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Abstract

We consider the periodic homogenization problem for jump-diffusion processes with sin-
gular potentials on a bounded open set by using the theory of semi-Dirichlet forms and the
method of unfolding operators.

1 Introduction

We are concerned with the following classical periodic homogenization:

Lsus + Aus = f, in D,
{ us = 0, on 0D, (1.1)

where ¢ > 0 is a small parameter used to represent the heterogeneities of the body D, a bounded
open set of R? (d > 3), A > 0 and a source f € H~(D), the dual space of H}(D), is understood
as an external force. Here Ly is formally defined as the sum of a second order elliptic differential
operator, a first order differential (drift) operator, an integro-differential operator and a potential
(killing) operator:

Lsu = LSu+ L%+ Llu + Lhu

(4 (5) ) 3) Tt [l k(e 0
|h|>1/n

where A(z) = (a;;(z)) is a symmetric d x d-matrix-valued measurable function on R?, B(z) =
(bi(x)) is a d-dimensional vector-valued measurable function on R? and k() is a nonnegative
measurable function on R%. For the function J°, it is given by J°(z, h) = 3(J°(z, h)+J°(z+h, h)),
where J°(z, h) := J(x/6, h) for some measurable function J(z,h) = J(z,—h) > 0, z, h € R? with
h # 0. We assume that

r— A(z), zw~— B(z), z~ J(x,h) and z— k(z)
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are all periodic (for each h # 0 in J(z,h)). In the present work, we employ a symmetrized
jump kernel j‘s(x, h) defined as the average of the kernel at the starting and ending points of a
jump. While the overall system (1.2) is non-symmetric due to the presence of the drift term,
this construction ensures that the non-local operator remains a self-adjoint principal part. This
separation allows for a clear distinction between the diffusive effects of the jumps and the convective
effects of the drift in the homogenization limit.

To provide a rigorous variational formulation, the problem (1.1) is interpreted in the weak
sense: find u$ € H} (D) for given f € H™*(D), § > 0 and A > 0 so that

E3(u, ) = E°(u}, ) + Au}, ) = (f, @) -1, @ € Hy(D), (1.3)
where
E%(u,v) 1= % (u,v) + X (u,v) + &M (u,v) + € (u,v)
- /D A(z/8)Vu(z) - v(z)de + / B(x/6) - Vu(z) v(x)dz (1.4)

D
+ // (u(z + h) — u(z)) (v(z + h) — v(z))J(z/, h)dhdz + / uw(z)v(z)k(z/0)dx.
rzeD,x+heD b
h#0
Here (u,v) := [, u(z)v(x)dz denotes the inner product of u,v, ||ul| := y/(u,u) is the norm of u in

L*(D) := L*(D;dxr) and (f, )1 g means the duality pairing of f € H~'(D) and ¢ € Hy(D).
It is worth noting that while the jump term in (1.4) is written using J(z/0,h), it is equivalent
to the one using the symmetrized kernel J% due to the change of variables and the symmetry
J(x,h) = J(z,—h). Consequently, the symmetric part of the bilinear form &° consists of the
second-order diffusion, the jump part and potential (killing) part, while the anti-symmetric part
arises solely from the drift term B.

The basic homogenization procedure involves the following three steps:

(1) The existence of solutions {us}s=o C H} (D) of the equations (1.1) or (1.3) for f € H~'(D)
and 0 > 0;

(2) The convergence of {us} as § — 0;
(3) The construction of the homogenized equation which the limit satisfies.

To carry out the program, we again employ the unfolding method and the techniques of the theory
of (semi-)Dirichlet forms (see: [15], c.f., [17] for the symmetric case). Of course various methods,
such as G-convergence, H-convergence, two-scale convergence and so on, have been developed in
the theory of the partial differential equations (e.g., [1, 2, 3, 5, 4, 11, 12]).

For the step (1), we will show in the next section that the quadratic forms &° induce regular
lower bounded semi-Dirichlet forms on L?(D) with a uniform constant 8, > 0 (independent of § >
0) and the Sobolev space H}(D) is the (uniform) domain of the forms under appropriate conditions
on the data {A, B, J,k} in addition to the periodicity. This ensures the well-posedness of the
problem and provides uniform a priori estimates for the solutions for f € H=*(D), § > 0 and \ >
Bo. In particular, when the external force f belongs to L?(D), the solutions {u$} of homogenization



problems (1.1) are given as the (L%)resolvents G4 f(= u}) of the semi-Dirichlet forms. By using
the Banach-Alaoglu theorem and the Rellich theorem, we can find a converging subsequence which
partially justifies step (2). Finally using the unfolding operators in conjunction with the corrector
functions, the limit is uniquely characterized (which, in turn, implies the convergence of the entire
sequence) and then the step (3) is shown in the section 3.

As a by-product, the resolvents of the semi-Dirichlet forms (€°, H}(D)) on L?(D) converge
to the resolvent of a semi-Dirichlet form (€%, H}(D)) on L?(D) strongly on L*(D) as § — 0, or
equivalently, (€%, HL(D)) converges to (€°, H} (D)) on L?(D) in the sense of Mosco (see, [10, 13]).
Since the semi-Dirichlet forms are regular and so there are strong Markov processes (in fact, which
are Hunt processes) on D associated with (€%, H}(D)), also called, jump-diffusion processes, we can
conclude that the jump-diffusion processes converge in the sense of finite dimensional distributions
as 0 — 0.

2 Construction of lower bounded semi-Dirichlet forms

Let Y = (0,1]% be the d-dimensional unit cube (d > 3). Suppose that A(z) = (a;;(z)) is a
symmetric d X d-matrix valued measurable function on R?, B(z) = (b;(z)) is a d-dimensional
vector-valued measurable function on R? and k(z) is a nonnegative measurable function on R so
that

x— A(x), z+— B(x) and =z~ k(z)

are all Y-periodic in the sense that, for a function f(z) on RY,
flx +ke) = f(x), ae z€R? kcZ i=1,2---,d

hold, where e; is the i-th directional unit vector on R?. Suppose also that J(x,h) is a measurable
function such that J(z,h) = J(z,—h) > 0 for z,h € R? with h # 0 and x — J(z, h) is Y-periodic
for each h # 0. We impose the following conditions:

(A) (uniform ellipticity and boundedness) 3,3 >0 s.t. o> < A(z)€- € < BIE)?, z, € € RY,

(B) (integrability-1) 3¢ € (d,00] s.t. b; € L (R?) for i =1,2,--- ,d;

loc

) (
) (

(K) (integrability-2) Jqy € (d/2,00] s.t. k€ L (R?) and k > 0;
) (

loc
(J) (Lévy condition) F¢: R%\ {0} = [0,00) s.t.

esssup J(z,h) < p(h), h#0 and M := (1A AP p(h)dh < oo.
z€Y h#0

Let D be a bounded open set of R?. Recall that the Dirichlet integral is given by

D(u,u) = /DVU(:L‘) - Vo(z)dx

and the Sobolev space



equipped with the scalar product
Dy (u7 U) = D(u7 ’U) + (u7 ’U)

is a Hilbert space. The space HJ(D) is the closure of C5°(D) with respect to H'(D)-norm,
/D1(+,-). Recall also that the following Poincaré inequality holds for a bounded open set D:

/Du(x)zdx < ¢,D(u,u), ue Hy(D).

for some ¢, > 0 (see e.g., [6, Chapter 5]). To show that (€°, H}(D)) are lower-bounded semi-
Dirichlet forms on L?(D) for § > 0, we introduce the following proposition:

Proposition 2.1 Assume (A), (B), (J) and (K) are satisfied. Then the following inequalities hold:
(1) aD(u,u) < E%°(u,u) / A(x/0)Vu(x) - Vu(z)dr < fD(u,u), ue CP(D), § > 0;
D

