TRANSPOSES IN THE ¢-DEFORMED MODULAR GROUP AND THEIR
APPLICATIONS TO ¢-DEFORMED RATIONAL NUMBERS

XIN REN AND KOHJI YANAGAWA

Dedicated to the memory of Professor Mitsuyasu Hashimoto

ABsTRACT. The (right) g-deformed rational numbers was introduced by Morier-Genoud
and Ovsienko, and its left variant, whose numerators and denominators are essentially

the normalized Jones polynomials of rational links, by Bapat, Becker and Licata. These
notions are based on continued fractions and the ¢-deformed modular group PSL, (2, Z)-
actions. In this paper, we introduce the g-transpose for matrices in PSL,(2, Z) to re-
fine the basic perspective of the theory. For example, we present a new proof and a
refinement of a theorem of Leclere and Morier-Genoud stating that the trace of A €
PSL,(2, Z) is always palindromic and sign coherent. We also show arithmetic/combinatorial
results on left g-deformed rationals (e.g., the criterion for their palindromicity). Finally,

we discuss the connection to the conjecture of Kantarci Oguz on circular fence posets.

1. INTRODUCTION

r
s

For an irreducible fraction - and a formal parameter ¢, the right g-deformed ratio-

nal number [i] is defined as a rational function in Z(q). This notion was originally
Slq

introduced by Morier-Genoud and Ovsienko [T3, 5] via continued fractions and the ¢-
deformed modular group PSL, (2, Z)-action. Here PSL,(2,Z) is a quotient group of a
subgroup of GL(2, Z[q*!]). They further extended this notion to arbitrary real numbers
[14], and Gaussian integers [16]. Inspired by their works, Bapat, Becker and Licata [T]
b
gave another g-deformation [t] of £, which is called the left g-deformed rational num-
Slq
ber. The relationship between the left and right ¢-deformed rational numbers are further
studied in [f, T9]. These notions are related to many directions including 2-Calabi-Yau
categories [1], the Markov-Hurwitz approximation theory [8, 10, 17], the modular group
[9, T5], Jones polynomials of rational knots [, 171, T3, 0, 18] and combinatoris of posets
(12, 3, 2].
For a matrix A € PSL,(2,Z), we define two operations the g-transpose AT and the
orthogonal q-transpose A% as follows. Let
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be a matrix whose entries are elements in Z[g*!], we define

r, _ (Rl a'8@)\ 4 go.._ (Ul V()
A= (qV(Q) U(Q)) d A= (qS(Q‘l) R(g™) )

It can be checked that A € PSL,(2,7Z), if and only if A”s € PSL,(2,Z), if and only if
A% € PSL,(2,Z) (see Lemmas B2 and B2).

As for applications of these operations, we give some new proofs of existing results.
For a polynomial f(q) € Z[q|, we write its reciprocal polynomial by f(q)", that is,

flq)Y = ¢ f(q7).

Moreover, we say f(q) is palindrmoicif f(q) = f(q)". A theorem of Leclere and Morier-
Genoud ([9, Theorem 3]) states that, for A € PSL,(2,7Z), the trace tr A is a palindromic
polynomial with non-negative coefficients after =-¢” times for some integer N. We give
a new proof of this fact in Theorem B9, and a refinement in Proposition ET0.

Some arithmetic properties on the right g-deformed rational numbers were recently
studied in [5]. In this paper, we also give their left versions as follows. For any irreducible
fraction Z, we write its left and right ¢g-deformed rational numbers as

SHON

rib RE(Q) r ﬁ_Rﬁg(Q)
[ L_ [ L Sg(q)’

s s
respectively, where R’ (¢), R% (q) € Z[¢*']. 8%(q), St (q) € Z[g], R% (1) = RE(1) =7,
and 8% (1) = S%(1) = s. While we only treat the denominator S? (¢) below, the similar
hold for the numerator R ().

Theorem 1.1 (see Theorem ER). For irreducible fractions =, % with rr’ = 1 (mod s)
(resp. r7’ = —1 (mod s)), we have S>(q) = Sz,(q) (resp. 82 (q) = Si, (@)").

Theorem 1.2 (see Theorem ET3). For an irreducible fraction ~, S%(q) is palindromic if
and only ifr> = —1 (mod s).

In [5], we showed that Sg(q) = Si,(q) (resp. Sg(q) = Si,(q)v) if r’ = —1 (mod s)

(resp. ' = 1 (mod s)), and S%(¢) is palindromic if and only if 72 = 1 (mod s). So,
the left and right ¢-deformed ration numbers behave oppositely in this sense.

An irreducible fraction o = £ > 1 determines a rational link L () via the continued
fraction. We consider the normalized Jones polynomial J,(q) € Z[q] of L(«), which
can be computed by the left and right ¢g-deformed rational numbers [T, T3, 0, 18]. The
simplest expression is J,(q) = R, (q)", and hence J,(q) is palindromic if and only if
r? = —1 (mod s). When J,,(q) is not palindromic, set

Tofa) = g 2 =00

for some N € Z, where we take +¢" so that I,(q) € Z[q] with ,(0) > 0. Then we
have that /,(q) equals tr(A) for some A € PSL,(2,Z). In particular, /,(0) = 1 and
I.(q) € Z>|q]. Moreover, we show that Kantarc1 Oguz’s conjecture [2, Conjecture 1.4]
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on circular fence posets implies a conjecture on [,(q) (Conjecture ZTT). In particular,
I,(q) is conjectured to be at most bimodal (unimodal in most cases).

