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Abstract

We consider the periodic homogenization problem for jump-diffusion processes with sin-
gular potentials on a bounded open set by using the theory of semi-Dirichlet forms and the
method of unfolding operators.

1 Introduction

We are concerned with the following classical periodic homogenization:{
Lδuδ + λuδ = f, in D,

uδ = 0, on ∂D,
(1.1)

where δ > 0 is a small parameter used to represent the heterogeneities of the body D, a bounded

open set of Rd (d ≥ 3), λ > 0 and a source f ∈ H−1(D), the dual space of H1
0 (D), is understood

as an external force. Here Lδ is formally defined as the sum of a second order elliptic differential

operator, a first order differential (drift) operator, an integro-differential operator and a potential

(killing) operator:

Lδu := Lc
δu+ Ld

δu+ L
j
δu+ Lk

δu

:= −div
(
A
( ·
δ

)
∇u

)
+B

( ·
δ

)
· ∇u− lim

n→∞

∫
|h|>1/n

(
u( · + h)− u(h)

)
J̃δ(·, h)dh+ k

( ·
δ

)
u, (1.2)

where A(x) = (aij(x)) is a symmetric d × d-matrix-valued measurable function on Rd, B(x) =

(bi(x)) is a d-dimensional vector-valued measurable function on Rd and k(x) is a nonnegative

measurable function on Rd. For the function J̃δ, it is given by J̃δ(x, h) = 1
2
(Jδ(x, h)+Jδ(x+h, h)),

where Jδ(x, h) := J(x/δ, h) for some measurable function J(x, h) = J(x,−h) ≥ 0, x, h ∈ Rd with

h 6= 0. We assume that

x 7→ A(x), x 7→ B(x), x 7→ J(x, h) and x 7→ k(x)
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are all periodic (for each h 6= 0 in J(x, h)). In the present work, we employ a symmetrized

jump kernel J̃δ(x, h) defined as the average of the kernel at the starting and ending points of a

jump. While the overall system (1.2) is non-symmetric due to the presence of the drift term,

this construction ensures that the non-local operator remains a self-adjoint principal part. This

separation allows for a clear distinction between the diffusive effects of the jumps and the convective

effects of the drift in the homogenization limit.

To provide a rigorous variational formulation, the problem (1.1) is interpreted in the weak

sense: find uδ
λ ∈ H1

0 (D) for given f ∈ H−1(D), δ > 0 and λ > 0 so that

Eδ
λ(u

δ
λ, φ) := Eδ(uδ

λ, φ) + λ(uδ
λ, φ) = 〈f, φ〉H−1,H1

0
, φ ∈ H1

0 (D), (1.3)

where

Eδ(u, v) := Ec,δ(u, v) + Ed,δ(u, v) + Ej,δ(u, v) + Ek,δ(u, v)

:=

∫
D

A(x/δ)∇u(x) · v(x)dx+

∫
D

B(x/δ) · ∇u(x) v(x)dx (1.4)

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+ h)− u(x)

)(
v(x+ h)− v(x)

)
J(x/δ, h)dhdx+

∫
D

u(x)v(x)k(x/δ)dx.

Here (u, v) :=
∫
D
u(x)v(x)dx denotes the inner product of u, v, ‖u‖ :=

√
(u, u) is the norm of u in

L2(D) := L2(D; dx) and 〈f, φ〉H−1,H1
0
means the duality pairing of f ∈ H−1(D) and φ ∈ H1

0 (D).

It is worth noting that while the jump term in (1.4) is written using J(x/δ, h), it is equivalent

to the one using the symmetrized kernel J̃δ due to the change of variables and the symmetry

J(x, h) = J(x,−h). Consequently, the symmetric part of the bilinear form Eδ consists of the

second-order diffusion, the jump part and potential (killing) part, while the anti-symmetric part

arises solely from the drift term B.

The basic homogenization procedure involves the following three steps:

(1) The existence of solutions {uδ}δ>0 ⊂ H1
0 (D) of the equations (1.1) or (1.3) for f ∈ H−1(D)

and δ > 0;

(2) The convergence of {uδ} as δ → 0;

(3) The construction of the homogenized equation which the limit satisfies.

To carry out the program, we again employ the unfolding method and the techniques of the theory

of (semi-)Dirichlet forms (see: [15], c.f., [17] for the symmetric case). Of course various methods,

such as G-convergence, H-convergence, two-scale convergence and so on, have been developed in

the theory of the partial differential equations (e.g., [1, 2, 3, 5, 4, 11, 12]).

For the step (1), we will show in the next section that the quadratic forms Eδ induce regular

lower bounded semi-Dirichlet forms on L2(D) with a uniform constant β0 > 0 (independent of δ >

0) and the Sobolev space H1
0 (D) is the (uniform) domain of the forms under appropriate conditions

on the data {A,B, J, k} in addition to the periodicity. This ensures the well-posedness of the

problem and provides uniform a priori estimates for the solutions for f ∈ H−1(D), δ > 0 and λ >

β0. In particular, when the external force f belongs to L2(D), the solutions {uδ
λ} of homogenization
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problems (1.1) are given as the (L2-)resolvents Gδ
λf(= uδ

λ) of the semi-Dirichlet forms. By using

the Banach-Alaoglu theorem and the Rellich theorem, we can find a converging subsequence which

partially justifies step (2). Finally using the unfolding operators in conjunction with the corrector

functions, the limit is uniquely characterized (which, in turn, implies the convergence of the entire

sequence) and then the step (3) is shown in the section 3.

As a by-product, the resolvents of the semi-Dirichlet forms (Eδ, H1
0 (D)) on L2(D) converge

to the resolvent of a semi-Dirichlet form (E0, H1
0 (D)) on L2(D) strongly on L2(D) as δ → 0, or

equivalently, (Eδ, H1
0 (D)) converges to (E0, H1

0 (D)) on L2(D) in the sense of Mosco (see, [10, 13]).

Since the semi-Dirichlet forms are regular and so there are strong Markov processes (in fact, which

are Hunt processes) onD associated with (Eδ, H1
0 (D)), also called, jump-diffusion processes, we can

conclude that the jump-diffusion processes converge in the sense of finite dimensional distributions

as δ → 0.

2 Construction of lower bounded semi-Dirichlet forms

Let Y = (0, 1]d be the d-dimensional unit cube (d ≥ 3). Suppose that A(x) = (aij(x)) is a

symmetric d × d-matrix valued measurable function on Rd, B(x) = (bi(x)) is a d-dimensional

vector-valued measurable function on Rd and k(x) is a nonnegative measurable function on Rd so

that

x 7→ A(x), x 7→ B(x) and x 7→ k(x)

are all Y -periodic in the sense that, for a function f(x) on Rd,

f(x+ kei) = f(x), a.e. x ∈ Rd, k ∈ Z, i = 1, 2, · · · , d

hold, where ei is the i-th directional unit vector on Rd. Suppose also that J(x, h) is a measurable

function such that J(x, h) = J(x,−h) ≥ 0 for x, h ∈ Rd with h 6= 0 and x 7→ J(x, h) is Y -periodic

for each h 6= 0. We impose the following conditions:

(A) (uniform ellipticity and boundedness) ∃ α, β > 0 s.t. α|ξ|2 ≤ A(x)ξ · ξ ≤ β|ξ|2, x, ξ ∈ Rd;

(B) (integrability-1) ∃ q1 ∈ (d,∞] s.t. bi ∈ Lq1
loc(Rd) for i = 1, 2, · · · , d;

(K) (integrability-2) ∃ q2 ∈ (d/2,∞] s.t. k ∈ Lq2
loc(Rd) and k ≥ 0;

(J) (Lévy condition) ∃φ : Rd \ {0} → [0,∞) s.t.

ess sup
x∈Ȳ

J(x, h) ≤ φ(h), h 6= 0 and M :=

∫
h ̸=0

(1 ∧ |h|2)φ(h)dh < ∞.

Let D be a bounded open set of Rd. Recall that the Dirichlet integral is given by

D(u, u) =
∫
D

∇u(x) · ∇v(x)dx

and the Sobolev space

H1(D) :=
{
u ∈ L2(D) :

∂u

∂xi

∈ L2(D), i = 1, 2, · · · , d
}
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equipped with the scalar product

D1(u, v) := D(u, v) + (u, v)

is a Hilbert space. The space H1
0 (D) is the closure of C∞

0 (D) with respect to H1(D)-norm,√
D1(·, ·). Recall also that the following Poincaré inequality holds for a bounded open set D:∫

D

u(x)2dx ≤ cpD(u, u), u ∈ H1
0 (D).

for some cp > 0 (see e.g., [6, Chapter 5]). To show that (Eδ, H1
0 (D)) are lower-bounded semi-

Dirichlet forms on L2(D) for δ > 0, we introduce the following proposition:

Proposition 2.1 Assume (A), (B), (J) and (K) are satisfied. Then the following inequalities hold:

(1) αD(u, u) ≤ Ec,δ(u, u) =

∫
D

A(x/δ)∇u(x) · ∇u(x)dx ≤ βD(u, u), u ∈ C∞
0 (D), δ > 0;

(2) ∃ c1 > 0 s.t. u ∈ C∞
0 (D) and δ > 0,(

0 ≤
)
Ej,δ(u, u) =

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+ h)− u(x)

)2
J(x/δ, h)dhdx ≤ c1D1(u, u); (2.1)

(3) ∀λ > 0, ∃ c2 > 0 s.t. for u ∈ C∞
0 (D) and δ > 0,∣∣Ed,δ(u, u)

∣∣ = ∣∣∣ ∫
D

B(x/δ) · ∇u(x)u(x)dx
∣∣∣ ≤ λD(u, u) + c2‖u‖2, (2.2)

(4) ∃ c3 > 0 s.t. u ∈ C∞
0 (D) and δ > 0,∫

D

u2(x)k(x/δ)dx ≤ c3D1(u, u). (2.3)

Proof: (1) follows from (A). (3) and (4) are well-known (e.g., [15, Lemma 2.1]). So we omit their

proofs. We only show (2). From (J1), we see that for δ > 0 and u ∈ C∞
0 (D),

Ej,δ(u, u) ≤
∫∫

x∈D,x+h∈D
h ̸=0

(
u(x+ h)− u(x)

)2
φ(h)dhdx

=
( ∫∫
x∈D,x+h∈D

|h|≥1

+

∫∫
x∈D,x+h∈D

0<|h|<1

)(
u(x+ h)− u(x)

)2
φ(h)dhdx =: (I) + (II).