(2) 31 >0 st. uweCP(D) and § >0,

(0<) &7u,u) // u(x 4+ h) —u(z ))QJ(J'/(S, h)dhdz < ¢Dy(u,u); (2.1)

z€D, z+h€D

(3) VA>0,3ca>0 st for ueCP(D) and § >0,

&4 (u,u)| = ‘/[)B(x/5)~Vu(x)u(:c)d:c‘ < AD(u, 1) + ca|ull?, (2.2)

(4) 3es5>0 st. uweCP(D) and 6 >0,
/DUQ(:E)k:(x/é)dx < 3Dy (u, u). (2.3)

Proof: (1) follows from (A). (3) and (4) are well-known (e.g., [15, Lemma 2.1]). So we omit their
proofs. We only show (2). From (J1), we see that for § > 0 and u € C§°(D),

&30 (y, ) < / / (u(z + h) — u(z))’(h)dhda

x€D,x+heED
h#0

// // u(w + h) = u(x)) p(h)dhdz =: (1) + (II).

x€D,x+heD x€D,x+heD
[h|>1 0<|h|<1

) <2 // u(z + h)* + u(x)?)p(h)dhdz < 4M1/Du(:c)2da: = 4M; ||ul®.

z€D,x+heD
[h|=1

As for (Il), by using the mean value theorem and then the Jensen inequality, we see that

() = // (/Olh-Vu(x+th)dt>2g0(h)dhdx

x€D,x+heED
0<|h|<1



< // (/01|h|2|Vu(x+th)|2dt>go(h)dhdx

z€D,x+heD
0<|h|<1

— /01 /0<|h|<1 (/D Ip(z+ h)|Vu(z + th)\%l:v) |h|?p(h)dhdt.

Since u € C§°(D), it can be naturally extended to C5°(RY) by setting v = 0 outside D. Under
this extension, we have |Vu(z)| = 0 for z ¢ D. Thus, by the change of variables z = x + th, the
inner integral is estimated as follows:

/ 1o(z + 1)|Vu(e + th)de < / Vu(z)2dz = / Vu(z)2d.
D Rd D
Therefore, the last inequality is estimated by
(I < / (/ Vu(2)dz ) 1P e(h)dh < MiD(u, w).
0<h|<1 D
Hence, setting ¢; = 4M;,
EM (u,u) < MiD(u,u) + 4M|jul|* < 1Dy (u,u), u € C°(D)
holds. 0O

In the following, we briefly introduce the periodic Sobolev spaces and the unfolding operators
following [5] and [4].
Periodic Sobolev Spaces

Recall that Y = (0,1]¢ is the unit cube in R?. Define the periodic Sobolev space Hy(Y') by
the closure of €5 (Y), the restriction of the smooth functions defined on R? which are Y-periodic,

with respect to H*(Y)-norm:

HuHip(n = /YVu(x) -Vu(z)dr + /Yu(x)2d:c, u€ H(Y),
and Hy(Y) is a Hilbert space with the same H'(Y)-inner product.

Lemma 2.1 ([5, Proposition3.49]) If u € Hy(Y), then the trace of the “opposite site of Y~
are equal.

More specifically, this lemma means that for a function v € Hx(Y') defined on the semi-open unit
cell Y = (0,1]%, the trace on the boundary where z; = 1 (the “included” face) coincides with the
trace on the opposite boundary where x; = 0 (the “missing” face) for each i € {1,...,d}. This
ensures that « can be extended to a Y-periodic function on R? without any discontinuity at the
cell interfaces.

We also define the quotient space Hx(Y) := Hx(Y)/R of Hx(Y) under the equivalent relation

U~V <= u—v=constant a.e.onY.

In other words, H4(Y) is the collections of all equivalence classes @ of functions w in Hy(Y):

U= {UEH#(Y)i uwv}.
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Lemma 2.2 ([5, Proposition3.52]) The space Hx(Y') is also a Hilbert space under the follow-
ing inner product:

(i, ) == / Vi) Vo(e)de, fei, geb, i,0eHuY).
Y
Moreover the dual space (Hy(Y)) of Hu(Y) is identified with the set

{5 € (H#(Y))/ : l(c)=0, ce R},
where
) =, ),y mey), fEu

For a normed space (A, || - ||4), the space L?(D;A) means the set of all functions u : D — A
so that the map = — |lu(z)|a is measurable and satisfies [}, [|u(z)||%dz < co. In particular, a
function u € L*(D; Hy(Y)) is identified with a function @ : D x R? — R so that u(z)(y) = @(x,y),
where y — @(z,y) belongs to H4(Y') for each z and z +— ||i(z, -)||3c, vy belongs to L*(D).

Unfolding Operators

For each x € R? one has x = |z] + {z}, where || = (my,ma,...,mq)" € Z* denotes the
unique integer combination Z;l:l mje; such that {x} =z — || belongs to Y = (0,1]% a.e. Then

for a.e. z € R and § > 0, . .
=[5+ {5})

Following [4], define

5= {g cZ: §(E+Y)C D}, Ds = interior{ U o(&+ Y)}, Y =[0,1]%
§EEs

and A5 =D \ D5.
The set Ds is the largest union of 5(5 + }7) cells for ¢ € Z¢ included in D.

Definition 2.1 For a measurable function ¢ on Ds, the unfolding operator Ts is defined by

qb(é L%J + 5y), a.e. (x,y) € DsxY,

0, a.e. (zr,y) € Ay xY.

Ts(@)(z,y) = (2.4)

Note that the unfolding operator Ty satisfies the following properties for measurable functions u
and v:

Ts(wv) = T5(u)Ts(v),  Ts(f(w) = f(Ts(u)),

where f is a continuous function on R with f(0) = 0.

Proposition 2.2 ([4, Proposition 1.5]) Let f be a measurable function on'Y and extend it by
Y -periodicity to the whole space R? as f(z) = f({z}), a.e. # € RL Define the sequence {fs5}s=o

by
fs(x) = f(—), a.e. xR
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Then
f(y), for ae. (z,y) € Ds XY,

Ts(fslp)(x,y) = {

0, for ae. (z,y) € As xY
Moreover, if f € LP(Y) (1 <p < o0), Ts(fs|p) converges to f strongly in LP(D X Y').

Proposition 2.3 ([4, Proposition 1.8]) Suppose 1 < p < oo. The operator Ty is a linear and
continuous from LP(Ds) into LP(D x Y). For v € L*(D;), v € LY(D) and w € LP(D),

0 | (e = | mstt sy
() | [ e~ [[ 30w gdoay| < [ Jotejae

(iii) || Ts(w)|| e pxyy < [|wl|ze(py-

Remark 2.1 TIf {us}s>0 is bounded in L?*(D), then lims g fA5 |us(z)|dx = 0 holds. In fact, by
means of the Schwarz inequality, we see

A ]ug(x)|dx:/D\u(;(a:)]lAé(x)d:c < +/vol(Ay) /Du(;(x)%ix —0 as 0—0.

Proposition 2.4 ([4, Proposition 1.9]) Suppose 1 < p < oc.
(i) Foru € LP(D), Ts(u) converges to u strongly in LP(D X Y) as § — 0.

(ii) Let {us} be a sequence in LP(D) such that us converges to some u strongly in LP(D). Then
Ts(us) converges to u strongly in LP(D xY).

Proposition 2.5 ([4, Theorem 1.41]) Let {us} be a sequence in H'(D) such that us converges
to some u weakly in H'(D). Then for a subsequence, there exists some @ € L*(D;Hy(Y)) such
that

T5(Vus) converges to Vu+ Vya  weakly in (L*(D x Y))d.