2. THE LEFT AND RIGHT ¢-DEFORMED RATIONALS AND PSL,(2,Z)

At the beginning, we briefly recall the definitions of the left and right g-deformed rational
numbers. For details, see [13, 15, 1, T8]. We also give a few supplemental results.

2.1. Continued fractions, PSL(2, Z)-actions and its g-deformation. In this paper,
we regard 0 = % and % as irreducible fractions. For an irreducible fraction § e Q, we
always assume that s is positive. An irreducible fraction £ € QU{?} has unique regular
and negative continued fraction expansions as follows:

T . 1 1
P . 1 ! 1

a _ Cy —

2 ' 1 2 . 1

4 — .

A2m Ck

with the following setting. (The latter is often called the Hirzebruch-Jung continued frac-
tion.) If 7 is positive, then we set a1 € Z>q, a; € Z>1 (i > 2),and ¢; € Z>1 and ¢; € Z>
(j > 2). If % is negative, then we set a1 € Z<o, a; € Z<_1 (i > 2),and ¢; € Z< 4

and ¢; € Z<_5 (j > 2). We write [ay, ..., as,) and [[c1, ..., ¢;]] for these expansions,
respectively. As exceptional cases, we set ¢ = [—-1,1] = [[1,1]] and ¢ =[] = [[ ] (i.e,,
empty expansions). For a regular continued fraction of odd length, we use the symbol
[a1,...,asm,.1] also. Note that [ay,...,a, + 1] = [a1, ..., a,, 1], and this is the reason

we can assume that the length is even.

Consider the group SL(2,Z) = (R, S) = (R, L) , where

N () N ]

This group (and its quotient PSL(2, Z)) acts on Q U {# } by the fractional linear trans-

formation:
a b <r> _ar+bs
c d)\s)  cr+ds’
where (CCL Z) € SL(2,Z)and © € @U{%}. Hence, arational number £ = [ay, ..., agn] =
[[c1, - - ., ck]] can be expressed by the following formulas:
r 1 1
21) S =M(ay,... am) (=) = RULoRSL ... Renor Lo ()
s 0 0
22 C—M(e,.. ) (L) = BOSReS . RS (L
. s 1yee.yCk 0/ = 0/
Lemma 2.1. Let © = [a1,...,a2,] > 0 be an irreducible fraction with s > 2. For

(Z Z) € SL(2,Z), the following are equivalent.
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(1) M(al,...,a2m) = (Z Z)

(2)0<u<s.

Proof. First, note that since 7, s > 0 and ru — sv = 1, if the condition (2) holds then
r > v > 0. (1) = (2): We can prove this by induction on m. (2) = (1): Any element in

SL(2,Z) of the form <T *) satisfies (7 V™) for some n € Z. (Here we employ
s * U+ ns

Bézout’s identity. This result will be freely used throughout the remainder of this paper.)

There is only one n satisfying 0 < u +ns < s. O

We first consider the g-deformation of (ZT).

Proposition 2.2 ([9, Proposition 1.1]). Let q be a formal parameter, and consider the

matrices
_ (a1 (0 —¢!
Rq.—<0 1), Sq_(l 0)'

The subgroup (R,, S;) of GL(2, Z[q*']) generated by R, and S, contains +¢*='1d. We set
PSL, (2,Z) := (R,, S,/ {xq"1d | n € Z} .

Then, the assignment
R+— R, S5

induces an isomorphism from PSL(2,Z) to PSL,(2,Z).

In the following, by abuse of notation, we sometimes identify A € PSL, (2, Z) with
an explicit matrix in GL(2, Z[¢*!]) giving A.
We consider the matrix

_ 1 0
L, :=q 1RquRq = (1 q—l) )

then R, and L, also generate PSL,(2,Z), and we set
My(ay, ..., agm) == ROLERSLI - - R L% € GL (2, Z[q"]) .

2.2. The left and right g-deformed rational numbers. We recall the definition of
the left and right g-deformed rational numbers. We follow the notation in [1].

Definition 2.3 (c.f. [T]). We set

i-= B-v [l 6=
1], 1 1, 1 [0, 1-¢ [0], 0

For an irreducible fraction © = [ay, ..., az,] € Q, then the left g-deformed rational

b
number [f] is defined by
q

S
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#
and the right q-deformed rational number [i] is defined by
Slq

2] = ) ([3] ) = 3t (3.

Multiplying both the numerator and denominator by 4-¢" for suitable n € Z, we have

rp Ri)) e Ri(g)
[ L [ L Sg(q)’

sle Si(q) s

where

R(q), Ri(q) € Zlg*), S(q), St(g) € Zg]
with S%(0) = sg (0) = 1.
We always have
(1) R%(1) = R%(l) =rand §2(1) = 3%(1) = s.
(2) R*’g (¢) and Sbg (q) are coprime, and the same is true for Ré (q) and S% (q)-
It is known that if Z > 1, then R% (q), Rﬁg(q) € Z[q] with R%(O) = R%(O) = 1.

