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Abstract. In this paper, we investigate the finite time blow up phenomenon
of semi-linear wave systems with power nonlinearities and a large class of space-

dependent dampings and potentials. We obtain the blow up results as well as

the lifespan estimates for three kinds of wave systems.

1. Introduction

In this paper, we study the finite time blow up phenomenon of three kinds
of semi-linear wave systems with space dependent damping and potential. More
precisely, we consider the following Cauchy problem

(1.1)


utt −∆u+D(x)ut + V (x)u = N1(v, vt), (t, x) ∈ (0, T )× Rn,
vtt −∆v +D(x)vt + V (x)v = N2(u, ut), (t, x) ∈ (0, T )× Rn,
u(0, x) = εu0(x), ut(0, x) = εu1(x), x ∈ Rn ,
v(0, x) = εv0(x), vt(0, x) = εv1(x), x ∈ Rn .

Here, the small parameter ε > 0 measures the size of the initial data. As usual,
to show blow up, we assume (u0, u1), (v0, v1) ∈ C∞c (Rn) and they are nontrivial,
nonnegative and supported in BR := {x ∈ Rn : r ≤ R} for some R > 0, where
|x| = r. For the coefficient of dampings D(x) and potentials V (x), we assume V (x),
D(x) ∈ C(Rn) ∩ Cδ(Bδ) for some δ > 0. In addition, we assume

0 ≤ D(x) = D(|x|) ≤ α1(1 + |x|)−β , 0 ≤ α1 ∈ R, 1 < β ∈ R ,(1.2)

0 ≤ V (x) = V (|x|) ≤ α2(1 + |x|)−ω, 0 ≤ α2 ∈ R, 2 < ω ∈ R .(1.3)

Concerning the nonlinear terms, we will consider the following three cases{
N1(v, vt) = |v|p

N2(u, ut) = |u|q ,

{
N1(v, vt) = |vt|p

N2(u, ut) = |ut|q ,

{
N1(v, vt) = |v|q

N2(u, ut) = |ut|p ,
(1.4)

where 1 < p, q ∈ R.
Before proceeding, we give a definition of the weak solution.
Definition of weak solutions: Let’s take the case N1(v, vt) = |v|p, N2(u, ut) =

|u|q as an example. We say that (u, v) is a solution of (1.1) on [0, T ], if

u ∈ C([0, T ], H1(Rn)) ∩ C1([0, T ], L2(Rn)) ∩ Lqloc([0, T ]× Rn) ,

v ∈ C([0, T ], H1(Rn)) ∩ C1([0, T ], L2(Rn)) ∩ Lploc([0, T ]× Rn) ,
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satisfying

supp (u, v) ⊂ {(x, t) ∈ Rn × [0, T ] : |x| ≤ t+R} ,
and

ε

∫
Rn
u1(x)Ψ(0, x)dx+ ε

∫
Rn
u0(x)D(x)Ψ(0, x)dx+

∫ T

0

∫
Rn
N1(v, vt)Ψ(t, x)dxdt

= −
∫ T

0

∫
Rn
ut(t, x)Ψt(t, x)dxdt+

∫ T

0

∫
Rn
∇u(t, x)∇Ψ(t, x)dxdt

−
∫ T

0

∫
Rn
u(t, x)D(x)Ψt(t, x)dxdt+

∫ T

0

∫
Rn
V (x)u(t, x)Ψ(t, x)dxdt

(1.5)

ε

∫
Rn
v1(x)Ψ(0, x)dx+ ε

∫
Rn
v0(x)D(x)Ψ(0, x)dx+

∫ T

0

∫
Rn
N2(u, ut)Ψ(t, x)dxdt

= −
∫ T

0

∫
Rn
vt(t, x)Ψt(t, x)dxdt+

∫ T

0

∫
Rn
∇v(t, x)∇Ψ(t, x)dxdt

−
∫ T

0

∫
Rn
v(t, x)D(x)Ψt(t, x)dxdt+

∫ T

0

∫
Rn
V (x)v(t, x)Ψ(t, x)dxdt ,

(1.6)

for any Ψ(t, x) ∈ C([0, T ], H1
loc(Rn)) ∩ C1([0, T ], L2

loc(Rn)).
The supremum of all such time of existence, T , is called to be the lifespan to

the problem (1.1), denoted by Tε. In the sequel, we use A . B to denote that
A ≤ CB for some positive constant C, which is independent of ε and whose value
may change from line to line. Moreover, we write A ' B if there exist positive
constants C1 and C2 such that C1B ≤ A ≤ C2B.

Before stating our results, let us briefly review the history of this problem. For
the wave equation

∂2
t u−∆u = |u|p , (t, x) ∈ (0, T )× Rn , u(0, x) = εu0(x) , ut(0, x) = εu1(x) ,

the problem has been extensively investigated and is known as the Strauss con-
jecture [40], which was initiated in the work of John [11]. It is known that, the
problem admits small data global existence only if p > pS(n), where the critical
power pS(n) is the positive root of equation

(1.7) (n− 1)p2 − (n+ 1)p− 2 = 0 .

We refer [26] for discussion of the history and related results.
For the Cauchy problem

∂2
t u−∆u = |ut|p , (t, x) ∈ (0, T )× Rn , u(0, x) = εu0(x) , ut(0, x) = εu1(x).

Glassey [5] made a conjecture that the critical power p for the problem to admit
global solutions with small, smooth initial data is

pG(n) := 1 +
2

n− 1
.

We refer [27] for the history and related results.
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Recently, there are many works concerning the damped wave equations, with
typical damping term D(x) = µ(1 + |x|)−β{

utt −∆u+ µ
(1+|x|)β ut = N(u, ut), (t, x) ∈ (0, T )× Rn,

u(0, x) = εu0(x), ut(0, x) = εu1(x),
(1.8)

where µ, β ∈ R. When N(u, ut) = |u|p and β ≤ 1, (1.8) has been well investigated,
see, e.g., [9, 32, 7, 33, 23]. We refer [18] for the history and related results. For
the scattering case β > 1, Nishihara-Sobajima-Wakasugi [33] conjecture that the
critical power to (1.8) is exactly the same as that of the Strauss conjecture, i.e.,
pc = pS(n), see also the introduction in page 2 in Ikehata-Todorova-Yordanov [9].
This conjecture has been verified for the blow up part when β > 2 and n ≥ 3 by
Lai-Tu [21]. For the global solutions, when n = 3, 4, Metcalfe-Wang [31] obtained
the global existence when p > pS(n) and β > 1 with sufficiently small |µ|. Later,
Liu-Wang [28] remove the restriction |µ| � 1. Recently, Lai-Liu-Tu-Wang [18]
proved the blow up results when β > 1 and n ≥ 2. More generally, they studied
the following problem{

utt −∆u+D(x)ut + V (x)u = |u|p, (t, x) ∈ (0, T )× Rn,
u(0, x) = εf(x), ut(0, x) = εg(x),

(1.9)

and showed that for the coefficient of dampings and potentials satisfying (1.2),
(1.3), the solution of (1.9) will blow up whenever 1 < p < pS(n).

When the nonlinear term N(u, ut) = |ut|p, (1.8) is closely related with Glassey
conjecture. Lai-Tu [21] obtained the blow up results when 1 < p ≤ pG(n) and
β > 2. Besides, there are many works concerning time dependent damping, see,
e.g., [19] [2] and references therein.

Recently, there are many works studied wave systems (1.1). When there are
no damping and potential terms, that is D(x) = V (x) = 0, (1.1) has been well
understood. When N1(v, vt) = |v|p, N2(u, ut) = |u|q, Santo-Georgiev-Mitidieri [38]
proved there exist a critical curve in (p, q)-plane,

ΓSS(n, p, q) = max{p+ 2 + q−1

pq − 1
,
q + 2 + p−1

pq − 1
} − n− 1

2
, n ≥ 2 ,

such that the system (1.1) has a global in time weak solution for sufficiently
small ε when ΓSS(n, p, q) < 0 and the weak solution will blow up in finite time
if ΓSS(n, p, q) > 0. Kurokawa-Takamura-Wakasa [16] obtained the upper bound of
lifespan estimates:

Tε .


