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Abstract

The notion of tamed Dirichlet space by distributional lower Ricci curvature
bounds was proposed by Erbar-Rigoni-Sturm—Tamanini [21] as the Dirichlet space
having a weak form of Bakry-Emery curvature lower bounds in distribution sense. In
this framework, we establish the Littlewood—Paley—Stein inequality for LP-functions
which partially generalizes the result by Kawabi-Miyokawa [34].
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1 INTRODUCTION

The Littlewood—Paley theory is recognized as a theoretical framework to extend some
results of harmonic analysis about L2-functions to LP-functions for p €] 1, +oc [, which
is stated by Littlewood—Paley inequality in terms of Littlewood—Paley’s G-function (see
Section 2 below for details of Littlewood—Paley’s G-function). This was firstly studied
by J. E. Littlewood and R. Paley in the series of papers [41, 42, 43| for one-dimensional
Euclidean space. In addition, E. Stein [54] established the theory for higher dimensional
Euclidean space or compact Riemmanian manifolds in terms of general symmetric semi-
group over measurable space. So nowadays, it is called Littlewood—Paley—Stein inequality
after the contribution by E. Stein. On the other hand, P.A. Meyer [47, 48] gave another
probabilistic proof for E. Stein [54] in the framework of the abstract Wiener space, which
was significantly applied to establish the basics for Malliavin calculus (see I. Shigekawa [52,
§3.2]). More precisely, he established the Littlewood—Paley—Stein inequality for Hilbert
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space-valued LP-functions on the abstract Wiener space, which means the Littlewood—
Paley—Stein inequality for k-forms on it (|52, §3.2|), yielding the LP-boundedness of Riesz
transform %, (L) := V(a — L)~ with & > 0 acting to Hilbert space valued functions on
the abstract Wiener space. Here L is the Ornstein-Uhlenbeck operator on the abstract
Wiener space. This means the equivalence of Sobolev norms over the abstract Wiener
space (see [52, §4.1]).

To establish the Littlewood—Paley—Stein inequality, it should be noted that the under-
lying space has a Ricci curvature lower bound in some sense. For example, the abstract
Wiener space is a CD(1, c0)-space, metric measure space having Ricci curvature lower
bound 1 in terms of optimal mass transportation (see [23, Theorem 1.5]). On the other
hand, in the framework of complete weighted Riemmanian manifolds, D. Bakry [8] es-
tablished the Littlewood—Paley—Stein inequality for functions and 1-forms under Bakry—
Emery Ricci curvature lower bound K € R. In particular, D. Bakry [8] proved the
LP-boundedness of Riesz transform in terms of weighted Laplacian under Bakry-Emery
Ricci curvature lower bound K € R. After that, Shigekawa—Yoshida [53] also studied the
Littlewood—Paley—Stein inequality for symmetric diffusion processes on a general state
space. In [53], they assumed the existence of a suitable core .7 which is not only a ring
but also stable under the operation of the semigroup and the infinitesimal generator to
employ Bakry—Emery’s I's-method in the proof, and established the Littlewood—Paley—
Stein inequality under that I'y is bounded from below by KT, i.e., Ricci curvature is
lower bounded by K € R in Bakry Emery sense (see [9] for the notions of I'p,T'). At
the same time, Yoshida [59] gave the Littlewood—Paley—Stein inequality for k-forms over
Riemannian manifolds under suitable curvature lower bound conditions and established
the equivalence of Sobolev norms over complete Riemanian manifolds. Moreover, he also
established the Littlewood—-Paley—Stein inequality over infinite dimensional manifolds as
the diffusion operator with Ising-type interaction in N. Yoshida [60].

X.-D. Li [39] extended the results of [8] under variable Bakry-Emery Ricci curvature
lower bounds K(-) in the framework of weighted Riemannian manifolds under suitable
conditions for K(-). On the other hand, T. Coulhon and X.T. Duong [16] gave the
Littlewood—Paley—Stein inequality under a gradient estimate condition, which can be
understood a generalized version of Bakry-Emery gradient estimate in the framework of
complete smooth Riemannian manifolds.

Very recently, Kawabi-Miyokawa [34] established the Littlewood—Paley—Stein inequal-
ity extending T. Coulhon and X.T. Duong [16] to the framework of metric measure space.
Their condition is satisfied for superprocesses with immigration (see [34, §4.2]) or a class
of sub-Riemmanian manifolds (see [46, Theorem 1.5]).

In this paper, we establish the Littlewood—Paley—Stein inequality under a Bakry—
Emery condition denoted by BE;(k, 00), a version of Ricci curvature lower bound & in a
weak form of Bochner’s inequality, where x is a signed smooth measure satisfying a suitable
condition (see Definition 2.1 below). In a slogan-like way, such a condition is formulated as
the notion of tamed Dirichlet space, i.e., Dirichlet forms having signed measured curvature
lower bounds in a weak form of Bochner’s inequality. The novelty of our results is the
curvature lower bound is not necessarily a function nor a constant. But, it should be noted
that our result does not cover [34], in particular, superprocesses with immigration and a
class of sub-Riemmanian manifolds are not included in our framework. However, examples
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of RCD(K, N)-spaces (Example 5.1), (non-compact) Riemannian manifolds having Ricci
curvature lower bounds with boundary whose second fundamental form on the boundary
is bounded below (Example 5.5), and the configuration space over Riemmanian manifolds
having Ricci curvature lower bounds (more generally metric measure spaces having Ricci
curvature lower bounds) (Example 5.6) are included in our framework. These are not
appeared in the past literature.

The organization of this paper is as follows: In Section 2, we introduce the Bakry—
Emery condition BE(, 0o) for a fixed signed smooth measure x whose killing part x* is of
Dynkin class, and the double of creation part ™~ is of extended Kato class, and formulate
the notion of tamed Dirichlet space for Theorem 2.2. We introduce the Littlewood—Paley’s
G-function for Feynman-Kac semigroup (P)*) for general signed smooth measure k under
a similar suitable condition with . In Section 3, to prove Theorem 2.2, we present several
related notions and introduce the auxiliary vertical one dimensional Brownian motion, and
investigate the stochastic analysis based on the product Dirichlet forms associated with
the product diffusion processes along the method by P.A. Meyer [47, 48]. In Section 4,
we prove Theorem 2.2 by splitting several subsections. In Section 5, we expose several
examples.

2  STATEMENT OF MAIN THEOREM

Let (X, 7) be a Hausdorff topological space satisfying Z(X) = o(C(X)) (see |45, Chap-
ter IV, Sections 2, 3 and 5|), which is a Lusin space, i.e., a continuous injective image
of a Polish space, endowed with a o-finite Borel measure m on X with full topological
support. Let (&, D(&)) be a quasi-regular symmetric strongly local Dirichlet space on
L*(X;m) and (P,)s>o the associated symmetric sub-Markovian strongly continuous semi-
group on L?(X;m) (see [45, Chapter IV, Definition 3| for the quasi-regularity and see [35,
Theorem 5.1(i)] for the strong locality). Then there exists an m-symmetric special stan-
dard process X = (Q, Xy, P,) associated with (&, D(&)), i.e. for f € L*(X;m) N %B(X),
P f(x) = E.[f(X)] m-ae. z € X (see [45, Chapter IV, Section 3|). Here Z(X) de-
notes the family of Borel measurable functions on X (the symbol Z(X) is also used for
the family of Borel measurable subsets of X in some context). An increasing sequence
{F,} of closed subsets is called an &-nest if |J,-, D(&)r, is &i-dense in D(&), where
D(&)p, :={u e D(&) | u=0m-a.e.on X \ F,,}. A subset N is said to be &-exceptional
or &-polar if there exists an &-nest {F,} such that N C (72, (X \ F,). It is known
that any &-exceptional set is m-negligible and for any m-negligible &-quasi-open set is
&-exceptional, in particular, for an &-quasi-continuous function u, u > 0 m-a.e. implies
u > 0 &-q.e. For a statement P(z) with respect to z € X, we say that P(z) holds
&-q.e. x € X (simply P holds &-q.e.) if the set {x € X | P(x) holds } is &-exceptional.
A subset G of X is called an &-quasi-open set if there exists an &-nest {F),} such that
G N F, is an open set of F), with respect to the relative topology on F,, for each n € N.
A function v on X is said to be &-quasi-continuous if there exists an &-nest {F,} such
that u|g, is continuous on F,, for each n € N.

It is known that for u,v € D(&) N L>®(X;m) there exists a unique signed finite Borel
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measure fi,,y on X such that
/fduuv _ Sufv) + Efiu) — Euw, ) for  u,v € D(E) N LX(X;m).

Here f denotes the &-quasi-continuous m-version of f (see Fukushima—Oshima-Takeda |25,
Theorem 2.1.3|, Ma—Réckner [45, Chapter IV, Proposition 3.3(ii)]). We set sy := s,
for f € D(&)NL>®(X;m). Moreover, for f,g € D(&), there exists a signed finite measure
th(r,gy on X such that &(f, g) = pre(X), hence &(f, f) = pp(X). We assume (&, D(&))
admits a carré-du-champ I', i.e. ppy < mfor all f € D(&) and set I'(f) := dpp/dm.
Then pu(yq < mforall f,g € D(&) and I'(f, g) := dpr,g/dm € LY(X;m) is expressed by
U(f,9) = i(C(f +9) = T(f — g)) for f,g € D(&).