(I) ≤ 2

∫∫
x∈D,x+h∈D

|h|≥1

(
u(x+ h)2 + u(x)2

)
φ(h)dhdx ≤ 4M1

∫
D

u(x)2dx = 4M1‖u‖2.

As for (II), by using the mean value theorem and then the Jensen inequality, we see that

(II) =

∫∫
x∈D,x+h∈D

0<|h|<1

(∫ 1

0

h · ∇u(x+ th)dt
)2

φ(h)dhdx
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≤
∫∫

x∈D,x+h∈D
0<|h|<1

(∫ 1

0

|h|2|∇u(x+ th)|2dt
)
φ(h)dhdx

=

∫ 1

0

∫
0<|h|<1

(∫
D

1D(x+ h)|∇u(x+ th)|2dx
)
|h|2φ(h)dhdt.

Since u ∈ C∞
0 (D), it can be naturally extended to C∞

0 (Rd) by setting u = 0 outside D. Under

this extension, we have |∇u(z)| = 0 for z /∈ D. Thus, by the change of variables z = x + th, the

inner integral is estimated as follows:∫
D

1D(x+ h)|∇u(x+ th)|2dx ≤
∫
Rd

|∇u(z)|2dz =

∫
D

|∇u(z)|2dz.

Therefore, the last inequality is estimated by

(II) ≤
∫
0<|h|<1

(∫
D

|∇u(z)|2dz
)
|h|2φ(h)dh ≤ M1D(u, u).

Hence, setting c1 = 4M1,

Ej,δ(u, u) ≤ M1D(u, u) + 4M1‖u‖2 ≤ c1D1(u, u), u ∈ C∞
0 (D)

holds.

In the following, we briefly introduce the periodic Sobolev spaces and the unfolding operators

following [5] and [4].

Periodic Sobolev Spaces

Recall that Y = (0, 1]d is the unit cube in Rd. Define the periodic Sobolev space H#(Y ) by

the closure of C∞
# (Y ), the restriction of the smooth functions defined on Rd which are Y -periodic,

with respect to H1(Y )-norm:

‖u‖2H1(Y ) :=

∫
Y

∇u(x) · ∇u(x)dx+

∫
Y

u(x)2dx, u ∈ H1(Y ),

and H#(Y ) is a Hilbert space with the same H1(Y )-inner product.

Lemma 2.1 ([5, Proposition3.49]) If u ∈ H#(Y ), then the trace of the “opposite site of Y ”

are equal.

More specifically, this lemma means that for a function u ∈ H#(Y ) defined on the semi-open unit

cell Y = (0, 1]d, the trace on the boundary where xi = 1 (the “included” face) coincides with the

trace on the opposite boundary where xi = 0 (the “missing” face) for each i ∈ {1, . . . , d}. This

ensures that u can be extended to a Y -periodic function on Rd without any discontinuity at the

cell interfaces.

We also define the quotient space H#(Y ) := H#(Y )/R of H#(Y ) under the equivalent relation

“∼”:

u ∼ v ⇐⇒ u− v = constant a.e. on Y.

In other words, H#(Y ) is the collections of all equivalence classes ũ of functions u in H#(Y ):

ũ :=
{
v ∈ H#(Y ) : u ∼ v

}
.
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Lemma 2.2 ([5, Proposition3.52]) The space H#(Y ) is also a Hilbert space under the follow-

ing inner product:

((ũ, ṽ)) :=

∫
Y

∇f(x) · ∇g(x)dx, f ∈ ũ, g ∈ ṽ, ũ, ṽ ∈ H#(Y ).

Moreover the dual space (H#(Y ))′ of H#(Y ) is identified with the set{
ℓ ∈

(
H#(Y )

)′
: ℓ(c) = 0, c ∈ R

}
,

where

ℓ(ũ) := 〈ℓ, f〉(H#(Y ))′,H#(Y ), f ∈ ũ.

For a normed space (A, ‖ · ‖A), the space L2(D;A) means the set of all functions u : D → A

so that the map x 7→ ‖u(x)‖A is measurable and satisfies
∫
D
‖u(x)‖2Adx < ∞. In particular, a

function u ∈ L2(D;H#(Y )) is identified with a function ũ : D×Rd → R so that u(x)(y) = ũ(x, y),

where y 7→ ũ(x, y) belongs to H#(Y ) for each x and x 7→ ‖ũ(x, ·)‖H#(Y ) belongs to L2(D).

Unfolding Operators

For each x ∈ Rd, one has x = bxc + {x}, where bxc = (m1,m2, . . . ,md)
T ∈ Zd denotes the

unique integer combination
∑d

j=1 mjej such that {x} = x− bxc belongs to Y = (0, 1]d a.e. Then

for a.e. x ∈ Rd and δ > 0,

x = δ
(⌊x

δ

⌋
+
{x

δ

})
.

Following [4], define

Ξδ :=
{
ξ ∈ Zd : δ(ξ + Y ) ⊂ D

}
, Dδ := interior

{ ⋃
ξ∈Ξδ

δ
(
ξ + Ȳ

)}
, Ȳ = [0, 1]d,

and Λδ := D \Dδ.

The set Dδ is the largest union of δ
(
ξ + Ȳ

)
cells for ξ ∈ Zd included in D.

Definition 2.1 For a measurable function ϕ on Dδ, the unfolding operator Tδ is defined by

Tδ(ϕ)(x, y) =

 ϕ
(
δ
⌊x
δ

⌋
+ δy

)
, a.e. (x, y) ∈ Dδ × Y,

0, a.e. (x, y) ∈ Λδ × Y.

(2.4)

Note that the unfolding operator Tδ satisfies the following properties for measurable functions u

and v:

Tδ(uv) = Tδ(u)Tδ(v), Tδ

(
f(u)) = f(Tδ(u)),

where f is a continuous function on R with f(0) = 0.

Proposition 2.2 ([4, Proposition 1.5]) Let f be a measurable function on Y and extend it by

Y -periodicity to the whole space Rd as f(x) = f({x}), a.e. x ∈ Rd. Define the sequence {fδ}δ>0

by

fδ(x) = f
(x
δ

)
, a.e. x ∈ Rd.
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Then

Tδ(fδ|D)(x, y) =

{
f(y), for a.e. (x, y) ∈ Dδ × Y,

0, for a.e. (x, y) ∈ Λδ × Y

Moreover, if f ∈ Lp(Y ) (1 ≤ p < ∞), Tδ(fδ|D) converges to f strongly in Lp(D × Y ).

Proposition 2.3 ([4, Proposition 1.8]) Suppose 1 ≤ p ≤ ∞. The operator Tδ is a linear and

continuous from Lp(Dδ) into Lp(D × Y ). For u ∈ L1(Dδ), v ∈ L1(D) and w ∈ Lp(D),

(i)

∫
Dδ

u(x)dx =

∫∫
D×Y

Tδ(u)(x, y)dxdy;

(ii)
∣∣∣ ∫

D

v(x)dx−
∫∫

D×Y

Tδ(v)(x, y)dxdy
∣∣∣ ≤ ∫

Λδ

|v(x)|dx;

(iii) ‖Tδ(w)‖Lp(D×Y ) ≤ ‖w‖Lp(D).

Remark 2.1 If {uδ}δ>0 is bounded in L2(D), then limδ→0

∫
Λδ

|uδ(x)|dx = 0 holds. In fact, by

means of the Schwarz inequality, we see∫
Λδ

|uδ(x)|dx =

∫
D

|uδ(x)|1Λδ
(x)dx ≤

√
vol(Λδ)

√∫
D

uδ(x)2dx → 0 as δ → 0.

Proposition 2.4 ([4, Proposition 1.9]) Suppose 1 ≤ p < ∞.

(i) For u ∈ Lp(D), Tδ(u) converges to u strongly in Lp(D × Y ) as δ → 0.

(ii) Let {uδ} be a sequence in Lp(D) such that uδ converges to some u strongly in Lp(D). Then

Tδ(uδ) converges to u strongly in Lp(D × Y ).

Proposition 2.5 ([4, Theorem 1.41]) Let {uδ} be a sequence in H1(D) such that uδ converges

to some u weakly in H1(D). Then for a subsequence, there exists some û ∈ L2(D;H#(Y )) such

that

Tδ(∇uδ) converges to ∇u+∇yû weakly in
(
L2(D × Y )

)d
.

Based on these concepts, we now state one of our main theorems:

Theorem 2.1 Let D be a bounded open set of Rd (d ≥ 3). Suppose that the functions

x 7→ A(x), x 7→ B(x), x 7→ J(x, h) and x 7→ k(x)

are Y -periodic (for each h 6= 0 in J(x, h)). Suppose also that the conditions (A), (B), (J) and (K)

are satisfied by A(x), B(x), J(x, h) and k(x), respectively.