ε−Γ−1

SS(n,p,q), ΓSS(n, p, q) > 0,

exp
(
ε−min{p(pq−1),q(pq−1)}), ΓSS(n, p, q) = 0, p 6= q,

exp
(
ε−p(p−1)

)
, ΓSS(n, p, q) = 0, p = q = pS(n).

(1.10)

See also [37, 39, 12, 8, 1, 4, 14, 15] for related works. Palmieri-Takamura [34] con-
sidered a system with the same nonlinearities but with time-dependent, scattering-
producing damping terms:

utt −∆u+ b1(t)ut = N1(v, vt), x ∈ Rn, t > 0,

vtt −∆v + b2(t)vt = N2(u, ut), x ∈ Rn, t > 0,

(u, ut, v, vt)(0, x) = (εu0, εu1, εv0, εv1)(x), x ∈ Rn,
(1.11)
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where b1, b2 ∈ C ([0,∞))∩L1([0,∞)) are nonnegative functions, and p, q > 1, n ≥ 2.
They then obtained the same upper bound for the lifespan estimate as in (1.10).

When D(x) = V (x) = 0 and N1(v, vt) = |vt|p, N2(u, ut) = |ut|q, (1.1) has been
investigated by [3, 8, 43, 13]. Deng [3] obtained the blow up results when

1 < pq <∞


1 ≤ p <∞, n = 1,

1 < p ≤ 2, n = 2,

p = 1, n = 3,

and

1 < pq ≤ (n+ 1)p

(n− 1)p− 2


2 < p ≤ 3, n = 2,

1 < p ≤ 2, n = 3,

1 < p ≤ n+1
n−1 , n ≥ 4.

Ikeda-Sobajima-Wakasa [8] proved the finite time blow up results when

ΓGG(p, q, n) := max{ p+ 1

pq − 1
,
q + 1

pq − 1
} − n− 1

2
≥ 0, p, q > 1, n ≥ 2 ,

and obtained the upper bound of lifespan estimates:

Tε .


ε−Γ−1

GG(n,p,q), ΓGG(n, p, q) > 0,

exp(ε−(pq−1)), ΓGG(n, p, q) = 0, p 6= q,

exp(ε−(p−1)), ΓGG(n, p, q) = 0, p = q.

(1.12)

This matches the result obtained by Palmieri and Takamura [35], who considered
system (1.11) with the same nonlinearities.

When D(x) = V (x) = 0 and N1(v, vt) = |v|q, N2(u, ut) = |ut|p, Hidano-
Yokoyama [6] obtained the blow up results when( (n− 1)p

2
− 1
)

(pq − 1) < p+ 2 , 1 < p <
2n

n− 1
, q > 1 , n ≥ 2 ,

as well as the upper bound of lifespan estimates:

Tε . ε
− p(pq−1)

p+2−
(

(n−1)p
2

−1

)
(pq−1) .(1.13)

Let {
FSG,1(n, p, q) = ( 1

p + 1 + q)(pq − 1)−1 − n−1
2 ,

FSG,2(n, p, q) = ( 1
q + 2)(pq − 1)−1 − n−1

2 .

See, e.g., [6, 8] for the introduction of the exponents. Ikeda-Sobojima-Wakasa [8]
showed the blow up results when

ΓSG(n, p, q) = max{FSG,1(n, p, q), FSG,2(n, p, q)} ≥ 0 ,

and obtained the upper bound of lifespan estimates:

Tε .


ε−Γ−1

SG(n,p,q), ΓSG(n, p, q) > 0,

exp(ε−p(pq−1)), FSG,1(n, p, q) = 0 > FSG,2(n, p, q),

exp(ε−q(pq−1)), FSG,2(n, p, q) = 0 > FSG,1(n, p, q),

exp(ε−(pq−1)), FSG,2(n, p, q) = 0 = FSG,1(n, p, q).
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Palmieri and Takamura [36] considered the system (1.11) with the same nonlinear-
ities and derived the following upper bound for the lifespan estimate:

Tε . ε
−ΓSG(n,p,q)−1

, for ΓSG(n, p, q) > 0.

Besides, there are many works studied the time dependent damping terms of system
(1.1), see, e.g., [36, 34, 35, 22, 20, 30, 19] and references therein.

In this work, we shall consider the finite time blow up phenomenon of wave
system (1.1) with a large class of damping and potential functions (1.2) (1.3), as
well as the upper bound of lifespan estimates for three kinds of nonlinear terms (1.4).
Unlike the classical systems without damping and potential [38, 16, 8], the presence
of spatially decaying coefficients D(x) and V (x) in (1.1) introduces new regimes in
the lifespan estimates. For instance, in Theorem 1.1, when p or q is below the

Strauss exponent pS(n), we obtain estimates of the form Tε . ε
− 2p(q−1)

2+2q+(n−1)p−(n−1)pq

etc., which do not appear in the undamped theory. This reflects the additional
decay induced by D(x) and V (x). Regarding the details, one can refer to [18] for
the influence of damping and potential terms in a single equation on the blow-up
region of solutions to semilinear wave equations.

The main results in this paper are illustrated by the following Theorems.

Theorem 1.1. Let n ≥ 3, p, q > 1, ΓSS(n, p, q) > 0. Consider the semi-linear
wave systems (1.1) with nonlinear terms N1(v, vt) = |v|p, N2(u, ut) = |u|q, damp-
ing (1.2), potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant ε0 = ε0(u0, u1, v0, v1, n, p, q, R) such that for any ε ∈ (0, ε0), the lifespan
Tε satisfies

Tε .



ε−Γ−1
SS(n,p,q), ΓSS(n, p, q) > 0, p, q > n

n−1 ,

exp
(
ε−min{p(pq−1),q(pq−1)}), ΓSS(n, p, q) = 0, p 6= q, p, q > n

n−1 ,

exp
(
ε−p(p−1)

)
, ΓSS(n, p, q) = 0, p = q = pS(n) ,

ε−
2p(q−1)

2+2q+(n−1)p−(n−1)pq , 1 < p ≤ q, n
n−1 ≤ q < pS(n),

ε−
2p(q−1)

(n−1)p+2nq−2(n−1)−(n−1)pq , 1 < p ≤ q ≤ n
n−1 ,

ε−
2q(p−1)

2+2p+(n−1)q−(n−1)pq , 1 < q ≤ p, n
n−1 ≤ p < pS(n),

ε−
2q(p−1)

(n−1)q+2np−2(n−1)−(n−1)pq , 1 < q ≤ p 6 n
n−1 .

Theorem 1.2. Let n ≥ 3, p, q > 1, ΓGG(n, p, q) > 0. Consider the semi-linear
wave systems (1.1) with nonlinear terms N1(v, vt) = |vt|p, N2(u, ut) = |ut|q, damp-
ing (1.2), potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant ε0 = ε0(u0, u1, v0, v1, n, p, q, R) such that for any ε ∈ (0, ε0), the lifespan
Tε satisfies (1.12).

Theorem 1.3. Let n ≥ 3, p, q > 1, ΓSG(n, p, q) > 0. Consider the semi-linear wave
systems (1.1) with nonlinear terms N1(v, vt) = |v|q, N2(u, ut) = |ut|p, damping
(1.2) and potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant ε0 = ε0(u0, u1, v0, v1, n, p, q, R) such that for any ε ∈ (0, ε0), the lifespan
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Tε satisfies

Tε .



min{ε−
2p

2n+p−np−2 , ε−
2q

2n+q−nq−2 } , 1 < p, q ≤ n/(n− 1) ,

ε
− 2q(q−1)

(n+1)q+2−(n−1)q2 , 1 < p ≤ n
n−1 ,

n
n−2 < q < pS(n) ,

ε−
2p

2n+p−np−2 , 1 < p ≤ n
n−1 ,

n
n−1 ≤ q ≤

n
n−2 ,

ε−
2q(p−1)

(n−1)q+2−(n−1)pq , 1 < q ≤ n
n−1 ≤ p ≤ 1 + 2

(n−1)q ,

ε−Γ−1
SG(n,p,q), ΓSG(n, p, q) > 0 , p, q > n

n−1 ,

exp(ε−p(pq−1)), FSG,1(n, p, q) = 0 > FSG,2(n, p, q), p, q > n
n−1 .

In addition, when D(x) = 0, we have

Tε.

