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ABSTRACT. In this paper, we investigate the finite time blow up phenomenon
of semi-linear wave systems with power nonlinearities and a large class of space-
dependent dampings and potentials. We obtain the blow up results as well as
the lifespan estimates for three kinds of wave systems.

1. INTRODUCTION

In this paper, we study the finite time blow up phenomenon of three kinds
of semi-linear wave systems with space dependent damping and potential. More
precisely, we consider the following Cauchy problem
uge — Au+ D(x)ug + V(z)u = N1(v,v), (t,x) € (0,T) x R™,

v — Av+ D(z)ve + V(z)v = Na(u,ue), (t,x) € (0,T) x R™,
u(0,z) = cup(x), w(0,2) = euy(x), x eR™,
v(0,2) = evg(x), v(0,2) =ev1(z), x €R™.

(1.1)

Here, the small parameter £ > 0 measures the size of the initial data. As usual,
to show blow up, we assume (ug, u1), (vo,v1) € C°(R™) and they are nontrivial,
nonnegative and supported in By := {x € R" : r < R} for some R > 0, where
|z| = r. For the coefficient of dampings D(z) and potentials V(z), we assume V (z),
D(x) € C(R™) N C?(Bs) for some § > 0. In addition, we assume

(1.2) 0<D(x)=D(z)) <ar(1+z))™?, 0<ay eR,1<BER,

(1.3) 0<V(@)=V(z]) <a(1+|z]) ™™, 0<meR2<weR.

Concerning the nonlinear terms, we will consider the following three cases

wy (M=l N =P [N =l
NQ(u7ut) = |u‘q ) NQ(uaut) = |ut|q ) NQ(ua ut) = |ut|p )

where 1 < p,q € R.

Before proceeding, we give a definition of the weak solution.

Definition of weak solutions: Let’s take the case Ny (v,v;) = |v|P, Nao(u,u) =
|u|? as an example. We say that (u,v) is a solution of (1.1) on [0, T7, if

we C([0,T], H'(R™)) nC*([0,T], L*(R™)) N L ([0, 7] x R™) ,

loc
ve C([0,T), HY(R™)) n C*([0,T]), L*(R™)) N LP ([0,T] x R") ,

loc
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satisfying
supp (u,v) C {(z,t) € R" x [0,T]: |z| <t+ R},

and

T
e / () W(0, 7)< /R () D)W (0, )+ /0 [ Na(w. )Wt 0)dad

T T
—/ / ut(t,x)\Ilt(t,x)d;vdt—l—/ Vu(t,z)VU(t, x)dxdt
o Jre o Jrr

/ / (t,2)D ()W (t, x)dxdt —|—/ / YU (t, x)dxdt

s/n vl(:z:)\I/(O,x)da:+s/Rn vo(2) D () ¥ ((),x)dx+/ No(ut, 1)U (1, 7) dadt

0 R™

(1.5)

_/T/ vt(m)xyt(t,x)dde/T Volt, 2) VU (¢, 2)dedt
0 n 0 Rn
(1.6)

/ / (t,2)D(2)Wy(t, 2 dxdt—i—/ V(@)o(t, 2)U(t, )dadt |

for amy W(t,) € C((0.T], HL (R") N C1((0.T], L, (R")).

The supremum of all such time of existence, T, is called to be the lifespan to
the problem (1.1), denoted by T.. In the sequel, we use A < B to denote that
A < OB for some positive constant C', which is independent of £ and whose value
may change from line to line. Moreover, we write A ~ B if there exist positive
constants C7 and Cy such that C;B < A < (3B

Before stating our results, let us briefly review the history of this problem. For
the wave equation

O2u— Au = [u? , (t,z) € (0,T) x R" ,u(0,2) = cup(x) ,us(0,2) = cuy () ,

the problem has been extensively investigated and is known as the Strauss con-
jecture [40], which was initiated in the work of John [11]. It is known that, the
problem admits small data global existence only if p > pg(n), where the critical
power pg(n) is the positive root of equation

(1.7) (n—1p*—(n+1)p—-2=0.

We refer [26] for discussion of the history and related results.
For the Cauchy problem

0P — Au = |w|? , (t,x) € (0,T) x R™ ,u(0,x) = eup(x) ,ut(0, ) = cuy ().
Glassey [5] made a conjecture that the critical power p for the problem to admit
global solutions with small, smooth initial data is

2

pc(n) : *1+71

We refer [27] for the history and related results.
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Recently, there are many works concerning the damped wave equations, with
typical damping term D(z) = p(1 + |z|) =

(18) {utt — Au+ Wut = N(u,uy), (t,x) € (0,T) x R™,
u(0,x) = eup(x), u(0,2) = euq (),

where p, 8 € R. When N(u,u) = |u|? and § < 1, (1.8) has been well investigated,
see, e.g., [9, 32, 7, 33, 23]. We refer [18] for the history and related results. For
the scattering case 8 > 1, Nishihara-Sobajima-Wakasugi [33] conjecture that the
critical power to (1.8) is exactly the same as that of the Strauss conjecture, i.e.,
pe = ps(n), see also the introduction in page 2 in Ikehata-Todorova-Yordanov [9].
This conjecture has been verified for the blow up part when 8 > 2 and n > 3 by
Lai-Tu [21]. For the global solutions, when n = 3,4, Metcalfe-Wang [31] obtained
the global existence when p > pg(n) and § > 1 with sufficiently small |u|. Later,
Liu-Wang [28] remove the restriction |u| < 1. Recently, Lai-Liu-Tu-Wang [18]
proved the blow up results when 8 > 1 and n > 2. More generally, they studied
the following problem

(1.9) uy — Au+ D(z)uy + V(z)u = |ul?,  (t,z) € (0,T) x R™,
u(O,x) = Ef(x)7 ut(ovx) = Eg(.%'),

and showed that for the coefficient of dampings and potentials satisfying (1.2),
(1.3), the solution of (1.9) will blow up whenever 1 < p < pg(n).

When the nonlinear term N (u,us) = |ug|P, (1.8) is closely related with Glassey
conjecture. Lai-Tu [21] obtained the blow up results when 1 < p < pg(n) and
B > 2. Besides, there are many works concerning time dependent damping, see,
e.g., [19] [2] and references therein.