Based on these concepts, we now state one of our main theorems:

Theorem 2.1 Let D be a bounded open set of RY (d > 3). Suppose that the functions
r— A(z), =+~ B(x), xw— J(z,h) and z+— k(z)

are Y -periodic (for each h # 0 in J(x,h)). Suppose also that the conditions (A), (B), (J) and (K)
are satisfied by A(x), B(z), J(x,h) and k(x), respectively.

Then, for § > 0, the quadratic forms &° defined by (1.4) induce reqular lower-bounded semi-
Dirichlet forms on L*(D) having the Sobolev space H}(D) as their domains (uniformly in § > 0)
with some index By > 0: for u,v € Hy(D),

&% (u,v) = €% (u,v) + £ (u,v) + 7 (u,v) + & (u, v)

7



- /D A/8)Vu(z) - Vo(r)de + / B(/5) - Vu(x)v(z)dz

+// (ule+ ) = ula) (oo +1) = o)) I /5. Wb + | ala)ola)ka/o)d

That s, the following are satisfied:
(€.1) (lower boundedness) €% (u,u) >0, u € Hy(D);

(€.2) (weak sector condition) 3 K > 0 (independent of 6 > 0) s.t.

1€ (u,v)| <K\/85 uu\/ﬁﬁovv u,v € Hy(D);
(€.3) (closedness) (H(D)(v), €5 is a real Hilbert space for any/some~ > Bo. Here €3 (u,v) :=
(€5, v) + €90, 0)) 4 1(u,v).

(€.4) (Markov property) &°(u# u—u#) > 0 for any u € H}(D), where u? = (0Au) V1 is the unit
contraction of a function u.

(€.5) (regularity) HY(D) N Co(D) is dense both in Co(D) with respect to the uniform norm || - ||o

and in H(D) with respect to the norm &2 () for any/some v > Bo, where Co(D) is
the set of all continuous functions on D with compact support.

Moreover the following inequality also holds: there exist ¢; >0 (i = 4,5) s.t.
calDy (u,u) < Ego(u,u) < Dy (u,u), wu € Hy(D) and 6 > 0. (2.5)
Proof: We first show the existence of a constant 5y (uniformly in 6 > 0). By (A),
aD(u,u) < % (u,u) = /DA(x/5)Vu(x) -Vu(z)de < fD(u,u), wue C5°(D).
Setting A = /2 in (2.2), there exists a co > 0 such that,

190 (u, u)| < =D(u,u) + eoful]®, we Ce(D), §> 0.

| 2

Therefore it follows that

&% (u,u) = £°(u, ) + &0 (u, u) + &7 (u, u) ot Ek’5(u,u)20

> aD(u, |8d5 u, )|
> QD(U, ,u) ca(u,u), weCg?(D)and § >0,
and then, putting
Bo == cz >0,

we find that the bilinear forms 8550(-, -) are not just nonnegative, but also satisfy the following
inequality:
& ﬂo(u u) >

S

D(u,u) >0, ueCs®(D), 6 >0.

8



On the other hand, by Proposition 2.1 (3)(4),
€M (u,u) < oDy (u,u), u€ CP(D), §>0

and

/ u(z)?k(z/8)dr < csDyi(u,u), u € C°(D), § >0

D

hold for some ¢y > 0 and ¢3 > 0. Therefore it follows that
@ 5 2 @ 2
D) < €(u,u) + eallull® < (B+ 5 + e+ e )D(w,u) + (1 + 260 + ¢ ) Jul

for u € C3°(D) and § > 0. By noting the Poincaré inequality and then taking closures of C§°(D)
with respect to €5(-, -)-norms for A > Sy, the Sobolev space H}(D) is the (uniform) domain of the
bilinear forms &3 for § > 0. Morcover we see that (€5 , Hj (D)) satisfy

calDy (u, u) < Sgo(u,u) < 5Dy (u,u), w€ Hy(D), § > 0. (2.6)

for some positive constants ¢y, ¢5 independent of 6 > 0. Then the closedness (€.3) is clear from
the inequality (2.6) and the Markov property (€.4) is shown as in [14, §1.5] (see also [8, 18]).

We finally show the weak sector condition (£.2). Note that the diffusion part £°, the sym-
metric jump part €9 and the potential part €¥9 are nonnegative symmetric forms on L%(D). So
it is enough to estimate the term £%° only. Similar arguments in the proof of the proposition 2.1
tell us that the drift term is estimated as

€45 (u, v) \_‘/ (2/8)Vu(x dx‘<2/ 1b;(/8)dyu(w)v(z)|dz

< cgv/Dy(u, u) /Dy (v,v), wu,v € HY (D)

for some constant cg > 0 again independent of 9 > 0. Hence it follows that

€% (u,v)| < |€9°(u, )| + [€% (u,v)| + |€7° (u, v)| + [€5° (u, v)]

< VE (u,u)/EO(v,v) + [€F (u, )| + /€ (u, u)\/EM (v, v) + /EFO (1, u)\/EF (v, v)
< Bv/D(u, u)/D(v,v) + cgy/Di(u, u) /D1 (v, v) + con/Dy(u, u) /Dy (v, v)
+03\/D1(u,u)\/]D>1(U,v)

for u,v € H}(D), and then, using (2.6), the weak sector condition (€.2) follows for some K > 0,
independent of § > 0:

‘85uv <K\/8 UU\/EBOUU u,v € Hy(D), 6 > 0.

We now show the existence of the solutions of (1.1) and the “a priori estimate”:

Theorem 2.2 Assume the conditions hold in the previous theorem. Then for each f € H (D),
A > By and § > 0, there exists a unique u§ € HY(D) such that

el ) = (f. o) urmy,  © € Hy(D) (2.7)
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and, the sequence {ul }s-0 satisfies that
D (u(s)\?u)\) < C8||f||H 1(D)» 0<d (28)
for some cg > 0.

Proof: The Lax-Milgram theorem implies the following: Since £ are bilinear functionals on Hg (D)
which are bounded and coercive for § > 0 and A > f3y, there exists a unique u$ € H}(D) for each
f € H (D) such that

e (w3, 0) = (f- @) -1y, @ € Hy(D).
By means of (2.6) and plugging ¢ = u} in the above equation, we see

1 1 1 1
Dy (u}, u3) < 6_186<u/\7ui> - —(f,ul)m-1,my < C—leHH—1||U§HH5<D) = /D, )

and, dividing the both sides by /D1 (u$,u) we have

1
Dy (uf, u}) < C—1||f\|H*1§ Dy (ud, u) < _QHfHH 1

O

Remark 2.1. The inequality (2.8) tells us that the sequence {u$}s=o is uniformly bounded in
H(D). Then by the Rellich theorem, there exists a subsequence (denoted by the same symbol
{ug}) and a limit point uy € H}(D) such that

ul — ug weakly in HY(D) and uS — ug strongly in L*(D) as 6 — 0.

3 Periodic homogenization of jump-diffusion processes

In this section, we show that the full sequence of the solutions {u$}s=o in (2.7) converges to the
limit point uy weakly in H} (D) and strongly in L?(D). Before this, we show the existence of the
“correctors”.