{
exp(ε−q(pq−1)), FSG,2(n, p, q) = 0 > FSG,1(n, p, q),

exp(ε−(pq−1)), FSG,2(n, p, q) = FSG,1(n, p, q) = 0 .
(1.14)

Remark 1.1. The local existence of weak solutions can be obtained by energy esti-
mates, we do not discuss it here. For the single wave equation, the low-dimensional
cases n = 1, 2 are known to be much more delicate than the higher-dimensional ones,
see, e.g., [25, 24, 29, 10, 41, 42, 45, 17]. To avoid these technical complications and
to focus on the new phenomena generated by the space-dependent damping D(x)
and potential V (x), we restrict ourselves to n ≥ 3. Here Lemma 2.1 tells us that
φ0 is essentially constant (φ0 ' 1). This uniform estimate greatly simplifies the
analysis and helps us focus on the real impact of D(x) and V (x) on the lifespan.

2. Preliminary

In this section, we collect some Lemmas we will use later. For the strategy of
the proof, we use some special test functions, see, e.g., [46], [44], [8].

Lemma 2.1 (Lemma 2.2 in [18]). Support 0 ≤ V ∈ C(Rn), V = O(〈r〉−ω) for
some ω > 2, and V ∈ Cδ(Bδ) for some δ > 0. In addition, assume V is nontrivial
when n = 2. Then there exist a C2 solution of

(2.1) ∆φ0 = V φ0, x ∈ Rn, n ≥ 2,

satisfying

φ0 '

{
ln(r + 2), n = 2,

1, n ≥ 3.
(2.2)

Moreover, when n = 2 and V = 0, it is clear that φ0 = 1 is a solution (2.1).

Lemma 2.2 (Lemma 2.4 in [18]). Let V = V (r), D = D(r) ∈ C(Rn) ∩ Cδ(Bδ)
for some δ > 0. Suppose V ≥ 0, D ≥ 0, and also that for some d∞ ∈ R, R > 1
and r ≥ R, we have

(2.3) V (r) ∈ L1([R,∞)), D(r) =
d∞
r

+D∞(r), D∞ ∈ L1([R,∞)).

Then there exists a C2 solution of

(2.4) ∆φλ = (λ2 + λD + V )φλ, λ > 0, x ∈ Rn,

satisfying

(2.5) φλ ' 〈r〉−
n−1−d∞

2 eλr, n ≥ 3 .
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Lemma 2.3. Let a > 0 and φλ in Lemma 2.2. Define

ba(t, x) =

∫ 1

0

e−λtφλ(x)λa−1dλ, x ∈ Rn .

Then it is easy to verify that ba(t, x) satisfies

(2.6) ∂2
t ba −∆ba −D(x)∂tba + V (x)ba = 0, ∂tba = −ba+1 .

In addition, when D and V satisfying (1.2) (1.3), we have

ba(t, x) & (t+R)−a , a > 0 ,(2.7)

ba(t, x) .

{
(t+R)−a, 0 < a < n−1

2 ,

(t+R)−
n−1
2 (t+R+ 1− |x|)n−1

2 −a, a > n−1
2 ,

(2.8)

for n ≥ 2 and |x| ≤ t+R.

Proof. By Lemma 2.2, we have that

φλ ' 〈r〉−
n−1
2 eλr, λ > 0 .

since d∞ = 0 when D and V satisfy (1.2) (1.3). Then by the proof of (6.7) (6.8) in
[18], we have (2.7) (2.8).

Lemma 2.4 (Lemma 3.1 in [21]). If β > 0, then for any α ∈ R and a fixed
constant R, we have ∫ t+R

0

(1 + r)αe−β(t−r)dr . (t+R)α .

Finally, we need the following ODE Lemma to show the finite time blow up in
some critical cases.

Lemma 2.5 (Lemma 3.10 in [8]). Let 2 < t0 < T , 0 ≤ φ ∈ C1([t0, T )). Assume
that {

δ ≤ K1tφ
′(t), t ∈ (t0, T ),

φ(t)p1 ≤ K2t(ln t)
p2−1φ′(t), t ∈ (t0, T ),

with δ, K1, K2 > 0 and p1, p2 > 1. If p2 < p1 + 1, then there exists positive
constant δ0 and K3 (independent of δ) such that

T ≤ exp(K3δ
− p1−1
p1−p2+1 )

for all δ ∈ (0, δ0).

3. Proof of Theorems 1.1-1.3

In this section, we give the proof of Theorems 1.1-1.3.

3.1. Proof of Theorem 1.1.
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3.1.1. ΓSS(n, p, q) > 0.

We first introduce a smooth cut-off function η(t) ∈ C∞([0,∞)) such that

η(t) = 1 , t ≤ 1/2 , η(t) = 0 , t ≥ 1 ,

and η(t) is decreasing in (1/2, 1). Then for M ∈ (1, Tε), we set ηM (t) = η( t
M ). In

addition, let

θ(t) =

{
0, 0 ≤ t < 1

2 ,

η(t), t ≥ 1
2 ,

(3.1)

and θM (t) = θ( t
M ). It is easy to see that η′(t) is bounded and 0 ≤ θM (t) = ηM (t) ≤

1 when M/2 ≤ t ≤M .

(I) Test function 1: Ψ(t, x) = η2p′

M (t)φ0(x)

Firstly, we choose the test function Ψ(t, x) = η2p′

M (t)φ0(x), p ≤ q, where φ0

satisfying

∆φ0 = V (x)φ0 .

Then by (1.5) we get that

ε

∫
Rn
u1(x)φ0dx+ ε

∫
Rn
u0(x)D(x)φ0dx+

∫ M

0

∫
Rn
|v|pη2p′

M φ0dxdt

=

∫ M

0

∫
Rn
uφ0

(
∂2
t η

2p′

M −D(x)∂tη
2p′

M

)
dxdt

−
∫ M

0

∫
Rn
uη2p′

M (∆φ0 − V (x)φ0)dxdt(3.2)

=

∫ M

0

∫
Rn
uφ0

(
∂2
t η

2p′

M

)
dxdt−

∫ M

0

∫
Rn
uφ0D(x)

(
∂tη

2p′

M

)
dxdt

= I1 + I2 .

Recall that p ≤ q, then we have (2p′ − 2)q ≥ 2p′. Thus by Hölder’s inequality and
(2.2) we have

|I1| =|
∫ M

0

∫
Rn
uφ0

(
∂2
t η

2p′

M )dxdt|

.M−2
(∫ M

0

∫
Rn
|u|qθ(2p′−2)q

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

dxdt
) 1
q′

.M−2
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

dxdt
) 1
q′

(p ≤ q)(3.3)

.M−2
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

∫ t+R

0

rn−1drdt
) 1
q′

.M
nq−n−q−1

q

(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

,
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|I2| =|
∫
Rn
uφ0D(x)

(
∂tη

2p′

M )dxdt|

.M−1
(∫ M

0

∫
Rn
|u|qθ(2p′−1)q

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

(D(x))q
′
dxdt

) 1
q′

.M−1
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

∫ t+R

0

(1 + r)−βq
′
rn−1drdt

) 1
q′

(3.4)

.M−1
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q


(M ln(M))

1
q′ , n− q′ = 0,

M
(n+1−q′) 1

q′ , n− q′ > 0,

M
1
q′ , n− q′ < 0.

.
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

{
M−1(M ln(M))

1
q′ , q ≤ n

n−1 ,

M
nq−n−q−1

q , q > n
n−1 .

When q > n
n−1 , by combining (3.3) and (3.4), we get that

(3.5) εC1(u0, u1) +

∫ M

0

∫
Rn
|v|pη2p′

M dxdt .M
nq−n−q−1

q

(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

,

where

C1(u0, u1) =

∫
Rn
u1(x)φ0dx+

∫
Rn
u0(x)D(x)φ0dx.

Then we get that∫ M

0

∫
Rn
|v|pη2p′

M dxdt .M
nq−n−q−1

q

(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

.(3.6)

Similarly, by applying test function Ψ(t, x) = η2p′

M (t)φ0(x) to (1.6), we can get

(3.7)

∫ M

0

∫
Rn
|u|qη2p′

M dxdt .M
np−n−p−1

p

(∫ M

0

∫
Rn
|v|pθ2p′

M dxdt
) 1
p

.