Recently, there are many works studied wave systems (1.1). When there are
no damping and potential terms, that is D(z) = V(z) = 0, (1.1) has been well
understood. When Ny (v, v) = |v|P, No(u,us) = |u|?, Santo-Georgiev-Mitidieri [38]
proved there exist a critical curve in (p, ¢)-plane,

24q¢°1 24 pt -1
P+ :Lq 7q+ irp }_n n>2,
pqg—1 pq—1 2

such that the system (1.1) has a global in time weak solution for sufficiently
small e when I'gg(n,p,q) < 0 and the weak solution will blow up in finite time
if I'ss(n,p,q) > 0. Kurokawa-Takamura-Wakasa [16] obtained the upper bound of
lifespan estimates:

Iss(n,p,q) = max{

€_F§é(n’p’q), FSS('II,p, Q) > 07
(1.10)  T. < { exp (e~ min{ppa—1alea=D}) - Tgg(n,p,q) = 0,p # q,
exp (e PP~ 1), Lss(n,p,q) = 0,p = q=ps(n).

See also [37, 39, 12, 8, 1, 4, 14, 15] for related works. Palmieri-Takamura [34] con-
sidered a system with the same nonlinearities but with time-dependent, scattering-
producing damping terms:

use — Au+ by ()ur = N1 (v, ve), xz € Rt >0,
(1.11) v — Av + ba(t)vy = No(u, ut), xz € R, t >0,

(u, ug,v,v)(0,2) = (eug, eu, evg,evy)(x), x € R™,
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where by, by € €([0,00))NL([0,00)) are nonnegative functions, and p, ¢ > 1, n > 2.

They then obtained the same upper bound for the lifespan estimate as in (1.10).
When D(z) = V(x) = 0 and Ny(v,v) = |ve]?, Na(u,ue) = |ug|?, (1.1) has been

investigated by [3, 8, 43, 13]. Deng [3] obtained the blow up results when

1<p<oo, n=1,
1<pg<ooql<p<2, n =2,
p=1 n =3,
and
2<p<3, n =2,
1< <u 1<p;2 n=3

l<p< 2l n>4

n—1’

Tkeda-Sobajima-Wakasa [8] proved the finite time blow up results when

p+1 qg+1 n—1
FGG(p7qan) ::max{ ) }7 207 p7q>17 n227
pqg—1 pg—1 2
and obtained the upper bound of lifespan estimates:
e Tos(vr®)  Tga(n,p,q) >0,
(112) TE /S exp(g—(pq—l))7 FGG(nap7 Q) = 03 p 7é q,

exp(e"®~ V), Tgg(n,p,q) =0, p=gq.

This matches the result obtained by Palmieri and Takamura [35], who considered
system (1.11) with the same nonlinearities.

When D(z) = V(z) = 0 and Ny(v,v) = |[v|?, Na(u,us) = |uel?, Hidano-
Yokoyama [6] obtained the blow up results when

_1 2
(L 5 )p—l)(pq—1)<p+2,1<p<7n1 g>1,n>2,
p—

as well as the upper bound of lifespan estimates:
p(pg—1)

113) P = el

Let
Fsga(n,p,q) = (2 +1+q)(pg —1)7" = 254,
Fsaa(n,pq) = (3 +2)(pg —1)7" = 25+
See, e.g., [6, 8] for the introduction of the exponents. Ikeda-Sobojima-Wakasa [8]
showed the blow up results when
Lsa(n,p,q) = max{Fsg1(n,p,q), Fsa2(n.p,q)} >0,

and obtained the upper bound of lifespan estimates:

5‘F§é("’p’q), Tsa(n,p,q) >0,
T. < exp(e PPV Fgqi(n,p,q) =0 > Fsg2(n,p,q),
~ ) exp(e 1PV Fggo(n,p,q) = 0> Fsg,1(n,p,q),
exp(e~P1=1)), Fsg2(n,p,q) =0 = Fsg,1(n,p,q).
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Palmieri and Takamura [36] considered the system (1.11) with the same nonlinear-
ities and derived the following upper bound for the lifespan estimate:

T. < 5_FSG("’p’qu7 for T'sa(n,p,q) > 0.

Besides, there are many works studied the time dependent damping terms of system
(1.1), see, e.g., [36, 34, 35, 22, 20, 30, 19] and references therein.

In this work, we shall consider the finite time blow up phenomenon of wave
system (1.1) with a large class of damping and potential functions (1.2) (1.3), as
well as the upper bound of lifespan estimates for three kinds of nonlinear terms (1.4).
Unlike the classical systems without damping and potential [38, 16, 8], the presence
of spatially decaying coefficients D(z) and V' (z) in (1.1) introduces new regimes in
the lifespan estimates. For instance, in Theorem 1.1, when p or ¢ is below the

Strauss exponent pg(n), we obtain estimates of the form T, < e~ N
etc., which do not appear in the undamped theory. This reflects the additional
decay induced by D(x) and V(z). Regarding the details, one can refer to [18] for
the influence of damping and potential terms in a single equation on the blow-up
region of solutions to semilinear wave equations.

The main results in this paper are illustrated by the following Theorems.

Theorem 1.1. Let n > 3, p,q > 1, T'ss(n,p,q) > 0. Consider the semi-linear
wave systems (1.1) with nonlinear terms Ni(v,v:) = |[v|P, Na(u,ut) = |ul?, damp-
ing (1.2), potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant €9 = €o(up, u1, v, v1, 1,0, q, R) such that for any ¢ € (0,eq), the lifespan
T. satisfies

e Tss(np.a) Iss(n.p,q) >0, p,g> ;"5

exp (e~ min{p(qul),rJ(zukl)})7 Iss(n,p,q) =0,p #q, p,q > 5,

exp (e7P(P~D), Lss(n,p,q) =0,p=q=ps(n),
T.<{e" 2+2q+<ff(f);i>(n,1)pq7 1<p<gq 5 <qg<ps(n),

e~ (n—1>p+2n;f(2q<21_)1)—<n—1)pq, l<p<qg< 2,

e 2+2p+<3q—(f>§1—)(n—1)pq, 1<q<p ;2 <p<ps(n),

e (n—1>q+2n§3(zp<ﬁlf)1)—<n—1)pq’ 1<g<p<5.

Theorem 1.2. Letn > 3, p,q > 1, T'ga(n,p,q) = 0. Consider the semi-linear
wave systems (1.1) with nonlinear terms Ny(v,v:) = |v¢P, Na(u,us) = |ut|?, damp-
ing (1.2), potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant €9 = €o(uo, u1,v0,v1, 1,0, q, R) such that for any € € (0,eq), the lifespan
T. satisfies (1.12).