Proposition 3.1 (Correctors) For each i = 1,2,--- ,d, there exists a unique w; € Hy(Y) such
that

/Y A(y)Very) - Veply)dy = — /Y Aes - Voly)dy, o€ Hu(Y). (3.1)

Proof: Since [, A(y)Vu(y)- Vo(y)dy is a bounded and coercive bilinear form on H,(Y), applying
the Lax-Milgram theorem to the linear functional £;(u) := — [, A( Vu(y)dy for each i =
1,2,---,d it follows that there exist a unique w; € J—C#(Y) such that

/Y Ay)Verly) - Voly)dy = () = — /Y A)es - Voly)dy, o€ HuY),

O

Theorem 3.1 Assume the conditions in Theorem 2.1. Then for each f € H'(D) and X > f,
there exist ug € Hy(D) and uy € L*(D;Hy(Y)) such that, as § — 0,

10



(i) u} converges to uy weakly in HY(D);
(ii) u} converges to ug strongly in L*(D);
(iii) T5(Vul) converges to Vug + Vyuy strongly in (L*(D x Y))d

and the pair (ug, u1) is the unique solution of the following problem:
by = [[ AW (Tualo) + Fynla,) - (Vola) + V() dody
n / /D B()- (Vualo) + Vo )ole)dady (3.2)
/ / (ol + h) — uo()) (vl + h) — v(x)) JO(h)dhdx

z€D,x+h€ED
h#£0
+ k:o/ up(x)v(z)dr + Mug,v), v € Hy(D), we L*(D;Hy(Y)).
D
Moreover the following also hold:
hm €S (ul, uy) = / AV (z) - ug(z)dx +/ B - Vug(z)ug(z)dx

// up(z 4+ h) — uo(x)) Jo(h)dhdx+k0/Duo(x)2dx+)\/Duo(x)2dx

zeD, z+h€D

(3.3)
=: E%ug, ug) + Mg, uo).

Here A° = (a);) is a d x d-symmetric matriz, B® = (b)) is a d-dimensional vector, J°(h) is a Lévy
density and k° is a nonnegative constant given by:

.l = /(a” —i—Zalk 8yk )dy B /( +Zb g‘;; )

e JOh) :z/yJ(y,h)dy, K° :z/yk(y)dy,

where {w;}&_, are the correctors.

The proof of this theorem is quite long (c.f., [15, Theorem 4.1]). So, in the rest of this section,
we will show this by dividing into several lemmas and propositions. First of all, according to
Proposition 2.5, (2.8) in Theorem 2.2 and the Rellich theorem, there exists a subsequence (denote
by the same symbol {0} for simplicity) and a pair (ug,u;) € Hy(D) x L*(D;Hy(Y)) such that,
as 0 — 0,

u$, converges to ug weakly in H (D), u$, converges to ug strongly in L*(D) and

T5(Vug) converges to Vug + Vyuy weakly in (L*(D x Y))d.
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Keeping these facts in mind at this moment, we now show that:

For each v € C§°(D), each term of the left hand side in (2.7) has a limit: “ }Sirr(l) &S (ul, v)”
—

for the subsequence. Note that, from (2.7), it follows that

(f, U>H—1,H(} = 86/\(u5)\, v)

= Sc’é(ui, v) + 8d75(u§, v) + 8j"5(u§, v) + Sk’5(u§, v) + )\(u‘f\, v) (3.4)
= /DA(x/é)Vu‘;(x) - Vo(z)dx +/ B(x/6) - Vul (x)v(z)dx

D

+ // (Wl (z + h) — u}(2)) (v(z + h) — v(x))J(x/5, h)dhdx

x€D,x+heD
h#0

+ [ d@p@hte/pis + A [ i

D

We show that all terms of the right hand side converge when § — 0, respectively. To this end,
the unfolding operators in the first two terms in the right hand side are used since vol(As) — 0 as
d — 0 (see Proposition 2.3).

Lemma 3.1 The limit “(lsirr(l) € (ul,v)” ewists.
H

Proof: By using the unfolding operators,

6—0

lim £ (uf, v) = (1511%/ A(z/8)Vul(x) - Vo(z)dr = (lgh% // T5(A(-/8)Vus - Vo) (z, y)dady
—YJD - DxY

0—0

— Jim / /D T A/ ) To (V) 1) - T5( ) )y

6—0

— lim / /D AT ) - Ty(0) . g)dady.

In the last term, the double integral converges to
// A(y)(Vuo(z) + Vyur(z,y)) - Vo(x)dady,
DxY

since A(y) is a bounded (matrix-valued) function, T5(Vv) converges to Vv strongly in (L*(D x Y))d
by Proposition 2.2 and T5(Vu})(z, y) converges to Vug(z) + V,Vui(z,y) weakly in (L*(D x Y))d
by Proposition 2.5. O

Lemma 3.2 The limit “(lsirr(l) EX0(uS, v)” exists.
H

Proof: This is shown similarly:

lim €49 (ul, v) = (lsim/DB(x/é) -Vl (x)v(z)dz = lim //D y B(y) - Ts(Vul) (z, ) Ts(v)(z, y)dxdy.

6—0 —0 6—0

Note that b;(y)Ts(v)(z,y) converges strongly in L*(D x Y) as § — 0 for each i = 1,2,--- ,d.
In fact, since v € C$°(D) C L*1/(@=2)(D), it follows that Ts(v)(x,y) converges to v strongly in

12



L?@/(@=2)(D) by Proposition 2.3. So, by the Holder inequality (1/s+ 1/t =1 for s = ¢;/2 > 1
and t = q1/(¢1 — 2)),

//ny v)(z,y) — bi (y)v(a:)>2da:dy //ny s(v)(z,y) —v(x ))2da:dy>1/2
//ny |q1da:dy /q // |T5(v)(2,y) — v(x )‘2q1/q1 2, dy>(¢n 2)/(2q1)

and the right hand side goes to 0 as § — 0. Therefore, noting that Ts(Vu})(x,y) converges to
Vug(z) + Vyui(z,y) weakly in (L*(D x Y))d, we see that

(ISILI(I] EB0(ul,v) = hm // ) - T5(Vul) (2, y)T5(v) (x, y)dady

DxY

// - (Vuo(z) + Vyu (2, y))v(z)dzdy.

DxY

Lemma 3.3 The limit “(lsin% EM(ul,v)” emists.
%
Proof: By using the Fubini theorem, we see that

EM(ul,v) = // (ui(z +h) — u‘;(:c)) (v(x +h) — v(:c))J(:c/é, h)dhdx

z€D,x+heD
h#0

= [ ([ 10le+ W@+ 1) = @) (ol + ) = o(a) a5, R dh

h#£0

_. / By (h)dh,
ho£0

where
Ds(h) = /D 1p(z + h)(ud(z + h) — u}(2)) (v(z + k) —v(z))J(x/6, h)dz, h+#0.

We estimate ®;. Since {u$} converges to ug strongly in L?(D), it follows that the sequence
{ud(-+h) — u§(-)} converges to ug(z + h) — u(z) strongly in L?(D) for h # 0. So the sequence of
functions

z+ 1p(z + h) (u}(z + h) — u(z)) (v(z + h) — v(z))
converges to

x = 1p(z + h)(uo(z + h) — uo(2)) (v(z + h) — v(z))

in L'(D) strongly. Then noting that z — J(z,h) is Y-periodic and bounded in for each z for
h # 0, we see that ®5(h) converge to

/D Lp(z + h) (uo(z + h) — uo(x)) (v(z + k) — v(z))J°(h)dz

13



as & — 0 for each h # 0, where J°(h fY h)dy. Therefore we need to check that h — ®s(h)
is integrable (uniformly with respect to §) in order that the exchange of the limit and the integral
(in h) to apply the dominated convergence theorem. By (J), J(y,h) < @(h), h # 0. So, for
h| > 1,

|Ds(h)| < p(h) /D 1p(x + h)|(u5/\(x +h)— ui(x)) (v(m +h)— U(x)) |dx

h>\/ JRECERIC{ERRD —ui(a:))?dx\/ [ 1ol + (ol + 1) = o)) o
\//1Dx—|—h S(z+ h)2 + us( dm\//lDaz+h (v(z + h)? 4 v(x)?)dx

