundary conditions, we have (22). This
completes the proof. 0

Proof of Theorem 3. The tightness of the family of processes {V/LFy(-)}z>, in C([0,T)) is guar-
anteed by Proposition 6.1 (see, e.g., [12]). What remains is to show that the finite-dimensional
distributions of (vVLFy(t))wepr converge to those of (fot e =)/ f,(s) AWy)iep,r) as L — 00

Let us fix T > 0 and m > 1 points 1, ..., t, € (0,T]. According to Proposition 3.2, as L — oo,
the covariance satisfies

1 ti At
(25) Cov [Fult) Fult)] ~ 7 [ e *H0291,(5) ds
0
for all 4,5 = 1,...,m. To proceed, let us define the vector F := (F},..., F,,) with components
)
O VWVar(F ()
We then define G = (Gy,...,G,,) to be a centered Gaussian random vector whose covariance

matrix C' = (C; ;) is given by
CL]' = Cov [E, FJ] .
Let us introduce the rescaled random fields Vi, ..., V,, by setting
Vie ——Lhi i1 ..m,

Val"(FL(tz))7

where the fields vz, are given in (18). From (17), we have the relation F; = §(V;). By duality,
E[(DF;,V;)y| = E[F;0(V;)] = C;j for all 4,5 = 1,...,m. Applying Proposition 2.3 then yields the
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desired bound for any h € C?(R™):

EIA(F)] ~ EIB(G)] < 31H" e, | S Var (DF, V).

ij=1
From Proposition 4.1,

Var ((DFy(t:), vp.4,)3)
Var(Fy(t;)) Var(Fi(t;))

Ar
= TiVar(Fy (1) Var(Fr (1))

Var ((DF;, V;)y) =

i Yy

which together with (25) implies that
lim [E[h(F)] - E[W(G)]| =0

L—oo

for all h € C*(R™).
We also examine the limit of the covariances C; ;. Using the result from (25), we find that as
L — oo,

tiAt] g 9
fO e—altitt; Z)f()ds

\/fze—zat —s) dS\/f e—2a(tj—s) ()ds

It follows that the law of the Gaussian vector G, which is determined by its covariance structure,
converges weakly to that of

t1 —a(tl s\/—dW fotm —a(tm—s) \/.ﬁ;—dWs
\/f()tl €—2a t1—s \/ftm —2a(tm—s) ( ) ds

Therefore, I’ converges weakly to the random vector in (26) as L — oo. Recalling the definition
of F; and using the asymptotic variance from (25), the random vector

(26)

\/f FL(tl) FL( )
\/ftl e=20(t1=9) f_(s \/ftm —2a(tm=3) f, (s) d

converges to the random vector in (26) as L — oo. This completes the proof. O

7. ON THE LIMIT IN ASSUMPTION 1

If o(u) = o1u+ 0 for some constants oy and o¢ with (o1, 09) # (0,0), we can calculate the limit
fo(t) in Assumption 1. Our calculation is based on the Wiener chaos decomposition of u(t, x). Let

uo(t, x) :/0 Gi(x,y) dy

for every (0,7 x [0, L] and u(0, z) = ug(x) =1 for all x € [0, L]. Let
To(t,x) == ug(t, x)



CLT FOR THE STOCHASTIC CABLE EQUATION 25

_0'1 / / / / Gt 1 fL‘ Zl 'Grk—l—Tk(zk—lazk)

X (01Zo(rk, 21) + 00) W(drg, dzg) ... W(dry,dzy)

for all £ > 1. We define the Picard iteration {u,(t,z)}>°, for u(t,z). Define iteratively, for every
n >0,

and

(27) Un+1(t, ) == up(t, x) +/0 /0 Gir(z, 2)0(uy(r, z)) W(dr,dz).

Since we only consider the case o(u) = oyu + 0¢ through this section, we have

Un+1 (t7 .13)

t L
= ug(t,x) + / / G (7, 21) (01U, (11, 21) + 00) W (dry,d21).
o Jo

Then, by using mathematical induction, we obtain the Wiener chaos decomposition
(28) Upy1(L, 1) ZI"? (t,7)
Therefore, u,, — u in L? (p > 2) (see [25]) and applying (28), we have
(29) u(t,z) = ilk(t,x).
k=0

Moreover, by multiple [t6’s isometry;,

(30) lu(t 2)[5 = Y I1Zu(t,2)I13

I Zut, 2) 2 =02 / / / / 2 (wz). G ()

x (01Zo(rk, 21) + 00)* drpdzy, ... dridz

where

for all £ > 1.
Using Lemma 3.1, we get the following Propositions.