Theorem 1.3. Letn >3, p,q > 1, Tsa(n,p,q) = 0. Consider the semi-linear wave
systems (1.1) with nonlinear terms Ni(v,v:) = |v|%, Nao(u,us) = |ut|P, damping
(1.2) and potential (1.3). Then any weak solution with nontrivial, nonnegative,
compactly supported data will blow up in finite time. In addition, there exists a
constant €9 = €o(up, u1,v0,v1, 1,0, q, R) such that for any ¢ € (0,eq), the lifespan
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T. satisfies

min{e Tz, e mEnE ) 1< pg<n/(n—1),
e 1<p< By 1 <q<ps(n),
T < gﬁ), I<p< i 753 <4< 55,
B = eyl 1<g< 2 <p<1+ Gy,
e Tsa(npa), Lsa(n.p.q) >0 ,p,g> 3%,
exp(ePPI—1), Fsgi1(n,p,q) =0> Fsg2(n,p,q), p,q> "5

In addition, when D(x) =0, we have

(1 14) T < eXp(E_q(pq_l))a FSG’Q(TL,]% Q> =0> FSG,l(nap7 Q)7
o eXp(g_(pq_l))a FSG,Q(nvpv q) = FSG,I(TL,p, Q) =0.

Remark 1.1. The local existence of weak solutions can be obtained by energy esti-
mates, we do not discuss it here. For the single wave equation, the low-dimensional
casesn = 1, 2 are known to be much more delicate than the higher-dimensional ones,
see, e.g., [25, 24, 29, 10, 41, 42, 45, 17]. To avoid these technical complications and
to focus on the new phenomena generated by the space-dependent damping D(z)
and potential V(x), we restrict ourselves to n > 3. Here Lemma 2.1 tells us that
¢o is essentially constant (¢p ~ 1). This uniform estimate greatly simplifies the
analysis and helps us focus on the real impact of D(z) and V(x) on the lifespan.

2. PRELIMINARY

In this section, we collect some Lemmas we will use later. For the strategy of
the proof, we use some special test functions, see, e.g., [46], [44], [8].

Lemma 2.1 (Lemma 2.2 in [18]). Support 0 <V € C(R"), V = O((r)~%) for
somew > 2, and V € C‘S(B(;) for some § > 0. In addition, assume V is nontrivial
when n = 2. Then there exist a C? solution of

(21) A¢0 =V¢o, x€ R". n > 2,
satisfying

In(r+2), n=2,
2.2 ~
(2.2) oo {1’ n> 3

Moreover, when n =2 and V =0, it is clear that ¢o = 1 is a solution (2.1).

Lemma 2.2 (Lemma 2.4 in [18]). Let V =V (r), D = D(r) € C(R") N C°(B;)
for some § > 0. Suppose V>0, D > 0, and also that for some do, € R, R > 1
and r > R, we have

(2.3) V(r) € LY([R,0)), D(r)= d% 4+ Doo(r), Do € L*([R, 0)).

Then there exists a C? solution of

(2.4) Apyr =N +AD+V)py, A>0, z€R",
satisfying

(2.5) b= (r) TN >3
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Lemma 2.3. Let a > 0 and ¢ in Lemma 2.2. Define
1
ba(t, ) :/ e Mox(x)N1dN, z € R .
0

Then it is easy to verify that by (t,x) satisfies

(2.6) 02by — Aby — D(2)0ibg + V(2)by = 0, 9tby = —baiq -
In addition, when D and V satisfying (1.2) (1.3), we have

(2.7) bo(t,z) 2 (t+R)™*, a>0,

—a n—1
(28) ba(t,$)<{(t+R) ) O0<a< 2

Yl +R) T ¢+ R+ |z))*T Y, a> 15t

forn>2 and|z| <t+ R.
Proof. By Lemma 2.2, we have that
D (r>_%eAr, A>0.
since doo = 0 when D and V satisfy (1.2) (1.3). Then by the proof of (6.7) (6.8) in
[18], we have (2.7) (2.8). [

Lemma 2.4 (Lemma 3.1 in [21]). If 8 > 0, then for any o € R and a fized
constant R, we have

t+R
/ (1+7)%e P dr < (t+ R)*™ .
0

Finally, we need the following ODE Lemma to show the finite time blow up in
some critical cases.

Lemma 2.5 (Lemma 3.10 in [8]). Let2 <ty < T, 0< ¢ € C([tg,T)). Assume
that

6 < Klt(b/(t), te (to,T),
d(t)Pr < Kot(Int)P2=1e'(t), t € (to, T),

with §, K1, Ko > 0 and p1, po» > 1. If po < p1 + 1, then there exists positive
constant 0y and K3 (independent of §) such that

__p—1
T < exp(K3d pi-r2+T)

for all § € (0,0).

3. PROOF OF THEOREMS 1.1-1.3

In this section, we give the proof of Theorems 1.1-1.3.

3.1. Proof of Theorem 1.1.
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3.1.1. T'ss(n,p,q) > 0.
We first introduce a smooth cut-off function 7(t) € C*°([0, 00)) such that
nt)=1,t<1/2, ) =0, t=>1,

and 7(t) is decreasing in (1/2,1). Then for M € (1,T;), we set na(t) = n(
addition, let

). In

S5y

(3.1) 0(t) = { 0 Sf

and 07 (t) = 0(7). It is easy to see that 7/(¢) is bounded and 0 < 0, (t) = nas(t) <
1 when M/2 <t < M.

(I) Test function 1: ¥(t,z) = 77]2\5[/ (t)do(x)
Firstly, we choose the test function W(t,z) = 73 (t)¢o(x), p < g, where ¢
satisfying

Ao =V (z)do -
Then by (1.5) we get that

€/Rnu1(9c)¢0dx+5/ uo() ¢0dx+/ / w|Pn godadt

M
- / / wo (02022 — D(x)0nt ) dadt
0o Jre
/.

un? (Ao — V() do)ddt

= uQy (6752 dacdt — / / ugoD( )(6t771\/1 )dxdt

Recall that p < ¢, then we have (2p’ — 2)q > 2p’. Thus by Hoélder’s inequality and
(2.2) we have

i1 =] / JRC A
L
<M / / u 108 =29y dt / / d:cdt
n Biin
(3.3) <M / / ul96% d:cdt / / dxdt (p<q)
n B +R
, 1 t+R 1
§M_2 / / |u|963P dgcdt : / /
n M

r"_ldrdt
Jyrterel M N %
<M lul?07] B’ dmdt
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12| =| ucboD(l“)(am )dad|

M
<M? //||q9(2” M dt // qudt)
n Bt+R
(3.4) SM”/ /Iulqeiﬁ'dazdt E/ / (1+r)*ﬂ4'r”*1drdt)7
0 " & Jo

1
. M1In a n—q =0,
-1 M qg2v’ a ( (TH-S q)))i ’
<M ( lul?07] dxdt) M 7 n—q >0,
O n

M7, n—q <0.
: M1 7 < -
< / / |u|q92p da:dt { q( qnl( N €= ”;1’
" T, =
When ¢ > %5, by combining (3.3) and (3.4), we get that
ng—m—q—1 1
(3.5) €C1(ug,u1) / / P22 dedt < M / / |u|76% dxdt) !

where
Cy(ug,up) = /n uy(x)dodx + /Rn uo(x)D(x)doda.