Easy calculation shows that S"% (¢) = S4(q) = 1foralln € Z, and

=

" +q" P+ g+ g+l (n>0)
b —
Ru(q)=1—q" (n=0)
_q—n—l _ q—n+1 . q—l (TL < 0)7
1—q"
1—q°
We can use negative continued fractions to compute the ¢-deformed rational numbers.

while R% (¢) coincides with the Euler g-integer [n], =

Proposition 2.4 (c.f. [13, U]). For the irreducible fraction = = [[c1,...,c]] > 0, we
consider the matrix

M7<017 e 7Ck) = RSISqRSQSq T R;ksq € GL (Q,Z[qﬂ]) )

} Ri(q) W(q)
M, (ct,. .. c) = (Sﬁ;(q) X(q)) :

Hence, the right q-deformed rational number of . is
!
r 1 R (q)
-| =M (cq,... =) ==
|:8]q . (e, cr) (0) 8§(q)

The first author of the present paper gave the left version of the above proposition (c.f.
[18, Section 2.4]).

then we have
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"

Proposition Z4 can be extended as follows. The multiplicative group G := {+gq

n € Z} acts on the set
_ (Y +1
X.—{(u) | V.U € Z[q ]}

in the natural way. Let X =X /G, and 5] € X denote the orbit of (Z) Clearly,
PSL,(2,Z) acts on X. Consider the subset

e {[E9] |z eenfl)]

St(q) |
of X. The following seems to be well-known to experts.

Proposition 2.5. With the above notation, the columns of any element of PSL,(2,Z)

belong to Y . Hence, for
R(q) V(a)
( ( e € PSL,(2,Z)
withr :=R(1), s :=8(1),v := V(1) and u := U(1), we have
r1t _ [R(g) vt [V(g)
|:8]q_ |:S(q):| and |:U:|q— |:Z/{<q>
(strictly speaking, if s < 0, § should be :_Z’ and so on).

Proof. Since R, and S, generate PSL,(2, Z), it suffices to show that Y is closed under
multiplication by these matrices. An easy computation shows that
Rig@)]
£l +1 Y’

B [R%W)] B (q 1) [Rﬁ;(Q)] - [qR%(Q)JrS%(q)
"[sto) 0 Ulsie] | St St(a)

where the last equality follows from [9, Proposition 2.8 (2.6)]. Similarly, we have

Re@] o —¢ 1\ [Ri@] [-¢'Si@)] [Ri:(] _
s~ o el Bl =l Bl el SR
S (q) Si(q) R (q) S2.(q)
where the last equality follows from [9, Proposition 2.8 (2.8)]. O

Convention 2.6. For f, g € Z[¢*], if f = +q"g for some n € Z, then we write f = g.
And for matrices A, B, if A = +¢" B for some n € 7Z, then we write A = B.

2.3. Closures of a quiver for the left and right ¢-deformed rational numbers. We
recall a combinatorial interpretation of the left and right g-deformed rational numbers.
For details, see [13, 0, &, 12].

A quiver Q) = (Qo, Q1, s, t) consists of two sets Qy, @1 and two maps s, : Q1 — Q.
Each element of () (resp. J1) is called a vertex (resp. an arrow). For an arrow o € @)1,
we call s(«) (resp. t(«)) the source (resp. the target) of a. We will commonly write
a : a — b to indicate that an arrow « has the source a and the target b. In this paper,
we always consider a finite quiver () (i.e., both two sets )y and (), are finite sets). The

opposite quiver of @), say ), is defined by QY = (Qo, @1,1, ).
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Let () be a finite quiver. A subset C' C () is a closure if there is no arrow o € ()1 such
that s(a) € C'and t(a) € Qo \ C. A closure C'is an ¢-closure if the number of elements
of C'is {. The number of /-closures is denoted by py((Q). Then the polynomial

sz )q" € Z[g

where n = |Qy, is called the closure polynomlal of Q.
Clearly, C' C Qg is a closure of ) if and only if Qo \ C is that of )¥. Hence, one has

(2:3) cl(QV5q) = cl(Q;q)” -
For a tuple of integers b := (b1, by, ..., byg) with by, b4 > 0,bs,...,bs_1 > 0, we define
the quiver (Q(b) by Figure 1 below (in the figure, we assume that d is even):

Oo<—0:- - -0<—0 O- - O O=< O+ -O0<—0- -0 O- - -0 0
J

L J L J
Y N Y J Y - Y

by left arrows b, right arrows b3 left arrows by right arrows

FIGURE 1. The quiver Q(b).

For a rational number © = [a1,ay, . .., azn] > 1, we set

Q%R = Qa1 — 1, a9, ..., a2, 1,02, — 1),

Qﬁvs - Q(O,az—1,a3,...,a2m,1,a2m—1) ifm > 1,
Q(O, a9 — 2) ifm=1.
Here, if a = 1 and m > 1 (resp. as = 2 and m = 1, a; = 1 and m = 1), we understand
that Q%" = Q(as, .., dzm1, azm — 1) (resp. Q2° = Q2° =Q(0), Q%° = Q%” =0). The
quiver QIj is obtained by deleting the first a; arrows from Qﬁ R
For the right g-deformed rational numbers, we have the followmg result.

Theorem 2.7 ([13, Theorem 4]). Let Z > 1 be an irreducible fraction. Then, the following
equations hold:

(24 R (q) = ol (Q%:4) .
(2.5) St(g) =« (Q%’S; Q> :

Let P be a finite poset. A subset I of P is said to be a lower order ideal,if vt € I,y € P
and y < x imply y € I. Let J(P) be the set of lower order ideals of P. The polynomial

rk(P; q) Z g
1eJ(P
is called the rank polynomial of P.
We can regard (the vertex set () of) the quiver Q(b) as a poset as follows; for a,b €
(o, a < b if and only if there is an arrow b — a. Clearly, I C Q(b) is a closure if and
only if it is a lower order ideal, and hence

rk(Q(b); ¢) = cl(Q(b); q).
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For the left g-deformed rational numbers, we also have a corresponding quiver.