Then, for δ > 0, the quadratic forms Eδ defined by (1.4) induce regular lower-bounded semi-

Dirichlet forms on L2(D) having the Sobolev space H1
0 (D) as their domains (uniformly in δ > 0)

with some index β0 > 0: for u, v ∈ H1
0 (D),

Eδ(u, v) := Ec,δ(u, v) + Ed,δ(u, v) + Ej,δ(u, v) + Ek,δ(u, v)
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:=

∫
D

A(x/δ)∇u(x) · ∇v(x)dx+

∫
D

B(x/δ) · ∇u(x)v(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+ h)− u(x)

)(
v(x+ h)− v(x)

)
J(x/δ, h)dhdx+

∫
D

u(x)v(x)k(x/δ)dx.

That is, the following are satisfied:

(E.1) (lower boundedness) Eδ
β0
(u, u) ≥ 0, u ∈ H1

0 (D);

(E.2) (weak sector condition) ∃ K > 0 (independent of δ > 0) s.t.∣∣Eδ(u, v)
∣∣ ≤ K

√
Eδ
β0
(u, u)

√
Eδ
β0
(v, v), u, v ∈ H1

0 (D);

(E.3) (closedness) (H1
0 (D)(γ),E

δ,(s)
γ ) is a real Hilbert space for any/some γ > β0. Here E

δ,(s)
γ (u, v) :=

1
2

(
Eδ(u, v) + Eδ(v, u)

)
+ γ(u, v).

(E.4) (Markov property) Eδ(u#, u− u#) ≥ 0 for any u ∈ H1
0 (D), where u# = (0∧ u)∨ 1 is the unit

contraction of a function u.

(E.5) (regularity) H1
0 (D) ∩ C0(D) is dense both in C0(D) with respect to the uniform norm ‖ · ‖∞

and in H1
0 (D) with respect to the norm

√
E
δ,(s)
γ (·, ·) for any/some γ > β0, where C0(D) is

the set of all continuous functions on D with compact support.

Moreover the following inequality also holds: there exist ci > 0 (i = 4, 5) s.t.

c4D1(u, u) ≤ Eδ
β0
(u, u) ≤ c5D1(u, u), u ∈ H1

0 (D) and δ > 0. (2.5)

Proof: We first show the existence of a constant β0 (uniformly in δ > 0). By (A),

αD(u, u) ≤ Ec,δ(u, u) =

∫
D

A(x/δ)∇u(x) · ∇u(x)dx ≤ βD(u, u), u ∈ C∞
0 (D).

Setting λ = α/2 in (2.2), there exists a c2 > 0 such that,∣∣Ed,δ(u, u)
∣∣ ≤ α

2
D(u, u) + c2‖u‖2, u ∈ C∞

0 (D), δ > 0.

Therefore it follows that

Eδ(u, u) = Ec,δ(u, u) + Ed,δ(u, u) + Ej,δ(u, u)
≥0

+ Ek,δ(u, u)
≥0

≥ αD(u, u)−
∣∣Ed,δ(u, u)

∣∣
≥ α

2
D(u, , u)− c2(u, u), u ∈ C∞

0 (D) and δ > 0,

and then, putting

β0 := c2 > 0,

we find that the bilinear forms Eδ
β0
(·, ·) are not just nonnegative, but also satisfy the following

inequality:

Eδ
β0
(u, u) ≥ α

2
D(u, u) ≥ 0, u ∈ C∞

0 (D), δ > 0.
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On the other hand, by Proposition 2.1 (3)(4),

Ej,δ(u, u) ≤ c2D1(u, u), u ∈ C∞
0 (D), δ > 0

and ∫
D

u(x)2k(x/δ)dx ≤ c3D1(u, u), u ∈ C∞
0 (D), δ > 0

hold for some c2 > 0 and c3 > 0. Therefore it follows that

α

2
D(u, u) ≤ Eδ(u, u) + c2‖u‖2 ≤

(
β +

α

2
+ c2 + c3

)
D(u, u) +

(
c1 + 2c2 + c3

)
‖u‖2

for u ∈ C∞
0 (D) and δ > 0. By noting the Poincaré inequality and then taking closures of C∞

0 (D)

with respect to Eδ
λ(·, ·)-norms for λ ≥ β0, the Sobolev space H1

0 (D) is the (uniform) domain of the

bilinear forms Eδ
λ for δ > 0. Moreover we see that (Eδ

β0
, H1

0 (D)) satisfy

c4D1(u, u) ≤ Eδ
β0
(u, u) ≤ c5D1(u, u), u ∈ H1

0 (D), δ > 0. (2.6)

for some positive constants c4, c5 independent of δ > 0. Then the closedness (E.3) is clear from

the inequality (2.6) and the Markov property (E.4) is shown as in [14, §1.5] (see also [8, 18]).

We finally show the weak sector condition (E.2). Note that the diffusion part Ec,δ, the sym-

metric jump part Ej,δ and the potential part Ek,δ are nonnegative symmetric forms on L2(D). So

it is enough to estimate the term Ed,δ only. Similar arguments in the proof of the proposition 2.1

tell us that the drift term is estimated as

∣∣Ed,δ(u, v)
∣∣ = ∣∣∣ ∫

D

B(x/δ)∇u(x)v(x)dx
∣∣∣ ≤ d∑

i=1

∫
D

|bi(x/δ)∂iu(x)v(x)|dx

≤ c6
√
D1(u, u)

√
D1(v, v), u, v ∈ H1

0 (D)

for some constant c6 > 0 again independent of δ > 0. Hence it follows that∣∣Eδ(u, v)
∣∣ ≤ ∣∣Ec,δ(u, v)

∣∣+ ∣∣Ed,δ(u, v)
∣∣+ ∣∣Ej,δ(u, v)

∣∣+ ∣∣Ek,δ(u, v)
∣∣

≤
√
Ec,δ(u, u)

√
Ec,δ(v, v) +

∣∣Ed,δ(u, v)
∣∣+√

Ej,δ(u, u)
√
Ej,δ(v, v) +

√
Ek,δ(u, u)

√
Ek,δ(v, v)

≤ β
√
D(u, u)

√
D(v, v) + c6

√
D1(u, u)

√
D1(v, v) + c2

√
D1(u, u)

√
D1(v, v)

+ c3
√

D1(u, u)
√

D1(v, v)

for u, v ∈ H1
0 (D), and then, using (2.6), the weak sector condition (E.2) follows for some K > 0,

independent of δ > 0:∣∣Eδ(u, v)
∣∣ ≤ K

√
Eδ
β0
(u, u)

√
Eδ
β0
(v, v), u, v ∈ H1

0 (D), δ > 0.

We now show the existence of the solutions of (1.1) and the “a priori estimate”:

Theorem 2.2 Assume the conditions hold in the previous theorem. Then for each f ∈ H−1(D),

λ > β0 and δ > 0, there exists a unique uδ
λ ∈ H1

0 (D) such that

Eδ
λ(u

δ
λ, φ) = 〈f, φ〉H−1,H1

0
, φ ∈ H1

0 (D) (2.7)

9



and, the sequence {uδ
λ}δ>0 satisfies that

D1(u
δ
λ, u

δ
λ) ≤ c8‖f‖2H−1(D), 0 < δ (2.8)

for some c8 > 0.

Proof: The Lax-Milgram theorem implies the following: Since Eδ
λ are bilinear functionals on H1

0 (D)

which are bounded and coercive for δ > 0 and λ > β0, there exists a unique uδ
λ ∈ H1

0 (D) for each

f ∈ H−1(D) such that

Eδ
λ(u

δ
λ, φ) = 〈f, φ〉H−1,H1

0
, φ ∈ H1

0 (D).

By means of (2.6) and plugging φ = uδ
λ in the above equation, we see

D1(u
δ
λ, u

δ
λ) ≤

1

c1
Eδ
λ(u

δ
λ, u

δ
λ) =

1

c1
〈f, uδ

λ〉H−1,H1
0
≤ 1

c1
‖f‖H−1‖uδ

λ‖H1
0 (D) =

1

c1
‖f‖H−1

√
D1(uδ

λ, u
δ
λ)

and, dividing the both sides by
√

D1(uδ
λ, u

δ
λ) we have√

D1(uδ
λ, u

δ
λ) ≤

1

c1
‖f‖H−1 ; D1(u

δ
λ, u

δ
λ) ≤

1

c21
‖f‖2H−1 .

Remark 2.1. The inequality (2.8) tells us that the sequence {uδ
λ}δ>0 is uniformly bounded in

H1
0 (D). Then by the Rellich theorem, there exists a subsequence (denoted by the same symbol

{uδ
λ}) and a limit point u0 ∈ H1

0 (D) such that

uδ
λ → u0 weakly in H1

0 (D) and uδ
λ → u0 strongly in L2(D) as δ → 0.

3 Periodic homogenization of jump-diffusion processes

In this section, we show that the full sequence of the solutions {uδ
λ}δ>0 in (2.7) converges to the

limit point u0 weakly in H1
0 (D) and strongly in L2(D). Before this, we show the existence of the

“correctors”.

Proposition 3.1 (Correctors) For each i = 1, 2, · · · , d, there exists a unique ωi ∈ H#(Y ) such

that ∫
Y

A(y)∇ωi(y) · ∇φ(y)dy = −
∫
Y

A(y)ei · ∇φ(y)dy, φ ∈ H#(Y ). (3.1)

Proof: Since
∫
Y
A(y)∇u(y) ·∇v(y)dy is a bounded and coercive bilinear form on H#(Y ), applying

the Lax-Milgram theorem to the linear functional ℓi(u) := −
∫
Y
A(y)ei · ∇u(y)dy for each i =

1, 2, · · · , d it follows that there exist a unique ωi ∈ H#(Y ) such that∫
Y

A(y)∇ωi(y) · ∇φ(y)dy = ℓi(φ) = −
∫
Y

A(y)ei · ∇φ(y)dy, φ ∈ H#(Y ).