Let k be a signed smooth measure with its Jordan-Hahn decomposition k = k™ — k™.
We assume that k* is a smooth measure of Dynkin class (k* € Sp(X) in short) and k-
is a smooth measure of extended Kato class (k= € Sgx(X) in short). More precisely,
v € Sp(X) (resp. v € Spr(X)) if and only if v € S(X) and m-sup,.x E;[A7] < 400
for any/some t > 0 (resp. limy,_,o m-sup,.x E,[A7] < 1) (see [2]). Here S(X) denotes the
family of smooth measures with respect to X (see [45, Chapter VI, Definition 2.3], [25,
p. 83] for the definition of smooth measures) and m-sup, .y f(z) denotes the m-essentially
supremum for a function f on X. Then, the quadratic form

X)) =E(f) + (k. [?)

with finiteness domain D(&*) = D(&) is closed and lower semi-bounded, moreover, there
exists ag > 0 and C' > 0 such that

CT'E(f, f) S EX(f. ) SCE(f. f) forall feD(EY) =D(&)

(see [14, (3.3)] and [15, Assumption of Theorem 1.1]). Here &,(f,g) := &(f,9) + a(f,9)m
for a > 0 and (f, g)n denotes the L-inner product for f,g € L?*(X;m). The Feynman—
Kac semigroup (p))¢>o defined by

pEf(z) = EJe ™ f(X,)], f € By(X)

is m-symmetric, i.e.

/ f( m(dz) /f ptg m(dz) forall f,ge€ B (X)

and coincides with the strongly continuous semigroup (PX);>o on L?(X;m) associated
with (&%, D(&%)) (see [15, Theorem 1.1]). Here A/ is a continuous additive functional
(CAF in short) associated with the signed smooth measure k under Revuz correspondence.
Under k™ € Spr(X) and p € [2, +00], (pf)i>0 can be extended to be a bounded operator
on LP(X;m) denoted by P, such that there exist finite constants C = C'(k) > 0,Cy > 0
depending only on k™ such that for every ¢ > 0

||Ptk||p7p < Ce™. (2.1)
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Here C' =1 and Cx > 0 can be taken to be 0 under k= = 0 (cf. [58, Theorem 2.2]). When
k = —Rm for a constant R € R, Cy (resp. C) can be taken to be RV 0 (resp. 1). Let Ak
be the L%-generator associated with (&%, D(&)) defined by

D(AX) :={u € D(&) | there exists w € L*(X;m) such that
& (u,v) = —/ wvdm for any v e D(&)}, (2.2)

X
Aky :=w forw € L*(X;m) specified as above,

called the Schridinger operator with potential k. Formally, A¥ can be understood as
“AX = A — k”, where A is the L2-generator associated with (&, D(&)).

Definition 2.1 (¢-Bakry-Emery condition). Suppose that ¢ € {1,2}, kT € Sp(X), 2k~ €
Ser(X) and N € [1, +oo]. We say that (X, &, m) or simply X satisfies the ¢-Bakry—
Emery condition, briefly BE,(x, N), if for every f € D(A) with Af € D(&) and every
nonnegative ¢ € D(A?) with A%”¢ € L*(X;m) (we further impose ¢ € L>*(X;m) for
q = 2), we have

1

wOT(f)Sdm — 7 1 S AS)?
- [ arer(tam = [ on(nFTGAN AN 5 [ o) (A7 dm,

The latter term is understood as 0 if N = 4o00.

Assumption 1. We assume that X satisfies BEy(k, 00) condition for a given signed smooth
measure k£ with k™ € Sp(X) and 2k~ € Sgr(X).

Under Assumption 1, we say that (X, &, m) or simply X is tamed. In fact, under
kT € Sp(X) and 2k~ € Sgr(X), the condition BEy(k, 00) is equivalent to BE; (k, c0) (see
[21, Theorems 3.4 and 3.6, Proposition 3.7 and Theorem 6.10]), in particular, the heat
flow (P;)i>0 satisfies

T(P.f)V? < PFT(f)Y* wm-a.c. forany f € D(&) and t>0, (2.3)

which is called the condition GE;(x,00). This condition also implies BE;(x, c0) (see [21,
Definition 3.3 and Theorem 3.4]). The inequality (2.3) plays a crucial role in our paper.
Note that our condition k™ € Sp(X), K~ € Spr(X) (resp. kT € Sp(X), 26~ € Spr (X)) is
stronger than the 1-moderate (resp. 2-moderate) condition treated in [21] for the definition
of tamed space. The m-symmetric Markov process X treated in our paper may not be
conservative in general. Under Assumption 1, a sufficient condition (intrinsic stochastic
completeness called in [21]) for conservativeness of X is discussed in |21, Section 3.3|, in
particular, under 1 € D(&) with &(1) = 0 and Assumption 1, we have the conservativeness
of X.

We introduce the Littlewood—Paley G-functions. Before this, we recall the subordina-
tion of semigroups. For ¢t > 0, define a probability measure A; on [0, 400 [ whose Laplace
transform is given by

/ e N (ds) = eV 4> 0.
0
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Then, for ¢ > 0, A\; has the following expression
t 2
)\t(dS) = me_t /488_3/2d8.
Take a signed smooth measure k with k™ € Sp(X) and k= € Sgx(X). For a > Cy, we
define the subordination (Q\"),=o of (P*);=0 by

QI*f = /Oooe_asPskat(ds), f e LP(X;m).

When k = 0, we write Q\*) instead of Q\*°. The infinitesimal generator of (an)’k)tzg is
denoted by —,/a — A;. We may omit the subscript p for simplicity. In addition, we can
easily see that for p € [2, +00]

),k —Va—
1QE Fllzoxmy < O™ M1 f | Lagxam, (24)

where C' and C, are the same constant as in (2.1). For f € L*(X;m) N LP(X;m) and
a > Cy, we define the Littlewood—Paley’s G-functions by

st = | Q@) ot = [Troparar)
o) = (@) " (@), 6w = ([ rar)

ERIE \/g% 1) + g} (2, 1)2, Gf(x) = (/Oootg;(a:,t)th)l/2.

For notational simplicity, we omit k in G-functions when we replace P* with P, e.g. we
write g7 (x,t) (resp. G (x)) instead of g7"°(x,t) (resp. G°(x)) and so on. We say that
(&,D(&)) is said to be irreducible if any (F;)i>o-invariant set A satisfies m(A4) = 0 or
m(X \ A) = 0. Here a measurable set A is said to be (P;);>o-tnvariant if P,1,u = 14Pu
for any u € L?(X;m) and ¢ > 0. The L-semigroup (P,);>o associated with (&, D(&)) is
said to be hypercontractive with C' > 0 if P,.f € LIM(X;m) for f € L"(X;m) with r > 1
and ¢(t) := e?/“(r —1) + 1 and

| Pfll o xcom) < W llzrxmy  forany  f e L7(X;m)  and ¢ >0.

Here C' > 0 is a fixed constant. It is known that the hypercontractivity with C' > 0 is
equivalent to the following log-Sobolev inequality (see |9, Theorem 5.2.3]):

/|f )[2log (|||ff||<2)(|2 )m(dx)SZCé"(f,f) for fe D).

Now we present the Littlewood—Paley—Stein inequality under Assumption 1. Let (E))aer
be the real resolution of the identity associated to the L2?-generator A and set E, :=
Eo— Ey— (in another word E, := Eyo, and Ey := Ej_ y]) (see [61, Chapter IX, Section 5|
for resolution of the identity).
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Theorem 2.2. Suppose Assumption 1. For anyp €1, 400 [ and o > Cy; and o > 0, the
G-functions g7’ (-, t), g;(-,t), gr(-t), G7, G} and Gy can be extended to be in LP(X;m)
for f € LP(X;m) and the following inequalities hold for f € LP(X;m)

1G s llexim) S I llzrxim), (2.5)
1 llzexim) S NGF N e xim)- (2.6)

Moreover, (2.5) remains valid for « > 0 under p €1, 2]. Furthermore, for p €]1, +o0],
(2.5) remains valid for o« = 0 under k= = 0 (hence Cy, = 0). Suppose further that
a =0 and k= = 0 with Assumption 1 and (&,D(&)) is transient, or irreducible, or
hypercontractivity of (Py)i>o with m(X) < +o00 is satisfied. Then, for any p €]1, 400/,
the operator E, can be extended to a bounded linear operator on LP(X;m) and the following
inequalities hold for any f € LP(X;m):

1Gsllrxm)y S I — Eofllrxim)s (2.7)
1f = Eofllrxm) S NGF o (xim)s (2.8)
1f = Eofllzroem S ||G}||LP(X;m)~ (2.9)

Here, for u,v € LP(X;m), the notation ||ulreixm) S [|v]|re(xm) means ||u|lmr(xm) <

Ak, p)||v||lr(x:m) for some positive constant A(k,p) depending only on k andp € [1, 400 |.

Remark 2.3. Even if we restrict to the case k= = 0, Theorem 2.2 is new, because we do
not assume the existence of a nice core as in the Bakry-Emery framework formulated in
[34]. Note that Test(X) defined below as a subalgebra of D(A) is not necessarily a subset
of Cy(X), hence it does not play a nice core as in [34].

Remark 2.4. Our Theorem 2.2 partly generalizes the result in Kawabi-Miyokawa |[34]
and it can not be covered by [34], because their formulation does not treat the case
a = 0 (more precisely (2.7),(2.8),(2.9)) as in the framework of abstract Wiener space (See
Shigekawa [52, (3.23),(3.24),(3.25)]).

Remark 2.5. In Theorem 2.2, there is no estimate of G} when a > 0. If we assume the
spectral gap for (&, D(&)), i.e., there exists small € > 0 such that Ejo.; = 0, then the
Green operator G with index 0 is a bounded linear operator on L*(X;m) (see [52, (4.42)]),
so that we can deduce the same estimate (2.6) for G} holds by way of the argument in
[52, Subsection 3.2.11] (see the last statement of Subsection 4.6 below).

Remark 2.6. The Littlewood-Paley—Stein inequalities for functions and 1-forms were
firstly proved by X.-D. Li [39] in the framework of weighted complete Riemannian mani-
folds (M, g,e~%v,) with ¢ € C?(M) if the Bakry—Emery Ricci curvature Ricg” := Ricy +
Hess (¢) has a lower bound of Kato class function K(-) (see [39, Theorem 4.2|). Here v,
is the Riemannian volume measure. For this, he established gradient type estimates (see
[39, (4.8) and (4.9)]).