For a tuple of integers b := (b1, by, ..., bg) with by, b4 > 0, b, ...,bs_1 > 0, we define
the quiver (°(b) adding a cycle to the right side of the quiver Q(b) as follows (here we
assume that d is even again). For a rational number - = [a1,as, ..., as,] > 1, set

o 0.+ 0O o ‘o--o—>o<—o--o<—o--o—>o--0%o/\o

N J A J
~\ L ~ v L ~ 4

by left arrows b, right arrows bs left arrows b, right arrows

FIGURE 2. The quiver Q"(b).

bR
2 = Qb(al—1,a2,...,a2m,1,a2m—1).
As in the right case, Q"° is obtained by deleting the first a; arrows from Q¥®.

Then for the left q-dseformed rational numbers, we have the following result.

Theorem 2.8 ([T, Corollary A.2]). Let~ > 1 be an irreducible fraction. Then, the following
equations hold:

S

w3 w3

I
o

(2.6)

(q)
(q) =

(@2%54).

(@)

Example 2.9. For 18—1 =[1,2,1,2], we can draw the quiver QZR as in Figure B, and we
8

05}

|
o

(2.7)

/N
%

@) @) O @) @) @)

FIGURE 3. The quiver Q.
8

have cl (Qbf; q) =" +2¢° +2¢* +2¢° +2¢* + ¢+ 1 = R% (q).
8 8
Similarly, we have cl (Q"{j; q) = +2¢* + P +2¢* +q+1= SE(Q)-
3 8

@) @) @) (@) O

/7N
N

FIGURE 4. The quiver lef.
8
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Remark 2.10. If £ ¢ Z and © > 1, the above constructions of QZR, Qbﬁs and Q%S, Qﬁzs
do not care the parity of the length of the expression as a regularscontisnued fraction. In
fact, to adjust the parity of the length, we freely replace [ay, ..., a,+ 1] by [a1, ..., an, 1]
(or vice versa), but the both expressions give the same quiver. For example, we have

Qa; — 1,a9,...,a, +1—1) =Q(a; — 1,a9,...,a,,1—1).

2.4. The basic properties of the left g-deformed rational numbers. The left ¢-
deformed rational numbers satisfy the following basic properties, which correspond to
[9, Proposition 2.8] for the right variant, and the proof is also similar.

Proposition 2.11. ForZ € Q,n € Z, one has

- b b
@ [E+n] = 5] + 1,
LS q Sdq
F b b
@ -] == 5]
L Sdgq Slqg-1
rs1b 1
o [2] =—;
SR
By Proposition ZZT1 (1), for irreducible fractions Z, %’ with r =" (mod s), we have
(2:8) i (q) = S2(q).

Proposition 2.12. The following hold.
(1) For irreducible fractions ~, % withr + 1" =0 (mod s), we have SZ (q) =8 (q)".
(2) For irreducible fractions =, ~ > 1 with s +t = r, we have R’ (q) = Rz(q)vs

Proof. (1) By (Z3), we may assume that 1 <n < % < %/ <n+1LIL=[n,ay,...,a,
then ay > 2 and %/ = [n,1,a3 — 1,...,ax] by [5, Lemma 3.1]. So we have Q¥ =

\
(Qb’,‘s ) , and the assertion follows from Theorem P28 and (Z3).

r

s

(2) By (1), we have S'?i(q) = Sz(q)v. By Proposition ZTT (3), we have R’ (q) =

S%(g7!) and R%(q) = S%(¢7'). Since RZ(q),R%(q) € Z[q] with R%(0) = Rb% 0)=1

now, the assertion follows. O
#

We remark that the right ¢-deformed rationals F] also satisfy the equations corre-
Sdq

sponding to (Z8) and Proposition 212 (c.f. [13, 5]).

3. Q-TRANSPOSES AND ORTHOGONAL Q-TRANSPOSE IN PSL, (2, Z)

In this section, we define two operations the g-transpose A%s and the orthogonal q-
transpose A%, and give some basic properties and applications of them.

Definition 3.1. For a matrix
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whose entries are elements in Z[q™!], set

7, _ (R(a) ¢ 'S(q)
A= (qv<q> U(q) )

We call it the g-transpose of A.

An easy calculation shows that (A%7)Ts = A, det(A”?) = det A, tr(A%") = tr A, and
(AB)Ts = BT1 ATa, The operation (—)%7 also makes sense up to the equivalence =.

Lemma 3.2. If A € PSL,(2,Z), then AT® € PSL,(2,7Z).

Proof. We have R;Fq = L,and S:;F ! = 5,. Moreover, if A is regular, then ATa is also, and
(A~YTa = (ATa)71, So the assertion follows. O

The next result immediately follows from Proposition 23 and Lemma B2.

(?8)) ZEZ;) € PSL,(2,Z)
withr :==R(1), s :=S(1),v := V(1) and u := U(1), we have
1t [ Riq) s1t [ Slg)
(-] e G- L)

Now we can get the third proof of [5, Theorem 3.5] ([5] already contains two proofs).

Corollary 3.3. For

Corollary 3.4 ([5, Theorem 3.5]). For a positive integer s and integers v,w € 7 with
vw = —1 (mod s), we have S%(q) = Sk (q).