Thus (3.6) and (3.7) yields

(3.8)

∫ M

0

∫
Rn
|v|pη2p′

M dxdt .M
nqp−2p−n−pq−1

qp−1 ,

(3.9)

∫ M

0

∫
Rn
|u|qη2p′

M dxdt .M
nqp−2q−n−pq−1

qp−1 .

(II) Test function 2: Ψ(t, x) = η2p′

M (t)e−tφ(x) = η2p′

M (t)Φ(t, x)

Secondly, we choose another test function Ψ = η2p′

M Φ(t, x), where Φ(t, x) =
e−tφ(x) and φ satisfying

∆φ = (1 +D + V )φ .

Then it is easy to see that Φ(t, x) = e−tφ(x) satisfying

∂2
t Φ−∆Φ−D(x)∂tΦ + V (x)Φ = 0 .
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By taking Ψ(t, x) = e−tφ(x) in (1.5), we get that

εC2(u0, u1) +

∫ M

0

∫
Rn
|v|pη2p′

M Φdxdt

=−
∫ M

0

∫
Rn
ut∂t(η

2p′

M Φ)dxdt+

∫ M

0

∫
Rn
∇u∇(η2p′

M Φ)dxdt

−
∫ M

0

∫
Rn
D(x)u∂t(η

2p′

M Φ)dxdt+

∫ M

0

∫
Rn
uV (x)η2p′

M Φdxdt

=

∫ M

0

∫
Rn
u
(

(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt(3.10)

+

∫ M

0

∫
Rn
uη2p′

M

(
∂2
t Φ−∆Φ−D(x)∂tΦ + V (x)Φ

)
dxdt

=

∫ M

0

∫
Rn
u
(

(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt

=I3 + I4 + I5 .

By applying Hölder’s inequality and Lemma 2.2 with λ = 1, we have that

|I3| =|
∫ M

0

∫
Rn
u(∂2

t η
2p′

M )Φdxdt|

.M−2
(∫ M

0

∫
Rn
|u|qθ(2p′−2)q

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

Φq
′
dxdt

) 1
q′

.M−2
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

Φq
′
dxdt

) 1
q′

(p ≤ q)

.M−2
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

×
(∫ M

M
2

∫ t+R

0

(r + 1)n−1−n−1
2 q′e−(t−r)q′drdt

) 1
q′

(Lemma 2.2)

.M−2
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

(2 + t)n−1−n−1
2 q′dt

) 1
q′

(Lemma 2.4)

.M−2+(n− (n−1)q′
2 ) 1

q′
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

,

|I4| =|
∫ M

0

∫
Rn

2u(∂tη
2p′

M )(∂tΦ)dxdt|

.M−1+(n− (n−1)q′
2 ) 1

q′
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

,



WAVE SYSTEM WITH DAMPING AND POTENTIAL 11

|I5| =|
∫ M

0

∫
Rn
uD(x)(∂tη

2p′

M )Φdxdt|

.M−1

∫ M

0

∫
Rn
|uθ2p′−1

M ΦD(x)|dxdt

.M−1
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

Dq′(x)Φq
′
dxdt

) 1
q′

.M−1
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q
(∫ M

M
2

(1 + t)n−1−(n−1
2 +β)q′dt

) 1
q′

(Lemma 2.4)

.M−2+(n− (n−1)q′
2 ) 1

q′
(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
) 1
q

.

This in turn implies that(
C2(u0, u1)ε

)q
.M

(n−1)q
2 −n

(∫ M

0

∫
Rn
|u|qθ2p′

M dxdt
)
,(3.11)

where

C2(u0, u1) =

∫
Rn
u1(x)φ(x)dx+

∫
Rn

(
1 +D(x)

)
u0(x)φ(x)dx ,

C ′2(v0, v1) =

∫
Rn
v1(x)φ(x)dx+

∫
Rn

(
1 +D(x)

)
v0(x)φ(x)dx .

In an analogy way, by applying test function Ψ = η2p′

M e−tφ(x) to (1.6), we could
get that (

C ′2(v0, v1)ε
)p
.M

(n−1)p
2 −n

(∫ M

0

∫
Rn
|v|pθ2p′

M dxdt
)
.(3.12)

By combining (3.11) and (3.9), we get that

M . ε
− 1

(p+q−1+2)(qp−1)−1−n−1
2 .

By combining (3.8) and (3.12), we have

M . ε
− 1

(q+p−1+2)(qp−1)−1−n−1
2 .

Similarly, by applying test functions η2q′

M φ0, η2q′

M e−tφ(x), we can also obtain the
above two lifespan estimates under the assumption p ≥ q and p > n/(n−1). Hence
for any M ∈ (1, Tε), we get that

M . min
{
ε
− 1

(p+q−1+2)(qp−1)−1−n−1
2 , ε

− 1

(q+p−1+2)(qp−1)−1−n−1
2

}
.

That is to say

Tε . min
{
ε
− 1

(p+q−1+2)(qp−1)−1−n−1
2 , ε

− 1

(q+p−1+2)(qp−1)−1−n−1
2

}
.

So we come to the estimate

Tε . ε
−Γ−1

SS(n,p,q), ΓSS(n, p, q) > 0, p, q > n/(n− 1) .

We obtain the first lifespan estimate in Theorem 1.1.
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When p or q less than n/(n−1), we apply Young’s inequality to (3.2) with p ≤ q
to get∫ M

0

∫
Rn
|v|pη2p′

M dxdt ≤ 1

2

∫ M

0

∫
Rn
|u|qη2p′

M dxdt+C

∫ M

M
2

∫
Bt+R

(M−2+|D|M−1)q
′
dxdt ,

∫ M

0

∫
Rn
|u|qη2p′

M dxdt ≤ 1

2

∫ M

0

∫
Rn
|v|pη2p′

M dxdt+C

∫ M

M
2

∫
Bt+R

(M−2+|D|M−1)p
′
dxdt .

That is∫ M

0

∫
Rn
|v|pη2p′

M dxdt+

∫ M

0

∫
Rn
|u|qη2p′

M dxdt .
∫ M

M
2

∫
Bt+R

(M−2 + |D|M−1)q
′
dxdt

.

{
M1−q′ , 1 < q 6 n

n−1 ,

Mn+1−2q′ , q ≥ n
n−1 .

(3.13)

Then by (3.12) and (3.13), we can obtain that

εp .

{
M

n−1
2 p−n+1−q′ , 1 < q 6 n

n−1 ,

M
n−1
2 p+1−2q′ , q ≥ n

n−1 .
(3.14)

Then by (3.11) and (3.13), we can obtain that

εq .

{
M

n−1
2 q−n+1−q′ , 1 < q 6 n

n−1 ,

M
n−1
2 q+1−2q′ , q ≥ n

n−1 .
(3.15)

In conclusion, by (3.14) and (3.15), we have

Tε .

{
ε−

2p(q−1)
2+2q+(n−1)p−(n−1)pq , 1 < p ≤ q, n

n−1 ≤ q < pS(n) ,

ε−
2p(q−1)

(n−1)p+2nq−2(n−1)−(n−1)pq , 1 < p ≤ q ≤ n
n−1 .

(3.16)

In a same way, when q ≤ p, we have

Tε .

{
ε−

2q(p−1)
2+2p+(n−1)q−(n−1)pq , 1 < q ≤ p, n

n−1 ≤ p < pS(n) ,

ε−
2q(p−1)

(n−1)q+2np−2(n−1)−(n−1)pq , 1 < q ≤ p 6 n
n−1 .

(3.17)

3.1.2. ΓSS(n, p, q) = 0.

For nonnegative function ω(t, x) ∈ L1
loc([0, T );L1(Rn)) and M,T ∈ (1, Tε), we

set

Y [ω(t, x)](M) =

∫ M

1

(∫ T

0

∫
Rn
ω(t, x)θ2p′

σ (t)dxdt
)
σ−1dσ.