3 PRELIMINARY

3.1 TEST FUNCTIONS

Under Assumption 1, we now introduce Test(X) the set of test functions:
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Definition 3.1. Let (X, &, m) be a tamed space. Let us define the set of test functions by
Test(X):={f € D(A)NL>(X;m) | ['(f) € L(X;m),Af € D(&)}.

By |21, Proposition 6.8, under Assumption 1, BEy(—~£~,00) holds. Moreover, for
every f € L*(X;m) N L>®(X;m) and ¢ > 0, it holds

L(Pf) < §I|P_2“ loo.co * 1117w (xim)- (3.1)
In particular, for f € L*(X;m) N L®(X;m), then P,f € Test(X).

By [21, Theorems 3.4 and 3.6, Proposition 3.7 and Theorem 6.10], the condition
BEs(k, 00) is equivalent to BE;(k,00) under k™ € Sp(X) and 2k~ € Spx(X). In par-
ticular, we have (2.3).

Erbar-Rigoni-Sturm—Tamanini |21, Lemma 6.4] proved that for every f € Test(X),
['(f) € D(&) N L>®(X;m) and there exists p = ut — p~ with u* € D(&)* such that

8%, ) = / pdu forall e D(&) (3.2)
X

under Assumption 1 (see also [50, Lemma 3.2| for RCD(K, N)-space). From this, we
see that A(fg) = (Af)g+2T(f,9) + f(Ag) € D(&) for f,g € Test(X) under Assump-
tion 1, because I'(f, g) = 1(D(f +g) = T(f — g)) € D(&) and T((Af)g) < 2(Af)°T(g) +
20°T(Af) < 2IT(g)|A(Af)*+2|lg]I2.T(Af) € LY(X;m), in particular, Test(X) is an alge-
bra, i.e., for f, g € Test(X), fg € Test(X), if further f& Test(X)", then ®(f) € Test(X)
for every smooth function ® : R" — R with ®(0) = 0 (see [21, Lemma 6.5]).

Remark 3.2. It is also shown in [21, Corollary 6.9] that Test(X) is dense in (&, D(&))
under Assumption 1. However, Test(X) is not necessarily a subspace of Cy,(X). So, we can
not directly apply the same method as in Kawabi-Miyokawa [34], Shigekawa—Yoshida [53],
Yoshida [59], though the continuity of test functions is not essential in the proof. When
the tamed Dirichlet space comes from RCD-space, the Sobolev-to-Lipschitz property of
RCD-spaces ensures Test(X) C Cp(X) (see also [38]).

3.2 THE PRODUCT OF DIFFUSION PROCESS AND AUXILIARY BROWNIAN MOTION

Recall that (P,.).cx denotes the diffusion measure of X associated with the Dirichlet form
(&,D(&)). Let W : (Bt,]P’ ) be one-dimensional Brownian motion starting at a € R
with the generator & Denote by (D, D(D)) the Dirichlet form on L2(R) associated to
(Bt,Pg). We set § = X R, &= (z,0) € X, X, = (X;,B), t >0, M :=m®m
and P; := P, ® P. Then X = ()?t, P;) is an m-symmetric diffusion process on X with
the (formal) generator A+ 822, where m is one-dimensional Lebesgue measure. Note
that the life time ¢ of X coincides with the life time ¢ of X. Since X (hence X) is
not necessarily conservative, throughout this paper, all functions defined on X should be
regarded as functions on its one pomt compactlﬁcatlon X. 5= XU {8} vanishing at 9. We
put Py = [ < Pem(dz), Prgs, = [P X m(dz) and denote the integration with respect
to P, IP , Py and Pugs, by E,, E ]E(x,a and Ewgs,, respectively.

a?
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We denote the semigroup on LP(X: ) associated with the diffusion process (X))i=0 by
(Pt)t>0 and its generator by A We also denote the Dirichlet form on L2(X ;) associated
with Ay by ((5” D(é”)) That is,

D(&): = {u € L*(X;m)

1 ~
lim Z(u — Bu,u) 2 2.4 < —1—00} :

t—0

. 1 N .
&(u,v) + = lim —(u — P, v) 2 .5 for w,v e D(&).

t—0 ¢t

Since (§A : D(g )) is associated to the M-symmetric Borel right process X, it is quasi-regular
by Fitzsimmons [24].

Throughout this subsection, we take a signed smooth measure k with k™ € Sp(X)
and k= € Sgr(X). We define k* := k* @ m and k := Kk — Kk . The associated positive
continuous additive functional (PCAF in short) A\tﬁ in Revuz correspondence under X
is given by gfi = A't‘i, in particular, k* (resp. k- ) is a Smooth measure of Dynkin
(resp. extended Kato) class with respect to X, ie. kJr € SD( ) (resp k- € SEK(X))
Then we can define the following quadratic form (cg’ D(a@ K)) on L3(X;):

D% :=D(&),  ENu,v):=Eu,v)+ (k,av) for uveD@EX).  (3.3)

Here 7 denotes the &-quasi-continuous f-version of u with respect to (cg"\ : D(@g )). The
strongly continuous semigroup (P,*)i>o on L*(X;m) associated with the quadratic form
(&%, D(&%)) is given by

Pru(d) = Egle Mu(X,)] for we LX(X;m)NnB(X). (3.4)

Hereafter, we assume Assumption 1, in particular, k™ € Sp(X) and k= € S (X). In
this generality, our framework can not be covered by Kawabi-Miyokawa [34]. We denote
by € := Test(X) ® C>(R) the totality of all linear combinations of f ® ¢, f € Test(X),
¢ € C=(R), where (f ® ¢)(y) := f(z)¢(a). Under Assumption 1, € is also an algebra.
Meanwhile, the space L?*(X;m) ® L*(R) and D(&) @ H“*(R) are usual tensor products
of Hilbert spaces, where H'2(R) is the Sobolev space which consists of all functions
¢ € L*(R) such that the weak derivative ¢ exists and belongs to L*(R). In the same

way of [34, Lemma 2.1], we have the following: € is dense in D(é" ). Moreover, for
u,v € D(&) @ H?(R), we have

&(u,v) = /R &(u(-,a),v(-, a))ym(da) + /X m(dz) / gZ(x a)gZ( ,a)m(da).  (3.5)

Denote by &2(X), the family of all Borel probability measures on X, and by %*(X),
the family of all universally measurable sets, that is, 2*(X) = (,c 5 x) B(X )", where

#(X) is the v-completion of Z(X) for v € P(X). %*(X) also denotes the family of
universally measurable real valued functions. Moreover, %;(X) (resp. %7 (X)) denotes
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the family of bounded (resp. non-negative) universally measurable functions. For f €
By (X), or feBi(X), we set

(% f(z) == E, { / e (X )M (ds) (3.6)

and write ¢\” f(z) instead of ¢/*f(z). Then ¢/ f € By (X) (resp. g e # (X))
under f € B;(X) (resp. f € B3 (X)). It is easy to see qt(a)’kl(x) < Ce VoGt (a > C))
and ¢\ 1(z) < e™Vo (a > 0). Take f € LA(X;m) N B (X) or f € L2(X;m) N B (X).
According to the equation

(@™ f. 9m = (QFf.g)w  forany g€ L*(X;m), (3.7)

qt(a)’kf is an m-version of an)’kf. Here, we fix a function f € D(AX) N %*(X). Let
u(z,a) = q((la)’kf(m) (o« > Ck). Then it holds that

a > u(-,a) is an L*(X;m)-valued smooth function, and

(83_; + Ak — a> u(ha)=0 in  L*(X;m). (3:8)

Moreover, for a € R, we set v(z,a) := u(x, |a|) = qu‘)’kf(a;) for @ > Cx. Then by (2.4),
we have

1/2
ova=Clla 1 _
[0l 22,y < (/R Ce Ve IHfH%Q(X;m)da) = C7 (o= C)H fllzxm- (39)

From now on, we establish the semimartingale decomposition of f)()A(t,\T), t > 0, where
7:=1inf{t > 0| B; = 0}. By the same way of the proof of |34, Lemma 2.2|, we can deduce

v E D(é"A) for  w(z,a) = qf{j)’kf(x) with  f e D(AY)NZ*(X), a>C. (3.10)

In proving (3.10), we only use kt € Sp(X) and k= € Sgx(X), but we do not impose
BE;(k, 00) (we still assume BEy(k, 00) and k € Sp(X) and 26~ € Sgr (X)), moreover, we
use the following characterization: D(&*) = D(&) and

~

DY) : = {u e LX(X;m)

.1 ~7
%g% ;(u — P, u,u)Lz()?;ﬁ) < +oo} ,
o 1 .