Then we get that

M / ng—n—q—1 M ’ 1
(3.6) /0 / oyt dwdt < M (/0 / 762 dxdt)q

Similarly, by applying test function ¥(¢,z) = 77]2\5/ (t)po(x) to (1.6), we can get

M ) S M , 1
(3.7) /O/|u\qn§5dxdt§M7v (/0 /|U|Pof¢;dxdt)”

Thus (3.6) and (3.7) yields

(3.8) / / P dadt < M

(39) / / |’U,‘q 2p’ dadt < anp 23[) nl pg—1

(IT) Test function 2: ¥ (t,z) = nﬁ/ (t)e tp(z) = szyg/(t)@(t,m)
Secondly, we choose another test function ¥ = 77]2\}; O(t,x), where ®(t,x) =
e '¢(x) and ¢ satisfying

Ap=(1+D+V)op.
Then it is easy to see that ®(t,z) = e '¢(x) satisfying

020 — AD — D(2)0,® + V(2)® =0 .
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By taking ¥(t,z) = e~!¢p(x) in (1.5), we get that

M
eCs(ug,uy) —|—/ / [Pl ddxdt

M
/ / w (078 ®)dadt + / VuV (032 ®)dadt
n O R’Vl
/ D(x)udy (%2 ®)dadt + / / uV (2)n? ddxdt
Rn n
(3.10) / [ u(@ )2+ 20008 02) ~ D)@Y ) o

/ /unM a2<1> Ad — D(x )at<1>+V(x)q>)dxdt

/ [ u(@)2 + 20008 02) — D)@Y ) o
=3+ 14+ 15 .

By applying Holder’s inequality and Lemma 2.2 with A = 1, we have that

|I3] =| / / (0202 ) Ddadt|
/ 1 M ’ %
SM—2 / / |ul907 ’2>‘1dmdt)" ( / / o4 dxdt)“
0 " M JBiyr
M 1 M 1
<A7-2 a02p q q PU <
<M (/O / |u|76% dxdt) (/M /BHch dxdt) (» < q)
M , 1
SM_Q(/O / lu|963P dxdt) !

M t+ R n—1 1/ ’ L/
/ / (r4 1)t et drdt) * (Lemma 2.2)
M

1 M 1
<M / / jul962 ded) " ( / 2+ dt) " (Lemma 2.4)

M

_(n—1)q" 1)q
<M “ / /|u|q02pdmdt

M
A R AR

-1 L
<M )1 / / |U|q92pdxdt)q
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M ’
|I5] :\/ / uD(z)(dyny} ) Pdxdt|
0 n

M
5M—1/ /\ueﬁg—%D(gg)\dxdt
0 n
M

gM—l(/M/ |u|q912\§’dmdt);</
o Jen u

5 Y Bitr

1
Dq/(x)@q/dxdt) :

4
7

M 1 M 1 ’
5M—1(/ / [ul 163 dadt) " (/ (L+ )" =T 490 a) 7 (Lemma 2.4)
0 Jun 4

24 (n-{n=bdy 1 M 9 :
<M : (/ / |u|q01\§dxdt) .
0 n

This in turn implies that

q (nfl)q_n M q 2p/
(3.11) (Ca(ug,ur)e)’ S M2 ( A lu|?0%; dxdt) ,
0 n
where

Co(ug,uy) = / uy(x)o(x)dx +/ (1 + D(m))uo(x)é(x)dx ,

n

(v, 01) = / n(@)s(e)dr + / (14 D@) o))

In an analogy way, by applying test function ¥ = n?\ff’/e’%(x) to (1.6), we could
get that

M
(3.12) (Ch(vo, v)e)? < M™ ﬁ”*ﬂ( / / |v|Po2 d:z:dt).
0 n

By combining (3.11) and (3.9), we get that

_ L
M<e (p+a—14+2)(ap—1)~ -5 L

By combining (3.8) and (3.12), we have

_ 1
M<e (a+p~14+2)(ap—1)~ 1251

Similarly, by applying test functions 77]2\}’%, ni‘}/e’tqb(x), we can also obtain the
above two lifespan estimates under the assumption p > ¢ and p > n/(n—1). Hence
for any M € (1,T), we get that

_ 1 _ 1
] (ra=1+2)(ap—1)~ - 251 (a+p~1+2)(ap—1) 1 - 251
M,Smm{a pta » 7 ¢ (atp a» 2 }

That is to say

_ 1 _ 1
T. < min {6 (p+a—1+2)(ap—1)—1-"71 € (a+p=14+2)(ap—1)—1 -1 }

So we come to the estimate
TE rg engé(n,p,q)’ Fss(nvpa q) > 07 p,q> n/(n - 1) .

We obtain the first lifespan estimate in Theorem 1.1.
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When p or ¢ less than n/(n— 1), we apply Young’s inequality to (3.2) with p < ¢
to get

/ / |U|p77]2\5 dxdt < = / / |ul?n pdmdt—i—C/ (M~2+|D|M 1) dadt ,
n Bitr

M , 1 M , M ,
/ / [u|Tn3? dedt < 7/ / [v[Pr® d:cdt—i—C’/ / (M 24 |D|M Y dxdt .
0 Rn 2 0 n % Biir

That is

M
/ / |v[Pn2P da:dt—!—/ / |u|q77M dxdt </ / (M2 4+ |D|IM~Y) dzdt
n n Bt+R

1-¢' _n_
(313) < M 9 , 1 < g n—1?
~ Mn+172q ) q Z 1
Then by (3.12) and (3.13), we can obtain that
2l p—nti—q _n_
(3.14) < M:l o 1<g< 375,
~ M=z rt1-2¢ q> _n_
’ — n—1
Then by (3.11) and (3.13), we can obtain that
n—1
M=z 1~ , 1<g< 25,
(3.15) €7 < nt , 15 m-1
~ M= at1-2q q> -1,
’ — n—1
In conclusion, by (3.14) and (3.15), we have
_ 2p(g—1) n
@316) TS T 1<p<q ;" <q<ps(n),
~ g (=Dp+2ng—2(n-1—(n—Drq l<p<qg< ﬁ
In a same way, when ¢ < p, we have
_ 2q(p—1)
€ 2F2p+(n—Dag—(n—Dpq 1< q < < Dy mg < p < ps( ) ,

(317) Tg f, { 2q(p—1)

g =Dafzmp—2tn-D--Dre, 1 <qg<p<

3.1.2. T'ss(n,p,q) = 0.

For nonnegative function w(t,z) € L, .([0,T); L'(R")) and M,T € (1,T:), we

set
Yw(t, 2)](M) = /1 " ( /0 ’ / nw(t,x)@?,p/(t)dxdt)a_ldo.