Theorem 3.1 Assume the conditions in Theorem 2.1. Then for each f ∈ H−1(D) and λ > β0,

there exist u0 ∈ H1
0 (D) and u1 ∈ L2(D;H#(Y )) such that, as δ → 0,
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(i) uδ
λ converges to u0 weakly in H1

0 (D);

(ii) uδ
λ converges to u0 strongly in L2(D);

(iii) Tδ(∇uδ
λ) converges to ∇u0 +∇yu1 strongly in

(
L2(D × Y )

)d
and the pair (u0, u1) is the unique solution of the following problem:

〈f, v〉H−1,H1
0
=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇v(x) +∇yw(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy (3.2)

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx

+ k0

∫
D

u0(x)v(x)dx+ λ(u0, v), v ∈ H1
0 (D), w ∈ L2(D;H#(Y )).

Moreover the following also hold:

lim
δ→0

Eδ
λ(u

δ
λ, u

δ
λ) =

∫
D

A0∇u0(x) · u0(x)dx+

∫
D

B0 · ∇u0(x)u0(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)2
J0(h)dhdx+ k0

∫
D

u0(x)
2dx+ λ

∫
D

u0(x)
2dx

(3.3)

=: E0(u0, u0) + λ(u0, u0).

Here A0 = (a0ij) is a d×d-symmetric matrix, B0 = (b0i ) is a d-dimensional vector, J0(h) is a Lévy

density and k0 is a nonnegative constant given by:

• a0ij :=

∫
Y

(
aij(y) +

d∑
k=1

aik(y)
∂ωj

∂yk
(y)

)
dy, b0i :=

∫
Y

(
bi(y) +

d∑
k=1

bi(y)
∂ωi

∂yk
(y)

)
dy

• J0(h) :=

∫
Y

J(y, h)dy, k0 :=

∫
Y

k(y)dy,

where {ωi}di=1 are the correctors.

The proof of this theorem is quite long (c.f., [15, Theorem 4.1]). So, in the rest of this section,

we will show this by dividing into several lemmas and propositions. First of all, according to

Proposition 2.5, (2.8) in Theorem 2.2 and the Rellich theorem, there exists a subsequence (denote

by the same symbol {δ} for simplicity) and a pair (u0, u1) ∈ H1
0 (D) × L2(D;H#(Y )) such that,

as δ → 0,

uδ
λ converges to u0 weakly in H1

0 (D), uδ
λ converges to u0 strongly in L2(D) and

Tδ(∇u0) converges to ∇u0 +∇yu1 weakly in
(
L2(D × Y )

)d
.
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Keeping these facts in mind at this moment, we now show that:

For each v ∈ C∞
0 (D), each term of the left hand side in (2.7) has a limit: “ lim

δ→0
Eδ
λ(u

δ
λ, v)”

for the subsequence. Note that, from (2.7), it follows that

〈f, v〉H−1,H1
0
= Eδ

λ(u
δ
λ, v)

= Ec,δ(uδ
λ, v) + Ed,δ(uδ

λ, v) + Ej,δ(uδ
λ, v) + Ek,δ(uδ

λ, v) + λ(uδ
λ, v) (3.4)

=

∫
D

A(x/δ)∇uδ
λ(x) · ∇v(x)dx+

∫
D

B(x/δ) · ∇uδ
λ(x)v(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)(
v(x+ h)− v(x)

)
J(x/δ, h)dhdx

+

∫
D

uδ
λ(x)v(x)k(x/δ)dx+ λ

∫
D

uδ
λ(x)v(x)dx.

We show that all terms of the right hand side converge when δ → 0, respectively. To this end,

the unfolding operators in the first two terms in the right hand side are used since vol(Λδ) → 0 as

δ → 0 (see Proposition 2.3).

Lemma 3.1 The limit “lim
δ→0

Ec,δ(uδ
λ, v)” exists.

Proof: By using the unfolding operators,

lim
δ→0

Ec,δ(uδ
λ, v) = lim

δ→0

∫
D

A(x/δ)∇uδ
λ(x) · ∇v(x)dx = lim

δ→0

∫∫
D×Y

Tδ

(
A(·/δ)∇uδ

λ · ∇v
)
(x, y)dxdy

= lim
δ→0

∫∫
D×Y

Tδ(A(·/δ)(x, y)Tδ(∇uδ
λ)(x, y) · Tδ(∇v)(x, y)dxdy

= lim
δ→0

∫∫
D×Y

A(y)Tδ(∇uδ
λ)(x, y) · Tδ(∇v)(x, y)dxdy.

In the last term, the double integral converges to∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇v(x)dxdy,

since A(y) is a bounded (matrix-valued) function, Tδ(∇v) converges to∇v strongly in
(
L2(D×Y )

)d
by Proposition 2.2 and Tδ(∇uδ

λ)(x, y) converges to ∇u0(x)+∇y∇u1(x, y) weakly in
(
L2(D×Y )

)d
by Proposition 2.5.

Lemma 3.2 The limit “lim
δ→0

Ed,δ(uδ
λ, v)” exists.

Proof: This is shown similarly:

lim
δ→0

Ed,δ(uδ
λ, v) = lim

δ→0

∫
D

B(x/δ) · ∇uδ
λ(x)v(x)dx = lim

δ→0

∫∫
D×Y

B(y) · Tδ(∇uδ
λ)(x, y)Tδ(v)(x, y)dxdy.

Note that bi(y)Tδ(v)(x, y) converges strongly in L2(D × Y ) as δ → 0 for each i = 1, 2, · · · , d.
In fact, since v ∈ C∞

0 (D) ⊂ L2q1/(q1−2)(D), it follows that Tδ(v)(x, y) converges to v strongly in
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L2q1/(q1−2)(D) by Proposition 2.3. So, by the Hölder inequality (1/s + 1/t = 1 for s = q1/2 > 1

and t = q1/(q1 − 2)),(∫∫
D×Y

(
bi(y)Tδ(v)(x, y)− bi(y)v(x)

)2

dxdy
)1/2

=
(∫∫

D×Y

bi(y)
2
(
Tδ(v)(x, y)− v(x)

)2
dxdy

)1/2

≤
(∫∫

D×Y

|bi(y)|q1dxdy
)1/q1(∫∫

D×Y

∣∣Tδ(v)(x, y)− v(x)
∣∣2q1/(q1−2)

dxdy
)(q1−2)/(2q1)

and the right hand side goes to 0 as δ → 0. Therefore, noting that Tδ(∇uδ
λ)(x, y) converges to

∇u0(x) +∇yu1(x, y) weakly in
(
L2(D × Y )

)d
, we see that

lim
δ→0

Ed,δ(uδ
λ, v) = lim

δ→0

∫∫
D×Y

B(y) · Tδ(∇uδ
λ)(x, y)Tδ(v)(x, y)dxdy

=

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy.

Lemma 3.3 The limit “lim
δ→0

Ej,δ(uδ
λ, v)” exists.

Proof: By using the Fubini theorem, we see that

Ej,δ(uδ
λ, v) =

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)(
v(x+ h)− v(x)

)
J(x/δ, h)dhdx

=

∫
h ̸=0

(∫
D

1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)(
v(x+ h)− v(x)

)
J(x/δ, h)dx

)
dh

=:

∫
h ̸=0

Φδ(h)dh,

where

Φδ(h) =

∫
D

1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)(
v(x+ h)− v(x)

)
J(x/δ, h)dx, h 6= 0.

We estimate Φδ. Since {uδ
λ} converges to u0 strongly in L2(D), it follows that the sequence{

uδ
λ(·+ h)− uδ

λ(·)} converges to u0(x+ h)− u(x) strongly in L2(D) for h 6= 0. So the sequence of

functions

x 7→ 1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)(
v(x+ h)− v(x)

)
converges to

x 7→ 1D(x+ h)
(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
in L1(D) strongly. Then noting that x 7→ J(x, h) is Y -periodic and bounded in for each x for

h 6= 0, we see that Φδ(h) converge to∫
D

1D(x+ h)
(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dx
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as δ → 0 for each h 6= 0, where J0(h) =
∫
Y
J(y, h)dy. Therefore we need to check that h 7→ Φδ(h)

is integrable (uniformly with respect to δ) in order that the exchange of the limit and the integral

(in h) to apply the dominated convergence theorem. By (J), J(y, h) ≤ φ(h), h 6= 0. So, for

|h| ≥ 1,

|Φδ(h)| ≤ φ(h)

∫
D

1D(x+ h)
∣∣(uδ

λ(x+ h)− uδ
λ(x)

)(
v(x+ h)− v(x)

)∣∣dx
≤ φ(h)

√∫
D

1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)2
dx

√∫
D

1D(x+ h)
(
v(x+ h)− v(x)

)2
dx

≤ 2φ(h)

√∫
D

1D(x+ h)
(
uδ
λ(x+ h)2 + uδ

λ(x)
2
)
dx

√∫
D

1D(x+ h)
(
v(x+ h)2 + v(x)2

)
dx

≤ 4φ(h)‖uδ
λ‖‖v‖

For 0 < |h| < 1, by making use of the mean value theorem,

|Φδ(h)| ≤ φ(h)