Proof. Since vw = —1 (mod s), there is some r € Z such that <; z) € SL(2,Z).
Now we can take R(q),V(q), W(q),S(q) € Z[g*] such that

row

w s)’

(n(q) v<q>>EPSLq<2,Z> and (R(l) m))

Wi(q) S(q) w(1) ()
By Proposition 25 and Corollary B3, we have

vt [Rila _[Rh@]  rwi)

[—] 7 and 7 = :

sle [ Si( S(q) s ¢ | Si(g) qS(q)
Hence we have Sﬁ( ) = Sq) = Si( ). Since Sﬁ( ), Si(q) € Z[q] with S%(0) =
S{( 0) = 1, we are done. O
Corollary 3.5 ([5, Lemma 4. 1]) For r € 7 and positive integers v, w with vw = —1
(mod ), we have R% (¢) = ( ). If further ~, = > 1, we have Rﬁ (q) = R% (q).

Proof. The first assertion can be shown in a similar way to Corollary B4. However, we
focus on the (1, 1)-entry of the matrices in the proof of the corollary. Since R,(¢) € Z[q]
with Rf,(0) = 1 for a > 1, the second assertion follows from the first. U
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Definition 3.6. For a matrix

whose entries are elements in Z[¢™!], set

L (U@ V()
A% = (qs<q1> Rig) >

We call it the orthogonal q-transpose of A.

Easy calculation shows that (A%)% = A, (AB)% = B% A%, For d(q) := det A and
t(q) := tr A, we have det(A%) = d(¢q~') and tr(A%) = t(¢~!). Since the operation
(—)% also makes sense up to the equivalence =, and we have (R,)% = R, and (5,)% =
Sy By the same way as Lemma B2, we can show the following.

Lemma 3.7. If A € PSL,(2,7Z), then A% € PSL,(2,7Z).

4. THE TRACE OF A € PSL,(2,7Z) AND THE JONES POLYNOMIALS OF RATIONAL KNOTS

In this section, we give further applications of the (orthogonal) g-transpose. These
applications include arithmetic properties of the left g-deformed rationals, the trace of
the matrices in PSL,(2, Z), and the normalized Jones polynomials of rational links.

We recall some basic notions and results on rational links and their normalized Jones
polynomials.

For an irreducible fraction - = [a1,...,as,] > 1, the rational link associated with
L in the 3-sphere S? is determined by the Figure B, where each square is called a;-half

==

FiGure 5. The rational link of §

twists determined by Figure B.
We denote by L(g) the rational link associated with § See, for example, [4, T1]. The
following theorem is due to H. Schubert in 1956.

Theorem 4.1 ( cf. [4, Theorem 2]). For irreducible fractions <, ;—:, the following are
equivalent.

(1) L(%) and L(%) are isotopic.
(2) r =1" and either s = ¢’ (mod r) orss’ =1 (mod r).
As a useful isotopy invariant for an oriented link L in S?, the Jones polynomial V7, (t) €
Z[t*] U t2 Z[t*'] is well-studied. Lee and Schiffler [1T, Proposition 1.2 (b)] introduced
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FIGURE 6. a;-half twists

the following normalization J,(q) of the Jones polynomial V7 (4(t) of a rational link

L(«a):
(4.1) Ja(q) = :l:tihVL(a)(tﬂt:,q—l,

where £t" is the leading term of V() (¢). This indicates the normalization such that the
constant term is 1 as a polynomial in q.

Theorem 4.2 ( [13, Proposition A.1]). For a rational number o > 1, the normalized Jones
polynomial J,(q) can be computed by

(4.2) Jo(q) = qRE(q) + (1 — ¢)S%(q).

Now, we can give a new proof of the following result. This result was shown by
Bapat, Becker and Licata [, Theorem A3] by considering a homological interpretation
of the left ¢g-deformed rational numbers, and the first author of the present paper gave
a combinatorial proof by using g-deformed Farey sums and induction on the size of
negative continued fractions (c.f [T8, Theorem 4.2]). We remark that all known proofs
(including ours) use Theorem &2

Theorem 4.3 (c.f. [1, Theorem A3], see also [I8, Theorem 4.2]). For a rational number
o > 1, we have

Jo(q) = R2(q)".

Proof. We can take an irreducible fraction £ > 1 witha = . If £ = [ai, ..., asml,
we have
r i
M e =
(alv ,Cl,zm) (S U)

for some t,u € N, and

M (ay, ... az) = | = v
o1, Gam) <q8§<q> s1(0)

By Corollaries B3 and B3, we have R:(¢) = R%(¢) and R% (¢) = S%(¢). Hence we
have ’

(43)  Ri(g)=qR

o~
2|
o~

w3

() + (1 = R’ (g) = qRL(q) + (1 — 9)SE(a) = T3 (0),
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where the last equality follows from Theorem &2. Since ¢(r — s) = —st = 1 (mod r),
we have J:(q) = J_r (q) = Ja(q) by Theorem E1. By Proposition Z-12 (2), we have

R% (q) = R% (¢)Y. Summing up, we have

Re(@)' =R’ (9)" = Rs(q) = Je(a) = Jala)-

O

Remark 4.4. After the submission of the first version, the referee kindly suggested us
results in [T9] and [A] might give a more direct proof of Theorem B2. The following is a
proof based on this suggestion.