Then we can get that

(3.18) Y ′[ω(t, x)](M) =
d

dM
Y [ω(t, x)](M) = M−1

(∫ T

0

∫
Rn
ω(t, x)θ2p′

M (t)dxdt
)
.
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By direct computation, we get that

Y [ω(t, x)] =

∫ M

1

(∫ T

0

∫
Rn
ω(t, x)θ2p′

σ (t)dxdt
)
σ−1dσ

=

∫ T

0

∫
Rn
ω(t, x)

∫ t

t
M

θ2p′(s)s−1dsdxdt

.
∫ M

2

0

∫
Rn
ω(t, x)

∫ t

t
M

θ2p′(s)s−1dsdxdt+

∫ T

M
2

∫
Rn
ω(t, x)

∫ t

t
M

θ2p′(s)s−1dsdxdt

.
∫ M

2

0

∫
Rn
ω(t, x)η2p′(

t

M
)

∫ 1

1
2

s−1dsdxdt+

∫ T

M
2

∫
Rn
ω(t, x)θ2p′(

t

M
)

∫ 1

1
2

s−1dsdxdt

. ln 2

∫ T

0

∫
Rn
ω(t, x)η2p′

M (t)dxdt.

Then we can obtain that

(3.19) Y [ω(t, x)](M) . ln 2

∫ T

0

∫
Rn
ω(t, x)η2p′

M (t)dxdt.

(III) Test function 3: Ψ(t, x) = η2q′

M (t)ba(t, x)

Let a = n−1
2 −

1
q > 0, by the lower bound of ba in Lemma 2.3, we have that∫ M

0

∫
Rn
|v|pθ2q′

M badxdt & M−a
∫ M

0

∫
Rn
|v|pθ2q′

M dxdt .

By applying (3.7) and (3.11) (by replacing p with q in η2p′

M ), we know that∫ M

0

∫
Rn
|v|pθ2q′

M dxdt& εpqMn+p+1−n−1
2 pq .

Noting that when p ≥ q, ΓSS = p+2+1/q
pq−1 − n−1

2 , that is to say

n+ p+ 1− n− 1

2
pq − a = ΓSS(n, p, q) = 0 .

Hence we get that

(3.20)

∫ M

0

∫
Rn
|v|pθ2q′

M badxdt& εqp .

Next we choose test function Ψ = η2q′

M ba to replace Ψ(t, x) in (1.5), we get that

εC3(u0, u1) +

∫ M

0

∫
Rn
|v|pη2q′

M (t)badxdt

=

∫ T

0

∫
Rn
u
(

(∂2
t η

2q′

M )ba + 2(∂tη
2q′

M )(∂tba)−D(x)(∂tη
2q′

M )ba

)
dxdt(3.21)

=I6 + I7 + I8,

where

C3(u0, u1) =

∫
Rn
u1(x)ba(0, x)dx+

∫
Rn
u0(x)

(
D(x)ba(0, x) + ba+1(0, x)

)
dx .
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By applying Hölder’s inequality, we get that

|I6| =|
∫ T

0

∫
Rn
u(∂2

t η
2q′

M )badxdt|

.M−2

∫ M

0

∫
Rn
|u(t, x)θ2q′−2

M (t)ba|dxdt

.M−2
(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

bq
′

a dxdt
) 1
q′

.M−2
(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q
(∫ M

M
2

∫ t+R

0

(t+R)( 1
q−

n−1
2 )q′rn−1drdt

) 1
q′

.M
nq−2n−q

2q

(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q

,

|I7| =|
∫ T

0

∫
Rn

2u(∂tη
2q′

M )(∂tba)dxdt|

.M−1
(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

bq
′

a+1dxdt
) 1
q′

.M
nq−2n−q

2q (lnM)
q−1
q

(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q

,

|I8| =|
∫ T

0

∫
Rn
uD(x)(∂tη

2q′

M )badxdt|

.M−1

∫ M

0

∫
Rn
|u(t, x)θ2q′−1

M (t)baD(x)|dxdt

.M−1
(∫ M

0

∫
Rn
|u|qθ2q′

M (t)dxdt
) 1
q
(∫ M

M
2

∫
Bt+R

Dq′(x)bq
′

a dxdt
) 1
q′

.M−1
(∫ M

0

∫
Rn
|u|qθ2q′

M (t)dxdt
) 1
q

×
(∫ M

M
2

∫ t+R

0

(R+ t)( 1
q−

n−1
2 )q′rn−1(1 + r)−βq

′
drdt

) 1
q′

.
(∫ M

0

∫
Rn
|u|qθ2q′

M (t)dxdt
){ M

nq−2n−q
2q , q > n

n−1 ,

Mq′−n−1
2 , q ≤ n

n−1 .

Hence, we get that∫ M

0

∫
Rn
|v|pη2q′

M (t)badxdt .M
nq−2n−q

2q (lnM)
q−1
q

(∫ M

0

∫
Rn
|u|qθ2q′

M dxdt
) 1
q

,(3.22)

(3.23)∫ M

0

∫
Rn
|u|qη2q′

M (t)badxdt .M
np−2n−p

2p (lnM)
p−1
p

(∫ M

0

∫
Rn
|v|pθ2q′

M dxdt
) 1
p

,

with n
n−1 < q ≤ p. Plugging (3.7) into (3.22) and by the lower bound of ba in

Lemma 2.3, we get that

(3.24)
(∫ M

0

∫
Rn
|v|pη2q′

M badxdt
)pq
. (lnM)p(q−1)

∫ M

0

∫
Rn
|v|pθ2q′

M badxdt.
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Let

Y [ba|v|p](M) =

∫ M

1

(∫ T

0

∫
Rn
|v|pbaθ2q′

σ (t)dxdt
)
σ−1dσ .

By combining (3.18), (3.19), (3.20) and (3.24), we have that

εqp .MY ′[ba|v|p](M),(
Y [ba|v|p](M)

)pq
.(lnM)p(q−1)MY ′[ba|v|p](M) .

Exploiting Lemma 2.5 with p2 = p(q − 1) + 1, p1 = pq, δ = εpq, we have that

M . exp(ε−q(pq−1)), p ≥ q > n/(n− 1) .

Hence for any M ∈ (1, Tε), that is to say

Tε . exp(ε−q(pq−1)), p ≥ q > n/(n− 1) .

Similarly, we could get that

Tε . exp(ε−p(pq−1)), n/(n− 1) < p ≤ q .
Then we have

Tε. exp
(
ε−min{p(pq−1),q(pq−1)}), ΓSS(n, p, q) = 0 , p, q > n/(n− 1) .

In addition, by combining (3.11), (3.12), we have

εC2(u0, u1) + εC ′2(v0, v1) +

∫ M

0

∫
Rn
|u+ v|pη2p′

M Φdxdt

. εC2(u0, u1) + εC ′2(v0, v1) +

∫ M

0

∫
Rn

(|u|p + |v|p)η2p′

M Φdxdt

.
∫ M

0

∫
Rn

(u+ v)
(

(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt(3.25)

. M
(n−1)

2 −np
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M dxdt
) 1
p

. M
(n−1)

2 −np+n−1
2p −

1
p2
( ∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p .

Noting that, when p = q = pS(n), we have that

n− 1

2
− n

p
+
n− 1

2p
− 1

p2
= 0 .

Thus by (3.25), we get

εp .
∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt .(3.26)

Similarly, we can get that(
C3(u0, u1) + C ′3(v0, v1)

)
ε+

∫ M

0

∫
Rn
|v + u|pη2p′

M (t)badxdt

.
∫ M

0

∫
Rn

(u+ v)
(

(∂2
t η

2p′

M )ba + 2(∂tη
2p′

M )(∂tba)−D(x)(∂tη
2p′

M )ba

)
dxdt

. I9 + I10 + I11 .
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By Hölder’s inequality, we have

|I9| =|
∫ M

0

∫
Rn

(u+ v)(∂2
t η

2p′

M )badxdt|

.
1

M2

(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p
(∫ M

M
2

∫
Bt+R

badxdt
) p−1

p

.
1

M2

(∫ M

M
2

∫ t+R

0

(t+R)−(n−1
2 −

1
p )rn−1drdt

) p−1
p
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

.
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

,

|I10| =|
∫ M

0

∫
Rn

(u+ v)2(∂tη
2p′

M )(∂tba)dxdt|

.M−1
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p
(∫ M

M
2

∫
Bt+R

b
−( 1

p−1 )
a b

p
p−1
a dxdt

) p−1
p

.M−1
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

×
(∫ M

M
2

∫ t+R

0

(t+R)
n−1
2 −

1
p(p−1) (t+R+ 1− r)−1drdt

) p−1
p

.M−1
(∫ M

M
2

(t+R)
n−1
2 −

1
p(p−1) ln(t+R)

) p−1
p
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

.(lnM)
p−1
p

(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

,

|I11| =|
∫ M

0

∫
Rn

(u+ v)D(x)(∂tη
2p′

M )badxdt|

.M−1
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p
(∫ M

M
2

∫
Bt+R

Dp′(x)badxdt
) p−1

p

.M−1
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

×
(∫ M

M
2

∫ t+R

0

(t+R)−(n−1
2 −

1
p )(1 + r)−βp

′
rn−1drdt

) p−1
p

.
(∫ M

0

∫
Rn
|u+ v|pθ2p′

M badxdt
) 1
p

{
1, p > n

n−1 ,

M
3p−np+n−3

2p − 1
p2 , p ≤ n

n−1 ,

where we have used the fact p = q = pS(n) > n/(n − 1) so that n − p′ > 0.
Therefore, by the estimates I9-I11, we get that

(3.27)
(∫ M

0

∫
Rn
|v+u|pη2p′

M (t)badxdt
)p
. (lnM)p−1

∫ M

0

∫
Rn
|u+v|pθ2p′

M badxdt .