∫
D

1D(x+ h)
∣∣∣( ∫ 1

0

h · ∇uδ
λ(x+ th)dt

)(∫ 1

0

h · ∇v(x+ sh)ds
)∣∣∣dx

≤ |h|2φ(h)
∫ 1

0

∫ 1

0

(∫
D

1D(x+ h)|∇uδ
λ(x+ th)||∇v(x+ st)|dx

)
dtds

≤ |h|2φ(h)
∫ 1

0

∫ 1

0

√∫
D

1D(x+ h)|∇uδ
λ(x+ th)|2dx

√∫
D

1D(x+ h)|∇v(x+ st)|2dx dtds

= |h|2φ(h)
∫ 1

0

∫ 1

0

√∫
x−th∈D

1D(x+ (1− t)h)|∇uδ
λ(x)|2dx

×

√∫
x−sh∈D

1D(x+ (1− s)h)|∇v(x)|2dx dtds

Since uδ
λ ∈ H1

0 (D) and v ∈ C∞
0 (D), they are naturally extended by zero outside D, so that their

gradients vanish on Rd \ D. Therefore, the following inequality holds for any t, s ∈ [0, 1] and

h ∈ Rd:∫
x−th∈D

1D(x+ (1− t)h)|∇uδ
λ(x)|2dx ≤

∫
Rd

|∇uδ
λ(x)|2dx =

∫
D

|∇uδ
λ(x)|2dx = D(uδ

λ, u
δ
λ)

and ∫
x−sh∈D

1D(x+ (1− s)h)|∇v(x)|2dx ≤
∫
Rd

|∇v(x)|2dx =

∫
D

|∇v(x)|2dx = D(v, v).

Consequently, we have∣∣Φδ(h)
∣∣ ≤ |h|2φ(h)

√
D(uδ

λ, u
δ
λ)
√
D(v, v) ≤ C|h|2φ(h), 0 < |h| < 1.

Combined with the estimation for |h| ≥ 1, we obtain for some constant C > 0,∣∣Φδ(h)
∣∣ ≤ C

(
1 ∧ |h|2

)
φ(h), h 6= 0, 0 < δ
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and the right hand side is integrable in h by (J). Finally we can conclude that

lim
δ→0

Ej,δ(uδ
λ, v) =

∫
h ̸=0

(∫∫
D×Y

1D(x+ h)
(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J(y, h)dxdy

)
dh

=

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx,

where J0(h) =

∫
Y

J(y, h)dy.

Lemma 3.4 The following hold:

lim
δ→0

Ek,δ(uδ
λ, v) = lim

δ→0

∫
D

uδ
λ(x)v(x)k(x/δ)dx = k0

∫
D

u0(x)v(x)dx and lim
δ→0

λ(uδ
λ, v) = λ(u0, v),

where k0 =
∫
Y
k(y)dy.

Proof: The second limit is clear since uδ
λ converges to u0 strongly in L2(D). So we only show the

first limit. Since k(x/δ) converges to
∫
D
k(y)dy weakly in L2(D) and uδ

λ converges to u0 strongly

in L2(D), the limit

lim
δ→0

Ek,δ(uδ
λ, v) = lim

δ→0

∫
D

uδ
λ(x)v(x)k(x/δ)dx = k0

∫
D

u0(x)v(x)dx.

From these four lemmas (Lemma 3.1 -Lemma 3.4), we have the following proposition.

Proposition 3.2 For the limit point (u0, u1),

〈f, v〉H−1,H1
0

= lim
δ→0

Eδ
λ(u

δ
λ, v)

=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇v(x)dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx

+k0

∫
D

u0(x)v(x)dx+ λ(u0, v), v ∈ C∞
0 (D).

(3.5)

We now turn to show that the pair of the limits (u0, u1) is unique and the full sequence {uδ
λ}δ>0

converges to the limit. To this end, let v ∈ C∞
0 (D) and w ∈ C∞

# (Y ) and set

vδ(x) = δv(x)w
(x
δ

)
, x ∈ D, δ > 0.
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Then {vδ}δ>0 ⊂ C∞
0 (D) and vδ converges to 0 uniformly in D, and hence, strongly in L2(D) as

δ → 0. Moreover

∇vδ(x) = δ∇v(x)w
(x
δ

)
+ v(x)

(
∇w

(x
δ

))
, x ∈ D

are bounded in
(
L2(D)

)d
with respect to δ > 0. This means that vδ converges to 0 weakly in

H1
0 (D).

Lemma 3.5 The limit “lim
δ→0

Eδ(uδ
λ, vδ)” exists (for the subsequence).

Proof: By the definition of the unfolding operators, we see that

Tδ(∇vδ)(x, y) = δTδ(∇v)(x, y)w(y) + Tδ(v)(x, y)(∇yw)(y)

converges to v(x)(∇yw)(y) strongly in
(
L2(D × Y )

)d
. We take vδ(x) = δv(x)w(x/δ) as a test

function in (2.7). Since vδ ⇀ 0 weakly in H1
0 (D), the term 〈f, vδ〉H−1,H1

0
→ 0. Passing to the limit

δ → 0 in Eδ
λ(u

δ
λ, vδ), we obtain

0 = lim
δ→0

〈f, vδ〉H−1,H1
0
= lim

δ→0
Eδ
λ(u

δ
λ, vδ)

= lim
δ→0

{∫
D

A(x/δ)∇uδ
λ(x) · ∇vδ(x)dx+

∫
D

B(x/δ) · ∇uδ
λ(x)vδ(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)(
vδ(x+ h)− vδ(x)

)
J(x/δ)dhdx

+

∫
D

uδ
λ(x)vδ(x)k(x/δ)dx+ λ(uδ

λ, vδ)

}
= lim

δ→0

{∫∫
D×Y

A(y)Tδ(∇uδ
λ)(x, y) ·

(
δTδ(∇v)(x, y)w(y) + Tδ(v)(x, y)(∇yw)(y)

)
dxdy

+ δ

∫∫
D×Y

B(y) · Tδ(∇uδ
λ)(x, y)Tδ(v)(x, y)w(y)dxdy

=:(a)

+

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)(
vδ(x+ h)− vδ(x)

)
J(x/δ)dhdx

=:(b)

+

∫
D

uδ
λ(x)vδ(x)k(x/δ)dx+ λ(uδ

λ, vδ)
=:(c)

}

=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yw(y)v(x)dxdy + lim

δ→0

(
(a) + (b) + (c)

)
.

Here, the terms (a) and (c) vanish as δ → 0, as they are scaled by δ (stemming from vδ) while all

other factors in their respective integrands remain bounded independently of δ.

Next we show that the term (b) also vanishes as δ → 0. To this end, we decompose the

difference vδ(x+ h)− vδ(x) as follows:

vδ(x+ h)− vδ(x) = δw
(x+ h

δ

)(
v(x+ h)− v(x)

)
+ δv(x)

(
w
(x+ h

δ

)
− w

(x
δ

))
.
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Substituting this into (b), we have (b) = (b1) + (b2), where:

(b1) = δ

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)
w
(x+ h

δ

)(
v(x+ h)− v(x)

)
J(x/δ, h)dhdx

and

(b2) = δ

∫∫
x∈D,x+h∈D

h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)
v(x)

(
w
(x+ h

δ

)
− w

(x
δ

))
J(x/δ, h)dhdx.

As for the term (b1), using the Schwarz inequality and Proposition 2.1 (2),

|(b1)| ≤ δ‖w‖∞

√√√√√
∫∫

x∈D,x+h∈D
h ̸=0

(
uδ
λ(x+ h)− uδ

λ(x)
)2
J(x/δ, h)dhdx

×

√√√√√
∫∫

x∈D,x+h∈D
h ̸=0

(
v(x+ h)− v(x)

)2
J(x/δ, h)dhdx

≤ δc1‖w‖∞
√

D1(uδ
λ, u

δ
λ)
√

D1(v, v)

→ 0 as δ → 0,

where we used the boundedness of the sequence {uδ
λ}δ>0 in H1

0 (D).

For the term (b2), we follow the same argument as in the proof of Lemma 3.3 to show that it

vanishes as δ → 0. More precisely, we first rewrite (b2) as follows:

(b2) =

∫
h ̸=0

{
δ

∫
D

1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)
v(x)

(
w
(x+ h

δ

)
− w

(x
δ

))
J(x/δ, h)dx

}
dh

=

∫
h ̸=0

Φδ(h)dh,

where

Φδ(h) :=

∫
D

δ1D(x+ h)
(
uδ
λ(x+ h)− uδ

λ(x)
)
v(x)

(
w
(x+ h

δ

)
− w

(x
δ

))
J(x/δ, h)dx, h 6= 0.

For each h 6= 0, the part of the integrand of Φδ(h),

δ1D(x+ h)v(x)

(
w
(x+ h

δ

)
− w

(x
δ

))
J(x/δ, h)

goes to 0 uniformly in x as δ → 0 because w is continuous on the compact set Ȳ and the kernel

J(·, h) is bounded for each h 6= 0 by the assumption (J). Then noting that {uδ
λ}δ>0 is bounded in

L2(D), we conclude that Φδ(h) → 0 as δ → 0. On the other hand, by the Lipschitz continuity of

w and the assumption J(x/δ, h) ≤ φ(h), we have

|Φδ(h)| ≤
∫
D

∣∣(uδ
λ(x+ h)− uδ

λ(x))v(x)
∣∣ · ∣∣∣∣δ(w(x+ h

δ

)
− w

(x
δ

))∣∣∣∣︸ ︷︷ ︸
≤
(
∥∇w∥∞+2∥w∥∞)

(
|h|∧1

) · J(x/δ, h)︸ ︷︷ ︸
≤φ(h)

dx

≤
(
‖∇w‖∞ + 2‖w‖∞

)(
|h| ∧ 1

)
φ(h)

∫
D

|uδ
λ(x+ h)− uδ

λ(x)||v(x)|dx

≤
(
‖∇w‖∞ + 2‖w‖∞

)(
|h| ∧ 1

)
φ(h)‖uδ

λ(·+ h)− uδ
λ‖L2‖v‖L2 .
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Since {uδ
λ} is bounded in H1

0 (D), we have ‖uδ
λ(·+ h)− uδ

λ‖L2(D) ≤ C(|h| ∧ 1). Consequently,

|Φδ(h)| ≤ C ′(|h| ∧ 1)2φ(h) = C ′(|h|2 ∧ 1)φ(h)

and the right-hand side is integrable from the assumption (J), which justifies the limit (b2) → 0

by the dominated convergence theorem. Collecting these results, (a), (b) and (c) vanish as δ → 0.