A proof of Theorem B2 after [19, 6]: For a rational number o > 1, we use the equation
(c.f. [6, Equation (3)]) which was first observed in [19], and we replace ¢ by ¢~ as follows:

[y +q7' =1

o} = -
! (1—g™)als+q
It can be written as folllows:
R4 (q) -1
wo R S0t Tl R+ (- 08
Sala) (- g B g (a- R0+ Sig)

We need to show that J,(q) = ¢R%(q)+(1-¢)S%(q) and Ko (q) = (g—1)R%(q)+Sk(q)

are coprime. Assume the contrary. Since

(}é((?)) - <q T q) (7;555; ) ’

and the determinant of the 2 x 2 matrix appearing in this equation is A := ¢* — ¢ + 1,

we have
A5 =01, )

Since R? (q) and S¥(q) are coprime and A = ¢ — ¢+ 1 is irreducible, ¢> — ¢ + 1 divides
both J,(¢) and K,(q). Hence, if { is a primitive 6th root of unity, then J,(¢) = 0.
However, it is a classical result that .J,(¢) # 0 always holds (see the last part of [5] for
the proof using the theory of ¢-deformed rationals). This is a contradiction, and .J,,(¢q)
and K, (q) are coprime. Hence (&3) yields

Ro(@) =RA(q7) = qRA() + (1 — @)SE(q) = Jala).

However, both R?,(¢)" and J,(q) are polynomilas whose constant terms are 1. Hence

we are done. U
Lemma 4.5. For irreducible fractions =, & > 1 with ss’ = 1 (mod r) (resp. ss' = —
(mod 7)), we have R’ (q) = R"L,(q) (resp R'i( )= L/( v).

Proof. If ss’ = 1 (mod r), then the links L(%) and L(%) are isotopic by Theorem &T,
and have the same (normalized) Jones polynom1al By Theorem B2, we have

Re(q) = J= ()" = J5 ()" = R% (q)-
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The case ss’ = —1 (mod r) follows from the above equation and Proposition PZT2 (2).
We also remark that this case also follows from Theorem B3 and the equation (E3) in its
proof. O

Remark 4.6. For irreducible fractions %, & > 1 with ss" = —1 (mod r), it is known
that © = [a1,...,ay,) implies 5 = [azy,...,a1] (to see this, take the transpose of
M(ay,...,a9m,)). Hence, the s’ = —1 (mod r) case of the above lemma states that, for
a tuple of integers (b1, by, . . ., boy,) With by, bo,, > 0, b, ..., boy—1 > 0, the equation

(4.5) (@ (by, ... bam), q) = (@ (bam, . .., b1), q)V

holds. Itis easy to see that (A1) is equivalent to the following equation for (by, . . ., bop 1)
with bl, b2m+1 Z 0, bg, e ,bgm > 0:

(4.6) Cl(Qb(blu oy bamin), @) = CI(Qb(me-i-lu o, 01),9).
It might be an interesting problem to find a bijective proof of the above equations.

Example 4.7. This is an example of the equation (E6). Considering two tuples of in-
tegers (1,2,0) and (0,2, 1), we can draw Q°(1,2,0) (for convenience, we number each
vertex) and count its [-closures as follows.

O+
oo
ow

14/ \5
O‘\_/O

FIGURE 7. The quiver Q°(1,2,0).

[-closures the number of [-closures
0 1
{1} 1
(4,5} 1
{1,4,5},{3,4,5} 2
{1,3,4,5} 1

1

0

QY | W DN | O =~

{1,2,3,4,5}
TaBLE 1. The I-closure of Q°(1,2,0)

Hence we have
(@ (1,2,0) =1+ g+ +2¢° +¢* + ¢

On the other hand, we can draw Qb(O, 2,1), and count its [-closures as follows.

O
oo
ow

4/ \5
O‘\/O

FIGURE 8. The quiver Q°(0,2,1).
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l [-closures the number of [-closures
0 1) 1
1 {3} 1
2 {2,3} 1
3 {1,2,3},{3,4,5} 2
4 {2,3,4,5} 1
5 {1,2,3,4,5} 1
TaBLE 2. The I-closure of Q"(0,2, 1)

Hence we have

d(Q(0,2,1)) =1+ q+¢* +2¢* + ¢* + ¢® = l(Q’(1,2,0)).

Theorem 4.8. The following hold.
(1) For irreducible fractions = %/ withrr’ = 1 (mod s) (resp. r/ = —1 (mod s) ),
wehaveSb( ) =8 (q) (resp. Sb( ) =8 (q)V).
(2) For lrreduczblefractzons , 5 withss' =1 5(mod r) (resp. ss' = —1 (mod r)), we
have R (¢q) = RL( ) (resp R (q) = Rbﬁ( )¥). (That is, if we replace = by =,
the statement of Lemma &3 holds withoust the restriction that £, 7 > 1.

Proof. (1) By (Z8), we may assume that 0 < =, = < 1. Since we always have S%(q) €
Z[q) with 82 (0) = 1, the assertion follows from Lemma A1 and Proposition PZTT (3).
(2) The assertion follows from (1) and Proposition PZTT (3). O

Using the above property of R% (¢) and (orthogonal) g-transposes, we can get a new
proof of the following impressive result on tr A for A € PSL,(2,Z).

Theorem 4.9 ([9, Theorem 3]). For A € PSL,(2,7Z), tr A is equivalent to a palindromic
polynomial whose coefficients are non-negative.