Proposition 7.1. Fiz T > 0. In the case of Neumann/Dirichlet boundary conditions, for every
E>1

B KQk(4,6)_k/2Tk/2
31 sup sup i(t,x)| < >* D (|o |l 4 |org|)22L ,
(31) Sup (W)E[QT]X[QL]H k(b o) < o™ (Jon |o0]) T+ 22

where the constant Kr is defined in (41). Moreover, for every t > 0 and k > 1, there exists fi(t)
such that

N
lim Z/ \Zalt, 2)|2 de = fi(t).
0

L—oo
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Proof.

|15 (t, )13
<o (k 1)K2k(|0_ ‘€|a|T_|_ ’UOD

/ / / /pﬂ ) (T = 21) . -p?a(rk,l—rk)(zk—l — zp) drgdzg ... dridz

NV
= VKR e + ool (—4 )
7

1
X / dry...dr;
0<rp<---<r1<1 (1 - 7’1) X X (qu - Tk)

k/2 k
o 2(k—1) 72 la] of I'(1/2)
=0 KT’?(‘01|€ T—i—’UOD (_47TB> —F((/{:+2)/2)

K%k (4ﬁ)_k/2Tk/2
I'((k+2)/2)

< o * V(o [elIT 1 |og))?

where the first equality follows from semigroup property of Gaussian heat kernel p;(z) and change
of variables, and the second one holds by the following identity

1 B ['(1/2)*
(32) /0<rk<---<r1<1 \/(1 — 1) X o X (The1 — T3) drpdzg ...dridz; = —F((k‘ +2)/2)’

see [20, 5.14.1]. Then, we have (31).
Using the same arguments as [21, Proposition 3.4.], we obtain

1 [ 2
= /O Tt )2 da
e —oali—r —20(rg—1—r
=gV / 2T sty (0) e 2T gy (0)
0<rp<---<r1<t

1 /L
X Z/ (01Zo(rk, 21) + 00)* dzdry . .. dry
0

+o(L).
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Therefore, using dominated convergence theorem, (31) and Lemma 3.1, we have

(33)

o1 [ 2
lim — |Zw(t, z)|5 dz
L
= ot / N Y (1) B DG (1)
O<rp<--<ri<t

1 L
x lim z / (O’ll-o(’l“k, Zk> + 0'0)2 dedi Ce dT1
0

L—oo

k— —2a(t—r e\ Tk—1—T
= g7V / 2T gty (0) e 2T gy (0)
0<rp<---<r1<t

x (o7e 2" 4 20100e” " 4 03) dry, ... dry

k—1) —2qa
= U%( 1)6 2 t/ pQB(t—Tl)(O) .- 'p25(7'k71_7'k)(0)
O<rp<---<ri<t

x (o1 + € a0)? dry, ... dr

27

O

Proposition 7.2. In the case of periodic boundary conditions, for allk > 1 and t > 0, || Zx(t, z)||5
does not depend on x € [0, L] and

nglolo 1Z (¢, 2)]15 = fu(t)

where fi(t) is the limit in (33).

Proof. Since Zy(t,z) = e **(see Lemma 3.1 and (40) in Lemma A.1), we have

IZi(t, )15

k
1)/ / / / t T1 x Zl szfl—Tk<Zkf'_17zk)

(0167 + 0¢)? drpdzy, ... dridz

a%('“) / Carr)(0.0)... Gty (0.0) (267" +00)” dlry ..y
0<r)<--<r1 <t
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where in the second equality follows from semigroup property of G. Then, it follows that || Z (¢, z)|3
does not depend on x € [0, L]. Moreover, by dominated convergence theorem,

lim || Zy(t, )3
L—o0

k— —2a(t—r —2a(rg_1—r
_ Uf( 1)/ e~ 2alt 1)p26(t_r1)(0).__e 2a(rg—1 ’“)pzﬁ(rk,l—rk)(o)
0<rp<--<ri<t

X (o1 + 00)* dry ... dry

2(k—1) —2q
=gt | Pastir(0) - Pasioy 1) (0)
O<re<---<ri<t
X (0'1 -+ O_Oeark)Z d?“l . d?"k
= fk<t)7

where f; is the same as in Proposition 7.1. 0

By Propositions 7.1 and 7.2, Assumption 1 holds for all three boundary conditions when o is
affine. Specifically, we obtain the following statement.

Proposition 7.3. For every t > 0,

L—oo

lim _/o Elo(u(t,z))?] dz

=o? fe(t) + 20100e " + 0(2)

e 2

0

= fo t)
where o(u) = oyu + oo, fo(t) := e and fy is defined in (33). Moreover,

fo(t) < e (|o1| + €*¥|oo])* (f(oft/B) — 1)
+ (o167 + 00)?,

—

and
fot) > e 2 i%f](m +e%00)*(f(olt/B) — 1)
re|0,t
+ (ale_o‘t + 00)2,
where
t/4 /2 1 y2/2 d
34 t) .= 2e ——e .
34 =2t [T e ay

In particular, f, € L'([0,T)) for all T >0, and f, is positive almost everywhere.

Proof. We first consider the Neumann/Dirichlet case. By Proposition (30) and Tonelli’s theorem,

1t — 1 [f
7)) i ar =32 [Tl d
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_ ok (4 8\ —k/27k/2
Since the Series 2:11 O—f(k 1)<|O-1‘6|0‘|T + ’O-ODQ% Converges, by PrOpOSition 717 domi—

nated convergence theorem and Lemma 3.1, we have

.1t 2
lim — [ FElu(t,x)”] dz
L Jo

%) ‘ 1 L
= Jim 1 / IZe(t, 2)2 da

where fo(t) := e 2.