&E¥(u,v) : = lim - (u — P,

t—0 t

o~

U V) 2 %) for w,v€ D(&EX) = D(@g)

=)

By (3.10), we can apply Fukushima’s decomposition to v. Then, there are a martingale
additive functional of finite energy M ] and a continuous additive functional of zero energy
N such that

~

3(X,) — 9(Xp) = ]\/Zt[v] + NP >0 Pias. for qe. 4, (3.11)
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-~

where 7 is an &-quasi-continuous f-version of v € D(&*) = D(&). See [25, Theorem 5.2.2)]
for Fukushima’s decomposition theorem. Thanks to |25, Theorem 5.2.3|, we know that

(REP]Y, = /Ot {r(v,u)()?s) + (%(}Q)z} ds, t>0. (3.12)

See also [25, Theorem 5.1.3 and Example 5.2.1| for details.
We now give the explicit expression of NI*l. We refer to the idea of Kawabi-Miyokawa [34].
Let us define the signed measure v on X by

v(dzda) := 2/ o — Akv(z, a)m(dz)dy(da)

for a > Ck, where dy is Dirac measure on R with unit mass at origin. The total variation
of v is given by

lv|(dzda) := 2|V a — Akv(z, a)|m(dz)dy(da).
Note here that v depends on f € D(AK) N %*(X) and o > Ck. In the same way of the
proof of [34, Lemma 2.3], for f € D(A¥) N %*(X) and « > C\, there exists a constant
C' > 0 such that
[ g etwal lidsde) < CYEigmpgmy) for geTest(X), g€ CE(R)
X
(3.13)

In another word, v is of finite energy integral (see [25, Sections 2.2 and 5.4| for the
definitions of measures of finite energy integrals). Then for each § > 0, there exists a
unique Ugv € D(&) such that the following relation holds:

B0 ) = [ (98 Q) aw(doda), g€ Test(X)p € CRR.  (3.14)
X
Moreover, for f € D(A*) N %*(X), a > Cy and 3 > 0, we have

(a) Upv =,

(b) Usr = v — (8 — a)Rsv holds, where (Rg) g0 is the resolvent of (P,)io

in the same way of the proof of [34, Lemma 2.4]. From this with [25, Lemma 5.4.1], we
have

~

t
N = a/ 5(X,)ds — AV, >0,
0

where v is an g—quasi;continuous m-version of v and A" is the CAF corresponding to v.
Since X x {0} is an &-exceptional set, thanks to [25, Theorem 5.1.5], we have A}, = 0.
Thus

tAT
N = a / 5(X,)ds. (3.15)
0

Combining (3.11), (3.12) and (3.15), we have the following semi-martingale decomposition
which plays a crucial role in our paper.
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Proposition 3.3. Suppose a > C, f € D(A%) N B*(X) and set v(z,a) = qﬁ)’kf(x) for

(x,a) € X. Then we have the semi-martingale decomposition
. R P tAT R
5(Xinr) — 0(Xo) = MY + / 5(X,)ds, t>0, (3.16)
0

under Py for g.e. & = (x,a). Moreover it holds
- tAT R v ~ 2
(AT, = / I(v,0)(X,) + (%(Xs)) ds. (3.17)
0

In particular, by setting ]\/4: = ]\/Z[X]T,

/OT {F(v,v) + (%)2} (X.)ds

for m-a.e. (x,a) € G = Xx]0, +o00|, because the absorbing process )A(@ on G is an

Ew.a)[{M)oo] = Ez.0) < 400 (3.18)

m-symmetric transient process and I'(v) + (%)2 e LY(G;m).

Remark 3.4. The statements of [34, Proposition 2.5] are special cases of (3.16) and (3.17)
of Proposition 3.3 under k = 0 and x = (—R)m for some R € R. But [34, Proposition 2.5]
does not show (3.18).

This proposition also gives the semi-martingale decomposition of u()?mf), because
v(x,a) = u(x,a) holds for a > 0.

We need the following lemma to justify our results in the framework of quasi-regular
Dirichlet forms, because the results in Okura [49] depends on the framework of regular
Dirichlet forms.

Lemma 3.5. We have the following:

(1) Let {F,} be an &-nest of closed subsets of X. Then {(F,)a} is an &-nest of closed
subsets of X for m-a.e. a € R, where (F,), :={x € X | (z,a) € F,,}.

(2) Let N be an & -exceptional set. Then, for m-a.e. a € R, N, := {r e X | (z,a) € N}
is an &-exceptional set. In particular, m ® 6, does not charge any & -exceptional set
for m-a.e. a € R.

(3) Let (xz,a) — u(z,a) be an &-quasi-continuous function. Then, for m-a.e. a € R,
x — u(x,a) is an &-quasi-continuous function.

Proof. (2) and (3) are consequences of (1). We only prove (1). For m-a.e. strictly positive
¢ € L*(X;m) and m-a.e. strictly positive ¢ € L*(R), we set h o= Gi1p ® GY¢, where
G, (resp. GV) is the l-order resolvent operator on L?(X;m) (resp. L?(R)) associated to
(&, D(&)) (resp. (D, D(D)). Then h is a 2-excessive function of L2(X: ). Let {F,} be an
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&-nest of closed subsets of X. Denote the 2-order ﬁ—weighted capacity by C/zﬁ);“2 defined
by

~

C/a\pEQ(O) := inf {cg\ag(v,v) ‘ v e D(&), v>hiae on O}

for an open subset O of X. Since h € D((;“’\ ) is 2-excessive, we can deduce
lim Cap; ,(X \ F,,) =0 (3.19)
n—o0 ’

in the same way of the proof of |45, Chapter III, Theorem 2.11(i)] with the help of the
2-order version of [45, Chapter III, Proposition 1.5(iv) with K = 1]. Note here that the

proof of implication “{F,} is an E-nest = (3.19)” above works for such h, _though the
description in [45, Chapter I1I, Theorem 2.11(i)| requires that h has the shape h= Glgo for
some m-a.e. strictly positive ¢ € L?(X;m). Now we consider the h-transformed positivity

preserving form (&7, D(E")) on L*(X:h*m) and its usual 2-order capacity Cap2 Then
621\1);()? \ F,) = inf {gh(u w) ‘ = D(é"Aﬁ), u>1 h2m-a.e. on X \ Fn}

— inf {é@\(uﬁ, uh) + 2 /A w?h2dim
X

u € D(é"Aﬁ), u>1fiae on X\ Fn}

= inf{é/a\g(v,v) ‘ v € D(E), v > hf-ae. on )?\Fn}
:C/EE)M()A(\FH)iO as  n — 00.

In the same way of the proof of Okura [49, Theorem 4.1(4)], we have

PN

B (u,u) > / EFCD (u(-, ), u(-, a))m(da) > / D (u(-, a), u(- a))m(da).

From this, we can deduce
Capy(_ (X \ (Fh)a) = Cap?("a) (X\(Fn)a) 20 as n—oo for m-ae a€R.

Here Capy_, Is an /ﬁ(, a)-weighted capacity for (&, D(&)). Therefore, {(F},).} is an &-
nest for m-a.e. @ € R by applying [45, Chapter III, Theorem 2.11(i)]. Note here that
h(-,a) = G1oGY ¢(a) satisfies [45, the condition above in Chapter III, Theorem 2.11(i)].

[

4 PROOF OF THEOREM 2.2

We now prove Theorem 2.2. The original idea of the proof is due to P.A. Meyer [47, 48].
The proofs in Bakry [8], Shigekawa—Yoshida [53] and Yoshida [59, 60| are based on this
idea. In these papers, they expanded A(an) 1), f € A, by employing the usual functional
analytic argument in the proof of Littlewood-Paley—Stein inequality. In their calculations,
the existence of a good core A like Test(X) in this paper is assumed. Though we have
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a good core Test(X) in the framework of tamed Dirichlet space under Bakry-Emery
condition BEy(k, o0), we will not follow their way. We follow the method of the proof of
Kawabi-Miyokawa [34] in proving Theorem 2.2. However, our curvature lower bound is
not a constant in general, this gives another technical difficulty in proving Theorem 2.2.
For this, we should modify the method of the proof in Kawabi-Miyokawa [34]. We prove
Theorem 2.2 for f € D(A) N LP(X;m) at the beginning. Any f € LP(X;m) N L*(X;m)
with p €] 1, +oo[ can be approximated by a sequence in D(A) N LP(X;m) in LP-norm
and in L?-norm. Then one can conclude the statement of Theorem 2.2 for general f €
LP(X;m) N L*(X;m) (hence G7, G} and Gy can be extended for general f € LP(X;m))
in view of the triangle inequality |G — G2| < G}, (resp. |ij1 - G}2| < GTlffz).

We now split the proof of Theorem 2.2 in various cases in the following subsections.

4.1 PROOF OF (2.5) FOR f € D(A)N LP(X;m)N%B*(X) UNDER p €] 1, 2|

In this subsection, we return to the proof of the upper estimate (2.5) in Theorem 2.2
in the case of 1 < p < 2. Recall the M-symmetric diffusion process X = (X;,PP;) on
X = X xR with X, = (X;, B,). We need the following identity (4.1) for our later use,
whose proof can be done similarly as in Shigekawa [51, (6.13)], [52, Proposition 3.10]: Let
Jj: X x[0, 4+00[— [0, 400 [ be a measurable function. Then

Eoas, [ /0 ' j()?s)ds} _ /X m(dz) /O Clan (e bt (4.1)

for @ > 0. Here j is understood to be a function on X 5 with j (5) = 0 and note that our
diffusions X and X may not be conservative. Moreover, (4.1) remains valid for general
o-finite measure m.

Thanks to the independence between X and W under P4, and the (P;);>o-invariance
of m, we can see the following identity: for any h € %,(X)

B, [1(X,)] = /X h(z)m(dz) (4.2)

under h(9) = 0 (see [52, (3.47)| for the proof).
Now, we consider the case v(x,a) := u(z, |a|) := qff)f(:c) for f € D(A)N LP(X;m) N

#*(X) and a > 0. The proof for this case is similar to the proof as in [34, Subsection 2.2].
For readers’ convenience, we show the outline of its proof. Applying (3.10) for the case k =

0, we have v € D(é/"\ ). We abbreviate Mt[f\]T as M, for simplicity. Combining Proposition 3.3
and Lemma 3.5(2) with k = 0 and « > 0, there exists a non-negative sequence {a, }nen
such that lim, . a, = 400, (3.16) and (3.17) hold under Pygs, for any n € N.