< dp(h)ugllllv]

For 0 < |h| < 1, by making use of the mean value theorem,

dx

Bs(h)] < p(h )/ 1D(x+h)](/1h vui(x+th)dt)(/Olh.w(x+sh)ds)
< |hPo(h / / / 1p x—i—h)]Vu/\(x—l—th)HVv(x—i-st)]dx)dtds

< |h|2<p(h)/0 /0 \//D 1D(x+h)|Vu‘§\(x+th)|2dx\//D Ip(z + h)|Vou(x + st)|>dx dtds
= |h|290(h)/0 /0 \//_thED Ip(z + (1 — t)h)|Vus(z)|2dx

« \// Lp(x+ (1 — $))|Vo(z) 2 dids

Since u§ € H}(D) and v € C§°(D), they are naturally extended by zero outside D, so that their

gradients vanish on R?\ D. Therefore, the following inequality holds for any ¢,s € [0,1] and
h € R%:

[ - onvi@Pde < [ Vi@l = [ 196 Pds = D)
x—theD R D
and
/ Ip(z + (1 — 8)h)|Vou(z)Pdr < / |Vou(z)Pdr = / IVo(z)Pdz = D(v,v).
xz—sheD R4 D
Consequently, we have

|@5(h)| < [hPp(h)1/D(u}, ul)v/Dlv,v) < Clha*e(h), 0<|h|<1.

Combined with the estimation for |h| > 1, we obtain for some constant C' > 0,

|®s5(h)| < C(1AR[*)p(h), h#0,0<6
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and the right hand side is integrable in h by (J). Finally we can conclude that

lim &7 (u3, v / // 1p(z + h) (uo(z + h) — uo(z)) (v(z + h) — U(x))J(y,h)dxdy>dh

6—0
h#£0 DxY
= // (uo(z + h) — uo(z)) (v(z + h) — v(z)) J(h)dhdz,
where JO(h) :/YJ(y,h)dy. O

Lemma 3.4 The following hold:

lim €79 (us, ):hm/ u‘f\(a:)v(x)k(x/é)dx:ko/ uo(z)v(z)dr and (lsintl))\(u‘f\,v) = A(up, v),
D —

6—0 6—0 D

where kY = fy

Proof: The second limit is clear since u$ Converges to ug strongly in L*(D). So we only show the

first limit. Since k(x/6) converges to [, k(y)dy weakly in L*(D) and u} converges to uy strongly
in L*(D), the limit

}si—% EFO (U, v) = (lsi_r){l]/[)u‘f\(x)v(x)k(x/é)dx = ko/Duo(x)v(x)dx.

[
From these four lemmas (Lemma 3.1 -Lemma 3.4), we have the following proposition.
Proposition 3.2 For the limit point (ug,u;),
(fsv)g—1,m —11m85(u/\, v)
// ) (Vuo(z) + Vyui(z,y)) - Vo(z)dedy
DxY
+ [ [ B+ (Vuo(o) + Vsl )v(o)dedy
(3.5)
DxY
+ // (uo(z + h) — ug(z)) (v(z + h) — v(z)) J°(h)dhdx
xzeD,x+heD
h+£0
—l—ko/ up(x)v(z)dr + Mug,v), v e C(D).
D
[

We now turn to show that the pair of the limits (ug, u;) is unique and the full sequence {u$ }s=o
converges to the limit. To this end, let v € Cg°(D) and w € CF(Y') and set

vs(x) = dv(z)w (%), re D, d>0.
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Then {vs}s~0 C C5°(D) and vs converges to 0 uniformly in D, and hence, strongly in L*(D) as
0 — 0. Moreover

Vous(x) = 5Vv(:v)w<§> + v(x) (Vw (%)), r €D

are bounded in (L2(D))d with respect to § > 0. This means that vs; converges to 0 weakly in
Hy (D).

Lemma 3.5 The limit “hm &% (u, v5)” exists (for the subsequence).

Proof: By the definition of the unfolding operators, we see that

Ts(Vus)(z,y) = 6T5(Vo)(z, y)w(y) + Ts(v)(z,y)(Vyw)(y)

converges to v(z)(V,w)(y) strongly in (L*(D x Y))d. We take vs(z) = dv(x)w(x/0) as a test
function in (2.7). Since v; — 0 weakly in Hj(D), the term (f, vs) -1 g1 — 0. Passing to the limit
§ — 0 in &3 (u3,vs), we obtain

0= hm(f Vs) 1 HY = th S (ul, vs)

6—0

= lim { /DA(m/(S)Vui(a:) - Vus(z)dx +/ B(z/6) - Vs (x)vs(x)dx

J:Em//h@ (U§(x +h) — U§($)) (Ua(x +h) — Ué(x))J(x/é)dhdx

+/ u (x)vs (z)k (x/é)dm+)\(u§,vd)}

{ / / Y)T5(Vud) (2, y) - (5‘3'6(Vv)($,y)w(y)+‘J'5(v)(x,y)(vyw)(y)>d:pdy

DxY

w5 [[ B TV ) To0) o)) dady

—:(a)
// (ud(z + h) —u}(2)) (vs(z + h) — v5(x))J (x/0)dhdz

€D, x+heD
h#0

+L@mm@mwwﬁMﬁ“)@}

— //DXY A(y) (VUO(:B) + Vyul(l",y)) -Vyw(y)v(z)dedy + (151_1% ((a) +(b) + (c))

Here, the terms (a) and (c¢) vanish as § — 0, as they are scaled by § (stemming from vs) while all
other factors in their respective integrands remain bounded independently of §.

Next we show that the term (b) also vanishes as 6 — 0. To this end, we decompose the
difference vs(z + h) — vs(x) as follows:

vs(z 4+ h) —vs(z) = 5w(x g h) (v(z + h) — v(z)) + dv(z) <w<$ j; h) — w(%)) .
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Substituting this into (b), we have (b) = (by) + (b2), where:

(b)) =6 // (ui(:v—kh)—ui(x))w(xjs—h)(v(asjth)—v(x))J(x/(S,h)dhd:x

z€D,x+heED
h+£0

and

(by) = // ((z + h) — ud(2))o(x) (w(m u h) - w(%)) J(x/5, h)dhdz.

z€D,x+heD
h#0

As for the term (b;), using the Schwarz inequality and Proposition 2.1 (2),

(1) < 8]lw]|e // (W (z + ) — ud(x)) T (x /6, h)dhda

z€D, z+hED

x // v(x + h) —v(x))*J(x/8, h)dhdz

€D, x+hED

< derfJwllsor/ D1 (s, ul) /Dy (v, v)

—0 asd—0,

where we used the boundedness of the sequence {u$ }s=o in HE(D).
For the term (bs), we follow the same argument as in the proof of Lemma 3.3 to show that it
vanishes as 0 — 0. More precisely, we first rewrite (b) as follows:

(by) :/hﬂ){5/D1D(a:+h)(u§(x+h)—ui(x))v(x) (w(“’;h> —w(%)) J(m/é,h)dw}dh

_ / ®;(h)dh,
h£0

where

/ S1p(z + k) (u}(z + h) — ud(z))v(z) <w( 5 ) — w(%)) J(z /0, h)dz, h # 0.
For each h # 0, the part of the integrand of ®s(h),

51p(z + h)v(z) (w(x ; h) _ w<§)) T(2/6,h)

goes to 0 uniformly in = as § — 0 because w is continuous on the compact set Y and the kernel
J(-, h) is bounded for each h # 0 by the assumption (J). Then noting that {u}}s-0 is bounded in
L*(D), we conclude that ®5(h) — 0 as & — 0. On the other hand, by the Lipschitz continuity of
w and the assumption J(z/d,h) < ¢(h), we have

|Ps(h)| < /D |(u3(z + h) — u(z))v(z)] - ‘5 (w<l‘ j; h) B w(%)) I
) N 7 Zeh)
< (IVwlle+2llwloo) (JR1A1)