Consequently, passing to the limit in the weak formulation, it follows that

0 = lim
δ→0

Eδ
λ(u

δ
λ, vδ) =

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yw(y)v(x)dxdy,

for any v ∈ C∞
0 (D) and w ∈ C∞

# (Y ).

Since C∞
0 (D)× C∞

# (Y ) is dense in L2(D;H#(Y )), we conclude that∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yw(x, y)dxdy = 0, w ∈ L2(D;H#(Y )). (3.6)

By combining this with (3.5), it follows that

〈f, v〉H−1,H1
0
=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇v(x) +∇yw(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+h)− u0(x)

)(
v(x+h)− v(x)

)
J0(h)dhdx

+k0

∫
D

u0(x)v(x)dx+ λ(u0, v),

(3.7)

for any v ∈ H1
0 (D) and w ∈ L2(D;H#(Y )).

Proposition 3.3 The pair (u0, u1) is the unique solution of the following problem:

Find a pair (u0, u1) ∈ H1
0 (D)× L2(D;H#(Y )) so that

〈f, v〉H−1,H1
0
=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇v(x) +∇yw(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx (3.8)

+ k0

∫
D

u0(x)v(x)dx+ λ(u0, v)

hold for any (v, w) ∈ H1
0 (D)× L2(D;H#(Y )).
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Proof: This is proved by using the variational form in the space: H := H1
0 (D) × L2(D;H#(Y ))

endowed with the norm

‖(v, w)‖H :=
(
D(v, v) +

∫∫
D×Y

|∇yw(x, y)|2dxdy
)1/2

.

To show the existence, define a bilinear functional η on H× H by

η
(
(v1, w1), (v2, w2)

)
:=

∫∫
D×Y

A(y)
(
∇v1(x) +∇yw1(x, y)

)
·
(
∇v2(x) +∇yw2(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇v1(x) +∇yw1(x, y)

)
v2(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
v1(x+ h)− v1(x)

)(
v2(x+ h)− v2(x)

)
J0(h)dhdx

+

∫∫
D×Y

v1(x)v2(x)k(y)dxdy + λ(v1, v2).

Then η is a coercive bounded functional. In fact, for (v1, w1), (v2, w2) ∈ H,∣∣η((v1, w1), (v2, w2)
)∣∣

≤ β

√√√√ ∫∫
D×Y

∣∣∇v1(x) +∇yw1(x, y)|2dxdy

√√√√ ∫∫
D×Y

∣∣∇v2(x) +∇yw2(x, y)|2dxdy

+

√√√√ ∫∫
D×Y

∣∣∇v1(x) +∇yw1(x, y)|2dxdy

√√√√ ∫∫
D×Y

|B(y)|2(v2(x))2dxdy (3.9)

+
( ∫∫
x∈D,x+h∈D

0<|h|<1

+

∫∫
x∈D,x+h∈D

|h|≥1

)∣∣∣(v1(x+ h)− v1(x)
)(
v2(x+ h)− v2(x)

)∣∣∣J0(h)dhdx

+ k0‖v1‖L2(D)‖v2‖L2(D) + λ‖v1‖L2(D)‖v2‖L2(D),

where k0 =
∫
Y
k(y)dy. Note that

∫
Y
∇ywi(x, y)dy = 0 a.e. x ∈ D since wi ∈ L2(D;H#(Y )) for

i = 1, 2. So it follows that∫∫
D×Y

∣∣∇vi(x) +∇ywi(x, y)|2dxdy =

∫∫
D×Y

(∣∣∇vi(x)
∣∣2 + ∣∣∇ywi(x, y)

∣∣2)dxdy = ‖(vi, wi)‖2H

for i = 1, 2. By using the fact that B ∈
(
Lq1(D)

)d ⊂
(
L2(D)

)d
(3 ≤ d < q1 ≤ ∞) and the

Poincaré inequality, we see that∫∫
D×Y

∣∣B(y)|2v2(x)2dxdy =
(∫

Y

|B(y)|2dy
)
‖v2‖2L2(D) ≤ C

∥∥|B|
∥∥2

L2(D)
D(v2, v2)

≤ C
∥∥|B|

∥∥2

L2(D)
‖(v2, w2)‖2H

for some constant C > 0. As in the proof of Lemma 3.3, the big jumps part is estimated as follows.∫∫
x∈D,x+h∈D

|h|≥1

∣∣∣(v1(x+ h)− v1(x)
)(
v2(x+ h)− v2(x)

)∣∣∣J0(h)dhdx
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≤

√√√√√
∫∫

x∈D,x+h∈D
|h|≥1

(
v1(x+ h)− v1(x)

)2
J0(h)dhdx

√√√√√
∫∫

x∈D,x+h∈D
|h|≥1

(
v2(x+ h)− v2(x)

)2
J0(h)dhdx

≤ 2

√√√√√
∫∫

x∈D,x+h∈D
|h|≥1

(
v1(x+ h)2 + v1(x)2

)
J0(h)dhdx

√√√√√
∫∫

x∈D,x+h∈D
|h|≥1

(
v2(x+ h)2 + v2(x)2

)
J0(h)dhdx

≤ 4M1‖v1‖L2(D)‖v2‖L2(D) ≤ 4M1C
√

D(v1, v1)
√

D(v2, v2)
≤ 4M1C‖(v1, w1)‖H‖(v2, w2)‖H.

Similarly,∫∫
x∈D,x+h∈D

0<|h|<1

∣∣∣(v1(x+ h)− v1(x)
)(
v2(x+ h)− v2(x)

)∣∣∣J0(h)dhdx

≤

√√√√√
∫∫

x∈D,x+h∈D
0<|h|<1

(
v1(x+ h)− v1(x)

)2
J0(h)dhdx

√√√√√
∫∫

x∈D,x+h∈D
0<|h|<1

(
v2(x+ h)− v2(x)

)2
J0(h)dhdx.

It is enough to consider the first term of the right hand side only. By means of the mean value

theorem, we see that∫∫
x∈D,x+h∈D
0<|h|<1

(
v1(x+ h)− v1(x)

)2
J0(h)dhdx =

∫∫
x∈D,x+h∈D
0<|h|<1

(∫ 1

0

∇v1(x+ th) · hdt
)2

J0(h)dxdh

≤
∫∫

x∈D,x+h∈D
0<|h|<1

(∫ 1

0

∣∣∇v1(x+ th)|2 |h|2dt
)
J0(h)dhdx

=

∫ 1

0

(∫
0<|h|<1

(∫
D

1D(x+ h)
∣∣∇v1(x+ th)|2dx

)
|h|2J0(h)dh

)
dt

≤ M2D(v1, v1) ≤ M2‖(v1, w1)‖2H.

For the last two terms in (3.9), using again the Poincaré inequality, we have

(k0 + λ)‖v1‖L2(D)‖v2‖L2(D) ≤ (k0 + λ)C
√
D(v1, v1)

√
D(v2, v2).

Therefore it follows that∣∣η((v1, w1), (v2, w2))
∣∣ ≤ C ′‖(v1, w1)‖H‖(v2, w2)‖H, (v1, w1), (v2, w2) ∈ H

for some constant C ′ > 0. As for the coerciveness, by Proposition 2.1,

η
(
(v, w), (v, w)

)
:=

∫∫
D×Y

A(y)
(
∇v(x) +∇yw(x, y)

)
·
(
∇v(x) +∇yw(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇v(x) +∇yw(x, y)

)
v(x)dxdy
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+

∫∫
x∈D,x+h∈D

h ̸=0

(
v(x+ h)− v(x)

)2
J0(h)dhdx+ (k0 + λ)‖v‖2L2(D)

≥ α

∫∫
D×Y

∣∣∇v(x) +∇yw(x, y)
∣∣2dxdy

−
∣∣∣ ∫∫

D×Y

B(y) ·
(
∇v(x) +∇yw(x, y)

)
v(x)dxdy

∣∣∣+ λ‖v‖2L2(D)

≥ α

∫∫
D×Y

(
|∇v(x)|2 + |∇yw(x, y)|2

)
dxdy

− α

2
‖(v, w)‖2H − β0‖v‖2L2(D) + (k0 + λ)‖v‖2L2(D)

≥ α

2
‖(v, w)‖2H

holds for putting λ = α/2. Therefore, for any f ∈ H−1(D), a linear functional

ℓ((v, w)) := 〈f, v〉H−1,H1
0
, (v, w) ∈ H

satisfies that

|ℓ((v, w))| ≤ ‖f‖H−1‖v‖H1 ≤ ‖f‖H−1‖(v, w)‖H,

namely, ℓ is continuous, by virtue of the Lax-Milgram theorem, there exists a unique (u0, u1) ∈ H

such that

〈f, v〉H−1,H1
0
= ℓ((v, w)) = η((u0, u1), (v, w)), (v, w) ∈ H

=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇v(x) +∇yw(x, y)

)
dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
v(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx

+ k0

∫
D

u0(x)v(x)dx+ λ

∫
D

u0(x)v(x)dx, (v, w) ∈ H.