Set V; := 17()?,5/\7). Applying 1t6’s formula to V;?, Proposition 3.3 implies
d(V;)? = 2Vid M, + 2(g¢(X;)? + aV2)dt. (4.3)
Let € > 0. We also have

~

AV +2)% > p(V2 4 )5 WidM, + p(p — 1)(V2 4 £)5 g (X,)2dt, (4.4)
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by applying Ito’s formula to (V2 + £)P/? again, where we use p < 2.
Taking the expectation of the inequality (4.4) and using u(x,a) = v(z,a) for a > 0,
we have

Emes. [P(p - 1) /OT(Vt2 + 8)519}”()@)2&} < /X(\f(flf)\2 +e)im(dz),  (4.5)
where we use (4.2). Here, by recalling (4.1), the left hand side of (4.5) is equal to
pp—1) /X m(dz) /0 A @)z, ) + ) gy (1)t
By letting ¢ — 0 and n — oo, we get
po=1) [ mido) [ty ggle e < [ p@Pmn. @)

From now on, we utilize the following maximal ergodic inequality (see Shigekawa [52,
Theorem 3.3| for details)

p
s Pl < Ll > 1 (4.7
t20 Lr(xm) P
By (4.6) and (4.7), we obtain
pp(l )
Gt Tr (xmy < m“fﬂm Xom)* (4.8)
(p—1)

Thus (2.5) holds for f € D(A) N LP(X;m) N AB*(X) under p €]1, 2[ and a > 0.

Next we prove that (2.5) holds under p €]1, 2[, « = 0 and f € D(A) N LP(X;m) N
2*(X). We note that T(Q )z — T(Q”f)% in L*(X x [0, 400l m ® e~tdt) as o — 0
for f € D(&). Indeed,

dm

| e [ et v pif a

< [ etar [ 1@ - @ fyam

/ _tdt/ \/mt _ e—\[\t>2d(E)\f’ f)
R
0 Wa+A+1 A+ A+ VA+1 2V +1

—0 as al0.

d(EAfv f)

Moreover, va — AQWf — v—AQY f in L*(X X [0,+oc0[;m ® e~!dt) as a — 0 for
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f € D(&). Indeed,
/ et / ‘\/a “AQ™ f — VZAQW f‘Q dm
0 X
= / et / b ‘\/a iy VS Vs W d(Exf, f)
0 0

_/°° a+A 2VarAWA A
o \14+2Va+X 1+vVa+tr+vVA 142V

)d(E,\f,f) —0 as al0.

Then there exists a subsequence {a4} tending to 0 as kK — oo such that F(ng"“)f)(:v) —
F(ng)f)(:v) and m@ga’“)f(x) — MQEO)f(x) as k — oo m-a.e. (r,t). By Fubini’s
theorem, the convergences hold m-a.e. z € X for a.e. t € [0,400[. Let cha"') be the
Littlewood—Paley G-function defined by an’“) f. Then we easily see Gy < lim,_, G;O”“)

m-a.e. by Fatou’s lemma. We already know that (4.8) holds by replacing G with G;a’“).
Applying Fatou’s lemma again, we have (4.8).

Therefore, we can conclude that (2.5) holds under p €]1, 2[, a =0 and f € D(A)N
LP(X;m) N A (X) by way of Fatou’s lemma and the estimate (4.8) under a > 0.

4.2 PROOF OF (2.5) FOR f € D(A)N LP(X;m) N PAB*(X) UNDER p €]2, +o0|

In this subsection, we assume Assumption 1, consequently, the estimate (2.3) holds for
f € D(&) and kt € Sp(X) and k= € Sgr(X). In the case of p > 2, we introduce
additional functions, namely H-functions

Hp* s = { / ) t@i“”(g;(-,t)?)(x)dt}é ,
= { [T g @

HE:= { | t@i‘*”%gf(-,t)?)(x)dt}%

=

under o > Cy. We write H” := H]?O, H} = H}O and Hy = HJOc. Note that H,"", H}k
and H* (resp. H, H} and Hy) depend on a > C (resp. o > 0 if k= = 0).

Not only (4.1), we need the following inequality under Assumption 1 extending [52,
Proposition 3.11].

Lemma 4.1. Let j: X x [0, +00[— [0, +00 | be a measurable function. Then

Em@éa |:/ ]()?s)ds
0

XT] > / (@A, 1)) (X, )t (4.9)

~

holds for o > C,.. Here j is understood to be a function on )?5 with j(0) = 0.
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Remark 4.2. Since a« > C};, > 0 for k= # 0 under Assumption 1, we can not expect the
equality for (4.9) in this case as discussed in [52, Proposition 3.11].

Proof of Lemma 4.1. We may assume a > C;, because the case a = C, in (4.9) can be
deduced by the limit o | C,. By taking an increasing approximating sequence {j,} C
L' (X x [0, 400 [;m) of non-negative measurable functions to j, we may assume j €
LY(X x [0, +o0o[;m). Thanks to the transience of )A(@ with the integrability of j, we have

E(La) |:/0 j()?s)ds

by [25, (1.5.4)]. To prove (4.9), it suffices to show

< 400, m-ae. (z,a) (4.10)

E (.0 [f(XT) /0 ' i(X, )ds] > Epa) { /0 Tf)(}?t)j()?t)dt] f-a.e. (z,a). (4.11)

for v(z,a) == ¢\ f(z) with f € B,(X) and @ > C,.. Indeed, by taking an integration
lal

of (4.11) with respect to m, we have

Buss. [100) [ 5(R005] 2 Bucs, | [ 0(R0s( %]

(4.1)

= /Xm(dx) /Ooo(a/\t)v(x,t)j(a:,t)dt
— [ @ 0, [QP G000 dt

which implies (4.9). Here we apply (4.2) in the last equality.
From now on, we prove (4.11) for f € D(A") N %5 (X). Fix such an f and set

v(z,a) = u(z,|al) == qﬁf‘) "f(z) with @« > C,. Applying (3.10) to the case k = k, we

have v € D(c?g) = D(é’) for a > Cy. As proved in Proposition 3.3, we have the semi-
martingale decomposition (3.16) with (3.17) and (3.18). We set

My(t) - = M+ 5(Xo)

tAT
= 0(Xinr) — a/ 0(Xs)ds, t>0 Ps-as. for qe. 2.
0

Then by (3.18), My(t) is a uniformly integrable martingale with respect to P(, . for
q.e. (x,a). Ast — oo, My(t) converges to

(X, — a/ B(R.)ds = f(X,) — a/ 3(X.)ds.
0 0
As a consequence, M(t) is represented by

My (t) = Ega) [f(XT) - a/ 5(X,)ds ]-"t} , Paa-as. for qe. (z,a). (4.12)
0
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Ts (a12) [ PESPN
]E(ac,a) |:f(XT)/ j(Xs)dS:| = / IE(ac,a) |:U(Xt>](Xt)1{t§T}} dt
0 0

+ Oé/ ]E(ac,a) |:]E(I7a) |:/ 17()?5)ds
0 tAT

> / E(x,a) [6()?t)j()?t)1{t§7}] dt
0
= E(ra) { / @()?t)j@?t)dt] .
0

This shows that (4.11) holds for f € D(A") N %% (X) with a > C.

Next we prove that (4.11) holds f € L?(X;m) N %,(X), with a > C,. For such an
[, weset f, :=p7,,f. Then {f»} is uniformly bounded and f,, € D(A") N %;(X);. We
already prove that (4.11) holds by replacing f with f,,. Letting n — oo with (4.10), we can
conclude that (4.11) holds for f € L*(X;m) N %,(X), by way of Lebesgue’s dominated
convergence theorem. Finally, approximating f € %(X), by an increasing sequence in
L3(X;m) N By(X),, we see that (4.11) still holds for any f € Z(X), with a > C,. O

..Ft:| ]()/(\Vt)].{t<7-}:| dt

Next, we show the following proposition:

Proposition 4.3. Forp > 2, the following inequality holds for any f € D(A)NLP(X;m)N
PB*(X) with « > Cy; and a > 0:

IH [ 2o (xsm) S 2o (xim) -

Proof. By a slight modification, we can prove this proposition as in the proof of Shigekawa
—Yoshida [53, Proposition 4.2| or Kawabi-Miyokawa [34, Proposition 2.8]. However we
give the proof for readers’ convenience, because we treat the Feynman—Kac semigroup
(PF) instead of the given semigroup (P;). Moreover, the method of the proof of [53,
Proposition 4.2] or [34, Proposition 2.8] uses the equality for (4.9) under a = 0. But we
do not have a similar equality for general a > 0. R

Let us recall that v(z,a) := quy‘)f(x) with f € D(A) satisfies v € D(&) under o > 0
by applying (3.10) with k = 0. Owing to (4.3), we have Z; := VA_— V2, t > 0, is a
submartingale.

Now we need an inequality for submartingale. Let {Z;}:>( be a continuous submartin-
gale with the Doob-Meyer decomposition Z; = M; + A;, where {M,;};>0 is a continuous
martingale and {A;};>0 is a continuous increasing process with Ag = 0. Due to Lenglart—
Lépingle-Pratelli [36], it holds that

E[AZ] < (2p)’E [Sup IZtI”] , p>1 (4.13)
>0

Then by using (4.13) and Doob’s inequality with the help of (4.2), we have

r _ 5
Enss., [{2 | (avz+ an2y?) ds} ] S 10 emy (4.14)
0
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On the other hand, by using (4.9), (4.14) and Jensen’s inequality, we have

{/ooo(a" AR gy t)Q)dt}

[SIS]

K||P I
| Hf ||Lp(x;m) = nlgf)lo

2 tim B, |{ [0 AR st 0 (X ]
n—0oo 0

L'(X;m)

n—oo

< e, |{ [ (o ) o) |

n—oo

(4.9) [ T 5
< lim Em®5an ]Em®6a" [/ gf(Xs)st XT:|
0
%

(4.14)
S AN -

In applying (4.9), we use a > C,,. We emphasize that the method of the proof as in |53, 34|
can not work for a > 0. This is why we prove (4.9). This completes the proof. Il

Next we consider the relationship between G-functions and H-functions.

Proposition 4.4. (1) For any f € D(&) and o > Cy, the following inequality holds:

Gl <2V/CH", m-a.e.

(2) For any f € D(&) and o > 0, the following inequality holds:
Gy <2H .