< (19wl + 2wl (1A D)h) [ o+ 1) = (@)ool da

< (IVwllo + 20wl ) (18] A 1) p(B) 65 + B) = w20
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Since {u}} is bounded in Hj(D), we have |[ul(- + h) — u$||r2py < C(|h| A 1). Consequently,
|@s(h)| < C'(Ih] A1)*p(h) = C'(|h[* A 1)p(h)

and the right-hand side is integrable from the assumption (J), which justifies the limit (by) — 0
by the dominated convergence theorem. Collecting these results, (a), (b) and (c¢) vanish as § — 0.
Consequently, passing to the limit in the weak formulation, it follows that

0= hm €S (ul, vs) // Vuo () + Vyus(z, y)) - Vyw(y)v(z)dedy,
DxY

for any v € C5°(D) and w € CF(Y). O

Since Cg°(D) x CF(Y') is dense in L*(D; H4(Y')), we conclude that

// A(y) (Vuo(a:) + Vyul(a:,y)> Vyw(z,y)dedy =0, w e L*(D;Hy(Y)). (3.6)
DxY
By combining this with (3.5), it follows that

(frv) -1 = // ) (Vuo(z) + Vyui (z,y)) - (Vo(z) + Vyw(z, y))dedy

DxY

// - (Vug(z) + Vyur (z,y))v(x)dady
DxY (37)
// (uo(z+h) — uo(z)) (v(z+h) — v(x)) J(h)dhdz

2€D,x+heD
h#£0

—H{:O/ up(x)v(x)dr + A(ug, v),
D
for any v € H}(D) and w € L*(D; Hy(Y)).

Proposition 3.3 The pair (ug,uy) is the unique solution of the following problem:

Find a pair (ug,u1) € Hy(D) x L*(D; Hy(Y)) so that
<f> U)H—l,H& = / Doy A(y) (VUO('T) + vyul(x7y)) ’ (VU(‘T) + Vyw(x,y))dxdy

+ / /D B (Tuole) + Yyl ) ooy

+ // (uo(x + ) — uo(2)) (v(z + h) — v(z)) J°(h)dhdx (3.8)

z€ED,x+heED
h#£0

+ K° /D ug(x)v(z)dr + A(ug, v)

hold for any (v,w) € HY(D) x L*(D; Hu(Y)).
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Proof: This is proved by using the variational form in the space: $ := Hj(D) x L*(D;H4(Y))
endowed with the norm

(v, w)||gs = (]D)(v,v) + //DXY |Vyw($,y)|2dxdy>1/2.

To show the existence, define a bilinear functional 7 on £ x $ by

n((v1,w1), (v2, ws)) // )(Vui(z) + Vywi (z,y)) - (Vo) + Vyws(z, y))dedy

// VU1 )+ Vywi (z, y)) o(z)dzdy
+I€D@/+[€D (vi(z + h) — v1(2)) (vl + h) — va(2)) J(h)dhdx

h#£0
T / / o1 (@) (@) k() dady + A(or, v2).
DxY
Then 7 is a coercive bounded functional. In fact, for (vi,w;), (v, ws) € 9,

’77((”17 wy), (v2, w2)) ‘

< BJ / |VU1($) + Vyw1(x,y)2dxdyJ / }va(x) + Vyws(z, y)|2dxdy

DxY DxY
// (Vo (z) + Vywi (2, y)|2dedy // |B(y) x))2dzdy (3.9)
DxY DxY

// // (v1(w 4+ h) = v1(@)) (02l + b) = v3(x)) | J°(h)dhda

zED,x+heED xED,x+hED
0<|h|<1 |R|>1

+ K lJorll 2oy vzl 2oy + Moill 2oy vzl 2 (o)
where k° = [, k(y)dy. Note that [, Vyw;(z,y)dy = 0 a.e. x € D since w; € L*(D;Hy(Y)) for
1=1,2. So it follows that
2 2
/ \w(:c)+vywi(x,y)\2d:cdy=// (‘Vvi(:c)} + |Vywi(z,y)| )dxdy: I (vs, w) I3
DxY DxY

for i = 1,2. By using the fact that B € (L#(D))? C (L*(D))" (3 < d < ¢ < o) and the
Poincaré inequality, we see that

[ IBPeawrdsts = ([ 1BGR) el < OB Dles )
DxY
< OBl (02, w2
for some constant C' > 0. As in the proof of Lemma 3.3, the big jumps part is estimated as follows.

// ’('Ul(iﬁ +h) — v1(2)) (va(x + h) — va()) ‘Jo(h)dhdx

zED,x+heED
[h|>1
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< (vi(z + h) — vl(x))QJO(h)dhdx // (va(z + h) — UQ(x))QJO(h)dhdx
rzeD,x+heD rzeD,x+heD
e e

<9 / / (vn(@ + B)? + v (2)2) JO(h)dhdz / / (v + B)? + v(2)2) JO(h)dhdz

€D, x+heD z€D,x+heD
[h|>1 [h]>1

< AMi |1 2oy |lvel p2(py < 4AMLCY/D (01, v1)v/D(v2, v2)
< AMC|(vr, w1) [l (v2, w2)[s-

Similarly,

// ‘(Ul(x +h) —vi(2)) (va(z + h) — va()) ‘Jo(h)dhdx

x€D,x+heD
0<|h|<1

< // (v1(z 4+ h) — vy(2))*J0(h)dhdz // (va( + h) — vy(2))*JO(h)dhdz.

€D, x+heD €D, x+heD
0<|h|<1 0<|h|<1

It is enough to consider the first term of the right hand side only. By means of the mean value

theorem, we see that

// (v1(z + h) — vy (2)) 2T (h)dhdz = // / Yoy (z + th) - hdt> JO(h)dzdh

x€D,x+heD z€D,x+heD
0<|h|<1 0<|h|<1
1
// (/ \Vvl(a:thh)\Q|h|2dt>J°(h)dhd:c
x€D,x+heD 0
0<|h|<1

:/01 </0<|h|<1 (/D1D(g;+h)\wl(x+th)12dx>|h|2J0(h)dh>dt

< MoD(vy,v1) < MzH(Ul,wl)H%-

For the last two terms in (3.9), using again the Poincaré inequality, we have

(k‘o + )\)||U1||L2(D)||U2||L2(D) S (k‘o + /\)C\/]D)(Ul, ’l)l)\/D(UQ, ’UQ).
Therefore it follows that
|77((Ul»w1)7 (U27w2))\ < C”||(v1,w1)||,~,||(v2,w2)||ﬁ, (v, w1), (v2, w2) € H

for some constant C" > 0. As for the coerciveness, by Proposition 2.1,

n((v, w) // )+ Vyw(z,y)) - (Vu(z) + Vyw(z, y))dzdy

DxY

+f / 7) + Vyu(z, ) (@)dudy

DxY
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+//(v(x +h) — v(x))2J0(h)dhd:L‘ + (K% + )\)HUH%%D)

z€ED,x+h€ED
h#0

> &//DXY ]VU(J:) + Vyw(a:,y)|2da:dy

- ’//ny B(y) - (Vo(z) + Vyw(%y))v(iﬂ)dil?dy‘ + AlJvll72(p)

>a [[ (9o + 19t ?)dedy
DxY
o
= 5l @)l = Bollvlzem) + (K + MllvllZz )
> = l(v,w)]3
holds for putting A = /2. Therefore, for any f € H~!(D), a linear functional
g((vaw)) = <f> /U>H—1,H&7 (an) €N

satisfies that
(v, )| < [ flla= vl < [ flla- ] (v, w) s,

namely, ¢ is continuous, by virtue of the Lax-Milgram theorem, there exists a unique (ug,u;) € $
such that

(fo0)g-vm = (((v,w) = n((ug, w1, (v,w)),  (v,w) €
— //D YA(?J) (VUO(x) + Vym(x,y)) . (Vv(x) + Vyw(x,y))dxdy

+ //DXY B(y) - (Vuo(z) + Vyui(z,y))v(z)dedy
// (uo(x +h) — uo(:L‘)) (U(:c +h) — U(iﬁ))JO(h)dhdx

€D, x+heD
h#0

—l—ko/ uo(x)v(x)dx—i—)\/ uo(z)v(z)dr, (v,w) € H.