This shows that the pair (u0, u1) is the unique solution of (3.2).

In the next lemma, we characterize the function u1 ∈ L2(D;H#(Y )).

Lemma 3.6 The function u1 satisfies

u1(x, y) =
d∑

i=1

∂u0

∂xi

(x)ωi(y), (3.10)

where {ωi} are the correctors defined in Proposition 3.1.

Proof: In the equation (3.2), plugging (0, w) ∈ H = H1
0 (D)× L2(D;H#(Y )), it follows that∫∫

D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yw(x, y)dxdy = 0. (3.11)
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Then inserting w(x, y) = θ1(x)θ2(y) for θ1 ∈ C∞
0 (D) and θ2 ∈ H#(Y ), we see that∫

D

θ1(x)
(∫

Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yθ2(y)dy

)
dx = 0.

Thus the equation∫
Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇yθ2(y)dy = 0 a.e. x ∈ D

holds for any θ2 ∈ H#(Y ). This is exactly the variational form of the cell problem.

On the other hand, the correctors ωi ∈ H#(Y ) are uniquely defined as the solution to:∫
Y

A(y)(ei +∇ωi(y)) · ∇θ(y)dy = 0, ∀θ ∈ H#(Y ).

By the linearity of this equation with respect to the forcing term ei, for any constant vector

ξ = (ξ1, . . . , ξd) ∈ Rd, the function ϕξ(y) :=
∑d

i=1 ξiωi(y) satisfies:∫
Y

A(y)(ξ +∇yϕξ(y)) · ∇θ(y)dy = 0, ∀θ ∈ H#(Y ).

Now, for almost every x ∈ D, we fix ξ = ∇u0(x). Then the function ϕ(x, y) :=
∑d

i=1
∂u0

∂xi
(x)ωi(y)

satisfies: ∫
Y

A(y)(∇u0(x) +∇yϕ(x, y)) · ∇θ(y)dy = 0, ∀θ ∈ H#(Y ).

Comparing this with the equation for u1:∫
Y

A(y)(∇u0(x) +∇yu1(x, y)) · ∇θ(y)dy = 0, ∀θ ∈ H#(Y ),

we see that both u1(x, ·) and ϕ(x, ·) solve the same cell problem for a fixed x.

By the uniqueness of the solution to the cell problem in H#(Y ) (up to an additive constant,

which is fixed to zero mean in H#(Y )), we conclude that u1(x, y) = ϕ(x, y), i.e.,

u1(x, y) =
d∑

i=1

∂u0

∂xi

(x)ωi(y).

The next lemma proves that the limit “limδ→0 E
δ
λ(u

δ
λ, u

δ
λ)” in (3.3) exists.

Lemma 3.7 The limit “lim
δ→0

Eδ
λ(u

δ
λ, u

δ
λ)” exists and the limit has the expression (3.3):

lim
δ→0

Eδ
λ(u

δ
λ, u

δ
λ) =

∫
D

A0∇u0(x) · ∇u0(x)dx+

∫
D

B0 · ∇u0(x)u0(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)2
J0(h)dhdx+ k0

∫
D

u0(x)
2dx+ λ

∫
D

u0(x)
2dx

(3.12)

=: E0(u0, u0) + λ(u0, u0) =: E0
λ(u0, u0),
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where

a0ij =

∫
Y

(
aij(y) +

d∑
k=1

aik(y)
∂ωj

∂yk
(y)

)
dy, b0i =

∫
Y

(
bi(y) +

d∑
k=1

bk(y)
∂ωi

∂yk
(y)

)
dy

J0(h) =

∫
Y

J(y, h)dy and k0 =

∫
Y

k(y)dy.

Proof: We first show the following limit.

lim
δ→0

∫
D

A(x/δ)∇uδ
λ(x) · ∇uδ

λ(x)dx

=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇u0(x) +∇yu1(x, y)

)
dxdy.

(3.13)

Note that, since uδ
λ converges to u0 weakly in H1

0 (D) as δ → 0,

lim
δ→0

〈f, uδ
λ〉H−1,H1

0
= 〈f, u0〉H−1,H1

0

holds and the right hand side is expressed as follows by (3.5) for putting v = u0:

〈f, u0〉H−1,H1
0
=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇u0(x)dxdy

+

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
u0(x)dxdy

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)2
J0(h)dhdx+ k0

∫
D

u0(x)
2dx+ λ(u0, u0).

On the other hand, uδ
λ is the solution to (2.7), it follows that

〈f, uδ
λ〉H−1,H1

0
= Eδ

λ(u
δ
λ, u

δ
λ)

= Ec,δ(uδ
λ, u

δ
λ) + Ed,δ(uδ

λ, u
δ
λ) + Ej,δ(uδ

λ, u
δ
λ) + Ek,δ(uδ

λ, u
δ
λ) + λ(uδ

λ, u
δ
λ)

=

∫
D

A(x/δ)∇uδ
λ(x) · ∇uδ

λ(x)dx+

∫
D

B(x/δ) · ∇uδ
λ(x) u

δ
λ(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dxdh+

∫
D

uδ
λ(x)

2k(x/δ)dx+ λ(uδ
λ, u

δ
λ).

Now we consider the convergences of all terms except the diffusion part of the right hand side.

Since the sequence {uδ
λ} converges to u0 strongly in L2(D) and weakly in H1

0 (D) as δ → 0, using

the unfolding operators, we see

lim
δ→0

∫
D

B(x/δ) · ∇uδ
λ(x) u

δ
λ(x)dx = lim

δ→0

∫∫
D×Y

B(y) · Tδ(∇uδ
λ)(x, y)Tδ(u

δ
λ)(x, y)dxdy.
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Since Tδ(∇uδ
λ) converges to ∇u0 + ∇yu1 weakly in

(
L2(D × Y )

)d
and Tδ(u

δ
λ) converges to u0

strongly in L2(D × Y ), the right hand side goes to∫∫
D×Y

B(y) · (∇u0(x) +∇yu1(x, y)
)
u0(x)dxdy

as δ → 0. For the jump part, note that 1D(·+ h)(uδ
λ(·+ h)− uδ

λ(·)) converges to 1D(·+ h)(u0(·+
h)− u(·)) strongly in L2(D) for each h 6= 0. Then, set∫∫

x∈D,x+h∈D
h ̸=0

(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dxdh

=

∫
h ̸=0

(∫
D

1D(x+ h)(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dx

)
dh =:

∫
h ̸=0

Φδ(h)dh,

where

Φδ(h) =

∫
D

1D(x+ h)(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dx, h 6= 0.

We now show that Φδ(h) converges to

Φ0(h) :=

∫
D

1D(x+ h)(u0(x+ h)− u0(x))
2J(h)dx, J0(h) :=

∫
Y

J(y, h)dy.

as δ → 0 for each h 6= 0. In fact,∣∣Φδ(h)− Φ0(h)
∣∣ ≤ ∣∣∣ ∫

D

1D(x+ h)
(
(uδ

λ(x+ h)− uδ
λ(x))

2 − (u0(x+ h)− u0(x))
2
)
J(x/δ, h)dx

∣∣∣
+
∣∣∣ ∫

D

1D(x+ h)(u0(x+ h)− u0(x))
2J(x/h, h)dx

−
∫
D

1D(x+ h)(u0(x+ h)− u0(x))
2J0(h)dx

∣∣∣
and the first term of the right hand side is estimated as∣∣∣ ∫

D

1D(x+ h)
(
(uδ

λ(x+ h)− uδ
λ(x))

2 − (u0(x+ h)− u0(x))
2
)
J(x/δ, h)dx

∣∣∣
≤

√∫
D

1D(x+ h)
(
(uδ

λ(x+ h)− uδ
λ(x)) + (u0(x+ h)− u0(x))

)2

J(x/δ, h)dx

×

√∫
D

1D(x+ h)
(
(uδ

λ(x+ h)− uδ
λ(x))− (u0(x+ h)− u0(x))

)2

J(x/δ, h)dx

≤ 4φ(h)
√
‖uδ

λ‖2L2(D) + ‖u0‖2L2(D)

×

√∫
D

1D(x+ h)
((

uδ
λ(x+ h)− uδ

λ(x)
)
−
(
u0(x+ h)− u0(x)

))2

dx

which goes to 0 as δ → 0, while the second term also goes to 0 as δ → 0 since the function

x 7→ J(x, h) is Y -periodic for each h 6= 0 so that it is bounded (in x) by (J) and then J(x/δ, h)
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converges to J0(h) weakly in L1(D) as δ → 0 for each h 6= 0. So Φδ(h) converges to Φ0(h) for each

h 6= 0. On the other hand, as in the proof of Lemma 3.3, it follows that

0 ≤ Φδ(h) ≤
(
D(uδ

λ, u
δ
λ) + 4‖uδ

λ‖2L2(D)

)(
1 ∧ |h|2

)
φ(h), h 6= 0

hold so that the right hand side is uniformly bounded in δ and (1∧ |h|2)φ(h) is integrable. Hence
Lebesgue’s dominated convergence theorem implies that

lim
δ→0

∫∫
x∈D,x+h∈D

h ̸=0

(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dxdh

= lim
δ→0

∫
h ̸=0

Φδ(h)dh =

∫
h ̸=0

Φ0(h)dh =

∫∫
x∈D,x+h∈D

h ̸=0

(
u0(x+ h)− u0(x)

)2
J0(h)dxdh.

where J0(h) =
∫
Y
J(y, h)dy, h 6= 0. This result implies that the microscopic energy correctly

captures the macroscopic energy, including the non-local effects of the jumps, which are averaged

out as J0. Next, the potential (killing) part is also estimated as

lim
δ→0

∫
D

uδ
λ(x)

2k(x/δ)dx = lim
δ→0

∫∫
D×Y

(
Tδ(u

δ
λ)(x, y)

)2
k(y)dxdy

and, then noting that Tδ(u
δ
λ) converges to u0 strongly in L2(D × Y ), the right hand side goes to∫∫

D×Y

u0(x)
2k(y)dxdy = k0

∫
D

u0(x)
2dx,

where k0 =
∫
Y
k(y)dy. The last term is easily seen to hold

lim
δ→0

∫
D

λ(uδ
λ, u

δ
λ) = λ(u0, u0),

since uδ
λ converges to u0 strongly in L2(D).