Proof. First we show (1). For this, we prove
Qe )i < / e T(Pf) i h(ds), mae. (4.15)
0
We set a D(&)-valued simple function f,(s) by

2".n—1

fals) == Z 1[2%,’““[(3)]32%]0 + L oo (8) P f-
k=0

on

Then for each s > 0, {f.(s)} converges to Psf in (&, D(&)) as n — oo, consequently
F(fn(s))% converges to F(Psf)% in L?(X;m) as n — oo. Similarly, setting Q;f, :=
IS e fu(s)Ai(ds), {Qufn} converges to an)f in (&,D(&)) as n — oo, and T(Q,f,)?
converges to F(an)f)% in L?(X;m) as n — oo. Since

(P f)e, if se[f£ B[ ke{0,1,---,2"-n—1},
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we can see
D(Qufn)t < /0 (£ () Ae(ds).

Letting n — oo, we obtain (4.15). By (4.15), the upper estimate (2.3) and Schwarz’s
inequality, we have the following estimate for any o« > C,, and f € D(&):

rQ ) < /0 e T(P,f)} A (ds)

< /O h e PAD(£)2 Ay (ds) (4.16)

= QT () = g,
where I'*(f) is a Borel m-version of I'(f). Here we use GE;(k,00) under Assumption 1.
Then (4.16) yields that for each ¢t > 0

gi( 272 =T (@) (@)
< (¢ @ i)’

< g () QT (@) (4.17)

@4 o)
< CemVerCrt i) (g}(-,t)Q)(x), m-a.e. r € X.
Since t — Q" f is a D(&)-valued continuous function, ¢ — g}(m,Qt)Q = F(ng)f) is
an L'(X;m)-valued continuous function, moreover, t an)’ﬁ(g}(, 2t)?) is an L'(X;m)-
valued continuous function. Thus, g}(m, 2t) < an)’n(g}(y t)?)(z) for all t > 0 m-a.e. v €
X.

Therefore we have
2 o0
<G}($)> = 4/0 tg}(x,Qt)th

< 4C / LI (gh(- 1)) (2)dt = 4C(H}" (2))?, m-ace. x € X,
0

where we changed the variable ¢ in 2¢ in the first line and used (4.17) for the second line.
The proof of (2) is similar to the proof of Shigekawa |52, Proposition 3.13 (3.55)]. We

omit it. O
Combining Propositions 4.3 and 4.4, (2.5) holds for f € D(A) N LP(X;m) N %B*(X)
under p €]2, +oo[ and a > C, with & > 0. Under k= = 0 and o = 0, we can see

that (2.5) holds for f € D(A) N LP(X;m)N%A*(X) and p €2, +oo[ by way of the same
argument as in the previous subsection.

Remark 4.5. In Kawabi-Miyokawa [34, Proposition 2.9(1)], they prove G} < 2H} for
a > RV 0 with k = (—R)m under [(P,f)z < e®BI(f)2. In their proof, the estimate
QEO‘)’HF(f)% = EQ_R)F(f)% < QEO)F(f)% by a > R is crucial. In our case, we can not get
QEO‘)"{F(f)% < QgO)F(f)% for a > C}. This is why we prepare the estimate G} < 2\/6]-1}”
in Proposition 4.4(1) instead of G} < QH}.
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4.3 PROOF OF THE UPPER ESTIMATES (2.5) AND (2.7) UNDER p = 2

We prove the upper estimates (2.5) and (2.7) under p = 2.

Proposition 4.6. When o > 0,

21G7 ez = [ flz2ximy,  for all - f € L*(X;m), (4.18)
2|GH 2 oem) < W fllzoemy,  for all - f € L¥(X;m). (4.19)
When o = 0,
201G 2 (ximy = If = Bofll2(ximy,  for all - f € L*(X;m), (4.20)
201G 2xim) = IIf = Eofl2xmy,  for all  f € L*(X;m). (4.21)

In particular, \/§||Gf||L2(X;m) < N fllezxamy for all f € L*(X;m) under a > 0, and
V2||Gllexm) = IIf — Eofll12(x;m) for all f € L*(X;m) under oo = 0.

Proof. The proof is quite same as in the proof of Shigekawa [52, Proposition 3.5]. So we
omit the details. Il

Lemma 4.7. Suppose f € L*(X;m). Then E,f € D(&) and E(E,f,E,f) = 0. In
particular, Gg,; = 0 for f € L*(X;m).

Proof. In view of the spectral representation,

(PEof, Eof) = / " e NA(B\E £, B, f)
0

2".n—1

= lim Y et / A(E\E,f, E,f) + e ™ / d(E\E,f, E,f)
T =0 o S | [n,+o0]
2".n—1
: —kt —nt
= lim Z e 2 (B i Eroyf, Eoyf) + €7 (B v Eroy f Egoy f)
k=0

= (B, 1, Ewrf By f) = (Bpoy [, Eroy /) = 1 Eof 122 (xm)

i

which yields the first conclusion. In the same way, we can get &(PsE,f, PiE,f) =
EQVE,f,QVE,f) =0 for f € L*(X;m). This implies that for each ¢ > 0

/ 95,7( 1) dm = / V=AQ B, f[Pdm = &(Q"E, f, Q"E,f) = 0,
X X
[ ahttram= [ DQPE pim = £(QLE..QVE) =0

X X

which yields the second conclusion. O
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4.4 PROOF OF (2.5) UNDER p €] 1, +00[ FOR GENERAL o > C,; WITH o > 0, AND
FOR a =0 AND = =0

Proof of (2.5). Subsections 4.1, 4.2 and 4.3 conclude the desired upper estimate (2.5)
for f € D(A)N LP(X;m) under p €]1, +oo[, and o > C, with @ > 0 or k= = 0
with @« = 0. Any f € LP(X;m) N L*(X;m) can be approximated by f, := Py, f €
D(A) N LP(X;m) in LP-norm and in L?-norm. We can obtain the upper estimate (2.5)
for f € LP(X;m)N L*(X;m) under p €] 1, +oo[, and a > C,; with a > 0 or k= = 0 with
a = 0. Moreover, an LP-approximation by a sequence in LP(X;m) N L?(X;m) tells us
that (2.5) holds for f € LP?(X;m) under p €1, +o0[, and o > C,, with @ > 0 or K~ =0
with a = 0. O

4.5 PROOF OF (2.6) UNDER p €]1, 00| FOR GENERAL a > C,; WITH «a > 0.

Proof of (2.6). The proof of the lower estimate (2.6) under p €1, +oo[, @« > C, with
a > 0 follows from the upper estimate (2.5) under p €]1, +00[, @« > C, with a > 0,
(4.18) and the argument in [52, Subsection 3.2.11]. Moreover, an LP-approximation by
a sequence in LP(X;m) N L*(X;m) tells us that (2.6) holds for f € LP(X;m) under
p€]l, +oof, and a > C,, with a > 0. O

4.6 PROOFS OF (2.7), (2.8) AND (2.9) UNDER p €] 1, +00[ FOR a =0 AND K~ =0

We already obtain the estimates (2.7), (2.8) and (2.9) under p = 2. To prove (2.7),
(2.8) and (2.9) for general f € LP(X;m) and p €]1, 400 [, we need to show E,f can be
defined as an element in LP(X;m) for f € LP(X;m) under the transience, irreducibility
or hypercontractivity of (P;);>o with m(X) < +oo at first.

Lemma 4.8. Suppose that (&, D(&)) is transient or irreducible, or hypercontractivity of
(Py)is0 with m(X) < +oo is satisfied. Then the L*-operator E, can be extended to a
bounded linear operator on LP(X;m).

Proof. By Lemma 4.7, for f € L*(X;m), we know E,f € D(&) and &(E,f, E,f) = 0, in
particular P,Eyf = Eyf for any ¢t > 0. Moreover, we can deduce P Eyf = E,P;f by way
of [61, Chapter IX, Section 5, the end of proof for Theorem 2|. First we suppose that
(&,D(&)) is transient. Then E,f =0 € LP(X;m). So, for f € LP(X;m), we can define
E,f :=0 € LP(X;m) in this case. Next we suppose that (&, D(&)) is irreducible. We may
assume that it is also recurrent, because under the irreducibility, (&, D(&)) is recurrent
or transient (see [25, Lemma 1.6.4(iii)]). Then for f € L*(X;m), E,f = ¢; € L*(X;m)
for some constant ¢y by [25, Exercise 4.7.2(1)]. More precisely, by |25, (4.7.8)], ¢ is given
by

Cr 1= ﬁfodm’ m(X) < +OO,
I 0, m(X) = +oo.