Let

Y [ba|u+ v|p](M) =

∫ M

1

(∫ M

0

∫
Rn
|u+ v|pbaθ2q′

σ (t)dxdt
)
σ−1dσ.
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By combining (3.18), (3.19), (3.26) and (3.27), we get that

εp .MY ′[ba|u+ v|p](M),(
Y [ba|u+ v|p](M)

)p
.(lnM)p−1MY ′[ba|u+ v|p](M) .

By exploiting Lemma 2.5 with p2 = p1 = p, δ = εp, we have that

Tε . exp(ε−p(p−1)), p = q = pS(n).

We finish the proof of Theorem 1.1.

3.2. Proof of Theorem 1.2.

3.2.1. ΓGG(n, p, q) > 0.

(I) Test function 1: Ψ = −∂t
(
η2p′

M (t)Φ(t, x)
)

We choose test function Ψ = −∂t(η2p′

M Φ), where Φ(t, x) = e−tφ(x) and φ satis-
fying ∆φ = (1 +D(x) + V (x))φ. Besides, it is worth observing that

Ψ(t, x) = −∂t(η2p′

M Φ) = η2p′

M Φ− 2p′η2p′−1
M (∂tηM )Φ ≥ η2p′

M Φ > 0 .

Thus, by applying Ψ = −∂t(η2p′

M Φ) to (1.5), we have

εC2(u0, u1) +

∫ M

0

∫
Rn
|vt|p(η2p′

M Φ− 2p′η2p′−1
M (∂tηM )Φ)dxdt

=

∫ M

0

∫
Rn
ut

(
(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt

+

∫ M

0

∫
Rn
utη

2p′

M

(
∂2
t Φ−∆Φ−D(x)∂tΦ + V (x)Φ

))
dxdt(3.28)

=

∫ M

0

∫
Rn
ut

(
(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt

≤
∫ M

0

∫
Rn
|ut|
(
|∂2
t η

2p′

M |Φ + 2|∂tη2p′

M |Φ +D(x)|∂tη2p′

M |Φ
)
dxdt

= I12 + I13 + I14 .
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When p ≤ q, by Hölder’s inequality and Lemma 2.2, we have

I12 =

∫
Rn
|ut||∂2

t η
2p′

M |Φdxdt

.M−2
(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q
(∫ M

M
2

∫
Bt+R

Φdxdt
) 1
q′

.M−2
(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q
(∫ M

M
2

(t+ 1)
n−1
2 dxdt

) 1
q′

.M
nq−n−3q−1

2q

(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q

,

I13 =

∫ M

0

∫
Rn

2|ut||∂tη2p′

M |Φdxdt

.M−1
(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q
(∫ M

M
2

∫
Bt+R

Φdxdt
) 1
q′

.M
nq−n−q−1

2q

(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q

,

I14 =

∫ M

0

∫
Rn
|ut|D(x)|∂tη2p′

M |Φdxdt

.I13 .M
nq−n−q−1

2q

(∫ M

0

∫
Rn
θ2p′

M |ut|
qΦdxdt

) 1
q

.

Then we get that

εC2(u0, u1) +

∫ M

0

∫
Rn
|vt|pη2p′

M Φdxdt .M
nq−n−1−q

2q

(∫ M

0

∫
Rn
|ut|qθ2p′

M Φdxdt
) 1
q

,

(3.29)

εC ′2(v0, v1) +

∫ M

0

∫
Rn
|ut|qη2p′

M Φdxdt .M
np−n−1−p

2p

(∫ M

0

∫
Rn
|vt|pθ2p′

M Φdxdt
) 1
p

.

(3.30)

Hence we obtain

εC2(u0, u1) +

∫ M

0

∫
Rn
|vt|pη2p′

M Φdxdt .M
nqp−2p−n−qp−1

2qp

(∫ M

0

∫
Rn
|vt|pθ2p′

M Φdxdt
) 1
qp

,

(3.31)

εC ′2(v0, v1) +

∫ M

0

∫
Rn
|ut|qη2p′

M Φdxdt .M
nqp−2q−n−qp−1

2qp

(∫ M

0

∫
Rn
|ut|qθ2p′

M Φdxdt
) 1
qp

.

(3.32)

We set A =
∫M

0

∫
Rn |vt|

pη2p′

M Φdxdt, B =
∫M

0

∫
Rn |ut|

qη2p′

M Φdxdt. By Young’s in-
equality, we have that for some constant C > 0,

ε+A .M
nqp−2p−n−qp−1

2qp A
1
qp ≤ A

pq
+ CM

nqp−2p−n−qp−1
2qp (pq)′ 1

(pq)′
,

ε+B .M
nqp−2q−n−qp−1

2qp B
1
qp ≤ B

pq
+ CM

nqp−2q−n−qp−1
2qp (pq)′ 1

(pq)′
.
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Then we get that

ε+
(
1− 1

pq

)
A .M

nqp−2p−n−qp−1
2qp (pq)′ 1

(pq)′
,

ε+
(
1− 1

pq

)
B .M

nqp−2q−n−qp−1
2qp (pq)′ 1

(pq)′
,

which lead to

M ≤ Tε .

ε
− 1

p+1
qp−1

−n−1
2 , p ≤ q,

ε
− 1

q+1
qp−1

−n−1
2 , p ≤ q.

(3.33)

Similarly, by applying test function Ψ = −∂t
(
η2q′

M (t)Φ(t, x)
)

with q ≤ p, we can
also obtain (3.33). So we come to the estimate

Tε . ε
−Γ−1

GG(n,p,q), ΓGG(n, p, q) > 0.

Which is first part of lifespan estimate in Theorem 1.2.

3.2.2. ΓGG(n, p, q) = 0.

When p ≤ q and ΓGG(n, p, q) = q+1
pq−1 −

n−1
2 = 0, by (3.32) and (3.18), (3.19), we

have (
C ′2(v0, v1)ε+ Y [Φ|ut|q](M)

)qp
.MY ′[Φ|ut|q](M) .(3.34)

Let Z(M) =
(
C ′2(v0, v1)ε+Y [Φ|ut|q](M)

)
, then Z(1) =

(
C ′2(v0, v1)

)
ε and Z ′(M) =

Y ′(M), then we have

MZ ′(M) & Zpq , Z(1) = (C ′2(v0, v1))ε .

This is a typical ODE inequality which will blow up in finite time. By direct
computation, we have that

M ≤ Tε . exp(ε−(qp−1)) , p ≤ q .

Similarly, when q ≤ p and ΓGG(n, p, q) = p+1
pq−1 −

n−1
2 = 0, we can get the same

estimate. This is the second lifespan estimate in Theorem 1.2.
When p = q and ΓGG(n, p, q) = 0, which is equivalent to p = q = pG(n), we set

Y [Φ|vt + ut|p](M) =

∫ M

1

(∫ T

0

∫
Rn
|vt + ut|pΦθ2p′

σ (t)dxdt
)
σ−1dσ.(3.35)

By (3.29) and (3.30), we can get another ODE inequality(
C2(u0, u1)ε+ C ′2(v0, v1)ε+ Y [Φ|vt + ut|p]

)p
.MY ′[Φ|vt + ut|p](M) ,(3.36)

which lead to

M ≤ Tε . exp(ε−(p−1)) , p = q = pG(n) .