In the following, we say f(q) € Zlq| is anti-palindromicif f(q) = —f(q)".
Proof. In this proof, we treat

M= (—Sq)lA:(R<Q) T(Q)) with M\q:lz(z t)

U
rather than A itself. Note that

- (R St _ (Rl Rilo)
aStg) Ule) )~ \aRile) Si(g)
by Proposition 25 and Corollary B3 (strictly speaking, since the entries of A € PSL,(2,Z)

are determined only up to multiplication by units in Z[¢*!], U(q) and R(q) should be
adjusted by multiplying by 4+-¢" for some n € Z, but we omit it for simplicity),

- (St U@ _ (Ri@) 'S
A= (=5)M = <qnﬂ<> —8%<q>>:<—7z<q> —R§<q>>
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and

tr A= S%(q) - Si(g) = Ri(q) — R ().

t

So we may assume that s # ¢.

First, consider the case v = 0. Then we have (s,t) = (£1,F1), and (S(q), T (q)) =
(¢",—1) for some n € Z. Therefore tr A = S(q) — T (¢) = ¢" + 1. So we may assume
that u # 0.

Replacing A by either —A, A% or — A% | if necessary, we may assume that u > 0
and s > t. By Proposition 21 (1) and Corollary B4 (note that st = —1 (mod u) now),
we have

R (@) =R (q) = (¢"RE(a) + [y - S2(0) = ("R (9) + [n], - S (a)
= (¢"RE(q) + [n]y - SE(0)) — (@"Ri (q) + [n)y - SE(a)
=¢"(Ri(q) ~Ri(q)) =tr A

We also remark that there is some R/(q) € Z[q*!] such that
Ra) Ri,(a)
R%,(a) Ul

So keeping tr A up to =, we may assume that s,¢ > u > 0. More precisely, we replace
s (resp. t) by s + nu (resp. t + nu) for n > 0, if necessary. Then r > s, > u, and

) € PSL,(2, 7).

f 8
qR%(q) S:(q)
M,(aq,...,a9,) =
olé1,: - Gzm) <qs{<q> 540
for = = [ay, ..., azn] > 1 by Lemma 1. Then 7 = [agy, ..., a1] > 1 (see Remark EB)
and

gR%:(q) Si(q)
My(agm, ..., a1) = (qsg(q) 5?(‘1)) .

Re(q) = qR: + (1 - )% and R%(q) = ¢R% + (1 - q)SE.

Hence

Since R’ (q) = R’ (q)" by Lemma B8 (note that st = —1 (mod r) now),

(4.7) R (q) = R (q) = (a — 1)(St(g) — S (a)

is equivalent to an anti-palindromic polynomial. Since (¢ — 1) is also anti-palindromic,
Si(q) — 8% (q) (= tr A) is equivalent to a palindromic polynomial.

s t

Next we will show that all non-zero coefficients of tr A have the same sign. Using the
above equation RLn(q) —RLLn(q) = R% (¢)—R% (¢) forall n. € Z, we may assume that
0 > ¢ > —u. Then all non-zero coefficients of R* (¢) are negative. So if s > 0, all non-

zero coefficients of R (¢) are positive, and the same is true for R% (¢) —R%, (¢) (= tr A).
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It remains to show the case 0 > s > t > —u. In this case, |s|,|t| < u. Since

ru — st = 1 now, we have © > r > 0. Since
St ¢ Rilqt Uq) Rilg
oo (S RGO (U@ R\ oy
(q) s T
if we set 7(¢q) := tr A then we have
() =RA(¢T) ~Ri(q") = Ri(g) — R (a)-

NESS)

Ty

“ R R (Ri(q) S

In this way, it suffices to show that all non-zero coefficients of R% (q) — Rﬁ£ (q) have the

same sign. So we apply the above argument to M. That is, the reduction using
Ri, (@) = Ri,, (¢) = Ri(q) — Ri(a).

If we cannot make s > 0 > ¢, we replace M by its orthogonal g-transpose (and repeat
this process if necessary). The (2, 2) entry of M|,—;, which is a positive integer, strictly
decreases at each step, and cannot decrease indefinitely. So the process terminates after
finitely many steps, and we are reduced to the case s > 0 > t. l

Proposition 4.10. For A € PSL,(2,7Z), the trace tr A is equivalent to one of the following
polynomials.

(1) 1+ ¢" for somen € Z>y.

(2) [n], for somen € Zsq (note that [0], = 0).

(3) tr My(a, ... asm) foray, ..., asy, > 0.

Proof. We reuse the proof of Theorem B9. In the notation there, the case u = 0 corre-
sponds to (1). If s = ¢, then tr A = 0. So, in that proof, assuming u # 0 and s # ¢, we
reduced to the case

r ot s —r
M’q:1:<s U> and ATq’q=1:(u —t>

with0 > ¢ > —uands > 0. If s = 0 or t = 0, then tr A = [n], for some n € N. So
it remains to consider the case —u < t < 0 < s. Now we have ATe = M_(ai, ..., asm)
for some a; > 0 and as,...,as, > 0 by Lemma P71. If s > u, then we have a; > 1
and tr A = tr AT¢ is the type (3). So assume that 0 < s < u. Since |s|, |t| < u now, we
have 0 < |r| < u. Like the last step of the proof of Theorem B9, we replace M by M %4
keeping tr A up to =. And then we “adjust" M again to satisfy 0 > ¢ > —w and s > 0.
By repeating this procedure if necessary, we can reduce to the case s > u. U

For a sequence of positive integers ay, . . . , as,,, Kantarct Oguz and Ravichandran [B]
defined the circular fence poset Q(ay, . .., asy,), and Kantarct Oguz [?] showed that

tr(My(aq, ..., a2m)) = rk(Q(ay, ..., am),q)
([2, Proposition 5.5]), and hence

tI'(Mq<(ll, ce ,agm))|q:0 = rk(Q(al, PN ,azm), 0) =1.