Therefore, summarizing these estimates, it follows that

lim
δ→0

∫
D

A(x/δ)∇uδ
λ(x) · ∇uδ

λ(x)dx

= lim
δ→0

{
〈f, uδ

λ〉H−1,H1
0
−

∫
D

B(x/δ) · ∇uδ
λ(x) u

δ
λ(x)dx

−
∫∫

x∈D,x+h∈D
h ̸=0

(uδ
λ(x+ h)− uδ

λ(x))
2J(x/δ, h)dxdh−

∫
D

uδ
λ(x)

2k(x/δ)dx− λ(uδ
λ, u

δ
λ)
}

= 〈f, u0〉H−1,H1
0
−

∫∫
D×Y

B(y) ·
(
∇u0(x) +∇yu1(x, y)

)
u0(x)dxdy

−
∫∫

x∈D,x+h∈D
h ̸=0

(u0(x+ h)− u0(x)
)2
J0(h)dhdx− k0

∫
D

u0(x)
2dx− λ(u0, u0)

=

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· ∇u0(x)dxdy. (3.14)
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According to the fact that u1(x, y) =
∑d

i=1
∂u0

∂xi
(x)ωi(y) and∫

Y

A(y)
(
∇u0(x) +∇u1(x, y)

)
· ∇yθ(y)dy = 0 a.e. x ∈ D for θ ∈ H#(Y ),

the right hand side of (3.14) is equal to∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇u0(x) +∇yu1(x, y)

)
dxdy. (3.15)

We now characterize the term (3.15). To this end, we first note that A0 = (a0ij) defined by

a0ij :=

∫
Y

(
aij(y) +

d∑
k=1

aik(y)
∂ωj

∂yk
(y)

)
dy, i, j = 1, 2, · · · , d,

is a symmetric matrix. In fact, since ωi ∈ H#(Y ) for i = 1, 2, · · · , d, it follows from (3.11) that∫
Y

A(y)
(
ej +∇ωj(y)

)
· ∇ωi(y)dy = 0, i, j = 1, 2, · · · , d

and then

a0ij =

∫
Y

(
aij(y) +

d∑
k=1

aik(y)
∂ωj

∂yk
(y)

)
dy =

∫
Y

A(y)
(
ej +∇ωj(y)

)
· eidy

=

∫
Y

A(y)
(
ej +∇ωj(y)

)
·
(
ei +∇ωi(y)

)
dy = a0ji.

So using the relation (3.10) again and the symmetry of A0 = (a0ij) = (a0ji), we find that∫∫
D×Y

A(y)
(
u0(x) +∇yu1(x, y)

)
· ∇u0(x)dxdy =

∫
D

A0∇u0(x) · ∇u0(x)dx. (3.16)

Hence we obtain (3.12).

Finally we complete the proof of Theorem 3.1 by showing the following lemma.

Lemma 3.8 Tδ(∇uδ
λ)(x, y) converges to ∇u0(x)+∇yu1(x, y) strongly in

(
L2(D×Y )

)d
as δ → 0.

Proof: The uniform ellipticity of A implies that the following inequality holds:

α

∫∫
D×Y

∣∣Tδ(∇uδ
λ)(x, y)−

(
∇u0(x) +∇yu1(x, y)

)∣∣2dxdy
≤

∫∫
D×Y

A(y)
(
Tδ(∇uδ

λ)(x, y)−
(
∇u0(x) +∇yu1(x, y)

))
·

·
(
Tδ(∇uδ

λ)(x, y)−
(
∇u0(x) +∇yu1(x, y)

))
dxdy

=

∫∫
D×Y

Tδ

(
A(·/δ)∇uδ

λ · ∇uδ
λ

)
(x, y)dxdy −

∫∫
D×Y

A(y)Tδ(∇uδ
λ)(x, y) ·

(
∇u0(x) +∇yu1(x, y)

)
dxdy
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−
∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
· Tδ(∇uδ

λ)(x, y)dxdy

+

∫∫
D×Y

A(y)
(
∇u0(x) +∇yu1(x, y)

)
·
(
∇u0(x) +∇yu1(x, y)

)
dxdy.

Then, using the unfolding operators and then the estimates (3.13) and (3.16), the first term is

estimated as

lim
δ→0

∫
D

A(x/δ)∇uδ
λ(x) · ∇uδ

λdx =

∫
D

A0∇u0(x) · ∇u0(x)dx

as δ → 0, while the rest terms of the right hand side go to

−
∫
D

A0∇u0(x) · ∇u0(x)dx

and, thus we conclude that Tδ(∇uδ
λ)(x, y) converges to ∇u0(x) +∇yu1(x, y) strongly in

(
L2(D ×

Y )
)d

as δ → 0.

Corollary 3.1 The quadratic form (E0, H1
0 (D)) defined by

E0(u, v)

=

∫
D

A0∇u(x) · ∇v(x)dx+

∫
D

B0 · ∇u(x)v(x)dx

+

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+ h)− u(x)

)(
v(x+ h)− v(x)

)
J0(h)dhdx+ k0

∫
D

u(x)v(x)dx, u, v ∈ H1
0 (D)

becomes a lower bounded semi-Dirichlet form on L2(D) with some β1 > 0 and
{
(Eδ, H1

0 (D)), δ > 0
}

converges to (E0, H1
0 (D)) on L2(D) in the sense of Mosco as δ → 0.

Finally we give an example.

Example 3.1. (Symmetric Stable-type Jump-diffusion Processes)

Let D be a bounded open set of Rd and A(x) = (aij(x)) a symmetric matrix-valued measurable

function on Rd such that

c1|ξ|2 ≤ A(x)ξ · ξ ≤ c2|ξ|2, x, ξ ∈ Rd

for some positive constants c1, c2. Let α(x) be a measurable function on Rd and n(x, h) a positive

measurable function on Rd × (Rd \ {0}) such that

(α) 0 < α ≤ α(x) ≤ α < 2, x ∈ Rd;

(n) 0 < c1 ≤ n(x,−h) = n(x, h) ≤ c2(1 ∨ | log |h||)κ, x, h ∈ Rd, h 6= 0;

for some constants 0 < ci < ∞ (i = 1, 2) and κ ∈ R. Put

J(x, h) :=
n(x, h)

|h|d+α(x)
, x, h ∈ Rd, h 6= 0.
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Then the function J(x, h) satisfies (J). In fact, since

J(x, h) =
n(x, h)

|h|d+α(x)
≤ c2

(
1 ∨ | log |h||)κ

(
|h|−d−α ∨ |h|−d−α

)
, x, h ∈ Rd, h 6= 0,

the condition (J) is satisfied if we put φ(h) := c2
(
1∨ | log |h||)κ

(
|h|−d−α ∨ |h|−d−α

)
. For simplicity

we set B(x) = 0 and k(x) = 0. Assuming further that the functions x 7→ A(x), x 7→ α(x) and

x 7→ n(x, h) are all Y -periodic (for each h 6= 0), then for δ > 0, the quadratic forms

Eδ(u, v) := Ec,δ(u, v) + Ej,δ(u, v)

:=

∫
D

A(x/δ)∇u(x) · ∇v(x)dx+

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+ h)− u(x)

)(
v(x+ h)− v(x)

) n(x/δ, h)
|h|d+α(x/δ)

dhdx

with H1
0 (D) produce regular symmetric Dirichlet forms on L2(D) and then taking δ → 0, they

converge to the following regular symmetric Dirichlet form on L2(D) in the sense of Mosco:

E0(u, v) =

∫
D

A0∇u(x)·∇v(x)dx+

∫∫
x∈D,x+h∈D

h ̸=0

(
u(x+h)−u(x)

)(
v(x+h)−v(x)

)
J0(h)dhdx, u, v ∈ H1

0 (D),

where A0 = (a0ij) and J0(h) are defined as in Theorem 3.1:

aij =

∫
Y

(
aij(y) +

d∑
k=1

aik(y)
∂ωj

∂yk
(y)

)
dy, i, j = 1, 2, · · · , d and J0(h) =

∫
Y

n(y, h)

|h|d+α(y)
dy, h 6= 0.

Remark 3.1. The homogenization of jump processes was investigated in Tomisaki [16] through the

convergence of cádlág processes. A key difference from [16] is the scaling of the jumping kernel:

while [16] considers n(x/δ, h/δ), which leads to different limit processes, we focus on the scaling

n(x/δ, h). In our setting, the diffusion term remains in the limit, and the periodic scaling in x

leads to a homogenized operator of jump-diffusion type, where a stable-like Lévy jump appears.

Thus, the result in Example 3.1 provides a different perspective by capturing the coexistence of

diffusion and jump effects in the homogenized limit.
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