3.3. Proof of Theorem 1.3.
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3.3.1. ΓSG(n, p, q) > 0.

(I)Test function 1: Ψ(t, x) = η2p′

M (t)φ0(x)

Firstly, we choose test function Ψ = η2p′

M (t)φ0(x), where φ0 satisfies ∆φ0 = V φ0.

By replacing Ψ(t, x) in (1.5) and (1.6) with η2p′

M (t)φ0(x), we get that

ε

∫
u1(x)φ0(x)dx+

∫ M

0

∫
Rn
|v|qη2p′

M φ0dxdt(3.37)

=

∫ M

0

∫
Rn
utφ0

(
− ∂tη2p′

M +D(x)η2p′

M

)
dxdt

=I15 + I16,

ε

∫
Rn
v1(x)φ0dx+ ε

∫
Rn
v0(x)D(x)φ0dx+

∫ M

0

∫
Rn
|ut|pη2p′

M φ0dxdt(3.38)

=

∫ M

0

∫
Rn
vφ0

(
∂2
t η

2p′

M −D(x)∂tη
2p′

M

)
dxdt

=I17 + I18 .

Recall that φ0 ' 1, then by Hölder’s inequality, we have

|I15| =|
∫ M

0

∫
Rn
utφ0

(
∂tη

2p′

M )dxdt|

.M−1
(∫ M

0

∫
Rn
|ut|pθ(2p′−1)p

M dxdt
) 1
p
(∫ M

M
2

∫
Bt+R

dxdt
) 1
p′
,

.M
np−n−1

p

(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

,(3.39)

|I16| =|
∫ M

0

∫
Rn
utφ0D(x)η2p′

M dxdt|

.
(∫ M

0

∫
Rn
|ut|pη(2p′−1)p

M dxdt
) 1
p
(∫ M

0

∫
Bt+R

(D(x))p
′
dxdt

) 1
p′

.
(∫ M

0

∫
Rn
|ut|pη2p′

M dxdt
) 1
p
(∫ M

0

∫ t+R

0

(1 + r)−βp
′
rn−1drdt

) 1
p′

(3.40)

.
(∫ M

0

∫
Rn
|ut|pη2p′

M dxdt
) 1
p


(M ln(M))

1
p′ , n− p′ = 0,

M
(n+1−p′) 1

p′ , n− p′ > 0,

M
1
p′ , n− p′ < 0.

.
(∫ M

0

∫
Rn
|ut|pη2p′

M dxdt
) 1
q

{
(M ln(M))

1
p′ , p ≤ n

n−1 ,

M
np−n−1

p , p > n
n−1 .

Thus by (3.39) (3.40), when p > n/(n− 1), we have∫ M

0

∫
Rn
|v|qη2p′

M dxdt .M
np−n−1

p

(∫ M

0

∫
Rn
|ut|pη2p′

M dxdt
) 1
p

.(3.41)
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The estimates of I17 and I18 agree with the estimates of I1 and I2, so we choose to
omit the details here. Same as (3.6), we have∫ M

0

∫
Rn
|ut|pη2p′

M dxdt .M
nq−n−q−1

q

(∫ M

0

∫
Rn
|v|qθ2p′

M dxdt
) 1
q

,(3.42)

when q > n/(n− 1) and p ≤ q. Then by (3.41) and (3.42), we obtain∫ M

0

∫
Rn
|v|qη2p′

M dxdt .M
npq−n−2q−1

pq−1 , p ≤ q, p, q > n/(n− 1) .(3.43)

∫ M

0

∫
Rn
|ut|pη2p′

M dxdt .M
npq−n−pq−p−1

pq−1 , p ≤ q, p, q > n/(n− 1) .(3.44)

(II) Test function 2: Ψ(t, x) = −∂t(η2p′

M (x)Φ(t, x)), η2p′

M Φ(t, x)

Secondly, we choose another test function Ψ = −∂t(η2p′

M Φ), where Φ = e−tφ(x)

and φ(x) satisfies ∆φ = (1+D+V )φ. By replacing Ψ(t, x) in (1.5) with −∂t(η2p′

M Φ),
we get that

εC2(u0, u1) +

∫ M

0

∫
Rn
|v|q∂t(−η2p′

M Φ)dxdt

=

∫ M

0

∫
Rn
ut

(
(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt .

By the estimates of I3, I4, I5, we can get that(
εC2(u0, u1)

)p
.M

np−p−2n
2

∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt .(3.45)

By replacing Ψ(t, x) in (1.6) with η2p′

M Φ(t, x), we get that

εC ′2(v0, v1) +

∫ M

0

∫
Rn
|ut|pη2p′

M Φdxdt

=

∫ M

0

∫
Rn
v
(

(∂2
t η

2p′

M )Φ + 2(∂tη
2p′

M )(∂tΦ)−D(x)(∂tη
2p′

M )Φ
)
dxdt .

Similarly, we have(
εC ′2(v0, v1)

)q
.M

nq−q−2n
2

∫ M

0

∫
Rn
|v|qθ2p′

M dxdt .(3.46)

By combining (3.44) and (3.45), we obtain that

Tε . ε
−F−1

SG,1(n,p,q) , p, q > n/(n− 1) , FSG,1(n, p, q) > 0 .

By combining (3.43) and (3.46), we obtain that

Tε . ε
−F−1

SG,2(n,p,q) , p, q > n/(n− 1) , FSG,2(n, p, q) > 0 .

Recall that ΓSG(n, p, q) = max{FSG,1(n, p, q), FSG,2(n, p, q)}, so we have

Tε . ε−Γ−1
SG(n,p,q) , p, q > n/(n− 1) ,ΓSG(n, p, q) > 0 .

We obtain the fourth lifespan estimate in Theorem 1.3.
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In addition, when p or q less than n/(n − 1), we apply Young’s inequality to
(3.37) and (3.38) with p ≤ q to get∫ M

0

∫
Rn
|v|qη2p′

M dxdt

≤ 1

2

∫ M

0

∫
Rn
|ut|pη2p′

M dxdt+ C

∫ M

0

∫
Bt+R

(M−1 + |D(x)|)p
′
dxdt,

and ∫ M

0

∫
Rn
|ut|pη2p′

M dxdt

≤ 1

2

∫ M

0

∫
Rn
|v|qη2p′

M dxdt+ C

∫ M

0

∫
Bt+R

(M−2 + |D(x)|M−1)q
′
dxdt.

Then we have∫ M

0

∫
Rn
|v|qη2p′

M dxdt+

∫ M

0

∫
Rn
|ut|pη2p′

M dxdt

.
∫ M

M
2

∫
Bt+R

(M−2 + |D(x)|M−1)q
′
dxdt+

∫ M

0

∫
Bt+R

(M−1 + |D(x)|)p
′
dxdt .

(3.47)

Note that∫ M

M
2

∫
Bt+R

(M−2 + |D(x)|M−1)q
′
dxdt .

{
M1−q′ , 1 < q ≤ n

n−1 ,

Mn+1−2q′ , q ≥ n
n−1 .

(3.48)

∫ M

0

∫
Bt+R

(M−1 + |D(x)|)p
′
dxdt .

{
M, 1 < p ≤ n

n−1 ,

Mn+1−p′ , p ≥ n
n−1 .

(3.49)

When 1 < p ≤ q ≤ n
n−1 , by (3.46) (3.45) (3.47) (3.48) (3.49), we have

Tε. ε−
2q

2n+q−nq−2 , Tε. ε−
2p

2n+p−np−2 .

Similarly, when 1 < q ≤ p ≤ n
n−1 , we could get that

Tε. ε−
2p

2n+p−np−2 , Tε. ε−
2q

2n+q−nq−2 .

Thus we have

Tε. min{ε−
2p

2n+p−np−2 , ε−
2q

2n+q−nq−2 } , 1 < p, q ≤ n/(n− 1) .

When 1 < p ≤ n
n−1 , n

n−2 < q < pS(n), it is easy to see n+1−2q′ > 1, by combining

(3.46) (3.47) (3.48) (3.49), we get that

Tε. ε
− 2q(q−1)

(n+1)q+2−(n−1)q2 .