Then we can get that

(3.18) y/[w(t,x)](M)zdiMY[ (t, )] (M / / wlt, )63 (1)drdt).
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By direct computation, we get that

M, T )
Yiw(t, )] = / ( / / ot )0 (1)dadt ) o~ do
1 0o Jre
T t
:/ / w(t,m)/ 627 (s)s~tdsdxdt
0 JR® 2
o t , T t ,
g/ / w(t,x)/ 6%r (s)sildsdxdt—i-/ / w(t,x)/ 0P (s)s'dsdxdt
0 " s ¥ /R a
o ot 1 T Lt 1
g/ / w(t, z)n?? (—)/ sfldsdacdt—i-/ / w(t,z)0? (M)/ s dsdzdt
<ln2/ / (t,z)n )dmdt

Then we can obtain that
(3.19) Yw(t,x ) S ln2/ / (t,z)n )d;cdt
(IIT) Test function 3: V(t,z) = 771\3 (t)ba(t, x)

Let a = —1 = > 0, by the lower bound of b, in Lemma 2.3, we have that

/ / 0|PO%7 bodadt > M~ / / 0|P%7 dadt .

By applying (3.7) and (3.11) (by replacing p with ¢ in n]\}[) ), we know that

I

Noting that when p > ¢, I'sg =

%—” L that is to say
Pq

n—1
ntptl——— pq—a=Tgss(n,p,q)=0.

Hence we get that
M ’
(3.20) / / [0[POS by dadt> P .

Next we choose test function ¥ = 77M by to replace U(t, z) in (1.5), we get that

eCs(ug,u1) / / [|Pmad ()b dadt

(3.21) / [ (@8 o + 200 @) - D) @iy b ) o
=l + I7 + Is,

where

Cs(ug, uy) = / w(@)b (0, 2)de + / (@) (D(:c)ba((),x)+ba+1(0,:c))dx
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By applying Holder’s inequality, we get that

o] = / | o pudaar
<M2 / / \u(t,x)eig’*“'(t)bAdxdt
%
/ / |u[96%7 d:cdt / / by d;cdt
n Bi+r
t+R n 1
<M~2 / / |u|q92q d:cdt (/ / (tJrR)( )a’ .n— 1drdt)
n M Jo
<an 2n—gq / / |u‘q62q de'dt
12| =] / [ 2@y @) dode|
0 n
%
<M1 / / |u[96%7 d:cdt / / a+1dmdt
n Bit+r

<M= (In M) T / / |u[76% dxdt ’

—\/ / uD(x)(0sm3! )b dxdt|
<M- // 1624 =L (1)bo D ()| dadlt
M 3
<M1 / /|u|qe da:dt) (/ DY (z )quxdt)
" % Byt r
/ /|u|qe da;dtf

t+R
/ / (R+t)a= "% t)d’ yn— Y1 47)~ ﬁqdrdt)

ng—2n—gq

M~ 3¢ _n_
([ e a2 0w
MI=E L g <

Hence, we get that
Y M) / / |u|16%¢ d:z:dt ‘)

(3.22) / /|U|P )bodadt < M
“(In M) / / 07624 dxdt

(3.23)
/ / \u|an )bgdadt < M™"

with 2+ < ¢ < p. Plugging (3.7) into (3.22) and by the lower bound of b, in
Lemma 2.3, we get that

M o0’ pq M 2q’
(3.24) (/O / |o]Pn2 bad:cdt) < (1n]\/./)?<q—1>/0 / |0[P6%¢ by dadt.

1
7/

NS

-Q\»—l

s

4
o’
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Y b v]P]) (M / // |0]Pb, 627 (t dxdt) Ldo

By combining (3.18), (3.19), (3.20) and (3.24), we have that
e SMY [ba|v[P)(M),

(YlbaloP)(A)) ™ St YD ALY b 0] (M)

Let

Exploiting Lemma 2.5 with ps = p(¢ — 1) + 1, p1 = pg, 6 = €P?, we have that
M <exp(e 1PV p>g>n/(n—1).

Hence for any M € (1,T;), that is to say
T. Sexp(e ®7Y), p>g>n/(n—1).

Similarly, we could get that
T. Sexp(e PP7Y), n/(n—1)<p<gq.

Then we have

T.<exp (5— miﬂ{p(pq—1)7<1(pq—1)})7 Tss(n,p,q) =0,p,g>n/(n—1).
In addition, by combining (3.11), (3.12), we have

M
eCy(ug, u1) +6C§(vo,vl)+/ / |u+v|pn12\§ ddzdt
0 n
M U
S eCafun.u) + <Ch(wncvn) + [ [ (ul? + ol Do
0 n
(3.25) / / u+v af )<I>+2(8mM)(8t®)—D(x)(3t7712\§/)<I>>d:rdt

1
gMT’% / /|u+u|P9§§dxdt)”

(n=1) n n—1__ 1
SMUT R / / |+ v|PO%2 D, da;dt)i.

Noting that, when p = ¢ = ps(n), we have that

n—1 n n-—1 1

2 P 2p  p?

Thus by (3.25), we get

M
(3.26) eP < / / lu+ v[PO3L bydxdt .
0 n

Similarly, we can get that

M
(C3(uo,u1) + Ch(vo,v1))e + / / v+ u[P3¥ (t)bodadt
0 n

/ /n +U 8t2 7 )b +2(3t771\/1)(3t a) — (m)(atﬁig/)bOdmdt

Sly+To+ 1.