Similarly, in the case of periodic boundary conditions, Proposition 7.2 and (30) imply that
Elu(t, z)?] does not depend on x € [0, L]. Hence, we have

= lim Efu(t,0)?]
= lim |Zi(t,0)]3
L—o0
k=0

=Y filt)
k=1

where in the second equality, we apply dominated convergence theorem in order to exchange the
limit and the sum.

Therefore, in the case of Neumann, Dirichlet, or periodic boundary conditions, we obtain

.1 fF O
ngxoloz/o Elu(t, )] dz = %fk@).
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Hence, we have

L
=07 lim Z/ Elu(t,r)?] dx
0

L—oo

L—oo

1 b
+ 20100 lim Z/ Elu(t,z)] do + o}
0

=o? Z fi(t) + 20100 + 03,
k=0

where the second equality holds by E[u(t,z)] = Zy(t,z) and Lemma 3.1.
From (32), (33) and change of variables, for all £ > 1, we have

ot fi(t) < ofte > (|on| + €] )

x / P28(t-r1)(0) - P2s(ry_y i) (0) ...
0<rp<--<ri1<t

_ 2t alt 2 (o1t/(48))*/?
= e (|on| + €| T((k+2)/2)

By using the following identity(see [3, Lemma 2.3.4])

V2
)\2

n=1

with A = /o1t/(453), we obtain

= (oft/(49))""
Z k+2)/2)

- ot/ (@)D
N Z I'((n+1)/2)

o )\n—l 9
— — 9 ——e ¥ /2 dy, forall A >0
2 w02 o Vor Y -

dTl
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where f is defined in (34). Hence, we have

Ufok(t)

—U% et 4 E U1fl~c

0 t 4 k/2
< J%B—Zat+e—2at(’al| _I_e\a|t|0_ |)22( /( B )

)
— T((k+2)/2)

)

)

o0 t 4 k/2
—036_2“t+6_2“t(|01| _'_e\a|t|0 | QZ / B )

— ((k+2)/2)
— e 2 (|| + el )2
= ofe 2 e 2 (|o1| + ]oo|*(f (0t /5) — 1)

Therefore, we get

=0’ Z fe(t) + 201007 + 0

< e 2 (Jou| + o] ) (f(oft/B) — 1)
+ (o167 + 09)2.
In the same way, since
ol fi(t) > ohem2o Tér[%)f;t](al + e 0g)?

X / P280—r)(0) - . D281 —ry)(0) drg ... dry
0<r<---<ri<t
2at

“2at or_\2(01t/(48))*/*
=e Tg{}fﬂ(m—%@ 00) T(k12)2)
it follows that
Jolt) 2 7 inf (o1 -+ €0 ((ott/5) — 1)
+ (o167 + 09)%.
Combining these estimates with the fact that f is an increasing function and f(0) = 1, we conclude
that f, is positive almost everywhere and belongs to L'([0,T]) for all T > 0. O

APPENDIX A. PROPERTIES OF HEAT KERNELS

Denote the Gaussian heat kernel on R as

1
(35> pt(z) = \/2_77'25

Let G (resp. g) be the heat kernel for the cable equation(resp. heat equation) with Neu-
mann/Dirichlet/periodic boundary conditions. Note that

(36) Gi(z,y) = e “gpi(x,y).

22
ez, t>0,z€eR
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Hence, the properties of G follow directly from those of g. For all ¢ > 0 and z,y € [0, L], in the
case of Neumann boundary conditions,

(37) Gilw,y) = ¢S (paule — y + 2nL) + pe(x +y + 2nL)).
nez

or equivalently,

—at ) —at X 24251
Gt(%y) = _e\/z + eL Zcos <_n7£a:> cos <_nzy> 6_7%2;3 :

and in the case of Dirichlet boundary conditions,

Gy(z,y) =Y (pau(r —y+ 2nL) — pa(x +y +2nL)) |

n=1

nez
or equivalently,
2 —at > 'n27r2 t
(38) Gil,y) = = z sin (75 ) sin (") e,
and in the case of periodic boundary conditions,
(39) Gy(z,y) =e Zpgt(x —y+nl).
nez

Moreover, by using the properties of g [21, Lemma A.1.], we get some useful properties of G.

Lemma A.1.

(1) Symmetry. Gi(x,y) = Gi(y,x) for allt >0, xz,y € [0, L].
(2) In the case of Neumann and periodic boundary conditions, for allt >0 and x € [0, L],

(40) /o Gi(z,y) dy = e .

(3) Semigroup property. For all t,s >0 and z,y € [0, L],

L
/ Gt(I,Z)GS(Z,y) dZ = Gt—l—s(m’y)'
0

(4) In the case of Neumann/Dirichlet boundary conditions, for every t >0 and x,y € [0, L],

4
Gi(z,y) < e “pa(x —y) (4 + —Lz> ;

1—e 7
and as a consequence, for allt € (0,T], L > 1 and x,y € [0, L],
Gi(z,y) < Krpsi(r — y),
where

(41) Ky = el (4 + L) .

1—e 5T
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