She also raised the following conjecture. For a polynomial f(q) = Y . a;q" € Z[q], we
say f(q) is unimodalif ag < --- < a,, > - -+ > a,, for some m with 0 < m < n.
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Conjecture 4.11 ([2, Conjecture 1.4]). For any sequence ay,...,as, > 0, the trace
tr(M(ay, ..., asn)) is unimodal except for the cases (a1, as, ..., as,) = (1,k,1,k) or
(k,1,k, 1) for some k. (m = 2 holds in these cases.)

We use the above observation to analyze the behavior of R (q).

Lemma 4.12. For an irreducible fraction 7 > 1, R’ (q) is palindromic if and only if
s?=—1 (mod r). !

In the above situation, if s> = —1 (mod r), then R’ (¢) = R’ (¢)" by Lemma &3, and
hence R% (q) is palindromic. So the sufficiency of Lemma ET2 follows from Lemma E.

The similar is true for R% (¢), which is palindromic if and only if s> = 1 (mod r).
Proof. Set © = [ay, ..., ay,] and M(ay, ..., azy) = (Z fb) Then we have

R (q) = Re(9)” = R2(q) = R (q) = (q — 1)(Si(q) = SE(q))
by (B7). Since S% (1) = s and Sﬁ%(l) =1, S (q) — S%(q) = 0 if and only if s = ¢. The
former conditions is equivalent to that R (q) is palindromic, and the latter condition is
equivalent to s> = —1 (mod r). (Note that 0 < s,t < r now.)
O
Theorem 4.13. The following hold.
(1) For an irreducible fraction -, % (q) is palindromic if and only if 7> = —1 (mod s);
(2) For an irreducible fraction ~, sz (q) is equivalent to a palindromic polynomial if
and only if s> = —1 (mod r); )
(3) For an irreducible fraction - > 1, the normalized Jones polynomial J=(q) is palin-
dromic if and only if s> = —1 (mod 7).

Proof. (1) By Proposition EZTT (1), we may assume that 0 < ~, % < 1. Now the assertion
follows from Lemma BT2 and Proposition 2711 (3).
(2) The assertion follows from (1) and Proposition P11 (3).

(3) The assertion follows from Theorem B3 and Lemma ET2. 0
Let £ = [ay, ..., G2y) > 1 be an irreducible fraction with
(4.8) M = My(aq, ..., as,) = <Z Z) and A :=(=5,)M.

By our proof of Theorem B9, we have
(4.9) (g =1 trA=Rx(g) = Rx(q)" = J:(0)" = J: ().

For an irreducible fraction v = £ > 1 with s* # —1 (mod r), J,(g) is not palindromic
by Theorem (3), and J,(q)Y — J.(q) is equivalent to a non-zero anti-palindromic
polynomial which can be divided by (1—¢q). So there is a unique palindromic polynomial
I.(q) € Z|g] with 1,(0) > 0 and
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If J,(q) is palindromic, we set /,(¢) = 0. By (B9), we have [,(q) = tr A.
Corollary 4.14. With the above notation, we have 1,(q) € Z>o|q| and 1,(0) = 1.

Proof. By (B39), the assertion follows from Proposition BE-T0, while it remains to show
that 1, (q) # 2. By the proof of Theorem &9, we see that if tr A = 2 then A is equivalent
to the identity matrix. In this case, we have M = S, but it is not possible since M =
M,(ay, ..., as,) forai, ..., as, > 0. O

By Proposition B0, Conjecture ETT implies the following conjecture on the normal-
ized Jones polynomials of rational links (equivalently, left g-deformed rationals).

Conjecture 4.15. [,(q) is unimodal except for the following two types.

(1) 1+ ¢" for some n > 2.
2) 2% aiq with (aq, - . . agrsr) = (1,2, ..k k= 1,k k—1,k—2,...,2,1) for
some k > 2.

Especially, 1,,(q) is at most bimodal.
The case (1) (resp. (2)) corresponds to the case
A=R" (resp. A= M,(1,k 1,k), M,(k,1,k,1)).
Note that tr M, (1, k, 1, k)(= tr M,(k,1,k, 1)) is computed in [3, Example 1.8.].
Example 4.16. Easy calculation shows that 2 (q) and I 15 (q) are not unimodal. In fact,
Iz(q) = Ti2(q) = ¢’ + 1and I1s(q) = [1:(q) = ¢ +2¢° + ¢° + 2¢ + 1.
Finally, we give the following proposition.

Proposition 4.17. For any irreducible fraction o > 1, there is an infinite sequence of
irreducible fractions oy, g, . . .(every oy > 1 are distinct) such that 1,,(q) = I.(q) for all
1> 1.

Proof. With the same notation as (238), we have
I.(q) = St(q) = Si(q) = R%(q) — R (a)

t
by (&2). For oy := T+S—|—$ = [by,...,by] > 1, we have
s+u

r+s+t+u t+u
Miby = (T 0

and

-
+
g
—
=)
S~—
Il
:\wﬁ‘:‘
—~
=)
N~—
|
A
—
)
N~—
Il
Q’\c
—
<)
N——

Ioy(a) =Riw(a) =R
Hence I, (¢) = I,(q). Repeating this procedure, we get the sequence {; };>; with

r+i(s+t) +itu
B s+ iu

i

which satisfies the desired property. U
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