15
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By Holder’s inequality, we have

I _|/ / (1 + 0) (02122 Ybodadt|
l p=1
S— / / lu + 0?6 b, dasdt : / / ba dzdt !
M n Bt+R
1 tHR 1 p 20’ %
5ﬁ / / (t+R)™ e drdt /O /n u + v[PoP bada:dt>
/ / lu + o6 b, da:dt)E
M -
ol =1 [ [ w0200 )@ib,)dsdr
0 Rn
M , 1 M 1 p—1
,SM*(/ / [+ [P63] badxdt)”(/ / ba B dudt)
0 n % Bit+r
M , 1
§M‘1 / / u+ v|P6% badxdt)"
t+R p—1
/ / (t+R)T 50D (t+ R+ 1 - 1) \drdt) 7

1
<M~ (/M (t_|_R) =] lnt+R / / |u—|—v|”92pb dxdt)p

2

<(lnM)% / /|u+v|p92pb dzdt)E
0 n

M
111 —I/ / u+0)D(2) (0 Vb dadt|
M p—1
/ / [u + P62 b, dxdt / / )b dxdt) ’
n Bi+r
M , 1
<M1 / / u+ |76 badxdt)”

t+R
X (/ / (t+R)” B (1+7) PP r”*ldrdt) g

1 7 >
/ / |u + U|p02p b dxdt) i 3p—np+n—37i P
n 2p p? p<

) n— 17

2/\

where we have used the fact p = ¢ = pg(n) > n/(n — 1) so that n —p’ > 0.
Therefore, by the estimates Ig-I71, we get that

M p, 20 P p—1 M pp2p’
(3.27) ( 0 o+ ulPn2? (t)badxdt> S oy | lu+ [P0 bodadt .

Let
Y [balu + v|P](M / / /n|u+v|pb 92q()dmdt) Ldo.
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By combining (3.18), (3.19), (3.26) and (3.27), we get that

e? SMY[balu + v’ (M),
(Ylbalu+07)(M)) " S M) MY [+ o) (M)

By exploiting Lemma 2.5 with po = p; = p, § = €P, we have that

We finish the proof of Theorem 1.1.

3.2. Proof of Theorem 1.2.

3.2.1. Tga(n,p,q) > 0.

(I) Test function 1: ¥ = -0, (77]2\/’[’, (t)®(t, z))

We choose test function ¥ = —8t(n§fl’/©), where ®(t,z) = e '¢(x) and ¢ satis-
fying A¢ = (1 + D(x) + V(z))¢. Besides, it is worth observing that

U(t,x) = — 03y @) = 3y @ — 23y (Beman)® >3 @ > 0.

Thus, by applying ¥ = —(“)t(n?\g/fb) to (1.5), we have

M
Catuneu) + [ [ o3 ® =20 (O
M o
= [ (@) + 2003 )0.8) - D)@ 0 )dsa
(3.28) / / w978 — A® — D()0LD + V(2)®) ) e
/ [ wi((@)0 + 2000 )0:0) - Dl @ury ) ) o

< [ [ wl(e 10+ 200 10 + D@ oY @) e
=Ilo+Ls+ s



18 MENGLIANG LIU

When p < ¢, by Holder’s inequality and Lemma 2.2, we have

Ilzf/ ||| D230 A |Ddxdt
M
<M‘2< / 0% \ut\qd)d:cdt / / <I>dxdt)
R™ Bi+r
, 1, M
<M? / /9219 \ut\q@dxdt)q</ (t+ 1) dxdt)
n M
2
1
SanfniZBq—l / / 9217 |Ut|q(1)d.')3dlf) q
s = / /2\ut\|5‘tn | Ddzdt
M %
gM—l / / 0% \ut\qq)dxdt / / @dxdt)
n Bi+r

<M7"“ ET / A |ut|q<I>d:1:dt)E
0 R

1
7

Iy = / /|ut|D NEXR |<I>dacdt

M 1
<y < M / 0% |ut|q<I>dxdt>q
R’Vl

Then we get that
(3.29)

1
eCs(up, u1) / / |vt\p7]]2\§ ddxdt S M2 T / / [ |q92p @dmdt)q

(3.30)

1
eCh(vo,v1) / / |ut|’177]2\5 ddxdt <M / / |Ut|p9]2§ q)dxdt) !
Hence we obtain
(3.31)

eCs(ug, u / / oe [P0 Bdwdt < M / / g2 B dt)
0,U1) t|" My Pax [ve|PO; Pda
(3.32)
M 2 ’ ngp—2g—m—qp—1 M 2 ’ ﬁ
EC’Q(vmvl)—k/ / |02 Ddadt < MU (/ / | 9627 @dxdt) .
0 n n

We set A = fo S |ve|P3Y 'Ddzdt, B = fo Joon Jae | 032 '®dzdt. By Young’s in-
equality, we have that for some constant C' > 0,

e+ A< M T A < £+(]Mw(pq)’%
pq (pq)
e+ B<S M™% "= Bur < EjLCMw(pq)’L

pq (pg)
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Then we get that

1 ngp—2p—n—qp—1 s ]
e+ (1- VA<M Fo (0 ,
( pq) (pq)
1 ngp—29g—n—qgp—1 ’ 1
e+(1-—=)B<M pa)_—_
( pq) (pq)’
which lead to
+1117n51 <
ap—
(3.33) M<T.<{° ", PO

Similarly, by applying test function ¥ = —g, (77]2\;[1/ (t)®(t,z)) with ¢ < p, we can
also obtain (3.33). So we come to the estimate

Ts ,S E—Faé(n,p,q)7 FGG(“J% q) > 0.

Which is first part of lifespan estimate in Theorem 1.2.
3.2.2. Tga(n,p,q) =0.

When p < g and I'gg(n,p,q) = ;Iq%ll — 221 =0, by (3.32) and (3.18), (3.19), we
have

(3:34) (Chlvo,v0)e + Y®lue| 1) (M) " S MY [B]ur| (M) .

Let Z(M) = (C4(vo,v1)e+Y [®|ug|9)(M)), then Z(1) = (Ch(vo, v1))e and Z' (M) =
Y'(M), then we have

MZ' (M) z ZP | Z(1) = (Ch(vp,v1))e .

This is a typical ODE inequality which will blow up in finite time. By direct
computation, we have that

M<T. Sexp(e”@P™Y) p<q.
_ pt+l n—

Similarly, when ¢ < p and T'gg(n,p,q) = s - 2=l = 0, we can get the same

estimate. This is the second lifespan estimate in Theorem 1.2.
When p = ¢ and T'gg(n,p, ¢) = 0, which is equivalent to p = ¢ = pg(n), we set

(3.35)  Y[Blo + wil?)(M) = /1 " ( /O ' / o+ P02 (1) drdt) o do
By (3.29) and (3.30), we can get another ODE inequality
(3.36)  (Caluo, ur)e + Ch(vo, v1)e + Y(®loy +wil?])” S MY'[@fuy +ui|?)(M) ,
which lead to

M <T. <exple™® V) p=q=pan) .