D D

This shows that the pair (ug,u;) is the unique solution of (3.2). 0
In the next lemma, we characterize the function u; € L*(D; Hy(Y)).

Lemma 3.6 The function u, satisfies

Z ZZ? (3.10)
where {w;} are the correctors defined in Proposition 3.1.
Proof: In the equation (3.2), plugging (0,w) € $§ = Hg(D) x L*(D;Hy(Y)), it follows that
//D y A(y) (Vuo(x) + Vyu (z, y)) -Vyw(z,y)dzdy = 0. (3.11)
x

21



Then inserting w(z,y) = 01(x)02(y) for 6, € C3°(D) and 6, € Hy(Y), we see that

[ 0@ ([ A6 (Vuole) + Vys(e.)) - V,8a(0)dy)do =
Thus the equation
/YA(y) <Vu0($) + Vyul(:v,y)> -Vyba(y)dy =0 ae. xze€D

holds for any 6, € H(Y). This is exactly the variational form of the cell problem.
On the other hand, the correctors w; € Hx(Y) are uniquely defined as the solution to:

/YA(y)(ei + Vwi(y)) - VO(y)dy =0, VO € Hy(Y).

By the linearity of this equation with respect to the forcing term e;, for any constant vector
&= (&,...,&) € RY, the function ¢¢(y) := Z?Zl &w;i(y) satisfies:

[ AWE + 90 - Totu)dy =0, 8 € Feul¥),

Now, for almost every x € D, we fix £ = Vug(x). Then the function ¢(z,y) := Z?Zl %(w)wi(y)
satisfies:

[ AW(Tun(a) + V,0(e.) - To(s)dy =0, ¥8 € 3¢,(Y),
Y
Comparing this with the equation for wu;:
[ AW(Tun(a) + V() Vog)dy =0, 8 € 3t4(v),
Y
we see that both uq(z,-) and ¢(z, -) solve the same cell problem for a fixed z.

By the uniqueness of the solution to the cell problem in H4(Y) (up to an additive constant,
which is fixed to zero mean in H,(Y)), we conclude that u;(z,y) = ¢(z,y), i.e

aUQ
Z &BZ

The next lemma proves that the limit “limgs_,0 £ (u$, u3)” in (3.3) exists.

Lemma 3.7 The limit “(lsir% &S (uS,u})” exists and the limit has the expression (3.3):
—>

11m85(u/\,u/\) /AOVuo( ) - Vug(z )das+/ B° - Vug(x)uo(r)dx

// wole + 1) — up(x)) JO(h)dhdeO/Duo(x)?dxH/Duo(x)%zx

zeD,x+heD
h#0

(3.12)
=: SO(UO,uo) + A(ug, ug) =: Sg(uo,u()),
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where

d 6 Ow;
dy= [ (o )+ D D) 1= [ (b0 + 50 )y

J%h)z/yJ(y,h)dy and k‘oz/yk(y)dy.

Proof: We first show the following limit.

hm Az /0)Vul (x) - Vul (x)dx

(3.13)

// ) (Vug(z) + Vyur (2,9)) - (Vuo(z) + Vyui(z,y))dudy.

DxY
Note that, since u$ converges to uy weakly in Hi(D) as § — 0,

}Si_ff(l)<fa u§\>H*1,H3 = <f7 U0>H71,H01
holds and the right hand side is expressed as follows by (3.5) for putting v = uy:
(fruo)g—1,m1 = // ) (Vuo(z) + Vyui (z,y)) - Vuo(x)dzdy
DxYy
+ [ B (Vuola) + 9y, uo(e)dady
DxY
+ // (uo(z + h) — uo(x))QJO(h)dhd:U + ko/ uo(7)dz + A(ug, up).
z€D,x+heD D
h#0
On the other hand, u§ is the solution to (2.7), it follows that
(f, uf\)H*,H& = 8§(u§,uf\)
= €53 + 84 )+ 99 0d) + £ ) 4 Ao
= / A(x/8)Vus () - Vul (z)dx +/ B(x/6) - Vs (x) u (x)dx
D D
+ // (ul (x + h) —ul ()2 (x/0, h)dxdh + / ul (2)%k(z/0)da 4+ Mu$, us).
zGDh,;ghED b

Now we consider the convergences of all terms except the diffusion part of the right hand side.
Since the sequence {uj} converges to ug strongly in L*(D) and weakly in H} (D) as § — 0, using
the unfolding operators, we see

lim [ B(z/d) - Vus(z) ul(x)dz = llm //D y ) - T5(Vul) (2, ) Ts(ud) (2, y)dady.

—0 Jp
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Since T5(Vu}) converges to Vug + Vyuy weakly in  (L*(D x Y))d and Ts(ul) converges to ug
strongly in L*(D x Y'), the right hand side goes to

//D y B(y) - (Vug(z) + Vyui (z,y))uo(z)dzdy

as d — 0. For the jump part, note that 1p(- + h)(uS (- + h) — ui(+)) converges to 1p(- + h)(ug(- +
h) —wu(+)) strongly in L?(D) for each h # 0. Then, set

// (2 + h) — ()2 (26, h)dwdh

zeD,x+heD
h#£0

_ / (/D1D(x+h)< S+ h) —ul(x ))ZJ(x/é,h)dx)dh - /(ID(;(h)dh,

h£0 h£0

where

By (h) = /DlD(x 4Rl (24 h) — b (2) 2 ()6, h)dw, B 0.
We now show that @5(h) converges to
Bo(h) = /D 1o (x + B)(uo(z + h) — up(@))2 I (h)dz, JO(h) == /y J(y, h)dy.
as 6 —+ 0 for each h # 0. In fact,
[@5(h) — @o(h)] < | / Lo+ h) (2 + B) = (2))* = (ol + h) = uo(a))?) J (2/5, h)d|
+ ‘/ 1o(z + ) (uo(z + h) — up(2))2 I (x/h, h)dz
_ /D Loz 4 h) (ol + B) — ()2 (1)
and the first term of the right hand side is estimated as

‘ /D 1p(z + h) ((Ufi(w +h) —ud(2))? — (uolz + h) — uo(x))2> I(x/6, h)d:v’

< \//D 1o+ B) (W (& + ) = w(2)) + (uo( + ) - uo(x))>2J(:c/5, h)dx

X \// 1p(z + h) ((w;(x +h) — W () — (ug(z + h) — uo(x))>2J(:c/(5, h)dx

< 4p(h)y 16312y + o2

X \//D Ip(z+ h)((u‘i(z +h) —ui(z)) — (uo(z + h) — uo(x))>2dx

which goes to 0 as 6 — 0, while the second term also goes to 0 as 6 — 0 since the function
x — J(z,h) is Y-periodic for each h # 0 so that it is bounded (in x) by (J) and then J(x/d, h)
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converges to JO(h) weakly in L*(D) as § — 0 for each h # 0. So ®5(h) converges to ®g(h) for each
h # 0. On the other hand, as in the proof of Lemma 3.3, it follows that