When m(X) = +o0, then ¢; = 0, hence E,f = 0 € LP(X;m). In this case, we can
define E,f := 0 € LP(X;m) for f € LP(X;m). When m(X) < +o0, then E,f = ¢; =
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ﬁfx fdm € LP(X;m). In this case, for f € LP(X;m) N L?(X;m),

1
P
VEoFllircam) = ( / |cf|pdm) <l
X

This implies that F, can be extended to a bounded linear operator on L”(X;m). Finally
we suppose that m(X) < 400 and (FP;)>o is hypercontractive with C' > 0. When 1 < p <
2, for f € LP(X;m) N L3(X;m) and ¢ > 0 satisfying 2 = e*/%(p — 1) + 1, we have
1 EofllLrximy = 1P Eo f Il Lo (xim) = 1 EoPof | Lo (xm)
1.1
< BB f [l 2 ymym(X)» 2
< [ Pefll e (ximym(X) 72
11
< e omm(X)P 2,
where we use the hypercontractivity of (P;);>¢ from p to 2. This means that F, can be

extended to a bounded linear operator on LP(X;m). When p > 2, for f € LP(X;m) N
L?(X;m) and t > 0 satisfying p = €2/¢ + 1, we have

D=

1_
1o flleooxm) = 1P Lo f [ iecesmy < NE0fll2ccm) < [ Fllz2ocm) < I loeoomm(X)2 77,

where we use the hypercontractivity of (P;);>o from 2 to p. This means that F, can be
extended to a bounded linear operator on LP(X;m). O

Proof of (2.7), (2.8) and (2.9). Under x~ = 0 and a = 0, we already know that (2.5) holds
for f € LP(X;m)NL*(X;m) withp €] 1, +oo]. Replacing f with f—E,f in (2.5) and not-
ing G, = 0 by Lemma 4.7, we can conclude that (2.7) holds for f € LP(X;m)NL*(X;m)
with p €]1, 400 [ under K~ = 0, @ = 0 and the transience, irreducibility or hypercon-
tractivity of (P;);>o with m(X) < 4o00. By Lemma 4.8, we obtain that (2.7) holds for
f € LP(X;m) with p €]1, +oo [ under kK~ = 0, @ = 0 and the transience, irreducibility or
hypercontractivity of (P;);>0 with m(X) < 400. Further, under k= = 0 and a = 0, we can
deduce the lower estimate (2.8) (resp. (2.9)) as discussed in [52, Subsection 3.2.11] from the
upper estimate (2.5) by using (4.20), (resp. (4.21)). More precisely, by (4.20) (resp. (4.21))
and (2.5), we can deduce |(f — Eof, h)n| < 4(G7, G )m < 4IGF Lo xm) |G | Loxim) S
G N eroxm Bl acxmy (vesp. |(f = Eof, B)nl < 4G}, Gl < 4G ooxm |GhllLacem) S
4||G}||LP(X;m)||h||Lq(X;m)) with the conjugate exponent ¢ = p/(p — 1), which implies the
lower estimate (2.8) (resp. (2.9)) for f € LP(X;m) N L*(X;m) by the denseness of
LY(X;m) N L*(X;m) in LY9(X;m). By applying Lemma 4.8, we obtain the lower esti-
mates (2.8), (2.9) for f € LP(X;m). O

This completes the whole proof of Theorem 2.2.

5 EXAMPLES

It is well-known that (abstract) Wiener space (B, H, i) satisfies the Littlewood—Paley—
Stein inequality (see Shigekawa [52, Chapter 3|). Though our Theorem 2.2 is not new for
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(B, H, 1), we observe the conditions: Let (§°V, D(&°V)) be the Dirichlet form on L?(B; 1)
associated to the Ornstein-Uhlenbeck process XV and (TPV);> its associated semigroup
on L?(B;u). Let Dy be the H-derivative, i.e. (DgF(2),h)g = lim. o w, for a
cylindrical function F. It is known that BE,(1, co)-condition holds for (B, &°Y, 1) (see
3, 13.2]), that is, (B,&°Y, ) is tamed by p € Sg(X°Y). Here Sx(X°Y) denotes the
family of smooth measures of Kato class. Kawabi-Miyokawa [34| generalized the case of
(abstract) Wiener space, but they did not extend [52, (3.23),(3.24),(3.25)]. Our (2.7),
(2.8) and (2.9) in Theorem 2.2 generalizes [52, (3.23),(3.24),(3.25)].

Kawabi-Miyokawa gave another example satisfying their conditions in [34]. More
concretely, let E be a Hilbert space defined by E := L*(R,R% e 2@ dz) with a fixed
X € C°(R) satisfying x(z) = |z| for || > 1 and another Hilbert space H := L*(R, R%; dx).
They consider a Dirichlet form (&, D(&)) on L*(E; i) associated with the diffusion process
X on an infinite volume path space C'(R,R?) with (U-)Gibbs measures u associated with

the (formal) Hamiltonian
1 / 2
=— [ |w'(z)|gedr + [ U(w(z))dx
2 Jr R

where U : R? — R is an interactions potential satisfying V2U > —K; with some K; € R
(see [34, Subsection 4.1]). Then the L*-semigroup (P;);>o associated to (&, D(&)) satisfies
the following gradient estimate

ID(Pf)(w)|n < " P(|Df|n)(w) for  prae weE,

which is equivalent to BEy(—K7, 00)-condition. Here Df is a closed extension of the
Fréchet derivative Df : E — H for cylindrical function f. Hence (F, &, u) is tamed
by —Kiu with |Ki|p € Sk(X). Moreover, we have the following log-Sobolev inequality
proved in [33, Theorem 2.2|: Under K; < 0,

fw)? 2 o
[ sw) (”fHLZ(M)u(dw)S_Kléa(f,f) or feD#). (1)

So we have the hypercontractivity of (P;);>o with C'= (—K;)™! and u(E) = 1. Then our
inequalities (2.7),(2.8) and (2.9) under e = 0 and K; < 0 are new in this setting.

In the rest, we expose new examples.

Example 5.1 (RCD spaces). A metric measure space (X,d,m) is a complete separable
metric space (X,d) with a o-finite Borel measure with m(B) < +oo for any bounded
Borel set B. We assume m has full topological support, i.e., m(G) > 0 for non-empty
open set G.

Any metric open ball is denoted by B,(x) := {y € X | d(z,y) < r} for r > 0 and
x € X. A subset B of X is said to be bounded if it is included in a metric open ball.
Denote by C([0,1], X) the space of continuous curve defined on the unit interval [0, 1]
equipped the distance doo(7v,7) = supep1)d(ys,m:) for every 4,1 € C([0,1], X). This
turn C([0, 1], X) into complete separable metric space.
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Definition 5.2 (Sobolev space W1?(X)). A Borel function f € L*(X;m) belongs to
Wh2(X), provided there exists a G € L*(X;m), called 2-weak upper gradient of f so
that

1
/ |f(71) = f(yo)|mw(dy) < / / G(ve)|e|dtm(dy), Var 2-test plan. (5.2)
C([0,1],X) c([0,1],X) JO

See [26, Subsections 2.1 and 2.3 for the precise definition of metric speed |§:| and 2-
test plan 7 on C([0, 1], X'). The assignment (¢,7) — G(7:)|?%| is Borel measurable (see
[30, Remark 2.1.9]) and the right hand side of (5.2) is finite for G € L*(X;m), (see |30,
Remark 2.1.10]). These shows not only the finiteness of the right hand side of (5.2) but also
the continuity of the assignment L*(X;m) > G = o010 [ G(y)|A|dtm(dy). This,
combined with the closedness of the convex combination of the 2-weak upper gradient,
shows that the set of 2-weak upper gradient of a given Borel function f is a closed
convex subset of L?(X;m). The minimal 2-weak upper gradient, denoted by |V f|s is
then the element of minimal L?-norm in this class. Also, by making use of the lattice
property of the set of 2-weak upper gradient, such a minimality is also in the m-a.e. sense
(see |13, Proposition 2.17 and Theorem 2.18]). Note that we do not define the gradient
Vf, but this can be justified under infinitesimally Hilbertian condition below (see |27,
Proposition 2.3.7, Definition 2.3.8 and Proposition 2.3.17]).

Then, WH2(X) forms a Banach space equipped with the following norm: equipped
with the norm

3
Al = (1B + NIV FalZacem) 5 F € WH2(X).

It is in general false that (W"2(X), ||-|lw12(x)) is a Hilbert space. When this occurs, we
say that (X,d,m) is infinitesimally Hilbertian (see |27, Definition 2.3.16]). Equivalently,
we call (X,d, m) infinitesimally Hilbertian provided the following parallelogram identity
holds:

2IVIE+2Vgly = IV(f + 93+ |V(f —9)f, m-ae VfgeW(X). (5.3)

For simplicity, we omit the suffix 2 from |V f]; for f € Wh2(X), i.e. we write |V f]
instead of |V f|y for f € W'2(X). Under (5.3), we can give a bilinear form (V- V-) :
Wh2(X) x WH(X) — L'(X;m) which is defined by

(V1,99 = {1V + 9P = V(= g)P, fg € W),

Moreover, under the infinitesimally Hilbertian condition, the bilinear form (&, D(&))
defined by

D(&) = W'A(X), &(f.9):= /X (Vf, Vghdm

is a strongly local Dirichlet form on L?(X;m). Denote by (P;);>o the m-symmetric semi-
group on L*(X;m) associated with (&, D(&)). Under (5.3), let (A, D(A)) be the L*-
generator associated with (&, D(&)) similarly defined as in (2.2) before.
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Definition 5.3 (RCD-spaces, [30, Definition 6.1.2]). A metric measure space (X,d, m) is
said to be an RCD(K, 0o)-space if it satisfies the following conditions:

(1)
(2)
(3)
(4)

(X,d, m) is infinitesimally Hilbertian.
There exist o € X and constants ¢, C' > 0 such that m(B, (1)) < Ce”.
If f e WH2(X) satisfies |V f| <1 m-a.e., then f has a 1-Lipschitz representative.

For any f € D(A) with Af € Wh?(X) and g € D(A) N L>®(X;m) with g > 0 and
Ag € L*(X;m),

1

Z 2 _ 2
2/X|Vf| Agdm /X(Vf,VAf>gdm2K/X|Vf| gdm.

Let N € [1, 400[. A metric measure space (X,d, m) is said to be an RCD(K, N)-space
if it is an RCD(K, oo)-space and for any f € D(A) with Af € WH?(X) and g € D(A) N
L>*(X;m) with ¢ > 0 and Ag € L>(X;m),

3 | IViEagan— [ (9£angam > K [ ([9ePgdm [ (a72gdm

Remark 5.4.

(1)

(iii)

The RCD(K, 0o)-space (resp. RCD(K, N)-space) in Definition 5.3 is actually called
the metric BE(K, 00)-space (resp. metric BE(K, N)-space) in |6, Definition 6.1] and
it is proved in |6, Theorem 7.1] that metric BE(K, 0o)-space (resp. metric BE(K, N)-
space) in [6, Definition 6.1] is equivalent to the original definition of RCD(K, 00)-
space (resp. RCD* (K, N)-space) in terms of optimal transport, i.e. CD(K, co)-space
(resp. CD* (K, N)-space) satisfying infinitesimally Hilbertian condition. As noted in
(ii) just below, RCD(K, N)-space coincides with RCD*(K, N)-space. So we adopt
Definition 5.3 for RCD-spaces in this example.