3.3. Proof of Theorem 1.3.
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3.3.1. T'sg(n,p,q) > 0.

(I)Test function 1: ¥(t,z) = n?\gl (t)do(z)
Firstly, we choose test function ¥ = 77125/ (t)po(x), where ¢¢ satisfies Agg = Vpg.
By replacing W(t,z) in (1.5) and (1.6) with 737 (t)¢o(x), we get that

M
(3.37) s/ul(x)gbo(z)der/ / [v| T3 podadt
0 Rn
M 2p’ 2p’
O n
=I5 + Ii6,

M
(3.38) ¢ / v (2)bodz + / vo(2) D (@) dodz + / / g P22 dodadt
n n O n

:/OM/n W%(afnfé’/ —D(x )3t77 )dazdt

=l + 15 .

Recall that ¢¢ ~ 1, then by Holder’s inequality, we have

M
|115] Z\/ / Ut¢o(3t7712§ )dxdt|
0 n

oM (2p'-1) v (M
<M~ / / w|PONP P dxde )’ / / dedt)” |
([ [ rule )(A;BHR )’
1
(3.39) M / / |Ut\p92p dxdt)p

M
il =| [ [ wonD(a)id duar
l M
/ / |U |p (217 1)dedt P / / pdajdt)
n Bt+R
/ / |Ut|p dl‘dt / / —Bp’ e 1d’l‘dt)7,
0 n

" [ (MM >>?1' n—p =0,
(/ / |ut|pn§}[) dmdt)p M= p,)i’ n—p >0,
0 Mpl, n—p <O0.

5/ /|u P2y dadr)* {5\3““(”

Thus by (3.39) (3.40), when p > n/(n — 1), we have

(3.41) / /|v / /|ut|p dedt)%

==

Z/\

(3.40)

2/\

N

_n_
’

—

n

=T~
AVARRVAN
3|3
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The estimates of I;7 and I;g agree with the estimates of I; and I, so we choose to
omit the details here. Same as (3.6), we have

M 1
(3.42) / / w2y dwde 5 M / / joj203% ded) "
when ¢ > n/(n —1) and p < ¢. Then by (3.41) and (3.42), we obtain

M
(3.43) / / [v]n3} 2 qedt < M= p<gq, p.g>n/(n—1).

(3.44) / [ oy dode S a7 < g g nfn-1)

(IT) Test function 2: ¥(t,z) = —8t(77M (x)@(t,x)),nﬁ’@(t,x)

Secondly, we choose another test function ¥ = —8,5(77]2\5/@), where ® = e~ t¢(x)
and ¢(x) satisfies A¢p = (1+D+V)¢. By replacing ¥ (¢, z) in (1.5) with —8,5(77]2\5/(1)),
we get that

M
5Cg(u0,u1)+/ / 0[928, (—n3F ®)dxdt
/ [ wi((@ )0+ 200 )@0) - D) ity ) ) ot

By the estimates of I3, 14, I5, we can get that

(3.45) (sCQ(UO,ul))p <M

g |p9§§7,dxdt .

By replacing ¥ (¢, x) in (1.6) with nf\glq)(t,x), we get that

M
eC%(vg,v1) +/ / |we|P2E Bt

M ,
/ /n (@)@ +20m3 ) (0:®) = D(@)(Oursy )@ ) dadt .

Similarly, we have

(3.46) (cChwo.on))" < A28 / " / 101962 davdt .
0 n

By combining (3.44) and (3.45), we obtain that

T. $eFsaa®PD pg>n/(n—1), Fsaa(n,p,q) > 0.
By combining (3.43) and (3.46), we obtain that

T. < e~ Fsc.2(np.a) , pyg>n/(n—1),Fsga(n,p,q) > 0.
Recall that I'sg(n, p, ¢) = max{Fsqg1(n,p,q), Fsc2(n,p,q)}, so we have

T. < e Tsamra) [ pg>n/(n—1) ,Tsa(n,p,q) >0.

We obtain the fourth lifespan estimate in Theorem 1.3.
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In addition, when p or ¢ less than n/(n — 1), we apply Young’s inequality to
(3.37) and (3.38) with p < ¢ to get

M ’
/ / |v] qnig dxdt
O Rﬂ,

1 M p 2[3, M -1 p/
< - |u|Pnyf dedt + C (M~ 4+ |D(x)|)? dzdt,
2.Jo 0 JBir

nd
M ’
/ / |ue|P3e dadt
0o Jre
1 (M o M B e
<= |v|9nyy dedt + C (M™= + |D(x)|M~")? dxdt.
2 0 R 0 Bit+r

Then we have

M / M ’
/ / [v]9n2 dadt + / / g |P3Y dacdt
0 n 0 n
(3.47)

M M
g/ / (M’2+|D(x)|M*1)q’dzdt+/ / (M~ 4 |D(x)|)" dadt .
¥ JBir 0 JBir

Note that

a

M 1—¢’ n
’ M q ]- < m_1
(3'48) / / (M72 + ‘D(I)‘Mil)q dxdt 5 71—&-1—72 ! - qrj n
¥ JBin MR, g2 55
M
, M, l<p< 2y,
(3.49) / / (M~ 4+ D)) dwdt S 0 P= o
0 Bitr M P o pz i

When 1 < p < ¢ < -2, by (3.46) (3.45) (3.47) (3.48) (3.49), we have

n—1’
2q 2p
T.< e mnFa—na—z, T,< ¢~ mnFp—mp—2,
Similarly, when 1 < ¢ < p < -5, we could get that
T.< e mmremr=s | T.< ¢~ onFa-mi=2.

Thus we have

T.< min{e™ 2n+P2*p"P*2757 2n+42jn<r2} 1<pg<n/(n—1).
When 1 < p < 25, A5 < g < ps(n), it is easy to see n+1—2¢" > 1, by combining
(3.46) (3.47) (3.48) (3.49), we get that

_ 2q(q—1)
TESE (n+1)g+2—(n—1)¢2 .