0 < ®5(h) < (D(us, ul) + 4lludllZ2(p) (LA R e(R), R #0

hold so that the right hand side is uniformly bounded in ¢ and (1 A |h|*)p(h) is integrable. Hence
Lebesgue’s dominated convergence theorem implies that

lim // (x4 h) — ()2 (25, h)dwdh

6—0
z€D,x+heD
h#£0
= lim ®s5(h)dh = / Py (h)dh = // (uo(z + h) — uo(x))2J0(h)dxdh.
6=0 Jh20 h£0
zeD,x+heD
h#£0
where JO(h fY h)dy,h # 0. This result implies that the microscopic energy correctly

captures the macroscopic energy, including the non-local effects of the jumps, which are averaged
out as J°. Next, the potential (killing) part is also estimated as

lim [ w}(2)%*k(x/8)dr = lim // (Ts(u) (x y)) k(y)dzdy
DxY

6—0 D 6—0

and, then noting that T5(u3) converges to ug strongly in L*(D x Y), the right hand side goes to

//]Muo(x)%(y)dxdy: ;{;O/Duo(x)zdx’

where k% = [, k(y)dy. The last term is easily seen to hold

lim [ Aud, ul) = Muo, up),

since u$ converges to ug strongly in L*(D).

Therefore, summarizing these estimates, it follows that

hm/ A/6) Vil (z) - Vb (2)da

=i {{ s = [ Bla/) Vi(a) u3(a)da

~ [ e+ 1) =)oz~ [ e/ = A 03}

e [[ 50 (0t Syttt
_ // (o + h) — o () O (h)dhdz — K /D up()2d — Ao, uo)
- / /D ::OA(y)(Vuo(J:) + Vyu(@,y)) - Vuo(w)dady. (3.14)
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According to the fact that u, (z,y) = S0, g—lg(x)wi(y) and

/ A(y) (Vuo(x) + Vuy (z, y)) -V, 0(y)dy =0 ae.x €D for §e Hyu(Y),
Y
the right hand side of (3.14) is equal to
// A(y) (Vuo(z) + Vyur (2, v)) - (Vuo(z) + Vyu (2, y)) dedy. (3.15)
DxY

We now characterize the term (3.15). To this end, we first note that A° = (af;) defined by

8
a?j / (aZJ +Zazk wj >d?/ 27] = 1a27"' ada

is a symmetric matrix. In fact, since w; € Hy(Y) for i =1,2,--- ,d, it follows from (3.11) that

Y

and then

ity = [ (astn + 3 ) 22 ) )y = [ 4 (es+ Vi) - exy

Y
- /YA(y) (ej - ij(y)> - (ei + Vwi(y)>dy = aj;.

So using the relation (3.10) again and the symmetry of A° = (ay;) = (a;), we find that

// ) + Vyui(z,y)) - Vug(z)dedy = / Ay (z) - Vuo(r)dz. (3.16)
DxY b
Hence we obtain (3.12). 0

Finally we complete the proof of Theorem 3.1 by showing the following lemma.
Lemma 3.8 T5(Vu})(z,y) converges to Vug(z) + Vyui(z,y) strongly in (L*(D x Y))d as § — 0.

Proof: The uniform ellipticity of A implies that the following inequality holds:

a/ |T5(Vad) (2, y) — (Vuo(z) + Vyui(z,y)) |2dxdy

DxY

// ‘J'a (Vud)(z,y) — (Vuo(z) + Vyul(x,y))>.

DxY

(T5(Vad) (@, ) = (Vuolw) + Vyu(w,)) ) ddy

//‘T(; (-/8)VuS - Vud) (7, y)dxdy — // Y)T5(Vud)(z,y) - (Vuo(z) + Vyur(z,y))ddy

DxY DxY
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// ) (Vuo(z) + Vyur(2,9)) - Ts(Vud) (2, y)dady

DxY

// ) (Vuo(z) + Vyui(z,y)) - (Vuo(z) + Vyui(z,y))dzdy.

DxY

Then, using the unfolding operators and then the estimates (3.13) and (3.16), the first term is
estimated as

lim [ A(x/8)Vus () - Vuldr = / AV (z) - Vuo(z)dw
D

as 0 — 0, while the rest terms of the right hand side go to
—/ A°Vug(x) - Vug(x)dx
D

and, thus we conclude that T5(Vul)(z,y) converges to Vug(z) + Vyui(z,y) strongly in (L*(D x
Y))d as 6 — 0. O

Corollary 3.1 The quadratic form (E°, H} (D)) defined by
&% (u,v)
= / AVu(z) - Vo(z)dx —i—/ BY - Vu(x)v(r)dz
D

D

;leéegu(x +h) —u(z)) (v(z + h) —v(z))J*(h)dhdz + k;O/Du(:L‘)U(x)dL wv € HA(D)

becomes a lower bounded semi-Dirichlet form on L*(D) with some 8y > 0 and {(€°, H}(D)),é > 0}
converges to (E°, HY (D)) on L*(D) in the sense of Mosco as & — 0.

Finally we give an example.

Example 3.1. (Symmetric Stable-type Jump-diffusion Processes)
Let D be a bounded open set of R? and A(z) = (a;;(z)) a symmetric matrix-valued measurable
function on R? such that
aléf < A@)E-€ < elé)?, a6 e R

for some positive constants ¢y, co. Let a(x) be a measurable function on R¢ and n(x, h) a positive
measurable function on R? x (R4 \ {0}) such that

() 0<a<a(z)<a<?2, zeR%
(n) 0 <ey <n(z,—h)=n(z,h) <c(1V]log|h|])®, x,heRL h+#0;
for some constants 0 < ¢; < oo (i = 1,2) and k € R. Put

n(z, h)

J(,h) = |h|d+a@)’

z,h € RY B #0.
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Then the function J(z, h) satisfies (J). In fact, since

n(x, h)

J(%h)zm

< oo(1V [log R (|h|~* 2V |A[74%), z,h e R, h#0,

the condition (J) is satisfied if we put ¢(h) := c2(1V |log [h]])*(|h|=4"2V [h|~*=). For simplicity
we set B(z) = 0 and k(x) = 0. Assuming further that the functions z — A(z),  — «a(z) and
x +— n(x, h) are all Y-periodic (for each h # 0), then for § > 0, the quadratic forms

&% (u,v) == E°(u,v) + &M (u,v)

= [ Atafs)vute) Totadz+ [ (uto 1) = ule) (ot + 1) = ota) s

with H}(D) produce regular symmetric Dirichlet forms on L?(D) and then taking 6 — 0, they
converge to the following regular symmetric Dirichlet form on L?(D) in the sense of Mosco:

E%(u,v) = /DAOVu(x)-VU(x)dm—f— // (w(z+h)—u(z)) (v(z+h)—v(z)) J°(h)dhdz, u,v € Hy(D),

x€D,x+heD
h#0

where A% = (af;) and J°(h) are defined as in Theorem 3.1:

i /(CM] —l—Zam )dy,lj 1,2,---,d and J°(h /‘h|d+a h # 0.

O

Remark 3.1. The homogenization of jump processes was investigated in Tomisaki [16] through the
convergence of cadlag processes. A key difference from [16] is the scaling of the jumping kernel:
while [16] considers n(z/d, h/d), which leads to different limit processes, we focus on the scaling
n(x/d,h). In our setting, the diffusion term remains in the limit, and the periodic scaling in x
leads to a homogenized operator of jump-diffusion type, where a stable-like Lévy jump appears.
Thus, the result in Example 3.1 provides a different perspective by capturing the coexistence of
diffusion and jump effects in the homogenized limit.
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