It is shown in [12, 40| that for N € [1, +oo[ RCD(K, N)-space is equivalent to
RCD* (K, N)-space. Originally, for N € [1, +o0], the notion of CD(K, N)-spaces
was defined by Lott—Villani [44] and Sturm [55, 56, 57]. Later, Bacher—Sturm [7|
gave the notion of CD*(K, N)-space as a variant for N € [1, +oo[. The notion
RCD(K, co)-space was firstly considered in [4, 5|, and the RCD(K, N)-space un-
der N € [1, oo was also given by [28, 26|. Finally, Erbar-Kuwada—Sturm [20]
invented the notion of CD®(K, N)-space, so-called the metric measure space satis-
fying entropic curvature dimension condition under N € [1, +o0| and prove that
RCD* (K, N)-space coincides with RCD¢(K, N)-space, where RCD*(K, N)-space is
the CD®(K, N)-space satisfying infinitesimally Hilbertian condition. Moreover, un-
der N € [1, o0, RCD(K, N)-space (or RCD*(K, N)-space) is a locally compact
separable metric space, consequently, m becomes a Radon measure.

If (X,d,m) is an RCD(K, N)-space under N € [1, +oo], it enjoys the Bishop—-
Gromov inequality: Let x == K/(N —1)if N > 1l and k := 0if N = 1. We
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set wy = ft+é2—tdt (volume of the unit ball in RY under N € N) and V,(r) :=
wy [y sN(t)dt. Here s,(s) is the solution to Jacobi equation s.(s) 4 k8, (s) = 0
with ER(O) =0, s/.(0) = 1. More concretely, s,(s) is given by
sin\/éﬁs k>0,
5.(8) == s k=0,
sinh /—ks
T Kk < 0.
Then
m(Br(z)) _ m(B:(z))
< , € X, 0<r<R.
A AT '

(iv) If (X,d, m) is an RCD(K, oo)-space, it satisfies the following Bakry-Emery estimate:
IVPf| <e ™'PIVf| mae for feW"(X),
in particular, P,f € W?(X) (see [50, Corollary 3.5], [29, Proposition 3.1]).

(v) If (X,d,m) is an RCD(K, N)-space with N € [1, +oo[, then, for any f € Lip(X)
lip(f) = |V f| m-a.e. holds, because RCD(K, N) with N € [1, +o0 [ admits the local
volume doubling and a weak local (1,2)-Poincaré inequality (see [13, §5 and §6]).

By definition, for RCD(K, N)-space (X, d, m), (X, &, m) satisfies BEo( K, N)-condition
and K*m is always a Kato class smooth measure, where K* := max{4K, 0}, hence it
is a tamed Dirichlet space by Km. So we can apply Theorem 2.2 to RCD(K, co)-space
so that (2.5) and (2.6) hold for & > K~ with @ > 0 under p €]1, o0, (2.5) holds
for @« > 0 under p €]1, 2], and (2.5) holds for « = 0 and K > 0 under p €]1, +o0].
Now we consider the case for (2.7), (2.8) and (2.9) in Theorem 2.2. It is known that for
RCD(K, N)-space under N € [1, 400 there exists a heat kernel p;(z,y) satisfying the
Holder continuity of « — py(z,y) for each (¢,y) €]0, oo [xX associated with (X, &, m)
and it satisfies a global lower and upper heat kernel estimate (see [32, Theorem 1.2]), in
particular, (&, D(&)) is irreducible, hence it is transient or irreducible recurrent. So we
can apply Theorem 2.2 to RCD(K, N)-space (X,d, m) under N € [1, +o0 [ so that E, can
be extended to a bounded linear operator on LP(X;m) and (2.7), (2.8) and (2.9) holds
for f € LP(X;m). For RCD(K, co)-space, it satisfies the following log-Sobolev inequality:
under K > 0

/f 1og< (@) >m(dx)§%/X|Vf]2(x)m(dx) for f € D(&).

11172 xm)

Indeed, for CD(K, oo)-space with K > 0, a log-Sobolev inequality in terms of mass trans-
port is well-known (see [44, Corollary 6.12]). So we can apply Theorem 2.2 to RCD(K, 00)-
space (X, d, m) so that E, can be extended to a bounded linear operator on L”(X;m) and
(2.7), (2.8) and (2.9) holds for f € LP(X;m) under K > 0 and m(X) < +oo.

We remark that there are related works [37, 38| on Littlewood—Paley—Stein inequal-
ity for RCD(K, oo)-space. In particular, [38] proves only (2.5) for f € L*(X;m) over
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RCD(K, co)-space under a > 0 with p €1, 2] or @« > 2K~ with p €2, +oo[. Their
condition o > 2K~ is stronger than our condition a« > K~ with a > 0. They do not
prove (2.7), (2.8) and (2.9) under = 0 and K > 0. Moreover, the result of [38] under
a > 2K~ with K < 0 and p €]1, +oo| can be deduced from Kawabi-Miyokawa [34],
because the space Test(X) of test functions forms an subalgebra of Cj(X), and hence it
satisfies the condition (A) in [34] (see Bouleau-Hirsch [10, Corollary 4.2.3] for the validity
of (A) in [34]).

Example 5.5 (Riemannian manifolds with boundary). Let (M,g) be a smooth Rie-
mannian manifold with boundary OM. Denote by m := v, the Riemannian volume
measure induced by ¢, and by s the surface measure on OM (see [11, §1.1.2]). Denote
by D(&) := WH2(M°) the Sobolev space with respect to m on M° := M \ M. Define
& WL (M) x WH2(M°) — [0, +oo [ by

&(f.9) = / O(Vf, Vg)dm.

Then (&, D(&)) is a strongly local regular Dirichlet form on L?(X;m) (see [11, Exam-
ple 1.18|). Let £k : M — R and ¢ : M — R be continuous functions providing lower
bounds on the Ricci curvature and the second fundamental form of M, respectively. Sup-
pose that M is compact. Then (M, &, m) is tamed in our sense (see [11, Example 2.12])

by

ko= (inf k(z))m+( nf ((z))s,
because m,s € Sk (X) (see [21, Theorem 2.36] ). Therefore all the statements of Theo-
rem 2.2 to (M, &, m) hold. Remark that (2.5) is proved by Shigekawa [51, Propositions 6.2
and 6.4] in the framework of compact smooth Riemannian manifold with boundary.

As in [21, Lemma 2.34, Theorem 2.36, Proof of Theorem 4.6, treating the case of
singular boundary, we can construct other concrete examples which satisfy Theorem 2.2.

Example 5.6 (Configuration space over metric measure spaces). Let (M, g) be a complete
smooth Riemannian manifold without boundary. The configuration space T over M is
the space of all locally finite point measures, that is,

T:={ye M(M)|~v(K)eNU{0} forall compact sets K C M},

where M(M) is a family of positive Radon measures on M. In the seminal paper
Albeverio-Kondrachev—Rockner [1] identified a natural geometry on Y by lifting the ge-
ometry of M to Y. It is shown in [1]| that the Poisson point measure 7 on T is the unique
(up to intensity) measure on T under which the gradient V¥ and divergence divY become
dual operator in L?(T; 7). The canonical Dirichlet form

87(F) = [ [VFER()

constructed in |1, Theorem 6.1] is quasi-regular and strongly local. If Ric, > K on M with
K € R, then (T,&Y, ) is tamed by x := K7 with |x| € Sg(XY) (see [19, Theorem 5.10]).
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More generally, Dello Schiavo-Suzuki [17] extends the framework of underlying space from
complete smooth Riemannian manifold to proper complete separable metric measure space
(X,d,m) and consider its configuration space T and with a reference Borel probability
measure p satisfying [17, Assumption 2.17], commonly understood as the law of a proper
point process on X. In [17], they constructed the quasi-regular strongly local Dirichlet
form (&Y, D(&T)) on L*(T; ) (see [17, Proposition 3.9 and Theorem 3.45]). Moreover,
in Dello Schiavo-Suzuki [18, Theorem 1|, for any fixed K € R they prove that a Dirichlet
form (&, D(&)) with its carré-du-champ I' satisfies BEy( K, 00) if and only if the Dirichlet
form (&7, D(&Y)) on L*(Y; i) with its carré-du-champ I'V satisfies BEy(K, 00). Hence,
if (X,&, m) is tamed by Km with |K|m € Sg(X), then (T,&7, i) is tamed by k := Kpu
with |x| € Sg(XY). Here X (resp. XT) is the m-symmetric (resp. y-symmetric) Markov
process associated with (&, D(&) (resp. (&7, D(&Y)) on L?(X;m) (resp. L*(T;u)). So
we can apply Theorem 2.2 to (Y, &Y, 1) so that (2.5) and (2.6) hold for a > K~ with
a > 0under p € [2, +oo[or @ > 0 under p €]1, 2[, and (2.5) holds for « =0 and K >0
under p €1, 2| under the suitable class of measures ;o defined in [17, Assumption 2.17].
It is shown in |1, Theorem 4.3| that if the underlying space (X, d, m) is a complete smooth
Riemannian manifold (M,d,,v,) (&Y, D(EY)) on L*(T;u), where u runs over the class
of mixed Poisson measures, is irreducible if and only if p is a Poisson measure (see also
|18, paragraph before Example 6.8]). (&Y, D(&7)) is also recurrent by &¥(1,1) = 0 and
1 € D(&Y). Then we can apply Theorem 2.2 to (T, &Y, i) so that E, can be extended to
a bounded linear operator on LP(T;u) and (2.7), (2.8) and (2.9) holds for f € LP(Y; )
provided the underlying space is a complete smooth Riemannian manifold and pu is a
Poisson measure on Y.
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