When 1 <p < g, A < g < 2o we can get

n—1’ n—1 —
T.< e~ mmtan=z,
When 1 < ¢ < ;%5 <p <1+ 5, by combining (3.46) (3.47) (3.48) (3.49), we
get that

_ 2q(p—1)
TES g (m=Dg+2=(n=Dpq |,
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3.3.2. Tsg(n,p,q) =0.
(III)Test function 3: U(t,z) = —at(n?é’/ (t)ba—1(t,x))

In this case, we choose test function ¥ = —8t(n]2f[’, ba—1), where b, is in Lemma
2.3 and a = ”TH — %. Noting that

U(t,x) = —8t(n]2V’[’/ba,1) = niglba — 3:5?712\4 1 > nM b >0.

By replacing ¥ (¢, x) in (1.5) with —at(niﬁlba_l), we have

M ’
/ / 0|93 b dadt

/ [ (@ Yoo + 2000 ) @bu) ~ D) Oy Yoo )
=I19 + Izo + I21 -
Note that a —1 = 2% f% < 21 by Lemma 2.3, we know that by_1 ~ (t+R)~**!

and b, 2 (t+ R)~%. So we have b,_1(t,x) < (t+ R)by (¢, ). By Holder’s inequality
and Lemma 2.3, we have

M
ol =1 [ [ R -t
0o Jre
M / N
2 (/ / |ut|p9]2\f; d:z:dt) ?
0 n

M pt+R 1 o
x(/ / t+R)!' =P (t+R+1 —r)_lr”_ldrdt)p
M

<M? / /n g6 pdzdt) (/1 (t+ R+ 1) ln(t+R)dt>

-

~

1
<MTETT (M) / / g P62 d:z:dt)P

M
20| :\/ / w2(0im3h ) (Orba 1 )dadt|
0 n

M 1
SM_l / / | |POD dsr:dt)p

t+R
/ / (t+R) "= Yt +R+1—7r)" 1drdt)

<M- / / P63 dd)” (/M (t+ R (1 + B))

<M (In M) / / g PO dxdt);

1
o7

e
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M
|Io1] =| / / w D(2) (932 Yoo 1 daxdt|
O n

M 1
SJM_l / / |u|POD d:cdt)p

t+R
/ / (t+R)" TP (t+R+1—7r) 'L+~ pdrdt)

-

1
<M= T (In M) / / |ut|p92p dwdt)p

where we used the fact that p’ > 1 and
t+R )
/ (t+ R4 1—m)"1(1+ )" 7 dr<(t + R)"2In(t + R) .
0

By the estimates I19-I21, we have

1
(3.50) / / 0|12 bodadt < M™% (In M) "5 / / P02 d:cdt) ’
When Fsg 1(n,p, q) =0, we have

n—1 n—1 1 n—1 n—1 1
_ _ _2 . 2 _1> - _F —0.
(n 5P (5 q))Q+(n 51— (5 p) sa,1(n,p,q) =0

Taking (3.42) into (3.50) with Fsg 1(n,p,q) =0, we have

M
(3.51) / / 107722 b, dxdt) (1nM)Q<P*1></ / 0] 62P badxdt),
0 n

with p < g and ¢ > n/(n —1). By combining (3.42), (3.45) and the lower bound of
be in Lemma 2.3, we acquire that

M
(3.52) ehd 5/ / 0|03 byddt .
0o Jre
From (3.18), (3.19), (3.51) and (3.52), we can get that
el SMY [ba|v]*) (M),
pq
(Yalel) (M) S M)YTE=D MY [b, o] (M),

By applying Lemma 2.5 with po = q(p—1) + 1, p1 = pq and 6 = P9, we can obtain
TE 5 exp(sfp(qul)) 7”/(’”’ - 1) <p,q aFSG,l(TL)pv q) =0> FSG,Q(napa Q) .
(IV)Test function 4: ¥(t,z) = 7712&/ (t)ba (t, )
We choose test function ¥ = 7712\/'} ba, where b, is defined in Lemma 2.3 and
n—1

a= "3 — %. By replacing U(t,z) in (1.6) with n?\fllba, we get that

M ’
/ / e |PaL bodadt

/ / 33 Voo + 200138 ) (9rba) — (:v)(amﬁj’ba))dxdt.
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Note that the test function 77]2\3/1911 is same as in (3.21). Then by the estimates of

Ig, I7, Ig, we can get that
1
‘(InM)T / / |v|76%¢ dxdt !

(3.53) / / |ut|p77]2v‘} bodxdt < M ™
For the case Fs¢ 2(n,p,q) = 0, we observe that this condition yields

with ¢ < p.
n—1 n—1 1 n—1 n—1 1
_ _ _- _ - _Z —1) — _F p.q) = 0.
(n= g r= (=) + (=" a- (=)= 1)p = ~Fsgaln.pa)

Notice that, when D(z) = 0, we do not have I14 term anymore, by the estimate of

I15, we have
(3.54) / / [v|*n / / |ut|p92q dmdt) v

By taking (3.54) into (3.53) with Fs¢ 2(n,p, q) = 0, we have

pq M o0’
(3.55) / / g [P badscdt) < (lnM)p(q_1)< / / e [P629 badxdt).
n O n

By combining (3.54), (3.46) and the lower bound of b, in Lemma 2.3, we acquire

M
(3.56) Pl < / / s [P0 bydadt.
O n
From (3.18), (3.19), (3.55) and (3.56), we can get that
Pl SMY [ba|ue [P} (M),
(Y lbaluel?) (M) ™ S (m MO DAY [y P} (M),

By applying Lemma 2.5 with p2 = p(¢ — 1) + 1, p1 = pg, 6 = €P?, we get that
TE 5 exp(gfq(qul))’ FSG,Z(n7p7 Q) =0> FSG,l(n7pa Q) .

under the condition D(z) = 0.
When Fsg2(n,p,q) =0 = Fsgi1(n,p,q), we follow the same way in [8], Section
9. In this case we have

n—1 n—1 1 n—1 n+1 1
B b= q=

S 2 p-
By combining (3.45) and the lower bound of b, in Lemma 2.3, we have that
M ’
(3.57) e? < / / |ue|Pba 032 dadt.
O "
From (3.18), (3.19), (3.55) and (3.57), we can get that
e? SMY[balu|")(M),
Pq (a=1) 1 f3r7
(YToaluel”)(M)) ™ S(m MY IMY b ) (M).

n —

By applying Lemma 2.5 with ps = p(¢ — 1) + 1, p1 = pgq, 6 = P, which lead to

T. S exp(e”®17Y) | Fsga(n,p,q) =0 = Fsg1(n,p,q) -

We complete the proof of Theorem 1.3.
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