When 1 < p ≤ n
n−1 , n

n−1 ≤ q ≤
n
n−2 , we can get

Tε. ε−
2p

2n+p−np−2 .

When 1 < q ≤ n
n−1 ≤ p ≤ 1 + 2

(n−1)q , by combining (3.46) (3.47) (3.48) (3.49), we

get that

Tε. ε−
2q(p−1)

(n−1)q+2−(n−1)pq .
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3.3.2. ΓSG(n, p, q) = 0.

(III)Test function 3: Ψ(t, x) = −∂t(η2p′

M (t)ba−1(t, x))

In this case, we choose test function Ψ = −∂t(η2p′

M ba−1), where ba is in Lemma
2.3 and a = n+1

2 −
1
p . Noting that

Ψ(t, x) = −∂t(η2p′

M ba−1) = η2p′

M ba − ∂tη2p′

M ba−1 ≥ η2p′

M ba > 0 .

By replacing Ψ(t, x) in (1.5) with −∂t(η2p′

M ba−1), we have

∫ M

0

∫
Rn
|v|qη2p′

M badxdt

≤
∫ M

0

∫
Rn
ut

(
(∂2
t η

2p′

M )ba−1 + 2(∂tη
2p′

M )(∂tba−1)−D(x)(∂tη
2p′

M )ba−1

)
dxdt

=I19 + I20 + I21 .

Note that a−1 = n−1
2 −

1
p <

n−1
2 , by Lemma 2.3, we know that ba−1 ' (t+R)−a+1

and ba & (t+R)−a. So we have ba−1(t, x) . (t+R)ba(t, x). By Hölder’s inequality
and Lemma 2.3, we have

|I19| =|
∫ M

0

∫
Rn
ut∂

2
t (η2p′

M )ba−1dxdt|

.M−2
(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

×
(∫ M

M
2

∫ t+R

0

(t+R)1−n−1
2 p′(t+R+ 1− r)−1rn−1drdt

) 1
p′

.M−2
(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p
(∫ M

M
2

(t+R+ 1)n−
n−1
2 p′ ln(t+R)dt

) 1
p′

.M
np−2n−p−2

2p (lnM)
p−1
p

(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

,

|I20| =|
∫ M

0

∫
Rn
ut2(∂tη

2p′

M )(∂tba−1)dxdt|

.M−1
(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

×
(∫ M

M
2

∫ t+R

0

(t+R)−
n−1
2 p′rn−1(t+R+ 1− r)−1drdt

) 1
p′

.M−1
(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p
(∫ M

M
2

(t+R)n−1−n−1
2 p′ ln(t+R)

) 1
p′

.M
np−2n−p

2p (lnM)
p−1
p

(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

,
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|I21| =|
∫ M

0

∫
Rn
utD(x)(∂tη

2p′

M )ba−1dxdt|

.M−1
(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

×
(∫ M

M
2

∫ t+R

0

(t+R)1−n−1
2 p′(t+R+ 1− r)−1(1 + r)n−1−p′drdt

) 1
p′

.M
np−2n−p

2p (lnM)
p−1
p

(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

,

where we used the fact that p′ > 1 and∫ t+R

0

(t+R+ 1− r)−1(1 + r)n−1−p′dr.(t+R)n−2 ln(t+R) .

By the estimates I19-I21, we have∫ M

0

∫
Rn
|v|qη2p′

M badxdt .M
np−2n−p

2p (lnM)
p−1
p

(∫ M

0

∫
Rn
|ut|pθ2p′

M dxdt
) 1
p

.(3.50)

When FSG,1(n, p, q) = 0, we have(
n− n− 1

2
p−(

n− 1

2
− 1

q
)
)
q+
(
n− n− 1

2
q−(

n− 1

2
− 1

p
)−1

)
= −FSG,1(n, p, q) = 0.

Taking (3.42) into (3.50) with FSG,1(n, p, q) = 0, we have(∫ M

0

∫
Rn
|v|qη2p′

M badxdt
)pq
. (lnM)q(p−1)

(∫ M

0

∫
Rn
|v|qθ2p′

M badxdt
)
,(3.51)

with p ≤ q and q > n/(n− 1). By combining (3.42), (3.45) and the lower bound of
ba in Lemma 2.3, we acquire that

εpq .
∫ M

0

∫
Rn
|v|qθ2p′

M badxdt .(3.52)

From (3.18), (3.19), (3.51) and (3.52), we can get that

εpq .MY ′[ba|v|q](M),(
Y [ba|v|q](M)

)pq
.(lnM)q(p−1)MY ′[ba|v|q](M).

By applying Lemma 2.5 with p2 = q(p− 1) + 1, p1 = pq and δ = εpq, we can obtain

Tε . exp(ε−p(pq−1)) , n/(n− 1) < p, q , FSG,1(n, p, q) = 0 > FSG,2(n, p, q) .

(IV)Test function 4: Ψ(t, x) = η2q′

M (t)ba(t, x)

We choose test function Ψ = η2q′

M ba, where ba is defined in Lemma 2.3 and

a = n−1
2 −

1
q . By replacing Ψ(t, x) in (1.6) with η2q′

M ba, we get that∫ M

0

∫
Rn
|ut|pη2q′

M badxdt

≤
∫ M

0

∫
Rn
v
(

(∂2
t η

2q′

M )ba + 2(∂tη
2q′

M )(∂tba)−D(x)(∂tη
2q′

M ba)
)
dxdt .
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Note that the test function η2q′

M ba is same as in (3.21). Then by the estimates of
I6, I7, I8, we can get that∫ M

0

∫
Rn
|ut|pη2q′

M badxdt .M
nq−2n−q

2q (lnM)
q−1
q

(∫ M

0

∫
Rn
|v|qθ2q′

M dxdt
) 1
q

,(3.53)

with q ≤ p.
For the case FSG,2(n, p, q) = 0, we observe that this condition yields(
n−n− 1

2
p−(

n− 1

2
− 1

q
)
)

+
(
n−n− 1

2
q−(

n− 1

2
− 1

p
)−1

)
p = −FSG,2(n, p, q) = 0.

Notice that, when D(x) = 0, we do not have I16 term anymore, by the estimate of
I15, we have ∫ M

0

∫
Rn
|v|qη2q′

M dxdt .M
np−n−1

p

(∫ M

0

∫
Rn
|ut|pθ2q′

M dxdt
) 1
p

.(3.54)

By taking (3.54) into (3.53) with FSG,2(n, p, q) = 0, we have(∫ M

0

∫
Rn
|ut|pη2q′

M badxdt
)pq
. (lnM)p(q−1)

(∫ M

0

∫
Rn
|ut|pθ2q′

M badxdt
)
.(3.55)

By combining (3.54), (3.46) and the lower bound of ba in Lemma 2.3, we acquire

εpq .
∫ M

0

∫
Rn
|ut|pθ2q′

M badxdt.(3.56)

From (3.18), (3.19), (3.55) and (3.56), we can get that

εpq .MY ′[ba|ut|p](M),(
Y [ba|ut|p](M)

)pq
.(lnM)p(q−1)MY ′[ba|ut|p](M).

By applying Lemma 2.5 with p2 = p(q − 1) + 1, p1 = pq, δ = εpq, we get that

Tε . exp(ε−q(pq−1)), FSG,2(n, p, q) = 0 > FSG,1(n, p, q) .

under the condition D(x) = 0.
When FSG,2(n, p, q) = 0 = FSG,1(n, p, q), we follow the same way in [8], Section

9. In this case we have

n− n− 1

2
p =

n− 1

2
− 1

q
, n− n− 1

2
q =

n+ 1

2
− 1

p
.

By combining (3.45) and the lower bound of ba in Lemma 2.3, we have that

εp .
∫ M

0

∫
Rn
|ut|pbaθ2q′

M dxdt.(3.57)

From (3.18), (3.19), (3.55) and (3.57), we can get that

εp .MY ′[ba|ut|p](M),(
Y [ba|ut|p](M)

)pq
.(lnM)p(q−1)MY ′[ba|ut|p](M).

By applying Lemma 2.5 with p2 = p(q − 1) + 1, p1 = pq, δ = εp, which lead to

Tε . exp(ε−(pq−1)) , FSG,2(n, p, q) = 0 = FSG,1(n, p, q) .

We complete the proof of Theorem 1.3.
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